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Abstract This paper treats the Pinsker algebra of a dynamical system in a way which
avoids the use of an ordering on the acting group. This enables us to prove some of the
classical results about entropy and the Pinsker algebra in the general setup of measure-
preserving dynamical systems, where the acting group is a discrete countable amenable
group. We prove a basic disjointness theorem which asserts the relative disjointness in
the sense of Furstenberg, of 0-entropy extensions from completely positive entropy (c.p.e.)
extensions. This theorem is used to prove several classical results in the general setup. For
example, we show that the Pinsker factor of a product system is equal to the product of the
Pinsker factors of the component systems. Another application is to obtain a generalization
(as well as a simpler proof) of the quasifactor theorem for 0-entropy systems of Glasner
and Weiss.

0. Introduction

The classical theory of entropy was developedZactions and was based in part on the
natural order on that group; i.e. the ‘time’ order. For example a pro@@s%) has zero
entropy if and only if it isdeterministidn the sense th&® is contained in the ‘past’ of the
process defined ag;‘;l TJP. The ‘remote past’ defined by

0o 00 )
N\ 1P,
m=1j=m

played an essential role in proving basic theorems like the equivalence &fgneperty,
namely the triviality of the remote past, with the property of ‘complete positive entropy’; or
more generally in proving the Rokhlin—Sinai theorem, which identifies the Pinsker algebra,
[1(T) as the remote past of a generating partitfarOther important theorems then follow

as easy consequences of this identification. For example, for two measure-preserving
automorphisms$ andT we get

(T x §) =TI(T) x II(S),

(see, for exampleH]).
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The goal of this paper is to find a way of dealing with the Pinsker algebra of a
dynamical system which avoids the use of an ordering on the acting group, and which
enables us to prove some of the classical results about entropy and the Pinsker algebra,
in the general setup of measure-preserving dynamical systems, where the acting group
is a discrete countable amenable group. (S®&T] for a related approach, where the
classical equivalence of thE€-property (i.e. complete positive entropy) with a uniform
mixing property forZ-actions, is generalized to amenable group actions.)

Thus, in this workG will be a discrete amenable group. The objects we work with are
probability measure-preservi@-systems X, X', u, G), where(X, X', u) is a Lebesgue
space. In some of the results we need to assumeGhetts freely. This is a standing
assumption in QW2]. For simplicity we will do the same in this work. Usually we
omit the o-algebraX’ and the groupG from the notation of a system. Thus unless it
is stated otherwis€X, i), or evenX, if the measure is clear, stands fo¥, X, u, G).

Often we confuse the space and thalgebra; thus we may sometimes say that a function
f is X-measurable rather thaki-measurable. WhenX, X, u, G) 5 &, Y, v,G) is

a homomorphism of two such systems we say {tyav) is afactor of (X, u) or that

(X, w) is anextensiorof (Y, v) and we conside} as a subalgebra cf. If (Y, ), v, G)
and(Z, Z, n, G) are two factors of X, X, u, G) we denote by v Z the factor system

of (X, X, u, G) defined by, v Z, the G-invarianto-subalgebra oft’ generated by
andZ. E,(f) = E(f) will denote the expectation of the functighwith respect tqu;

i.e. E(f) is simply the integral f du. And, when(X, X, u,G) > (Y,),v,G) is a
homomorphismEY (f) is the conditional expectation gf with respect to the -algebra

Y. Thus if

n= / Hy dv(y),
Y
is the disintegration oft overv, thenv a.e.
E (o) = [ fau.
X

Given aG-system(X, X, u, G), a measurable partitioR of X and a subsef of G we
let ¥ = \/,. g7*P. The entropy of the proces®, G) is given by

1 .
h(P) = h(P,G) = lim H(PM,

n—oo | Fy|

where{F,} is a Fglner sequence in the gromand H is the usual partition entropy. As is
shown in PW2] (see alsoKil]) the limit exists and is independent of the Fglner sequence.
Theentropyof the system(X, X', u, G) is defined by

h(X, n) = sugh(P) : P afinite partition ofX}.

