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Abstract. Central Cantor sets form a class of symmetric Cantor sets of the real line.
Here we give a complete characterization of theCk+α regularity of these Cantor sets.
We also give a classification of central Cantor sets up to global and local diffeomorphisms.
Examples of central Cantor sets with special dynamical and measure-theoretical properties
are also provided. Finally, we calculate the fractal dimensions of an arbitrary central
Cantor set.

0. Introduction
Central Cantor sets in the real line form a particular but interesting class of Cantor sets.
They are constructed in a simple way, and are useful in providing examples in several
mathematical contexts. For instance, in analysis they can be used to prove the sharpness
of some recent results concerning the classical Morse–Sard theorem [M2]. Even more
abundant are their applications in dynamical systems. In particular, they were used
by Bowen [Bo] to construct a horseshoe of classC1 with positive Lebesgue measure
(see also our Example 4.1), and by Sannami [Sa] and by Baḿon et al [BPV] to give
examples of regular Cantor sets whose self-arithmetic difference is a Cantor set with
positive measure. Here we discuss a general class of such examples (see Example 4.2).
This is related to a conjecture of Palis (see [P2]).
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Regular or dynamically defined Cantor sets constitute an important class of subsets of
the real line that naturally appear in dynamics (see [PT, PT1, PT2, P1, P2, M1, N]). In this
paper we give a complete classification, for any integerk ≥ 1 andα ∈ [0,1], of central
Cantor sets that admit a structure of regular Cantor sets of classCk+α (Theorem A), as
well as a classification of central Cantor sets up to global and local diffeomorphisms
(Theorem B). The present work, although self-contained, is a natural continuation of
[BPV].

We are able to find the explicit and simple conditions for the characterization and
classification ofCk+α regularity of central Cantor sets, given in Theorems A and B,
because of the simple and symmetrical structure of this class of Cantor set. This contrasts
with the conditions for regularity of more general classes of Cantor sets in the line (see
[S, BF, PR, PrT ]).

1. Basic definitions and statement of results
Let λ = (λk)k∈N∗ be a sequence of real numbers satisfying 0< λk <

1
2, for all k ∈ N

∗,
and letI ⊂ R be a closed interval. We definethe central Cantor setKλ,I associated
to the sequenceλ with support interval I as follows. LetP 0

λ,I = I . For eachi ∈ N
∗,

P iλ,I is the set consisting of 2i closed disjoint intervals obtained fromP i−1
λ,I by removing

from each of its intervals the central open interval of proportion 1− 2λi . We call these
removed intervals thegaps of theith stepof the construction ofKλ,I , and the intervals
of P iλ,I the fundamental intervalsof the ith step of the construction ofKλ,I . Finally,
defineKλ,I = ∩∞

i=0P
i
λ,I .

Let a = |I | be the length of the intervalI . Then the length of anynth step fundamental
interval is a · πn, whereπn = πn(λ) = 5n

i=1λi , and the length of anynth step gap is
a · gn, wheregn = gn(λ) = (1 − 2λn)πn−1.

When we do not state the intervalI we will assumeI = [0,1] and we will use the
notationsKλ andP iλ instead ofKλ,I andP iλ,I .

Now let us define an important class of Cantor sets which naturally appear in
dynamical systems. We say that a Cantor setK ⊂ R is dynamically defined or regular
if:
(i) there exist compact disjoint intervalsK1,K2, . . . , Kr such thatK ⊂ K1 ∪ K2 ∪

· · · ∪Kr and the boundary of eachKi is contained inK;
(ii) there is an expanding mapψ : K1 ∪K2 ∪ · · · ∪Kr → R such that:

(a) for eachi = 1, . . . , r, ψ(Ki) is the convex hull of the union of some intervals
Kj ’s;

(b) for eachi = 1, . . . , r, andn large enough,ψn(K ∩Ki) = K;
(c) K = ∩∞

n=0ψ
−n(K1 ∪K2 ∪ · · · ∪Kr).

We call {K1,K2, . . . , Kr} a Markov partition for K andD = K1 ∪K2 ∪ · · · ∪Kr a
Markov domain ofK.

We say that a Cantor set isregular of classCk (respectivelyCk+α) if ψ is a Ck

(respectivelyCk+α) function. In many applications we restrict our attention to regular
Cantor sets which are at leastC1+ε for someε > 0.

The main goal of this work is to characterize the central Cantor sets which are regular
of a given class of differentiability. We also classify central Cantor sets up to global and
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local diffeomorphisms. We have the following results.

THEOREM A. LetK be a central Cantor set defined by the sequenceλ = (λi)i∈N∗ . Then
K admits a structure of a regular Cantor set (of class at leastC1) if and only if there is
r ∈ N

∗ such that the following conditions hold:

(a) lim
n→∞

λn+r
λn

= 1;

(b) lim
n→∞

1 − 2λn+r
1 − 2λn

= 1;
(c) the sequence(λn+1 · λn+2 · · · λn+r )n∈N converges to someλ 6= 0.

Let r0 = min{r ∈ N
∗ : conditions(a), (b) and (c) above hold}, and letk ∈ N

∗. Then
K admits a structure of a regular Cantor set of classCk if and only if the following
equivalent conditions hold:

(i) lim
n→∞

|λn+1 · λn+2 · · · λn+r0 − λ|
πk−1
n

= 0, whereλ = lim
n→∞ λn+1 · · · λn+r0;

(ii) lim
n→∞

|λn+1 · λn+2 · · · λn+r0 − λ|
λ(k−1)n/r0

= 0.

If k > 1 then these conditions are also equivalent to the following:
(iii) for eachj = 1,2, . . . , r0 the sequence(λr0n+j )n∈N converges to someµj ∈ (0, 1

2)

such that

lim
n→∞

|λr0n+j − µj |
λ(k−1)n

= 0, j = 1,2, . . . , r0.

We haveλ = µ1 · µ2 · · ·µr0.
Let k ∈ N

∗ andα ∈ (0,1]. ThenK admits a structure of a regular Cantor set of class
Ck+α if and only if the following equivalent conditions hold:

(i′) lim sup
n→∞

|λn+1 · · · λn+r0 − λ|
πk−1+α
n

< ∞;

(ii ′) lim sup
n→∞

|λn+1 · · · λn+r0 − λ|
λ(k−1+α)n/r0 < ∞;

(iii ′) lim sup
n→∞

|λr0n+j − µj |
λ(k−1+α)n < ∞, j = 1,2, . . . , r0.

Remarks.
• Condition (iii) above does not necessarily hold whenk = 1. In fact, we will show

that if 0 < a ≤ b ≤ 1
2 then there is a sequenceλ = (λn)n∈N dense in [a, b] such

thatKλ is C1 (see Example 4.3).
• It follows from the above thatµj 6= 0, j = 1,2, . . . , r0, sinceµ1 · µ2 · · ·µr0 = λ.

