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The L mode in electromagnetic proton-cyclotron waves (EPCWs) propagating par-
allel to a uniform ambient magnetic field is studied here analytically. A generalized
Lorentzian distribution function is used to model the plasma. Analytical expres-
sions for the wavenumber and for both the temporal and convective growth rates
for a multi-ion plasma are obtained within the linear theory. This analytical ap-
proach is appropiate for 3 < 1, which is the ratio of plasma kinetic pressure to
magnetic field pressure. The characteristics of the unstable spectrum are found to
be independent of high-energy particles. For a plasma composed of electrons plus
hot and cold protons, it is shown that the maximum growth rates as functions of
cold-proton concentration § can always decrease, or can increase until § reaches
a certain peak value and decrease thereafter, or can always increase, depending
on the thermal anisotropy of the hot protons. This behaviour is similar to that in
Maxwellian plasmas. However, for the convective growth rate, the expression for the
optimum cold-proton concentration shows a significant dependence on the spectral
index x. Therefore, when cold protons are injected, it is more difficult to obtain op-
timum amplification in a Lorentzian plasma than in a Maxwellian plasma. It is also
shown that the influence of the high-energy tail on the generation and amplification
processes of the EPCWs is controlled by thermal anisotropy and cold-ion popula-
tion. As a consequence of the latter, temporal and convective growth rates can be
larger than, equal to or smaller than those of Maxwellian plasmas, depending on the
anisotropy of the hot-proton distribution and on the cold-proton concentration.

1. Introduction

The L mode in electromagnetic proton-cyclotron waves (EPCWs) has been exten-
sively studied for several years (Young et al. 1981; Roux et al. 1982; Gomberoff
and Neira 1983; Gendrin ef al. 1984; Gomberoff and Vega 1987; Vega el al. 1992;
Anderson et al. 1992a,b). These waves have been widely studied in linear theory,
and all theoretical developments have assumed a Maxwellian distribution function
for the basic undisturbed state of the plasma (see e.g. Gomberoff and Cuperman
1982; Gomberoff and Neira 1983; Gendrin el al. 1984; Gomberoff and Vega 1987;
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Vega et al. 1992). However, observational studies on natural space plasmas, e.g.
planetary magnetospheres, astrophysical plasmas, and the solar wind (Vasyliunas
1968; Williams el al. 1988; Lui and Krimigis 1983; Mauk ef al. 1991; Ogilvie el al.
1993), have clearly shown that the particle-velocity distribution exhibits a non-
Maxwellian high-energy tail that can best be modelled by a generalized Lorentzian
(or kappa) distribution function. This distribution function contains the spectral
index &, representing the relative importance of the high-energy tail of the plasma
distribution function. Accordingly, a new special function Z7 has been defined based
on the kappa distribution (Summers and Thorne 1991, 1992). Z; is called the mod-
ified plasma dispersion function, and is expected to be instrumental in studying
micro-instabilities in multicomponent plasmas for particle distributions having a
high-energy tail.

In order to understand the amplification process of EPCWs, several authors
have analysed the influence of ion components and thermal anisotropy on the lin-
ear growth rate, by means of an analytical approach for a Maxwellian distribution
function (see e.g. Gomberoff and Vega 1987, and references therein). In particular,
Gomberoff and Vega (1989) analysed the influence of the thermal effects of the ions
on the linear growth rate for Maxwellian plasmas. They argue that this approach is
appropiate for plasmas with 8 < 1, and that it continues to be a good approxima-
tion even for large-3) plasmas (8 ~ 1), provided that the ion components are either
not too hot or of a very low density — cases that are common in magnetospheric
and other space plasmas.

Xue et al. (1993) obtained a general dispersion relation for field-aligned EPCWs
by using the modified plasma dispersion function. They presented numerical so-
lutions to the exact governing equation for the wave growth, and compared the
growth rate for a bi-Maxwellian distribution with the one for a bi-Lorentzian dis-
tribution. They showed that the results are sensitive to the spectral index s of the
kappa distribution, and that the presence of a pronounced high-energy tail allows
the electromagnetic proton-cyclotron instability to extend over a much broader
frequency range than is expected for a Maxwellian plasma. This study assumed the
background plasma to be composed of a single ion species. Xue el al. (1993) also
pointed out that the frequently used analytical approach mentioned above is too
restrictive. Later, Xue et al. (1996) studied the growth rate of the L mode in EPCWs
under terrestrial magnetospheric conditions; they used an anisotropic kappa parti-
cle distribution to model the energetic ring-current ions. By considering a plasma
composed of H", He™, and OF, they showed that convective growth rates can be
substantially smaller than the values obtained using a bi-Maxwellian distribution
function. Xue ef al. considered variations in the growth rates in three cases:

(i) by varying the characteristic parameters of anisotropic energetic protons;
(if) by varying the total ambient plasma density;
(iii) by varying the helium composition.