For the conditional entropy dP with respect to aG-invariant subs-algebra) ¢ A we
set:

1
lim — H®P™ | ).
n—00 |Fn|

h(P 1Y) =

Once again one can deduce the existence of this limit and its independence of the sequence
{F,,} from the information provided inQW2]. This is worked out in[KR]. The approach
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in [Kil] was extended to the conditional case\WdZ]. The conditional entropy ofX, 1)
with respect tqY, v) is defined by

h(X | Y) =suph(P | Y) : P afinite partition ofX}.

An extension(X, u) — (Y, v) will be called a Gentropy extensioif (X | Y) = 0.

It will be called acompletely positive entropy extension c.p.e. extensiofif for any
intermediate extensiofX, ) — (Z,n) — (Y,v) with (Z,n) — (Y,v) a proper
extensioni(Z | Y) > 0.

The Pinsker algebraof the system(X, X, 1, G) is defined as the-algebra of all
subsetsA e X such thath({A, A°}) = 0, and the corresponding factor is called
the Pinsker factorof the system(X, ). The relative Pinsker factorfor an extension
(X, X, u,G) > (¥, Y, v, G), is defined similarly.

A Bernoulli G-systemis a system(X, X, u, G) where an independent generating
partitionP exists.

In 81 we present a basic formula (Lemma 1.1(1)) which governs entropy calculations,
and deduce some corollaries. One of these is the definition of the Pinsker (relative Pinsker)
factor of a system (an extension). In 82 we use a lemma of J.-P. Thouvenot (Lemma 2.2,
see LPT]) to prove a disjointness theorem which asserts the relative disjointness in the
sense of Furstenberg, of 0-entropy extensions from c.p.e. extensions. In 83 we show how
the c.p.e. property lifts through certain diagrams. This is used in 84 to deal with the Pinsker
factor of product systems. Next we generalize some theorems of Berg on maximal entropy
and independenc@®]. Finally, in the last section, we use the relative disjointness theorem
from 82 to obtain a generalization (as well as a simpler proof) of the quasifactor theorem
for 0-entropy systems ofW1].

1. Background
Recall that the conditional entropy of a finite measurable partifowith respect to a
G-invariant subr-algebra) c X is defined as:

1

HP™ ),
A P 1Y)

h(P|Y) = lim
n—oo

In caseG = Z, it is well known that

im = H(PIO™) = inf = g1 (PO,

n—oon nn
This is a consequence of the fact that translates of the intfya) tile Z exactly. For
amenable groups, where Fglner sets that tile perfectly are not known to exist in general, we
can substitute the-quasi-tiling developed inQW?2]. That gives for any > 0, ak and a
rate of growth for the almost invariance Bf,, Fy,,, ..., Fy,, (n1 <n2 <--- < ng) such
that

h(P) < max H(Pfi) 4+ eH(P),

1<i<k | Fy;|
for all finite partitionsP, and the same holds for the conditional entropy with respect to
any invariant--algebraC:

H(P™ | C) +eH(P). )

1<i<k | Fy,

h(P|C) < max|1
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Let nowR,, be any sequence of finite partitions such tR4t refines toy. We then have
WP |Y) = lim h(P|RY). (+)
n—o0

In fact, denoting: = A(P | V), we clearly have for alk, h < h(P | R,?). For the other
direction, by definition of: = A(P | V), for n; sufficiently large

1 Fy,
IFn,-IH(P i|)Y)<h+e. (2)

We now fixn;, 1 < i < k satisfying (1) and (2). lin is large enough then by the martingale
convergence theorem, forall, 1 <i <k,

1
HP™ | RG) < WHW"I- | V) +e, (3)

| Fo; |
and by (1), (2) and (3) we get

(@8] 1
h(P | RE < max — H(PFi | RC
(P m)_1§i§k|Fn,-| (P™i | R,) +e€
3)

< max
1<izk |Fy;|

H(P™ | V) + 2¢

—
AN

(h+ 2¢) + ¢,

so that §) follows.
We let
h(X | Y) =suph(P | Y) : P afinite partition ofX}.