Moreover, ifK is regular of classCq , q = k or q = k + α, with q > 1, then
µj <

1
2, j = 1,2, . . . , r0.

• The condition in order forK to admit a structure of a regular Cantor set of class
C∞ is that the equivalent conditions (i)–(iii) must be satisfied for eachk ∈ N

∗.
• We will use Theorem A to provide examples, for eachq ≥ 1, q = k or q = k + α

and c ∈ [0,2), of central Cantor setsKλ which are of classCq but not of class
Cq+ε, for all ε > 0, such thatKλ −Kλ = {x − y : x, y ∈ Kλ} is a Cantor set ofc
Lebesgue measure.
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• To endowK with a regular structure we need a Markov partition with at least 2r0

intervals. For example, the central Cantor set{ 1
3,

1
4,

1
3,

1
4,

1
3, . . .} is Cr for every

r ∈ N ∪ {ω} with a Markov partition of four intervals:P 2
λ .

THEOREM B. Let Kλ,I and Kλ̃,J be two central Cantor sets. Then there is aC1

diffeomorphismϕ : I → J such thatϕ(Kλ,I ) = Kλ̃,J if and only if the following
conditions hold:

(i) lim
n→∞

1 − 2λ̃n
1 − 2λn

= 1;

(ii) lim
n→∞

πn(λ̃)

πn(λ)
= a 6= 0.

In this case there is such a diffeomorphism satisfyingϕ′(x) = a(|J |/|I |), for all
x ∈ Kλ,I , and ϕ(P rλ,I ) = P r

λ̃,J
, for all r ∈ N, i.e. ϕ preserves the structure of central

Cantor sets.
Let k ∈ N

∗. There is such a diffeomorphism of classCk if and only if

(iii) lim
n→∞

|gn(λ̃)− agn(λ)|
(gn(λ))k

= 0.

If α ∈ (0,1] then there is such a diffeomorphism of classCk+α if and only if

(iii ′) lim sup
n→∞

|gn(λ̃)− agn(λ)|
(gn(λ))k+α

< ∞.

Necessary and sufficient conditions for the existence of a local diffeomorphism
(respectively a local diffeomorphism of classCq , q = k or q = k+α, k ∈ N

∗, α ∈ (0,1]),
ϕ : U → V such thatϕ(U ∩Kλ,I ) = V ∩Kλ̃,J , whereU andV are open intervals and
U ∩Kλ,I 6= ∅, are that the corresponding conditions above should be verified for some

λ̃
(p)

, p ∈ Z, instead ofλ̃, whereλ̃
(p) = λ̃n+p if n+ p ≥ 1 andλ̃(p)n = 1/3 otherwise.

As a consequence of Theorem B, we conclude that ifKλ has the structure of aCq

regular Cantor set,q = k or q = k + α, k ∈ N
∗, α ∈ (0,1], and if q > 1 then there is

a Cq diffeomorphismϕ : [0,1] → [0,1] such thatϕ(Kλ) = Kλ̃, whereλ̃ is the periodic

sequence defined bỹλn = µn, wheren ∈ {1,2, . . . , r0} satisfyn ≡ n (modr0), µn being
as in Theorem A. Note thatKλ̃ is an affine Cantor set in the sense of [PT].

Finally, we compute the fractal dimensions of a central Cantor set. For each interval
I and sequenceλ = (λn)n∈N:

• τ(Kλ,I ) = τ(Kλ) = inf
n∈N

λn

1 − 2λn
;

• τloc(Kλ,I ) = τloc(Kλ) = lim inf
n→∞

λn

1 − 2λn
;

• d(Kλ,I ) = d(Kλ) = lim sup
n→∞

−n log 2

logπn(λ)
;

• HD(Kλ,I ) = HD(Kλ) = lim inf
n→∞

−n log 2

logπn(λ)
.

2. The structure of diffeomorphisms of central Cantor sets
In this section we shall prove results that combinatorially characterize diffeomorphisms
and local diffeomorphisms of central Cantor sets.

https://doi.org/10.1017/S014338579708629X Published online by Cambridge University Press

https://doi.org/10.1017/S014338579708629X


Differentiable structures of central Cantor sets 1031

PROPOSITION1. LetK1 = Kλ,J1 andK2 = Kλ̃,J2
be two central Cantor sets, and letU ,

V be two intervals such that∂U ∩K1 = ∅ and ∂V ∩K2 = ∅. Let ϕ : U → V be aC1

diffeomorphism such thatϕ(U ∩K1) = V ∩K2. Then for anyε > 0 there existm, n0 ∈ N

such that:
• U ∩K1 = (∪mr=1Ir) ∩K1, whereIr is a fundamental interval of then0th step of the

construction ofK1, r = 1,2, . . . , m;
• |I1| = |I2| = · · · = |Im| < ε;
• ϕ(Ir) is a fundamental interval of the construction ofK2, r = 1,2, . . . , m.

Remark.We can substitute the hypotheses∂U ∩ K1 = ∅ and∂V ∩ K2 = ∅ by U ∩ K1

andV ∩K2 are open and closed inK1 andK2, respectively.

Proof. First we give some definitions. LetK be a Cantor set. Agap of K is a connected
component of its complement, perhaps unbounded. We say that an intervalJ between
two gapsU1, U2 of K is a bridge if |U1| ≥ 6

5|U2| or |U2| ≥ 6
5|U1|, and there are no

gapsU contained inJ with |U | ≥ 5
6 min(|U1|, |U2|). Note that a bridge of a central

Cantor set must necessarily be a fundamental interval of some step of its construction.
In fact, a bridge must lie between two gaps of different stepsU1, U2, whereU1, say,
corresponds to a more advanced step thanU2, and if the interval betweenU1 andU2 is
not a fundamental interval then it must contain a gap of the same step ofU1 and hence
with the same length ofU1, thus it cannot be a bridge.

We say that thenth step of the construction of a central Cantor setKλ,I is agood step
if gn(λ) ≥ 3

2gm(λ), for all m > n. In this case, ifgk(λ) ≥ 6
5gn(λ) then any fundamental

interval bounded by a gap of thekth step and a gap of thenth step of the construction of
Kλ,I must be a bridge. Also, note that there are arbitrarily advanced good steps for any
Kλ,I . In fact, if this is not the case, then there exist sufficiently largen0 such that for
n ≥ n0 there ism > n with gm(λ) > 2

3gn(λ), but this implies that for a positive constant
(fixed) C and infinitely manyn ∈ N, gn(λ) > C · ( 2

3)
n, which contradicts the fact that

gn(λ) < πn−1(λ) < ( 1
2)
n−1.

