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Abstract Central Cantor sets form a class of symmetric Cantor sets of the real line.
Here we give a complete characterization of e regularity of these Cantor sets.

We also give a classification of central Cantor sets up to global and local diffeomorphisms.
Examples of central Cantor sets with special dynamical and measure-theoretical properties
are also provided. Finally, we calculate the fractal dimensions of an arbitrary central
Cantor set.

0. Introduction

Central Cantor sets in the real line form a particular but interesting class of Cantor sets.
They are constructed in a simple way, and are useful in providing examples in several
mathematical contexts. For instance, in analysis they can be used to prove the sharpness
of some recent results concerning the classical Morse—Sard theM2in Even more
abundant are their applications in dynamical systems. In particular, they were used
by Bowen Bo] to construct a horseshoe of cla€$ with positive Lebesgue measure

(see also our Example 4.1), and by Sanna8d [and by Bandn et al [BPV] to give
examples of regular Cantor sets whose self-arithmetic difference is a Cantor set with
positive measure. Here we discuss a general class of such examples (see Example 4.2).
This is related to a conjecture of Palis (s&&]).
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Regular or dynamically defined Cantor sets constitute an important class of subsets of
the real line that naturally appear in dynamics ($8€,PT1, PT2,P1,P2 M1, N]). In this
paper we give a complete classification, for any intdger 1 anda € [0, 1], of central
Cantor sets that admit a structure of regular Cantor sets of €l&ss (Theorem A), as
well as a classification of central Cantor sets up to global and local diffeomorphisms
(Theorem B). The present work, although self-contained, is a natural continuation of
[BPV].

We are able to find the explicit and simple conditions for the characterization and
classification ofC** regularity of central Cantor sets, given in Theorems A and B,
because of the simple and symmetrical structure of this class of Cantor set. This contrasts
with the conditions for regularity of more general classes of Cantor sets in the line (see
[S,BF,PR,PrT)).

1. Basic definitions and statement of results

Let L = (A)ren+ be a sequence of real numbers satisfying @; < % for all k € N*,
and let/ C R be a closed interval. We defirthe central Cantor seK, ; associated
to the sequencg with support interval | as follows. LetPﬁ, = I. For eachi € N*,
P)(", is the set consisting of Zlosed disjoint intervals obtained fro ’f,l by removing
from each of its intervals the central open interval of proportioa 2i;. We call these
removed intervals thgaps of theth stepof the construction oK ,, and the intervals
of P{, the fundamental intervalof the ith step of the construction of, ;. Finally,
definek;, ; = NXo Py ;.

Leta = |I| be the length of the intervadl. Then the length of anyth step fundamental
interval isa - m,, whererm, = m,(1) = II'_,2;, and the length of anyth step gap is
a - 8ns Wheregn =g =1Q- 20n) 001

When we do not state the intervalwe will assumel = [0, 1] and we will use the
notationsk, and P} instead ofK, ; and P; ,.

Now let us define an important class of Cantor sets which naturally appear in
dynamical systems. We say that a Cantor et R is dynamically defined or regular
if:

(i) there exist compact disjoint interval§y, Ko, ..., K, such thatk ¢ K; UK, U
-.-UK, and the boundary of eadk; is contained ink;
(i) there is an expanding map : K1 UK, U--- UK, — R such that:
(@) foreachi =1,...,r, ¥(K;) is the convex hull of the union of some intervals
K;'s;
(b) for eachi =1,...,r, andn large enoughy™(K NK;) = K;
(€ K=o " (K1UKU---UK,).

We call {K1, K>, ..., K,} aMarkov partitionfor K andD = K;UK,U---UK, a
Markov domain ofK.

We say that a Cantor set iegular of classC* (respectivelyC**®) if v is a C*
(respectivelyC**) function. In many applications we restrict our attention to regular
Cantor sets which are at leagt** for somee > 0.

The main goal of this work is to characterize the central Cantor sets which are regular
of a given class of differentiability. We also classify central Cantor sets up to global and
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local diffeomorphisms. We have the following results.

THEOREM A. Let K be a central Cantor set defined by the sequenee (1;);en+. Then
K admits a structure of a regular Cantor set (of class at le@d} if and only if there is
r € N* such that the following conditions hold:

. )\n r
(@ lim ooy,
n—0o0 n
1= 20
b) Iim —— =
(0) fim = =1,

(c) the sequencéi, i1 - A,i2-- - Anir)nen CONverges to some # 0.

Letro = min{r € N* : conditions(a), (b) and (c) above hold, and letk € N*. Then
K admits a structure of a regular Cantor set of clag$ if and only if the following
equivalent conditions hold:
|)\n+l . )Nn+2 e )\nJrro - )‘|

@ lim =) =0, wherex = lim X,q1---Ayppg
n—00 n'n n—00
- : |)\n+l . )‘n+2 o )\'l’lJrro - )‘|
(i) nlinoo 2. Gk—=Dn/ro =0.
If kK > 1 then these conditions are also equivalent to the following:
(i) foreachj = 1,2,...,ro the sequencér,,,+;).en cONverges to some; € (0, %)
such that
|)"ron+j - /*Lj|

lim

n—o0o )\_(k—l)n = Os J = 1, 2, ..., 10

We havel = pug - o+« iy,

Letk € N* anda € (0, 1]. ThenK admits a structure of a regular Cantor set of class
C**e if and only if the following equivalent conditions hold:

|)‘n+1 e )‘n+ro B M <

N )
(i) limsup iia 00;
n—o00 Ty

o : |)‘n+1 e )\n+r - )¥|

/ 0 .
(” ) I"y:rLsolon Ak=1+a)n/ro < 0o,
. |)\) n—+j _/1'|
i) limsup—*__ % o, j=1,2,...,r0.
(iii) M SUP— Gt J
Remarks.