As usual the continuity of the entropy function enables one to replace the suglidigte
partitions by the sup over a dense set of partitions.

LEMMA 1.1. Let(X, X, u, G) be aG-system with factoZ, Z, n, G).
(1) For any two finite measurable partitiorid and Q:

h(PVQIZ2)=h(P|Z)+hQ]| P’V 2Z).

(2) If Pis afinite partition andi(P | £Z) = H(P) then the proces&P, G) is Bernoulli
and moreove®? is independent af.

Proof. (1) For Z trivial this is Theorem 4.4 of\WaZ]. If Z is generated by a finite partition
‘R then we can write

PV AVR)=h(R)+h(PVvQ|RY =h(R)+h(PVQ|Z)
and then
h(PvQ|Z)=h(PVQAVR)—h(R)
=h(PVR)+h(Q| PPV Z)—h(R)
=h(PVR)—h(R)+h(Q|PCV 2)
=h(P|2)+h(Q|PCV 2).
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In the general case we I&, be a sequence of finite partitions such tR4t refines toZ.
Then for each

h(PV QIRY) =h(P|RY)+h(Q|PCVRD,
and in the limit, by §),
hPV Q| 2)=h(P|Z)+hQ|P°V Z).
(2) The proof proceeds by showing that if for any finite 8et G one would have

HPF | Z)=|F|-H(P) -3 (%)
with § > 0, thenkh(P | Z2) < H(P). On the other hand, if for all finité&" one has equality
in (xx) with § = 0, then the conclusions that the procéBs G) is independent and that
PC is independent of follow immediately. To establish the first claim, IBt be a Falner
set that is almosF-invariant and lef{Fg; : 1 < i < L} be a maximal set of disjoint
translates ofF that liein F,,. If a € F, and Fa C F, and one cannot adfia to the
collection{Fg;}, it means that € F~1Fg; for someg;. It follows thatL - |F| > ¢ - | F,|

for some positive constantthat depends only of'.
We can now estimate

L
H(PF | 2) <Y HPT | 2)+ HP* | 2),
i=1

whereE = F, \ Ule Fg;. By the invariance of the measure we conclude that
H(P™ | 2) < L-(IF|-H(P)—8)+|E|- H(P)
=(L-|FI+I|E])-H(P)-4L
= |F,|- H(P) —5L.
from which it would follow thath (P | Z) < H (P), contrary to our assumption. O

LEMMA 1.2.

1 X, 5z, n) and(Y, v) 4 (Z, n) are 0-entropy extensions ands a joining
of w andv overp (i.e.wr x p(1) = na), then(X x Y, 1) — (Z, n) is also a 0-entropy
extension.

2) If {(Y;,v) ﬂ (Z,n)} is an inverse system of 0-entropy extensions then so is the
inverse limit extensioN/ (Y;, vi) — (Z, n).

Proof. (1) This follows directly from Lemma 1.1 by taking and Q any finite partitions
which areX andY measurable respectively.

(2) Again the assertion follows from Lemma 1.1 and the observation that the collection
of finite partitions measurable with respect to soifids dense in the set of all finite
measurable partitions of (Y;, v;). O

Let (X, X, u, G) = (Y, Y, v, G) be an extension of ergodic systems. Put
NX|Y)={AeX:h({A, A} |Y) =0}

Another corollary of Lemma 1.1 is the fact that X | Y) is aG-invariant subs-algebra
of X which of course contain¥. We call this algebra thBinsker algebraof X relative to
Y, and the corresponding factor thedative Pinsker factarWhen) is the trivial algebra
we get thePinsker algebraandPinsker factorof X and we denote this factor Ay (X).

https://doi.org/10.1017/50143385700000730 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000730

1360 E. Glasner et al

2. The relative disjointness theorem
We say that(X, X, u, G) L v, Y,v,G) is an ergodic extension if everyG-invariant
X-measurable function {F-measurable.

