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In this article we identify conditions under which the epoch times and the inter-
epoch intervals of a nonhomogeneous Poisson process have logconcave densities
The results are extended to relevation counting proce¥¢eslso study discrete-

time counting processes and find conditions under which the epoch times and the
interepoch intervals of these discrete-time processes have logconcave discrete prob-
ability densitiesThe results are interpreted in terms of minimal repair and record
values Several examples illustrate the theory

1. INTRODUCTION

The nonhomogeneous Poisson process arises naturally in reliability theory as the
process that records the epochs and the number of repairs that a minimally repaired
item or system goes througbee for exampleAscher and Feingolfl], Block et al

[6], or Beichel{[5]). In other applicationghe nonhomogeneous Poisson process is
the process that records the number and the values of records associated with a
sequence of independent and identically distributed random lifetiies non-
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negative random variablesMany authors have studied various facets of the non-
homogeneous Poisson procgseecent search in MathSciNet for matches of “record
value” yielded 178 referencgmost of which are studies of various properties of the
nonhomogeneous Poisson procé¥e cannot list all these references hedeme
recent references that contain further bibliography are the articles by Baxter et al
[4], Feuerverger and H4l®], Kochar[20], Kuo and Yand21], Huang and L[12],
Kirmani and Guptd417], and Gupta and KirmanilL1].

The nonhomogeneous Poisson process is useful also in areas other than reli-
ability theory In some data-recording contextie values that are of the greatest
interest are the extrememnd sometimes these particular data are recorded in a very
accessible formiFeuerverger and H4®]); thus stochastic properties of these record
values may be useful to have for the purpose of improving current statistical infer-
ence methods based on record valldé® nonhomogeneous Poisson process is also
a common model in information management science for software reliability and
reliability growth (Kuo and Yand21]); thus stochastic properties of this process
can guide the software engineer in finding a proper stochastic model for testing new
software

In this article we focus on some stochastic properties of the jump titeps
ochg and of the interepochs intervals of a nonhomogeneous Poisson priocthes
context of minimal repajithe times of epochs are the calendar times at which min-
imal repair occurslt is of interest also to study the interepoch interyalhich are
the periods during which the item or the system functions without interruptions

A nonhomogeneous Poisson process is parameterized by its intearsigte
function which we denote by. We assume that

J r(uydu= oo forallt< oo; (1.2)
t

this ensures that with probability the process has a jump after any time poirt
non-negative functionwhich satisfieg1.1) can be interpreted as the hazard rate func-
tion of a lifetime of an itemMore explicitly, if r satisfies(1.1) and we defind by

f(t) = r()e forwd—r(t)e RO, =0, (1.2)

whereR(t) = fg r (u) du, thenf is a probability density function of a lifetimén fact,

f is the probability density function of the time of the first epoch of the underlying
nonhomogeneous Poisson procddse corresponding survival functidghand dis-
tribution functionF are given by

F(t) = f f(u)ydu=e RO, F(t)=1—F(t), t=0.
t
Various authors have studied propertiesfdhat are inherited by the epoch
times of the underlying nonhomogeneous Poisson pro&ssaer[3], Gupta and

Kirmani[11], and Kochaf19] proved that iff has thencreasing failure rat€I1FR)
property then all the epoch times of the underlying nonhomogeneous Poisson pro-
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cess have this propert@upta and Kirmanf11] have also proven that ffhas the
increasing failure rate averagdFRA) [respectivelynew better than usedNBU)]
property then all the epoch times of the underlying nonhomogeneous Poisson pro-
cess have this property

In this article we study an aging notion that is stronger than the, IFRA, and
NBU propertiesThis notion corresponds to thegconcavityof the density function
of the lifetime of interestlt is well known that the logconcavity of the density
function implies the notions of IFRFRA, and NBU (Barlow and Proschaf2]).
Shaked and Shanthikumg5] have studied this kind of logconcavity as an aging
notion Shaked and Shanthikum@5] pointed out some of the benefita the areas
of reliability theory and statistigshat a researcher can obtain from the knowledge
that a density function is logconcaueilson and Gerbdrl6] have noted the inter-
est of strong unimodalityi.e., logconcavity of the density functigrin connection
with optimization and mathematical programming

In Section 2it is shown that the logconcavity éfdoes not suffice to imply the
logconcavity of the density functions of all the epoch times of the underlying non-
homogeneous Poisson procgdswever in the main result of Section & is shown
that the logconcavity of, together with the logconcavity of the cumulative hazard
functionRare necessary and sufficient conditions for the logconcavity of the density
functions of all the epoch times of the underlying nonhomogeneous Poisson process

