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The method of moments procedure proposed by Carrasco and Florens (2000)
permits full exploitation of the information contained in the characteristic function
and yields an estimator which is asymptotically as efficient as the maximum like-
lihood estimator. However, this estimation procedure depends on a regularization
or tuning parameter o that needs to be selected. The aim of the present paper is to
provide a way to optimally choose o by minimizing the approximate mean square
error (AMSE) of the estimator. Following an approach similar to that of Donald and
Newey (2001), we derive a higher-order expansion of the estimator from which we
characterize the finite sample dependence of the AMSE on a. We propose to select
the regularization parameter by minimizing an estimate of the AMSE. We show
that this procedure delivers a consistent estimator of a. Moreover, the data-driven
selection of the regularization parameter preserves the consistency, asymptotic nor-
mality, and efficiency of the CGMM estimator. Simulation experiments based on a
CIR model show the relevance of the proposed approach.

1. INTRODUCTION

There is a one-to-one relationship between the characteristic function (henceforth,
CF) and the probability distribution function of a random variable, the former
being the Fourier transform of the latter. Therefore, an inference procedure based
on the empirical CF has the potential to be as efficient as another one that exploits
the likelihood function. Paulson, Holcomb, and Leitch (1975) used a weighted
modulus of the difference between the theoretical CF and its empirical coun-
terpart to estimate the parameters of the stable law. Feuerverger and Mureika
(1977) studied the convergence properties of the empirical CF and suggested that
“it may be a useful tool in numerous statistical problems”. Since then, many inter-
esting applications have been proposed, including Feuerverger and McDunnough
(1981a, 1981b, 1981c), Koutrouvelis (1980), Carrasco and Florens (2000),

We thank the editor Yuichi Kitamura and two referees for their insightful comments. An earlier version of this
work was joint with Jean-Pierre Florens. We are grateful for his support. This paper has been presented at various
conferences and seminars and we thank the participants for their comments, especially discussant Atsushi Inoue.
Partial financial support from SSHRC is gratefully acknowledged. Address correspondence to Rachidi Kotchoni,
African School of Economics. E-mail: rachidi.kotchoni @africanschoolofeconomics.com.

(© Cambridge University Press 2016 479

https://doi.org/10.1017/50266466616000025 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466616000025

480 MARINE CARRASCO AND RACHIDI KOTCHONI

Jiang and Knight (2002), Chacko and Viceira (2003) and Carrasco et al. (2007)
(henceforth, CCFG (2007)). An extensive review of empirical CF-based estima-
tion methods can be found in Yu (2004) paper.

The CF provides a good alternative to econometricians when the likelihood
function is not available in closed form. For example, some distributions in the a-
stable family are naturally specified via their CFs while their densities are known
in closed form only at isolated points of the parameter space (see e.g. Nolan,
2016). The density of the Variance-Gamma model of Madan and Seneta (1990)
has an integral representation whereas its CF has a simple closed form expres-
sion. The transition density of a discretely sampled continuous time process is
not available in closed form, except when its parameterization coincides with
that of a square-root diffusion (Singleton, 2001). Even in this special case, the
transition density takes the form of an infinite mixture of Gamma densities with
Poisson weights. A transition density of the same type arises in the autoregres-
sive Gamma model (see Gourieroux and Jasiak, 2005). Ait-Sahalia and Kimmel
(2007) propose closed form approximations for the log-likelihood function of
certain continuous-time stochastic volatility models. But their method cannot be
applied to other situations without solving a complicated Kolmogorov forward
and backward equation. Interestingly, the conditional CF can be derived in closed
form for all continuous-time stochastic volatility models.

The CF ¢ (z7,6p) of an IID random vector x; € R? (t = 1,...,T) is nothing
but the expectation of €7 with respect to the distribution of x;, where 6 is a
finite dimensional parameter that characterizes the distribution of x;, 7 € R” is
the Fourier index and i is the imaginary number such that ;> = —1. Hence, a can-
didate moment condition for the estimation of 6y is &, (z,0) = et — o (z,0).
This moment condition is valid for all 7 € R” and hence, h,(z,6) is a moment
function or a continuum of moment conditions. Feuerverger and McDunnough
(1981b) propose an estimation procedure that consists of minimizing a norm of
the sample average of the previous moment function. Their objective function in-
volves an optimal weighting function that depends on the true unknown likelihood
function. Feuerverger and McDunnough (1981c) apply the Generalized Method
of Moments (GMM) to a discrete set of moment conditions obtained by restricting
the continuous index 7 € R” to a discrete grid 7 € (71, 72, ... 75 ). They show that
the asymptotic variance of the resulting estimator can be made arbitrarily close to
the Cramer-Rao bound by selecting the grid for 7 sufficiently fine and extended.
This discretization approach is also advocated in Singleton (2001, Section 5.2.)
and Chacko and Viceira (2003). However, the number of points in the grid for z
must not be larger than the sample size of the covariance matrix of the discrete set
of moment conditions to be invertible. In particular, the first order optimality con-
ditions associated with the discrete GMM procedure becomes ill-posed as soon
as the grid (71, 72, ...7y) 1S toO refined’. In fact, the discrete set of moment con-
ditions {h,(r,-,@)}fv: | converges to the moment function 7 — h,(z,0),7 € R so
that operator methods are needed to handle the estimation procedure in the limit
functional space.
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Carrasco and Florens (2000) proposed a Continuum GMM (henceforth,
CGMM) that efficiently uses the information content of a continuum of moment
conditions. Similarly to the classical GMM, the CGMM is a two-step procedure
that delivers a consistent estimator at the first step and an efficient estimator at
the second step. The ideal (unfeasible) objective function of the second step is a
quadratic form with metrics K ~! defined in an Hilbert space, where K is the
asymptotic covariance operator associated with the moment function 4, (z,6).
To obtain a feasible efficient CGMM estimator, one replaces K by an estima-
tor K7 obtained from a finite sample. However, the empirical operator K7 is
degenerate and not invertible while its theoretical counterpart K is invertible only
on a dense subset of the Hilbert space of interest. To circumvent these difficulties,
Carrasco and Florens (2000) resorted to a Tikhonov-type regularized inverse of
Kr,eg. Kyt = (K% +al)~' K7, where I is the identity operator and « is a reg-
ularization parameter. The CGMM estimator is root-7 consistent and asymptoti-
cally normal for any fixed and reasonably small value of a. However, asymptotic
efficiency is obtained only by letting a7''/? go to infinity and & go to zero as T
goes to infinity.

The main objective of this paper is to characterize the optimal rate of con-
vergence for o as T goes to infinity. To this end, we derive a Nagar (1959)
type stochastic expansion of the CGMM estimator. We use our expansion to
find the convergence rates of the higher order terms of the MSE of the CGMM
estimator. These rates depend on both a and 7. We find that the higher order
bias of the CGMM estimator is dominated by two higher order variance terms.
By equating the rates of these dominant terms, we find an expression of the form
ar = cT =8P where g () inherits some properties from the covariance oper-
ator K. To implement the optimal selection of a empirically, we minimize the
approximate MSE (AMSE) of the CGMM estimator. This AMSE is not known
analytically and must therefore be estimated by simulations. The proposed esti-
mator of ar, @z, is indexed by the sample size T and the number of Monte Carlo
replications M used to estimate the AMSE. Under certain regularity conditions,
it is shown that a7 is consistent for a7 as M goes to infinity.

This type of expansion has been used in Newey and Smith (2004) to study the
higher order properties of generalized empirical likelihood estimators. Moreover,
our method for selecting the regularization parameter is closely related to Donald
and Newey (2001), who use an AMSE criterion to select the optimal number of
instruments in a linear instrumental variable model.

The remainder of the paper is organized as follows. In Section 2, we review
the properties of the CGMM estimator in IID and Markov cases. In Section 3,
we derive a higher-order expansion for the MSE of the CGMM estimator and
use this expansion to obtain the optimal rate of convergence for the regularization
parameter o7. In Section 4, we describe a simulation-based method to estimate
ot and show the consistency of the resulting estimator. Section 5 presents a Monte
Carlo study based on the CIR term structure model and Section 6 concludes. The
proofs are collected in the appendix.
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2. OVERVIEW OF THE CGMM

This section presents an overview of the CGMM estimator and a summary of
known results. The first subsection presents an example that motivates the use of
the CGMM. The second subsection presents the general framework for imple-
menting the CF-based CGMM procedure. The third subsection presents a consis-
tency and asymptotic normality result.

2.1. Interest Rate Model as a Motivating Example

The recent literature on the term structure of interest rates provides an empirically
relevant area of implementation for the CGMM estimator.

Indeed, the short-term nominal interest rate plays a key role in the valuation of
financial assets. The dynamics of the short-term nominal rate is often specified in
continuous-time as:

dx; =Uu (x;)dt “+0o (.Xt)dWI, (1)

where x; denotes an interest rate process, u (x;) is a drift function, o (x;) is
an instantaneous volatility function and W, is a standard Brownian motion. As
noted by Singleton (2001), the transition density of a discrete sample from (1) is
known only in the special case of a CIR model, i.e. when x (x;) =« (p — x;) and
o (x;) = 0./x;. In this case, the conditional density of x; given x;_s (6 > 0) can
be represented as (see Devroye, 1986):

0 xtj'+40—1c(j)'+qo
J &ilxi—g) = D pj——=———~—exp(—cox:), 2
o ;; TG N

— 0K J — 0K
2 2 coe” 0x;_g)" exp(—coe 0x;_g
where ¢o = 05(1_7%’610: ’(‘705/10 ( 1-0) j!( =)

As apparent from above, the CIR model is indexed by three parameters: x,
p and o. The first parameter (x) captures the strength of the mean reversion in
the interest rate process. The second parameter (p) is the long run value around
which the interest rate process oscillates according to business cycles. The third
parameter (o) captures the instantaneous volatility of the interest rate process.
Imprecise estimations of these parameters may have dramatic implications for the
valuation of interest rate sensitive assets, the prediction of the term structure of
the market risk premium, and the assessment of interest rate risk. The importance
of the short nominal interest rate makes it one of the most frequently modeled
financial variables (Gray, 1996).

Contrasting with the infinite mixture of Gamma densities with Poisson weights
given above, the conditional CF of the CIR model has a rather simple expression:

ire‘é"ox,_g)

1—it/co

and p; =

0(2,00: x1-5) = E (€7 |xi-5) = (1 =iz /co) ™ exp( 3
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where 6y = (ko, po, 60)’. Furthermore, the CF is available in closed form for
all models of type (1) as well as for more sophisticated affine-jump diffu-
sions (Singleton, 2001; Jiang and Knight, 2002) and stochastic volatility models
(Yu, 2004). For these reasons, several dynamic models are more naturally speci-
fied by their CFs than by their transition densities.

2.2. The CGMM Based on Characteristic Function

Let x; € R? be a random vector process whose distribution is indexed by a finite
dimensional parameter € with true value 8y. When the process x; is IID, Carrasco
and Florens (2000) propose to estimate ) based on the moment function given by:

hi(z,60560) =" = (z.0), )

where ¢(7,0) = EY (e”/xf ) is the CF of x;, E? is the expectation operator with
respect to the data generating process indexed by 8 and 6 is the true parameter
on which %, (z, 0; 0y) depends implicitly via the actual data x;.

CCFG (2007) extend the scope of the CGMM procedure to Markov and weakly
dependent models. The moment function used in CCFG (2007) for the Markov
case is:

hi(e,0:00) = (¢ = p(s.0:x,-)) €51, 5)

where ¢(s,0; x,-1) = Ea(eisle |x;—1) is the CF of x; conditional on x,_i, T =
(s,r) € R?P and h,(z,0;0) depends implicitly on 6y via the pair (x;, x;—1). In
equation (5), the set of basis functions {e'" /xf—l} is being used as instruments.
CCFG (2007) show that these instruments are optimal, given the Markovian struc-
ture of the model. Note that moment conditions defined by (4) are IID processes
whereas equation (5) describes a martingale difference sequence. In this paper,
we restrict our attention to IID and Markov cases only.

