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Abstract We answer a question proposed by Barge and Franks in 1993 by showing that a
bounded connected set in the plane which is closed or open and meets an infinite number
of its iterates under an orientation-preserving fixed point free homeomorphism must meet
all of them.

1. Introduction

A Brouwer homeomorphisnis a planar, orientation-preserving, fixed point free
homeomorphism. Let be a Brouwer homeomorphism aida connected subset of the
plane which is open or closed. L&tbe the set of integers, ar¥#l" the set of positive
integers; we define:

EX,h)={n>0|(X)NX = @)

and
F(X,h) =7\ E(X,h).

In [1], Barge and Franks have shown that the E€X, k) is closed under addition.
Conversely, given any sefE of positive integers closed under addition, they have
constructed an open topological diBksuch thatt (D, ) = E, wherer is the translation
(x,y) — (x + 1, y). Moreover, ifZ* \ E is finite, D may be taken to be bounded. This
leads them to ask the following question#ifs a Brouwer homeomorphism ari2lis an
open topological disk such that bat(D, k) and F (D, h) are infinite, canD be bounded?
We answer this question negatively by proving the following.

THEOREM1. Leth be a Brouwer homeomorphism, akica bounded connected set in the
plane which is open or closed. If the getX, /) is not empty, then its complementary set
F(X, h) is finite.
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Thus, for exampleE (D, k) cannot be the set of positive even integer® is a bounded
topological disk. As a consequence of Theorem 1, we get a new characterization of the
homeomorphisms which are conjugate to the translatiomnd we also characterize the
compact connected sets which are contained in a translation domain.

Throughout this article; is a Brouwer homeomorphism. The plane is denoteikfy
A subsetX of R? is freefor & if h(X) N X = ¥. A closed (or open) topological disk
a subset oR? homeomorphic to a closed (or open) disk. Kerateof a setX is any set
h?(X) for some integep. We will use the following classical lemma.

LEMMA 2. (Free disks lemmalet 2 be a Brouwer homeomorphism, aii#l a closed
topological disk; ifD is free fork, thenD N 1" (D) = ¢ for all n #£ 0.

Proof. See, for example2]. This is obviously part of Barge and Franks'’s result, so one
can also refer to]]]. O

COROLLARY 3. The free disks lemma holds whBris an open connected set.

Proof. This is again contained in the results af;[we will show how it can be deduced
from the free disks lemma. Suppdses a Brouwer homeomorphisn, an open connected
set which is free fokh andn a positive integer such that (D) N D # (. Letx be a point

in D such that:™"(x) is also inD; sinceD is open and connected, we can find an arc in
D with endpointsy and/2™"(x). Making use of the Schamiflies theorem, we can thicken
this arc to get a closed topological diskiihcontaining bothx ands2~" (x). This is a free
disk meeting one of its iterates, contradicting Lemma 2. |

Recall that a poinp is awandering pointf there is a neighbourhodd of p such that all
the iterates o¥/ underh are disjoint fromV. The following corollary follows immediately
from the free disks lemma.

COROLLARY 4. Under the action of a Brouwer homeomorphism, all the points of the
plane are wandering points. In particular, a Brouwer homeomorphism has no periodic
point.

2. Various versions of the ‘key lemma’

We give three versions of a lemma which is the crucial tool for the proof of Theorem 1.
In order to quote the first version, we have to recall a little bit of vocabulary concerning
Brouwer homeomorphisms. #anslation arcis a closed simple arg with endpointsp
andi(p) such thath(y) Ny = {h(p)}. Thetranslation line generated by is the set
Unezh" (y); itis a continuous injective image of the real liRe(see R, Théoreme 3.3]).

LEMMA 5. (‘Lemme-cE’ of [2]) LetI be a translation line and an arc whose endpoints
are onT; let 8 be the arc onl” with the same endpoints as Suppose thag N h(B)
contains more than one point (i.8.properly contains a translation arc), and thatJ g is

a Jordan curve. Thea is not free.

Proof. See pJ. m]

Here are two equivalent formulations of this lemma.
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LEMMA 6. Lety be a translation arc and a free arc; then the set
{neZ|h"(y)Na# 0}
is an interval ofZ.