Now we can decomposeU = Ũ1 ∪ Ĩ1 ∪ Ũ2 ∪ · · · ∪ Ĩ` ∪ Ũ`+1, for some` ∈ N, in such
a way that for eachi, Ũi is a gap ofK1. More precisely,̃U1 and Ũ`+1 are intersections
of gaps ofK1 with U , and Ĩj are fundamental intervals ofK1 such that

sup
x,y∈SĨj

|ϕ′(y)|
|ϕ′(x)| <

10

9
.

Here, if Ĩj = [a, a + δ], SĨj denotes the interval [a − 2δ, a + 3δ].
Let n0 ∈ N be such that then0th step of the construction ofK1 is a good step, the

fundamental intervals of thisn0th step have length less thanε and each of the gaps of
this step have length less than1

2 min1≤i≤`+1(|Ũ1|). We will prove that the fundamental
intervals of thisn0th step contained inU , sayI1, I2, . . . , Ir , satisfies our statements.

We must prove thatϕ(Ij ) is a fundamental interval ofK2, 1 ≤ j ≤ r. Let us consider
the decomposition of one of these intervalsĨr , corresponding to then0th step of the
construction ofK1, say Ĩr = Im ∪U1 ∪ Im+1 ∪ · · · ∪U2s−1 ∪ Im+2s−1, whereUi are gaps,
and the decomposition is given in increasing order of the intervals. Then, by the above
construction,Im lies betweeñUr andU1, where|Ũr | > 2|U1|, and any gap contained inIm
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has length less than or equal to2
3|U1|. So, since supx,y∈SĨr |ϕ′(y)|/|ϕ′(x)| < 10

9 (estimated
distortion ofϕ in SĨr ), ϕ(Im) lies betweenϕ(Ũr) andϕ(U1), where|ϕ(Ũr)| > 9

5|ϕ(U1)|
and any gap contained inϕ(Im) has length less than or equal to20

27|ϕ(U1)| < 5
6|ϕ(U1)|,

henceϕ(Im) is a bridge and therefore a fundamental interval.
Now let us consider the decomposition of̃Ir corresponding to a good step of the

construction ofK1 such that the gaps of this step have length less than1
2 min1≤i≤2s (|Ui |),

say Ĩr = I ′
1 ∪U ′

1 ∪ I ′
2 ∪ · · · ∪U ′

2p−1 ∪ I ′
2p . Note that each intervalI` is decomposed into

a union of gaps and 2p−s of the intervalsI ′
j , m ≤ ` ≤ m+ 2s − 1. More precisely,Im+r

is the convex hull of∪2p−s
i=1 I

′
2p−s r+i . We know thatϕ(Im) is a fundamental interval ofK2

and, by the same reason,ϕ(I ′
1) is also a fundamental interval ofK2, say of then1th step.

Now we will prove thatϕ send the gapsU ′
1, U

′
3, . . . , U

′
2p−1 of the same step of the

fundamental intervalsI ′
j into the gaps of then1th step contained inϕ(Ĩr ). First of all,

ϕ(U ′
1) is the first gap afterϕ(I ′

1), which is the first gap of then1th step contained in
ϕ(Ĩr ). Suppose by induction, thatϕ(U ′

2k−1) is thekth gap of then1th step contained in
ϕ(Ĩr ).

We have|U ′
2k+1| = |U ′

2k−1|, and the left end ofU ′
2k+1 is at least 2· |I ′

2k| after the right
end ofU ′

2k−1. Then, because of the distortion estimate ofϕ, |ϕ(U ′
2k+1)| > 5

6|ϕ(U ′
2k−1)|,

and the left end ofϕ(U ′
2k+1) is at least 5

3|ϕ(I ′
2k)| ≥ 3

2|ϕ(I ′
1)| after the right end

of ϕ(U ′
2k−1). Thus, eitherϕ(U ′

2k+1) = Vk+1, the (k + 1)th gap of then1th step
contained inϕ(Ĩr ), or ϕ(U ′

2k+1) is after Vk+1. The last case cannot occur, because
|Vk+1| = |Vk| = |ϕ(U ′

2k−1)|, and the left end ofVk+1 is at least 2|ϕ(I ′
1)| after the right

end ofϕ(U ′
2k−1), and so, by the same argument applied withϕ−1 instead ofϕ, ϕ−1(Vk+1)

would be a gap ofK1 betweenU ′
2k−1 andU ′

2k+1, which lies at least32|I ′
1| = 3

2|I ′
2k| after

the right end ofU ′
2k−1, satisfying |ϕ−1(Vk+1)| ≥ 3

4|U ′
2k−1|, which is absurd. Thus our

claim is proved.
SinceU ′

2p−s r = Ur , 1 ≤ r ≤ 2s − 1, we have, by the construction ofI ′
j , thatU ′

2p−s r is
a gap that lies betweenU ′

2p−s r−1 andU ′
2p−s r+1, and|U ′

2p−s r | ≥ 2|U2p−s r−1|, soϕ(U ′
2p−s r ) is

a gap that lies betweenV2p−s−1r andV2p−s−1r+1 and |ϕ(U ′
2p−s r )| ≥ 3

2|V2p−s−1r |, soϕ(U ′
2p−s r )

must be the unique gap of the older step betweenV2p−s−1r andV2p−s−1r+1. This proves
that ϕ(Im+r ) is the convex hull of the union of 2p−s consecutive fundamental intervals
of the n1th step of the construction ofK2, 0 ≤ r ≤ 2s − 1, and sinceϕ(Im) is itself a
fundamental interval of the construction ofK2, all the ϕ(Im+r ), 0 ≤ r ≤ 2s − 1, must
also be fundamental intervals of the same step of the construction ofK2. �

COROLLARY 1. LetKλ,I andKλ̃,J be two central Cantor sets, and letϕ : I → J be aC1

diffeomorphism such thatsupx,y∈I |ϕ′(y)|/|ϕ′(x)| ≤ 4 andϕ(Kλ,I ) = Kλ̃,J . Thenϕ maps
the decomposition of themth step ofKλ,I into the decomposition of themth step ofKλ̃,J ,
i.e. ϕ(Pmλ,I ) = Pm

λ̃,J
, for all m ∈ N.

Proof. Let m ∈ N, and consider the decompositionI = I1 ∪ U1 ∪ · · · ∪ U2m−1 ∪ I2m of
the mth step of the construction ofKλ,I . By Proposition 1, there existsn0 ∈ N such
that if I = I ′

1 ∪U ′
1 ∪ · · · ∪U ′

2n0−1 ∪ I ′
2n0 is then0th step of the construction ofKλ,I then

|I ′
1| = |I ′

2| = · · · = |I ′
2n0 | < |I1|, andϕ(I ′

r ) is a fundamental interval of the construction of
K2, r = 1,2, . . . ,2n0. But then allϕ(I ′

r ) must be fundamental intervals of then0th step
of the construction ofK2, otherwise there will be fundamental intervalsϕ(I ′

r1
) of a step
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before then0th andϕ(I ′
r2
) of a step after then0th, and we will have|ϕ(I ′

r1
)|/|ϕ(I ′

r2
)| > 4,

which is a contradiction since|I ′
r1
| = |I ′

r2
| and supx,y∈I |ϕ′(y)|/|ϕ′(x)| ≤ 4. This proves

our result for then0th step of the construction ofK1 and a fortiori for the mth step,
which is less advanced than then0th. �

COROLLARY 2. Under the conditions of Proposition 1,ϕ maps decompositions ofIr into
fundamental intervals and gaps into the corresponding ones ofϕ(Ir), 1 ≤ r ≤ m, provided
the Ir are conveniently chosen. In particular,ϕ maps sufficiently small fundamental
intervals ofK1 into fundamental intervals ofK2.

