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Abstract. In the study of systems which combine slow and fast motions, the averaging
principle suggests that a good approximation of the slow motion on long time intervals
can be obtained by averaging its parameters over the fast variables. When the slow and
fast motions depend on each other (fully coupled), as is usually the case, for instance,
in perturbations of Hamiltonian systems, the averaging prescription cannot always be
applied, and when it does work, this is usually only in some averaged with respect to initial
conditions sense. In this paper we first give necessary and sufficient conditions for the
averaging principle to hold (in the above sense) and then, relying on some large deviations
arguments, verify them in the case when the fast motions are hyperbolic (Axiom A) flows
for each freezed slow variable. It turns out that in this situation the Lebesgue measure of
initial conditions with bad averaging approximation tends to zero exponentially fast as the
parameter tends to zero.

1. Introduction
The evolution of many real systems can be viewed as a combination of slow and fast
motions which leads to complicated double scale equations that cannot usually be directly
analyzed. In the 19th century, in applications to celestial mechanics, it was already well
understood (although without rigorous justification) that a good approximation of the slow
motion can be obtained by averaging its parameters over the fast variables. Later, averaging
methods were applied in signal processing and, rather recently, to model climate–weather
interactions (see [13] and [20]). The classical setup of averaging, justified rigorously in [7],
presumes that the fast motion does not depend on the slow motion, and most of the work on
averaging treats this case only. On the other hand, in real systems the slow and fast motions
depend on each other, which leads to the more difficult fully coupled case which we study
in this paper. This situation emerges, in particular, in typical perturbations of Hamiltonian
systems, where the motion on constant energy manifolds is fast but the motion across them
is slow.
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Namely, we consider a system of differential equations for Xε = Xεx,y and Y ε = Y εx,y ,

dXε(t)

dt
= εB(Xε(t), Y ε(t), ε),

dY ε(t)

dt
= b(Xε(t), Y ε(t), ε) (1.1)

with initial conditions Xε(0) = x, Y ε(0) = y on the product R
d × M, where M is a

compact n-dimensional Riemannian manifold and B(x, y, ε), b(x, y, ε) are vector fields
on R

d and M, respectively, which are bounded and smooth in x, y and Lipshitz continuous
in ε together with their derivatives in x, y. The solutions of (1.1) determine the flow of
diffeomorphisms�tε on R

d × M acting by �tε(x, y) = (Xεx,y(t), Y
ε
x,y(t)). Taking ε = 0

we arrive at the flow �t = �t0 acting by �t0(x, y) = (x, F txy), where F tx is another family
of flows given by F txy = Yx,y(t), with Y = Yx,y = Y 0

x,y being the solution of

dY (t)

dt
= b(x, Y (t)), Y (0) = y (1.2)

and b(x, y) = b(x, y, 0). It is natural to view the flow �t as describing an idealized
physical system where the parameters x = (x1, . . . , xd) are assumed to be constant, while
the perturbed flow �tε is regarded as describing a real system where evolution of these
parameters is also taken into consideration.

Set B(x, y) = B(x, y, 0) and assume that the limit

B̄(x) = B̄y(x) = lim
T→∞ T −1

∫ T

0
B(x, F txy) dt (1.3)

exists and is the same for ‘many’ y. Namely, let µx be an ergodic invariant measure of the
flow F tx , then the limit (1.3) exists for µx -almost all y and is equal to

B̄(x) = B̄µx (x) =
∫
B(x, y) dµx(y). (1.4)

If b(x, y) does not, in fact, depend on x, then F tx = F t and µx = µ are also independent
of x and we arrive at the classical setup. In this case, Lipschitz continuity of B implies
already that B̄(x) is also Lipshitz continuous in x, and so there exists a unique solution
X̄ = X̄x of the averaged equation

dX̄ε(t)

dt
= εB̄(X̄ε(t)), X̄ε(0) = x. (1.5)

Then the classical averaging principle states (see [29]) that

lim
ε→0

sup
0≤t≤T/ε

|Xεx,y(t)− X̄εx(t)| = 0 (1.6)

for all x and for those y for which (1.3) holds true. In the general case (1.1), the averaged
vector field B̄(x) in (1.3) and (1.4) may even not be continuous in x, let alone Lipschitz,
and so (1.5) may have many solutions or none at all. Moreover, in general, there exists
no natural well dependent on x ∈ R

d family of invariant measures µx , since dynamical
systems F tx may have rather different properties for different x. Even when all measures
µx are the same, the averaging principle often does not hold in the form (1.6), for instance,
in the presence of resonances (see [24]). Thus even basic results on the approximation of
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the slow motion by the averaged motion in the fully coupled case should be formulated in
a different way and requires stronger and more specific assumptions.

If the convergence in (1.3) is uniform in x and y, then (see, for instance, [20]) any limit
point Z̄(t) = Z̄x(t) as ε → 0 of Zεx,y(t) = Xεx,y(t/ε) is a solution of the averaged equation

dZ̄(t)

dt
= B̄(Z̄(t)), Z̄(0) = x. (1.7)

It is known that the limit in (1.3) is uniform in y if and only if the flow F tx on M is uniquely
ergodic, i.e. it possesses a unique invariant measure, which occurs rather rarely. If, in
addition, uniform convergence in y is also required, we arrive at very few specific models
of uniquely ergodic families. Thus, the uniform convergence in (1.3) assumption is too
restrictive and excludes many interesting cases. The first relatively general result on fully
coupled averaging is probably due to Anosov [1] (see also [24] and [20]). Relying on the
Liouville theorem, he showed that if each flow F tx preserves a probability measure µx on
M having a C1 dependent on x density with respect to the Riemannian volume m on M,
then for any δ > 0,

mes

{
(x, y) : sup

0≤t≤T/ε
|Xεx,y(t)− X̄εx(t)| > δ

}
→ 0 as ε → 0, (1.8)

where mes is the product of m and the Lebesgue measure in a relatively compact domain
X ⊂ R

d . An improvement of (1.8) to (1.6) is not possible in a general fully coupled
situation (see the discussion after Theorem 2.1).

Anosov’s theorem is tailor-made for perturbations of Hamiltonian systems, which are
a classical object for applications of averaging methods. In this case the whole space is
fibered into manifolds of constant energy and each unperturbed flow F tx moves on one
of these manifolds preserving the Liouville measure there. This suggests considering
equation (1.1) on a (locally trivial) fiber bundle M = {(x, y) : x ∈ U, y ∈ Mx}
with a base U being an open subset in a Riemannian manifold N and fibers Mx being
diffeomorphic compact Riemannian manifolds (see [30]). On the other hand, M has a
local product structure and if ‖B‖ is bounded then the slow motion stays in one chart
during time intervals of order �/ε with � small enough. Hence, studying the behavior of
the solutions of (1.1) on each such time interval separately, we come back to the product
space R

d × M setup and will only have to piece results together to see the picture on a
larger time interval of length T/ε.

Observe that Anosov’s theorem does not cover other situations where the averaging
principle is known to work, for instance when the fast motion F tx = F t does not depend
on the slow variable x, where no assumptions on invariant measures except ergodicity are
required. So it is useful to have necessary and sufficient conditions which ensure that for
given probability measures ν on R

d and µx on M,∫
X

∫
M

sup
0≤t≤T/ε

|Xεx,y(t)− X̄εx(t)| dµx(y) dν(x)→ 0 as ε → 0 (1.9)

and in §3 we derive general conditions of this kind which can be verified in specific situ-
ations. In addition to the known cases described above, relying on a large deviations argu-
ment we prove that these conditions hold true when the fast motions are hyperbolic flows.
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This setup may also occur for Hamiltonian systems when manifolds of constant energy are
compact and have negative curvature and the fast motions turn out to be geodesic flows
there. More specifically we consider the situation where b(x, y) is C2 in x and y and for
each x in a closure of a relatively compact domain X the flow F tx is Anosov or, more
generally, Axiom A in a neighborhood of an attractor �x . Let µSRB

x be the Sinai–Ruelle–
Bowen (SRB) invariant measure of F tx on� (see §4) and set B̄(x) = ∫

B(x, y) dµSRB
x (y).

It is known (see [9]) that the vector field B̄(x) is Lipschitz continuous in x, and so the
averaged equations (1.5) and (1.7) (with right-hand side independent of y) have unique
solutions X̄ε(t) and Z̄(t) = X̄ε(t/ε). Still, in general, the measures µSRB

x are singular
with respect to the Riemannian volume on M and so the method of [1] cannot be applied
here. We check that our general conditions are satisfied in this case, and so (1.9) holds both
with µx = µSRB

x and with µx being the Riemannian volume on M. Moreover, we prove
that in this situation the convergence in (1.8) to zero is exponentially fast in ε. Observe
that the peculiarity of the fully coupled situation does not allow us to work with just one
hyperbolic flow, but requires considering continuously changing fast motion which did not
appear previously in the hyperbolic setup and calls for a special technique. In particular, the
full flow �tε on R

d × M defined above and viewed as a small perturbation of the partially
hyperbolic system �t0 plays an important role in our considerations. The corresponding
problems for averaging in the discrete time case with difference equations in place of
(1.1) were studied in [21]. Non-resonant and resonant unperturbed fast motions which
are toral rotations differ from each other by having a unique and many invariant measures,
respectively, and non-resonant directions occur ‘much more frequently’ than resonant ones.
When unperturbed motions are Axiom A flows they all have an abundance of invariant
measures, and so all of these flows may be viewed as ‘resonant’ in some sense, but the
averaging principle in the form (1.9) still takes place in this case.

