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Elementary amenability and almost finiteness

David Kerr and Petr Naryshkin

ABSTRACT

We show that every free continuous action of a countably infinite elementary amenable
group on a finite-dimensional compact metrizable space is almost finite. As a conse-
quence, the crossed products of minimal such actions are Z-stable and classified by
their Elliott invariant.

1. Introduction

A basic principle in the study of group actions and their operator-algebraic crossed products is
that dynamical towers produce matricial structure, and that dynamical towers with Fglner (i.e.
approximately invariant) shapes produce approximately central matricial structure.

In the case of a free measure-preserving action of a countable amenable group on a standard
probability space, a theorem of Ornstein and Weiss gives the existence of a family of disjoint
Fglner-shaped towers which cover all but a small piece of the space [OWS87]. The smallness
of this remainder, expressed in terms of the measure, means that the multimatrix algebras
generated by the towers partition the unit of the von Neumann algebra crossed product up to
a small error in the trace norm. When combined with the approximate centrality that ensues
from the Fglnerness of the tower shapes, this yields local approximation by finite-dimensional
*_subalgebras and hence hyperfiniteness of the crossed product,! and if the action is ergodic, one
obtains the unique hyperfinite II; factor.

The analogous C*-theory involving actions of countable amenable groups on compact metriz-
able spaces is more complicated and, despite many significant advances, still incomplete. While
a variety of different tools and techniques have been developed over the last four decades
[Put90, EE93, LP04, LP10, SW11, TW13], in large part stimulated by new ideas that have
emerged from the Elliott classification program, a basic pattern has crystallized through the
course of recent progress, which we can summarize as follows.

A major point of departure from the measure-theoretic setting is the presence of dimension-
ality, which means that matrix models coming from the dynamics will need to be continuous
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instead of discrete, or that they will need to be reconceptualized as order-zero maps from matrices
into the algebra. The first of these options, which connects to ideas of dimension-rank ratio and
dimension growth, is particularly powerful when dimensional regularity hypotheses on the space
(e.g. finite covering dimension) are replaced by more general ones on the dynamics such as zero
mean dimension or the small boundary property, which have so far only yielded to this approach.
In this case, the goal has been to show that the C*-algebra crossed product is Z-stable, which has
been achieved in the case of free minimal Z%actions with zero mean dimension [EN17, Niu24],
although it seems to be a difficult problem to establish similarly general statements for other
acting groups (see, however, [Niu22|).

The second option can be developed in two different ways. In general, one is confronted
with the problem that, unlike for the trace norm approximations in the von Neumann algebraic
setting, the operator norm approximations that are essential for unraveling C*-structure cannot
be done by purely spatial means and instead must be implemented with the help of spectral
constructions, even if the space is zero-dimensional. This is true both for the approximation of
the unit in the tower configurations and for the approximate centrality demanded of the matrix
models. One possibility is to drop the Fglner requirement and allow enough overlap between
towers so that the bump functions implementing approximate centrality will form a genuine
partition of unity. Control on the multiplicity of this overlapping will lead to estimates on the
nuclear dimension of the crossed product [WZ10, HWZ15, Szal5, SWZ19], and can be formalized
at the dynamical level through the notions of dynamic asymptotic dimension [GWY17] and tower
dimension [Ker20]. Another idea, formalized in the definition of almost finiteness (see §2), is to
insist on the Fglnerness and disjointness of the towers and express the shortfall in the partitioning
by means of a topological version of Cuntz subequivalence, which is then sufficient to imply that
the crossed product is Z-stable [Ker20]. The two approaches are connected at the dynamical
level by the observation that a free action on a space of finite covering dimension is almost finite
if its dynamic asymptotic dimension or tower dimension is finite (see [KS20, Corollary 6.2] and
[Ker20, Theorem 5.14]). The first approach has proven to be very effective for certain classes
of groups, as in the recent paper [CJM'23] where finite dynamic asymptotic dimension (and
hence also almost finiteness) is established for free actions of many solvable groups, including
polycyclic groups and the lamplighter group, on zero-dimensional compact metrizable spaces. On
the other hand, such use of the dimensional idea of controlled overlapping from which a proof of
finite nuclear dimension can be derived has invariably required the space to have finite covering
dimension and the group to have finite asymptotic dimension, the latter being a property that
excludes many amenable groups. From this perspective almost finiteness has turned out to be
more broadly applicable, and indeed has been shown to hold for free minimal actions of groups
with local subexponential growth on zero-dimensional compact metrizable spaces [DZ23], as well
as for a generic free minimal action of any countably infinite amenable group on the Cantor set
[CJKT18]. Moreover, by [KS20, Theorem 7.6], for a fixed countably infinite group G, if every
free action of G on a zero-dimensional compact metrizable space is almost finite, then every free
action of G on a finite-dimensional compact metrizable space (and in fact every free action with
the topological small boundary property) is almost finite.

Given this dynamic picture it comes as quite a surprise that, for unital simple nonelementary
separable C*-algebras, finite nuclear dimension is actually equivalent to Z-stability (the forward
implication was proven in [Winl12], while the backward implication was recently established in
[CET21] after a string of partial results beginning with the breakthrough in [MS14]). The
significance of these two regularity properties and their equivalence in this context is that the
class of unital simple separable C*-algebras having finite nuclear dimension and satisfying the
universal coefficient theorem (UCT) is classified by the Elliott invariant (ordered K-theory paired
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with tracial states) [Kir94, Phi00, GLN20a, GLN20b, EGL"25, TWW17], and every stably finite
member of this class is an inductive limit of subhomogeneous C*-algebras whose spectra have
covering dimension at most two [El196] (see [TWW17, Theorem 6.2(iii)]). The crossed product
of a free minimal action of a countable amenable group on a compact metrizable space will
therefore be covered by these classification and structure results as soon as it is known to have
finite nuclear dimension, or equivalently be Z-stable (note that the UCT is automatic by [Tu99],
and that amenability implies the existence of an invariant Borel probability measure and hence
of a tracial state, which ensures stable finiteness in view of simplicity). That Z-stability does
not always hold in this context, even for free minimal Z-actions, was shown in [GK10].