Proof. This is an immediate consequence of Corollary 1, since ifK is a central Cantor
set andI is a fundamental interval ofK, thenI ∩ K is itself a central Cantor set, and
we have supx,y∈Ir |ϕ′(y)|/|ϕ′(x)| < 10

9 < 4, 1 ≤ r ≤ m, for Ir obtained as in the proof
of Proposition 1. �

Example 2.1.Let λ ∈ (0, 1
2), andKλ = Kλ, whereλn = λ, for all n ∈ N. Then there

areC∞ diffeomorphismsϕ : [0,1] → [0,1] such thatϕ(Kλ) = Kλ, whose distortion
Dϕ = supx,y∈[0,1] |ϕ′(y)|/|ϕ′(x)| is arbitrarily close to 1/λ2. In fact, define

ϕ(x) =


x

λ
x ∈ [0, λ2]

x + 1 − 2λ+ λ2 x ∈ [λ(1 − λ), λ]
λx + 1 − λ x ∈ [1 − λ,1].

Note that [0, λ] is a fundamental interval ofKλ but ϕ([0, λ]) = [0,1 − λ + λ2] is not.
Letting λ tend to 1

2, we see that the constant 4 in Corollary 1 is the best possible.

PROPOSITION2. Let K1 = Kλ,I and K2 = Kλ̃,J be two central Cantor sets, and
let ϕ : U → V be a C1 diffeomorphism, whereU and V are intervals such that
int(U) ∩K1 6= ∅ andϕ(U ∩K1) = V ∩K2. Then there existp ∈ Z such that

lim
n→∞

1 − 2λ̃n+p
1 − 2λn

= 1 and lim
n→∞

πn+p(λ̃)
πn(λ)

= a,

for somea 6= 0. We also have thatϕ′|K1∩U is locally constant. Letk ∈ N
∗. If ϕ is Ck,

then there existp ∈ Z as before such that

lim
n→∞

|gn+p(λ̃)− agn(λ)|
(gn(λ))k

= 0 and lim
n→∞

|πn+p(λ̃)− aπn(λ)|
(πn(λ))k

= 0.

If α ∈ (0,1] andϕ ∈ Ck+α then there existp ∈ Z as before such that

lim sup
n→∞

|gn+p(λ̃)− agn(λ)|
(gn(λ))k+α

< ∞ and lim sup
n→∞

|πn+p(λ̃)− aπn(λ)|
(πn(λ))k+α

< ∞.

Proof. We can, if necessary, reduce the intervalU to satisfy the hypothesis of
Proposition 1. We will restrict our attention toϕ|Ij , whereIj is one of the fundamental
intervals obtained in Proposition 1, Corollary 2.Ij is a fundamental interval of then0th
step of the construction ofK1, for somen0 ∈ N, andϕ(Ij ) is a fundamental interval of
the (n0 + p)th step of the construction ofK2, for somep ∈ Z, such that, forr ∈ N,
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ϕ maps fundamental intervals and gaps of the(n0 + r)th step of the construction of
K1 contained inIj in fundamental intervals and gaps of the(n0 + p + r)th step of the
construction ofK1. In particular, ifx ∈ K1 ∩ Ij , andIn(x) is the fundamental interval
of the nth step containingx, then

ϕ′(x) = lim
n→∞

|ϕ(In(x))|
|In(x)| = |J |

|I | · lim
n→∞

πn+p(λ̃)
πn(λ)

,

so limn→∞ πn+p(λ̃)/πn(λ) exists and it is equal to somea 6= 0 such thatϕ′(x) =
a(|J |/|I |), for all x ∈ K1 ∩ Ij . If Un(x) is the gap of thenth step of the construction of
K1 contained inIn−1(x) then

lim
n→∞

1 − 2λ̃n+p
1 − 2λn

= lim
n→∞

|ϕ(Un(x))|/|ϕ(In−1(x))|
|Un(x)|/|In−1(x)|

= limn→∞ |ϕ(Un(x))|/|Un(x)|
limn→∞ |ϕ(In−1(x))|/|In−1(x)| = ϕ′(x)

ϕ′(x)
= 1.

Let k ∈ N
∗ and supposeϕ is Ck. If k = 1 the results are proved. Ifk > 1, sinceϕ′|K1∩Ij

is constant, thenϕ(r)|K1∩Ij is identically 0, forr = 2,3, . . . , k. Then∣∣∣∣∣πn+p(λ̃)πn(λ)
− a

∣∣∣∣∣ = |I |
|J | ·

∣∣∣∣ |ϕ(In(x))||In(x)| − ϕ′(x)
∣∣∣∣ = |I |

|J | |ϕ
′(c(n, x))− ϕ′(x)|,

for somec(n, x) ∈ In(x). Sinceϕ(r)(x) = 0, 2 ≤ r ≤ k, we have limy→x |ϕ′(y) −
ϕ′(x)|/|y − x|k−1 = 0, and since|c(n, x) − x| ≤ |In(x)| = |I | · πn(λ), we
have limn→∞ |ϕ′(c(n, x)) − ϕ′(x)|/(πn(λ))k−1 = 0, and then limn→∞ |πn+p(̃λ) −
aπn(λ)|/(πn(λ))k = 0. Let (Un) be a sequence of gaps of thenth step of the construction
of K1 contained inIj , and letxn be the left end ofUn. Then∣∣∣∣∣gn+p(̃λ)gn(λ)