LEMMA 2.1. Let (X, u, id) 5z, n,id) and (Y, v, G) 13 (Z,n,id) be extensions of
G-actions, wherad denotes the trivial action, and assume that the extenBiep Z is
ergodic. Then X, u, id) and(Y, v, G) are relatively disjoint ove(Z, n, id) i.e.A = u x v

n

is the only joining ofX andY overZ.

Proof. Let A be any joining of the systemsX, u, id) and (Y, v, G) over their common
factor(Z, n, id). Let

= / mzdn(z),
VA
be the disintegration gf overn, and
A= / Ay x 8y dv(y)
Y
the disintegration of overv. Then for every € G
A= (idxg)A = / Ay X 8gydv(y)
Y
= /y)ngly x 8y dv(y).

By uniqueness of disintegration we havg = A,-1, v-a.e., hence, by ergodicity of the

extensiony 4 Z, for v-a.e.y the measure., depends only on = ¢(y) and in fact, by
projecting the disintegration afonto theX coordinate we see thap = A4,y = pu, v-a.e.
Thus

A= / He(y) X Sy dv(y)
Y

://MZxéydvz(y)dn(Z)

zJy

=/Mz x </ aydvz(y)> dn(z)
z Y

/ Mz X vz dn(z)
zZ
nw

X V. O
n

LEMMA 2.2. Let (X, n) and (Y, v) be Lebesgue spaces (not necessarigystems)). a
joining of x andv. Let

A= / Ox X Ay du(x),
X
be the disintegration of over . and define a probability measukg, on X x YZ by:

AoozfSxx(~-~x)»xxkx~~)du(x).
X
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Let Z denote the largesi-algebra common to the algebra$ and Z mod A, and let
(Z, n) denote the corresponding factor Lebesgue space. Phemd V% are relatively
independent oveE with respect tO..

Proof. Define a transformatiof : X x Y2 — X x Y% by S(x,y) = (x,0y) where
y=(..,y-1, Y0, Y1, ...) € Y® ando is the left shift onrZ. If f(x, y) is anS-invariant
function onX x YZ then for every the functionf, (y) = f(x, y) is ac-invariant function
on (Y%, 1%), hence a constant; i.¢.(x, y) = f(x), Aoo a.€.

Thus every S-invariant function isX’-measurable and in particular the extension
(Y%, v4,0) — (Z,7,id), where

Voo Z/( X Ay X Ay ---)dp(x),
X
is an ergodic extension. Now we apply Lemma 2.1 to the diagram

(X x Y7, hos, S)

T

(X7 lua Id) (YZ, Uoo,U)

(Z,n)

to deduce that’ and)'” are relatively independent ovéras claimed. |

THEOREM1. Let(X, u) = (Z,n) and(Y, v) > (Z, n) be two ergodic systems extending
the systeniZ, n). Suppose is a c.p.e. extension whiteis a zero-entropy extension. Then
(1) X andY are disjoint overZ; i.e. the relatively independent joining x v is the only

n

joining of u and v over . In particular (taking(Z, ) to be the trivial one point
system) we have that every c.p.e. system is disjoint from every zero-entropy system.
(2) The extensioniX x Y, u x v) — (¥, v) is a c.p.e. extension; i.&. is the relative
zZ n

Pinsker factor ofX x Y overZ. In particular (takingZ to be trivial) whenX is a

VA
c.p.e. system and a zero-entropy system thé&nis the Pinsker factor ok x Y; i.e.
the extensiolX x Y — Y is a c.p.e. extension.

Proof. (1) LetA be a joining of(X, ) and(Y, v) over(Z, n). As in Lemma 2.2, let
A= / Sy X Ay du(x),
X

be the disintegration of over . and define probability measures, on X x Y% andvs,
onY?” by:
)»oo=/ Sy X (o X Ay X Ay ---)du(x)
X
and
Voo :/(~~~ X Ay X Ay -+ )du(x).
X
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Let Z denote the largest-algebra common to the algebrasand Y% mod i, and let
(Z, i) denote the corresponding factor system. Then cle@rly Z and by Lemma 2.2,
X and)'Z are relatively independent ov&rwith respect to..