In this paper we establish the following theorem, which generalizes the almost finiteness result
from [CJM'23]. By definition, the class of elementary amenable groups is the smallest class of
groups which contains all finite groups and Abelian groups and is closed under taking subgroups,
quotients, extensions, and direct limits. This class includes all solvable groups, is closed under
taking wreath products, and contains many groups with both exponential growth and infinite
asymptotic dimension, such as Z1Z. A finitely generated infinite amenable group cannot be
elementary amenable if it has intermediate growth [Cho80], like the prototypical Grigorchuk
group [Gri84], or if it is simple, like the commutator subgroup of the topological full group of a
minimal subshift [Mat06, JM13].

THEOREM A. Every free continuous action of a countably infinite elementary amenable group
on a finite-dimensional compact metrizable space is almost finite.

By [KS20, Theorem 7.6], as mentioned three paragraphs above, it is enough to prove the
theorem in the case of zero-dimensional compact metrizable spaces, which is what we will do,
also without the assumption that the countable group be infinite (for finite groups, an action as
in Theorem A is almost finite if and only if the space is zero-dimensional, and so Theorem A is
actually false in this case, and [KS20, Theorem 7.6] is only valid when the group is infinite). In
other words, we will establish that every countable elementary amenable group G satisfies the
following property.

(%) Every free continuous action of G on a zero-dimensional compact metrizable space is almost
finite.

As is clear from the quantification over finite subsets in the definition of almost finiteness,
property (x) is preserved under taking countable direct limits. In Theorem 3.1 we prove that
property (%) is preserved under finite extensions, while in Theorem 5.4, to which most of our
efforts will be devoted, we show that property (x) is preserved under extensions by Z. Actually
none of these three permanence properties require the zero-dimensionality hypothesis on the
space, but in order to bootstrap our way to the final result we will rely on the fact that property
(%) holds for the trivial group, as can be seen from the definition of almost finiteness (see §2)
by taking the tower bases therein to form a fine enough clopen partition of the space and the
proportionally small subsets of the tower shapes to be empty. To conclude that property (%)
holds for all countable elementary amenable groups we can then appeal to a theorem of Osin
[Osi02] which, refining a result of Chou [Cho80], characterizes this class as the smallest class
of groups that contains the trivial group and is closed under taking countable direct limits and
extensions by Z and finite groups. Note that, in view of [DZ23], we actually obtain property (*)
and hence also Theorem A for a broader class of groups, namely the smallest class that contains
all countable groups of local subexponential growth and is closed under taking countable direct
limits and extensions by Z and finite groups.
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One of the novelties of the proof of Theorem 5.4 is that it integrates conceptual aspects
from all three of the approaches that we sketched above (corresponding to the regularity proper-
ties of zero mean dimension, finite dynamic asymptotic dimension, and almost finiteness). The
argument proceeds by applying a recursive disjointification procedure to an initial collection of
overlapping open towers whose levels have boundaries of upper H-density zero. The shapes of
these towers are Fglner rectangles in the semidirect product H x Z, and the towers generated
by the restrictions of these shapes to H cover all but a piece of the space with small upper H-
density, as can be arranged using the hypothesized almost finiteness of the H-action. When H is
infinite these rectangles are chosen to be thin in the Z direction and tall (i.e. much larger) in the
H direction, in which case the multiplicity of the overlapping of the towers is small in proportion
to the size of their shape in the H direction, very much in the spirit of the small dimension-rank
ratios that appear in the proof of Z-stability from zero mean dimension in [EN17] and in the
general study of inductive limits in classification theory. This allows us to generate, by a recur-
sive Ornstein—Weiss-type disjointification process as in [CJKT18, KS20], a collection of open
towers whose shapes will be Fglner as long as they are proportionally not too small within the
ambient shapes of the initial towers from which they are created. The union of the towers whose
shapes are not sufficiently Fglner can be divided into two subsets, one which is small in upper
H-density and the other whose points can be donated to the Fglner towers without significantly
affecting the approximate invariance of the tower shapes. The set with small upper H-density
can be absorbed, via comparison, using the almost finiteness of the H-action. In fact the initial
towers will themselves need to be shaved down a little bit at the outset in order to achieve the
Fglner disjointification (via the tiling argument captured in Lemma 4.1), but this loss will also
be small in upper H-density and can likewise be absorbed.

Unlike in an Ornstein—Weiss tiling, we do not need to repeat the disjointification process
across different scales, as the geometry of our situation ensures that the tower shapes will already
be Fglner if they are proportionally greater than some small € in the ambient initial tower. In
the Ornstein—Weiss setting this Fglnerness can only be guaranteed if the proportion is greater
than 1 — e for some small €, a situation which occasions the additional recursion over different
scales in order to geometrically increase the amount of coverage.

By our discussion prior to the statement of Theorem A, we obtain the following corollary.
The precise link to Z-stability is given by [Ker20, Theorem 12.4], which asserts that, given an
almost finite free minimal action G ~ X of a countably infinite group on a compact metrizable
space, the crossed product C(X) x G is Z-stable (note that almost finiteness implies that G is
amenable and so the reduced and full crossed products coincide in this case).