e Condition (iii) above does not necessarily hold whiee: 1. In fact, we will show
1

that if 0 < a < b < 5 then there is a sequenge= (1,),cn dense in &, b] such
that K, is C! (see Example 4.3).

e It follows from the above that; # 0, j = 1,2, ..., rg, SiNCeW1 - o+ thry = A.
Moreover, if K is regular of clasC?, ¢ = k or ¢ = k + «, with ¢ > 1, then
Wi < %,j:l,Z,...,ro.

e The condition in order forK to admit a structure of a regular Cantor set of class
C* is that the equivalent conditions (i)—(iii) must be satisfied for elaehN*.

e  We will use Theorem A to provide examples, for each 1,g =k orqg =k +«
andc € [0, 2), of central Cantor setX, which are of clas€C? but not of class
Ccite, for all ¢ > 0, such thatk, — K, = {x —y : x,y € K,} is a Cantor set o

Lebesgue measure.
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e To endowK with a regular structure we need a Markov partition with at ledst 2
intervals. For example, the central Cantor kt3, 1, 2. 1. ..} is C” for every
r € NU {w} with a Markov partition of four intervaIst.
THEOREM B. Let K, ; and K; , be two central Cantor sets. Then there isCd
diffeomorphismy : I — J such thatp(K, ;) = Kj, if and only if the following
conditions hold: R

o 1-25,

M nlinoo 1-2xn, L

o T (G)

(i) J@m Gy a#0.

In this case there is such a diffeomorphism satisfyiigx) = a(|J|/|1]), for all
x € Ky, ando(P ) = er,J' for all » € N, i.e. ¢ preserves the structure of central
Cantor sets.

Letk € N*. There is such a diffeomorphism of class if and only if
iy fim 83 —as @l _

n—oo (gu(M))*

If & € (0, 1] then there is such a diffeomorphism of cl&¥s™ if and only if
T |gn(A) — agn(&)'
(iii )Ilznﬁsogp (2, )+

Necessary and sufficient conditions for the existence of a local diffeomorphism
(respectively a local diffeomorphism of cla€$, ¢ = k org = k+o, k € N*, € (0, 1]),
¢ U — V suchthaty(UNK, ;) =V NK; ;, whereU andV are open intervals and

U N K, # 9, are that the corresponding conditions above should be verified for some

1", p ez, instead ofx, wherei” =7, if n+ p > 1 andi{”’ = 1/3 otherwise.

As a consequence of Theorem B, we conclude th&,ifhas the structure of &4
regular Cantor sely =k org =k + o, k € N*, o € (0,1], and ifg > 1 then there is
a C? diffeomorphisme : [0, 1] — [0, 1] such thatp(K,) = K;, whereJ is the periodic
sequence defined by, = u;, wheren € {1, 2, ..., ro} satisfyn = n (modro), s being
as in Theorem A. Note thak; is an affine Cantor set in the sense BfT].

Finally, we compute the fractal dimensions of a central Cantor set. For each interval
I and sequencg = (A,)uen:

n

T(KAJ) = ‘L'(KA) = inf

neN 1—72%;
. . )\’n
* Too(Kyr) = Too(K) = liminf 7—=7-
. —nlog2
d(K, ) =d(K;) = limsup——;
o A =d(Ky) =limsupZ
—nlog2

o HD(Kyp) = HD(K;) = lmint - =2,

2. The structure of diffeomorphisms of central Cantor sets

In this section we shall prove results that combinatorially characterize diffeomorphisms
and local diffeomorphisms of central Cantor sets.
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PrROPOSITIONL. Let K1 = K, j, and K» = K; 4, be two central Cantor sets, and |ét,

V be two intervals such thatU N K; = ¥ anddV N K, = 0. Lety : U — V be aC?

diffeomorphism such thagt(U N K1) = V N K,. Then for any > 0there existn, ng € N

such that:

e UNK;=(U",I,)N Ky, wherel, is a fundamental interval of thegth step of the
construction ofKy, r = 1,2, ..., m;

o |Ll=|Ll==|l4<¢

e ¢(I,) is a fundamental interval of the construction&$, r = 1,2, ..., m.

Remark.We can substitute the hypothes®s N K; = # anddaVNK, =@ by U N K;
andV N K, are open and closed iK; and K,, respectively.

Proof. First we give some definitions. L&t be a Cantor set. fap of K is a connected
component of its complement, perhaps unbounded. We say that an infebetiveen
two gapsUsi, U, of K is abridge if |U;| > g|U2| or |Uy| > §|U1|, and there are no
gapsU contained inJ with |U| > gmin(|U1|, |U2]). Note that a bridge of a central
Cantor set must necessarily be a fundamental interval of some step of its construction.
In fact, a bridge must lie between two gaps of different st&psU,, whereU;, say,
corresponds to a more advanced step thignand if the interval betweety; and U; is
not a fundamental interval then it must contain a gap of the same stép afd hence
with the same length of/;, thus it cannot be a bridge.