Turning to interepoch interval the main result of Section 3 it is shown that
the logconcavity of implies the aging property of logconcavity of all the interepoch
intervals of the underlying nonhomogeneous Poisson prothisss to be contrasted
with a result of Gupta and Kirmafi 1] which shows that if has the antiaginde-
creasing failure raté DFR) propertythen all the epoch times of the underlying non-
homogeneous Poisson process have this property

The nonhomogeneous Poisson process can be generalized to what we call a
relevation counting proces# relevation counting process arises when each failed
item is replaced by a working item of the same @alget the replacing item is not
identical with the item it replace§ome of our results are extended to relevation
counting processes in Sections 2 anth\@ also have studied some properties of a
discrete-time analog of the nonhomogeneous Poisson pr@sebthe results of our
study are described in Section 4

In order to prove our main resujise derive in the Appendix some preliminary
results which describe the interrelationships among the logconcavity properties of
R, andr; these may be of independent inter&dte Appendix also contains some
examples to some of which the main results in Sections 2 and 3.apply

In this article “increasing” and “decreasing” mean “nondecreasing” and “non-
increasing’ respectively

2. LOGCONCAVITY OF EPOCH TIMES

Consider a nonhomogeneous Poisson process with intensity fumatibich satis-
fies (1.1). As in the Appendixfor convenience we defingt) = 0 fort < 0, and if
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r (tg) = oo for somet,, then we define (t) = co for t = t,. The corresponding cumu-
lative intensity functiorR is defined byR(t) = fct)r(u) du t=0.

Let0O=Ty=T, =T, = --- be the epoch times of the nonhomogeneous Poisson
processDenote byf, the density function of,,, n=1. Then

f(t)=f(t)M t=0,n=1,; (2.2)
" (n—=1)1° ’ ’ '
this is Eq (3) in Baxter[3]. Note, in particular thatf, =f.

We have sought conditionas weak as we could findnder whicH,, is logcon-
cave A complete solution is given in Theoreml12Clearly if (A.1) and(A.2) hold,
thenf, is logconcave for each= 1. If we wantf, to be logconcavéor each n=1,
then(A.1) and(A.2) are also necessarthis is shown in the following result

THEOREM 2.1: The randomvariables T,, n=1, all have logconcae densities if and
only if (A.1) and(A.2) hold.

Proor: The sufficiency partisimmediate fro(@.1). In order to prove the necessity
part suppose that all thg's are logconcaverhen in particular f; = f is logcon-
cave that is (A.1) holds Assume thatA.2) does not holdthat is Ris not logcon-
cave This means that there exist somgt, € [0,00) and ane € (0,1) such that

alogR(t;) + alogR(t,) — logR(at; + at,) > 0,
wherea =1 — «. Now, from (2.1), we have
logf,(t) = logf(t) + (n—1)logR(t) —log((n—1)!), t=0,n=1
Therefore
alogf,(ty) + alogf,(t,) — logf,(at; + at,)
= alogf(ty) + alogf(t,) — logf(at, + at,)
+ (n—1)[alogR(t;) + alogR(t,) — logR(at, + at,)]. (2.2)

Thus for large enoughn, we see from(2.2) that alogf,(t;) + alogf,(t,) —
logf.(at; + a@t,) > 0—a contradiction to the assumption that all thes are
logconcave u

Baxter[3], Gupta and Kirmanf11], and Kochar{19] proved that ifX (with
density functionf) is IFR, then all theT,’s are IFR Gupta and Kirmanj11] have
also proven that i is IFRA [respectivelyNBU], then all theT,’'s are IFRA[re-
spectivelyNBU]. Herg in Theorem 21 we assume mor@ecause logconcavity of
f implies thatf is IFR, IFRA, and NBU) and we conclude more

From Propositions £ and A4 and Theorem .2 we obtain

CoroLLARY 2.2: If ris logconcave, then the randonaariables T, n = 1, all have
logconcae densities
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2.1. Epoch Times of Relevation Counting Processes

One interpretation of the epoch timés= T, = --- of a nonhomogeneous Poisson
process with intensity functionis the following Suppose a new item with hazard
rate functiorr starts to function at time.0t fails at timeT, and is then replaced by

a similar item selected from a pool of working items of dgéthis is the case when

an item is supported by a large number of identical warm standby jtthis pro-
cedure repeats each time an item failg;then is the time of thath replacemen®
common generalization of the above interpretation of minimal repair is the so-called
“relevation transform’(see Baxtef3], Johnson and Kotfl3], Shanthikumar and
Baxter[28], Lau and Rad22], and some more recent references in Fosam and
Shanbhad10]). In this mode) an item with life'Y; and distribution functiorK; is
replaced upon its failure at timg (here T, = Y;) by another item with lifey, and
distribution functionK,, but the replacement item is then of afie Intuitively, the
relevation ofY; with Y, is the time that the replacement item faiformally, the
relevation ofY; with Y, (or of K; with K,) is defined as the random variable with
survival functionH defined by

K, (t)
Ko (u)

The corresponding density functidris given by

H(t) = Ky(t) +ft dKy(u), t=0.

h(t) = kz(t)f t=0.