LEMMA 7. Let D1 and Dy be two free disks; then the set
{n € Z | K" (D1) N D2 # 0}
is an interval ofZ.

Remark.The set of integers involved in Lemma 7 cardoginterval ofZ (an easy example
where it is equal t& can be found in4, Chapitre 8]).

Proof of Lemma 6Under the hypothesis of the lemma, suppose there exist three integers
n1 < n2 < nz such thatt"i(y) N« # @, 2(y) Na = @ andh™3(y) Na # 0. LetD

be the translation line generated pyTI" is oriented by the action df. We calla the last

point of @« met byT" beforeh2(y), andb the first point ofe met byI" aftera”2(y). If we
replacex by the subarc of with endpointsz andb, we get a situation contradicting the
Key-Lemma 5. m]

For the proof of the third version, we need to define another terraritisal disk is a
closed topological dislo such that:(D) N D is not empty but has empty interior. Recall
that Corollary 4 asserts that for all A~1(x) # h(x); it follows that if D is a critical
disk andx a point of2(D) N D, any simple args with endpoints: —1(x) andx such that
¥ \ {h~1(x), x} is contained in the interior ab is a translation arc (seg]).

Proof of Lemma 7Let D1 and D2 be two free disks, and suppose there exist three integers
n1 < n2 < ng such that"1(D1) N D2 # ¥, h"2(D1) N D2 = Y andh™3(D1) N D2 # .
Let us choose a poirit'i(a) in "1 (D1) N D2 and a point"3(b) in h""3(D1) N Da. We
pick an arax in D2 with endpoints:"1(a) andh3(b); « is a free arc.

Let x be any point imt"2t1(D1) \ «. Since the set8"2(D1), « and{x} are pairwise
disjoint, making use of the Schaflies theorem, we can suppose:
(i)  h"2(D1) = B1(0);
(i) a=13,4] x {0}
(i) x=(2,0),
whereB, (0) stands for the closed disk with centre at zero and radill®t R = Sugr >
0] B, (0)is freg; D = Bg(0) is a critical disk containing”2(Dj). Furthermore, because
x € h(h"2(Dy)), the diskB2(0) is not free, saR < 2; thusD anda do not meet. The disk
D contains a translation agc and we can choosgesuch that the points™2(a) andh™2(b)
are ony: thus we havé~"2="D(y)Na # @, y N = ¥ andh ™32 (y) Na # ¢, getting
a situation that contradicts the previous lemma. |

3. Recurrent sets: the compact connected case

We prove the theorem wheXi is a compact connected set. Lgt be a positive integer
such thati’°(X) N X = @; we aim to show thaF' (X, h) ={n > 0| " (X)NX £ @} isa
finite set.
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Proof. Sinceh™(X)NX = @, we can find an open connected BetontainingX such that

h" (V)N 'V = @. According to Corollary 4g = k™0 is again a Brouwer homeomorphism;

and Corollary 3 applied tg andV tells us that:”"°(V) NV = @ holds for everyp > 0.
For all x in X there exists a free closed disk containingnd contained irV. SinceX

is compact, we hav& c D1U---U Dy where eaclD; is a free closed disk iv. For each

couple(i, j),1<1i, j <k, we define:

Fij={n>0]| h"(D;) N D; # ).
Note that for allz > 0,

W'(xX)nx c | Jw" D) nDj)
i,J
so thatF (X, h) C U; ; F; ;. Because of Lemma 7, each ggt; is an interval ofZt; but
since the disk®; andD; are subsets df , the setF; ; does not contain any multiple o,
thus it must be finite. This shows thBt X, 1) is a finite set, and the proof is complete.

4. Recurrent sets: the open bounded connected case

We now deal with the open case. LEtbe a bounded open connected set, agdn
integer such that™o(X) N X = @. Letg = h"; recall thatg? (X)N X =@ forall p > 0
(Corollary 3). LetX stands for the closure df, andd X for its boundary.

Proof. First we will show the existence of an integer> 0 such thag” (X) N X = ¢.

We argue by contradiction. Suppose tdti(X) N X # ¢ for all p > 0. Since
gP(X)NX = @forall p > 0, we have alsg”(0X) NdX # @ forall p > 0. Let
K, = gP(0X) N dX,; K, is a nonempty compact set. We show that for all> 0,
Kp+1 - Kp.