− a

∣∣∣∣∣ = |I |
|J |

∣∣∣∣ |ϕ(Un)||Un| − ϕ′(xn)
∣∣∣∣ = |I |

|J | |ϕ
′(cn)− ϕ′(xn)|,

for some cn ∈ Un, and our result about thegn’s follows from limn→∞ |ϕ′(cn) −
ϕ′(xn)|/|cn − xn|k−1 = 0, which follow fromϕ′(cn) = ϕ′(xn)+ (ϕ(k)(ξn)/(k − 1)!)(cn −
xn)

k−1, for some ξn ∈ (xn, cn) ⊂ Un. We have limn→∞ ϕ(k)(ξn) = 0, since ϕ
is Ck. The claims in the case whenϕ is Ck+α follows exactly as before from
|ϕ′(y) − ϕ′(x)| ≤ M|x − y|k+α−1, for all y ∈ Ij , and all x ∈ K1 ∩ Ij , whereM is
a constant. This follows fromϕ′(y) − ϕ′(x) = (ϕ(k)(c)/(k − 1)!)(y − x)k−1, wherec
is betweenx andy, and |ϕ(k)(c)| = |ϕ(k)(c) − ϕ(k)(x)| ≤ M|c − x|α ≤ M|y − x|α, for
k ≥ 2, sinceϕ is Ck+α, and, forϕ ∈ C1+α, |ϕ′(y)− ϕ′(x)| ≤ M|y − x|α. �
Remark.The conclusions of Proposition 2 hold for anyp, such that there is a fundamental
intervalIj of then0th step of the construction ofK1 as in Proposition 1, Corollary 2 such
thatϕ(Ij ) is a fundamental interval of the(n0+p)th step of the construction ofK2. In this
case we haveϕ′(x) = a(|J |/|I |), for all x ∈ K1 ∩Ij , wherea = limn→∞ πn+p(λ̃)/πn(λ).

COROLLARY. If Kλ admits the structure of a regular Cantor set (at least of classC1), then
there isr ∈ N

∗ such that

lim
n→∞

λn+r
λn

= 1 and lim
n→∞

1 − 2λn+r
1 − 2λn

= 1,
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and the sequence(λn+1 · λn+2 · · · λn+r )n∈N converges to someλ 6= 0. If Kλ admits the
structure of a regular Cantor set of classCk (respectivelyCk+α) then there existsr as
before such that

lim
n→∞

|λn+1 · λn+2 · · · λn+r − λ|
πk−1
n

= 0(
respectivelylim sup

n→∞
|λn+1 · λn+2 · · · λn+r − λ|

πk+α−1
n

< ∞
)
.

Proof. If Kλ is a regular Cantor set defined byψ as defined in§1, this is a direct
consequence of Proposition 2 (and the above remark) applied toK1 = K2 = Kλ, andV
being some connected component of the domain ofψ , U = ψ(V ) andϕ = (ψ |V )−1. �

3. Construction of diffeomorphisms between central Cantor sets
PROPOSITION3. LetK1 = Kλ,I andK2 = Kλ̃,J be two central Cantor sets such that

lim
n→∞

1 − 2λ̃n
1 − 2λn

= 1 and lim
n→∞

πn(λ̃)

πn(λ)
= α 6= 0.

Then there is aC1 diffeomorphismϕ : I → J such thatϕ(Kλ,I ) = Kλ̃,J and
ϕ(P rλ,I ) = P r

λ̃,J
, for all r ∈ N, and thusϕ′(x) = α(|J |/|I |), for all x ∈ Kλ,I .

Let k ∈ N
∗. If

lim
n→∞

|gn(λ̃)− αgn(λ)|
(gn(λ))k

= 0,

then we can obtainϕ of classCk.
Let β ∈ (0,1]. If

lim sup
n→∞

|gn(λ̃)− αgn(λ)|
(gn(λ))k+β

< ∞,

then we obtainϕ of classCk+β .

Proof. We will define ϕ in the gaps ofKλ,I , the definition of ϕ in Kλ,I being
performed by continuity. Letn ∈ N, I = I

(n)

1 ∪ U
(n)

1 ∪ · · · ∪ U
(n)

2n−1 ∪ I
(n)

2n and

J = J
(n)

1 ∪ V (n)1 ∪ · · · ∪ V (n)2n−1 ∪ J (n)2n be the corresponding decompositions of thenth
step of the constructions ofK1 andK2, respectively. We will haveϕ(I (n)r ) = J (n)r and
ϕ(U(n)

r ) = V (n)r , for eachr, n. In particular, ifx ∈ K1,

ϕ′(x) = lim
n→∞

|J (n)r |
|I (n)r |

= lim
n→∞

|J | · πn(λ̃)
|I | · πn(λ) ,

since |I (n)r | = |I | · πn(λ) and |J (n)r | = |J | · πn(λ̃), for all r, and soϕ′(x) = α(|J |/|I |),
for all x ∈ Kλ,I .

Let ψ : R → R be aC∞ function such thatψ(x) ≥ 0, for all x ∈ R, andψ(x) = 0,
x /∈ [0,1], and

∫ 1
0 ψ(x) dx = 1. Say

ψ(x) = ψ̃(x)∫ 1
0 ψ̃(t) dt

, whereψ̃(x) =
{
e1/x(x−1) x ∈ [0,1]
0 x /∈ [0,1].
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LetU = (a, b) be a gap of thenth step ofKλ,I and letV = (c, d) be the corresponding
gap of thenth step ofKλ̃,J . We have|U | = |I | · gn(λ) and|V | = |J | · gn(λ̃). We define,
for n large enough,ϕ|U as follows:ϕ(a) = c and forx ∈ [a, b],

ϕ′(x) = |J |
|I |

(
α +

(
gn(̃λ)

gn(λ)
− α

)
ψ

(
x − a

b − a

))
.

Since limn→∞ gn(λ̃)/gn(λ) = α, this expression forϕ′(x) is strictly positive forn ≥ n0,
wheren0 is a sufficiently large positive integer. For the gaps(a, b) of the steps before
the n0th, we defineϕ in [a, b] as follows: where(c, d) is the gap ofK2 corresponding
to (a, b), setϕ(a) = c, and forx ∈ [a, b], set

ϕ′(x) = α
|J |
|I | · exp

(
ρψ

(
x − a

b − a

))
,

whereρ ∈ R is chosen so that
∫ b
a
ϕ′(x) dx = d − c.

The functionϕ just constructed satisfiesϕ(Kλ,I ) = Kλ̃,J , and is aC1 diffeomorphism
sinceϕ′|I−Kλ,I is strictly positive and tends toα(|J |/|I |) in the gaps of thenth step
uniformly whenn → ∞ and limn→∞ |ϕ(I (n)r )|/|I (n)r | = α(|J |/|I |) uniformly, and so
ϕ′|Kλ,I ≡ α(|J |/|I |), and ϕ′ is continuous inI . Suppose we have limn→∞ |gn(λ̃) −
αgn(λ)|/(gn(λ))k = 0. Thenϕ is of classCk, the derivative of orderk of ϕ in a gap
(a, b) of the nth step are given, fork ≥ 2, by

ϕ(k)(x) = |J |
|I |k

(gn(λ̃)− αgn(λ))

(gn(λ))k
· ψ(k)

(
x − a

b − a

)
,

which tends to 0 uniformly whenn → ∞, andϕ(k)|Kλ,I ≡ 0. Soϕ(k) is a continuous
function in I .