Ka(u )

For examplethe distribution function of the second epoch tifyf a nonhomo-
geneous Poisson process with intensity functimthe relevation oF (with hazard
rate functiorr) with itself. More generallythe distribution function of thath epoch
time T,, of that nonhomogeneous Poisson process istfudd relevation ofF (with
hazard rate function) with itself.

Let us generalize the nonhomogeneous Poisson process to what we will call a
relevation counting procesket{Y,,n=1,2,...} be a sequence of independent ab-
solutely continuous non-negative random variables with dendigyribution and
hazard rate functionls,, K,,, andr, respectivelyDefine

Ti = Yo, (2.3)
Tn :St [Yn|Yn > Tn_l]’ n = 27 (2'4)

where=¢denotes equality in layand for any evenA, the notation Y,| A] stands for
any random variable whose distribution is the conditional distributiory gfvenA.
The corresponding relevation counting process is the prddss t = 0}, with the
T,'s as epoch timegefined by

N(t) = sup{n: T,<t}, t=0.
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A relevation counting process is parameterized by a sequéhce = 1,2,...} of
life distributions When all theK,'s are identical the relevation counting process
reduces to a nonhomogeneous Poisson process

Let h,, denote the probability density function ©f defined in(2.3) and(2.4).
Then

hy(t) = ky(t), t=0, (2.5)

h,(t) =k (t)f t=0,n=2. (2.6)

K()

Let us denote

t
Uy (t) = f hn_fl(u) du, t=0,n=2
0 Kn(u)

Then
h,(t) = k,(t)U,(t), t=0,n=2 (2.7)

Thus if we find conditions which imply thak, andU,, are logconcavghen it fol-
lows thath,, is logconcaveThe following lemma is the first step in that direction

LemMma 2.3: If r,and k,/k,, 1 are logconcae for alln=1, then U, is logconcae for
alln= 2.

Proor: Recall that a functioysayr,, is logconcave if and only if,,(t — s) is totally
positive of order ATP,) (Karlin [14]); here and beloywe letr,(t) = 0, k,(t) = 0,
U,(t) = 0, andh,(t) = 0 fort < 0. The proof is by induction on = 2. First, write

U(t—s)zjool ()Mr(u—s)du
2 - (—oo,t](U (u — S) 2 3
wherel denotes the indicator functiofihe kernel _, ;(u) is TP, in (u, t), and the
kernel[ky(u — s)/ky(u — S)]ro(u — s) is TP, in (u,s) becausek, /k, andr, are
logconcavelt follows, by the Basic Composition Formu{&arlin [14]), thatU,(t —
s)is TR, in (t,s); that is U, is logconcave

Let nown = 3. Write

[ kn— _
Uy(t—5s) = foo |~ oo, 7(U) ﬁ Up_1(u—=9)ry(u—s)du

Again, |, (u) is TRyin (u, t) and[kn_1(u — 8)/Ky(u — 9)]U,_1(Uu—S)rp(u—s) is
TP, in (u,s) (by the assumptions and by the induction hypothettierefore by the
Basic Composition Formulat follows thatU,(t — s) is TR, in (t,s). u

The next result is an extension of Corollarg2

THEOREM 2.4: If r,, and k,/k, 1 are logconcae for all n= 1, then T, [defined in
(2.3) and(2.4)] has a logconcee density function = 1.
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Proor: From Proposition A2 we see that the logconcavity of implies the log-
concavity ofk,. By Lemma 23, U,, is logconcaveThe stated result then follows
from (2.7). u

The following examples point out some instances in which the conditions of
Theorem 24 hold and therefore the corresponding,’s have logconcave density
functions

Example 2.5 (Weibull distributions)if
kn(t) = Bnataileiﬁnta’ t = 0’

wherea =1, 8, > 0, andg, is increasing im, then(with the aid of Example 4&) it

can be verified that the conditions of Theorem Rold In particulay the epochs
times of a pure birth procesge., whena = 1) with intensitiess,,, increasing im,
have logconcave densitieeNote, however that this resultinvolving the epoch
times of a pure birth procegs true even if the intensitigs, do notincrease in; this
follows from the lack of memory property of the exponential distribution and from
the well-known fact that convolutions of logconcave densities are logconcave

Example 2.6 (Truncated extreme value distributions):

Kn(t) = Bebatti—e™ >0,

whereB, > 0 andfB, is increasing im, then(with the aid of Example /) it can be
verified that the conditions of Theoren¥zhold

3. LOGCONCAVITY OF INTEREPOCH INTERVALS

In Section 2Theorem 21 and Corollary 2), we gave conditions under which the
epoch times of a nonhomogeneous Poisson process have logconcave densities
this sectionwe turn our attention to the interepoch intervals

LetT,=T,= ... bethe epochtimes of anonhomogeneous Poisson process with
rate functiorr (as at the beginning of Section.2et X, =T, — T,_;, n =1, be the
interepoch interval®enote byg, the density function oX,, n=1. Then g, =f and

n—2 S)

(n—2)!