In order to obtain a good understanding of the EPCWs, it is necessary to obtain
analytical expressions for the wavenumber and the growth rate. A detailed analysis
of the wave propagation characteristics and the amplification process under space-
plasma conditions is possible through these equations. Most space plasmas have
more than just one ion species, and each population can consist of a mixture of hot
and cold components (Young et al. 1981; Christon et al. 1989; Ogilvie et al. 1993).
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Therefore one may expect analytical expressions to show the relationship between
each ion population and its characteristic plasma parameters when comparing the
dispersive properties and excitation mechanisms for EPCWs in a bi-Maxwellian
plasma with those corresponding to a Lorentzian distribution. In this context,
satellite observations have shown that ion concentrations and thermal anisotropy
for energetic protons can change significantly; for example, the values of A, range
from about 0.2 to about 4 (see e.g. Roux ef al. 1982; Marsch el al. 1982). One
may then expect these variations to affect the influence of high-energy particles on
EPCWs.

This study will examine the electromagnetic proton-cyclotron instability ana-
lytically within the linear theory for plasmas modelled by a kappa distribution
function. To this end, the general dispersion relation for the L mode is obtained in
Sec. 2; also, the terms corresponding to the hot and cold components respectively
are each written separately. Analytical expressions for the wavenumber and for both
the temporal and convective growth rates are then obtained as functions of plasma
parameters for a multi-ion plasma. The marginal stability condition implies that the
marginal mode is similar to that corresponding to a Maxwellian plasma. It is shown
here that the characteristics of the unstable frequency spectrum are not influenced
by high-energy particles. Space plasma conditions are represented in Sec. 3 by as-
suming that only two species (protons and electrons) with two proton components
(the anisotropic energetic component and the isotropic cold component) are present.
A comparison of the analytical results obtained here for the temporal growth rate
with those numerically obtained by Xue et al. (1993) shows that this analytical ap-
proach continues to be a very good approximation for 3 < 1. On the other hand,
the behaviour of both the temporal and convective growth rates as functions of
the cold-proton concentration 0, the spectral index s and the thermal anisotropy is
analytically and parametrically studied here. Both maximum growth rates behave
in the same way as functions of cold proton concentration ¢ as in a Maxwellian
plasma. However, in the case where the maximum convective growth rate increases
until 6 reaches a certain optimum value é,, and decreases thereafter, the value of 6,
depends significantly on the spectral index x. It is also shown here that the influ-
ence of the high-energy tail on wave growth is strongly dependent on both thermal
anisotropy values and cold-proton population. In other words, both growth rates
can be larger, equal to or smaller than those for Maxwellian plasmas, depending
on the anisotropy of the hot-proton distribution function and on the cold-proton
concentration. A brief summary and conclusions of the results are given in Sec. 4.

2. Dispersion relation

In order to model a space plasma system, an infinite homogeneous and magnetized
plasma consisting of ions and electrons described by bi-Lorentzian distribution
functions of the form (Xue et al. 1993)

9 ) —(k+1)
1 I'k+1) Y Vi

FCE = o =73 I+ — + — 1

f (UH vl1) 71"*/2@1@”53/2 [(k+ %) ( K“G)ﬁ "€®i (1)

is considered here. The expression ®ﬁ L = [(2x = 3)/2k](2kpTj|, 1 /m) represents

the effective thermal velocities parallel and perpendicular to the magnetic field
respectively for k > % (Vasyliunas 1968). In the limiting case when Kk — oo, this
distribution function approaches the Maxwellian form.
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Under these conditions, and assuming that the distribution functions for all the
components satisfy the Vlasov equation, the dispersion relation within the linear
theory for the L. mode in electromagnetic ion-cyclotron waves propagating parallel
to the external magnetic field is given by

RE =+ W A - L4+ @ o, - =Y 4.
=0+ Y W A — (A + D) —w) — Q2 () ¢
r I3 ry Ry —

where & = [(k; — 1)/k;]"*(w — Q;)/k®;. A; = (T'L;/T);) — 1 is the thermal
anisotropy, w = w, + iw;, k is the real wavenumber, w,; and Q; are the plasma
frequency and the gyrofrequency respectively of species j, x; is the spectral index
for each species j, and Z7 _, (&;) is the modified plasma dispersion function for each
particle population. Equation (2) is equivalent to the one obtained by Summers
and Thorne (1991, equation (39)) corresponding to the L-mode wave. This wave
mode corresponds to left-hand circularly polarized waves with frequencies below
the ion gyrofrequency; the free-energy source is the ion thermal anisotropy. In other
words, the effect of the individual particle motion producing the wave—particle
resonant interactions is fundamental in predicting this mode. Therefore kinetic
theory is necessary to carry out a detailed study on the physics of this kind of wave
mode. In (2), the argument of Z:j_l(gj) contains fundamental information about
waves and plasma particles for studying the processes of amplification, damping
and generation of these waves.