We say that thetth step of the construction of a central Cantor Kgt; is agood step
if g.(1) > 3g,,(1), for all m > n. In this case, ifg;(1) > £g,(2) then any fundamental
interval bounded by a gap of th¢h step and a gap of theh step of the construction of
K,.; must be a bridge. Also, note that there are arbitrarily advanced good steps for any
K,.;. In fact, if this is not the case, then there exist sufficiently latrgesuch that for
n > ng there ism > n with g,,(A) > %gn@), but this implies that for a positive constant
(fixed) C and infinitely manyr € N, g,(A) > C - (%)", which contradicts the fact that
&) < <@L oo

Now we can decomposeé = U1 U1 UU,U---UI, UU,,1, for somef € N, in such
a way that for each, U; is a gap ofKy. More preciselyU; and U, are intersections
of gaps ofK; with U, and}; are fundamental intervals &, such that

')l _ 10
cves W T 9

Here, if}; = [a, a + 8], S}; denotes the intervab[— 25, a + 3§].

Let np € N be such that thegth step of the construction df; is a good step, the
fundamental intervals of thigoth step have length less thanand each of the gaps of
this step have length less thénninlﬁ,-sulﬂﬁﬂ). We will prove that the fundamental
intervals of thisngth step contained i/, say /i, I», ..., I,, satisfies our statements.

We must prove thap(/;) is a fundamental interval o, 1 < j < r. Let us consider
the decomposition of one of these intervadjs corresponding to thegth step of the
construction ofK1, sayf, =1,UU UL, 1U---UUx_1U I, > 1, WhereU; are gaps,
and the decomposition is given in increasing order of the intervals. Then, by the above
construction/,, lies betweerﬁ, andUy, where| (7,| > 2|U;|, and any gap contained if,
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has length less than or equal?tl/ﬂ So, since sup,s7. [9'(M1/le'(x)] < (estimated
distortion ofg in SI) o(Iy,) lies betweerqo(U ) ande(Uy), Where|gp(U )| > 5|go(U1)|
and any gap contained (/) has length less than or equal §%|¢(U1)| < 6|<p(U1)|
hencey(1,) is a bridge and therefore a fundamental interval.

Now let us consider the decomposition of corresponding to a good step of the
construction ofk; such that the gaps of this step have length less gtmm1<,<zx (U:)),
sayl, = I;UU,UI,U---UU}_,UI,. Note that each interval is decomposed into
a union of gaps and”2*® of the intervalsl/, m < £ <m+2°' — 1. More precisely/,,

is the convex hull of 02", I, . ... We know thaty(/,,) is a fundamental interval ok
and, by the same reasap(l,) is also a fundamental interval &>, say of then;th step.

Now we will prove thaty send the gap#/;, Uj, ..., Uj,_, of the same step of the
fundamental mtervalsV into the gaps of the:;th step contained ||aa(1 ). First of all,
(p(Ul) is the first gap afte:o(ll) which is the first gap of the th step contained in
¢(1,). Suppose by induction, that(Uy,_,) is thekth gap of then,th step contained in
().

We have|U,, ,,| = |Uj_,|, and the left end o, , is at least 2|1, | after the right
end of Uj,_,. Then, because of the distortion estimatepofp(Us,, )| > 2le(Us_y)l,
and the left end ofp(Uy,) is at Ieast§|go(1§k)| > §|¢(Ii)| after the right end
of (Ul _p)- T~hus, eitherp(Uy. 1) = Viy1, the (k + Dth gap of then;th step
contained ing(I,), or (Uy,,) is after Vi,;. The last case cannot occur, because
[Vig1l = Vil = lo(U%_,)|, and the left end oV, is at least §p(1;)| after the right
end ofp(Uy,_,), and so, by the same argument applied with instead ofp, ¢ ~1(Vj41)
would be a gap oK, betweenUy, _, and U}, , ,, which lies at leas&|I;| = 3|1}, | after
the right end ofU), ,, satisfying|e=*(Vii1)| > %|U§k_1|, which is absurd. Thus our
claim is proved.

SinceU,-,, = U,, 1 <r <2 — 1, we have, by the construction ¢f, thatU,,,, is
a gap that lies betweetlt;, ., , andU,, ,, ., and|U,, .| > 2|Uz-s, 1|, SO(p(Ué[, .) IS
a gap that lies betweeVh, -1, and Vars-1,41 and|o(Us,-,)| = 2| Vor-is,|, S00(U),-.,)
must be the unique gap of the older step betw&gn.-1, and V-s-1,,3. This proves
that ¢ (7,4,) is the convex hull of the union of?2* consecutive fundamental intervals
of the nith step of the construction of,, 0 < r < 2° — 1, and sincep(l,) is itself a
fundamental interval of the construction &5, all the ¢(Z,4,), 0 <r < 2° — 1, must
also be fundamental intervals of the same step of the constructi@®.of O

COROLLARY 1. Let K, ; and K3 , be two central Cantor sets, and lgt: / — J be aC*
diffeomorphism such thaup, ., l¢'(y)|/1¢'(x)| < 4ande(K,.1) = K;_;. Theny maps
the decomposition of theth step ofK;, ; into the decomposition of theth step ofK; ,,
i.e.p(P) = P, for all m € N. .