Once the convergence of Zεx,y(t) = Xεx,y(t/ε) to Z̄x(t) = X̄εx(t/ε) as ε → 0 is
established, it is interesting to study the asymptotic behavior of the normalized error

V ε,θx,y (t) = εθ−1(Zεx,y(t)− Z̄x(t)), θ ∈ [ 1
2 , 1] (1.10)

where the cases θ = 1, θ ∈ ( 1
2 , 1) and θ = 1

2 correspond to large, moderate and Gaussian
deviations, respectively. When all dynamical systems F tx are the same Axiom A flows,
such results were obtained previously in [18] and [19], but in the fully coupled situation
the proof of this kind of assertion encounters certain difficulties. A series of related results
for the case when ordinary differential equations in (1.1) are replaced by fully coupled
stochastic differential equations appeared in [16, 26, 31] and [32] (although it seems that
[32] contains a serious gap in the proof). When the fast process does not depend on the slow
one, such results were obtained in [15] and [11]. The methods there are quite different from
ours and they are heavily based firstly on the Markov property of processes emerging there,
and secondly on the uniformity and non-degeneracy of the fast diffusion term, assumptions
which cannot be satisfied in our circumstances as our fast motion is very degenerate from
this point of view. Recently, a series of results on Cramer’s type asymptotics in fully
coupled averaging for certain classes of fast motions (diffusions, Markov chains, Axion A
diffeomorphisms) appeared in [4] and [5], but the methods there do not work for the
Axiom A flows considered here.
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The study of deviations from the averaged motion in the fully coupled case seems to
be quite important for applications, especially from the phenomenological point of view.
In addition to the perturbations of Hamiltonian systems mentioned above, there are many
non-Hamiltonian systems which can naturally be considered from the beginning as a
combination of fast and slow motions. For instance, Hasselmann [13] based his model
of weather–climate interaction on the assumption that weather is a fast chaotic motion
depending on climate as a slow motion which differs from the corresponding averaged
motion mainly by a small diffusion term. Of course, it is hard to believe that real world
chaotic systems can be described precisely by an Anosov or Axiom A flow, but one may
take comfort in the Chaotic Hypothesis [12]: ‘A chaotic mechanical system can be regarded
for practical purposes as a topologically mixing Anosov system’.

2. Main results
We consider a system of differential equations (1.1) on the product X̄ × M where X ⊂ R

d

is an open set, X̄ is its closure and M is a compact C2 Riemannian manifold. We assume
that there exists L > 0 such that for all ε ≥ 0, x, z ∈ X̄ and y, v ∈ M,

‖B(x, y, ε)− B(z, v)‖ + ‖b(x, y, ε)− b(z, v)‖ ≤ L(ε + |x − z| + dM(y, v))

and ‖B(x, y)‖ + ‖b(x, y)‖ ≤ L, (2.1)

where dM is the distance on M. Together with (1.1) we also consider equation (1.5) on X̄
with coefficients B̄ such that there exists L̄ > 0 such that for all x, z ∈ X̄ ,

‖B̄(x)− B̄(z)‖ ≤ L̄|x − z| and ‖B̄(x)‖ ≤ L̄. (2.2)

The Lipschitz continuity conditions (2) and (2.2) ensure the existence and uniqueness of
solutions of (1.1) and (1.5), respectively. If B̄ is defined by (1.4), then (2.2) is equivalent
to the existence of L̃ > 0 such that for all x, z ∈ X ,∣∣∣∣

∫
M
B(x, y) d(µx − µz)(y)

∣∣∣∣ ≤ L̃|x − z|, (2.3)

which is a condition of regular dependence of µx on x. Set Xt = {x ∈ X : Xεx,y(s) ∈ X ,
X̄εx(s) ∈ X for all y ∈ M and s ∈ [0, t/ε]}. It is clear that Xt is an open set and by (2) and
(2.2) it follows that Xt ⊃ {x ∈ X : infz/∈X |z− x| > 2t max(L, L̄)}. Introduce

Eε(t, δ) =
{
(x, y) ∈ Xt × M :

∣∣∣∣1t
∫ t

0
B(x, Y εx,y(u)) du− B̄(x)

∣∣∣∣ > δ

}
.

In the next section we derive the following result.

THEOREM 2.1. Suppose that (2) and (2.2) hold and let µ be a probability measure on
X × M. Then

lim
ε→0

∫
XT

∫
M

sup
0≤t≤T/ε

|Xεx,y(t)− X̄εx(t)| dµ(x, y) = 0 (2.4)

if and only if there exists an integer valued function n = n(ε) → ∞ as ε → 0 such that
for any δ > 0,

lim
ε→0

max
0≤j<n(ε)

µ{(XT × M) ∩�−j t (ε)
ε Eε(t (ε), δ)} = 0, (2.5)

where t (ε) = T/εn(ε) and, recall, �tε(x, y) = (Xεx,y(t), Y
ε
x,y(t)).
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Taking into account that Y εx,y(t) and Y 0
x,y(t) stay close during the time t ≤ t (ε) with

t (ε) much smaller than log(1/ε), we obtain a sufficient condition for (2.4) in the form
of (2.5) with E0(·, ·) in place of Eε(·, ·). In addition to the proof of Theorem 2.1, we
show in the next section how to check (2.5) in two situations where (2.4) was known
before, namely when the fast motion Y εx,y does not depend on the slow motion Xεx,y and

in the Anosov theorem setup. The latter requires ν to have a bounded C1 density with
respect to the Lebesgue measure on R

d and µx, x ∈ X to be invariant measures of
the corresponding unperturbed flows F tx so that µx is ergodic for ν-almost all (a.a.) x

and for each x ∈ X the measure µx has a density qx = qx(y) > 0 with respect to the
Riemannian volume on M which is C1 in both x and y. We also exhibit a simple example
of a system satisfying (2)–(2.3) but not (2.5), and so the convergence (2.4) does not hold
there. In fact, we take fast motions there independent of the slow one but with µ having
the form dµ(x, y) = dµx(y) dx.

Theorem 2.1 gives conditions for convergence in average in the averaging principle.
In view of resonances (see, for instance, [24]) it is impossible for many interesting
examples to ensure (1.6) for all x ∈ X and µx-a.a y, where µx is a reasonable family
of probability measures on M. Moreover, Neistadt explained to me that in Example 7
of [3], the convergence (1.6) does not hold true for any initial condition (from a large
domain). There is a very restricted class of systems where (1.6) holds true for all x ∈ X
and y ∈ M. This happens, for instance, when Arnold’s conditions for two-frequency
systems are satisfied (see §3.5 in [24] and §5.1 in [3]). If the convergence in (1.3) is
uniform in x ∈ X and y ∈ M, then (1.6) takes place as well. It will be clear from our
arguments in the next section (see (3.13)) that it suffices to assume a bit less, namely that
for any δ > 0 there exists εδ such that for any positive ε ≤ εδ one can find an integer valued
function n(ε) → ∞ as ε → ∞ so that Eε(t (ε), δ) = ∅ where, again, t (ε) = T (n(ε)ε)−1.
Such conditions can only be satisfied for some families of uniquely ergodic dynamical
systems such as flows on a circle and horocycle flows nicely depending on a parameter
(slow variable).

Another situation where we are able to verify (2.5) is the case of fast motions being
slowly changing (uniformly) hyperbolic flows where the averaging principle in the form
(2.4) was not known before. First, we recall basic definitions; see [8, 22]. Let F t be a C2

flow on a compact Riemannian manifold M given by a differential equation

dF ty

dt
= b(F ty), F 0y = y.

A compact F t -invariant set� ⊂ M is called hyperbolic if there exists κ > 0 and a splitting
T�M = 	s ⊕ 	0 ⊕ 	u into continuous subbundles 	s, 	0, 	u of the tangent bundle TM
restricted to�, such that the splitting is invariant with respect to the differential DFt of F t ,
	0 is the one-dimensional subbundle generated by the vector field b, and there is t0 > 0
such that for all ξ ∈ 	s, η ∈ 	u and t ≥ t0,

‖DFt ξ‖ ≤ e−κt‖ξ‖ and ‖DF−t η‖ ≤ e−κt‖η‖. (2.6)

A hyperbolic set � is said to be basic hyperbolic if the periodic orbits of F t |� are
dense in �, F t |� is topologically transitive and there exists an open set U ⊃ � with
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� = ⋂
−∞<t<∞ F tU . Such a � is called a basic hyperbolic attractor if for some open set

U and t0 > 0,
F t0Ū ⊂ U and

⋂
t>0

F tU = �,

where Ū denotes the closure of U . If � = M then F t is called an Anosov flow.

ASSUMPTION 2.2. The family b(x, ·) in (1.2) consists of C2 vector fields on an
n-dimensional Riemannian manifold M with uniform C2 dependence on the parameter
x belonging to a relatively compact connected open set X and depending continuously on
x in its closure X̄ . Each flow F tx, x ∈ X̄ on M given by

dF txy

dt
= b(x, F txy), F 0

x y = y (2.7)

possesses a basic hyperbolic attractor�x with a splitting T�xM = 	sx⊕	0
x⊕	ux satisfying

(2.6) with the same κ > 0, and there exists an open set W ⊂ M and t0 > 0 such that

�x ⊂ W, F txW̄ ⊂ W ∀t ≥ t0 and
⋂
t>0

F txW = �x ∀x ∈ X̄ . (2.8)

Let J ux (t, y) be the Jacobian of the linear map DFtx (y) : 	ux (y) → 	ux (F
t
xy)with respect

to the Riemannian inner products and set

ϕux (y) = −dJ
u
x (t, y)

dt

∣∣∣∣
t=0

. (2.9)

The function ϕux (y) is known to be Hölder continuous in y, since the subbundles 	ux are
Hölder continuous (see [8] and [22]), and ϕux (y) is C1 in x (see [9]). Let W satisfy
(2.8) and set W t

x = {y ∈ W : Fsx y ∈ W̄ , ∀s ∈ [0, t]}. A set E ⊂ W t
x is called

(δ, t)-separated for the flow Fx if y, z ∈ E, y �= z imply d(F sx y, F
s
x z) > δ for some

s ∈ [0, t], where d(·, ·) is the distance function on M. For each continuous function ψ on
W set Px(ψ, δ, t) = sup

{∑
y∈E exp

∫ t
0 ψ(F

s
x y) ds : E ⊂ W t

x is (δ, t)-separated for Fx
}
,

Px(ψ, δ, t) = 0 if W t
x = ∅, and

Px(ψ, δ) = lim sup
t→∞

1

t
logPx(ψ, δ, t).