As the space plasma models under consideration have ) = 87‘kaTH/B(2, <1 (see
e.g. Ishida et al. 1987; Isenberg and Hollweg 1983). one may expect large values
for the argument of Z*_,(£); that is, |{] — oo. This leads us to use the asymptotic
expression for Z*(£) (Summers and Thorne 1991) in (2):

i (e +1) ( §2>‘(”+”
7 - - Yn 5 :
x(6) W= 1) I+ +Yi(6) (3)
where
_ 2s—11 ko1 3K* 1 ,
V) = ——5g g[ o1 o @)

The number of terms to be considered in (3) depends on the characteristic param-
eters of each plasma component. As |{;| decreases, more and more terms in the
expansion Re[Z}(£)] must be taken into account. The fact that in typical space
plasmas each species can be a mixture of hot and cold components should be con-
sidered in the dispersion relation (2), by means of the number of terms in Z7%(£),
(3). Thus, for cold components, only the first term in the expansion of Y,*(£) should
be considered; that is, Z%(§) ~ —[(2k — 1)/2k] /€.
By replacing this expression for Z%(€) in (2),

k2c2:w2+§ W2, A,_L[(A._‘_l)(g,_w)_g,]wz* (&)
DI J kO, . J ] ] 1/2 3 ki —1\S7
; K K (Kj —3)

- it

je J
The summation ch is over all the cold components. This summation includes the

electrons, given that they are assumed to satisfy Q./(2'2a.k) > 1, where a, is
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—

the electron thermal velocity. The last term in (5) is similar to the one obtained
when cold components are modelled by a single isotropic Maxwellian distribution
(Gomberoff and Vega 1989).

For hot anisotropic components, the asymptotic expression for Z%_,(;) is re-
placed in (5), by keeping the first two terms in the expansion of Y,*_,(§;), (4). Then,
by assuming w, > w; and k%c?/w? > 1 as well as quasineutrality (see e.g. Gomberoff
and Cuperman 1982), the following expresion for the dispersion relation is obtained
from the real part of (5):

K, 2j(Nje + mjn) M; /
— =" - 1(x), (6)
;ph XJ: (1 — MJZ')
where
Byin A:(1 — M;zx) — M.x
I@)=1+) =2 it i _Mx)g =, (7)
jh

and z = w,/Qp, Njen = (Mj/zj)(wzjc’h/wf)ph), M; = m;/z;m,p, and z; is the ion
charge. Indices c and h stand for the cold and the hot ion components respectively.
In (6) and (7), the summation over j includes all the ions, and the summation over
jh includes all the hot-ion components.

It is interesting to note that the dispersion relation (6) is s-independent, and
similar to the one obtained for a Maxwellian plasma (Gomberoff and Vega 1989);
it is called the ‘corrected semicold approximation’. This result shows that for a
plasma characterized by 8 < 1, the high-energy tail population does not affect
the wave propagation properties of the EPCWs. Therefore the Maxwellian and the
Lorentzian plasmas present unstable frequency spectra with identical character-
istics. If the third term in the expansion Y, (£) is now included then the disper-
sion relation becomes k-dependent. On replacing £ = 2, which is the value of &
corresponding to the largest proportion of high-energy particles, the only effect,
as compared with the equivalent third term in the expansion for a Maxwellian
plasma, is a change of sign. Moreover, it is important to point out here that when
the plasma is multicomponent, resonances producing cutoffs in the phase velocity
occur at Mz = 1. This leads to stop-bands where waves do not propagate.

In order to study the effect of the high-energy tail components on wave growth,
analytical expressions for both the temporal and convective growth rate will be
obtained below.

2.1. Temporal growth rate

The temporal growth rate is determined from the imaginary part of (5) and is given

by

O\ /2 — 3/2
_ jhZ;
ks Z (ﬁuh) ( M; )

jh

% F(K])IAJ(I - MJCE) - ijl [l n T]thj(l — M]x)z /klcl ] —Kj

(Hj - %)B/QF(HJ - g) Mjﬂl\jh(ﬂj - %) w?)ph

ke 2(nin + Mje) M2 — Mjz) _ Kc* 5~ Bign
o Z 5 (1 i) M] - = Z ls M;F;(x) » (8)
Wpph, (1 i) “pph g
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where
(] — ij)*‘ ’

Fj(z) =

In (8), v« = wi/Qp, k; is the spectral index of species j, and I' is the Gamma
function. It is possible to see from (8) that v, is a function of the spectral index
k. This dependence comes from the imaginary part of the modified plasma dis-
persion function Z}(§). The denominator of (8) is identical to the denominator in
the Maxwellian case. Also, in the linear theory, the combined effect of the j-ion-
cyclotron instabilities is a linear superposition of the j effects; that is, v, = Ej Vie; -
Thus, by setting 7, = 0 in (8), a frequency that is a marginal mode for the j-
ion-cyclotron instability is obtained, i.e. a frequency such that when z = zpy,,
the j term in (8) becomes zero, and xyy, is given by Aj;/[M;(A; + 1)]. This re-
sult is similar to the one obtained in a Maxwellian plasma (Gomberoff and Vega
1987).