It is important to stress that the moment function depends on 6y via the data
because some of our proofs require the partial derivatives of h,(z,0;0y) with
respect to its third argument to exist. For that purpose, we will introduce a no-
tation A° representing this argument. Thus, 4, (z,0;0°) is the moment function
evaluated at @ when the data are generated by the model with parameter 6°. For
the sake of simplicity, the dependence of &, (z, 8;8°) on #° will be hidden when
0° =6y (ie., hi(z,0) = h,(z,0;0p)), where 0 is the particular value of 89 for the
model that generated the actual data. Subsequently, the generic notation /;(z, 6),
7 € R? denotes a moment function defined by either (4) or (5), where d = p for
(4) and d = 2 p for (5), and 6° = 6, for both cases.

Let 7 be a probability density function on R? and L?(r) be the Hilbert space
of complex valued functions that are square integrable with respect to z, i.e.:

L(z) = {f ‘R - C|/f(r)mn(z)dr < oo], (6)
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where f(7) denotes the complex conjugate of f(z). As |h(.,0)|> < 2 for all
0 € O, the function /;(.,8) belongs to L*(z) for all # € ® and for any finite
measure 7. Hence, we consider the following scalar product on L2 () x L*(7):

(o) = [ F@@m @ ™)
Based on this notation, the efficient CGMM estimator is given by
0= argngn<K—1ﬁT(.,9),ﬁT(.,e)>, (8)

where K is the asymptotic covariance operator associated with the moment con-
ditions. K is an integral operator and satisfies:

Kf(t) = /Oo k(z1,7)f ()7 (z)dz, forany f € L?(x), 9)

—00

where k(71, 72) is the kernel given by:
kot 72) = E (i (01, 07 2,0) ) (10)

Some basic properties of the operator K are discussed in Appendix A.
With a sample of size 7 and a consistent first step estimator & ! in hand, one
estimates k(zy, 72) by:

kT(n,zzﬁl) - %ih,(n,@‘l)h,(rzﬁl). an

In the specific case of IID data, an estimator of the kernel that does not use a first
step estimator is given by:

T

(et ) = = (4 =) (5 ~Gr (), (12)

t=1

where o7 (1) = %ZIT: h P Unfortunately, an empirical covariance operator
K7 with kernel function given by either (11) or (12) is degenerate and nonin-
vertible. This problem is worsened by the fact that the inverse of K, which K1
estimates, exists only on a dense subset of L (z). Moreover, when g = K~! f
exists for a given function f, a small perturbation in f may give rise to a large
variation in g.

To circumvent these difficulties, we consider estimating K ~! by:

-1 2 !
K} =(K2+al) Kr,
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where the hyperparameter a plays two roles. First, it is a smoothing parameter as
it allows Ka_T1 f toexist for all f in L2 (z). Second, it is a regularization param-
eter as it dampens the sensitivity of K a_Tl f to perturbations in the input f. For
any function f in the range of K and any consistent estimator fT of f, Ka_TIfT
converges to K ~! f as T goes to infinity and a goes to zero at an appropriate rate.
The expression for K Tl uses a Tikhonov regularization, also called ridge regular-
ization. Other forms of regularizations could have been used, see e.g. Carrasco,
Florens, and Renault (2007).
The feasible CGMM estimator is given by:

Or (a3 6o) = argminOr (a0 60) (13)
where
Or (@,0:00) = (K 1hr (,0). 7 (. 0)), (14)

and 71\7 (z,0) = 71\7 (z,0;60p). An expression of QT (a,0;0y) in matrix form is
given in CCFG (2007, Section 3.3). An alternative expression and an algorithm
for the numerical evaluation of this objective function based on Gauss—Hermite
quadratures are described in Appendix D.

Note that (13) defined a function 57 (a3 .) such that:

57 (a; (90) = argn}gin@T (a,é’; (90) for all 6°.

Therefore, the second argument of Or (a3 .) is the third argument of hr (z,0;.)
and O7 (a,6;.).

2.3. Consistency and Asymptotic Normality

In order to study the properties of the CGMM estimator, the following assump-
tions are imposed.

Assumption 1. The probability density function 7z is strictly positive on RY
and admits all its moments.

Assumption 2. The equation
E% (hy(z,0)) =0 forall r € RY, 7 — almost everywhere,

has a unique solution 6y which is an interior point of a compact set ®.

Assumption 3. (i) h;(t,0) is three times continuously differentiable with re-
spect to §. Furthermore, (ii) the first two derivatives of &, (z, §) with respect to its
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second argument satisfy:

T
1 ohy(z,0) ohy(z,0) —1,2
— —E =0,(T d
T Z‘ o6} ( 96, ()

T 2
1 = 0%h(z,0) 0°h(z,0) -1/2
— — 2 _F|——Z)=0,|(T
T; 00, 00y ( 20,00 i ( )

for all j and k.

Assumption 4. (i) E? (h7(z,0;600)) € ®p for all § € O and for some g > 1,
where

Oy ={f € L2(x) such that [k~ /]| < oo}, (15)

Furthermore, (ii) the first two derivatives of E% (hr(z,8;60)) with respect to
belong to @4 for all & in a neighborhood of & and for the same f as above.

Assumption 5. (i) The random variable x; is stationary Markov and satis-
fies x; = X(x,_1,<90, e,) where X(x,_1,<90, e,) is three times continuously dif-
ferentiable with respect to 8% and ¢; is a IID white noise whose distribution is
known and does not depend on 6. Furthermore, (ii) the gradient G(z,0; 6?0) =

.90 . . . . .
E(%) and covariance operator K are continuously differentiable with
respect to in 6°.

Assumptions 1 and 2 are quite standard and they have been used in Carrasco
and Florens (2000). Note that the probability density function z that appears
in these assumptions is the one used to build the scalar product (.,.) and it has
nothing to do with the process that generated the actual data. The first part of
Assumption 3 ensures some smoothness properties for 57 ()= (9\7 (a; 6p) while
the second part is always satisfied for I[ID models. The largest real number f such
that f € @4 in Assumption 4 may be called the level of regularity of f with re-
spect to K : the larger f is, the better f is approximated by a linear combination of
the eigenfunctions of K associated with the largest eigenvalues. Because K f(.)
involves a d-dimensional integration, f may be affected by both the dimensional-
ity of the index 7z and the smoothness of f.

Assumption 5-(i) implies that the data can be simulated upon knowing how to
draw from the distribution of ;. It is satisfied for all random variables that can be
written as a location parameter plus a scale parameter times a standardized rep-
resentative of the family of distribution. Examples include the exponential family
and the stable distribution. An IID model is a special case of Assumption 5 where
X (x¢—1, 60, &) takes the simpler form X (6, &;). Further discussions on this type
of model can be found in Gourieroux, Monfort, and Renault (1993) in the indirect
inference context. Note that the function X (x;—1, 6y, &/) may not be available in
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analytical form. In particular, the relation x; = X (x;,—1, 0, &) can be the numer-
ical solution of a general equilibrium asset pricing model (e.g., as in Duffie and
Singleton, 1993).

By Assumptions 3 and 5-(i), %

is twice continuously differentiable
with respect to 0° while the kernel k7 (z1, 72, <’9\1) given by (11) is three times con-
tinuously differentiable with respect to 8°. Therefore, the differentiability require-
ment of Assumption 5-(ii) already holds for the empirical gradient G (z, 6; 0% =
% and the empirical covariance operator K7. Assumption 5-(ii) is quite
mild as it simply extends this differentiability to the probability limits G(z, 0; 8°)
and K.
We have the following results for the two-step CGMM estimator.

THEOREM 1. Under Assumptions I to 5, the CGMM estimator is consistent
and satisfies:

T2 (Or(@)—60) 5 N (0, 16—01),

as T and aT"? go to infinity and o goes to zero, where Iy, ! denotes the inverse
of the Fisher Information Matrix.

See Proposition 3.2 of CCFG (2007) for a more general statement of the con-
sistency and asymptotic normality result. A nice feature about the CGMM estima-
tor is that its asymptotic distribution does not depend on the probability density
function z . Note that the conditions required for the asymptotic efficiency result
stated by Theorem 1 allow for a wide range of convergence rates for a. Indeed,
any sequence of type ar = c¢T ~¢ (with ¢ > 0) satisfies these conditions as soon
as 0 < a < 1/2. Among the admissible convergence rates, we would like to find
the one that minimizes the mean square error of the CGMM estimator for a given
sample size T'.

3. STOCHASTIC EXPANSION AND AMSE OF THE CGMM
ESTIMATOR

Ideally, we would like to select the regularization parameter o so as to minimize
the trace of the MSE matrix of 07 (o). For a given sample of size T, the MSE
matrix is:

MSE (a,00) = E [T (Or (@)= 00) (Br (a) —eo)’] , (16)

and the trace of MSE (a, ) is given by E[T H@\T () =069 H 2].
__ Unfortunately, there is no theoretical basis for claiming that the variance of
Or () is finite for any data generating process and any sample size. Indeed, the
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large sample properties of GMM-type estimators like Or (o) are well known
but their finite sample properties can be established only in special cases. In
particular, the MSE of Or () can be infinite in finite samples even though Or (a)
is consistent for fy. To hedge against situations where this variance is infinite,
we consider approximating the MSE of Or (o) by that of the leading terms of its
stochastic expansion.

The higher order properties of GMM-type estimators have been studied by
Rothenberg (1983, 1984), Koenker et al. (1994), Rilstone, Srivastava, and Ullah
(1996), and Newey and Smith (2004). For estimators derived in the linear
simultaneous equation framework, examples include Nagar (1959), Buse (1992)
and Donald and Newey (2001). The approach followed here is similar to that of
Nagar (1959) and in particular to that of Donald and Newey (2001), who select
the number of instruments to include in a linear instrumental variable model by
minimization of an AMSE criterion.

Two difficulties arise when analyzing the terms of the expansion of the CGMM
estimator. First, when the rate of a as a function of 7 is unknown, it is not
always possible to write the terms of the expansion in decreasing order. The sec-
ond difficulty stems from a result that dramatically differs from the case with a
finite number of moment conditions. Indeed, when the number of moment con-
ditions is finite, the quadratic form Thr (@) K ~1hyr (@) is O, (1) and follows
asymptotically a chi-square distribution with degrees of freedom given by the
number of moment conditions. However, the analogue of the previous quadratic
form, HK -y 2m7 (o) 2, is not well defined in the presence of a continuum

of moment conditions. Its regularized version, || K, 1/ 2«/ Thr(6)
diverges as T goes to infinity and o goes to zero. Indeed, we have:

) —1/4
(K +a1)
a1t 21

=0, (a). (17)

2 .
, exists but

| k212 Thr @) <

—1/4
‘(K2+a1) K2

|7 )
|7 ]

:op(l)

The expansion that we derive for 57 (a) — Gy is of the same form for both the
IID and Markov cases. Namely:

_ in(1, 21
Or(@)—60o= A1+ A2+ Az +o0, (a_lT_1)+0p (amm(l’ 2 )T_l/z), 18)

where A; = O, (T_l/z) , Ay = OP(amin(l’zﬂT_l)T_l/z), and A3 =0, (a_lT_l)
are given in Appendix B. The next theorem uses this expansion to establish re-
sults on the AMSE matrix of 6 (o) and on the optimal convergence rate for the
regularization parameter.
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THEOREM 2. Assume that Assumptions 1 to 5 hold. Then we have:

(1) The AMSE matrix 0f</9\T () up to order O (a_lT_l/z) is decomposed as
the sum of the squared bias and variance:

AMSE (a,60) = T Bias = Bias'+ T Var,

where
T Bias * Bias' = O (a_zT_l) ,

1

in(2, 21
TVar=1;"+0 (am‘“(z’ ? )) +0 (a_lT_l/z),

as T — 00, a?T — 0o and o — 0.

(ii) The a that minimizes the trace of AMSE (a, ), denoted ot = ar (6b),
satisfies:

)

Remarks.

1. We have the usual trade-off between a term that is decreasing in o and an-
other that is increasing in a. Interestingly, the squared bias term is dominated
by two higher order variance terms whose rates are equated to obtain the op-
timal rate for the regularization parameter. The same situation happens for
the Limited Information Maximum Likelihood estimator for which the bias
is also dominated by variance terms (see Donald and Newey, 2001).

2. The rate for the O(amm(z’ 2 ) variance term does not improve for

S > 2.5. This is due to a property of Tikhonov regularization that is well doc-
umented in the literature on inverse problems, see e.g. Carrasco et al. (2007).
The use of another regularization such as spectral cut-off or Landweber-
Fridman would permit improvement in the rate of convergence for large
values of . However, this improvement comes at the cost of a greater com-
plexity in the proofs (e.g. in the spectral cut-off, we lose the differentiability
of the estimator with respect to a).