The latter is monotone in δ, and so the limit

Px(ψ) = lim
δ→0

Px(ψ, δ)

exists and is called the topological pressure of ψ for the flow F tx . Let Mx denote the space
of F tx -invariant probability measures on �x , then (see, for instance, [22]) the variational
principle

Px(ψ) = sup
µ∈Mx

(∫
ψ dµ+ hµ(F

1
x )

)
(2.10)

holds, where hµ(F 1
x ) is the Kolmogorov–Sinai entropy of the time-one map F 1

x with
respect to µ. If q is a Hölder continuous function on �x then there exists a unique
F tx -invariant measure µqx on �x, called the equilibrium state for ϕux + q , such that

Px(ϕ
u
x + q) =

∫
(ϕux + q) dµ

q
x + hµqx (F

1
x ). (2.11)
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We denote µ0
x by µSRB

x since it is usually called the SRB measure. Since�x are attractors,
we have that Px(ϕux ) = 0 (see [8]). We now replace the condition (2) by the following.

ASSUMPTION 2.3. There exist L, ε0 > 0 such that for all x ∈ X̄ , y ∈ M, and ε ∈ [0, ε0),

‖B(x, y, ε)‖C1([0,ε0)×X̄×M) + ‖b(x, y, ε)‖C2([0,ε0)×X̄×M) ≤ L, (2.12)

where ‖ · ‖Ci([0,ε0)×X̄×M) is the Ci norm of the corresponding vector fields on [0, ε0) ×
X̄ × M (taking only the right derivative in ε at 0).

Set

B̄(x) =
∫
B(x, y) dµSRB

x (y). (2.13)

Then under Assumption 2.3, B̄ is C1 in x (see [9]) and so (2.2) is automatically satisfied.

THEOREM 2.4. Suppose that Assumptions 2.2 and 2.3 hold true. Define B̄ by (2.13) and
let µ be the product of a probability measure ν with support in XT and the normalized
Riemannian volume mW on W . Then (2.5) is satisfied with t (ε) = T/εn(ε) whenever
both t (ε) → ∞ and n(ε) → ∞ as ε → 0, and so (2.4) holds true. Moreover, for any
a > 0 there exist c > 0 and εa such that

µ

{
(x, y) ∈ XT × W : sup

0≤t≤T/ε
|Xεx,y(t)− X̄εx(t)| > a

}
≤ e−c/ε, (2.14)

provided ε ≤ εa . The result remains true if in place of the above we take µ defined by
dµ(x, y) = dν(x) dµSRB

x (y).

Observe that we can take, in particular, ν to be the Dirac measure (unit mass) at a point
x ∈ X , i.e. (2.4) follows here without integration in x and (2.14) can be replaced by

µx

{
y ∈ W : sup

0≤t≤T/ε
|Xεx,y(t)− X̄εx(t)| > a

}
≤ e−c/ε (2.15)

for either µx = mW or µx = µSRB
x . It is still not clear whether in the setup of Theorem 2.4

it is possible to derive the convergence (1.6) for all (or for Lebesgue almost all) x ∈ XT
and formW -a.a. y ∈ W and not just convergence in average (2.4) or in measure (2.14) and
(2.15).

3. General conditions of averaging
We start proving Theorem 2.1 by first deriving that (2.4) implies (2.5). Set ρεx,y(t) =
Xεx,y(t)− X̄εx(t), ρ

ε
x,y = sup0≤t≤T/ε |ρεx,y(t)| and so by (2.4),

ρε =
∫
XT

∫
M
ρεx,y dµ(x, y)→ 0 as ε → 0. (3.1)

Take n = n(ε) ∈ N which will be specified later and set t (ε) = T (nε)−1. We have

Xεx,y(kt (ε))− X̄εx,y(kt (ε)) =
k−1∑
j=0

Rεx,y(j t (ε), (j + 1)t (ε), ε),
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where

Rεx,y(s, t, ε) = ε

∫ t

s

(B(Xεx,y(u), Y
ε
x,y(u), ε)− B̄(X̄εx(u))) du = ρεx,y(t)− ρεx,y(s),

and so
|Rεx,y(s, t, ε)| ≤ 2ρεx,y. (3.2)

Set xεk = Xεx,y(kt (ε)), y
ε
k = Y εx,y(kt (ε)) and x̄εk = X̄εx(kt (ε)). Then

Rεx,y(j t (ε), (j+1)t (ε), ε) = ε

∫ t (ε)

0
(B(Xεxεj ,y

ε
j
(u), Y εxεj ,y

ε
j
(u), ε)− B̄(X̄εx̄εj (u))) du. (3.3)

Furthermore, by (2)∣∣∣∣
∫ t (ε)

0
(B(Xεxεj ,y

ε
j
(u), Y εxεj ,y

ε
j
(u), ε)− B(xεj , Y

ε
xεj ,y

ε
j
(u))) du

∣∣∣∣
≤ L

∫ t (ε)

0
|Xεxεj ,yεj (u)− xεj | du ≤ Lεt(ε)(Lt (ε)+ 1). (3.4)

Similarly, by (1.4), (2) and (2.2),∣∣∣∣
∫ t (ε)

0
(B̄(X̄εx̄εj

(u)− B̄(x̄εj ))) du

∣∣∣∣ ≤ L̄Lεt2(ε) (3.5)

and ∣∣B̄(x̄εj )− B̄(xεj )
∣∣ ≤ L̄|x̄εj − xεj | ≤ L̄ρεx,y. (3.6)

It follows from (3.3)–(3.6) that∣∣∣∣Rεx,y(j t (ε), (j + 1)t (ε), ε)− ε

∫ t (ε)

0
(B(xεj , Y

ε
xεj ,y

ε
j
(u))− B̄(xεj )) du

∣∣∣∣
≤ εt (ε)(L2εt (ε)+ Lε + L̄Lεt (ε)+ L̄ρεx,y), (3.7)

and so by (3.2), taking into account that εt (ε) = T/n, we obtain∣∣∣∣∣ 1

t (ε)

∫ t (ε)

0
B(xεj , Y

ε
xεj ,y

ε
j
(u)) du− B̄(xεj )

∣∣∣∣∣ ≤ L2T/n+ Lε + L̄LT/n+ (L̄+ 2n/T )ρεx,y.

(3.8)

Now choose an integer valued function n = n(ε) → ∞ as ε → 0 so that n(ε)ρε → 0 as
ε → 0. Next, given δ > 0 choose εδ > 0 such that for any ε < εδ,

L2T

n(ε)
+ Lε + L̄LT

n(ε)
≤ 1

2
δ.

It then follows from (3.8) that for such ε,

(XT × M) ∩�−j t (ε)
ε Eε(t (ε), δ) ⊂ Aε(δ)

=
{
(x, y) ∈ XT × M :

(
L̄+ 2n(ε)

T

)
ρεx,y >

1

2
δ

}
.
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By Chebyshev’s inequality,

µ(Aε(δ)) ≤ 2

δ

(
L̄+ 2n(ε)

T

)
ρε. (3.9)

The right-hand side of (3.9) tends to zero as ε → 0 by our choice of n(ε), completing the
proof of the first part of Theorem 2.1.

Next, we prove that (2.5) yields (2.4). By (2) and (2.2),

|Xεx,y(t)− X̄εx(t)| = ε

∣∣∣∣
∫ t

0
(B(Xεx,y(s), Y

ε
x,y(s), ε)− B̄(X̄εx(s))) ds

∣∣∣∣
≤ ε

∣∣∣∣
∫ t

0
(B(Xεx,y(s), Y

ε
x,y(s))− B̄(Xεx,y(s))) ds

∣∣∣∣
+ Lε2t + L̄ε

∫ t

0
|Xεx,y(s)− X̄εx(s)| ds. (3.10)

This together with Gronwall’s inequality gives

sup
0≤t≤T/ε

|Xεx,y(t)− X̄εx(t)|

≤ eL̄T ε

(
sup

0≤t≤T/ε

∣∣∣∣
∫ t

0
(B(Xεx,y(s), Y

ε
x,y(s))− B̄(Xεx,y(s))) ds

∣∣∣∣+ LT

)
. (3.11)

Now, given n(ε) and t (ε) appearing in (2.5), using (3.4) and (3.5) we can write that

ε sup
0≤t≤T/ε

∣∣∣∣
∫ t

0
(B(Xεx,y(s), Y

ε
x,y(s))− B̄(Xεx,y(s))) ds

∣∣∣∣
≤ 2Lεt(ε)+ ε

n(ε)−1∑
j=0

∣∣∣∣
∫ (j+1)t (ε)

j t (ε)

(B(Xεx,y(s), Y
ε
x,y(s))− B̄(Xεx,y(s))) ds

∣∣∣∣
= 2Lεt(ε)+ ε

n(ε)−1∑
j=0

∣∣∣∣
∫ t (ε)

0
(B(Xεxεj ,y

ε
j
(s), Y εxεj ,y

ε
j
(s))− B̄(Xεxεj ,y

ε
j
(s))) ds

∣∣∣∣
≤ 2Lεt(ε)+ ε2n(ε)t (ε)L(L+ L̄)

+ εt (ε)

n(ε)−1∑
j=0

∣∣∣∣∣ 1

t (ε)

∫ t (ε)

0
B(xεj , Y

ε
xεj ,y

ε
j
(s)) ds − B̄(xεj )

∣∣∣∣∣
≤ 2Lεt(ε)+ ε2n(ε)t (ε)L(L+ L̄)+ εt (ε)n(ε)δ + 2Lεt(ε)

n(ε)−1∑
j=0

IEε(t (ε),δ)(x
ε
j , y

ε
j )

(3.12)

where IA(z) = 1 if z ∈ A and 0 otherwise. Integrating against µ both parts of (3.11) and
(3.12) we obtain ∫

XT

∫
M

sup
0≤t≤T/ε

|Xεx,y(t)− X̄εx(t)| dµ(x, y)

≤ eLT
(

2LT

n(ε)
+ εT L(L+ L̄)+ T δ + 2Lηε(δ)

)
, (3.13)

https://doi.org/10.1017/S014338570400001X Published online by Cambridge University Press

https://doi.org/10.1017/S014338570400001X


Averaging principle 857

where
ηε(δ) = max

0≤j≤n(ε)−1
µ{(XT × M) ∩�−j t (ε)

ε Eε(t (ε), δ)}.