COROLLARY B. The crossed products of free minimal actions of countably infinite elementary
amenable groups on finite-dimensional compact metrizable spaces are classified by their Elliott
invariant and are simple inductive limits of subhomogeneous C*-algebras whose spectra have
covering dimension at most two.

Theorem A also has consequences for topological full groups and homology. Let G ~ X be
free continuous action of a countably infinite elementary amenable group on the Cantor set.
Denote by [[G ~ X]] the topological full group of the action and by [[G ~ X]]p the subgroup
of [[G ~ X]] generated by the elements of finite order whose powers have clopen fixed point
sets. In [Mat12, § 7], Matui defines an index map I from [[G ~ X]] to the first homology group
H (G ~ X)) with integer coefficients. The fact that the action G ~ X is almost finite implies,
by [Mat12, Corollary 7.16], that I is surjective and has kernel [[G ~ X]]o, so that it induces
an isomorphism H;(G ~ X) =[G ~ X]]/[[G ~ X]]o. If the action is in addition minimal then
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the commutator subgroup of [[G ~ X]| is simple (by [Matl5, Theorem 4.7]) and equal to the
alternating group A(G ~ X) (by [Matl15, Theorem 4.7] and [Nek19, Theorem 4.1]).

While this paper was being revised for publication, the second author discovered a simple
proof of Theorem 5.4 which also works more generally when the extension of H by Z is replaced
by any countable extension G of H (see [Nar24|), thereby delivering a considerably larger class
of amenable groups for which the conclusion of Theorem A holds. Instead of verifying almost
finiteness directly as we do here, the argument in [Nar24] proceeds by establishing comparison
for the action G ~ X through the use of the action of G on the space of H-invariant Borel
probability measures together with the castles and multiset comparison that the almost finiteness
of the H-action furnishes.

The main body of the paper begins in §2 with some general terminology and notation. The
case of finite extensions (Theorem 3.1) is treated in § 3, while §§ 4 and 5 are devoted to extensions
by Z (Theorem 5.4). Section 4 contains two technical lemmas for use in the proof of Theorem 5.4,
which occupies the bulk of §5.

2. General terminology and notation

We write e for the identity element of a group.
For finite sets K and F of a group G, we define the K-boundary of F' by

OxkF={teG:KtNF#( and KtN(G\ F) #0}.

For § > 0, we say that F'is (left) (K, d)-invariant if |0 F| < §|F|. By the Fglner characterization
of amenability, the group G is amenable if and only if it admits a nonempty finite (K, §)-invariant
set for every finite set K C G and § > 0.

Let G ~ X be a free continuous action of a countable group on a compact metric space (we
only consider free actions in this paper). By a tower we mean a pair (S, V) where S is a finite
subset of G (the shape) and V is a subset of X (the base) such that the sets sV for s €S (the
levels) are pairwise disjoint. The tower is open if V is open and clopen if V is clopen. The
footprint of the tower is the set SV.

A castle is a finite collection {(S;, V;)}ier of towers such that the sets S;V; for i € I are
pairwise disjoint. The castle is open if each of the towers is open and clopen if each of the towers
is clopen. The footprint of the castle is the set | |;c; S;Vi.

Let A and B be subsets of X. We say that A is subequivalent to B and write A < B if for
every closed set C' C A there are finitely many open sets Uy, . .., U, which cover C' and elements
$1,...,8n € G such that the sets s;U; for i=1,...,n are pairwise disjoint and contained in B.
For a nonnegative integer m we write A <,,, B if for every closed set C' C A there are a finite
collection 7% of open subsets of X which cover C, an sy € G for every U € %, and a partition of
% into subcollections %, . . . , %y such that for every i =0, ..., m the sets syU for U € %; are
pairwise disjoint and contained in B.

The action G ~ X has comparison if A < B for all nonempty open sets A, B C X which satisfy
1(A) < u(B) for every G-invariant Borel probability measure p on X. It has m-comparison for a
nonnegative integer m if A <,,, B for all nonempty open sets A, B C X which satisfy u(A) < u(B)
for all G-invariant Borel probability measures p on X. In these definitions one can equivalently
take A to range over closed sets instead of open ones [Ker20, Proposition 3.4].

The action G ~ X is almost finite if for every n € N, finite set K C G, and § > 0 there exist:

(i) an open castle {(S;, Vi) } each of whose shapes is (K, §)-invariant and each of whose levels
has diameter less than ¢§; and
(ii) sets S; C S; such that |[S;| < |S;|/n and X\ | |;c; SiVi < | ;e SiVi-
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Note that the shape condition in part (i) implies that G is amenable. In the case that G is finite,
the action G ~ X is almost finite if and only if X is zero-dimensional (note that for n > |G| the
sets S in the above definition will have to be empty).

It is worth noting (although we will not need this fact) that when X is zero-dimensional we
can characterize almost finiteness by the existence, for every finite set K C G and § > 0, of an
open castle whose shapes are (K, ¢)-invariant and whose footprint is the entire space X (see
[Ker20, Theorem 10.2]).

When G is amenable, the upper and lower densities (or G-densities if we wish to emphasize
the acting group) of a set A C X are defined by

— . 1 . 1

D¢(A) 1%f ?gg Fi ;1,4(3:1;) and Dq(A) s1}1?p xlg’( 7 ; 14(sz),
where F' ranges in both cases over the nonempty finite subsets of G. Writing Mg (X) for the
set of all G-invariant Borel probability measures on X, we can alternatively express the upper
density as sup,ecps,(x) p(A) when A is closed and the lower density as inf,,cpz,(x) #(A) when A
is open (see [KS20, Proposition 3.3]).