On(t) = Jooor(s) f(s+t)ds t=0,n=2; (3.1)

this is Eq (7) of Baxter[3].

THeoreM 3.1: If r is logconcae, then the randonwariables X,, n = 1, all have
logconcae densities

Proor: Rewrite(3.1) as

R"2(u—t)

gn(t—9) =Jioor(u—t) (n—2) flu—s)du, t,s& (—oo,0) (3.2)
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[here we use the convention thats) = 0 for s < 0 and also the fact théts) = 0 for
s< 0]. Because is logconcaveit follows by Proposition A4 thatRis logconcave
Thereforer (\)R"2(-)/(n— 2)!is logconcaveBy Proposition A2, the logconcavity
of r implies the logconcavity of. By the theory of total positivityit follows from
(3.2), using the logconcavity df thatg, is logconcave u

Gupta and Kirman(i11] noticed that ifX (with density functiorf ) is DFR then
eachX, is DFR At first glance this fact seems to contradict Theorem Because
logconcavity ofg, is a notion of agingwhereas DFR is a notion of antiagirtgow-
evert there is no contradiction between these two fdat$heorem 31, itis assumed
thatr is logconcaveand therefore by Lemma Al, it follows thatr is increasing
Thus under the conditions of Theoreml13 X (with density functionf ) cannot be
DFR unlessitis an exponential random variablewever if X is exponentiglthen
the underlying nonhomogeneous Poisson process is actually a homogeneous Pois-
son process anthen eachX, is exponentialthus X, has both propertie# is DFR
and it has a logconcave hazard rate fungtion

3.1. Interepoch Intervals of Relevation Counting Processes

Consider a relevation counting process as defined in Subsecfiparitl letT; =
T,= --- be the associated epoch times as defind@d.B) and(2.4). LetX,,n=1, be
the corresponding interepoch intervalsat is

X1 =5t Y1, (3-3)
Xn st [Yn - Tn71|Yn > Tnfl], n=2 (34)
The probability density functiog, of X, is given by
gl(t) = kl(t)’ t = 07

e Pt
r(6) = [ Hofu+ ) T2

where theh,’'s are defined in2.5) and(2.6).
The next result is an extension of Theorerh. 3

du t=0,n=2,

THEOREM 3.2: If ry and k,/k,., are logconcae for all n= 1, then X, [defined in
(3.3) and(3.4)] has a logconcee density function for all B= 1.

Proor: Write

hnfl(u - t)

Qn(t—5)=fwkn(u—s)mdu

[ o s(U— 1) kn(u— 1)
- J_wk“(“_s) k-1 RKu—p

Kn—1(u —t)

= f_ k,(u—1s) m Up_1(u=t)ry(u—1t)du.
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From Proposition A2, we see that the logconcavity pfimplies the logconcavity of
kn; thatis k,(u—s)is TR, in (u,s). By Lemma 23, we see that),_, is logconcave
Therefore[ky—1(u — t)/ky(u — t)]U—1(u — t)ry(u—t) is TP, in (u, t). The stated
result now follows from the Basic Composition Formula u

Examples 5 and 26 point out some instances in which the conditions of Theo-
rem 32 hold andthereforethe corresponding,,'s have logconcave density functions

4. LOGCONCAVITY IN DISCRETE-TIME PROCESSES

Discrete lifetimes arise in several common situations in reliability theory where clock
time is not the best scale on which to describe lifetifi@ examplein weapons re-
liability, the number of rounds fired until failure is more important than age in failure
Thisisthe case also when a piece of equipment operates in cycles and the observation
is the number of cycles successfully completed prior to failuwrether situationsa
device is monitored only once per time period and the observation then is the number
of time periods successfully completed prior to the failure of the dé@heaked et al
[26,27]). Further applications of discrete lifetimes in space exploratiepair facil-
ities, and rescue missions are described in Rocha-Martinez and Sfz#ed

In this sectionwe study a discrete-time process ttattany timei, either has a
jump of size one or has no jumphe probability of a jumpdenoted by;, may
depend on the calendar tinebut not on the past of the process before that time
Formally, let B; be independent random variables such that

P(Bi=1=r, )
PB=0)=1-1, '
and definez; = 31_; B, =12,.... Let
T,=min{j:Z;=n}, n=12,... (4.1)

(To=0); that is T, is the discrete time of theth jump We will assume thaifl;Z; (1 —
rj)=0,i=12,... (this ensures thaf, is finite with probability 1n=1,2,...). From
Knopp[18, p. 96], it follows that for each = 1,2,..., we have