By (2.5), ηε(δ) → 0 as ε → 0, and so letting first ε → 0 and then δ → 0 in (3.13), we
obtain (2.4), completing the proof of Theorem 2.1. �

Observe that by (2),

d(Y εx,y(t), Yx,y(t)) ≤
∫ t

0
‖b(Xεx,y(s), Y εx,y(s), ε)− b(x, Yx,y(s))‖ ds

≤ εtL(L+ 1)+ L

∫ t

0
d(Y εx,y(s), Yx,y(s)) ds. (3.14)

Hence, by Gronwall’s inequality,

d(Y εx,y(t), Yx,y(t)) ≤ εtL(L + 1)eLt . (3.15)

Then for t (ε) = o(log(1/ε)) and all ε small enough,

E0(t (ε), δ/2) ⊃ Eε(t (ε), δ), (3.16)

where E0 is defined by taking Yx,y in place of Y εx,y in the definition of Eε, i.e.

E0(t, δ) =
{
(x, y) ∈ X × M :

∣∣∣∣1t
∫ t

0
B(x, F sx y) ds − B̄(x)

∣∣∣∣ > δ

}
.

Thus we obtain the following.

COROLLARY 3.1. Suppose that there exists an integer valued function n = n(ε) → ∞ as
ε → 0 such that t (ε) = T/εn(ε) = o(log(1/ε)) and for any δ > 0,

lim
ε→0

max
0≤j<n(ε)

µ((XT × M) ∩�−j t (ε)
ε E0(t (ε), δ)) = 0. (3.17)

Then (2.5) is also satisfied and so (2.4) holds.

Next we will verify (3.17) in the simplest situation when the fast motion Y εx,y does not
depend on the slow one, so that we can write Y εx,y(t) = F ty for some flow F t on M, and

µ = ν × µ0, where ν is a probability measure on X̄ and µ0 is an F t -invariant ergodic
probability measure on M. In this case we can write

µ{(XT × M) ∩�−t
ε E0(s, δ)} =

∫
XT
µ0(Dx) dν(x), (3.18)

where Dx = Dx(t, s, δ) = {y ∈ M : (Xεx,y(t), F t y) ∈ E0(s, δ)}. For each z ∈ X
set Dz(s, δ) = {y ∈ M : (z, y) ∈ E0(s, δ)}. By (2) and (2.2), Dw(s, δ) ⊂ Dz(s, δ/2),
provided |w − z| ≤ 1

2δ(L+ L̄)−1. Hence,

Dx,z = Dx,z(t, s, δ)

= {y ∈ M : |Xεx,y(t)− z| ≤ 1
2δ(L+ L̄)−1 and F ty ∈ DXεx,y(t)(s, δ)}

⊂ F−1Dz(s, δ/2).
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By (2), Xεx,y(t) ∈ X if x ∈ XT and t ≤ T/ε. Hence, if z1, . . . , zl is a minimal
1
2δ(L + L̄)−1-net in X̄ , then Xεx,y(t), t ≤ T/ε belongs to a 1

2δ(L + L̄)−1-ball around
some zi , and so for any x ∈ XT ,

Dx(t, s, δ) ⊂
l⋃
i=1

Dx,zi (t, s, δ) ⊂
l⋃
i=1

F−1Dzi (s, δ/2).

Since µ0 is F t -invariant and ergodic, we obtain from here that

µ0(Dx(t, s, δ)) ≤
l∑
i=1

µ0(Ezi (s, δ/2)) → 0 as s → ∞

and (3.17) follows, taking t = j t (ε) and s = t (ε).
Next, we establish (3.17) in the Anosov theorem setup. Namely, suppose that µx(U) =∫

U q(x, y) dmM(y) for each x ∈ X̄ and any Borel set U ⊂ M, where q(x, y) > 0 is
differentiable in x and y. Assume also now that X̄ is compact and for Lebesgue almost all
x ∈ X̄ and µx-a.a. y,

B̄(x) = lim
t→∞

1

t

∫ t

0
B(x, F sx y) ds =

∫
B(x, y)q(x, y) dµx(y). (3.19)

Then using the Liouville theorem divy(q(x, y)b(x, y)) = 0 we derive in the same way as
in [1] and [20, p. 186] that for any Borel set V ⊂ XT × M and t ∈ [0, T ],

e−CT ν(V ) ≤ µ(�t/εε V ) ≤ eCT ν(V ) (3.20)

for some C > 0, where dµ(x, y) = q(x, y) dµx(y) dx. It follows from (3.19) and (3.20)
that

µ((XT × M) ∩�−j t (ε)
ε E0(t (ε), δ)) ≤ eCT µ(E0(t (ε), δ)) → 0 as ε → 0,

and so (3.17) holds.
Next, we describe an example where (2.4) does not hold.

Example 3.2. Let M be the circle T
1 of length 1, all F tx be identity maps, µx = δx be the

unit mass at x ∈ R
1, and B(x, y) = B(y) be a C1 function on T

1. The measures µx are
trivially ergodic and B̄(x) = ∫

B(y) dµx(y) = B(x) extended as a periodic function to R
1

satisfies (2.2). ThenXεx,y(t) = x+εtB(y), Y εx,y(t) ≡ y and X̄εx(t) = x+ε ∫ t0 B(X̄εx(s)) ds.
Hence,∫ 1

0

∫
T1

sup
0≤t≤T/ε

|Xεx,y(t)− X̄εx(t)| dµx(y) dx =
∫ 1

0
sup

0≤t≤T/ε
|εtB(x)+ x − X̄εx(t)| dx.

(3.21)
Take, for instance, B(x) = cos2(2πx), then X̄εx(t) = (2π)−1 arctan(2πεt+ tan(2πx)) and
making a change of variables, we obtain that the right-hand side of (3.21) is equal to∫ 1

0
sup

0≤t≤T
|t cos2(2πx)+ x − (2π)−1 arctan(2πt + tan(2πx))| dx

and the latter does not depend on ε and is not zero, as is easy to see (i.e. (2.4) does not
hold). It is easy to directly check that (2.5) is not satisfied as well. Similar examples can be
constructed with all F tx coinciding with a rational rotation of, say, a two-dimensional torus,
with the measures µx being the ergodic invariant (normalized one-dimensional Lebesgue)
measures supported by corresponding invariant cycles.
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4. Dynamics of �tε
Any vector ξ ∈ T (Rd × M) = R

d ⊕ TM can be uniquely written as ξ = ξX + ξW ,
where ξX ∈ TR

d and ξW ∈ TM, and it has the Riemannian norm |‖ξ |‖ = |ξX | + ‖ξW‖,
where | · | is the usual Euclidean norm on R

d and ‖ · ‖ is the Riemannian norm on M.
The corresponding metrics on M and on R

d×M will be denoted by dM and d , respectively,
so that if z1 = (x1, w1), z2 = (x2, w2) ∈ R

d×M, then d(z1, z2) = |x1−x2|+dM(w1, w2).

It is known (see [27]) that the hyperbolic splitting T�xM = 	sx ⊕ 	0
x ⊕ 	ux over�x can be

continuously extended to the splitting TWM = 	sx ⊕ 	0
x ⊕ 	ux over W which is forward

invariant with respect to DFsx and satisfies exponential estimates with a uniform in x ∈ X
positive exponent which we denote again by κ > 0, i.e. we assume now that

‖DFtxξ‖ ≤ e−κt‖ξ‖ and ‖DF−t
x η‖ ≤ e−κt‖η‖, (4.1)

provided ξ ∈ 	sx(w), η ∈ 	ux (F txw), t ≥ t0 and w ∈ W . Moreover, by [9] (see also [28])
we can choose these extensions so that 	sx(w) and 	ux (w) will be Hölder continuous in w
and C1 in x in the corresponding Grassmann bundle. Actually, since W is contained in
the basin of each attractor �x , any point w ∈ W belongs to the stable manifold Ws

x (v) of
some point v ∈ �x (see [8]), and so we naturally choose 	sx(w) to be the tangent space
to Ws

x (v) at w. Now each vector ξ ∈ Tx,w(X × W) = TxX ⊕ TwW can be represented
uniquely in the form ξ = ξX + ξs + ξ0 + ξu with ξX ∈ TxX , ξs ∈ 	sx(w), ξ0 ∈ 	0

x(w)

and ξu ∈ 	ux (w). We also denote ξ0s = ξs + ξ0 and ξ0u = ξu + ξ0. For each small
ε, α > 0 set Cu(ε, α) = {ξ ∈ T (X × W) : ‖ξ0s‖ ≤ εα−2‖ξu‖ and ‖ξX ‖ ≤ εα−1‖ξu‖}
and Cux,w(ε, α) = Cu(ε, α) ∩ Tx,w(X × W), which are cones around 	u and 	ux (w),
respectively. Similarly, we define Cs(ε, α) = {ξ ∈ T (X × W) : ‖ξ0u‖ ≤ εα−2‖ξs‖ and
‖ξX ‖ ≤ εα−1‖ξs‖} and Csx,w(ε, α) = Cs(ε, α) ∩ Tx,w(X × W), which are cones around
	s and 	sx(w), respectively. Put (X ×W)t = {(x,w) : �τε (x,w) ∈ (X ×W) ∀τ ∈ [0, t]},
where, recall, �tε is the flow determined by (1.1).