3. Our expansion is consistent with the condition of Theorem 1, since the opti-
mal regularization parameter a7 satisfies a%T — 00.

4. It follows from Theorem 2 that the optimal regularization parameter or is
necessarily of the form:

or =cT8P), (19)

for some positive function ¢ that does not depend on 7T and a positive func-
tion g (/) that satisfies max (é, ﬁ) <g(p) <1/2
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From Equations (B.9) and (B.11) in the Appendix, we have:
Or(a) =00 = A7 (a,00) = At + Ao+ As.
Adding up the expressions of A;, j = 1,2, 3 provided in Appendix B yields:
At (0,00) = = W5 O0) (K71 G (. 00), o (. 00)

W 00| (K7 G 00). G 00)) = Wo o) | W o (6°).

where

T

. 1 6/1;(‘[,(90)
G (7,6p) = Plim— _—
(v, = Plim & 5 P50,

t=1

Yr.o) =Re(K~'G(,00),hir (., 6)), and

Wo(6o) = <K—1G(.,90), G(.,00)>.

By construction, the MSE of A7 given by:
=1(0,00) = E [T | A7 (0,001 (20)

coincides with the AMSE of & (o) and is always finite. The limit of X7 (a, 0p) as
T — oo coincides with the asymptotic MSE of 07 ().

4. ESTIMATION OF THE OPTIMAL REGULARIZATION PARAMETER
The minimizer of the AMSE,

ar (6p) = argminZr(a, ), 21
ael0,1]

corresponds to a7 in Theorem 2. This minimizer is unfeasible because A7 (a, 0p),
of which X7 (a, 6p) is the MSE, depends on the unknown y. We circumvent this
difficulty by using a consistent first step estimator 5} to simulate X7 (a, 6p).2

The expressions of A7 (a,8y) depend on both deterministic and random quan-
tities. The deterministic quantities are the true parameter 6, the covariance oper-
ator K, the probability limit of the gradient of the moment function G (z, 6), and
the regularization parameter . The random quantities are the moment function
71\7 (z,6p) and the empirical covariance operator K. Therefore, we write:

At (a,00) = A (a, K, G (00), Kz (60) . 77 (. 60)) - (22)
In (thg )IID case, G (z,6p) and K (8y) are known in closed form since G (7, 6p) =
9.0 anqd

06

k(z1,12) = @(11 —12,60) — 0 (71, 00)0 (72, 0),
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where k (71, 72) is the kernel of K.

Let <’9\T1 be a consistent but inefficient estimator of ¢. Our algorithm to estimate
the AMSE of 0r (a) is as follows: B

Step 1. Obtain an estimate K (79}1) of K (fp) and an estimate G (., @\TI) of
G (.,6p) from a very large sample (e.g., 10000 or 50000 observations) simulated
using </9\T1 3

Step2.For j=1,2,..., M:

Step 2.1. Draw independent samples X (T] ) (@}1) of size T from the data generat-
ing process using <’9\T1

Step 2.2. Use the sample X (T] ) (@}1) to compute the moment function B\(T] ) (r, @\TI)
and the empirical covariance operator K (T] ) ((9}1)

Step 2.3. Compute A(Tj) (a,@\TI) = A(a, K (@\Tl) s G (,@\Tl) R K(Tj) (@}1) ,E(Tj)
Step 3. Compute the simulated AMSE of Or (a) as:

T <Ly 2
S (@0F) = 37 20| o (w.07)
j=1

> (23)

where T and M denote the sample size and the number of Monte Carlo
replications.*

With an estimator of the AMSE in hand, we estimate the optimal regularization
parameter as:

arm (79\1) = argminfTM (a,0"). 24
ael0,1]

Note that under our notation, X7 (a, 51) denotes the probability limit of
ET M (a, <’9\1) as M goes to inﬁnity5 and ar (79\ 1) denotes the minimizer of
z T ((Z, @\1) .

The approach to estimate the optimal regularization parameter described above
is rather fast as it does not require a numerical optimization at each Monte Carlo
replication. However, the overall procedure rests on the presumption that K is a
highly accurate approximation of K. This presumption is reasonable given that the
simulated sample used to estimate K at Step 1 can be made arbitrarily large. Our
subsequent results are established by assuming that K and G entails no estimation
error, which is equivalent to set K = K and G = G. We further make the following
assumption:

Assumption 6. The regularization parameter o that minimizes X7 (a, 6p) is of
the form ar (Bp) = ¢ (Bp) T8, for some continuous positive function ¢ (fp) that
does not depend on 7' and a positive function g () that satisfies max (é , ﬁ) <

g(B) <1/2.
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Assumption 6 seems reasonable given the finding of Theorem 2 (ii). Such
expression for the smoothing parameter is often used as a starting point for op-
timal bandwidth selection in nonparametric density estimation. Examples in the
semiparametric context include Linton (2002) and Jacho-Chavez (2010).

THEOREM 3. Let 0! be a /T —consistent estimator of 0y. Then under As-
sumptions 1 to 6, we have:

@) ZTT((%O) — 1 converges in probability to zero as T goes to infinity;
1/2

(ii) aar ;‘4(‘(9'3‘;) 1 converges in probability to zero at rate M~/ as M goes to
infinity and T is fixed;
(iil) ary (51) —ar () =0, (T2 + 0, (M%) as M goes to infinity first

and T goes to infinity .

In Theorem 3-(i), the function a7 (.) is deterministic and continuous but the ar-
gument 1is stochastic. As T goes to infinity, 9! gets closer and closer to p, but at
the same time a.7(6p) converges to zero at some  rate that depends on 7'. This pre-
vents us from claiming without caution that % —1=0,(1) since the denom-
inator is not bounded away from zero. Theorem 3-(i) guarantees that under our
assumptions, the difference a7 (6 1) a1 (0p) goes to zero faster than ar (fp) itself.

Theorem 3-(ii) characterizes the rate of convergence of %f‘” Indeed,
a7y (o) is the minimum of the AMSE simulated using the true . In the proof,
one first shows that the conditions for the uniform convergence in probability of
ETM (a,00) — 27 (a, Op) are satisfied. Next, one uses Theorem 2.1 of Newey and
McFadden (1994) and the fact that ar @0) is bounded away from zero for any
finite T to establish the consistency of ‘”Mw ‘;) Note that when T goes to infin-
ity, a1 (6p) goes to zero so that the rate given in Theorem 3-(ii) is no longer valid.
However, we have that a7 (60) — a1 (@) = O, (M -1/ 2) when M goes to infinity
first and 7' goes to infinity second.

Theorem 3-(iii) revisits the previous result when 6 is replaced by a consistent
estimator. It rests on a sequential limitin M and T', which is needed here because
a1 (6p) goes to zero as T goes to infinity. Such a sequential approach is often used
in panel data econometrics, see for instance Phillips and Moon (1999). It is also
used implicitly in the theoretical analysis of bootstrap®. Theorem 3-(iii) implies
that a7y (51) benefits from an increase in both M and T'.

The next theorem establishes that the minimum of the simulated AMSE is con-

sistent for the optimal AMSE, X7 (a7 (), ).

THEOREM 4. Let 0! be a /T —consistent estimator of Oy. Then under as-
sumptions 1 to 6,

Srum ([@rn@"),0")
Zr(ar (©b), 6b)

as M goes to infinity first and T < M goes to infinity second.

—1=0,(1)
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This result is obtained by exploiting the continuous differentiability of
Sty (a, <’9\1) with respect to o and the consistency of a7y (<’9\1) for ar(6p). Let
<’9\T (arm,0) be the CGMM estimator based on the actual sample and the regular-
ization parameter a7y (<’9\1) obtained by solving (24). The last theorem compares
<’9\T (@1, 00) to the ideal CGMM estimator based on a7 (0p).

THEOREM 5. Let ary = arm (<’9\1) and Or (a,00) = Or (o). Then under as-
sumptions 1 to 6,

VT (Or @ru) =0 (ar () = 0p(T'*M112),

as M goes to infinity first and T < M goes to infinity second.

Theorem 5 implies that the distribution of JT ((9\(&\7 M) —(90) is the same as

the distribution of /7 ((9\((17) —(90) provided T < M. This ensures that replac-
ing a7 by its estimator a7y does not affect the consistency, asymptotic nor-
mality, and efficiency of the final CGMM estimator 0 (a7 m). The proof of this
theorem relies mainly on the fact that 79\((1) is continuously differentiable with
respect to a.

Overall, our selection procedure for the regularization parameter is optimal and
adaptive as it does not require the a priori knowledge of the regularity parame-

ter f5.

5. MONTE CARLO SIMULATIONS

We pursue two goals in this simulation study. First, we investigate the proper-
ties of the feasible AMSE ET M (a, @\TI) as the regularization parameter (o), the
sample size (7)) and the number of replications (M) vary. Second, we compare
the CGMM estimator based on the optimally selected regularization parameter
with a competing GMM estimator. For this purpose, we consider estimating the
parameters of a square-root diffusion. The first subsection below describes the
simulation design whilst the second subsection presents the results.

5.1. Simulation Design

A continuous time process r; is said to follow a square-root (or CIR) diffusion if
it obeys the following stochastic differential equation:

dry =k (p—r1)dt +o/rrdW; (25)

where x > 0 is the strength of mean reversion in the process, p > 0 is the long
run mean and ¢ > 0 is the instantaneous volatility parameter. This model has
been widely used in financial econometrics for the term structure of interest rates
(Cox, Ingersoll, and Ross, 1985) and also for the volatility of stock prices (Heston,
1993). The stochastic differential equation (25) admits a unique and positive fun-
damental solution if 62 < 2kp (Feller, 1951).
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For this simulation exercise, we assume that r; is an interest rate process

observed at regularly spaced time intervals indexed + = 1,2, ..., T. The value
retained for 6y is taken from Singleton (2001):
6o = (x0, po, 50) = (0.4,6.0,0.3). (26)

Following Zhou (2001), one may consider estimating this CIR model by maxi-
mum likelihood by truncating the infinite sum representation of its transition den-
sity to 100 terms. The resulting sample log-likelihood function is:

T 100 j+a=1 j4q

Lr ()= log ZPJWCXP( cre) |

=2

J —
Wheree (K P, 0-) c = W’q_ 2ﬁ andp — (Ce I't— l) e;(P( ce Fr_ l)

Unfortunately, our experiments suggest that L (@) is often not a concave function
of @ in small sample. Therefore, we shall abandon this route and consider CF-
based estimators.

Following Singleton (2001), we consider a GMM estimator based on a discrete
set of moment conditions given by:

hy (1, 0) = (eizk,m — (112, 0; rt—l)) eitk2l-1 T = (Tk,l, Tk,2)/ c R2 and
. - itk e ri—q
o(tk2,051-1) = (l —l‘L’k,z/c) qexp (7) )
I—itp/c

Let us define h,(0) = (h(z1,0), ..., hi(zy,0)) and hr (@) = L35 he (w1, 0).
The classical GMM estimator of Hansen (1982) is given by:

Ocmm = argminﬁT ©)S"hr ), (27)
where S = T Zl 1h (‘90 " M )h (‘90 wy) is an estimate of the asymptotic covari-
ance matrix of /1 (@) and ‘90 w18 the first step GMM estimator obtained by
replacing s by the identity matrix in (27). To compute Oym . we use 36 points

in R? obtained by taking the Cartesian product of six Gauss—Hermite quadrature
points. Therefore, 7 € A2 where:

A = {—2.3506, —1.3358, —0.4361,0.4361, 1.3358, 2.3506). (28)

We compare OGmm to the CGMM estimator given by:
Ocomm (@) = argmain/ (Kthr@.0)) i (z,0) " "d, (29)
R2

where K Tl is estimated according to (11) and using the first step CGMM estima-
tor given by:

Oty = argmain/Rz hr(z,0)hr(z,0)e " dr. (30)
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The objective function of the CGMM is evaluated using 36 Gauss—Hermite
. . 2 . . . /
quadrature points in R~. The quadrature weight associated with 7 = (rk,l s rk,z) €

Alisw (rk,l) w (rk,z), where w (rk,j) is the weight associated with 7; ; € A'ina
one-dimensional integration (see Appendix D). We have:

w(A) ={0.0045,0.1571,0.7246,0.7246,0.1571, 0.0045},

where A is given by (28).