[Ta-rH=0e>r =m0 (4.2)
j=i j=i
The discrete density function af is easily seen to be given by
i—1
p=PM=i)=r]l@-r1), i=12,.... (4.3)
j=1
A straightforward computation giveE!‘:l pp=1- H}‘:l(l — 1;). Thus indeed

assumptiori4.2) ensures thag; is a proper discrete density functighrelationship
between the,'s and ther;’'s is

e}

Iy = , |::L2,,

Mz

P;
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thatis ther;’s can be thought of as discrete-time hazard ratds (sfee for example
Shaked et al[26,27], Rocha-Martinez and Shakg23], and references thergin
Denotep,(i) = P(T,=1). Then py(i) = p; and

' i-1 -1 i—1 -1y i-1 .
pz('):riZrJH(l_rk):ri<H(1_rk)>2 : =pi2 ] , 1=2
i=1 " k#j k=1 i1l 11—,

Denoting
S thenr; = — 4.4
s—l_n enn—1+s , (4.4)
we thus get
i—1
p2(|):plzﬁa IZZ-
j=1
In order to obtain an expression fpg(i ) whenn > 2, denote
j=1
and by induction
0 ifi <n,
R,(i) =1 d n=2 4.5
o S sRea(j—1 ifi=n, 45
=1
Then the discrete density of, is given by
Pa(i) = piRy-a(i —1), i=nn=3 (4.6)

LetX,=T,— T,—1, N =1, be the interepoch intervalBenote
(i) =P(X,=1), i=1L
Then

(i) =p, i=1
A straightforward computation yields

(i) = 2 puis, i=1
=1
and recursively one obtains

qn(i)zzij%Rnfl(j_l), iZl,nZS.
j=1

Remark 4.1:Before we proceed to derive some properties of THis and of the
Xu's, let us interpret these in some practical terms
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One way to view an item with a discrete lifetirfig with discrete-time hazard
ratesr;, is to imagine that it is associated with a list of taskembered 2,....
Associated with any taskthere is a probabilityr;, of failure of the item during the
execution of that task he tasks are executed in sequence until the first failthres
the probabilityr; is really the conditional probability of failure to execute task
given that the previous tasks?]...,i — 1 have been successfully executkdol-
lows that the lifetimeT; of the item can be interpreted as the number of the task at
which the item failgsee Rocha-Martinez and Shakeg,24]).

In these termsthe stochastic model of the present section corresponds to the
following situation An item, associated with the failure probabilitiése., discrete-
time hazard rates;, executes sequentially its tasks until its failuressty taski,

[i.e, T; =iy, whereT; is defined in(4.1)]. Upon failure the item is replaced by a
similar live item which then proceeds to execute tagk 1 and the following tasks
Suppose that this second item fails for the first time at tafke., T, = i», whereT,

is defined in(4.1)]. Itis then replaced by a live item which then proceeds to execute
taski, + 1 and the following tasksand so forth

Note that in this modek task at which an item faile.g., tasksi, ori, above
etc) is skipped and is never perfectly executed! This may be a reasonable model in
some situationge.g., when the item is an electric breaker which is checked only at
the end of each montland if it found to be defective at the end of the montbay
thenitis replaced by another breaker which is ready to work in miohthonward.
However the present model may not be a proper one when all tasks must be per-
fectly performed in their particular ordée.g., when the item is a repair facility with
a fixed list of jobs that must be executed in a particular orderorder to model the
latter situationan item which fails at timemust be replaced by a similar item which
then starts from the execution of tagkather than task+ 1) onward Of coursethe
replacement item also has a probabitityf failure to execute task and in case of
such a failureit is replaced once more by a working item in order to eventually
perfectly execute taskWhen the particular application is of this kirttie stochas-
tic model of the present article does not apply to it

We now proceed to derive some logconcavity propertiep,6f) and q,(i).
Such properties have been studied in KeilgbB] and Keilson and Gerbét6]. For
example Keilson and Gerbelrl6] have noticed the equivalence of discrete strong
unimodality and discrete logconcavifihey pointed out the theoretical and practi-
cal importance of discrete logconcavity in statistics and in optimization theory

We first need to obtain some technical preliminarkésst, note that thes’s and
thep,’s determine each other

S 5= Pi
_Hl(1+%) P
i

j=i+1

o = . i=1 (4.8)

We remark that the above relations show thas close tg but is not the common
hazard rateHowever it has some properties similar tp. The next lemma is an
instance of this assertion—it will be needed later in the sequel
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LemMA 4.2: Letr, €[0,1) ands=0,i=12,..., be related as ir{4.4). Then for
every i=12,...,we hae thatX;Z;r; = co if and only if X2 § = co.