LEMMA 4.1. There exist α0, ε(α), t1 > 0 such that if z = (x, y) ∈ (X × W)t and
t ≥ t1, α ≤ α0, ε ≤ ε(α) then

Dz�
t
εCuz (ε, α) ⊂ Cu�tεz(ε, α), Csz (ε, α) ⊃ Dz�

−t
ε Cs�tεz(ε, α), (4.2)

and for any ξ ∈ Cuz (ε, α), η ∈ Cs
�tεz

,

|‖Dz�tεξ |‖ ≥ e(1/2)κt|‖ξ |‖, |‖Dz�−t
ε η|‖ ≥ e(1/2)κt |‖η|‖. (4.3)

Proof. Let ξ = ξX + ξu + ξ0s ∈ Tz(X × M), Dz�tξX = ζ = ζX + ζ u + ζ 0s ∈
T�tz(X × M), z = (x, y),DyF

t
xξ
u = ηu, and DyF txξ

0s = η0s . Then Dz�tξ =
ζX +(ζ u+ηu)+(ζ 0s+η0s) and ‖ξX ‖ = ‖ζX ‖, ‖ζ u‖ ≤ CeCt‖ξX ‖, ‖ζ 0s‖ ≤ CeCt‖ξX ‖,
‖η0s‖ ≤ C‖ξ0s‖ for some C > 0 independent of ξ and ‖ηu‖ ≥ eκt‖ξu‖ if t ≥ t0.
Hence, for t ≥ t0,

‖ξu + ηu‖ ≥ ‖ηu‖ − ‖ζ u‖ ≥ eκt‖ξu‖ − CeCt‖ξX ‖ (4.4)

and
‖ζ 0s + η0s‖ ≤ ‖ζ 0s‖ + ‖η0s‖ ≤ CeCt‖ξX ‖ + C‖ξ0s‖. (4.5)
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Suppose that ‖ξu‖ ≥ αε−1‖ξX ‖ and ‖ξu‖ ≥ α2ε−1‖ξ0s‖. Then by (4.4),

‖ζ u + ηu‖ ≥ ( 1
2e
κtαε−1 − CeCt )‖ξX ‖ + 1

2e
κtα2ε−1‖ξ0s‖. (4.6)

Set t1 = κ−1 ln(8C + 5), choose α0 > 0 so that eκt ≥ 4αCeCt for any t ≤ t0

and all t ∈ [t1, 2t1], and set ε(α) = (α/4)min(α,C−1e−2Ct1). Then by (4.6) we see
that Dz�tξ ∈ Cu

�tz
(ε, 2α) for all t ∈ [t1, t2], and so by continuity of the splitting

	sx ⊕ 	0
x ⊕ 	ux and by perturbation arguments using Assumption 2.3, it follows that

Dz�
t
εξ ∈ Cu

�tεz
(ε, α) for all t ∈ [t1, 2t1], provided ε is small enough. Repeating this

argument for t ∈ [it1, (i + 1)t1], i = 2, 3, . . . , we conclude the proof of the first part of
(4.2) and its second part follows in the same way.

Next, for t ≥ t0,

|‖Dz�tξ |‖ ≥ ‖ηu‖ − ‖ζX ‖ − ‖ζ u‖ − ‖ζ 0s‖ − ‖η0s‖
≥ eκt‖ξu‖ − (1 + 2CeCt)‖ξX ‖ − C‖ξ0s‖
≥ (eκt − α−1ε(1 + 2CeCt)− α−2εC)‖ξu‖
≥ (eκt − α2(1 + 2CeCt)− α−2εC)(1 + εα−1 + εα−2)−1|‖ξ |‖. (4.7)

Choose α0, ε(α) so small (for instance, ε(α) = α3) that for all α ≤ α0 and ε ≤ ε(α),

eκt − εα−1(1 + 2CeCt)− εα−2C ≥ (1 + εα−1 + εα−2)e(2/3)κt

for all t ∈ [t1, 2t1]. Then, |‖Dz�tξ |‖ ≥ e(2/3)κt |‖ξ |‖ for all such t , and so if ε is small
enough we also have ‖Dz�tεξ‖ ≥ e(1/2)κt‖ξ‖. Using (4.2) and repeating this argument for
Dz�

it1
ε ξ, i = 1, 2, . . . in place of ξ we derive (4.3) for all t ≥ t1. �

For any linear subspace � of Tz(Rd × M), denote by J�ε (t, z) the absolute value of the
Jacobian of the linear map Dz�tε : � → Dz�

t
ε� with respect to inner products induced

by the Riemannian metric. For each z = (x, y) ∈ R
d × M, also set

J uε (t, z) = exp

(
−
∫ t

0
ϕuXεx,y(s)

(Y εx,y(s)) ds

)
. (4.8)

Let nu be the dimension of 	ux (w) which does not depend on x and w by continuity
considerations. If � is an nu-dimensional subspace of Tz(X × W), z = (x, y), and
� ⊂ Cux,y(ε, α) then it follows easily from Assumptions 2.2, 2.3 and Lemma 4.1 that
there exists a constant C1 > 0 independent of z ∈ X × W and a small ε such that for any
t ≥ 0,

(1 − C1ε)
t ≤ J�ε (t, z)(J

u
ε (t, z))

−1 ≤ (1 + C1ε)
t . (4.9)

Denote by U(z, ρ) the ball in R
d × M centered at z and let Du

ε (z, α, ρ,C) be the
set of all C1 embedded nu-dimensional closed discs D ⊂ X × W such that z ∈ D,
TD ⊂ Cu(ε, α) and if v ∈ ∂D, then Cρ ≤ dD(v, z) ≤ C2ρ, where TD is the
tangent bundle over D, ∂ denotes the boundary and dD is the interior metric on D.
If D ∈ Du

ε (z, α, ρ,C) then, clearly, D ⊂ U(z,C2ρ), and if ε/α2 and ρ are small enough
then d(v, z) ≥ ρ for any v ∈ ∂D. Let D ∈ Du

ε (z, α, ρ,C) and z = (x, y) ∈ D ⊂ X × W .
Set UεD(t, z, γ ) = {z̃ ∈ D : dD(�sεz,�sεz̃) ≤ γ ∀s ∈ [0, t]} and let π1 : X × W → X
and π2 : X ×W → W be natural projections on the first and second factors, respectively.
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LEMMA 4.2. Let ε, α, t , (x, y) be as in Lemma 4.1 and T > 0. Then there exist
ρ0, c, cρ,T , C > 0 such that if ρ ≤ ρ0, D ∈ Du

ε ((x, y), α, ρ,C), z ∈ D, Vs,t (z) =
�sεU

ε
D(t, z, Cρ), Vt(z) = Vt,t (z), V = V0,t (z) ⊂ D = ∅ and t ≥ 0 then:

(i) dVs,t (z)(�
s
εv,�

s
εz) ≤ c−1e−(1/2)κ(t−s)dVt (z)(�tεv,�tεz) ≤ c−1Cρe−(1/2)κ(t−s) for

any v ∈ V and s ∈ [0, t], where dU is the interior distance on U ;
(ii) T Vs,t (z) ⊂ Cu(ε, α) and Vt(z) ∈ Du

ε (�
t
εz, α, ρ,

√
C);

(iii) for all v ∈ V and 0 ≤ s ≤ t ,

|π1�
s
εv − π1�

s
εz| ≤ Cc−1ρεα−1(1 − εα−1 − εα−2)−1e−(1/2)κ(t−s); and

(iv) cρ,T ≤ mD(V )J
u
ε (t, z) ≤ c−1

ρ,T provided t ≤ T/ε, where mD is the induced
Riemannian volume onD.

Proof. (i) Let γ be a smooth curve on Vt(z) connecting a = �tεz and b = �tεv, then
γ̃ = �s−tε γ is a smooth curve on Vs,t (z) connecting�sεz and�sεv. Since T γ̃ ⊂ T Vs(z) ⊂
Cu(ε, α), then by (4.3), length(γ ) ≥ eβ(t−s) length(γ̃ ) if t − s ≥ t1. Then for such t and s,

dV εs (�
s
εv,�

s
εz) ≤ length(γ̃ ) ≤ e−β(t−s) length(γ ). (4.10)

Observe that (i) is non-trivial only for large t − s, so minimizing in γ in (4.10) we derive
the assertion (i).

Next we derive (ii). Its first part follows from (4.2). By the definition of V ,
dVt(z)(w, z) ≤ Cρ for any w ∈ ∂Vt(z). It remains to show that dVt (z)(w, z) ≥ √

Cρ

for any w ∈ ∂Vt(z). Indeed, suppose dVt (z)(w, z) <
√
Cρ. Set

d1 = sup
−t1≤s≤0,v∈X×W

‖Dv�sε‖.

By Assumption 2.3 via perturbation arguments we conclude that d1 > 0 provided that ε is
small enough. Let w = �tεv. It follows from Lemma 4.1 that dVs(z)(�

s
εv,�

s
εz) < d1

√
Cρ

for all s ∈ [0, t]. Hence, if
√
C ≥ d1 then v �∈ ∂V and so w �∈ ∂Vt (z).

In order to derive (iii), take an arbitrary smooth curve γ on Vs,t (z) connecting �sεv
and �sεz. Then dγ (s)/ds = γ̇ (s) ∈ Cuγ (s)(ε, α). It follows that if γ (s) = (γX (s), γM(s))

with γX (s) ∈ X and γM(s) ∈ M, then γ̇M(s) = γ̇ 0s(s) + γ̇ u(s), ‖γ̇ cX(s)‖ ≤
εα−1‖γ̇ u(s)‖, ‖γ̇ 0s(s)‖ ≤ εα−2‖γ̇ u(s)‖ and so

|‖γ̇ (s)|‖ ≥ ‖γ̇ u(s)‖ − ‖γ̇ 0s(s)‖ − ‖γ̇ cX(s)‖ ≥ ‖γ̇ u(s)‖(1 − εα−1 − εα−2).