Now Lemma 1.2 implies that the extensiai?, vo) — (Z,n) isa 0-entropy extension
anda fortiori (Z,7) — (Z,n) is a 0-entropy extension. On the other hagd u) —
(Z,n) is a c.p.e. extension; hence so is the extensiinj) — (Z, ) and we conclude
thatZ = Z. This completes the proof of part (1).

(2) Denoter = u x v and let(U, ¢) be the relative Pinsker factor &f x Y overY:
n V4

(X X Y, )») (U, é—)

z /
(¥, v)

If U # Y then we letf be any bounded (i) non-zero function which i& measurable
but orthogonal taL»()), so thatEY (f) = 0. Letg andk be any bounded’ andy
measurable functions respectively. Then by part (1)f/ass {/-measurable antd — Z

is a 0-entropy extensiotk;Z (fgh) = E*(fh)E?(g). Now EZ(fh) = EZ(EY(fh)) =
EZ(hEY(f)) = 0. ThusEZ(fgh) = 0, whenceE (fgh) = 0. Since linear combinations
of functions of the formgh are dense inL2(1), this leads to a contradiction and we
conclude that/ = ). |

The following theorem is a simple application of the disjointness theorem.

THEOREM2. If the ergodic systemiX, w) is the inverse limit of the sequenck,, ,)
and X and X,, are the corresponding Pinsker factors, th&nis the inverse limit of the
sequence,.

Proof. Let X be the Pinsker factor ok and for eachn, X, the Pinsker factor ofy,,.
Finally let Z be the inverse limit of the(,,. Since the extensiok, — X, is c.p.e. while

the extensionrX — X, is a zero-entropy extension we get by Theorem 1, fatx X
Xn

is the relatively independent joining ov&t,. Let f be anX,, measurable function ang
an X’ measurable function. Then, singeis also.X,, measurable fom > n we have for
suchm:

EX(fg) = EX"(f) - EX(g).
By the martingale convergence theorem we get
E*(fg) = E*(f)- E*(g).

Since the union of thé, measurable functions is dense, we conclude hit relatively
independent ok overZ, which is possible only wheX = Z. O

3. Lifting c.p.e. extensions
Our goal in this section is to obtain the assertion of Theorem 1(2) without the assumption
that the extensioriy, v) - (Z, n) is a 0-entropy extension (Theorem 3, below). Our
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strategy will be to put together two special cases of the theorem. The first is the case when
o is assumed to be a 0-entropy extension; i.e. Theorem 1(2). The second will be the case
whenY = Z x B, whereB is a Bernoulli system (see als&]). For this we need

the following three lemmas. The proof of the first lemma is straightforward. Denote by
Aut(X, u, G) the group of measure-preserving transformationgXafy) that commute

with the action ofG.

LEMMA 3.1. Let (B, v, G) be aG-Bernoulli system; i.eB = {0,1,...,5s —1}%, v a
Bernoulli measure o8 and the action is the canonical left actiogx (k) = x(g~1h),
x € B, g, h € G. Define the right action of; on B by

gox(h)=x(hg), (xeB,g, hedl).

Then the left and right actions @ commute. In particular the righ@-action defines a
subgroup ofAut(B, v, G) which acts ergodically omB.

In preparation for the next lemma we make the observation that for a Lebesgue space
(X, X, n), the space of all sub-algebras of¥ (mod 1) can be viewed as a Polish
space. One way to see this is to identify a sublgebrad c X', with the corresponding
conditional expectation operatﬁ}”‘l cLo(X, w) — La(A, ).

LEMMA 3.2. Let (X, u) LS (Z,n) be a c.p.e. extension aridl, v) an ergodicG-system
with the property that the grouput(Y, v, G) acts ergodically or. Then the extension
(X xY,uxv)— (ZxY,nxv)isac.p.e. extension.