Suppose on the contrary that there exists an intpger0 and a point in K41 \ K.
Thenx ¢ gP(dX); moreoverx € X, gP(X)N X = PandX is open, sax ¢ gP(X);
thereforex ¢ g”(X). Thus we can choose a closed topological free disicontainingx
in its interior and such thab; andg” (X) are disjoint.

On the other handp; meetsX andg”*1(X); let D, be another closed topological disk
included inX such thatD, meetsD; andg~?+D (D) (the existence ob, follows from
the arcwise connectivity of and the Schexiflies theorem, as in the proof of Corollary 3).
BecauseD, C X andX is free forg, D is also free; the following holds:

() DiN Dy #0;

(i) D1NgP(D2) =0,

(i) DN g’t(D2) # 0

and this situation contradicts Lemma 7.

Thus{K,},>0 is a decreasing sequence of nonempty compact sets. We define
ﬂp>0 K,; K is therefore a nonempty compact set. But'(K) c K, and this is not
compatible with the fact that the points &fshould be wandering under the actioroft
(Corollary 4).

So there exists an integger> 0 such thag? (X)X = ¢. We have proved the compact
connected case in the previous section, so we can concludé tiath) is a finite set.
Then the proof is complete sind& X, h) C F(X, h). O
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5. Homeomorphisms which are conjugate to the translation

Recall thatr is the Brouwer homeomorphisitx, y) — (x + 1,y). The following
proposition is the classical way to characterize those homeomorphisms that are conjugate
tor.

PROPOSITIONS. Let/ be a plane homeomorphism; théns conjugate tor if and only
if for all K compact set of the plané;(K, k) is a finite set, i.e. only a finite number of
iterates ofK meetk .

Proof. Clearly, if 4 is conjugate ta thenF (K, h) is a finite set.

Now let 4 be any Brouwer homeomorphism, and létbe the space obtained by
quotienting the plane by the action bf Because of the free disks lemmd,is locally
homeomorphic to the plane. We can see that thé'¢$&t, ) being finite for any compact
set K implies A is Hausdorff; thenA is a surface with fundamental grodf so it is
homeomorphicts® x R, and from this it follows that is conjugate tar. |

Theorem 1 allows us to enhance the previous proposition to get this new one.

COROLLARY 9. Leth be a plane homeomorphism; thens conjugate ta if and only if
for all K, compact sets of the plane, there exists at leastiterate of K avoidingK (i.e.
E(K, h) is not empty).

Proof. Let h be a Brouwer homeomorphism such that for all compactKet& (K, h) #
#. We show that: satisfies the criterion of Proposition 8. It suffices to show that for any
disk D the setF (D, h) is finite. But Theorem 1 claims that this is equivalent®aD, &)
not being empty, so the proof is complete. ]

COROLLARY 10. The setB; of homeomorphisms which are conjugatertis a Gs set
(i.e. a countable intersection of open sets) in the spad Brouwer homeomorphisms
equipped with the compact open topology.

Proof. Recall thatB, (0) denotes the closed disk with centre at zero and radi@®rollary
9 implies that3; =, Up O,,, Where

On,p = {h eB | hp(Bn(O)) N Bn(o) = Q}
Therefore the result follows from the fact that each@gt, is open in3. O

Note that the last corollary is also a consequence of the ‘semi-continuity of translation
domains’ proved at the end of Chapter 64 [

6. Compact connected sets and translation domains
A domainis a connected open subset of the plane. A simply connected invariant domain
A is atranslation domairfor % if i is conjugate to the translation This amounts to
saying that each compact setAnis moved off itself by a power of (see Corollary 9).
Note that this definition is weaker than the onezh [

The following statement helps to clarify Theorem 1.

THEOREM11. Let K be a compact connected subset of the plane; tkers in a
translation domain for: if and only if there exists an integersuch that:" (K) N K = @.
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In particular, this theorem obviously implies the closed case of Theorem 1.

Proof. If X is any connected subset of the plane, we defing€Xlas the union ofX and
the connected components Bf \ X which are bounded. Observe that the set(Kil
is connected; ifX is bounded, FillX) is also bounded, and its complementary set is
connected. IfX is open then FillX) is a simply connected open set; actually, it is the
simply connected open set containi¥gwhich is minimal for inclusion among the sets
having these properties.