Hence

‖γ̇X (s)‖ ≤ εα−1(1 − εα−1 − εα−2)−1|‖γ̇ (s)|‖,
and so

|π1�
s
εv −�sεz| ≤ εα−1(1 − εα−1 − εα−2)−1 length(γ ). (4.11)

Minimizing the right-hand side in (4.11) over such γ we obtain (iii) using (i).
Finally, (iv) follows from (4.9), (i), (ii) and the Hölder continuity of ϕu (as a function

on X ×W). �
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For each y ∈ �x and γ > 0 small enough, set Ws
x (y, γ ) = {ỹ ∈ W : dM(F

t
xy, F

t
x ỹ) ≤

γ ∀t ≥ 0} and Wu
x (y, γ ) = {ỹ ∈ W : dM(F

t
xy, F

t
x ỹ) ≤ γ ∀t ≤ 0} which are local

stable and unstable manifolds for Fx at y. According to [14] and [27], these families
can be included into continuous families of ns - and nu-dimensional stable and unstable
C1 discs Ws

x (y, γ ) and Wu
x (y, γ ), respectively, defined for all y ∈ W and such that

Ws
x (y, γ ) is tangent to 	sx , Wu

x (y, γ ) is tangent to 	ux , F txW
s
x (y, γ ) ⊂ Ws

x (F
t
xy, γ ), and

Wu
x (y, γ ) ⊃ F−t

x Wu
x (F

t
xy, γ ). Actually, as we noted above, if y ∈ W then y belongs to

a stable manifold Ws
x (ỹ) of some ỹ ∈ �x and we choose Ws

x (y, γ ) to be the subset of
Ws
x (ỹ).

LEMMA 4.3. For any 0 < ρ1 < ρ0 small enough, each D ∈ Du
ε (z, α, ρ,C) and a

continuous function g on X × W uniformly in x ′ ∈ X , z ∈ X × W and ρ ∈ [ρ1, ρ0],

lim
t→∞

1

t
log

∫
D

exp

(∫ t

0
g(x ′, F rπ1z

π2v) dr

)
dmD(v) = PFπ1z

(g(x ′, ·)+ ϕuπ1z
), (4.12)

where mD is the induced Riemannian volume onD.

Proof. Set W̃ = π2D, x = π1z and y ∈ π2z. By standard transversality considerations,
we can define a one-to-one map π̃ : W̃ → π̃W̃ ⊂ Wu

x (y, C̃ρ) by π̃(w̃) = w ∈
Fτx W

s
x (w̃, C̃ρ), provided that α, ρ, |τ | > 0 are small and C̃ > 0 is sufficiently large.

By the absolute continuity of the stable foliation arguments (see, for instance, [25, §3.3]),
we conclude that π̃ and its inverse have bounded Jacobians. It follows that it suffices to
establish (4.12) forD = {x}×W , whereW = Wu

x (y, γ ) uniformly in γ ∈ [γ0, γ
−1
0 ], γ0 >

0.
Set

W̃τ = Fτx W, Wr,q =
⋃

r≤τ≤q
F τx W

and

IVx,x ′(t) =
∫
V

exp

(∫ t

0
g(x ′, F τx v) dτ

)
dmV (v).

Then

I
Wτ
x,x ′(t) =

∫
Wτ

exp

(∫ t

0
g(x ′, F θx v) dθ

)
dmWτ (v)

=
∫
W

exp

(∫ t+τ

τ

g(x ′, F θx v) dθ
)
J ux (τ, v) dmW (v),

and so
re−2(τ+r)‖g‖IWx,x ′(t) ≤ I

Wτ,τ+r
x,x ′ (t) ≤ re(τ+r)(2‖g‖+‖ϕu‖)IWx,x ′(t), (4.13)

where ‖ ·‖ is the supremum norm on X ×W . Since W ⊂ ⋃
v∈�x W

s
x (v) by [8], then given

η > 0 there exist γ (η), τ (η) > 0, v ∈ �x and U ⊂ ⋃
−r≤θ≤r F θx Wu

x (v) such that for any
γ ≤ γ (η) we can define a one-to-one map φ : U → Wτ(η),τ (η)+r by φ(w) ∈ Ws

x (w, η).
By the standard absolute continuity of the stable foliation considerations (see [25, §3.3]),
it follows that φ and its inverse have bounded Jacobians which together with the above
arguments yield that it suffices to prove Lemma 4.3 only when y ∈ �x, and so (see [8])
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W = Wu
x (y, γ ) ⊂ �x . We observe also that without loss of generality we can assume γ

to be sufficiently small since we can always cover Wu
x (y, γ ) by Wu

x (yi, γ̃ ), i = 1, . . . , k
with y1 = y, k = k(γ, γ̃ ) and small γ̃ ≤ γ , so proving Lemma 4.3 for all such Wu

x (yi, γ̃ )

will imply it for Wu
x (y, γ ) itself.

So now assume that W = Wu
x (y, γ ) ⊂ �x and we claim that for any η > 0 there

exists τ (η, γ ) > 0 such that W0,τ forms an η-net in �x for any τ ≥ τ (η, γ ). Indeed, by
topological transitivity there exists v ∈ �x whose orbit is dense in �x, and so by standard
ergodicity considerations with respect to any ergodic invariant measure with full support
on �x (take, for instance, the SRB measure), we conclude that for any τ , {Frx v, r ≥ τ } is
already dense in �x . Then by the transversality of Ws

x and
⋃
θ F

θ
x W

u
x , there exists r > 0

such that Frx v ∈ Ws
x (w, γ ) for some w ∈ W , and so the forward orbit of w is dense in�x ,

whence our claim holds. By compactness and structural stability considerations it follows
that we can choose the same τ (η, γ ) for all y ∈ W and x ∈ X .

For any set V ⊂ �x , put UV (t, y, ζ ) = {v ∈ V : d(F rx y, F rx v) ≤ ζ ∀r ∈ [0, t]}.
Recall that a finite set E ⊂ �x is called (ζ, t)-separated for the flow F tx if y, ỹ ∈ E, y �= ỹ

implies ỹ �∈ U�x (t, y, ζ ). A setE ⊂ �x is called (ζ, t)-spanning if for any y ∈ �x there is
ỹ ∈ E such that y ∈ U�x (t, ỹ, ζ ). Let W0,τ be an η-net in �x and E be a maximal (ζ, t)-
separated subset of W0,τ . Then UW0,τ (t, y, ζ/2), y ∈ E are disjoint sets. By transversality
of W0,τ and Ws

x there exists C1 > 0 such that for any y ∈ �x we can find v(y) ∈ W0,τ

such that y ∈ Ws
x (v(y), C1η), and so for some w(y) ∈ E, y ∈ U�x (t, w(y), C2(ζ + η))

with some C2 > 0 large enough but independent of x, y, ζ, η. Hence, E is (C2(ζ + η), t)-
spanning, and so W0,τ ⊂y∈E UW0,τ (t, y, C2(ζ + η)). Assume, first, that g = g(x ′, v) in
(4.12) is Hölder continuous in v. Then by standard volume lemma arguments (see [8]) we
obtain for V = UW0,τ (t, y, γ ), γ > 0 and y ∈ W0,τ that

∣∣∣∣log
∫
V

exp

(∫ t

0
g(x ′, F rx v) dr

)
dmV (v)−

∫ t

0
(g(x ′, F rx y)+ ϕux (F

r
x y)) dr

∣∣∣∣ ≤ C(γ ),

(4.14)

where C(γ ) > 0 does not depend on x, x ′, y, t . Now (4.12) follows (cf. [17, 18]) from
the above by (4.13), (4.14) and a uniform in (γ, t)-separated and (γ, t)-spanning sets
approximation of the topological pressure (see, for instance, [6] and [10]). For a
general continuous g, approximate it uniformly by Hölder continuous functions and
(4.12) will follow in this case again. The limit (4.12) is uniform in x ′ and in z since
PFπ1z

(g(x ′, ·) + ϕuπ1z
) is uniformly continuous in x ′ (easy to see) and it is uniformly

continuous in z (see [9]) and, furthermore, it follows from Lemma 5.1 from [9] that the
family (1/t) log

∫
D exp(

∫ t
0 g(x

′, F rπ1z
π2v) dr) dmD(v), t ≥ 1 is equicontinuous in z. �

PROPOSITION 4.4. For any ρ,C, b > 0 with C large and Cρ small enough there exists a
positive function ζb,ρ,T (�, s, ε) such that

lim sup
�→0

lim sup
ε→0

lim sup
s→∞

ζb,ρ,T (�, s, ε) = 0 (4.15)

and for any x, x ′ ∈ X , y ∈ W, t ≥ t1, τ ≤ T/ε − t , β ∈ R
d, |β| ≤ b, D ⊂ Xt × W ,
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D ∈ Du
ε ((x, y), α, ρ,C) and z ∈ D satisfying V = UεD(t, z, Cρ) ⊂ D, we have∣∣∣∣ 1τ log

∫
V

exp

〈
β,

∫ t+τ

t

B(x ′, Y εv (s)) ds
〉
dmD(v)

+ 1

τ
log J uε (t, z)− PFπ1zt

(〈β,B(x ′, ·)〉 + ϕuπ1zt
)

∣∣∣∣
≤ ζb,ρ,T

(
ετ,min

(
τ,

(
log

1

ε

)λ)
, ε

)
, (4.16)

where 〈·, ·〉 is the inner product, zt = �tεz, λ ∈ (0, 1) and mD is the induced Riemannian
volume on D.

Proof. By (1.1) and (2.12) for any w, w̃ ∈ W ,

d(�sεw,�
sw̃) ≤ d(w, w̃)+

∫ s

0
‖b(�uεw, ε)− b(�uw̃)‖ du

≤ d(w, w̃)+ Lεs + L

∫ s

0
d(�uεw,�

uw̃) du,

where, recall, � = �0, and so by Gronwall’s inequality

d(�sεw,�
sw̃) ≤ eLs(d(w, w̃)+ Lεs). (4.17)

Hence,

dM(π2�
s
εw,F

s
π1zr

π2w) ≤ d(�sεw,�
s(π1zr , π2w)) ≤ eLs(|π1w− π1zr | +Lεs). (4.18)

Recall, that by Lemma 4.2(iii) for any w ∈ Vr(z), r ≤ t ,

|π1zr − π1w| ≤ Cc−1ρεα−1(1 − εα−1 − εα−2)−1. (4.19)

Set

I εx ′(v, r, q) = exp

〈
β,

∫ q

r

B(x ′, π2(�
s
εv)) ds

〉
.