Proof. Let X x Y — U — Z x Y be the relative Pinsker factor. FiX a countable
dense subgroup of Adit, v, G), and note thal" also acts ergodically oY, v). Choose a
countably generated sub-algebral/ whose completion is the-algebra ofU such that
(i) U is invariant underG and Idxy for everyy € T and (ii) 4 contains a suls--
algebra whose completion is tleealgebra ofZ. Consider the magy — U/, of Y into
the Polish space of sub-algebras oft, wherel/, is theo-algebra defined as the trace
of ¢ on the fiberX x {y}, and the latter is identified witlx. With I/, we also take the
conditional expectation operator defined bs(X, ) to the closed subspace spanned by
the U4,-measurable functiongz™>. It is now easy to check that the map— E% is
measurable. Moreover, since clearly for eacke T, the factorU is I x y-invariant, it
follows thati/,, = U,. SinceI" acts ergodically orY we conclude thaty a.e.,l{, does
not depend oy € Y and defines &-invariant factora-algebral/? of X with Z c U. If

U +# Z then—asX — Z is a c.p.e. extension—it follows that the entropylbfs strictly
larger than that ofZ. However, sinceX andY are independent and is a factor ofX, it
follows that also the entropy @f x Y is strictly larger than that of . Finally, sincel/ x Y

is a factor ofU, we get a contradiction to the assumption tbats the relative Pinsker
factor of X x ¥ — Y. ThusU = Z and we conclude thdf = Z x Y. m|

LEMMA 3.3. If (Z, ) is a factor of (¥, v) with strictly smaller entropy then there is a
Bernoulli factor ofY, B independent of such thatZ x B has full entropy in¥.

For Z this result is essentially found ifD]. It was made explicit in QW1] and [T].
(For another treatment of the relative theory S€R]). For discrete amenable groups all
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of this carries over in a straightforward fashion using the basic machinery developed in
[OW2]. It was not done there explicitly because the extensionawiatinuousamenable
groups presents new difficulties (cf. the discussion there in Appendix C).

THEOREM3. Let(X, w) KN (Z,n)and(y, v) 5 (Z, n) be two ergodic systems extending
the systemZ, n). Supposer is a c.p.e. extension. Let = u x v be the relatively

Ui
independent joining gk andv overy. Then the extensiony in the diagram

(X x Y, L)
(X, 1) (Y,v)

(Z,n)
is a c.p.e. extension.

Proof. By Lemma 3.3, there exists a Bernoulli factor— B independent o and such
thatY — Z x B is a zero-entropy extension. Notice thétx (Z x B) = X x B. By
VA

Lemma 3.1, AutB, G) acts ergodically o8 and we can apply Lemma 3.2 to the diagram
X x B

to deduce thatrp is a c.p.e. extension. Next observe th&t x (Z x B)] x Y =
zZ ZxB

N\

(XxB) x Y=X x Y, then apply Theorem 1 to the diagram

ZxB
XxY
Z
PN
X x B

\ A

Z X B
to deducethaty : X x Y — Y is a c.p.e. extension. |

V4

4. The Pinsker factor of a product system

In this section our main goal is a generalization to discrete amenable groups of the well
known fact that forZ-actions the product of tw& -systems is & -system. For previous
results in this direction see, for exampl&a]].
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THEOREM4. Let(X, n) KN (Z,n)and(¥, v) 5 (Z, n) be two ergodic systems extending
the systeniZ, n) with relative Pinsker factor andY respectively. TheX X Y is the

relative Pinsker factor of the relative product systém x Y, u x V) over (Z n). In

particular (for the case tha¥ is trivial) we have that the Plnsker factor of the product
system is the product of the Pinsker factors and specializing once again, the product of two
c.p.e. systems is a c.p.e. system.