2.2. Convective growth rate
The convective growth rate is defined as S, = 7, /v,, where v, is the group velocity.
By calculating vy from (6), and by combining it with (8),

S, = ihZ;
%:204\1% MJZ
LA = Myw) = Mya) [ iz (L= My [ RG]
(kj = 3)'°T(r; = 3) M;Bijn (k=3 [ “ppn
-1
> zj(nje + njn)M;
s Sihd 9
1\ EJ: (1 — M) 7 @)

where «j ;5 is the thermal speed of the hot species j parallel to the ambient mag-
netic field. Equation (9) clearly shows, like (8), that the wave growth is a function
strongly dependent on plasma parameters. Therefore it is very important to study
this dependence in a Lorentzian plasma and compare it with the dependence in a
Maxwellian plasma. In particular, one may expect large differences between S,, and
S for smaller values of k. However, one may also expect these differences to be
dependent on the different plasma parameters.

3. Proton-cyclotron instability

Satellite observations have shown a close association between the occurrence of
intense ion-cyclotron waves below the proton gyrofrequency and the presence of
energetic (E ~ 20-100 keV) and anisotropic protons (Roux et al. 1982; Gendrin ef
al. 1984). It is well established that these protons provide the free-energy source
for the ion-cyclotron instability. In this case, the instability is called the proton-
cyclotron instability.

Therefore let us now consider a plasma consisting of only energetic anisotropic
protons and a cold-proton component. Under this assumption, the wavenumber k,
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Figure 1. Normalized Lorentzian temporal growth rate versus normalized frequency for
Ap =1 and k = 2, and several values of 5|, (0.1, 0.2, 0.4, and 1.0).

(6), is now given by

k¢ _ 5146 Bip [Ap(l — z) — 2]
w;jph_xl—x/{H 2 (I—a)p } (10)

where 6 = 7;. is the cold-proton concentration.
The temporal growth rate (8) reduces to

:<W>]/2F(/§)[Ap(l—x)—x] Ut ot -
7 By (k= 3)P/*0(k — 3) Bipls = 3) | wppn

X{ ke lx(]+5)(2—x)_kQCQﬁPQ[Ap“—JJ)_l']_]]}l’ (11)

Wpph (1-x)* wf,ph 2 (1 —x)*

and the convective growth rate (9) can be written as

g - /2 T(k)[A,(1 — 2) — 2] 14 —J:)% e | (xQ 1 +6)_' a2
" 200 (k— %)]/Zr("€ - %) Biip(k — %) wf)ph -z

3.1. Semicold approximation

An analytical study of how the influence of the high-energy tail population on wave
growth is affected by other plasma parameters is presented below. To this end, the
semicold approximation is considered; that is, the denominator in (10) is taken as
1, and the temporal growth rate (11) becomes

k= | 5 a ‘ 1 '
' <ﬁ"’> (- DT 3) | B/ \"T-e

LN a+8e2—n] ‘
Xlxz(l—x> i-aF | )
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3.1.1. Validity of the approach. In order to assess the validity of the semicold ap-
proximation, our results are compared with those obtained by Xue ef al. (1993).
Thus, Fig. 1 shows the temporal growth rate v, as a function of z = w,/Q,, for
A, = 1,6 = 0 and & = 2; the value of k corresponds to the largest proportion
of high-energy particles. Since the values of the 3, were chosen as 0.1, 0.2, 0.4
and 1.0, our approach is expected to be appropriate for 3, < 1. It must be said
here that many space plasmas have values of 3, of this order (see e.g. Ishida et
al. 1987; Isenberg and Hollweg 1983; Marsch et al. 1982). The agreement between
our results and Fig. 7 in Xue et al. (1993) is very good, especially for small values
of B)p. i.e. 0.1, 0.2 and 0.4. When 3, = 1.0, our semicold approximation deviates
from the results obtained numerically by Xue et al. (1993). The temporal growth
rate obtained here is larger than theirs. However, these deviations can be corrected
by adding more terms to Re[Z;(&,)], (4). In fact, when (), approaches 1, the ar-
gument of the modified plasma dispersion function (Summers and Thorne 1991)
approaches 1 as well. So, more and more terms in the expansion Re[Z}({,)] must
be considered. In any case, for the study of wave growth, the relative behaviour of
v, as a function of plasma parameters is more relevant than its exact value when
the deviation of our approach is small. Moreover, when unstable modes get closer
to the proton gyrofrequency, it is possible to see that the wavenumber k becomes
larger and larger. Thus there is always a frequency band Aw =| w — Q, | around
which the approximation 5;2, > 1 no longer holds. Therefore the approximation is
good when the width of this frequency band is small compared with the width of
the unstable spectrum. As mentioned above, the approximation is good for g < 1,
and becomes better and better as § decreases (Glomberoff and Vega 1989).