Almost finiteness in measure for the action G ~ X is defined in the same way as almost
finiteness except that condition (ii) is replaced by the requirement that X \ | |,.; S;V; have upper
density less than ¢ (uniform smallness in measure). By [KS20, Theorem 5.6], the action G ~ X
is almost finite in measure if and only if it has the small boundary property, which asks that
X have a basis of open sets whose boundaries are null for every G-invariant Borel probability
measure on X. By Theorem 6.1 of [KS20] the following are equivalent:

(i) the action is almost finite;
(ii) the action is almost finite in measure and has comparison;
(iii) the action is almost finite in measure and has m-comparison for some m.

3. Finite extensions

Let G be a finite extension of a countable group H. Let G ~ X be a free continuous action on
compact metrizable space.

THEOREM 3.1. Suppose that the restricted action H ~ X is almost finite. Then the action
G ~ X is almost finite.

Proof. Since the action H ~ X is almost finite, by the results recalled in §2 it has the small
boundary property. Since every G-invariant Borel probability measure on X is also H-invariant,
it follows that the action G ~ X has the small boundary property. Thus to show that G ~ X is
almost finite it suffices, again by the discussion in § 2, to prove that it has m-comparison for some
m. Suppose that for some open sets A, B C X we have u(A) < u(B) for every G-invariant Borel
probability measure p on X. Let g1, ..., g, be representatives for the left cosets of H in G with
g1 = e. Since the action H ~ X is almost finite, it follows from the proof of [KS20, Lemma 7.4]
that the set A can be covered by n + 1 open sets Ay, ..., Ap41 such that v(A4;) < (1/n)v(A) for
every i and every H-invariant Borel probability measure v on X (to construct the (n + 1)th set
take the closed complement of the footprint of the open castle in the proof of [KS20, Lemma, 7.4]
and enlarge it to an open set whose measure is only slightly larger for every H-invariant Borel
probability measure, as is possible by [Ker20, Lemma 3.3]). Given such a measure v, the Borel
probability measure

P(D) = (v(g:D) + v(92D) + -+ (guD))
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is G-invariant, and for every ¢ =1,...,n+ 1 we have

V(A Sn(A) <H(A) <T(B) = (W(giB) + -+ ¥(ga )

<v(g1BU---Ug,B).

Given a closed subset C of A and taking closed sets C; C A; such that C = U?jll C;, the fact
that the action of H has comparison (by virtue of being almost finite) thus yields, for every
i, pairwise disjoint open sets U;1,...,U;r, Cg1BU---Ug,B and h;1,...,h;, € H such that
C; C ngz hi xUi . Forevery 1 <i<n+1and 1< j<nthesets W; ;1 := gj_l(ng NU; ) for k=
1,..., k; are pairwise disjoint and contained in B, and we have C' C U?ill Uj=1 Ug;l i kG Wi j k-
This shows that G ~ X has n(n + 1)-comparison.

4. Two lemmas

We collect here two lemmas that will be needed for the proof of Theorem 5.4. The first concerns
conditions under which the join of finitely many disjoint collections of subsets of a group, when
restricted to an ambient Fglner set S, will mostly consist of Fglner sets, where the degree of
approximate invariance is prescribed but necessarily much lower than that of .S, and ‘mostly’ is
understood in the sense that the exceptional sets will have collective size proportionally small
relative to |S|. The second lemma is a version of the implication (ii)=-(i) in [KS20, Theorem 6.1]
in which the hypotheses are relativized to a subgroup.

Let .# be a collection of subsets of G. We say that a set A C G is % -tileable if there is a
T C G and sets F; € % for t € T such that the sets Fit for t € T form a partition of A.

LEMMA 4.1. Let ne€N. Let K be a finite subset of G and § >0. Let .# be a finite collec-
tion of (K,d8%/(8|K|*n))-invariant finite subsets of G, and writing D= (. Z)(U.#)"* let S
be a (D? 62/(4|K|))-invariant finite subset of G. For each i=1,...,n let {B;1,..., Bim,}

be a finite disjoint collection of .7 -tileable finite subsets of G. For every I C{1l,...,n} set
Qr =11, ..., mi} and for every w € Qg set
m;
B, = <SmﬂBi,wi> \ < U |_| Bi,j)-
i€l iele j=1

Then the set Qo of all w € Q:=| |;cyy, 3 Qr such that B, fails to be (K, )-invariant satisfies
| Useq, Bol <415].

Proof. Note that the sets B, are pairwise disjoint. Set Sp=SN0p=S. Then |Sp| < |0p=S5| <
52(4|K|)~1S|. By Z-tileability, for every i=1,...,n and j=1,...,m; there are a T}; CG
and Fjj, € F for t € T;; such that Bij =| leq, . Fijet. Write 77 ; for the set of all t € T} ; such
that £ j+t C S, and T}, for the set of all t € T} j such that F; j;t C S\ dpS. Observe that, since
FF7Y(S\0pS)C S for every F €.Z, if F; ;1tN(S\IpS) is nonempty for some ¢t € T} ; then
taking any element s in this intersection we have Fj ;t C E,j,tﬂ,_j’lts C S and hence t € TZ{ i

For every I C{1,...,n}set I't =[],/ {(4,t) : 1 <j<my, t €T} }. For each v = ((ji, ti))ies €
I'; define

E, = <ﬂ tht) \ ( U D Bl-,j> CS\dpS

il iele j=1
and note that these sets over all yeI':=| | 1C{1,...m} I'; are pairwise disjoint. By the observation
at the end of the first paragraph, for every v € I' we have
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~(Nrsa)n (UL L @\ma)

iel i€l j=1teT],
and therefore
n m;
oxBEyCJ| ] || oxFiut. (4.1)
i=1j=1tT},

Write I'y for the set of all v € I" such that E, fails to be (K, §/2)-invariant. Since the sets E.,
are pairwise disjoint, each element of G belongs to Ok E, for at most |K| many v, and so