Proof. Let A = u x v. The measure space we work with(i& x Y, 1). Let U be the
VA

n
relative Pinsker factor ok x Y overZ. First consider the diagram
VA

XY

X
X
X
By Theorem 3 the extensiati x ¥ — X x Y is a c.p.e. extension.
V4 V4

Now consider the system¥ v U andY v U. Since the extensioti VY — X x Y is
V4
clearly a zero-entropy extension, Theorem 1 implies that Y is independentof/ v Y
V4

overX x Y. Since the algebra correspondingiox Y is the totalo -algebra, we deduce
zZ zZ

thatU v Y, and in particulai/, is X x Y measurable. Symmetrically we get thatis
VA

X x Y measurable, and therefore deduce thig X x ¥ = (X x Y)N(X x Y) measurable;
Z Z Z Z

ie.U=XxY. O
Z

5. Maximal entropy and independence
THEOREMDb. Let(X, u) = (Z,n)and(¥, v) 5 (Z, n) be two ergodic systems extending
the systeniZ, n) with finite entropy and such thatis a c.p.e. extension. L&tbe a joining
of u andv overy (i.e. A projects underr x o onto the diagonal measuré? onZ x Z).
Suppose

h (X >Z< Y 2)=hX|2)+h(Y | 2)

thena is the relatively independent joining pfandv overn.

Proof. The measure space we work with (& x Y, 1). Entropies are computed with
VA
respect to the measuke We letR, S andi/ be finite generating partitions fof, Y andZ
respectively (seeH0)).
(1) Assume first that = B x Z where B is a Bernoulli factor ofY independent of
Z. We letP be a finite Bernoulli generating partition fé&. By Lemma 1.1(1) and our
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assumption
hﬂX§Y|D=thS|D=hm¢D+%6|R6v&
=h(X|Z2)+hY | XVZ)=h(X]|2Z)+h(Y | Z),
henceh(Y | X VZ)=h(Y | X) =h(Y | Z). Now
RY | X)=h(PVU|X)=h(P|X)+hU|P°VvX)=h(P|X),
hence
hP|X)=h(PVU|X)=h(Y | X)=h(Y | Z)=h(PVU|Z) = H(P),

and Lemma 1.1(2) implies that is independent oK. From this we getthat = B x Z
is relatively independent of overZ as required.

(2) In the general case we observe first that whé)i | Z) = 0, the assertion follows
from Theorem 1. 1f2() | Z) > 0, we apply Lemma 3.3 to choose a Bernoulli fadkoof
Y such that:(B) = h(Y | Z) andB is independent of. Now by (1), B is independent of
X, andB x Z is relatively independent of overZ. By Theorem 3, in the diagram

the extensionX x B — Z x B is a c.p.e. extension. Now, sinde - Z x B is a

zero-entropy extension, we can apply Theorem 1 to the diagram

(X x Y, )
Z

Y
~

Z x B

and conclude thaX x B andY are relatively independent ov&rx B. Now let f andg
be boundedt’ and) measurable functions, respectively. Then

Ef (fg) = EZ(E**B(fg)) = EZ(E“*B(f)E**B(g))
= EZ(E*(f)E**B(g)) = E“(f)E*(g).

ThusX andY are relatively independent ov&randi = u x v as required. |
n
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THEOREM®G. Let (X;, w;) Kt (Z,n), i = 1,2 be two ergodic systems extending the
system(Z, n). Letx be a joining ofX1 and X, over Z. Let(Z;,n;) — (Z,n) be the
relative Pinsker factors, = 1, 2, and assume further that

h(X1v X2 | Z) = h(X1| Z) + h(X2| Z).

Thena is the relatively independent joining of the two systeéiXis w;),i = 1,2 over
the joining induced by. on theo-algebra generated by the two relative Pinsker factors
(Z;i,ni),i = 1, 2. In particular if with respect to., Z; and Z, are independent ovex,
then alsoX; and X, are independent ovef; i.e. A is the relatively independent joining of
u1 andu overn.