Proof. Let m € N, and consider the decompositidn= I; U U U --- U Upn_1 U Ion Of
the mth step of the construction o, ;. By Proposition 1, there existsy € N such
thatif I = [;UUjU---UUj,,_4 U, is thength step of the construction of, ; then
ILl=1Ll=---= |1§,10| < |I1], andg(I)) is a fundamental interval of the construction of
Ky, r=1,2,...,2%. But then allp(I]) must be fundamental intervals of thgth step
of the construction oK, otherwise there will be fundamental intervalél; ) of a step
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before thenoth andy(7),) of a step after theoth, and we will haveg(1))|/1¢(1),)| > 4,
which is a contradiction sinc;, | = |/;,| and sup ,; l¢'(»)|/l¢'(x)| < 4. This proves
our result for thength step of the construction of; and a fortiori for the mth step,
which is less advanced than thgth. O

COROLLARY 2. Under the conditions of Proposition &, maps decompositions éf into
fundamental intervals and gaps into the corresponding one$bj, 1 < r < m, provided
the I, are conveniently chosen. In particulag, maps sufficiently small fundamental
intervals ofK; into fundamental intervals of,.

Proof. This is an immediate consequence of Corollary 1, sincE is a central Cantor

set and! is a fundamental interval oK, then’ N K is itself a central Cantor set, and
we have sup,, ' (»)|/lg'(x)| < 1—90 <4, 1<r < m, for I, obtained as in the proof
of Proposition 1. O

Example 2.1Let 1 € (0, %), and K, = K,, wherei, = A, for all n € N. Then there
are C* diffeomorphismsy : [0, 1] — [0, 1] such thatp(K;) = K;, whose distortion
Dy = sup, .11 19" (MI/l¢'(x)| is arbitrarily close to 1)2. In fact, define

X

. x €[0, 2?7
PX) =1 x+1-21+1% xe[M1—21), 1]
Ax+1—2 xe[l—x,1]

Note that [Q A] is a fundamental interval oK, but ¢([0, A]) = [0, 1 — A + A?] is not.
Letting A tend to, we see that the constant 4 in Corollary 1 is the best possible.

PROPOSITION2. Let K1 = K, ; and K, = K; , be two central Cantor sets, and
let 9 : U — V be acC? diffeomorphism, wherd/ and V are intervals such that
int(U) N K1 # @ ande(U N K1) = V N K,. Then there exisp € Z such that

1- 2%, Ty (A
lim — =2 —1 and lim Tusp@)
n—oo 1 — 2A, n—oo 1, ()

’

for somea # 0. We also have thap'|,v is locally constant. Lek € N*. If ¢ is C¥,
then there exisp € Z as before such that

lim |gn+p(A) - agn(&” -0 and lim |7Tn+p(A) - ann(&” —
n—>00 (8n (W) n—00 (2 ()

If « € (0,1] and g € C**= then there exisp € Z as before such that

Iimsuplg”J"é’;&());)ff:@)' <oo and Iimsup|nn+€7-i&z););iln(&)l

Proof. We can, if necessary, reduce the intervdl to satisfy the hypothesis of
Proposition 1. We will restrict our attention tg;;, where/; is one of the fundamental
intervals obtained in Proposition 1, Corollary B.is a fundamental interval of thepth
step of the construction of;, for someng € N, ande(l;) is a fundamental interval of
the (ng + p)th step of the construction ok, for somep € Z, such that, forr € N,
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¢ maps fundamental intervals and gaps of the + r)th step of the construction of
K, contained in/; in fundamental intervals and gaps of the + p + r)th step of the
construction ofK. In particular, ifx € K1 N I;, and [, (x) is the fundamental interval
of the nth step containing:, then

I, - gy (A
¢'(x) = lim DL _ Ty Toen @),

n—oo | (x)] [I| n—oo mu(R)
so lim,_ s nn+,,@)/nn@) exists and it is equal to some # 0 such thaty'(x) =
a(|J1/1), for all x € K1 N 1;. If U,(x) is the gap of theith step of the construction of
K, contained inf,,_1(x) then

im 1— 2hsp — lim lp(Un (x))|/ 1 (Ip—1(x))]
n—>oo 1—24, n=oo Uy (x)|/In-1(x)]
im0 l@(Un CNI/IUn ()| ¢'(x) 1
im0 l9(Ln—1 DI/ L-1(X)] @' (x)
Let k € N* and suppose is C*. If k = 1 the results are proved. > 1, sincey’|k,ni,

is constant, the@” |, is identically 0, forr =2,3,..., k. Then
T p(X) 1 |le. )], 1, ,
— —a|l= | — ¢ ()| = — ¢ (c(n, x)) — ¢ (x)],
70 (2) 1 e 1717 Y

for somec(n, x) € I,(x). Sincep™(x) =0, 2 < r < k, we have lim_, |¢'(y) —
¢'@I/ly — xI** = 0, and sincelc(n,x) — x| < |Lx)| = |I]| - 1,Q), we
have lim._ |¢'(c(n,x)) — ¢'(®)|/(m, (1))t = 0, and then lim_« Inn+p® -
am, (M |/ (T, (L))* = 0. Let(U,) be a sequence of gaps of thih step of the construction

of K; contained in/;, and letx, be the left end olU,. Then
1]