To begin, we use fp to simulate once and for all S = 500 samples of size Trax =
1000 with in mind that § is the number of Monte Carlo replications and i, is
the maximum sample size that will be considered subsequently.” The simulated
samples are denoted X . (S) ((90) s=1,..., S and stored as the columns of a matrix
of size (Tax, S)- Next We consider all pairs (7, M) such that:

T € [250, 500,750, 1000] and M e [250, 500, 750, 1000].

Let Mpmax = 1000. Considering a given pair (T, M), we define X(TS) ((90) as the
first 7' elements of X (;n*)mx ((90) and use it to compute a two-step GMM estimator

(é\((;sﬂ),l M) and a first step CGMM estimator (‘90(10531 M) In turn, HC(G oy 1s used

to simulate a large sample of size T Max, denoted X (s ) . This large sample is

used to estimate K and G (., ) and the estimates are denoted K and G

Next, we split X (s ) into Max nonoverlapping blocks of size T denoted
Xy (5] ), j=1,. MmaX These samples are used to compute an optimal regu-
larization parameter a(TI)VI =aryu (HC(G M M) by minimizing an AMSE function
Srm (a, HC(’;X,IM) on the following grid:

a= [a(l), a(z), e a(36)] with
oM =10""and o = a(i_l)exp(O.S),i =2,...,36.

The AMSE function S7 (a,@\(cl(’;sje,l M) is computed using the first M samples

Xr (5.7) ,Jj=1,..., M and the first step estimator </9\(CIGSX,I - We have:

>

M
= 1,s) =~ ) 70s.))
ETM( HCGMM) EHAT((Z’K’G’KT ’hT )’
j:1

where K(TS ) and ﬁ(;j ) are computed using the sample X (Ts’j ) and the first step

: 7(1,5)
estimator HCG MM

7

Finally, a second step CGMM estimator Op¢,, ), (A(S)

ar M) is computed based
on the optimal regularization parameter &\(TSI)VI. To reduce the computational bur-

den, we have computed g(cs(); " M( (Tsz)vl) only when M = M. At the end of the

https://doi.org/10.1017/50266466616000025 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466616000025

496 MARINE CARRASCO AND RACHIDI KOTCHONI

simulation, we have S independent replications of the regularization parameter

&\(TSI)VI,S =1,..., S, the second step GMM estimator o) s=1,...,5 and the

GMM>
second step CGMM estimator @\(CS(); MM (A(TS )1000) s=1,...,8.

5.2. Simulations Results

Figure 1 shows examples of plots of the AMSE function Srm (a, "9\(CIGS18/1 M) against
loga for selected pairs (7, M). The convexity of the AMSE function improves
as T increases from 250 to 1000, which suggests that the optimal regularization
parameter is better identified when T is large. Increasing M seems to improve the
convexity of the AMSE function as well.

Table 1 shows summary statistics for the simulated distribution of a7 where
“Mean”, “Median”, and “Std. Dev.” are respectively the sample mean, median,
and standard deviation of ( (TII%,I, . &\(TSA}) The sample average of aTI)VI decreases
monotonically in both M and T'. By construction, the most reliable estimates of
o1 (6p) are obtained when M is the largest (M = Mp,x). Therefore, our simula-
tions suggest that the speed of convergence of a7y as M increases is rather fast.
This is seen by comparing the average variation of aTI)VI for a given T between
M =250 and M =500 to the average variation between M = 750 and M = 1000.
The convergence of ary as M increases seems to be faster when 7 is larger. This
prescribes to always set M as large as possible, in particular when the sample size
is small.

The sample median of fi(s) is smaller than its sample mean everywhere. There-

()

. . A(S) .
fore, considering that on average o}, is decreasing in M and aT250 is sev-

eral times larger than aT)IOOO, we can clalm that the median of o aT M iS a more
robust estimator of aT(Ho) than is the sample mean. The sample standard devia-

tion of aTI)VI decreases monotonically in M for every T'. This standard deviation
decreases monotonically in 7" only when M is large, which is consistent with the

T=250 T=1000
90 T * v 8
M=250
80 =—t— M=500
—— M= 1000 7.5k
70 1
80 7t
50
6.5}
40
30 ]
551
10
'] 5
-24 22 20 18 16 14 12 10 4 £ -4 24 22 20 18 16 14 12 10 e £ -

FIGURE 1. Plots of iTM (a, 5((?IGS184M) against loga for selected values of 7 and M.
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TABLE 1. Summary statistics for the simulated distribution of &\(TSI)W for different

T and M
Number of replications: S = 500
M =250 M =500 M =750 M = 1000
T=250 Mean (x1073) 0.1658 0.0833 0.0734 0.0720
Median (x1073) 0.0268 0.0442 0.0442 0.0442
Std. Dev. (x1073) 0.5964 0.2417 0.2021 0.1949
T=500 Mean (x10~3) 0.1534 0.0517 0.0466 0.0359
Median (x1073) 0.0268 0.0268 0.0268 0.0268
Std. Dev. (x1073) 0.6257 0.2529 0.1922 0.0514
T=750 Mean (x10~3) 0.1061 0.0450 0.0268 0.0260
Median (x10~3) 0.0163 0.0163 0.0163 0.0163
Std. Dev. (x1073) 0.5320 0.2525 0.0284 0.0257
T=1000 Mean (x10~3) 0.0704 0.0485 0.0193 0.0191
Median (x10~3) 0.0099 0.0099 0.0163 0.0163
Std. Dev. (x1073) 0.4045 0.3162 0.0224 0.0198

fact the estimator a7y, is more precise when M is larger. The simulated distri-
bution of ?x\(TS/)VI (not reported here) is rather skewed to the right, with a standard

TABLE 2. Comparison of @\gz)le and 5(CS();MM (&\(Ts)looo)

Number of replications: § = 500

GMM CGMM

KGMM ~ PGMM  OGMM  KCGMM PCGMM OCGMM

T=250  Bias 0.0017 —0.0060 —0.0352 0.0192 —-0.0108 —0.0016
Std. Dev.  0.0948 0.1609 0.0192 0.0786 0.1187 0.0170
RMSE 0.0948 0.1610 0.0401 0.0809 0.1192 0.0171

T=500  Bias 0.0099 —0.0194 —0.0296 0.0097 —0.0085 —0.0007
Std. Dev.  0.0622 0.1093 0.0133 0.0524 0.0845 0.0127
RMSE 0.0630 0.1110 0.0325 0.0533 0.0850 0.0127

T=750  Bias 0.0159 —-0.0297 —0.0245 0.0071  —0.0096 —0.0011
Std. Dev.  0.0525 0.0827 0.0115 0.0417 0.0673 0.0101
RMSE 0.0549 0.0879 0.0271 0.0423 0.0680 0.0101

T=1000 Bias 0.0176 —0.0281 —0.0205 0.0060 —0.0083 —0.0008
Std. Dev.  0.0456 0.0700 0.0106 0.0361 0.0591 0.0086
RMSE 0.0489 0.0754 0.0231 0.0366 0.0597 0.0087

https://doi.org/10.1017/50266466616000025 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466616000025

498 MARINE CARRASCO AND RACHIDI KOTCHONI

deviation that is larger than the mean even for large values of 7" and M. This sug-
gests that our estimator of the regularization parameter may be unstable. However,
as the standard deviation of &\(TSI)VI decreases monotonically in M, potential insta-
bilities in &\(TSI)VI can be reduced by increasing M.

Table 2 shows the empirical bias, standard deviation and MSE of the individual
coordinates of ‘/9\81)\/1 y and @\(CS(); MM (&\(TS, )1000). These summary statistics are based
on the simulated empirical distributions of the estimators and not on analytical
formulas. In small samples (7' =250 and T = 500), the parameters x and p are
estimated with less bias by GMM than by CGMM. The opposite is true in large
samples. Moreover, 6egpy is less biased than Gy for all sample sizes. The
standard deviation of the CGMM estimator is also always smaller than that of the
GMM estimator. As a result, (’9\8(); MM (&\(TS, )1000) dominates (581)” M in terms of the
MSE for all cases. The largest efficiency gain is achieved by ey whose MSE

is always several times smaller than that the MSE of G-

6. CONCLUSION

The objective of this paper is to provide a method to optimally select the reg-
ularization parameter denoted a in the CGMM estimation. First, we derive a
higher order expansion of the CGMM estimator Or (o) that sheds light on how its
finite sample approximate MSE (or AMSE) depends on the regularization param-
eter. The AMSE is simply the MSE of the leading terms of Or (o) — 0o in the
stochastic expansion. We obtain the convergence rate for the optimal regulariza-
tion parameter a7 by equating the rates of two higher order variance terms. We
find an expression of the form a7y = ¢T~¢¥), where ¢ does not depend on the
sample size T and 0 < g (f) < 1/2, where f is the regularity of the moment func-
tion with respect to the covariance operator (see Assumption 4).

Next, we propose an estimation procedure for a7 that relies on the minimiza-
tion of the simulated AMSE. By relying on the leading terms of the expansion
of Or (o) — By, our approach to select a remains valid even when the MSE of
<’9\T (@) is infinite. The proposed estimator, a7y, is shown to be consistent for its
theoretical counterpart o.7. The optimal selection of the regularization parameter
enables the use of a fully feasible CGMM estimator that is a real alternative to the
maximum likelihood estimator.

NOTES

1. These numerical problems are acknowledged by Singleton (2001, p. 131).
2. If analytical expressions were available for all the terms involved in E (A’TAT), one could

attempt to estimate such expressions in one shot based on @} and the sample. However, Cov (A, A3)
cannot be computed explicitly even though A and A3 are available in closed form.

3. The simulated sample must be large enough to ensure that the approximation errors of K (00)
and G(., 90) are negligible. Note that Step 1 is not necessary in the IID case.

4. The multiplication by 7 on the RHS of (23) ensures that ETM(a, 09 = Op(1).

5. Indeed, ET M (a,0) converges uniformly in probability to X7 (a, ).
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6. The properties of a bootstrap estimator are usually derived using its bootstrap distribution, hence
letting M go to infinity before T'.

7. See DeVroye (1986) and Zhou (2001) for details on how to simulate a CIR process.

8. During our simulations, the matrix approximation of K based on 36 quadrature points was
always invertible. Therefore, there is no need to regularize the inverse of K. This is due to the fact that
36 is small relative to T Mmax.
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APPENDIX

Notation: Throughout the appendix, h;(z,0; 00) denotes a moment function that
depends explicitly on 8 and implicitly on 69 via the data. A quadratic form @ T (a, 0; 00)
of hy(s,0; 00) is minimized with respect to 6 and the solution is the CGMM estimator of
69, denoted ﬁ(a,@o). The actual data available to the econometrician are thought of as
being generated by DGP with a true value 6. Thus, 6 is a particular value of 69, For
simplicity, we write h;(z,0) = h;(s,0;6y). The asymptotic covariance operator of /;(z, 6)
is denoted K and its sample counterpart K7. The gradient of /1;(z,6) is denoted G (z,0),
its j’h coordinate G; 7 (z,0), and its probability limit G(z,8). The Hessian of h;(z,0) is
denoted Hy (z,0), its j’h column Hj 7(z,0), its (k, j) element Hy ; 7(z,0) and its prob-
ability limit H (z,0). The derivative of Hy (z,0) with respect to 0; is denoted L; 7 and
its probability limit ;. Finally, we recall that ( f, g) is the scalar product of two functions
fand g, | fIl =/ F, f) is the norm of f, 7 is the complex conjugate of z and |z| = /zZ
is the modulus of z.
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A. SOME BASIC PROPERTIES OF THE COVARIANCE OPERATOR

For a more formal exposition of the results mentioned in this appendix, see Carrasco,
Florens, and Renault (2007). Let K be the covariance operator defined in (9) and (10),
’h\; (z,60) the moment function defined in (4) and (5), and @ p the subset of L2 (7) defined
in Assumption 4.

DEFINITION A.l. The range of K denoted R(K) is the set of functions g such that
K f = g for some f in L% ().

PROPOSITION A.2. R(K) is a subspace of L* ().

Note that the kernel functions k(s, .) and k(., 7) are elements of L () because
2 | 2
ks, )12 = | E[hu . 00R @O || < 4, ¥(s,7) e R A1)
Thus for any f € L% (z), we have

2
Kf () = ‘ / koo0) f (D7 (D) de| < / Ik(s,7) £ (027 (1) dx

54/|f(r)|27t(r)dr <00,

implying that
IKf? :/le(r)lzn (t)dt <co= Kf e L% ().