Now supposeβ ∈ (0,1] and lim supn→∞ |gn(λ̃) − αgn(λ)|/(gn(λ))k+β < ∞. Let
x, y ∈ I . Sinceϕ(k) is constant inKλ,I , for all k ∈ N

∗, we have|ϕ(k)(x) − ϕ(k)(y)| ≤
2 max(|ϕ(k)(x) − ϕ(k)(ã)|, |ϕ(k)(y) − ϕ(k)(b̃)|), where ã = x (respectivelyb̃ = y) if
x ∈ Kλ,I (respectivelyy ∈ Kλ̃,J ) and ã (respectivelyb̃) is an end of the gap containing
x (respectivelyy). Thus we can suppose thatx andy are in the closure of the same gap
(a, b), and so

|ϕ(k)(x)− ϕ(k)(y)| = |J |
|I |k

|gn(λ̃)− αgn(λ)|
(gn(λ))k

· |ψk+1(ξ)| · |x − y|
b − a

,

for someξ ∈ [0,1], where(a, b) is a gap of thenth step ofKλ,I , and so

|ϕ(k)(x)− ϕ(k)(y)|
|x − y|β = |J |

|I |k+β · |gn(λ̃)− αgn(λ)|
(gn(λ))k+β

· |ϕ(k+1)(ξ)|
( |x − y|
b − a

)1−β
,

which is bounded (sinceϕ(k+1) is bounded and|x − y| ≤ b − a) by

|J |
|I |k+β · sup

n∈N

|gn(λ̃)− αgn(λ)|
(gn(λ))k+β

· sup
x∈[0,1]

|ψ(k+1)(x)|.

Soϕ is of classCk+β . �
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COROLLARY. LetK1 = Kλ,I andK2 = Kλ̃,J be two central Cantor sets, and letp ∈ Z

be such that

lim
n→∞

1 − 2λ̃n+p
1 − 2λn

= 1 and lim
n→∞

πn+p(λ̃)
πn(λ)

= α 6= 0.

Then, ifm ∈ N
∗, m+ p ∈ N

∗, Ĩ is a fundamental interval of themth step ofK1 and J̃ is
a fundamental interval of the(m+p)th step ofK2, then there exists aC1 diffeomorphism
ϕ : Ĩ → J̃ such thatϕ(K1 ∩ Ĩ ) = K2 ∩ J̃ , ϕ(P rλ,I ∩ Ĩ ) = P

r+p
λ̃,J

∩ J̃ , for r ≥ m, and thus

ϕ′(x) = α(|J |/|I |), for all x ∈ K1 ∩ Ĩ . Let k ∈ N andβ ∈ (0,1]. Then, if

lim
n→∞

|gn+p(λ̃)− αgn(λ)|
(gn(λ))k

= 0

(
respectivelylim sup

n→∞
|gn+p(λ̃)− αgn(λ)|

(gn(λ))k+β
< ∞

)
then we can obtainϕ of classCk (respectively of classCk+β).

Remark.If α = 0 the result is still valid, except thatϕ may not be a diffeomorphism, but
is a homeomorphism withϕ′(x) = 0 ⇔ x ∈ K1. This is used in [M2] to give examples
related to critical situations of the Morse–Sard theorem.

4. Proof of theorems

Proof of Theorem A.Let us first prove the stated equivalences. Ifk = 1 then conditions
(i) and (ii) are the same. LetPn = λn+1 · λn+2 · · · λn+r0. If q > 1, (q = k or q = k + α)

then each of the conditions (i), (ii), (i′), (ii ′) implies thatPn converges exponentially
to λ, i.e. there are constantsM > 0 andC ∈ (0,1) such that|Pn − λ| ≤ M · Cn,
for all n ∈ N. So5∞

n=1(Pr0n/λ) converges exponentially, soπq−1
n = O(λ(q−1)n/r0) and

λ(q−1)n/r0 = O(π
q−1
n ). (We are using the notationan = O(bn) ⇔ lim supn→∞ an/bn <

∞, andan = o(bn) ⇔ limn→∞ an/bn = 0.)
So (i) ⇔ (ii) and (i′) ⇔ (ii ′). If k > 1 (respectivelyk + α > 1),

λr0(n+1)+j
λr0n+j

= Pr0n+j
Pr0n+j−1

= λ+ o(λ(k−1)n)

λ+ o(λ(k−1)n)
,(

respectively
λ+O(λ(k+α−1)n)

λ+O(λ(k+α−1)n)
= 1 + o(λ(k−1)n)

)
(respectively 1+O(λ(k+α−1)n)).

Soλr0(n+1)+j = λr0n+j+o(λ(k−1)n) (respectivelyλr0n+j+O(λ(k+α−1)n)), and thus(λr0n+j )
converges exponentially to someµj , and

|λr0n+j − µj | =
∞∑
m=n

|λr0m+j − λr0(m+1)+j | =
∞∑
m=n

o(λ(k−1)m)(
respectively

∞∑
m=n

O(λ(k+α−1)m) = o(λ(k−1)n)

)
(respectivelyO(λ(k+α−1)n)).

If someµj is equal to 1/2 then(λr0n+j ) converges exponentially to 1/2, contradicting
limn→∞(1−2λn+r0)/(1−2λn) = 1. Moreover,µ1·µ2·µ3 · · ·µr0 = limn→∞ Pr0n = λ 6= 0,
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so µj 6= 0, for all j . Thus we have provedµj ∈ (0,1/2), for all j . Reciprocally,
if λr0n+j = µj + o(λ(k−1)n) (respectivelyλr0n+j = µj + O(λ(k+α−1)n)) then Pn =
λ + o(λ(k−1)n/r0) (respectivelyPn = λ + λ(k+α−1)n/r0). Then (i′) ⇔ (ii ′) ⇔ (iii ′) and,
if k > 1, (i) ⇔ (ii) ⇔ (iii ). The corollary to Proposition 2 shows that ifK is Ck

(respectivelyK is Ck+α) then conditions (a)–(c) and condition (i) (respectively (i′)) hold
for somer instead ofr0. We will show that this holds also forr = r0. In the caseC1

there is nothing to prove. Ifk > 1 (respectivelyk+α > 1), limn→∞ λn+r0/λn = 1 implies
µi = µj if i ≡ j (modr0), so limn→∞ |λrn+j −µj |/λ(k−1)n = 0, 1≤ j ≤ r, if and only if
limn→∞ |λn − µn(r) |/πk−1

n = 0 (respectively lim supn→∞ |λrn+j − µj |/λ(k−1)n < ∞, 1 ≤
j ≤ r, if and only if lim supn→∞ |λn − µn(r) |/πk+α−1

n < ∞), wheren(p) ∈ {1,2, . . . , p}
satisfiesn ≡ n(p) (modp). However, sinceµn(r) = µn(r0) (becauser0 = min{p ∈ G/p >
0}, whereG = {p ∈ Z/ limn→∞ λn+p/λn = limn→∞(1 − 2λn+p)/(1 − 2λn) = 1} is a
subgroup ofZ, soG = r0Z andr0|r, thusn(r) ≡ n(r0) (modr0)), we see that the validity
of (i) (respectively of (i′)) for r and for r0 are equivalent. This shows the necessity of
the conditions.