Then∫
V0,r (z)

I εx ′(v, r, r + s) dmD(v) =
∫
Vr(z)

I εx ′(w, 0, s)J�wε (−r,w) dmVr(z)(w), (4.20)

where�w is the tangent space to Vr(z) at w andmVr(z) is the induced Riemannian volume
on Vr(z). By (4.8), (4.9), Lemma 4.2(i) and the Hölder continuity of the function ϕu,

C−1
2 (1 + C1ε)

−r ≤ J�wε (−r,w)J uε (r, z) ≤ C2(1 − C1ε)
−r (4.21)

for some C2 > 0 independent of ε, r , z ∈ D and w ∈ Vr(z). Since Vr(z) ∈
Du
ε (zr , α, ρ,

√
C) by Lemma 4.2(ii), it follows from (2.12) and (4.18)–(4.21) that

(νb(ε, s))
−1 ≤

∫
Vr(z)

I εx ′(w, 0, s) dmVr(z)(w)

×
(∫

Vr(z)

exp

〈
β,

∫ s

0
B(x ′, F σπ1zr

π2w) dσ

〉
dmVr(z)(w)

)−1

≤ νb(ε, s), (4.22)
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where
νb(ε, s) = 2 + C3 exp(C3be

Lsε),

C3 > 0 is a constant independent of ε, ρ, b, r, z, x ′ and β ∈ R
d with |β| ≤ b.

Next, choose λ ∈ (0, 1) and θ(ε) ∈ [(log(1/ε))λ, 2(log(1/ε))λ] so that n = τ/θ(ε)

is an integer. If n ≤ 1 then (4.16) follows from (4.20)–(4.22) and Lemma 4.3. Now, let
n > 1, k < n and v ∈ V0,t (z). Then by (2.12) and Lemma 4.2(i) for anyw ∈ V0,t+kθ(ε)(v),

C−1
4 ≤ I εx ′(w, t, t + (k + 1)θ(ε))

× (I εx ′(v, t, t + kθ(ε))I εx ′(w, t + kθ(ε), t + (k + 1)θ(ε)))−1 ≤ C4 (4.23)

and
C−1

4 ≤ I εx ′(v, t, t + kθ(ε))(I εx ′(w, t, t + kθ(ε)))−1 ≤ C4, (4.24)

where C4 = C4(b) = e4bLCρc−1κ−1
. Integrating (4.23), we obtain

C−1
4 ≤

∫
V0,t+kθ(ε)(v)

I εx ′(w, t, t + (k + 1)θ(ε)) dmD(w)(Iεx ′(v, t, t + kθ(ε))

×
∫
V0,t+kθ(ε)(v)

I εx ′(w, t + kθ(ε), t + (k + 1)θ(ε)) dmD(w))
−1

≤ C4. (4.25)

From the estimates (4.20)–(4.22) together with Lemma 4.3, we conclude that for some
C5 > 0 independent of t, k, ε, ρ, v, and x ′,

C−1
5 e−θ(ε)ηb,ρ(ε)(νb(ε, θ(ε)))−1

≤
∫
V0,t+kθ(ε)(v)

I εx ′(w, t + kθ(ε), t + (k + 1)θ(ε)) dmD(w)J
u
ε (t + kθ(ε), v)

× exp(−θ(ε)PFπ1vt+kθ(ε) (〈β,B(x ′, ·)〉 + ϕuπ1vt+kθ(ε) ))

≤ eθ(ε)ηb,ρ(ε)νb(ε, θ(ε)), (4.26)

where vs = �sεv and ηb,ρ(ε) > 0, ηb,ρ(ε) → 0 as ε → 0. Observe that by (1.1), (2.12)
and (4.19),

|π1vt+kθ(ε) − π1zt | ≤ Lετ(1 + ε)+ Cc−1ρεα−1(1 − εα−1 − εα−2)−1,

and so setting P = PFπ1zt
(〈β,B(x ′, ·)〉 + ϕuπ1zt

), by (2.12) and [9] (see also [23, 28]) we
obtain that

|P − PFπ1vt+kθ(ε) (〈β,B(x ′, ·)〉 + ϕuπ1vt+kθ(ε) )| ≤ C6ετ, (4.27)

for some C6 = C6(b) > 0 independent of v, k ≤ n, ε, t, z, x ′, and β ∈ R
d with |β| ≤ b

provided that, say, τ ≥ 1, which we can assume without loss of generality.
A finite set E ⊂ D will be called (s, γ, ε,D)-separated if vi, vj ∈ E, vi �= vj implies

that vi �∈ UεD(s, vj , γ ). Let Ek be a maximal (t + kθ(ε), Cρ, ε,D)-separated set in D and
define

EUk = {v ∈ Ek : UεD(t + kθ(ε), v, Cρ) ∩ U �= ∅}.
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Then for k ≥ 1,

UεD(t, z, γ + akCρ) ⊃
⋃

v∈EU
ε
D
(t,z,γ )

k

UεD(t + kθ(ε), v, Cρ) ⊃ UεD(t, z, γ ), (4.28)

where ak = c−1e−(1/2)κkθ(ε) and the left-hand side of (4.28) follows from Lemma 4.2(i)
assuming that ε is small enough. Observe also that UεD(t + kθ(ε), v, Cρ/2) are disjoint

for different v ∈ Ek. For k = 1, 2, . . . , n − 1 set V (k, ρ) = UεD

(
t, z, Cρ

(
1 +∑n−1

j=k aj
))

and V (−k, ρ) = UεD

(
t, z, Cρ

(
1 − ∑n−1

j=k aj
))

with V (n, ρ) = V = V0,t (z). Then by
(4.24)–(4.28) and Lemma 4.2(iii),∫
V (k+1,ρ)

I εx ′(v, t, t + (k + 1)θ(ε)) dmD(w)

≤
∑

v∈EV (k+1,ρ)
k

∫
V0,t+kθ(ε)(v)

I εx ′(w, t, t + (k + 1)θ(ε)) dmD(w)

≤ C4

∑
v∈EV(k+1,ρ)

k

I εx ′(v, t, t + kθ(ε))

×
∫
V0,t+kθ(ε)(v)

I εx ′(w, t + kθ(ε), t + (k + 1)θ(ε)) dmD(w)

≤ C5C4e
θ(ε)(ηb,ρ(ε)+C6ετ+P)νb(ε, θ(ε))

×
∑

v∈EV (k+1,ρ)
k

(J uε (t + kθ(ε), v))−1I εx ′(v, t, t + kθ(ε))

≤ C5C
2
4c

−1
ρ/2,T e

θ(ε)(ηb,ρ(ε)+C6ετ+P)νb(ε, θ(ε))

×
∑

v∈EV (k+1,ρ)
k

∫
UεD(t+kθ(ε),v,Cρ/2)

I εx ′(w, t, t + kθ(ε)) dmD(w)

≤ C5C
2
4c

−1
ρ/2,T e

θ(ε)(ηb,ρ(ε)+C6ετ+P)νb(ε, θ(ε))
∫
V (k,ρ)

I εx ′(w, t, t + kθ(ε)) dmD(w).

(4.29)

Similarly, we obtain∫
V (−(k+1),ρ)

I εx ′(w, t, t + (k + 1)θ(ε)) dmD(w)

≥ C−1
5 C−2

4 cρ,T e
−θ(ε)(ηb,ρ/2(ε)+C6ετ+P)(νb(ε, θ(ε)))−1

×
∫
V (−k,ρ)

I εx ′(w, t, t + kθ(ε)) dmD(w). (4.30)

Employing (4.29) and (4.30) recursively for k = n − 1, n − 2, . . . , 1 and estimating∫
V (±1,ρ) I

ε
x ′(w, t, t + kθ(ε)) dmD(w) by (4.26) with k = 0 and with V (±1, ρ) in place of

V0,t (v), we derive (4.16) with ζb,ρ,T (�, s, ε) = s−1 log(C5C
2
4 (c

−1
ρ,T +c−1

ρ/2,T ))+ηb,ρ(ε)+
ηb,ρ/2(ε)+ 2(θ(ε))−1 log νb(ε, θ(ε))+ C6�, provided that n ≥ 1. �
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5. Large deviations arguments
We need the following version of a general uniform in parameters, upper large deviations
bound when usual assumptions hold true with errors as in Proposition 4.4. For simplicity
we will formulate the result for R

d -valued random vectors although the same arguments
work for random variables with values in a Banach space.

PROPOSITION 5.1. Let H = Hz(β) and η = η(β) be functions on R
d × R

d and on R
d ,

respectively, and {�zτ , τ ≥ 1, z ∈ R
d} be a family of R

d -valued random vectors on a
probability space (�,F , P ) such that |�zτ | ≤ C < ∞ with probability one for some
constant C and all τ ≥ 1, z ∈ R

d . Suppose also that Hz depends continuously on z
belonging to a compact set G ⊂ R

d . Set

Lz(α) = sup
β∈Rd

(〈β, α〉 −Hz(β)), α ∈ R
d . (5.1)

Then for any λ > 0, closed sets Kz ⊂ R
d and a number A ≤ infz∈G infα∈Kz Lz(α), there

exist b = b(λ,A,K) and τ0 = τ0(λ,A,K) (where K = {(z, α) : z ∈ G,α ∈ Kz}) such
that if for some τ ≥ τ0 and for all z ∈ G and any β ∈ R

d with |β| ≤ b,

τ−1 logEeτ 〈β,�zτ 〉 ≤ Hz(β)+ η(β), (5.2)

then
P {�zτ ∈ Kz} ≤ exp(−τ (A− ηb − λ)), (5.3)

where ηb = sup{η(β) : |β| ≤ b}.
Proof. Set UC,K = K ∩ (G× UC(0)), where Uγ (α) = {α̃ : |α̃ − α| < γ } and Ū denotes
the closure of U . Given λ > 0, by the choice of A it follows from (5.1) that for any
(z, α) ∈ UC,K there exists βA(z, α) ∈ R

d such that

〈βA(z, α), α〉 −Hz(βA(z, α)) > A− λ

4
. (5.4)