Proof. Consider the diagram
X1V Zy Z1Vv X2
Z1V Z2
where for exampl&1 v Z, denotes the factor @iX1 x X2, 1) generated by the factois;
andZ,. By Theorem 1(2)p1 is a c.p.e. extension while by using Lemma 1.1, we have
h(X1V X2 | Z1VZ)=h(X1V Zo | Z1V Zo)+h(Z1V X2 | Z1V Z)).
Thus Theorem 5 implies thaé; v Z; andZ; v X» are independent ovef; v Z». Let f;
be bounded functions aki; x X» which areX;-measurable, = 1, 2. Then
EAY22(fy ) = E“YY72(f1) - E“YY72(f).
This proves the first part of the theorem; for the second part we use the relative
independence df1 andZ; overZ to get:
E*(fuf2) = EZ(EY72(f1f2))
= EX(EXY%2(f1) - EAY72(f2))
= EZ(E”(f1) - E®2(f2) = E*(f1) - E“(f2).
ThusX1 andX> are relatively independent ovE&ras claimed. |

6. Quasi-factors of zero-entropy extensions
Our last application of Theorem 1 is to obtain a new proof of the fact that a quasifactor of
a zero-entropy system has zero-entropy. In fact we get a generalization of this statement to
zero-entropy extensions and moreover this new proof is simpler than both proGfé/h [
Of course the main application of the quasifactor theorenGW] was to get a proof of
the absolute version of Theorem 1.

Let (X, X, u, G) be an ergodic system. Le&tM(X),G) be the Borel space of
probability measures oX with the inducedG-action. Recall that a quasifactor of
(X, X, n, G) is any probability measura on M(X), invariant underG, and with

barycenter equal tp:
/ 0dr0) = .
M(X)

https://doi.org/10.1017/50143385700000730 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000730

1368 E. Glasner et al

Let (X, X, u, G) LS (Y, Y, v, G) be a homomorphism of ergodic systems. &t (X)
be the subspace af (X) consisting of measuresfor which 7 (6) = §, for somey € Y.
We let Q () be the set of all quasifactors 6X, ), u, G) and we denote by, (1) the
subset of those quasifactorse Q(u) that are supported oM, (X) i.e. thoser € Q(un)
for which for » almost every € M (X) there existy = y(#) € Y with 6(x~1(y)) = 1.
The projection mapr : X — Y induces a map fromM (X) onto M(Y) which
for convenience we also denote by Given an elemenk € Q,(u) we get in
this way (identifying the Dirac measuds with the pointy e Y) a factor mapr :
Mz (X), X, G) — (Y, v, G). We now have the corresponding disintegration oferv

A= / Ay dv(y)
Y
with 1, a probability measure oM (X).

THEOREM7. Let (X, X, u, T) S (Y,Y,v,T) be a homomorphism of ergodic systems
with i, (X | Y) = 0. Then every quasifactor e O, (u) satisfies
hy(Mz | Y) =0.

Proof. Let A € Q. (un) be a quasifactor and |€U, ¢) be the relative Pinsker factor of
(M5, A) over(Y, v):

(M. ) ¢ . ¢)

.

(¥, v)
Form the joininge, of A andu, defined by

K =/ 89 x 6.dA(9),
My

and consider the diagram

My Vv X, k)
(Mﬂ'a)") (U\/va)
x /
W, ¢)
wherey = (¢ x id)x. In this diagram, by definitiong is a c.p.e. extension and

by Lemma 1.2,p is a 0-entropy extension. Thus, by Theorem«kl,= A x y. |If
¢
L= [y A dt(u)and we lefu, = an 0 dr, (), then

Y= (6 x i) = // 8 % 0 iy (8) i (u)

— /au « (/qu(e)) de(u) = /8u Xt d2 ().
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Thus implementing the isomorphism

My x (UVX)=M;VvX
U
(given by (@, (¢ (), x)) — (8, x)) we get on one hand:

x=/ Auxauxuudg(mz/ b X dE ()
U U

=/ (f aedxu(m) xuud;(w:/f 89 X tu o (8) dE (u)
U My U JMx

=/ 8o X g ) dA(9),
My

and on the other
K =/ Sg X 0dX1(O).
My

By uniqueness of disintegration we conclude thatfar.e.o,

M¢<9>=/ 0" drpor) = 0.
M

This clearly implies thad is an isomorphism, hence th@,;, 1) — (Y, v) is a 0-entropy
extension; i.e.
hy(Mz | Y) =0,

as claimed. O
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