J oxE,

vyel

> 10kE,| < K|
yel’

(4.2)

Also, since the sets Fj ;;t for t € Ti’J are subsets of S and each element of S is contained in at
most n of them, we have

n m;
ZZ > [Fijatl <nls]. (4.3)
i=1 j=1 €T},

We therefore obtain

S B I< 2 ok,

"YGFO ’YEF
(4.2)
< Lm U K E,
vyel
41) nom
<ARIUU Y o
1=1j=1t€T} ;
2| K| o ™
<25 0wk
i=1 j=11teT},
K 3
< — F; it
S 3 D) S
=1 j=1teT];
(4.3) 52
< ax]5
Set S1=5yU I—l'yEFg E,y. Then
52 52

<

Y€l

S| = S.
Writing € for the set of all w € Q such that |B,, N S1| > §(2|K|) "} By, we thereby obtain

2|K 2|K
|| Bol=>_ wa|<‘5’ > |me51|g’5‘|sl|g55|.

we we we

To complete the proof it is therefore enough to verify that Qg C ;.
Let w € Q\ Q. Then there is a I'y, CT' such that (S\ So) N By, = (5\ So) N, er, By and
E, C B, for all v €T, in which case we can write B,, as the union of B,, N S and I—Lyel“w\l“o E,,
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so that
0K Bul < |0k (BuN S|+ Y |0k E,|
~vel,\To
)
<|K||Bun S|+ 5 > 1B
’YGFw\FO
<IK| 5ol Bl + 2|B
- 2|K]|
= 4| Byl
This shows that w ¢ Q¢ and hence that Qy C Q. O

LEMMA 4.2. Let G be an amenable group and H a subgroup of G. Let G ~ X be a free action
on a compact Hausdorff space. Suppose that (i) the restricted action H ~ X has comparison,
and (ii) for every finite set K C G and § > 0 there is an open castle {S;, V;}ics for the G-action
such that each V; has diameter smaller than 0, each shape S; is (K, ¢)-invariant, and the upper

H-density of X \ | |;c; SiV; is less than §. Then the action G ~ X is almost finite.

Proof. If H is finite then every subset of X of upper H-density less than |H|~! is empty, so that
when 6 < |H|™! the castles in part (ii) are clopen and have footprint equal to X, from which
we deduce that G ~ X is almost finite. We may thus assume that H is infinite. Let K be a
finite subset of G and 0 < § < 1. Choose a finite set e € K’ C H with |K'| > 1/§. By assumption,
there is an open castle {(S;, V;) }ier for the G-action whose shapes are (K U K’, §)-invariant and
the complement of whose footprint has upper H-density at most §. In particular, it satisfies the
first condition in the definition of almost finiteness with respect to K and §. Choose a set R of
representatives for the right cosets of H in G. For each i € I partition S; into subsets of right
cosets of H, i.e.

Si - I_I Bi,gg7
geER

where each B 4 is contained in H. Note that left translation by K’ preserves the right cosets of
H.1If B;, for some g € R has cardinality less than 1/6 then all of its elements belong to 0k B 4
and so |0k Bj 4| > |Bj g|. Writing L for the set of all g € R such that 0 <|B; 4| <1/4, it follows
that

> Bigl < |0k Big| < |0k Si] < 4]Sil,
geL g€eL

i.e. most elements of S; share a coset with at least 1/6 other elements. For each i € I and g € R
choose a set B; , C B; ; with cardlnahty equal to [6/(1 —8)|Bi4l]. Set S; =|],cr Bj,9 and note

that when |Blg| >1/6 we have |B] | <46/(1—0)|Bjg|+1<26]B;,l, so that
IS <D IBigl+ D 1Bl <34]Sil.
geL geER\L

Let p be any H-invariant Borel probability measure on X. By construction, the set | |,.; S;V;
has p-measure at least §/(1 — 0)u(| |;c; SiVi), which is greater than or equal to §. On the other
hand, since the closed set X \ | |,c; S;Vi has upper H-density less than ¢ its p-measure is less
than d, and so our hypothesis that the H-action has comparison yields

X\ |svi=| |sivi
el el

3329

https://doi.org/10.1017/S0010437X26102899 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26102899

D. KERR AND P. NARYSHKIN

Since we can take 0 to be as small as we wish, this shows that the action G ~ X is almost
finite. O

5. Extensions by Z

Our goal here is to prove Theorem 5.4. We will need a version of the Ornstein—Weiss quasitiling
theorem [OW87], which we record as Corollary 5.2. The statement is a simple consequence of the
following more usual version, which we reproduce in the form presented in [KL16]. A finite subset
K of a group G is said to be e-quasitiled by a finite collection .# = {F}, ..., F,} of finite subsets
of G if there are sets C1,...,C, CG and F; . C F; with |F; .| > (1 —¢)|F;| for every i =1, .

and c e C; such that (i) the union | J; ;| F;C; is contained in K and has cardinality at 1east
(1 —¢)|K|, and (ii) the collection {Fj.c:1<i<mn, ce C;} is disjoint. As in §4, we say that K
is Z -tileable if there are sets C1,...,C, C G such that the collection {Fjc:1<i<n, ceC;}
partitions K.