DEFINITION A.3. The null space of K, denoted N(K), is the set of functions f in
L% () such that K f = 0.

The covariance operator K associated with a moment function based on the CF is such
that N(K) = {0}. See CCFG (2007).

DEFINITION A.4. ¢ is an eigenfunction of K associated with eigenvalue u if and only
fKp=pd.

PROPOSITION A.5. Suppose uy > up > --+. > uj > --- are the eigenvalues of K.
Then the sequence {,uj} satisfies: (i) puj > 0 for all j, (ii) uy <ooand lim u; =0.

J— 00

Remark. The covariance operator associated with the CF-based moment function is
necessarily compact.

PROPOSITION A.6. Every f € L? () can be decomposed as: f = Zfil (f, qﬁj)qﬁj.
As a consequence, K f = Zfil (f, qﬁj)Kqﬁj = f’il (f, qﬁj),ujqﬁj.

PROPOSITION A.7. If 0 < 81 < B, then ©p, C Op,.

We recall that @p is the set of functions such that ||K_ﬁf|| < 00. In fact, f €

R(KP) = K=P2f exists and K21 )P = 352 12 |(£,5))7 < oo, Thus if
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fe R(K#2), we have:
2 o 2p-p) 28 2 Ap-pNe 26 2
[k~ r | =2 P02 1) < 3PS () < o
=1 =1

= K_ﬁlf exists = f € R(Kﬂl). This means R(K) C R(Kl/z) so that the function
K_l/zf is defined on a wider subset of L%(x) compared to K~!f. When f € @,

<K_1/2f,K_1/2f> - <K‘1f, f>. But when f € ®p for 1/2 < B < 1, the notation
<K_1/2f, K_1/2f> is well defined while <K_1f, f> is not. By abuse of notation how-
ever, we deﬁne(K_lf, f> = <K—1/2f,K—1/2f>,

B. EXPANSION OF THE MSE AND PROOFS OF THEOREMS 1 AND 2
B.1. Preliminary results and proof of Theorem 1

LEMMA B.1. Let Ka_1 = (K2+a1)_1K and assume that f € ®p for some f > 1.
Then as a. goes to zero and n goes to infinity, we have:

|kt =k =0, («277112), (B.1)

KA-k;")rl =0, (a"'T71/2), (B.2)
(k7 =521 o] = 0p (17717

(53571 ] o ),

(x~'-k2") 1 1) = o(ami“(l’zﬂ%)). (B.4)

Proof of Lemma B.1. Subsequently, ¢;, j = 1,2..., co denote the eigenfunctions of the
covariance operator K associated, respectively, with the eigenvalues u;,j = 1,2...,00.
We first consider (B.1). By the triangular inequality:

H(K%+a1)—1KT—(K2+a1)—1KH
2 A 2 A 2 -1
§H(KT+aI) (Kr K)H+H(KT+aI) K — (K2 +al) KH

s

< H(K%+al)—1 H IKr — K|l + H[(K% +an~! —(K2+a1)—1]1<

—0,(1-17)

<a~!

where ||[K7 — K| = Op (T_l/z) follows from Proposition 3.3 (i) of CCFG (2007).
We have:

H [(K% +an™! —(K2+a1)—1]KH
= H(K% tan)! (K2 - K%) (k2 +a1)—1KH

< o o [ ) ]

<o~ —0,(1-172) <a=1?2 <1
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This proves (B.1).
The difference between (B.1) and (B.2) is that in (B.2) we exploit the fact that f € ®p

with f > 1, hence HK_lfH < 00. We can rewrite (B.2) as

“1_ -1 “1_ -1 —1 —1_ -1 —1
G F B (i P E ) B (e e T | g ¢
‘We have
(K;Tl—K;l)Kz(K%+a1)—1KTK—(K2+a1)—1K2
= (K2 +al)" (K7 —K)K (B.5)
+[(K%+al)_1 —(K2+a1)—1]1<2. (B.6)

The term (B.5) can be bounded in the following manner

H (K% +a1)_1 (Kr —K)K

-1
(K} +a1) H IKr = KIIK|
—_———

—T =0,

=0 (a7'77112).

For the term (B.6), we use the fact that A=1/2 — p=1/2 = A~ 1/2(31/2 Al/z)B 172,
It follows that

H [(K% tan)! —(K2+a1)—1]K2H
- H(K%+a1)—1 (Kz—K%) (K2+a1)—11<2H

< H(K%+al)_1 H HKz—K% H H(K2+a1)—1K2H =0, (a—lr—l/z).

<a-! —0,(T-17) <1

This proves (B.2).
Now we turn our attention toward equation (B.3). We can write

o0 2 .
(K> +an™ Kf =K' = Z[ o M}(ﬁ@-)@=Z(”—’g—l)<f"’5f)¢j.
J

i=1 i=1 o+ pu Hj

‘We now take the norm:
1/2

=( 2 Yl
(B.3) H(K2+a1)—11<f—1<—1fH= Z( 12—1) #21
j=1

o+ Hj j
2
_ 00#2/3—2(L 1) [
— J a+,uj jzﬁ
Z|f¢1 p-1_ ¢

sup u .
1<j<oo 0!+#j2

'“J
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Recall that as K is a compact operator, its largest eigenvalue z is bounded. We need to
find an equivalent to

p-l A
sup ,uﬁ_l ¢ 5= sup A2 ( a«/ﬂ ) B.7)
O<p<m atUF 0<i<p? a/i+1
We need to examine two cases: P
-If 1 < B < 3: We apply another change of variables x = a/4: )Sgli%?‘ﬂ/z—_l/z (1)‘?) An

equivalent to (B.7) is af/2-1/2 provided that x/271——1/2 (%) is bounded on RT. Note that

gx) = x(i;ﬂ;/z is continuous and therefore bounded on any interval of (0, +00). It goes
to 0 at 400 and its limit at 0 also equals O for I < f < 3. For f# = 3, we have: g (x) = ﬁ
Then g (x) goes to 1 at x =0 and to 0 at +o0.
-If f > 3: We rewrite the left hand side of (B.7) as
p-1_  _p3 b p=3 _
Hij 7 = OH; 3 Sau =0(a)
o+ u; o+ p;
—_——
€(0,1)
. -1
To summarize, we have for f € ®4: (B.3)= O (amm(h%)) .
Finally, we consider (B.4). We have:
2 2
=3 (- irof =2 (1- = )AL
- Hj us+a - us +a Hj
J J J J
2 2 2
—_ # / b / bl / [—
N () - e e
S #i+a 1 TN u<uy e
— 263
For f > 3/2, we have: SuP,ug,ulﬂzﬁ 1/12‘:_0! < a,ulﬁ = O (o). For f§ <3/2, we
2p-1 28-1

apply the change of variables x = a/,u2 and obtain sup,. > 1)‘? (%) 2T =0 (a T), as

21 oy 281
fx)= fﬂx_T is bounded on R*. Finally: (B.4)= O(amm(l’T)). u

LEMMA B.2. Suppose we have a particular function f(0) € ®p for some f > 1, and
a sequence of functions fr(0) € ®p such that sup || f7(0) — fO)| = OP(T_l/z). Then
0e®

as o goes to zero, we have

—1/2 _ L ) s
6sugHKaT/ fr@-K""20)| = 0p(a'T 1/2)+0(amm(1, - )).
€

Proof of Lemma B.2.

sup K2 1@ =K' @) < B+ B
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with
By=sup ||K} fr(0)—K L £©)| and By =sup | (KL —K~1) F(0)].
sup | Ko 10| sup | (Ko =Kk ~") s
‘We have

B < |Ko7 | supLr @) = 7@

~1/2 ~1/2
< |(ar+£3) H (er+K3)" kx| swlr@)= 1O
Sa;l/z <1 —0,(T-112)
—1/2 45—
= 0,(a;' P11/,

On the other hand, Lemma B.1 implies that:
o= (ki) 0
< [(xst=xat) 0] | k') 0]
=0, («'77%) 40 (ami“(h%)) .
Hence, B is negligible with respect to B; and the result follows. u

LEMMA B.3. For all nonrandom functions (u,v) , we have:

_ S
E[(u,hT(.,e))(u,hT(.,e))] = = U, Ko)

Proof of Lemma B.3. We have:

E [(u,ﬁT(.,e))(uﬁT(.,e))] —E {(/u(r)ﬁr(r,ﬁ)n (r)dr) (/u Ohr(z,0)r (r)dr)]
=E {//ﬁr(flﬁ)ﬁr(fzﬁ)u (zv (w27 (r)w (Tz)dndrz]
=//E[ﬁr(flﬁ)ﬁr(fzﬁ)]u(fl)v(fz)ﬂ(Tl)ﬂ(Tz)dndrz.

Because the ;s are uncorrelated, we have:

DY _— 1 [ 1

E [ (n.00h7 (12.0)| = ZE [ (01, 0Re(02.0) | = Tk (z1.72)

and

E[(u,ﬁT(.,e))(u,hT(.,e))]

= 1 [ (/For @ edn uer (oan = ;

?(u,Km.

Ko(ry) u
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_ LEMMA B4, Let S be a neighborhood ofﬁ, such that  —0 = O (T~ 172y for all
0 € S, where 0 solves:

(Kt Gr (.00 hr (D)) =0
and GT(.,H) = W We have:

Im<Ka—T1 GT(.,é),ﬁT(.,§)> =0, (T—l) forallf e S.
Proof of Lemma B.4. Note that S contains g and

G—0p= 0-0 + 0-0 =0,,(T—1/2).
0,(T712)  0,(T-172)

Hence, a first order Taylor expansion of iz\T (.,0) around 6 yields:
hr (.0 =hr(.00)+Gr(.00) (0 - 00) + 0, (T7).

Likewise, a first order Taylor expansion of GT(., #) around ¢ yields:
q

Gr(.0)=Cr(.b0)+ > Hy1(.00) G —0;.0) +0p (T71).
j=1

Hence, we have:
(Kt Gr (.07 (.0)) = (K} G (. 00). B (. 60))
+<K;T6T(.,90),6T(.,90)>(’9’—00)+0,, (T—l).

Note that the term <Ka_; GT(., %), GT ., 00)> (5— 00) is real. At the particular point = 0
(and for fixed «):

oz<K—1GT( ), (., 90)> <K_1GT( ), Gr(., 90)>(9 )+ 0, (T )

Hence, the imaginary part 0f<KaTGT( %), hT( 00)>1s Op (T ) and so is the imagi-
nary part of<KaTGT(.,0),hT(.,0)> foralld e S. [

Proof of Theorem 1. The proof follows the same steps as those of Propositions 3.2 and
4.1 in CCFG (2007). However, we now exploit the fact E(ah g‘(g_,a)) = E(ahg(é’a)) € Op

with f > 1. The consistency follows from Lemma B.2 provided o7 1/2 5 soand a — 0.
For the asymptotic normality to hold, we need to find a bound for the term B.10 of CCFG
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(2007). We have:

5};]‘(.,9]‘) 6ﬁ (.0) -

Bloj=|{gkt—> "7 _ g-lg arie7) Thr (.6

| | < oT g ( 20 ~NThy (.,60)
<

K;Tl/zaﬁra(.e,éT) _K—l/zE(asza(é,HO))H Hﬁf'T('ﬁO)H
L

:op(l)

=0y (47127 12) 4 0 (amin1 55D

Hence the asymptotic normality requires the same conditions as the consistency, that is,
aT/2 - o0 and a — 0. The proof of the asymptotic efficiency is identical to that of
CCFG. u

B.2. Stochastic expansion of the CGMM estimator: IID case

The objective function is
’\_ . - _ —1 o~
0 = argmin | 07 (0.0) = (K7 hr (.0). A7 (.0))}

where iz\T(r,H) = %ZITZI (e”/x’ —(o(r,@)). The optimal @ solves:

007 (2.0) _ L 2 Tl B —
= 2Re<KaTG(.,0),hT(.,0)> —0, (B.8)

where G(.,0) = _Qfﬂé"gi.
A third order expansion gives

0071 (a,00) 201 (. 00) 1~
o6 0006’

63QT ((l 9)
00,0000’

0=

q
@—00)+ > (@ —0;,0) @—0),
j=1

where 8 lies between & and 6p. The dependence of & on o7 is hidden for convenience. Let

us define

_0p(z,0) 0%p(1,0) 0%p(1,0) 23p(1,0)
Gi(.,0 JH(,O) =——l Hi(, )= [ =2
i = 00; 0 ==3g55r  Hi-?) 0006; T 00;0000"
and