To prove the sufficiency of the conditions, note that

lim
n→∞

|gn+r0(λ)− λgn(λ)|
(gn(λ))k

= 0

(
respectively lim sup

n→∞
|gn+n0(λ)− λgn(λ)|

(gn(λ))k+α
< ∞

)
,

since

gn+r0(λ)
gn(λ)

= 1 − 2λn+r0
1 − 2λn

· πn+r0−1(λ)

πn−1(λ)
= (1 + o(πk−1

n ))(1 + o(πk−1
n ))

= λ+O(πk−1
n )

(respectively(1 +O(πk+α−1
n ))(λ+O(πk+α−1

n )) = λ+ O(πk+α−1
n )),

andπn(λ) = O(gn(λ)), providedk > 1 (respectivelyk+α > 1), since lim supn→∞ λn <
1/2. The case of classC1 is trivial. Now we can use the corollary to Proposition 3 in
the following way. If I = I1 ∪ U1 ∪ I2 ∪ · · · ∪ U2r0−1 ∪ I2r0 is the decomposition of the
r0th step of the construction ofK then there are diffeomorphismsϕj : I → Ij of class
Ck (respectivelyCk+α) such thatϕj (K) = K ∩ Ij andϕj maps decompositions of the
construction ofK into corresponding decompositions of the construction ofK ∩ Ij (so
ϕ′
j |K ≡ limn→∞ λn+1 · λn+2 · · · λn+r0 = λ). Let ψ : P r0λ,I → I be defined byψ |Ij = ϕ−1

j .
Thenψ ′|K ≡ λ−1 > 1. Then there isk0 ∈ N andσ > 1 such thatψ ′(x) > σ , for all
x ∈ P k0r0

λ,I . By the construction we haveψ(P (k+1)r0
λ,I ) = P

kr0
λ,I . So, if δ = inf{(ψk0)′(x) |

x ∈ P k0r0
λ,I } andN ∈ N satisfy δ · σN > 1, thenψN+k0 : P (N+k0)r0

λ,I → I is an expansive
function of classCk (respectivelyCk+α) that makesK a regular Cantor set of classCk

(respectivelyCk+α), because(ψN+k0)′(x) = (ψk0)′(ψN(x)) ·5N−1
k=0 ψ

′(ψk(x)) ≥ δ · σN ,
sinceψk(x) ∈ P k0r0

λ,I , for all i ≤ N . �
Example 4.1.The Lebesgue measure of a central Cantor setKλ is limn→∞ 2nπn(λ).
Given a ∈ (0,1) there is aC1 Cantor setKλ with Lebesgue measure equal toa. For
this we take

λn = 1

2
· 1 − ((1 − a)/n)

1 − ((1 − a)/(n+ 1))
.

If K is aC1+ε Cantor set then its Lebesgue measure is 0.
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Example 4.2.If λn < 1/3 for all n ∈ N, thenKλ −Kλ = {x − y/ x, y ∈ Kλ} is a Cantor
set with measure 2·5∞

n=1(3λn) (see [Sa] or [BPV]). Given q ≥ 1 (q = k or q = k + α)
anda ∈ (0,2) we can give an example of a central Cantor setKλ of classCq but not
of classCq+ε, for all ε > 0, such thatm(Kλ −Kλ) = a, wherem denotes the Lebesgue
measure inR. For this we take

λn = 1

3
· 1 − (3q(2 − a)/(2 · 3

√
n+(q−1)n))

1 − (3q(2 − a)/(2 · 3
√
n+1+(q−1)(n+1)))

if q < ∞, and

λn = 1

3
· 1 − (3(2 − a)/(2 · 3n

2
))

1 − (3(2 − a)/(2 · 3(n+1)2))
,

if q = ∞.
We remark that ifλn < 1/3, for all n, limn→∞ λn = 1/3 andKλ is Cq , q > 1, then

Kλ−Kλ is a Cantor set with positive Lebesgue measure, becauseλ = (λn)n∈N converges
exponentially to 1/3 and so5∞

n=1(3λn) > 0.

Example 4.3.Let 0 ≤ a < b ≤ 1/2. TheKλ is of classC1, where

λ2n−1 = a + b

2
+
(
b − a

2

)(
1 − 1√

n

)
sin(logn), λ2n = ab

λ2n−1

is dense in [a, b].

Proof of Theorem B.The necessity and sufficiency of the conditions for local
diffeomorphisms follow from Proposition 2 and the corollary to Proposition 3,
respectively. The sufficiency of the conditions for diffeomorphisms (i) and (ii) follow
from Proposition 3. We need only prove that these conditions are also necessary. By
Proposition 1, Corollary 2, we can decomposeI = I1 ∪ U1 ∪ I2 ∪ · · · ∪ U2n0−1 ∪ I2n0 ,
where Ij are the fundamental intervals of then0th step of the construction ofKλ, I ,
such thatϕ(Ij ) is a fundamental interval of the construction ofKλ̃,J , say of then(j)th
step, forj = 1,2, . . . ,2n0. Moreover,ϕ maps decompositions ofIj into fundamental
intervals and gaps in the corresponding decompositions ofϕ(Ij ). A diffeomorphism
between two central Cantor sets with this last property is called agood diffeomorphism.
Let A = {p ∈ Z/ for sufficiently largen ∈ N, given fundamental intervals̃I of the
nth step ofKλ,I and J̃ of the (n + p)th step ofKλ̃,J there is a good diffeomorphism

ψ : Ĩ → J̃ at least as differentiable asϕ such thatψ(Ĩ ∩ Kλ,I ) = J̃ ∩ Kλ̃,J }, and

B = {p ∈ Z/ for sufficiently largen ∈ N, given fundamental intervals̃I of the nth step
of Kλ̃,J and J̃ of the (n+ p)th step ofKλ̃,J there is a good diffeomorphismψ : Ĩ → J̃

at least as differentiable asϕ such thatψ(Ĩ ∩Kλ̃,J ) = J̃ ∩Kλ̃,J }. Then:
• n(j)− n0 ∈ A, j = 1,2, . . . ,2n0 (take restrictions ofϕ|Ij );
• p, q ∈ A ⇒ p − q ∈ B, andp, q ∈ B ⇒ p − q ∈ B (being diffeomorphic by a

good diffeomorphism is an equivalence relation). In particular,n(i) − n(j) ∈ B,
for all i, j .