3.1.2. Maximum temporal growth rate. Our semicold approximation allows us to
obtain enough information about the behaviour of the wave growth as a function
of plasma parameters. Thus, for instance, the convective growth rate (12) and the
temporal growth rate (13) are both increasing functions of 6 up to a certain optimum
value d,,, and decrease thereafter. Furthermore, it is possible to see that both
growth rates increase for increasing values of A,. and that the marginal mode
for the proton-cyclotron instability is given by x,, = A,/(4, + 1).

In particular, é,, can be obtained by equating to zero the first derivative of the
growth rate with respect to 8. The application of this procedure to the temporal
case leads to the condition

3 ¢
= & = é (14)
Bpr*(1+06) 2
This equation shows that the optimum value of § is a function of the mode z.
Therefore the mode that makes v, a maximum should now be calculated in order
to obtain the maximum temporal growth rate. This is done by equating to zero the
first derivative of 7, with respect to x, obtaining

—(Apt) 1 6Qr
A(0-z) -z 20-2)\Q+r—23

3
2
+
Q+f~£——

Even though this equation depends on the spectral index x, when combined with

(15)
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(14) it gives
(A, + 1)2* + (1 — Ay)x* — 2(A, + 2)z + 24, = 0. (16)
This cubic equation in x depends only on A, and gives the mode z; that makes
the temporal Lorentzian growth rate a maximum. By replacing this value in (14),

one obtains the optimum ion concentration é,, at which v, reaches its maximum
value as a function of §:

2(1 — x)?
3Byt
It is possible to see that (14) and (16) are identical to those corresponding to

the Maxwellian case (Gomberoff and Cuperman 1982). Consequently, the optimum
value 6, (17), is similar to the one in the Maxwellian plasma.

Sop = (17)

The maximum temporal growth rate for x; is given by

2ie\'"? BTz [Ap( — 21) — a1] 3 \ " ,
’7/@,max - (8) (K} — %){/Zr(ﬁj — %)(] _ :1,‘1)2(2 _ ,7;]) <1 + 2/{/ 3) . (18)

Equation (18) shows that the maximum temporal growth rate is a function of the
index r, so differences with respect to the Maxwellian case should be expected.

Figure 2 shows the temporal growth rate v, as a function of z = w,/Q, for
Bip = 0.1, k = 2, and for different values of 6. Each part corresponds to a given
value of A,,. Thus, for A, = 3, it follows from (17) that é,,, is negative, meaning that
Vr,max Should be a monotonically decreasing function of é. Figure 2(a) illustrates
this situation, showing that v, max is a clearly decreasing function of 6.

In order to see what happens if A, is reduced, let us now consider A, = 2. It
follows from (17) that é,, = 1.75; and it is seen from (16) that v, nax(0 = 8,p) should
oceur at 1 = 0.52. Therefore 7, max should increase with 6 up to d,,, and decrease
thereafter. As shown in Fig. 2(b), the expected behaviour is attained, and 7. max
continues to be a very rapidly varying function of 6.

Let us now consider A, = 1.0. From (17), é,, = 14.42, and Yy max(6 = o)) occurs
at x1 ~ 0.35. Figure 2(c) illustrates this situation, showing that 7, max is a sharply
varying function of 4. For example, 7, max €xhibits a large increase when the cold-
proton concentration increases from 6 = 0 to 6 = 6,,,; for larger increases in 0, Vi, max
decreases rapidly.

It is important to note that there is a general decrease of 7, max When A, de-
creases. This is due to the fact that v, max is proportional to A, as follows from (18).
On the other hand, for any given value of Ay, v max shows a significant variation
— either as an increasing or as a decreasing function of 6, or as both.