W1 (00) =Re(K £ G(.00).Fr (. 00))
Wr(0) = (K G(.00). G(.00))+Re( K H (,00), 7 (. 60),
B 1(0) = 2Re<K—1G( 0), H; (., 0)>+Re< a_TLj(.,é),hT(.,é)>

+Re<K—1H( 0,6, 0))
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Then we can write:
q
0="¥760)+Wr @) (0 —60) + D _ (0 B, 7(0) (@—0p)-
j=1

Note that the derivatives of the moment functions are deterministic in the IID case. We
decompose Y7 (6) as follows:

Y7 (00) = ¥71,000) +¥7,0 00) + P70 (6).

where

Wr.0(00) = Re(K—lG,ﬁT> =0, (T_l/z)

W7 o (0p) = Re((l{o,—1 - K—l) G,ﬁT> =0, (amin(h%ﬁ—l/z)

P74 (0p) = Re((Ka_Tl —Ka—l) G,ﬁT> =0, (a_lT_l)

where the rates of convergence are obtained using the Cauchy-Schwarz inequality and the

results of Lemma B.1. Similarly, we decompose W7 (6y) into terms with distinct rates of
convergence:

Wr(00) = Wo(00) + Wa (60) + We (60) + Wr.,0(60) + Wr,4 (),
where
Wo () :(K—lG, G> = 0(D),
We, (60) =<(K071 —K_l) G, G> =0 (amin(l’zﬂ%l )
We (0o) = ((K;Tl —Ka—l) G. G) _o, (a—lT—l/z) ,
Wr.0@) =Re(K ™' H(.00), 7 (. 0)) = 0p (T7'/?),
Wr.a @) =Re((Kf =K~ H(.00),ir (,00)) = 0, (7' 7).
We consider a simpler decomposition for B;. - (0):
Bj 7(0) = B;(@)+ (Bj,r@)—B;j@)),
where
B; () :2Re<K—1G(.,é),H,-(.,é)>+Re<K—1H(.,é),G,- (.,é)); 0, (1),

Bj.7 (@) =Bj@)+0, (amin(lf%)) +0, (a—lr—l/z) .
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By replacing these decompositions into the expansion of the FOC, we can solve for

o~

6 — 6 to obtain:

09— = —Wy ' (60)¥1.000)
— Wy 00) [¥1.000) + Wa 00) (0 —00) ]
— Wy 00) [P1.4 (00) + We (6) (0 —00) ]

—Wy 1 00) [Wr,0(00) + Wr.0 (00)] (0 — o)
q
=26 —6;.0) Wy ' (60)B; 6) (0~ )
i

<
-

=" (0 —0.0) Wy ' 00)(B;.7 (@)~ B; @) (0~ h) -
J

I
-

To complete the expansion, we replace 0— 6o by =W, ! (60)¥T1,0(0) in the higher order
terms:

O—0p=A1+Ar+A3+As+As5+R,

where R is a remainder that goes to zero faster than the following terms:
Ay =—Wy ' @0)¥7,0@0),

Ay = =Wy 00) [ 1.4 o) = Wa 00 Wy 00) 7,000 ]

A3 ==Wg 00) [ Pr.0 o) = Wa 00 Wy 00) 7,000 ]

Ay =W 00)Wr,000) Wy (00)¥7,000)

q
=2 (W5 @) ¥ro@) Wy @) B OWG E0)¥ro@).
j=1

q
As == (W 0 ¥ro0) W 0)(B1.7 @)~ B O)Wy @) ¥r.0(@0).
j=1

To obtain the rates of these terms, we use the fact that |[Af| < || A| | f|. This yields imme-
diately:

L2
ar=0,(17'7): 8220, (am‘““’T)T‘”z), 83=0p (7715 Ay

-1
~0,(17).
. p=1
AS — Op (amln(l,T)T—l) + Op (a—lT—3/2) .
To summarize, we have:

~ |
0—0p=A1+A2+A3+0p (a_lT_l) +o0p (amm(l’T)T_l/z) . (B.9)
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B.3. Stochastic expansion of the CGMM estimator: Markov case

The objective function here is given by:
0= argmin {07 (@.0) = (K17 (.0). 7 (.0))}

Whereiz\T(r,H) = % Zszl (e’ls/xt+l —(p(s,@,x,)) el ¥ and 1 = (s,r) € R2P. The optimal
9 solves

6@]‘ (a,@

= 2Re<Ka_T1 GT(.,ﬁ),ﬁT(.,§)> —0 (B.10)

where GT (r,0) = —% ZzT:1 @(%’éﬂeiﬂx’.
The third order Taylor expansion of (B.10) around 6 yields:

~ 9 35

0 =
20 26507 %0) 20; 20007

where 8 lies between 8 and 8
Let us define:

T » T
7. 1 0 (ﬂ(S,g,Xt) ir ~ 1 6(0(6',0,)61) ir
H ,0) = —— - - lrxl‘,G- ,0)=—— ez ”’xt,
r(6) Tg; 000" ¢ .1 (7.6) Tg; o0,

T 2 T 3
7 1 0 (ﬂ(s’g,xf) ir'x 7T 1 0 (ﬂ(s’g’xf) ir'x
Hip(r,0)=—=> ot i Tp(e,0) = —— > SO0 220 ir'y
(0.0 = =7 2, sgag ¢ L@ T2 20,0000 ¢

and

P7(0) =Re(K 1 Gr (. 00). A7 (.00),

Wr 60) = (K72 G (.00, Gr (.0)) +Re( K Hr (. 60). Fr (. 60)).

Bj.r @) =2Re(K 1 Gr(.0), H; 1 (.0)) +Re(K 7} A1 (.0),Gj 1 (.0)
+Re<K;T12,-,T(.,é),ﬁﬂ.,é)).

Then, the expansion of the FOC becomes:

q
0="Y7(6) +Wr @) (0 —b) + Z (0 —6;,0) Bj,7(0) (0 —0b).
j=1
Unlike in the IID case, the derivatives of the moment function are not deterministic.
Thus, we define:

G(r,0) = plim GT(r 0), H(z,0)= phm HT(r 0),

T—o0 T—o0

Gj(t,0) = pllmGj,T(‘L',Q), Hj(t,0) = pllmHj,T(‘[,Q).
T— o0 T—o0
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It follows from Assumption 3 that:
G(1.0)—Gr(1.0) = 0, (T_l/z), H(z,0)— Hr(1.0) = 0, (T_l/z) ,
Gj(2,0)=Gj 1 (x,0) =0, (T_l/z), H;(z,0)— H; 7 (z,0) = 0, (T_l/z) .
We have the following decomposition for @T(Ho):
Pr(00) = ¥1,0(00) +¥7,000) + P1,0(00) + P1,0 (60) + $T,a (Go)-
By Lemma B.1, we obtain the following rates:
Wr.0(00) =Re(K ™' G (L 00)) = 0, (T7172),
<(Ka_1 -k~ ) G,ﬁT(.,90)> =0, (amin(h%)rl/z),
P10 00) =Re( (K = K') Gl (00)) = 0, (7' 771,
P10 @) =Re(K; ! (Gr = G) i (.00)) = 0p (a=12T7"),

$T,a (o) = Re((Ka_]l -K, ) (GT — G) ,il\T(.,Ho)> =0, (a_3/2T—3/2) )

TT,a (@) =Re

The difference between the above decomposition of @T(Qo) and the one in the IID case

only comes from the additional higher order terms ‘{‘T o (6p) and ‘{‘ 7,0 (6o). Hence we can
write ‘{‘T(Qo) as:

Pr (@) = ¥7.000) + Y7, 00) + P10 (60) + Ry,

. ﬂ_l
where Ry = o), (a—lT—l) +op (amm(1>T)T—1/2)_
We have a similar decomposition for WT ©):

Wr (00) = Wo (o) + Wa (60) + Wa (o) + We (60) + W o ()
+W1(00) + W1 4 (00) + W1 4 (00) + W1 4 (60) + W1 4 (6),

where

Wo(60) <K 16,6) = o(1),

W (6) =<(Ka1 K—l) > o(amin(l’zﬂ%')),
Wa00) =((Kf —K:') G.G) = 0, (a7 7712,

Wo (60) = (Kal(GT G), > OP(a_l/zT 1/2)
W1(90)=Re<K_1H,ﬁT>+<K '6,Gr - > OP(T—l/z),

Wl,a(90)=<(K;T1—K;1)( r—G), ) 0,,(a‘3/2T—1).
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W10 () = Re<(K;1 —K_l) H,ﬁT>+<(K;1 —K_l) G,Cr— G>
o0, (amin(l,%)T—l/z),
Wi 4 (0p) = Re((l{‘1 ) H hT> <(K_1 —Ka—l) G.Gr— G> =0, (a—lr—l),
W1 o 0) =Re(K ;! H).hr)+(K;' (61 - G).Gr - G) =0, (a=1217)

—~

and RW,lzRe<(Ka_;—Ka_ ) (Fr—H) i)+ (K - ;') (Gr—6G).Gr - G)

=0, (a_3/2T_3/2).

For the purpose of finding the optimal «, it is enough to consider the shorter decompo-
sition:

Wr (00) = Wo(0o) + W (60) + Wa (00) + We (80) + W1 (00) + W1 4 (00) + Rw,
with
R = W14 (@) + W 4 00) + Wi, (0) + Ry,
-0, (a_lT_l) +0, (ami“(h%)rl/z) .

Finally, we consider again a simpler decomposition for Bj,T(é):
Bj 7(0) = Bj(0)+ (Bj r(0)— B;@)),
where

B; () = 2Re<K—1G(.,9‘), H,-(.,é)>+Re<K—1H(.,é), G; (.,é)) = 0,(1)and

Bj,T(é) = Bj(é) +0p (amin(l,%)) +0p ((l_lT_l/z) .

We replace these decompositions into the expansion of the FOC and solve for - 6y to
obtain:

09—y = —W,; ' (00)¥1,0(00)
— Wy 00) [¥1.000) + Wa 00) (0 —00) ]
Wy (00) [ 7,0 (00) + Wa (60) (0 —00) ] — W5 (60) Wa (6) (0 — )

—Wy ' (60)W1(6) (0—bp) Z 9, —0;.0) Wy ' (60) B; @) (0 — o)
j=1
— Wy 00) W14 (60) (0 — o)
q
~>" (0~ 0;.0) Wy 00)(B;.7@) — B; ) (0 —b)
j=1

—Wy ' (00) Rw (0—00) — Wy ' (G0) R
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Next, we replace - 6y by —WO_I(OO)‘I‘T,O(HO) =0, (T_l/z) in the higher order terms.
This yields:

O—60y= A1+ A+ A3+ R+ Ry +R3+ Ry,

where

Ay ==Wy @100 = 0, (17'17),

Ay = =Wg ™ 00) [ 1,4 G0) = Wa 00 Wy 00)¥1.000) | = 0, (ami“‘1>”T">T—1/2) ,

Az ==Wg 00) [ Pr.0 o) = Wa O Wy 00)P7.000) | = 0p (™' T71),

R = Wy ' 00) We 00) Wy ' 00) P10 00) = 0 (=277,
Ry = Wy 00) W1 (00) Wy (60)¥1,0(60)
q
-2 (Wo_ ! (Ho)Tr,o(Ho))j Wy (60)B; @)Wy 00)¥1,0(60) = O (T—l) ,
j=1
Ry =W ' @) W12 o)Wy (00)¥7.000) = 0 (a=32T73/2),
and

Ry = =Wy @) Ry + Wy ' G0)Rw Wy ' (00)¥T,0(00)

q
=D (W 0 ero@0)  Wo ! @) (B @)~ B @)W o) ¥r.0(0).
j=1

. p=1
—op (a—lT—l) +op (amm(l,T)T—l/2).
In summary, we have:
~ . 28—1
0—6)=A1+Ar+A35+0p (a—lT—l) +op (am‘“(1>T)T—1/2), (B.11)

which is of the same form as in the IID case.

Proof of Theorem 2. Using the expansions given in (B.9) and (B.11), we obtain:
~ S 2p—1
D—0y= A1+ A+ As+op (a—lT—l) +op (amm(l,-zL)T—l/z).

Eemma B.4 ensures that all terms that are slower than O (T_l) in the expansion of
6 — 6y are real. Hence, the Re symbol are removed from the expression of A1, A,, and
A3 subsequently.