1 U, , / ’
— u M —@ (xn) = 7|(p (Cn) — @ (xn)|a

gner(z) —al =
11 U |1

gn(A)

for somec, € U,, and our result about thg,’s follows from lim,_ . |¢'(c.) —
@' (xn)l/len — x5/~ = 0, which follow from¢’(c,) = ¢’ (xa) + (9™ (&) /(k — D) (¢, —
x)¥1, for someé&, € (x,,¢,) C U,. We have lim_,¢®(E,) = 0, sinceg
is C¥.  The claims in the case whep is C**® follows exactly as before from
lo'(y) — ¢'(x)| < M|x — y|[***=1, for all y € I;, and allx € K1 N I;, where M is
a constant. This follows fromp’(y) — ¢’ (x) = (¢®(c)/(k — DN (y — x)* L, wherec
is betweenx andy, and|e® (¢)| = [¢® (c) — P (x)| < M|c — x|* < M|y — x|*, for
k > 2, sincep is Ck**, and, forp € C1**, |¢'(y) — ¢'(x)| < M|y — x|°. O

Remark.The conclusions of Proposition 2 hold for apysuch that there is a fundamental
interval I; of thength step of the construction & as in Proposition 1, Corollary 2 such
thate (7)) is a fundamental interval of th@o+ p)th step of the construction &>. In this
case we have'(x) = a(|J|/|I]), for all x € K1N1I;, wherea = lim,,_ o 7,4 (1) /7, (1).

COROLLARY. If K; admits the structure of a regular Cantor set (at least of ckasy then
there isr € N* such that

)‘-n r . 1_ 2)\4 r
lim 22 =1 and lim — =2 =

n—o0o A, n—oo 1 — 2,
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and the sequencé., 11 - An42- - Aytr)nen CONverges to some # 0. If K, admits the
structure of a regular Cantor set of clag®’ (respectivelyC***) then there exists as
before such that

lim |)\n+l : )\n+2 o ‘)\nJrr - M

=0
n—oo ﬂy]fil
. . Aptl s A2t A — A
(respecuvelyllm sup| e T |~ ).
n—o00 Ty

Proof. If K, is a regular Cantor set defined hy as defined in§1, this is a direct
consequence of Proposition 2 (and the above remark) appli&d te K, = K,, andV
being some connected component of the domaigr ot/ = v (V) ande = (y|y) L. O

3. Construction of diffeomorphisms between central Cantor sets
PROPOSITIONS. Let K1 = K; ; and K, = Kj , be two central Cantor sets such that

1— 2k, A
=1 and |Imn(_)—ot7é0.

lim =
An n—00 17, (1)

n—oo 1 —

Then there is aC! diffeomorphismg : I — J such thate(K; ;) = K;, and
(P ) = er,J' for all r € N, and thusy’(x) = «(|J|/|1]), for all x € K, ;.
Letk € N*. If 3
im 182 @) —agn M| _
n—>00 (8 (W)
then we can obtaig of classC*.
LetB € (0,1]. If

tl

, g0 () — agn ()]
limsup-2=-__—>""=2
ol (gn )k
then we obtairp of classC*+#.

)

Proof. We will define ¢ in the gaps ofK, ;, the definition of¢ in K, ; being
performed by continuity. Lew ¢ N, I = 1, uu” U---UUY, UL and
J=JPuvPu...uvi U JY be the corresponding decompositions of thh
step of the constructions df; and K>, respectively. We will have (™) = J™ and
e(UM) = v™, for eachr, n. In particular, ifx € K1,

] I P . 21N
n=oo | [ n=oe 1]y

since|I™| = |I| - w,(») and |[J™| = |J]| - m, (L), for all r, and sog’(x) = a(|J|/|I]),
forall x € K, ;.

Let ¥ : R — R be aC® function such thaty(x) > 0, for all x € R, andy(x) =0,
x ¢[0,1], and f; ¥ (x)dx = 1. Say

¥ (x)
[3 T @) de

eV/*=b x €0, 1]

v = 0 x ¢10,1].

,  wherey(x) = {
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LetU = (a, b) be a gap of theth step ofK, ; and letV = (c, d) be the corresponding
gap of thenth step ofK; ;. We havelU| = |I|-g,(») and|V| = |J| -g.(A). We define,
for n large enoughg|y as follows: ¢(a) = ¢ and forx € [a, b],

, |J|( (gn@ ) (x—a))
X)=—|oa+ - .
T ww )"\ —a
Since lim,_ o g2(1) /g, (1) = a, this expression fop'(x) is strictly positive forn > no,
whereng is a sufficiently large positive integer. For the gapsb) of the steps before

the noth, we definep in [a, b] as follows: where(c, d) is the gap ofK, corresponding
to (a, b), sety(a) = ¢, and forx € [a, b], set

') = |J] ox xX—a
oo =aiti-en(ov (322)).

wherep € R is chosen so thafa” ¢'(x)dx =d —c.

The functiong just constructed satisfies( K, ;) = K3 ;, and is aC* diffeomorphism
since ¢'|;_g, , is strictly positive and tends ta(|J|/|1]) in the gaps of thesith step
uniformly whenn — oo and lim,_ « [(I")|/|I™| = «(|J|/|1|) uniformly, and so
¢'lk,, = a(lJ|/|I]), and ¢’ is continuous inf. Suppose we have lim ., |g, (L) —
ag,(M)|/(g.(M))*F = 0. Theng is of classC*, the derivative of ordek of ¢ in a gap

(a, b) of the nth step are given, fok > 2, by

11 (g0 () — @gu()) x—a
pP(x) = — ——==— .y W [ — ),
|1 (g.(1) b—a
which tends to O uniformly whem — oo, and¢®|,, = 0. Soe® is a continuous

function in 1.