In order to study the deviations from the case of a Maxwellian plasma, the
temporal growth rate for the Maxwellian case ~yas is plotted in Fig. 3 as a function
of . The plasma parameters are the same as in Fig. 2. Thus, by comparing Figs 2
and 3, it is possible to see that the behaviour of v,y as a function of ¢ is very similar
in both cases. This behaviour is predictable from (18) and from the corresponding
equation for a Maxwellian plasma (see e.g. Gomberoff and Vega 1989), where 7, max
is proportional to A, in the same way as yasmax. For Ay = 2 or 3, ¥ max is always
less than s max for any value of 6. However, for A, = 1, the above behaviour occurs
only for § > 10, since for 6 = 0 or 1, 7, max is larger than yas max. It should be noted
that for 6 = 0, Yar,max < 1073,
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x= cor/Qp

Figure 2. Normalized Lorentzian temporal growth rate versus normalized frequency, for
Bip = 0.1, k = 2, several values of §, and (a) Ap =3, (b) Ap = 2 and (¢) Ap = 1. Note that in
(b) the optimum cold-proton concentration is 6., = 1.75, and in (¢) 6o, = 14.42.

3.1.3. Maximum convective growth rate. The convective growth rate is studied here
in the same way as the temporal growth rate. Thus, if I(x) = 1, (12) gives

1 —z) k—3
S LUl S (19)
ﬁ”pl‘z(l +6) k—1
and the corresponding mode at which S\, max Occurs is given by
A, —1
§=06y) = L—0. 20
70 = dy) = 3 (20)

This shows that z; is identical to the corresponding value in the Maxwellian case
(Gomberoff and Neira 1983), and that, for A, < 1, Syax is always an increasing
function of 4.
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Figure 3. Normalized Maxwellian temporal growth rate versus normalized frequency,
for the same parameters as in Fig. 2.

Now, from (19) and (20),

k—1 8
Sop = : . —1. 21
! K3 (Ap — 1)2(A, + 1)y, (21)

The maximum convective growth rate for é,, is then

w2 TR)[A(1 = x) — 3] (5 — $)1/?

1\ " /
= 2a, (k—1I(k—3) (1—x1)? Biip (1 + /»H) . (22

Sn,max

The optimum concentration of cold protons and the maximum convective growth
rate are then functions of the index k, and therefore deviations of é,, and Sy max
should be expected when compared to those in the Maxwellian plasma (Vega el al.
1992). As an example, let us consider the typical plasma parameters 5, = 0.1 and
Ay, = 2. Also, let us consider values of k in a range 2 < k < 6, representing the case
where the effect of the high-energy particles is more significant. Then the values
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Figure 4. Normalized Lorentzian convective growth rate versus normalized frequency, for
Bip = 0.1, k = 2, several values of 6, and (a) Ay = 3. (b)) Ap = 2: and (¢) Ap = 1. Note that
bop =9 in (@), and 8, = 52.3 in (D).

of 0, for a Lorentzian plasma are larger than those for a Maxwellian plasma; this
difference goes from 100% to 10% as £ moves from 2 to 6.

In order to study whether the deviations predicted above are significant, the
convective growth rate Sy is plotted in Fig. 4 as a function of x, for the same
parameters used for the temporal growth rate. In Fig. 4(a), A, = 3; it follows from
(20), that z; = 0.5 and 0,, = 9, so that Sy nax(0) increases until 6 = d,,. to decrease
thereafter. In this case, the variation of S nax(0) is very small. For smaller values
of Ap, eg. Ap = 2, from (21), é,, = 25.6; and, from (20), z; = % As illustrated
in Fig. 4(b), Sk max increases significantly until 6 = 6, to decrease very slowly
thereafter.

Let us now consider that A, is further reduced to 1. From (20), the value of
Sk,max corresponding to 6 = &, occurs at x; = 0, and therefore Sy .« is expected
to be a monotonically increasing function of §. This situation is illustrated in Fig.
4(c).
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Figure 5. Normalized Maxwellian convective growth rate versus normalized frequency,
for the same parameters as in Fig. 4, except that §,, = 4 in (a), and 6., = 25.6 in (b).

To study the deviations predicted earlier with respect to Maxwellian plasmas,
the Maxwellian convective growth rate Sps is plotted in Fig. 5 as a function of z;
the same parameters as in Fig. 4 have been considered here. A comparison between
these figures shows a similar behaviour of Sy . Thus, for A, = 3 and 2, S/ max
increases until 6 = 4, and decreases slowly thereafter. For A, < 1, Sy max will be
a monotonically increasing function of §. Nevertheless, the instability spectrum for
a Lorentzian plasma is broader than that for a Maxwellian plasma. This situation
was pointed out by Xue el al. (1993), using the exact dispersion relation. Even
though a decrease in the value of A, leads to a decrease in Sy, for both kinds of
plasmas, as was expected from (12) and from the Maxwellian case (Gomberoff and
Vega 1989), for A, > 2, Spyrmax is larger than Sy . for any value of 6. But for
smaller values of Ay, Sprmax can become larger than Sy .« only for some values of
6. This situation is shown in Fig. 4(c), where A, = 1. For § = 0, Si; max 18 about one
order of magnitude larger than Sy max. For 6 = 1, Sy max is of the same order as
Sirmax. Now, if 6 = 10 then Spsmax is larger than Sy ax. If 0 is increased further
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then Shsmax is always larger than Sy max. On the other hand, as predicted from
(21), the optimum cold-proton concentration é,, that is necessary to obtain the
optimum Lorentzian convective growth rate for k = 2, is over 100% larger than
the value in a Maxwellian plasma. Thus, for A, = 3, a value 6,, = 9 is necessary
to obtain the optimum value of Sy ,.c. But a value of only d,, = 4 is necessary to
obtain the optimum value of Sjys max. A similar situation occurs for A, = 2.