THEOREM 5.1. Let G be a group. Let 0<e<1/2 and let m €N be such that (1 —¢e/2)™
<e. Let ee F1 C F, C---CF,, be finite subsets of G such that for each k=2,..., m the set
Fy, is (Fy_1,¢/8)-invariant. Then every (F,,, ¢/4)-invariant finite subset of G is e-quasitiled by
{Fy,...,Fy}.

COROLLARY 5.2. Let G be an amenable group. Let 0 < € < 1/2. Let K be a finite subset of G and
0 > 0. Then there exists a finite collection .% of (K, §)-invariant finite subsets of G containing e
such that for every (|J %, e/4)-invariant finite set E C G there is an .#-tileable E' C E satisfying
B > (1-2)|E|.

Proof. Let m € N be such that (1 —¢/2)™ <e. Since G is amenable we can find e€ F; C F5 C

-+ C F,, as in the statement of Theorem 5.1. Write .# for the (finite) collection of all sets F
such that for some j=1,..., m we have F' C Fj and |F| > (1 —¢)|F}|. In view of the definition of
e-quasitiling, Theorem 5.1 then tells us that for every (F,, £/4)-invariant finite set E C G there
is an Z-tileable E’ C F such that |E’'| > (1 —¢)|E|. As F,, =|J % this yields the conclusion. [

Let H be a countable group and « an automorphism of H, and form the corresponding
semidirect product H x Z. Inside H x Z we view Z multiplicatively as the group (g) with gen-
erator g satisfying ¢"tg™" = a"(t) for all m € Z and t € H. When we say an interval in (g) we
mean a set of the form {¢™, g™, ..., g"} for some integers m <n, and by the length of this

interval we mean n —m.

LEMMA 5.3. Let H xZ ~ X be a continuous action on a compact metrizable space. Then
Dy(gA)=Dpy(A) for all AC X.

Proof. For every A C X we have, with F' ranging over the nonempty finite subsets of H,

Dy (A) =inf sup — 14(sz)=1inf sup 144(gsx)
) Fogex |[F ; :peX|F|Zg

mf sup ——— Z gA(
F zex |Oé ‘

= inf sup 144(tgx)
B IR Tt >\t§m :
=Dr(gA). O
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THEOREM 5.4. Let H xZ ~ X be a free continuous action on a compact metric space. Suppose
that the restricted action H ~ X is almost finite. Then the action H x Z ~ X is almost finite.

Proof. Let 0 <e<1/6. Let K be a finite subset of H. Take an r € N large enough so that any
interval in (g) of length at least €57 is ({g}, ¢)-invariant. Denote by A the symmetric interval
{o7",....9"}

Set K'=UY_ , oK) and K"={J_ , o™(K')={_ 4 a™(K). By Corollary 5.2
there is a finite collection .# of (K", &'%/(8|K'|?(2r + 1)r!®))-invariant finite subsets of H con-
taining e such that for every (|J.%,e/(8r))-invariant finite set F' C H there exists an .7 -tileable
F' C F satisfying |F'| > (1 —¢/2r)|F].

Since H ~ X is almost finite it is almost finite in measure, we can find an open castle
{(Sk, Vi) }7_, for this action whose shapes are (((J-Z#)(UJ-Z)™1)?,1%/(4|K’'|r'?)))-invariant and
whose footprint | |;;_; SxVj has lower H-density at least 1 —e/2r. The proof of [KS20, Theorem
5.6] shows that we may assume the boundary of each level of each tower in the castle to have zero
upper H-density. By [KS20, Theorem 5.5, for any k€ {1,...,n} we can find a finite disjoint
collection % of open subsets of Vi whose diameters are as small as we wish such that the
set Vi \ U Z has zero upper H-density. Since the action H x Z ~ X is free, we may therefore
furthermore assume, by replacing each tower (Sg, Vi) with a collection of towers with shape
S; whose bases are the members of a suitable collection of open subsets of Vi of the type
just described, that (A2Sy, V%) is a tower for every k=1,...,n. For each k=1,...,n, since
the shape Sy is (|J #,¢/(8r))-invariant we can find, by the previous paragraph, an .Z-tileable
By, C Sy, satisfying |Bg| > (1 —e/2r)|Sk|.

Set .F' = {a™(F): —4r <m <4r, F € .Z}. Since each member of .Z is (K", !5 /(8|K’|(8r +
1)7!5))-invariant, each member of .#" is (K’, /(8| K'|(8r + 1)r!?))-invariant, as is easily checked
using the boundary commutation formula O o' (F) = o (9y-mxnF) for m € Z and finite sets
F C H. Moreover, the fact that each By is .%-tileable implies that for every k=1,...,n and
m=—4r,..., 4r the set o™ (By) is F'-tileable.

We now carry out a recursive disjointification process over k. This will be similar to the
Ornstein-Weiss-type argument in [CJKT18, KS20] for producing dynamical tilings, but with
two significant differences: (i) we carry out the disjointification procedure in one single recursion
without having to repeat it across different scales, and (ii) the decision to retain a new piece at a
given stage depends on whether its proportion in the ambient tile is greater than ¢ (actually &*
in our case) instead of greater than 1 — ¢ (the latter is what makes the recursion over different
scales in the Ornstein—Weiss setting necessary, since at every scale only a small part of the space
gets covered).

Write 7}, for the collection of all subsets of AB;,. Write ,Zj for the collection of all T' € .7}, such
that |T| > e*| ABg|. We will recursively construct sets Zi, ..., Z, C X and (not necessarily open)
castles {(T, Vk,T)}Teﬁ,j for k=1,...,n such that Z, =Z7,_1 U LlTeﬂ,j TVjr for k=2,...,n.
Many of the sets Vj, 7 will be empty, in part because nonemptiness forces some extra structure
on the corresponding 7" (as explained below), but we will worry about this after the construction
so as to not complicate notation.