Set qz,ρ(β) = sup{|Hz(β)−Hz̃(β)| : |z− z̃| ≤ ρ}. By the continuity ofHz in z, qz,ρ(β) →
0 as ρ → 0. Put also γA,λ(z, α) = (λ/4)min(1, |βA(z, α)|−1, sup{ρ : qz,ρ(βA(z, α)) ≤
(λ/4)}). Cover the compact set UC,K by open sets UγA,λ(z,α)(z, α), (z, α) ∈ UC,K where
Uγ (z, α) = {(z̃, α̃) : |z̃− z|2 + |α̃− α|2 < γ 2}. Let {UγA,λ(zi ,αi)(zi, αi), i = 1, . . . , n}, be
a finite subcover with a minimal number of elements and put b = max1≤i≤n |βA(zi, αi)|.
Then, by (5.2) and (5.4) for any z ∈ G and i = 1, . . . , n,

eτηb ≥ EI(z,�zτ )∈UγA,λ(zi ,αi )(zi ,αi )e
τ(〈βA(zi ,αi),�zτ 〉−Hzi (βA(zi ,αi )))

≥ e−τλ/4EI(z,�zτ )∈UγA,λ(zi ,αi )(zi ,αi)e
τ(〈βA(zi ,αi ),αi〉−Hzi (βA(zi ,αi)))

≥ eτ(A−λ/2)P {(z,�zτ ) ∈ UγA,λ(zi ,αi)(zi, αi )}.
Summing these inequalities over i = 1, . . . , n we obtain

P {�zτ ∈ Kz} ≤ e−τ (A−ηb−(3/4)λ−τ−1 logn). (5.5)

So given λ > 0 andK , we obtain b and n and then choose τ0 = (4/λ) logn, which together
with (5.5) yield (5.3). �
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Set

Hx ′x ′′(β) = Px ′(〈β,B(x ′′, ·)〉 + ϕux ′) and Lx ′x ′′(ξ) = sup
β∈Rd

(〈β, ξ〉 −Hx ′y ′(β)). (5.6)

As explained in [18], using the variational principle for the topological pressure (2.13)
and the convexity and upper semicontinuity of the entropy (as a function of measure) of
hyperbolic flows (see [6]) together with the duality theorem from convex analysis (see [2,
p. 201]) we can express Lx ′x ′′(ξ) in a more explicit form. Namely, set

Ix ′x ′′(η) =

−

∫
ϕux ′ dη − hη(F

1
x ′) if η ∈ Mx ′,

∞ if η �∈ Mx ′,
(5.7)

where, recall, Mx is the space of F tx -invariant probability measures on �x. Then

Lx ′x ′′(ξ) = inf

{
Ix ′x ′′(η) :

∫
B(x ′′, y) dη(y) = ξ

}
(5.8)

if η ∈ Mx ′ satisfying the condition in braces exists and Lx ′x ′′(ξ) = ∞ otherwise. By the
uniqueness of the equilibrium state µSRB

x ′ for ϕu
x ′ , we conclude that

Lx ′x ′′(ξ) = 0 if and only if ξ = ξSRB
x ′x ′′ =

∫
B(x ′′, y) dµSRB

x ′ (y). (5.9)

COROLLARY 5.2. Let G ⊂ X be a compact set. Then for any λ > 0, closed sets
Kx ′x ′′ ⊂ R

d depending on x ′, x ′′ ∈ G and a number A ≤ infx ′,x ′′∈G infξ∈Kx′x′′ Lx ′x ′′(ξ),
there exist κ0, ε0, τ0 > 0 such that if ε ∈ (0, ε0], τ ≥ τ0, ετ ≤ κ0, t ∈ [0, T /ε − τ ],
V = UεD(t, z, Cρ) ⊂ D is the same as in Proposition 4.4 and |x ′ − π1zt | ≤ κ0 (where,
again, zt = �tεz), then

mD

{
v ∈ V : τ−1

∫ t+τ

t

B(x ′′, Y εv (s)) ds ∈ Kx ′x ′′
}

≤ e−τ (A−λ)mD(V ). (5.10)

Set Kδ
x ′x ′′ = {ξ ∈ R

d : |ξ − ξSRB
x ′x ′′ | ≥ δ}, Then for any δ > 0,

γG(δ) = inf
x ′,x ′′∈G

inf
ξ∈Kδ

x′x′′
Lx ′x ′′(ξ) > 0, (5.11)

and there exist κ0, ε0, τ0 > 0 such that if ε ∈ (0, ε0] τ ≥ τ0, ετ ≤ κ0, t ∈ [0, T /ε − τ ]
and |x ′ − π1zt | ≤ κ0, then

mD

{
v ∈ V :

∣∣∣∣τ−1
∫ t+τ

t

B(x ′′, Y εv (s)) ds − ξSRB
x ′x ′′

∣∣∣∣ ≥ δ

}
≤ e−(1/2)τγG(δ)mD(V ) (5.12)

and
mD(V ∩�−t

ε Eε(τ, δ)) ≤ e−(1/2)τγG(δ/2)mD(V ). (5.13)

Proof. The first part of Corollary 5.2 follows directly from Propositions 4.4 and 5.1 taking
into account Lemma 4.2(iv) and the continuous dependence of Px ′(〈β,B(x ′′, ·)〉 + ϕu

x ′) on
x ′, x ′′ ∈ X̄ (see [9]). The estimate (5.12) follows from (5.10) with Kx ′x ′′ = Kδ

x ′x ′′ once
we derive (5.11). Since Hx ′x ′′(β) defined by (5.6) is continuous in x ′, x ′′, and β then, as is
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easy to see, Lx ′x ′′(ξ) defined by (5.6) is lower semicontinuous in x ′, x ′′, and β. By (5.9),
Lx ′x ′′(ξ) > 0 for any x ′, x ′′ ∈ G and ξ ∈ Kδ

x ′x ′′ . Hence, by lower semicontinuity, the
infinum of Lx ′x ′′(ξ) over compact sets x ′, x ′′ ∈ G and ξ ∈ Kδ

x ′x ′′ ∩ {ζ ∈ R
d : |ζ | ≤ L}

is positive. Taking into account that Lx ′x ′′(ξ) = ∞ whenever |ξ | > L, we derive (5.11).
Next, take x ′ = x ′′ with |x ′ − π1z1| ≤ κ0, then we obtain (5.12) with ξSRB

x ′x ′′ equal to B̄(x ′)
given by (2.13). By [9], B̄ satisfies (2.2) and taking into account (4.19) we conclude that{

v ∈ V :
∣∣∣∣τ−1

∫ t+τ

t

B(Xεv(s), Y
ε
v (s)) ds − B̄(Xεv(t))

∣∣∣∣ ≥ δ

}

⊂
{
v ∈ V :

∣∣∣∣τ−1
∫ t+τ

t

B(x ′, Y εv (s)) ds − B̄(x ′)
∣∣∣∣ ≥ 1

2
δ

}
,

provided that ε is small enough, which together with (5.12) yield (5.13). �

Now we can complete the proof of Theorem 2.4. Let ν be a probability measure on X
with G = supp ν ⊂ XT . For small ρ and large C so that Cρ is still small, we consider for
each x ∈ G and y ∈ W the balls Dx(y) and D′

x(y) on Wu
x (y, γ ) centered at y and having

radii Cρ and 2Cρ, respectively, in the interior metric on Wu
x (y, γ ). ThenDx(y),D′

x(y) ∈
Du
ε ((x, y), α, ρ,C). Choose a maximal (t, Cρ, ε,Dx(y))-separated set E on Dx(y).

Then
⋃
v∈E UεDx(y)(t, v, Cρ) ⊃ Dx(y) and by Lemma 4.2(i), UεDx(y)(t, v, Cρ) ⊂ D′

x(y)

for all v ∈ E provided that t is large enough. Moreover,UεDx(y)(t, v,
1
2Cρ) are disjoint for

different v ∈ E. This together with (5.13) yields that

mDx(y)(Dx(y) ∩�−t
ε Eε(τ, δ)) ≤ e−(1/3)τγG(δ/2)mDx(y)(Dx(y)), (5.14)

provided that τ is large enough. Set

Qx(y) = ∪{Dx(F rx ỹ) : |r| ≤ Cρ, ỹ ∈ Ws
x (y,Cρ)}

and Rx(y) = ⋃
|x̃−x|≤Cρ Qx̃(y). We choose Cρ sufficiently small so that π1Rx(y) ⊂ XT

whenever x ∈ G. Since conditional measures ofµSRB
x on unstable manifolds are equivalent

to the Riemannian volume there, we conclude from (5.14) and the above construction that
for both choices of the measure µ in Theorem 2.4,

µ(Rx(y) ∩�−t
ε Eε(τ, δ)) ≤ e−(1/4)τγG(δ/2)mDx(y)(Dx(y)), (5.15)

provided τ is large enough. Covering G × W̄ by a finite number of sets Rx(y), we arrive
at

µ((XT × M) ∩�−t
ε Eε(τ, δ)) ≤ e−(1/5)τγG(δ/2), (5.16)

provided that τ is large enough. Choosing τ = t (ε) = T/εn(ε) so that both t (ε) → ∞
and n(ε) → ∞ as ε → 0, we derive (2.5). Choosing τ = t (ε) = �ε−1 with a small
� = T/n > 0 and, respectively, with n large but independent of ε, we derive (2.14) from
(3.11), (3.12) and (5.16). �

Remark 5.3. Taking t (ε) = o(log(1/ε)) we can derive (3.17), and so prove the first part
of Theorem 2.4, applying the uniform upper large deviations bound of Proposition 5.1 to
hyperbolic flows Fsx in place of Y εx,y(s). In doing so we can employ Theorem 2.1 from [18]
in place of Proposition 4.4 above, but the former result should be made uniform in x using
arguments from [9] (similarly to Lemma 4.3 above). Nevertheless, this approach cannot
give an exponential estimate in (2.14), only an estimate of order εc for some c > 0.
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Remark 5.4. The averaging in difference equations with fast motions being diffeo-
morphisms acting in a neighborhood of their hyperbolic attractors was considered in [21].
Some details concerning a uniform upper large deviations bound were not provided there
and they should be completed similarly to the above arguments using Proposition 5.1.
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