Now supposeg € (0,1] and limsup_, . [g,(A) — ag,(M)|/(g. (W) < oo. Let
x,y € 1. Sincep® is constant inK; ;, for all k € N*, we have|p® (x) — p® (y)| <
2max|e® (x) — e®(@)], 1e®(y) — e® (b)), whered = x (respectivelyb = vy) if
x € K, (respectivelyy € Kj ;) anda (respectivelyb) is an end of the gap containing
x (respectivelyy). Thus we can suppose that@andy are in the closure of the same gap
(a, b), and so

171 Ign () — aga ()]
1T (ga (W)

for some¢ € [0, 1], where(a, b) is a gap of the:th step ofK; ;, and so

lx — yl

1k Lee )
TANGIEEe

lp® ) — oM =

PP =P 1] g @) — g . <|x -yl )H’ ’

=yl P (g (W)FHP b—a

which is bounded (since**? is bounded andx — y| < b — a) by

1] |gn () — atgn (V)]
g su ag o sup Rl
|I| neN (gn (&)) x€[0,1]

So g is of classC*+2, O
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COROLLARY. Let K1 = K, ; and K, = K; , be two central Cantor sets, and lpte Z
be such that

1- 2k, Ty (A
lim — =" —1 and lim L”(_)za;éo.

n—oo 1 — an n—oo 17, (A

Then, ifm € N*, m + p € N*, I is a fundamental interval of theth step ofk; and J is
a fundamental interval of thén + p)th step ofK», then there exists @ diffeomorphism
¢: 1 — Jsuchthatp(KiN1)=KaNJ, p(P[,NI)= PX“;"’ N J, for r > m, and thus

@' (x) =a(J|/|1]), forall x e K1N 1. Letk € Nand B € (0, 1]. Then, if

g p D) — aga (V)] N |8nsp(A) — agn (M)
lim =0 respectivelylim su
o (g ) ( L PRGN °°)

then we can obtaip of classC* (respectively of clas€**+#).

RemarklIf « = 0 the result is still valid, except that may not be a diffeomorphism, but
is a homeomorphism with’(x) = 0 < x € K3. This is used in12] to give examples
related to critical situations of the Morse—Sard theorem.

4. Proof of theorems

Proof of Theorem AlLet us first prove the stated equivalencesk ¥ 1 then conditions
(i) and (ii) are the same. Le®, = Ayi1- Ang2 - Apgr,- g > 1, (g=koOrg=k+uwo)
then each of the conditions (i), (ii),’Yi (ii’) implies that P, converges exponentially
to A, i.e. there are constant® > 0 andC € (0,1) such that|P, — 1| < M - C",
for all n € N. SoTI>,(P,,/A) converges exponentially, sg! "t = O(A@~Dn/r0) and
A@=Ddn/ro — O (zf71). (We are using the notatiom, = O (b,) < lim SUP, oo @n/bn <
00, anda, = o(b,) < lim,_ a,/b, =0.)
So (i) « (ii) and () < (ii"). If k > 1 (respectivelyk + o« > 1),
Aoin+j  Prnyj A+ oD
)\ron+j B Pron+j—l B A+ O(A(kil)n) '

A+ O(A(k+afl)n)
A+ O()L(k-‘ra—l)n)

(respectively 1+ O (A *Fre—bny),

(respectively =1+ o( k(kl)n)>

SOyt = Argntj +o(AED) (respectivelyh, g,y + O A *T*=Dm)) “and thus(i,g,y )
converges exponentially to some, and

00 00
k—1
|)"r0n+j - /’Lj| = Z |)\r0m+j - )\)‘o(m+l)+j| = Z O(A( )m)
m=n m=n

<respectivelyz O (W Kta—Dmy o()\(k—l)n))

m=n

(respectivelyo (A< Te=Dmy),

If some u; is equal to }2 then(i,,.+;) converges exponentially to/2, contradicting
”mn»oo(1_2)‘n+r0)/(1_2)‘n) =1 Moreover#l'MZ'M3 Mg = Iimn»oo Pron =A 7é 0!
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so u; # 0, for all j. Thus we have proveg; € (0,1/2), for all j. Reciprocally,
if Agns; = p; + oA*=Dm) (respectivelyr,g,+; = w; + OA*T*=bm)) then P, =
A + o(Ak=Dn/r0y (respectivelyP, = A 4+ Akte—Dn/r) - Then (i) « (ii’) < (iii’) and,
if £k > 1, (i) & (i) « (iii). The corollary to Proposition 2 shows that &f is C*
(respectivelyk is C¥+*) then conditions (a)—(c) and condition (i) (respectively) fold
for somer instead ofrg. We will show that this holds also for = ry. In the caseC?
there is nothing to prove. i > 1 (respectivelyc+o > 1), lim,_ o0 Aytr, /A, = 1 implies
pi = w; if i = j (modro), SO liM, o0 [Arns; — il /A% =0,1< j <r,if and only if
im0 [An — i, |/7X~t = O (respectively limsup, . [Armr; — u;l /A" < 00, 1 <
j <r, if and only if limsup,_, o [A, — wa, /751 < 00), wheren,, € {1, 2,..., p}
satisfies: = n(,) (modp). However, sinceu,, = uz,, (becauseq = min{p € G/p >
0}, whereG = {p € Z/liM, o0 Angp/An = liMy0c(1 — 24,1,) /(L — 22,) = 1} is &
subgroup ofZ, soG = r¢Z andry|r, thusn, = n, (modrp)), we see that the validity
of (i) (respectively of (1)) for r and forry are equivalent. This shows the necessity of
the conditions.