We begin by setting Vi 7 =V; for T=AB; and Vi =0 for T # AB;. We also put Z; =
AB V.

Suppose now that 1 <k <n and that we have constructed Zi,...,Zr_1 and the castles
{(T, Vj,T)}Tegj+ for j=1,...,k—1. For each T € 9}, set

Vir =V ( U s_le_1> N ( Uy s_le_1)>. (5.1)
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Then {(T, Vk,T)}Teﬂ,j is a castle and we define Z; to be the union of the two sets Z,_; and
UTG«Z? TV}, 1, which are disjoint (in this construction we only care about Vj,  for T' € .7 *, but

for later use we have defined Vj 1 above for all T'€ .7;). This completes the recursion. A very
important observation is that, setting V. = Ll7re T+ Vi € Vi, we have

k
_ +
Z=J AB;V;". (5.2)
j=1

Write @ for the remainder X \ | |}_; BV} of the castle {(By, Vi)}7_;. It will be convenient
to have the following dual picture of the tower partition @ U| |;_, BV} in terms of the partial
orbits within each tower. We define the equivalence relation £ on X as the smallest under which
xFEgr whenever z is in some base Vi and g is in the corresponding shape By. Each equivalence
class [z]g either belongs to a unique tower BjVj or is a singleton in the remainder Q). For m € Z

we have

X=g" (Q U Bka> =g"Qu| |(¢"Brg )9 Vi,
k=1 k=1

that is, X is also partitioned by the castle {(¢"Brg™™", g™ Vi)}}_, together with its remain-
der g™(@Q. We denote the corresponding equivalence relation by (¢").E. Note that [z]m) g =
9™ ([z]g) and therefore x(¢™).Fy if and only if g~z Eg~™y. For ¢ € N define

q

BT = ﬂ (9")«E.

m=—q
Observe that for any 1 <k <n it follows from (5.2) that if zE"y then
TEL, Y E L.

Now let = € Vj, for some 1 < k <n and consider the set AByx \ Zx_1 = ABrz \ Uf;ll AB]-VjJ“.
For a fixed element h € By the set Ahx\ Z;_1 has the form Aphx where Ay is a subinterval
of A. Moreover, if h'xz € [hx]ge- then ¢™h'x € [¢"hx]g- for every m= —r,... r and therefore
Ay = Ay, In other words, the interval A, only depends on the E?"-equivalence class of hz.

Consider now an equivalence relation E’ defined by setting hoxE'hix if Ap, = Ap,. By the
previous observation, every E’-equivalence class is a disjoint union of E?"-equivalence classes.
The set of points in ABz that are not covered by Zy_1, which is equal to Tx where T € Z,
is such that x € Vj, 7, can be partitioned into ‘rectangles’ of the form AgpBx where Bz is an
E’-equivalence class and Ap is equal to A, for any h with h € B. By identifying T" with Tz via
t — tx this yields a partition of T itself into sets of the form Ap B, and this partition is the same
for all z in Vi, 7.

Write .44, for the collection of all T' € .9}, for which Vj, 1 is nonempty. Let T € 4;,. Write %y,
for the collection of all sets B appearing in the common partition of 7" into rectangles of the
form ApB for points in Vj, 7, as described above. We can thus express T as | | BeB ApB. Write
%, for the collection of all B € %y, r such that B is (K, ¢)-invariant. Set Cj 1 = || €%, . Since
Skis (U Z)(UJZ)™H?2,e19/(4|K'|r10))-invariant, the members of .#' are (K', ® /(8| K'|(8r +
1)71%))-invariant, and the sets a™(By) for m = —4r,... . 4r and k=1,...,n are .F'-tileable, we
can apply Lemma 4.1 (taking there n=8r+1, § =(¢/r)°, K = K’ and the sets B;; to be the
right translates of a‘(By) which are at play in the description of an intersection pattern within
an orbit) to see that

[Crrl > (1= (e/r)°)[Bel > (1= )| Byl. (5:3)
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Set Jifr:Zjﬂc/% and %_:%\Zj.

Givena T € f/ljf, let us verify that it is (K U {g}, 2¢)-invariant. Define Fy 71 = |,cc, , Anh
where Ay, is such that AphVyr = ARV 1\ Zx—1 (in accordance with our orbitwise discussion
above), and set Fj70=1T\ Fj7,1. By the definition of Cj 7 and the boundary commutation
formula Ok (g™ F) =g " 0q-mk)F for m €Z and finite sets F'C H, the set Fj 1 is (K, ¢)-
invariant, and since

.3

)
< €°|Al|By| <e|T],

—~
ot

|Fy,r0l < [Al| Bk \ Ck,r

we thus see that the set T'= Fj 70U F 11 is (K, 2¢)-invariant. On the other hand, defining
Dy, 1 to be the set of all h € By such that |4y| <e’r and setting Dy 71 = By \ Dy.1,0, we have

|_| Anh

heDy 1.0

r

<&Sr|By| =¢- 1

1
ABy| <%~ |T| <e|T)

while | |,cp, ., Anh is ({9}, ¢)-invariant by our choice of r, so that T'=||,cp, . AphU
Unep, .., Anh is ({9}, 2¢)-invariant.