Higher Order Bias. The terms A and A, have zero expectations. Hence, the bias comes
from Aj:

Bias=E[0—0y] = E[A3]
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where A3 = —WJI@T,a + WO_IWa WO_I‘I‘T,O. As WO_1 is a constant matrix, we focus
on '*FI"T,a + W, WO_I'*I‘T,().
We first consider the term W7 4. By applying Cauchy-Schwarz twice, we obtain:

|E(¥r.4)] = HE((K;; _ K;l) G,ﬁT>H

< £(|(xar -x3") o 1)

< Je(I(xct -y ) £ (17rr?).

Using the fact that &, (z,0) is a martingale difference sequence and is bounded, we obtain:

E(||ﬁT ||2) —F (/ﬁT (t,0) 7 (1,0) 7 (r)dr) (B.12)
_ %E(/h, (0,0 s (2,0) 7 (r)dr) -0 (T—l).

Next, using (B.5) and (B.6), we obain:
e(J(xzt k) o) = (| (ki -x") k) [e]
< E(H(K%+a1)—1(KT—K)KH2) HK—l(;Hz (B.13)
+E(H(K%+ml)—1 ~ (K> +an”! Hz) Kt
x HK—l(;Hz. (B.14)
Hence:
(B.13)=E (H(K% +a) V(K —K)KHz) HK—l(;Hz
<a 26 (1k7 - KI2) 1KI2 [k =6 = 0 (a=2771).

where E (||KT -K ||2) =0 (T_l) follows from Carrasco and Florens (2000, Theorem 4,
p- 825). For (B.14), we use the fact that A~l—p~l=4"1 (B—A) B~ to obtain:

2 2
(B.14):E(H(K%+al)_l — (K2 +an™! H )||K||4 HK_lGH
2 w2 _ w2l w2 -1 4 =12
< E(| &7 +an | [kF -2 [ +ant] i1tk 6]
2 2
<2 (k3 -2 ) it |1

2
< a2E(IKr - KI2 K7 +KI2) 1K1 | k"6
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By the triangular inequality, | K7 + K || < ||[K7 ||+ || K||. Hence:
2
B.14) < a2 E[IKr = KI2 (K7 +1KD?] 1K1 | k16|

From (A.1) in Appendix A, we know that |k(r1,r2)|2 < 4. Similarly, 7<\T (rl, 12,9\1) is
~ 12
bounded such that ‘kT (11,12, 2 )‘ < 4. Hence:

1Kl < ///Ik(n,fz)lsz(n)ﬂ(Tz)dndfz <2

IK7 s///|Er<n,r2,é‘1)|2n(n)n(rz)dndrzsz
Consequently:
(B.14) < 16a_2E(||KT —K||2) K4 HK—l(;Hz —0 (a_zT_l).

Finally,

|E(Fr)| =0 @21 x0 (=) =0 («'77"). (B.15)

We now consider the term W, Wy ! W7,0- Again, using Cauchy-Schwarz twice leads to:

~ 2
o lwro]) < /E(H o) E(H Wy r o )

()] < (1

‘We have:

R e e
- (|5 (- 0) P rcaP)
5 PO (i arr) = ().
where E ([[ir (..60)|*) = 0 (7") follows from (B.12). Next
e(178) = ([t o)) < (| st )l )
-t ([ (x5t -5 o ) - 0 (7).

where the rate follows from (B.13) and (B.14). Hence, by the Cauchy-Schwarz inequality,

~ 1 ~ 0 1 2
)] = 19 )

:\/0 (a—2T—1)0(T—1):0(a—1T—1). (B.16)
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By putting (B.15) and (B.16) together, we find E[A3] =0 (a_lT_l) so that the

squared bias satisfies:
TBias.Bias'= 0 (a217").

Asymptotic Variance. The asymptotic variance of A is given by
TVar (A) =TWy " E[¥1,0(00)¥7,000) Wy

—TW;'E [(K_lG,ﬁT>m/] Wyl =w;! <K‘1G, G> Wy,

where the last equality follows from Lemma B.3. Hence,
Tvar(ap =Wy (k716 6)wit = wi!,

Higher Order Variance. The dominant terms in the higher order variance are
Cov (A1, Ay)+Var(Ay)+Cov (A, A3).

We first consider Cov (Aq, Ap):
Cov (A1, Ag) = Wy "E[Wr.0Wra@0) Wy ' =Wy ' E [\PT,OKP’T,O] Wy wawy !
From Lemma B.3, we have:
E[¥ro%7,]= %((Ka_l ~k71)G.G) = We.
and E ['{'T,OT},O] = W,. Hence,

| -1 Lo -1 -1

Cov (A1, M) = W5 Wa W5 — Wi Wo W W W =0

Now we consider the term Cov (A, A3):
Cov (A1, A3) = Wy E (Wr o, ) Wo ' = Wo B (WroWh oWy W) W5

We first consider £ [TT,O ‘F{"} a]. By the Cauchy-Schwarz inequality,
2 as/ 2

= e (erol?) £(|%.)

(om0 (st -sit) o))

|2 (o)

Hence, we have

([0 )[") < [kl (15 1%) < 0 ().
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Also,

e (st =) o)) = (| ot - ") o )
< Je(I(xz - of ) £ (17rl).

We first consider ||iz\T ||4:

2
_ 2
||ﬁT||4: (/ﬁTﬁTn(z)dr) = Tl </Zh h,n(r)dt+/2h hsn(r)dr>

t#s
| T 2 2
= — hihgm (v)dt | + — hihgm (1) dt
(5 frarion) < (5 fririon)
T
+2 <%Z}/k;ﬁ;7z(r)dt> < > ;/h hsn(r)dr> .
= 1£s

Consider the first squared term of ||iz\T ||4:

T 2 )
T T _
- <§/hzhz7t(r)dr> = FE|:(/h;h;7t(r)dr) :|
_ 3 2
+% [E (/hthﬂ[ (r)dt)]

=0(T7?).
The second squared term leads to:
2
Z/h hsm (t)dt
t#s
_ 2
=E| 3 Z(/h,hsn(r)dr)
t#s

{_ > (fumsou)([uiir )|

1#8,17#],(1,8)#,J)

2
= %E[(/h,ﬁsn(r)dr) } =0(T™?), fort #s.

As the h;s are uncorrelated, the cross-term is equal to zero:

{(%i/k,ﬁ,n(r)m) ( 2Z/h hsn(r)dr>:| =0.

t#s
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In total, we obtain E (”iz\T ||4) = O(T_z).

4
We now consider E(H (Ka_; —Ka_l) GH ) Using the same decomposition as in
(B.13) and (B.14) leads to

e(| (et -x) o) = e ([ (k- ) ) |66
< E(H(K%+a1)—1(KT—K)KH4) HK_IGH4 (B.17)
+E (H(K% ta) ' (K an! H4) 1K

XHK GH . (B.18)
Hence,
_ 2 A N o1,
®B.17) =E( (K2 +aD)~ ' (k7 -K) K| }|K~'G
—4 4 4 p—1 |1
<o *E(IKr - KI*)IKI* K6
For (B.18), weuse A~! — B~1 = A=1(B— A) B~! 10 obtain
4 4
(B.18)=E(H(K%+a1)—1—(K2+a1)—1H )||K||8HK_1GH
2 4 2 4
< & ([t +an ! [P |x3 -] | +an! [ )ixi® [k 16|
4 4
ot (-l )|
4
<o E(IKr - KI* K7 +K1*) 1K IS | k"6
By the triangular inequality,
4
®.18) < a=*E (IK7 = KI* (K I+ 1K) 1K1 k16

4
<2560~ Ik - KI*) IK11® |G|

dueto |[K7| <2and || K| <2.
The rates of (B.17) and (B.18) depend on the rate of E (||KT - K||4).

2
T
1
ikr=&1P < [ [ |3 X )| 2@ @dnds
t=1

T
1
— 52 [ [t wPa ex @)dndn (8.19)
=1
1 < -
+> > [ [ out e @ dnde, (B.20)
t#l
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where y; (71, 12) = ki (21, rz,ﬁl) —k(z1,12). Hence,

E (||KT - K||4) <E ([(B.19)]2) +2E([(B.19)][(B20)]) + E ([(B.2O)]2) .

Because E ([(B.19)][(B.20)]) < \/E ([(B.19)]2) (E [(B.2O)]2), we only need to check the

rates of the squared terms. We have

T 2
£ (1B.19)1) =ﬂE[( [ [t efa e @yanan) }

T(T -1
+%E|:(//IXI(TI’T2)|27[(Tl)ﬂ(fz)d‘[ldtz)
X (//|X1(T1,r2)|27t(rl)n(rz)drldrz)], forl #t.

Hence E ([(B.19)]2) — O(T~2). Next:
E ([(B.20)]2)

2
- ZE{( /] Xr(n,rz)xz(n,rz)ﬂ(n)ff(fz)dndfz) }

t#l
T

+% Z - E[(//X;ﬁn(rl)n(rz)drldrz)

1#l,n#j,(t,D)#0n, j)

x ( [ [z (n)n(rz)dndrz)]

with y; = y;(z1,72). Due to the m.d.s. property of i;(z,6), the last term has expectation
zero. Hence:

£(i20r) =0k {( [ [ et ea (Tz)dndfz)z}
-0 (T_z).
By putting these together, we obtain E (||KT - K||4) =0 (T_z) so that:
E (H (K(;T1 —Ka—l) GH4) < (B.I7)+(B.18) = O (a_4T_2) and
(Gt -k o)) < 2 (| ket -y o) 1Y

=0 (e 1) x 0 (172) = 0 (« 2772,
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In total:

< p(u0i?) e (|- k) o))

= \/0(7—1) x 0 (a=2T=2) =0 (a—lT—3/2).

£ (Yo%)

We now check the rate of the second term of Cov (A, A3):

2 1 |2
= Je((#rovrol’) 2 (sl

2
We first consider £ (H ‘I‘T,O‘I‘} 0 H ) By the Cauchy-Schwarz inequality,

2 . ul?
E(H‘I‘T,O‘I"TOH ):E(H(K_lG,hT><K_1G,hT> )
-1 4 -~ 14 -2
<|k76| E(Ipr]) =0 (r72).

For the second term, we have:
—15 |? ) 1 -1 2
o5 ) - e (4o -]
2
< ||Wo||‘2||G||2E(H(K;1—K—l)GH ): 0 (a72r7).

according to (B.13)-(B.14). Hence,

|E(er.ows oWy ' W)

HE(\PT,OT’T,OWO*WO!) ‘ < Jor-2x0@21-1)=0 (a_lT_3/2) .

It now remains to find the rate of Var(A,). We recall that Ay = —Wo_l‘I‘T,a +
Wy ' W Wy W7 . We have
1 —1 -1 -1
Var (Ay) =W, [TTaTTa] Wy —w; [‘I‘T,a‘{"T,O]WO Wo W;
-1 -1 -1
—Wo WaWy E[TT,OTT,a]Wo
+ Wy  Wawg  E[ w0 o [ W Wawg !

Replacing E ['{'T,OT} a] = %Wa and E ['{'T,OT} 0] = %WO, we see immediately that
the last two terms cancel out so that

1
Var (82) = Wy E[¥r.a ¥y, | Wo ' = 5o Wa Wy Wawg
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For the first term of Var (A;), we use Lemma B.3 to obtain

E[vr v, |=E[((ka' -k 7) G i) (ke - k1) 6.y )]

- %((Ka_l -k")6.k (k7'-k7")G)

2
1 o
:?Z( - _—.) wi(G.95)°
J

K +oa K

1 Hj 2/3+1(G¢5)
—72(2—f—,,—j) T

12 +a

G
—_Z ¢/ Sup( 2# _l) sy

uspi \pH-+op

2
- E L) 28+1 .
We focus on the square-root of (ﬂ2+a ) M , namely:

L__* @p+1)/2 _ 2\ s
sup | ———— | u = sup | 1— 3 U .
uspr \Hutta usp us+a

Case where f > 5/2:

2 W12
sup 1_2,u— P12 = sup 5 <a sup #5—5/250[#?—5/2.
nsp usta uspr pota wsp

Case where f < 5/2:
We apply the change of variable x = a/ ,uz and obtain

2 p—1/2
1 2p—1 2p—1
sup { 1 — 2,u ,uﬁ_l/z:sup(l— )(E) 2 :a‘4Lsup al xT & .
U< neta x>0 I+x /) \x x>0 1+x

21
The function f (x) = 7 +xx “ 4 is continuous and hence bounded for x away from 0 and

infinity. When x goes to infinity, f (x) goes to zero because 28 — 1 > 0. When x goes to
5;£

zero, f (x) = 1+ goes to zero because 5 — 2 > 0. Hence, f (x) is bounded on R*. In

. .. min(2, 271
conclusion, the rate of convergence of £ (TT,a ‘{‘} a) is given by: a ( 2 ) T~1. Note
that this rate is an equivalent rate, not a big O rate.