According to the above considerations, S max can be larger than, equal to or
smaller than Sps max, depending on the values of A, and ¢, for fixed values of g,
and k. Moreover, the optimum value of the maximum convective growth rate is
easier to reach in a Maxwellian plasma than in a Lorentzian plasma.

3.1.4. Growth rate as a function of the spectral index k. The deviations of the growth
rate from the Maxwellian case for different values of the spectral index « are studied
in this section. As pointed out earlier, smaller values of k give a larger proportion
of high-energy particles. This may lead us to think that smaller values of x imply a
larger deviation of the growth rate from the value in a Maxwellian plasma. However,
from (12) and (13), the growth rates as functions of x depend significantly on other
plasma parameters, such as A,. 6 and 3.

Our study will consider 3, = 0.1 as a fixed value. The effects of the variation
in B, were studied by Gomberoff and Rogan (1988) in Maxwellian plasmas and
by Xue et al. (1993) in Lorentzian plasmas for 6 = 0. Therefore the behaviour of
the growth rates with varying values of x, thermal anisotropy and concentration
of cold protons is studied here. In order to ensure good results for large values of
A, let us consider expressions for the growth rates including thermal effects of
the energetic protons. Gomberoff and Vega (1989) obtained this aproximation for
Maxwellian plasmas; one effect of their corrected approach is a reduction in the
growth rates.

The temporal growth rate is plotted in Fig. 6 as a function of x for 6 = 0, and
k = 2,4, 6 and co. Each part corresponds to a given value of 4,. In Fig. 6(a), A, =1,
corresponding to z,, = 0.5. It is possible to see that the maximum Lorentzian tem-
poral growth rate for K = 2 is significantly higher than in a Maxwellian plasma
(k — 00); that is, for the largest proportion of high-energy particles. An enhance-
ment in the range of instability is observed. Moreover, a decrease in the value of &,
that is, an enhancement of the high-energy population, shifts the maximum growth
rate towards lower frequencies.

As mentioned earlier, the thermal anisotropy is generally not a constant in space
plasmas. To investigate the effect of its variation, Fig. 6(b) considers A, = 1.5,
for the same parameters as in Fig. 6(a). As predicted from (11), an increase in
the values of A, implies that the marginal mode shifts towards higher frequencies,
producing an increase in the growth rate; but this enhancement is more effective
for larger values of the index x. Thus, for A, = 1.5, the maximum growth rate
Vi, max increases between K = 0o and k = 4, and decreases thereafter until x = 2.
Now, if A, = 3 (Fig. 6¢) then z,, = 0.75, and a significant increase in the maximum
temporal growth rate is verified. The fact that this enhancement is more effective
for larger values of k implies, for a fixed value of A4,, that a decrease in the value
of the index & leads to a decrease in the maximum temporal growth rate, and that
the mode at which 7, max Occurs is approximately the same for all values of &.

Consequently, for § = 0 fixed, a decrease in the value of k always produces an
enhancement in the instability spectrum and, depending on the value of A, the
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Figure 6. Normalized Lorentzian temporal growth rate versus normalized frequency,
for B, = 0.1, § = 0, several values of k, and (a) Ap = 1; (b) Ap = 1.5 and (¢) Ap = 3.

maximum temporal growth rate can always increase, or increase until k = Ko, and
then decrease, or always decrease.

In order to study the effect of the cold-proton population on the influence of
the high-energy tail on EPCWs, Fig. 7 shows v, as a function of k for different
values of 0. By considering 6 = 0.8 and A, = 0.8, Fig. 7(a) shows that v, exhibits
a large increase when k decreases. This behaviour is similar to that shown in Fig.
6(a), where 6 = 0 and A, = 1. By now considering 6 = 1.5 and A4, = 1 (Fig. 7b), a
significant increase in the value of 7, is obtained; but this increase is more effective
for larger values of k. The latter implies that 7, . increases as x decreases, until
k reaches a certain optimum value, to decrease thereafter. It is possible to see
again that the behaviour shown in Fig. 6(b), where 6 = 0 and A, = 1.5, has been
reproduced. Figure 7(c) shows the results for a larger value of the cold-proton
concentration, namely, 6 = 50 and A, = 1. As can be seen from comparing it
with Fig. 7(b), this situation leads to an increase in the value of 7, max and in the
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Figure 7. As Fig. 6, but for (a) A, = 0.8 and 6 = 0.8, (b)) Ap =1
and 6 = 1.5, and (¢) Ap = 1 and § = 50.

frequency range of the unstable spectrum. In other words, decreasing values of the
spectral index & lead to a decrease in ¥, max and to an enhancement in the unstable
spectrum.