To prove the sufficiency of the conditions, note that

||m |gn+ro(&) - )‘-gn(&)l — 0 ( égn-kno(&) - Agn(&)' < OO) ,

respectively lim su

=00 (gn(W))F n—o00 (8n ()< He
since
&+r—[@ — 1- 2)‘"+ro . nn+ro—l(&) _ k-1 o1
gn(A) N 1-20, Th_1(A) =1+ 0(7‘[}1 )1+ O(JTn )
= A+0@x@

(respectively(1 + O () + 0@ ) = A 4+ Oy,

andrw, (1) = O(g, (1)), providedk > 1 (respectivelyk +« > 1), since limsup_, . A, <
1/2. The case of clas§! is trivial. Now we can use the corollary to Proposition 3 in
the following way. IfI = ;U UL U I, U---U U _1 U I is the decomposition of the
roth step of the construction d then there are diffeomorphisms : I — I; of class
Ck (respectivelyC*+*) such thatp;(K) = K N I; and¢; maps decompositions of the
construction ofK into corresponding decompositions of the constructiorkaf 7; (so
@ik =liMy oo Anta - Ang2- - Ansry = A). Letyr 1 P — I be defined by, = ;.
Theny’|x = A7t > 1. Then there i%y € N ando > 1 such thaty’(x) > o, for all

x € P{%°. By the construction we have (P""°) = P"?. So, if § = inf{(y*)'(x) |
x € P9’} and N e N satisfys - o™ > 1, theny Vo : pT+0% [ is an expansive
function of classC* (respectivelyC*t%) that makesk a regular Cantor set of clagg’
(respectivelyC*+), becausgy ¥ o) (x) = (o) (¥ (x)) - Y (Wh(x) = 8- oV,
sincey*(x) € P%°, for all i < N. O
Example 4.1.The Lebesgue measure of a central Cantor gtis lim,_, ., 2"m,(1).

Givena € (0,1) there is aC! Cantor setk, with Lebesgue measure equaldo For

this we take
1 1-(A-a)/n)

dn = = - .
2 1-(1-—a)/(n+1)
If K is aC*® Cantor set then its Lebesgue measure is 0.
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Example 4.2If A, < 1/3 for alln € N, thenk, — K, = {x —y/ x,y € K,} is a Cantor
set with measure 2122, (34,) (see Bg or [BPV]). Giveng > 1 (g =k orqg =k +«)
anda € (0, 2) we can give an example of a central Cantor Egtof classC? but not
of classC?*, for all ¢ > 0, such thain(K, — K;) = a, wherem denotes the Lebesgue
measure irR. For this we take

Lol 1-@EE-w/@ -3
"3 . 1—-32—-a)/2- 3«/r?l+(q—1)(n+1)))

if g < o0, and
_ 1 1-(6e-a)/@2-3%)
"T 31— (3(2—a)/(2-3ntD?))’

if g = o0.

We remark that ifA, < 1/3, for all n, lim,_, A, = 1/3 andKk, is C?, g > 1, then
K, — K, is a Cantor set with positive Lebesgue measure, becausér, ),y converges
exponentially to 13 and soIl>,(31,) > 0.

Example 4.3Let 0<a < b < 1/2. TheK, is of classC?, where

ath (b=ay(, 1 sinllogn), Az, = ab
2 2 ﬁ gn7 2}1_)\'2”_1

A1 =

is dense ind, b].

Proof of Theorem B.The necessity and sufficiency of the conditions for local

diffeomorphisms follow from Proposition 2 and the corollary to Proposition 3,

respectively. The sufficiency of the conditions for diffeomorphisms (i) and (ii) follow

from Proposition 3. We need only prove that these conditions are also necessary. By

Proposition 1, Corollary 2, we can decompase= 1 UU; U I U -+ U Upo_1 U I,

where I; are the fundamental intervals of thgth step of the construction ok, 7,

such thatyp(/;) is a fundamental interval of the construction &5 ;, say of then(j)th

step, forj = 1,2,...,2%. Moreover,p maps decompositions_o‘y- into fundamental
intervals and gaps in the corresponding decompositiong(éf). A diffeomorphism
between two central Cantor sets with this last property is callgdaal diffeomorphism

Let A = {p e 7/ for sufficiently largen € N, given fundamental interval§ of the

nth step ofK, ; and J of the (n + p)th step ofKj , there is a good diffeomorphism

v I — J at least as differentiable as such thaty'(/ N K, ;) = J N K; ,}, and

B = {p € Z/ for sufficiently largen € N, given fundamental intervalg of the nth step

of K5 , andJ of the (n + p)th step ofK; , there is a good diffeomorphism : I — J

at least as differentiable gssuch thaty (I N K; ;) = J N K; ,;}. Then:

o n(j)—noeA, j=12...,2" (take restrictions op|;);

e pgqeA=p—qeB, andp,q € B= p—q € B (being diffeomorphic by a
good diffeomorphism is an equivalence relation). In particuldr) — n(j) € B,
forall i, ;.