Proor: Because for every= 0 we have
> min(L1) = —— =min(10
—min = —— =min ,
2 1+t

it follows that the series>”; s [see(4.4)] diverges if and only if the series
>Zimin(1,r;) diverges The latter series diverges if and only if the serfég,r;
diverges u

Consider the following conditions

p: is logconcave in = 1, (4.9)
R,(i) is logconcave in = 1 foralln=1, (4.10)
s is logconcave in = 1, (4.11)
s isincreasing in = 1. (4.12)

We will show below the following interrelationships among these conditions

e (4.9) N
(4.12) (4.12).

S (4.10)

LeEmma 4.3: (4.11) = (4.12).

Proor: Suppose th& is logconcave and thatis not increasingThen for somei,
we haves; — s ;= a < 0. Therefore

1-31_ % g

S, S,

By logconcavityfor i = i, we have

S‘—7123071=1—1>1.

S S, S,

DenotingB = 1 — a/s,, we have

s=Blsa=--=p s, iz

Note that3~! < 1. Therefore

i=ig i=ig

By Lemma 42, the last inequality contradictg.2). u
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Using Lemma 43, we obtain the following implication
Proposition 4.4: (4.11) = (4.9).

Proor: Note thatp; is logconcave inif and only if p; p; 1 » = p2, fori = 1. In order
to obtain this inequalitywe computeusing(4.8),

S Si+2
it2

[Ta+s) [Ta+s)
j=1 j=1

Pi Pi+2 =

2 SS-2
(; 1(l+%)> (1+s:)(1+s52)

( H(1+ %)>_ S
j=1

(1+s:0)(1+s41)

IA

— N2
- pi+l’

where the inequality follows from the logconcavitysfs s, » = s% ;) and from the
monotonicity ofs (s, = S.,) which follows from Lemma 4. n

Proposition 4.5:(4.9) = (4.12).

Proor: By the logconcavity op;, we have

By Bn forj=i.
pi pi+1
Therefore
R R < o EF SR < T o T
- = —— = —, i=1L
j=2i;rl P j=i2;1 Pi+1 i;i;rZ Pisa
Sq by (4.8),
§=—— =D g "
P 2p
j=i+1 j=i+2

Proposition 4.6: (4.11) = (4.10).

Proor: We prove thaR,(i) is logconcave in by induction om. Using the theory
of total positivity, it is seen from(4.11) thatR,(i) is logconcave in. Suppose that
R,_1(i)islogconcave im. Then 5 R, (i — 1) is logconcave in, and from(4.5) and
the theory of total positivitywe get thaiR,(i ) is logconcave in. u

We are now ready to state and prove the main results of this seatiscrete-
time version of Corollary 2 is the following theorem

THEOREM 4.7: If s; is logconcae, then p (i) is logconcae in i for each n
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Proor: From Proposition 44, we see thap; is logconcave in. From Proposi-
tion 4.6, we see thaR,,_,(i — 1) is logconcave in. The stated result thus follows
from (4.6). |

A discrete-time version of Theorem13is the following result
THEOREM 4.8: If s; is logconcae, then q(i) is logconcae ini for each n

Proor: Rewrite(4.7) as

gn(i — k) = . Z P-k§-iRn2(j—i—1).
j=—o0
By Proposition 44, p; is logconcaveBy assumptions is logconcaveFinally, by
Proposition 46, R,,_1(i — 1) is logconcave in. By the theory of total positivityit
follows thatq,(i) is logconcave in. |

Remark 4.9:1t is seen from Theorems 4 and 48 that the logconcavity of is a
crucial assumption in the present stu@ne may wonder whether the logconcavity
of r; implies logconcavity of or vice versalt turns out that the logconcavity &f
implies the logconcavity of;. In order to see jtnote that the logconcavity of
impliess;; = s?/s_,, and becauss.,/(1+ s.,) is increasing irs ;. ,, we have

S _ S5 ¥ (4.13)
1+s. 1+8/s; s+ '
Thus
 S1 Sa S 1 s s
lioqfiva = = = =TIy,

1+s,1+sy; 1+s.,35,+s (1+5)?

where the first inequality follows frorfd.13), and the second by a simple straight-
forward computation

On the other handhe logconcavity of; does not necessarily imply the log-
concavity ofs. Suppose, = 3,1, =3, andr; = 7 fori = 3. Then r, is logconcave
buts;s; > 2.

In the following examplewe describe a random variable with associaés
that satisfy the assumptions of Theorems @nd 48.

Example 4.10:For a fixedd € (0,1), define
I’iIl—Hi, |::L2,.