The same procedure as in Figs 6 and 7 has been followed in Figs 8 and 9, but
now for the convective growth rate. It is possible to see that the behaviour of S
is very similar to that for the temporal growth rate. Consequently, when studying
the effect of the high-energy tail of the distribution on wave growth, one must take
into account the fact that 6 and A, are generally variable during the generation
and propagation of EPCWs. This implies that when the number of high-energy par-
ticles increases, that is, when x decreases, the maximum Lorentzian growth rate
can always increase, or increase until k reaches a certain value and then decrease, or
always decrease. Thus, depending on the values of A, and 0, growth rates for plas-
mas modelled by a kappa distribution could be larger than, or approximately equal
to, or smaller than the value in a plasma modelled by a Maxwellian distribution.
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Figure 8. Normalized Lorentzian convective growth rate versus normalized frequency,
for B, = 0.1, 6 = 0, several values of x, and (a) Ap =1 and (b) A, = 3.

4. Summary and conclusions

An analytical and parametric study of the L. mode in electromagnetic ion-cyclotron
waves in a multi-ion plasma modelled by a bi-Lorentzian distribution function has
been presented here. General analytical expressions for the wavenumber and for
both the temporal and convective growth rates for a multicomponent plasma have
been obtained. A comparison with those in a bi-Maxwellian plasma shows that the
wavenumber equations are similar. The characteristics of the unstable spectrum are
found to be independent of the high-energy particles.

With respect to the amplification process, the effect of the high-energy tail of the
distribution function depends strongly on the characteristic plasma parameters.
This approach, called the semicold approximation, applied to a plasma composed
of hot protons and electrons proves to be a very good approximation for gy, <1,
a situation that is common in space plasmas. The fact that space plasmas are
multicomponent systems, and the need to study the influence of other components,
led us to consider a second cold-proton component.

The behaviour of the maximum growth rate as a function of the cold-proton con-
centration for different values of the thermal anisotropy of the hot protons has been
studied for the greatest number of high-energy particles, i.e. kK = 2. The instability
range was found to be much broader than that in a Maxwellian plasma. As in the
case of Maxwellian plasmas, the maximum Lorentzian growth rates decrease when
Ap decreases. These results were also obtained by Xue et al. (1996) by solving the
exact relations numerically. However, this analytical approach shows that the max-
imum growth rates as functions of cold-proton concentration can always decrease,
or increase until § reaches a certain optimum value and then decrease, or always
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Figure 9. As in Fig. 8, but for («) Ap =0.8and § = 0.8, (b)) Ap =land § = 1.5
and (¢) Ap =1 and 6 = 50.

increase, depending on the value of A,. The mode at which the maximum temporal
growth rate occurs, as well as the corresponding optimum cold-proton concentra-
tion, are given by the same expressions as obtained in a Maxwellian plasma. Despite
the fact that the mode at which the maximum convective growth rate occurs is given
by the same expression as in a Maxwellian plasma,. the expression for the optimum
cold-proton concentration depends significantly on the spectral index x. As a re-
sult, in the range of values of x for which the hot components of the space plasmas
are significant, i.e. 2 < x < 6, the differences in the optimum growth rates go
from 100% to 10% larger than those in a Maxwellian case, as £ moves from 2 to 6.
This means that the optimum amplification through the injection of a cold-proton
population is more difficult to reach in a Lorentzian plasma than in a Maxwellian
plasma.

Finally, it has been shown that the influence of the high-energy tail on the gen-
eration and amplification of electromagnetic proton-cyclotron waves depends on
the values of the thermal anisotropy and on the cold-proton population. That is,
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temporal and convective growth rates can be larger than, equal to or smaller than
those for a Maxwellian plasma, depending on the anisotropy of the hot-proton
distribution and on the cold-proton concentration. In other words, the maximum
Lorentzian growth rates as functions of k can always decrease, or increase until &
reaches some optimum value k., and then decrease, or always increase, depending
on both the thermal anisotropy and the cold-proton concentration.

Consequently, a great variety of multicomponent space plasmas can be stud-
ied using the analytical semicold approximation. When studying EPCWs, this ap-
proach leads to better understanding of the interplay between the characteristic
parameters of the different plasma components. As an important final comment,
it must be said that the complexity of the dynamics of space plasmas requires a
detailed study of the role played by each ion component in the electromagnetic
ion-cyclotron waves.
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