281
For the second term of Var (A5), we use the fact that W, = O (amm(l’ T)) according
to Equation (B.4) in Lemma B.1:

1 1 in(1, 271
W WaWg "W W5t = 2 x 0 (1) x 0 (amm(1>T)) x 0 (1)

x O (ami“(1>zﬂT_l)) x 0 (1)

-0 (amin(2,2ﬁ—1)T—1).
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Optimal Rate for o
Note that the bias term T Bias * Bias' = O(a_zT_l) goes to zero faster than the

covariance term TCov (A1, A3) = O(a_lT_l/z). Hence the optimal « is the one that

: 1
achieves the best trade-off between TVar (Ay) ~ a™n2-A=3) which is increasing in a
and TCov (A, A3) which is decreasing in a. We have

GMIN@A—1) _ 1 p=1/2 ¢ _ = max(guager)

Note that this rate satisfies o =1 771/2 = o(1). u

C. CONSISTENCY OF a7y (')

We first prove the following lemma.

LEMMA C.1. Under Assumptions 1 to 5, ’Q\T (a; 00) is once continuously differentiable
with respect to o. and twice continuously differentiable with respect to 9.

Proof of Lemma C.1. The objective function @ T (a, 0; 00) is:

T —~

Or (w0:0°) = 3~ ((Fr.0:00.3))".

. a
Jj=1 J

where ;5] is the eigenfunction of K7 associated with the eigenvalue ;. By assumption 3,

the moment function iz\T (.,0; 00) is three times continuously differentiable with respect to
0, the argument with respect to which we minimize the objective function of the CGMM.

By assumption 5, x; = X (x,_l,ﬁo,g;) is three times continuously differentiable with

respect to §y. As an exponential function of x;, h;(z,60;0p) is three times continuously
differentiable with respect to 69, The spectrum of the empirical covariance operator K
with kernel given by (11) is also three times continuously differentiable with respect to 9.

Therefore, @ T (a,@; 00) is three times continuously differentiable with respect to € and

6Y. We now turn our attention to the differentiability with respect to a. It is easy to check
that:

GQT (a,@;@o) . R
—————> = (Rarhr (,0:0°), 77 (,0:0%)),

oa

~ 2 -2 . . 2
where K,7 = —(KT+aI) K7 which is well defined on L“(x) for a fixed.
When a goes to zero however, we have to be more careful. We check that
‘(EaTﬁT(.,e;00),%(.,0;00))‘ is bounded:

(Rarhr(.0:0%, 77 (,0:0)

< Hl’(’aTﬁT(.,e;eo)H HﬁT(.,e;eo)H < (K%+aT1)_2KT HﬁT(.,e;eo)Hz
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—3)2 —1)2
= H (k3 +a1) H H (K} +a1) Tkr
<a-32 <1 =0,(T)

=0, (a1 =0, (1), _

—~ 2
iz (.0:0%)|
—_—  ——

where the last equality follows from Theorem 2(ii). This shows that @T(a,ﬁ;ﬁo) is

once continuously differentiable with respect to a. By the implicit function theorem,

Or (a; 00) =argminQ7(a,0; 00) is once continuously differentiable with respect to a and
%

twice continuously differentiable with respect to 9. u
LEMMA C.2. Under Assumptions I to 5, fTM(a; 00) and 27 (a; 00) are once contin-

uously differentiable with respect to o. on [a, 1] whenever a. > 0, and twice continuously
differentiable with respect to 09, Furthermore, aT(HO) =argminX7 (a;0y) is continuous

ael0,1]
in 69.
- : 2
Proof of Lemma C.2. Recall that S747 (a,6%) = £ 21, | A% (4,6%) ", where the
generic expression of A(Tj) (a, 00) is of the form A7 (a, 00):
0\ _ _w—1.90y/r—1 0.0\ 7 0.0

A7 (0,0%) ==wy 1 @0°) (K} G(.,0%06°),hr(.,0%0%

Wy OO [(K o G(.0%:0%), G, 0%0%) ) = Wo (o)

x Wy (0°)Pr,0(0°),
with W70 = Re(K~'G(,0%0%,hr(,0%6%) and  Wo(@°) =

(K_lG(.,HO;OO),G(.,HO;QO)). As a smooth function of iz\T(.,OO;HO), G(.,@O;QO),
K7 and K, AT(a,QO) is twice continuously differentiable with respect to 69 by
Assumptions 3 and 5. Concerning the differentiability with respect to o, we note that

—1 _ _ _
% = Ky7 f, where K7 = —(K% +a1) 2KT. It was shown in the proof of
Lemma C.1 that ‘(EaTﬁT(-,HO),ﬁT(-,QO)M is bounded. We now examine the term

‘(EaTG(.,BO),G(.,HO)M:
[Fura(#)0 (A= [Furs-to ()] [0 ()

-2 2
< | (k3 +ar) " ke |16 ()|

1/2

-32 -1/
< | (K} +ar) K2HH(K%+a1) K1

—0,(a) <1

2
x HK_lG(.,HO)H .
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Thus, <EaTG(.,00),G(.,00)>‘ =0 (g_l) if o € [a, 1]. This shows that AT(a,QO) is
once continuously differentiable with respect to o on [a, 1] as long as a is bounded away
from zero. fT M (a, 00) and X7 (a; 00) inherit the differentiability properties of A7 (a, 00)
of which they are averages quadratic functions. Note that for a fixed 7, Z7(a,6) in-

creases without bound as a — 0 . Therefore, a (6y) = argmin X7 (a; 6y) is bounded away
ael0,1]

from zero. Consequently, we define a sequence a7 such that a7 (6y) >ar for all T.

Finally, the Maximum theorem implies that a7 (6y) = argminX7 (a;6y) is continuous in
acla,1]

0 for o > 0. u

D Usi . ar @) _ c@")
Proof of Theorem 3. (i) Using Assumption 6, we have ar@) = c@)" Moreover by

Assumption 6, ¢ (/) is a continuous function of §. Since 91 is a consistent estimator of A,

@

. . . . P
the continuous mapping theorem implies that % — las T — oo. Hence the first result.

(ii) By construction, fTM(a, 0o) — X7 (a,00) = Op (M_l/z) for all o and 7. However,
a uniform convergence statement of type

sup [S7.1(@,00) = 21 (e,00)| = 0, (M~1/2) (&)
ael0,1]

is problematic given that fT M (a,60p) and 27 (a,6y) are not bounded away from zero

as a — 0. As noted in the proof of Lemma C.2 however, the minimizer of X7 (a, ),

aT (0y), is bounded away from zero for any fixed 7. Consequently, there exists a sequence

o such that a7 (6y) >ar for all T, implying that a (6y) = argmin X7 (a;0y). The
aclaz,1]

boundedness of X7 (a;6y) on the choice set a € [g Ts 1] and its continuity imply that

o3 a0,
o [P

acloay,1]
McFadden (1994) for uniform convergence in probability. It thus follows from Theorem 2.1
of Newey and McFadden (1994) that a7 s (0y) —ar (6p) = ( _1/2) asM — co. AsT

remains fixed, a7 (6) is bounded away from zero and hence, TM(‘(gat))) —1=0,(M -l 2)

is finite, which is the requirement of Lemma 2.4 of Newey and

as M — oo. Hence the second result.
(iii) We consider the following decomposition:

arm (ﬁl) —ar @) =@rm (9‘1) _ar (9‘1) tar (9‘1) —ar 6).

By first letting M goto infinity, we use the result of Theorem 3-(ii): a7y (60) —ar (00) =
0p( 1/2) As 8! does not depend on M, we can apply Theorem 3-(ii) to aTM(0 )—

or (0 ) for fixed T'. Next, we let T’ go to infinity in order to use the result of Theorem 3-(i):
ar @) —ar (@) = 0, (T_l/z). The result follows. u

Proof of Theorem 4. By the mean value theorem, we have:

oSrm (ETﬁl)

S (i (7)) =S (7)) + 71

(@ (0") —ar ().
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Thus, we have:

Srm (aTM (51) ,9\1)
zr (aT (90) ,90)

(Sruler(@).2)
zr (aT (90) ,90)
1 6§TM (ETﬁl)
S (ar 09,09 oa
X (aTM (9\1) —oT (9\1))

Srum(or(0).0")
zr (aT ((90),490)

as M goes to infinity first. Also, X7 (a,@o) is continuously differentiable

Considering the first term, we note that
S (ar (@).0)
27 (ar(0°).09)
with respect to its two arguments and o7 (00) is continuous in 6°. By the continuous map-
ZT(aT(gl),gl)
27 (ar(0°).09)
first, a7y (/0\1) —ar (9‘1) converges to zero at a rate M —1/2 (by Theorem 3-(ii)). By The-
orem 2, X7 (aT (00) , 00) converges to zero at a rate which is polynomial in a so that the
afTM (57,491)

e /T (aT (00),00) diverges at the rate 1/ar (00), hence T8%#) where
g (B) < 1/2. The rate of the second term is given by 78P) M=1/2 The result follows. W

converges in probability to

ping theorem, — 1 as T goes to infinity second. As M goes to infinity

ratio

Proof of Theorem 5. From Lemma C.1, we know that ﬁ(a) = ﬁT (a,6p) is continu-
ously differentiable with respect to a. Using the notation a7 = a7 (6y), the mean value
theorem yields:

0@ .

0@rm)—0(ar) = (@rm —oar),

where @ lies between arys and ar and ar is bounded away from zero, ie., a7 > 0:
ar <ar <1,V T.Furthermore, the continuous differentiability implies that:

aﬁ(a)
oa

30 (@)
oa.

-

‘ =0,(1).

aclar,1]

Consequently, the rate of ﬁ(ﬁT M) — ﬁ(aT) is determined by the rate at which a7y — a7
converges to zero. u

D. NUMERICAL ALGORITHMS: COMPUTING THE OBJECTIVE
FUNCTION OF THE CGMM

The moment function i, (7,60) =h; (7,0;6y) € L2 (r) for any finite measure 7. Hence, we
can take 7 (7) to be the standard normal density up to a multiplicative constant: 7 () =
exp{—1't}. We have:

KTﬁT(r,H) :/jc\T (s,r)iz\T (s,H)exp{—s’s}ds.
R
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This integral can be well approximated numerically by using the Gauss—Hermite quadra-
ture. This amounts to find m points s, 57, ..., and weighs w1, @,, ... w, such that

/Rd P(s)exp{—s's}dx = ]; wi P (sk)

for any polynomial function P (.) of order smaller than or equal to 2m — 1. See for example
Liu and Pierce (1994). If f is differentiable at any order (for example an analytic function),
it can be shown that for any positive ¢ arbitrarily small, there exists m such that

/f(s)exp ssdx—Za)kf(sk) <e.

k=1

The choice of the quadrature points does not depend on the function f. The quadrature
points and weights are determined by solving:

/(s)l exp{— ds = Za}k (sk) foralll=1,...,2n—1.
Applying that method to evaluate the above integral, we get

m
Krhr (v,0) = > wpkr (g, 0) by (sx,60).
k=1

Let iz\T (0) denote the vector (iz\T (s1,0) ,iz\T (s2,0), ... ,iz\T (sm,H))/ and WT denote the
matrix with elements: Wjx = wypkr (sk, Sj). Thus we can simply write:

Krhy (0) =~ Wrhy (0).
For any given level of precision, the matrix WT can be looked at as the best finite dimen-

sional reduction of the operator K. From the spectral decomposition of Ka_;, it is easy
to deduce the approximation:

—~ —~ -1 . < ~
Ka_TlhT(H):(W%+a1) Wrhr 0) =07 ©0).

Finally, the objective function of the CGMM is computed as:

m
O (@,0:00) = (K £ hr(.0),hir (.0)) = > o (s1,0) r (55, 0),
k=1

where 7 (s, 6) is the K'h component of hr 0).
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