Now let T'c .4, and define By 1 to be the set of all h € By such that |Ay| <er (with Ay
having the same meaning as above with respect to k and T') and set By, 7.1 = By, \ Bi,7,0. Then

|Brra|-er <|T| <e'|ABy| =e(2r +1)| By,
and hence
| Bi,r1| < 3% Bil, (5.4)

a fact that we will use later. Recall that Z, =| |;_; | | i+ TVir (the footprint of the castle we
have recursively constructed) and set

n
W= | BiVi\ Zn.
k=1

We will next carry out a process by which we donate some of the points of W to the towers
in our recursively constructed castle. By splitting up the towers according to how their shapes
have been amplified orbit by orbit through this donation process, we obtain a new castle with a
much larger collection of towers. The donation process will be carried out so that the amplified
shapes are proportionally not much larger and hence still approximately invariant, and it will
be sufficiently algorithmic so that the boundaries of the levels of the new towers will still have
zero upper H-density. Once we have done this, it will remain to shave off the boundaries of the
tower levels so that the towers become open, which will involve discarding a set of zero upper
H-density, and then finally check that the remainder of the resulting castle has small H-density,
for then we can apply Lemma 4.2 to finish.

To set up the donation operation, suppose that we have a subset of W of the form Jx for
some z € X and some (possibly infinite) interval J in (g) which is maximal with respect to the
inclusion of Jx in W. We will either donate none of Jx or all of it.

If |J|>er we do not donate Jx. Assume then that |J|<er. By replacing z if neces-
sary, we may assume that .J has the form {¢°, ¢',..., g?}. Consider the point g~'z. Since it
is not in W, it is either in Q=X \|l;_, BxVs or in Z,. In the first case, we do not
donate Jz and only note that Jz C {g',..., ¢g/*"1"1}Q. Suppose now that g~'z € Z,, that is,
g lz=tyforsomey€eVyrandteT € Jlff. Consider the equivalence class [ty|g-. If it is (K, ¢)-
invariant then we donate Jz to the tower containing Ty, thereby enlarging the partial orbit Ty
within this tower. Otherwise, we again do not donate Jx.
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Note that the sets W, Q,T'Vi r, and Z,, are E"-invariant, as can be easily seen from (5.2).
Hence, if the interval Jx was donated to a tower via the partial orbit Ty, then, in fact, the
whole set Jg[g~12]p=r was donated to this tower via Ty. Through this procedure we obtain a
new collection of towers (Tﬁ, Vi,r¢). These clearly form a castle, which we denote by .. By
our definition of K’ and the boundary commutation formula O (¢™F) = g~ 0n-m (i) F for all
m € 7 and finite sets ' C H, we see that each new shape T* is still (K U {g}, ¢)-invariant (the
invariance in the Z-direction only improves since the (g) cross-sections can only become longer
intervals). Given that the set H U {g} generates H x Z, a standard exercise then shows that we
can make the shape as left invariant as we wish by making an appropriate choice of K and taking
€ small enough.

By Lemma 5.3, the collection of subsets of X with upper H-density zero is H x Z-invariant,
and so the sets g(Vi, \ V) for k=1,...,n and g € H x Z all belong to this collection given that
each V}, \ V2 does. Since this collection is also an algebra we therefore deduce, in view of the
algorithmic way in which the above construction proceeded based on intersection patterns, that
the boundaries of the levels of the tower in % all have zero H-density. In view of the uniform
continuity of the individual homeomorphisms making up the action of H x Z, we can also make
the levels of the towers in % have as small a diameter as we wish by taking the diameters of
the bases Vi, ..., V, of the initial towers to be sufficiently small.

Write & for the open castle consisting of the towers (T, V2 ). This castle will be our witness
for the almost finiteness of the H x Z-action. It remains to check that its remainder satisfies the
smallness condition in the definition of almost finiteness, and for this it suffices to show that it is
small in upper H-density, since the restriction action H ~ X has comparison and we can apply
Lemma 4.2.

More precisely, we will verify that the remainder of the castle .Z has upper H-density at
most 7e. By construction, it is contained in the union of the sets:

(i) g(Vx \ V) for all k and g € H x Z;

(i) {gh, ... g=+1)Q:

(iii) the union of all intervals of the form Jx in W with |J| > er, denoted W’; and

(iv) the union of sets of the form {g',..., g/*"1*1}[x]g- for all [z]gz- that are not (K, &)-
invariant.

We already observed that the sets in part (i) have zero upper H-density. For part (ii), recall that
X\ k=1 Sk Vi has upper H-density less than 1 —¢/2r and that |By| > (1 —&/2r)[Sk|. It follows
that Dy (Q) <e/r and therefore

Du({g',. ... ¢ 1"}Q) < [er]Du(Q) <=.

To estimate part (iii), consider a point x € Vi 1 for some T € .4 and let hax € Brz NW'.
As hz is not in Z,, we conclude that T'€ .4, . Moreover, it is clear that |Aj|>er and thus
h € By 1. Applying (5.4) then yields

|W' N Brx| < 3¢%| By

for any k=1,2,...,n and any x € V. Thus,
EH(W/) < 3€3DH< |_| Bka) —|—5H(Q) <e.

k=1

Finally, to estimate part (iv), let z € X \ Ui’;sz ¢ @ and suppose that [2] g2 is not (K, €)-

invariant. Clearly, x = hy for some y € Vi, and h € By and Lemma 4.1 shows (see (5.3) for a
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similar calculation) that there are at most (¢/7)°| By| such points x in the set Byy. Thus, the set
in item (iv) has upper H-density at most

(4r + [er] + 1)Dy(Q) + [er](e/7)’ < be.

Since upper H-density is monotone with respect to inclusions and subadditive with respect
to finite unions, we conclude from the above estimates that the remainder of the castle .Z has
upper H-density at most 7. By hypothesis the restricted action H ~ X is almost finite and
hence has comparison, and so it follows by Lemma 4.2 that the action H X Z ~ X is almost
finite, as desired. O
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