Let T, be a discrete random variable with the hazard rgtdss discrete probability
density functioncomputed vig4.3), is given by

p=PM=i)=00121-0"), i=12...
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It is easily seen that the abovgs satisfy (4.2) and therefore T, is finite with
probability 1 The corresponding sequencess$ is given by

r; 1 1 =12
= =— — i=212,....
| 1-r, 6

Because

2

02i 62| ’

B (1_ eifl)(l_ 0i+1) _ (1_ 0i)2 _

S-1S+1 =

it is seen thas is logconcaveTherefore by Theorems 4 and 48, with the inter-
pretation described in Remarki4the associated discrete times of minimal repairs
T, T,,... [defined in(4.1)] and the associated discrete times between minimal re-
pairsXy, X,, ... [defined beford4.6)] have logconcave discrete density functions
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APPENDIX: RELATIONS AMONG LOGCONCAVITY PROPERTIES

Consider a hazard rate function{i.e., r: [0,00) — [0,00] and(1.1) holdg [for conveniencg
we definer (t) = 0 fort < 0, and ifr (tp) = oo for somety, then we define (t) = oo for t =t ].
The corresponding cumulative hazard functiis defined byR(t) = fg r(u) du, t=0, and the
corresponding probability density function is given(in2). Finally, the corresponding sur-
vival functionF and distribution functiorF are given by

F(t) = foo f(s)ds=e RO, F(t)=1—-F(t), t=0.

Consider the following conditions

f is logconcave (A1)
Ris logconcave (A.2)
r is logconcave (A.3)
r is increasing (A.4)
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We will show below the following interrelationships among these conditions
A.l
_ (AD

(A3) 4 (A4
> (A2) £

LEmMA A.1l: (A3) = (A4).

Proor: First suppose thatis differentiablethatitis logconcaveand that it is not increasing
on[0,00). Thenr is strictly decreasing at some potptvith slopea < 0, say Thereforelogr
is strictly decreasing ag with slopea/r (o). Note thatr (tg) < oo; otherwisethe support of
is a subset of0, ty] and thus r is not strictly decreasing #&. From the concavity of log it
follows that logr is strictly decreasing oftg,c0). In fact,

L
A oart) = -2 t=t.
dt g 0

r(to)’
that is
PO _ e ey,
r(t)y  r(t)
or
r(to)
r(t) = r'(t), t=t, (becauser < 0).
o
Thus

f r(t)ydt= @ f r'(t)dt= @ [r(o0) —r(to)],
to a to ¢4
wherer (c0) = lim_,., r (t); the latter limit exists because logs strictly decreasing ofrtg, ).
Now, because(ty) is finite andr is decreasing ofto, ), it follows thatr (co) is also finite and
therefore f[: r(t) dt < co. This contradict$1.1).

Now suppose thatis not differentiable everywheybut that it is logconcave and that it
is not increasing ofi0,c0). Sincer is not increasing it follows by logconcavity that it is first
increasing and then decreasiagd hence it is boundeblow convolver with a sequence of
Gaussian densities with means 0 and with variances goingrtioedconvolutions are logcon-
cave because and the Gaussian densities are logconcavel logconcavity is preserved
under convolutionsAlso, the convolutions are differentiablBy Fubini’'s Theorem the inte-
grals of the convolutions are infinitBy the previous paragraph each of these convolutions is
increasingotherwise the integral of a convolution that is not increasing is finite—a contra-
diction). Sincer is continuous(by (A.3)), the limit of these convolutions is Hencer is
increasingthat is (A.4) holds

Proposition A.2.(A.3) = (A.1).
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Proor: The proof uses Lemma.A above and the ideas in Lemma. »f Di Crescenzo and
Pellerey{8]. Rewrite(1.2) as

t
logf(t) = logr(t) ,f r(u) du.
0
From Lemma Al, it follows thatr is increasingtherefore —fgr(u) duis concave irt. Also,
logr(t) is concave by assumptiofhus logf(t) is concave n

The following proposition is a well-known resustee Lemma 8 of Barlow and Proschan

[2].
Proposition A.3:(A.1) = (A.4).

Note that at a first glancé looks as if Lemma Al is a corollary of Propositions.& and
A.3. Howeverthis is not the case because Lemma i used in the proof of Proposition2&
The following result follows from the theory of total positivitiKarlin [14]).

Proposition A.4: (A.3) = (A.2).

We complete the analysis of the conditioi#s 1)—(A.4) by listing some common life
distributions pointing out the values of the parameters under wli&h), (A.2), (A.3), or
(A.4) hold. Some of these examples can be used to construct m@dedsigh the correspond-
ing nonhomogeneous Poisson progéssvhich the results of Sections 2 and 3 apjli also
give below two counterexamples which prove the counterimplications noted earlier

Example A.5 (Weibull and exponential distributiong)ora > 0, the functionR,, defined by
Ruc(t) = toz, t207

is the cumulative hazard function of the Weibull distributi@he corresponding hazard rate
and density functions are given by

r,(t) = ety t=0,
f (1) = atele ', t=0.