This implies thatB = d · Z for somed ∈ Z, andA = p + dZ for all p ∈ A. If
0 /∈ A then d > 1 andX ≡ p (modd) for all X ∈ A, whered 6 |p, so we can take
p ∈ {1,2, . . . , d−1} such thatn(j) ≡ n0+p (modd), for all j . LetN = max(n(j)+p).
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Then J contains 2N fundamental intervals of theN th step ofKλ̃,J andϕ(Ij ) contains

2N−n(j) of these intervals, so
∑2n0

j=1 2N−n(j) = 2N butn(j) ≡ n0+p (modd), so 2N−n(j) ≡
2N−n0−p (mod 2d −1), and thus 2N = ∑2n0

j=1 2N−n(j) ≡ 2n02N−n0−p = 2N−p (mod 2d −1),
so (2d − 1)|2N−p(2p − 1), a contradiction. So 0∈ A, and the result follows from
Proposition 2. �

Example 4.4.The central Cantor sets defined by the sequences( 1
3,

1
4,

1
3,

1
4, . . .) and

( 1
4,

1
3,

1
4,

1
3, . . .) are not diffeomorphic but are locally diffeomorphic.

5. Calculation of numerical invariants of central Cantor sets
5.1. Thickness. Given a Cantor setK and a gapU of K, let IU be the interval
bounded byU and the closest gapV that is larger thanU . We defineτ(U) = |IU |/|U |
andτ(K) = inf{τ(U)/U is a bounded gap ofK}, the thicknessof K.

If K = Kλ is a central Cantor set, then the intervalIU in the above definition must
be a fundamental interval of eitherU or V so, if IU is a fundamental interval of thenth
step, we have

τ(U) = |IU |
|U | = |IU |

min(|U |, |V |) ≥ πn(λ)

gn(λ)
= λn

1 − 2λn
.

On the other hand, ifU is the first gap of thenth step,

τ(U) = πn(λ)

gn(λ)
= λn

1 − 2λn
.

Therefore,τ(K) = infn∈N λn/(1 − 2λn).
Given p ∈ K we defineτloc(k, p) = lim supε1,ε2→0 τ(K ∩ (p − ε2, p + ε2)). By the

above arguments we can conclude thatτloc(Kλ, p) = lim infn→∞ λn(1 − 2λn), for all
p ∈ Kλ.

5.2. Limit capacity. Let K be a Cantor set andε > 0. We defineN(K, ε) as the
minimum number of intervals of lengthε needed to coverK, and thelimit capacity
d(K) of K is defined by

d(K) = lim sup
ε→0

− logN(K, ε)

logε
.

If K = Kλ is a central Cantor set then we can coverKλ by 2n+1 intervals of length
ε for eachε > 0 satisfyingπn+1(Kλ) ≤ ε < πn(λ), and so

d(Kλ) ≤ lim sup
n→∞

−(n+ 1)
log 2

logπn(λ)
= lim sup

n→∞
−n log 2

logπn(λ)
.

On the other hand, ifa1 < a2 < · · · < a2n are the left ends of the fundamental intervals
of thenth step ofKλ, we haveai+1−ai > πn(λ), for eachi. So, ifπn+1(λ) ≤ ε < πn(λ),
then intervals of lengthε contain at most one of theai ’s and so we must have at least
2n intervals of lengthε to coverKλ, sinceai ∈ Kλ, for all i. ThusN(Kλ, ε) ≥ 2n and

− logN(Kλ, ε)

logε
≥ − n log 2

logπn(λ)
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and so

d(Kλ) = lim sup
n→∞

− n log 2

logπn(λ)
.

5.3. Hausdorff dimension. Given a Cantor setK ⊂ R and a finite cover ofK by
open intervalsU = {Ui}i∈I , we define the diameter ofU by diamU = max{|Ui |, i ∈ I }.
Given α ∈ R, we defineHα(U) = ∑

i∈I |Ui |α. The Hausdorffα-measure ofK is
mα(K) = limε→0(inf{Hα(U)/U is a covering ofK with diam(U) < ε}). The Hausdorff
dimension ofK is defined as being the unique real numberHD(K) such that{

mα(K) = +∞ α < HD(K)

mα(K) = 0 α > HD(K).

If K = Kλ, K can be covered by 2n intervals of lengthπn(λ), so, if α >

lim infn→∞(−n log 2/ logπn(λ)), there are infinitely manyn ∈ N such that 2n(πn(λ))α <
1, and thusHD(Kλ) ≤ α.

Let U be a covering ofKλ by m intervals of small length and letα ∈ R. Let
n ∈ N be such thatm < 2n−1. Then the setC of fundamental intervals of thenth step
which are strictly contained in some interval ofU has at least 2n−1 elements. Now, if
Ui ∈ U , let n(Ui) = #{I ⊂ C/I ⊂ Ui}, and choose aUi0 that minimizes|Ui |α/n(Ui).
Since

∑
n(Ui) ≥ 2n−1 and

∑ |Ui |α = Hα(U), we have|Ui0|/n(Ui0) ≤ Hα(U)/2n−1. If
2k ≤ n(Ui0) < 2k+1, thenUi0 contains 2k consecutive fundamental intervals of thenth
step, and so it contains a whole fundamental interval of the(n − k + 1)th step. Thus
|Ui0| ≥ πn−k+1(λ) and

Hα(U)
2n−1

≥ |Ui0|α
n(Ui0)

>
(πn−k+1(λ))

α

2n+1
,

thusHα(U) > 2n−k−2(πn−k+1(λ))
α. This proves that for each coveringU of Kλ there is

N ∈ N such that

πN(λ) ≤ diam(U) and 2N · (πN(λ))α < 8 ·Hα(U). (∗)
In particular, if α < lim infn→∞(−n log 2/ logπn(λ)), we have limn→∞ 2n(πn(λ))α =
+∞ implies Hα(U) = +∞, by (∗). So we haveHD(Kλ) ≥ α, which proves that
HD(Kλ) = lim infn→∞(−n log 2/ logπn(λ)).

Using the same arguments we can conclude that for eachα ∈ R, α > 0,

1
8 lim inf

n→∞ 2n · (πn(λ))α ≤ mα(Kλ) ≤ lim inf
n→∞ 2n · (πn(λ))α.

In summary, the above results show that for each intervalI and sequenceλ = (λn)n∈N:

• τ(Kλ,I ) = τ(Kλ) = inf
n∈N

λn

1 − 2λn
;

• τloc(Kλ,I ) = τloc(Kλ) = lim inf
n→∞

λn

1 − 2λn
;

• d(Kλ,I ) = d(Kλ) = lim sup
n→∞

−n log 2

logπn(λ)
;

• HD(Kλ,I ) = HD(Kλ) = lim inf
n→∞

−n log 2

logπn(λ)
.
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Moreover, for eachα > 0, mα(Kλ,I ) = |I |α ·mα(Kλ) andmα(Kλ) satisfies

1
8 lim inf

n→∞ 2n · (πn(λ))α ≤ mα(Kλ) ≤ lim inf
n→∞ 2n · (πn(λ))α.
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