Let h be a Brouwer homeomorphisiki,a compact connected set andn integer such
thath" (K) N K = @. We first prove the following.

LEMMA 12. In this situation " (Fill (K)) N Fill (K) = ¢ also holds.

Proof of Lemma 12For otherwise, becausE’(K) N K = @, one can check that
R (Fill(K)) c Fill(K) or Fill(K) c A"(Fill(K)), and since FillK) is a compact set
in both cases we get a contradiction with Corollary 4 (the points are wandering). O

Any compact connected set in the plane whose complementary set is also connected is
a decreasing intersection of topological disks: this can be shown directly; or one can argue
that the complementary set in the 2-spHfeJ {oo} is a simply connected open set, hence
it is homeomorphic to an open topological disk, which makes the statement obvious. Thus
we can find a closed topological digk containing Fill K) such that:" (D1) N D1 = @,
and it suffices to show thd?; is contained in a translation domain.

The free disks lemma implies tha®* (D7) N D1 = ¥, so in caser = 1 we can replace
n by 2n, and thus we may assume that- 1. SinceD1 is free forh™ it is contained in a
critical disk D for k. The diskD» cannot be free fok; that it can neither be critical for
h is a consequence of the following lemma, which will be proved at the end of the text.

LEmMMA 13. A critical disk for# is free forh? for all p > 1.

Thus the interior oD, (denoted by IntD2)) is not free, and the set
U = | 1" (Int(D2))

nez
is connected. We definee = Fill (U); it is an open simply connected set which is invariant
for A. We will complete the proof by showing thata is conjugate tar. According to
Proposition 8, it suffices to prove that for any compact connected s®intained inA,
F(C, h) is afinite set. We will need the following lemma (see the proof at the end).

LEMMA 14. LetU be a connected open subset of the plane. Then:

(i) Fill(U) =B | Bis aclosed topological disk antB C U};

(i) for all compact setC c Fill(U), C is contained in a closed topological digk
whose boundary lies ify.

Now let B be a closed topological disk such thadt ¢ B anddB c U; then
F(C,h) C F(B, h). Furthermore, for any # 0, the caseg”(B) C B andB C h”(B)
are forbidden by Corollary 4; therefore each time an itetétéB) meetsB, the iterate
h? (9 B) meetsd B, so thatF' (B, h) = F(dB, h). Thus it remains to prove th#t(d B, ) is
a finite set.
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The compact seiB is contained irnlJ. It follows that there exists a positive integey
such that
oBc | J rantp).
—no=<k=ng
Since D> is a critical disk fork", Int(D>) is free forh™, and Theorem 1 implies that
Int(D2) meets only a finite number of its iterates underThus this is also true fo# B,
and the proof is complete. ]

Here are the proofs of the lemmas.

Proof of Lemma 13Let D be a critical disk for, and let Int D) be the interior ofD. Now
suppose there exists a poine D and an integep > 1 such that=?(x) € D. Leta be
an arc with end-points anda~?(x) such thatx — {x, h~?(x)} C Int(D). Since IntD) is
free andx is not a periodic point (Corollary 4), we see thais free; thus we can fatten
to get a free topological disk containingandz =7 (x), and this contradicts the free disks
lemma. m]

Proof of Lemma 14Let U’ = | J{B | B is a closed topological disk aréB C U}; clearly
U’ is an open set included in Rill'), and containind/; therefore it suffices to prove that
U’ is simply connected. Iff maps continuously the circlg! in U’, f(S') is a compact
connected setity’ and then we can find disk®, . . ., By, withdB; c U andB1U- - -UBy

is a connected set containirfgSt). Kerékjart [3] has proved thab = Fill (B1U- - -U By)

is a closed topological disk whose boundary lie8h U - -- U 3 B;. ThusD C U’, so the
map f is nulhomotopicinU’, and the proof of the first claim is complete.

Now let C c Fill(U); there exist disks B1, ..., By whose boundaries lie ity and
suchthatC c B1U---U By. Again Kegkjart tells usB = Fill(B1U---U By) is a closed
topological disk; and we obviously hav& c U andC cC B. ]
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