Now, R, is logconcave if and only i& > 0. On the other hanakach of(A.1), (A.3), and(A.4)
holds if and only ife = 1. Thus whena € (0,1), we see thatA.2) # (A.4) [and hencealso
for (A.2) & (A.1)]. Whena = 1, the Weibull distribution reduces to the exponential distri-
bution for which(A.1)—(A.4) hold.

Example A.6 (Pareto distribution)The functionF defined by
F)y=@1+t)™Y t=0,

is the survival function associated with the Pareto distribufitve corresponding cumulative
hazard hazard rateand density functions respectively are given by

R(t) = log(1+t), t=0,
rt) =(1+1t"%4 t=0,
f)=1+1t)"2 t=0.
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Clearly R is logconcavebut (A.1), (A.3), and (A.4) do not hold This provides another
example in whichA.2) & (A.4).
The following example shows théA.1) & (A.2).

Example A.7 (Uniform distribution)The density function of the uniform distribution on
[0,1] is given by

f(t) =1 te[01].
The corresponding hazard rate and cumulative hazard functions are given by
rt)=@2Q-t"% te[o1],
R(t) = —log(1—1), t€[0,1].

Clearly, f is logconcaveso (A.1) [and therefore also(A.4)] hold. On the other handR is
not logconcaveso (A.2) [and therefore also(A.3)] do not hold

Example A.8 (Truncated extreme value distributioijie functionR defined by
Rit)y=¢€e'—1, t=0,

is the cumulative hazard function of the truncated extreme value distribUiti@rcorrespond-
ing hazard rate and density functions are given by

r(ty=e', t=0,
f(t) = el*t¢ t=0.
Clearly r is logconcave andherefore (A.1)—(A.4) hold.
Example A.9 (Truncated logistic distribution}:he functionf defined by
f(t)=2e'(1+e) 2 t=0,

is the density function associated with the truncated logistic distribLifibe corresponding
hazard rate and cumulative hazard functions are given by

rit)y=et(l+e") % t=0,
R(t) =log(1+e') —log2 t=0.

It is easy to verify that the derivative of lagis decreasingthat is r is logconcave and
therefore (A.1)—(A.4) hold.

Example A.10:The functions'; andr, defined by
rit)=t@+t)y*+log(l+t), t=0,
r,(t) =1+tanht, t=0,

are hazard rate functions discussed in Block and dbét is easy to verify that the derivatives
of logr; and logr, are decreasinghat is r; andr, are logconcave

The following counterexample shows th{At1) & (A.2) even if the underlying support
is [0,00).
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Counterexample A.11t et

r(t) =tet”2 t=0.

Then
Rt)=e”2-1 t=0,
f(t) = te72e~¢"*+1 (=0,
Now,
d? 1 5 1
e logf(t) = e +1-(1+t?)el”?= o +1—-(1+t?)=<0, t=0.

Thus f is logconcave
Now, let us check the logconcavity & We compute

2
el”? t

d
m logR(t) = 21 1-e 72 t=0.

Note thaf using L'Hbpital’s rule we have

1

. d , t .
M ar 09RO =i e M e

and

li d logR(t) = i ! =

tl_)h; dt ogR(t) = tfl 1—et72 -
However d/dtlogR(t) =t/(1— e~t?/2) is finite for anyt € (0,00). Therefored/dtlogRis
not monotongand hence R is not logconcave

The above examples and counterexample show(tha) & (A.3) and(A.2) & (A.3).
The following counterexample shows that even if b@ihl) and(A.2) hold, it still does not
follow that (A.3) holds
Counterexample A.12L et

t2
I’(t)=5+t+2, t=0.

Then
d | ) t+1 0
“loar(t) = ———
dt 9 t¥2+t+2 ’
d? l0gr () —t2—-t+1 0
—logr(t) = ———7"+ .
dz 9 (t¥2+t+272

The latter expression is positive for sma#ind thereforer is not logconcave
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Next,
3 2
R(t)=—+—-+2t, t=0.
(t) st 3
Thus
dI R(Y) 3t2+6t+12
o -
dt 9 t3+3t2 + 12t
d2I R(t)—_3t4_12t3_18t2_72t_144< t=0
a2 29T = (t3+ 3t2 + 12t)2 T
Therefore Ris logconcave
Finally,
t2 t3 12
logf(t) =1 —+t+2|-(=+—=+2
ogf(t) og<2 t ) (6 2 t
d| f(1) trl <t2+t+2> t=0
— 10 = oA . A ~ ’ ]
dt 9 tZ2+t+2 2
d? —t¥2—-t-[t+D)(t¥2+t+22-1
— logf(t) = / Lt + Dty ) ]< t=0.
dt? (tZ2+t+ 2?2

Thereforef is logconcave
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