This implies thatB = d - Z for somed € Z, andA = p +dZ for all p € A. If

0¢ Athend > 1 andX = p (modd) for all X € A, whered ) p, so we can take

pefl,2,...,d—1} such thau(j) = no+p (modd), for all j. Let N = max(n(j)+p).
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Then J contains 2 fundamental intervals of tha/th step ofKL, and ¢(I;) contains
2NV=() of these intervals, sEf’fl 2N=U) = 2N putn(j) = no+p (Modd), so 2 ") =
2V-m—-r (mod 2/ — 1), and thus ¥ = Zf’:l 2N=1() = ropN=no—p — PN-r (mod 2 — 1),
so (2¢ — 1)|2VN-P(2» — 1), a contradiction. So G A, and the result follows from
Proposition 2. O

Example 4.4.The central Cantor sets defined by the sequerigeg, %, %,...) and
(3. 3.3, %,...) are not diffeomorphic but are locally diffeomorphic.
5. Calculation of numerical invariants of central Cantor sets
5.1. Thickness. Given a Cantor sek and a gapU of K, let I, be the interval
bounded byU and the closest gap that is larger tharV. We definer (U) = |Iy|/|U|
andz(K) = inf{z(U)/U is a bounded gap oKk}, the thicknessof K.

If K = K, is a central Cantor set, then the intervgl in the above definition must
be a fundamental interval of eithé&f or V so, if I; is a fundamental interval of theth
step, we have

Ml Ml m®) ke
Ul min(U[, VD) ~— g.() 1-24,
On the other hand, it/ is the first gap of thezth step,
Ty (A) A
(M) 1-2,
Therefore,z(K) = inf,cn A, /(L — 24,).
Given p € K we definetic(k, p) = limsup, ., .o7(K N (p — &2, p +£2)). By the
above arguments we can conclude thgé(K,, p) = liminf,_ . A,(1 — 24,), for all
J2RS K&

T(U)

t(U) =

5.2. Limit capacity. Let K be a Cantor set and > 0. We defineN (K, ¢) as the
minimum number of intervals of length needed to covek, and thelimit capacity
d(K) of K is defined by

. logN (K,
d(K) =Ilim sup—u.
0 loge
If K = K, is a central Cantor set then we can co¥gr by 2'*1 intervals of length
¢ for eache > 0 satisfyingm,;1(K,) < ¢ < m,(A), and so
. log 2 . log2
d(K;) <limsup—n + 1)i = lim sup—ni.
N n—00 |Og7tn (&) n—00 |097Tn )
On the other hand, i, < a» < --- < ax are the left ends of the fundamental intervals
of thenth step ofK,, we haves; 1 —a; > 7, (), for eachi. So, ifr,11(1) < e < m,(A),
then intervals of lengtla contain at most one of the’'s and so we must have at least
2" intervals of lengthe to coverk,, sincea; € K;, for all i. ThusN(K;, ¢) > 2" and

log N(K;, €) - nlog?2
loge  — logm,(2)
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and so

. nlog?2
d(K,) = Ilmsup—logn%.

5.3. Hausdorff dimension. Given a Cantor sek C R and a finite cover ofK by

open intervald/ = {U;};c;, we define the diameter @&f by diami/ = max|U;|,i € I}.

Givena € R, we defineH, () = ) ., |Ui|*. The Hausdorffae-measure ofK is

my(K) = lim._o(inf{ H, () /U is a covering ofK with diaml/) < ¢}). The Hausdorff
dimension ofK is defined as being the unique real numi&b(K) such that

my(K) =400 a < HD(K)
mye(K) =0 o > HD(K).

If K = K,, K can be covered by"2intervals of lengthx,(1), so, if « >
liminf,_. (—nlog2/logm,(1)), there are infinitely many € N such that 2(rr, (1)) <
1, and thusH D(K,) < «.

Let ¢/ be a covering ofK, by m intervals of small length and let € R. Let
n € N be such thain < 2"~1. Then the seC of fundamental intervals of theth step
which are strictly contained in some interval @fhas at least’2! elements. Now, if
U e U, letn(U;) = #I c C/I C U;}, and choose &/;, that minimizes|U;|*/n(U;).
Since) n(U;) = 2"t and)_ |U;|* = H,(U), we have|U;,|/n(U;,) < H,(U)/2"L. If
2¢ < n(U,;,) < 21, thenU;, contains 2 consecutive fundamental intervals of thth
step, and so it contains a whole fundamental interval of(the k + 1)th step. Thus
|Uip| > 7p-142(2) and

Ho M) _ Uil* (g ()
> k]
on—1 = n(Uig) on+1

thus H, UY) > 2" *2(,_r+1(A))%. This proves that for each coveriiag of K, there is
N € N such that

iy () < diaml) and 2 (zy(W)* < 8- HyU). ()

In particular, ifa < liminf,_, . (—nlog2/logm,(1)), we have lim_ o 2"(m,(AM)* =
+oo implies H, () = +o0, by (x). So we haveH D(K,) > «, which proves that
HD(K,) = liminf,_ . (—nlog 2/logm,(1)).

Using the same arguments we can conclude that for eaciR, o > O,

%Iim inf 2" - (,(L)* < my(Ky) <liminf 2" - (7,(1))".

In summary, the above results show that for each intdneald sequenck = (1,,),en:

P
(K = e =l g 7o

n

L A
o Toc(Ky ) = Tioc(K,) = liminf T

. —nlog2
o dKup =d(Ky) =limsup e s
.., —nlog2
° HD(K, ;)= HD(K,) = Ilrmlorgf Wﬁ
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Moreover, for eaclw > 0, mq (K, 1) = |I|* - my(K,) andm,(K,) satisfies

Fliminf 2" (m,(W)* < mo(K;) <liminf 2" (m, ()"
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