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ABSTRACT

One of the most fundamental tasks in non-life insurance, done on regular basis,
is risk reserving assessment analysis, which amounts to predict stochastically
the overall loss reserves to cover possible claims. The most common reserv-
ing methods are based on different parametric approaches using aggregated
data structured in the run-off triangles. In this paper, we propose a rather non-
parametric approach, which handles the underlying loss development triangles
as functional profiles and predicts the claim reserve distribution through per-
mutation bootstrap. Three competitive functional-based reserving techniques,
each with slightly different scope, are presented; their theoretical and practical
advantages — in particular, effortless implementation, robustness against out-
liers, and wide-range applicability — are discussed. Theoretical justifications of
the methods are derived as well. An evaluation of the empirical performance of
the designed methods and a full-scale comparison with standard (parametric)
reserving techniques are carried on several hundreds of real run-off triangles
against the known real loss outcomes. An important objective of the paper
is also to promote the idea of natural usefulness of the functional reserving
methods among the reserving practitioners.

KEYWORDS
Claims reserving, non-life insurance, reserving risk, functional data, develop-
ment profiles, consistency, permutation bootstrap
1. INTRODUCTION
Loss reserving techniques based on the run-off triangles remain an ongoing

theme in the actuarial literature. The parametric techniques relying on aggre-
gated data and based on loss development factors (Mack, 1993; Renshaw
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and Verrall, 1998; Clark, 2003), or regression models (Kremer, 1984; Murphy,
1994; Verrall, 1996) remain still the most widely used ones, perhaps due to their
transparent as well as favorable theoretical properties (Pesta and Hudecova,
2012). However, a demand for methods that would combine quality of pre-
diction and ease of use with certain robustness (Verdonck and Debruyne,
2011; Pesta and Okhrin, 2014) and capability of handling even non-typical
data (“outliers” that nonetheless occur in industry), for methods widely appli-
cable to all kinds of run-off triangles without hinging on often unrealistic or
questionable formal assumptions (Hudecova and Pesta, 2013), still remains.

In this paper, we propose three methods with these characteristics in mind.
They are of a non-parametric character, as methods of this type tend to be;
such methods may be also somewhat hard to subjugate to existing stochastic
canons — so before a time-consuming quest for potential theoretical underpin-
ning is undertaken, it is worthy to gauge their overall promise by a somewhat
extensive study on historical data, in the spirit of the strategy championed by
Meyers and Shi (2011a) under the moniker of retrospective testing, known also
in the wider actuarial and finance circles as backtesting (for the Solvency 11
actuarial context, see Popescu and Suciu, 2020). We thus evaluate the per-
formance of the proposed methods in that way — but not exclusively: we
investigate also some of their properties mathematically, if only in a restricted
(compared to their intended broad applicability domain), nonetheless cus-
tomary in the literature, “chain ladder stochastic setting.” Our mathematical
investigation shows, among other things, that the proposed methods can lead
to consistent estimates. Our testing on historical data shows that they compete
favorably with the existing methodology.

To be frank on the last point, we have to say that we compare the pro-
posed method to few, but standard ones; more extensive comparison would
be considerably beyond the scope of this paper at this time. In addition
to those listed above, the existing methods include also semi-parametric or
non-parametric smoothing techniques (England and Verrall, 2001); Bayesian
approaches, like that of Bornhuetter and Ferguson (1972), and the Cape-Cod
method (Bithlmann, 1983), trying to incorporate also prior information, or
utilizing some claim information for reporting delays (Jewell, 1989, 1990; for
different perspective, see Clark, 2016); methods that emerged after reviews of
Taylor (2000), England and Verrall (2002), and Wiithrich and Merz (2008)
include those based on stochastic processes (Pigeon et al., 2014; Godecharle
and Antonio, 2015; Badescu et al., 2019), generalized estimating equations
(Hudecova and Pesta, 2013), generalized linear mixed models (Gerthofer and
Pesta, 2017), copula modeling (Zhao and Zhou, 2010; Pesta and Okhrin, 2014),
micro reserving methods based on individual claim developments (Antonio
and Plat, 2014; Maciak et al., 2021), and machine learning techniques (Kim
et al., 2008; Wiithrich, 2018; Delong et al., 2021).

The starting point in the motivation of our methods is the focus on
functional development profiles corresponding to the given run-off triangles.
However, contrary to Clark (2003) and others, the profiles are treated in
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strictly non-parametric manner. Certain analogy with chain ladder autoregres-
sion philosophy could be also traced therein, but then in the additive, rather
than multiplicative manner. Further developments of this line of thoughts are
discussed below. Here we only stress that all our proposed point prediction
methods are supplanted by intuitive bootstrap extensions, yielding thus the
overall loss reserve distributions as well.

The paper is structured as follows. Section 2 briefly reviews the actuar-
ial terminology related to the loss reserving and related standard reserving
techniques. Section 3 motivates and introduces the three proposed functional
profile methods. Their theoretical properties are discussed, aiming at their
coherent justification, in specific frameworks corresponding to real-data sce-
narios in Section 4. The related bootstrap enhancements are described in
Section 5. Section 6 studies the empirical behavior of the proposed methods,
comparing them also to some traditional ones, on the data from the actuar-
ial practice: the database of several hundreds of completed run-off triangles,
confronting thus the predictions with already known real-life outcomes. Some
practical recommendations are elucidated as a consequence. Other comments
and conclusions are relegated to Section 7, while all proofs are collected in the
supplementary material.

2. OVERVIEW OF THE TRIANGLE-BASED METHODS

Speaking of run-off or loss development triangles, we have in mind the standard
setting in which these record aggregated, cumulative claim amounts, Y;;. Each
of Y;;’s is the cumulative amount claims, that is, the sum of all claims that
occurred in an accident period (which is typically a year) i=1,...,n and up
to development periods (routinely years too) j=1,...,n+ 1 —i. For the acci-
dent occurring in the current (the most recent) period/year n, there is only one
development period, the current year as well. For the accident happening in
the previous year there are two development periods, the previous and current
years — and so on, up to the accident year i = 1, for which there are n develop-
ment years. All the Y;;’s, observable only for i 4 j <n+ 1, are organized in a
form of a right-angled isosceles triangle, as is the one shown in Table 1.

For a given run-off triangle, our task is to predict its “other half”: the yet
unobserved random variables Y;; on the (shorter and shorter) diagonals for
i=2,...,nandj=n—i+2,...,n The interest of an insurance company lies
particularly in the last column {Y;,}?_,, which represents the unknown ulti-
mate cumulative amounts for the accident years i =2, ..., n. Sufficient funds
have to be allocated to meet this end. The overall claims reserve is thus defined
as ) i, Yi, minus the amount already paid, the latter represented by the last
observed diagonal. As this reserve consists of yet unobserved items, it has to
be predicted. Beyond a mere point prediction, it is also important to predict
(accounting for the uncertainty in the whole prediction process) the overall
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TABLE 1
AN EXAMPLE OF THE RUN-OFF TRIANGLE WITH THE
OBSERVED CUMULATIVE CLAIM AMOUNTS Y,':/' FORi=1,..., n
ANDj=1,..., n+1—1i.
Accident Development year j
year i 1 2 e n—1 n
1 Yi1 Yi2 200 Yin-1  Yim
2 Yo Yoo 200 You-1
Yins1-i
n=1 Y, 11 Y1
n le

reserve distribution, to properly assess the reserving risk. A straightforward
way to achieve this distribution are resampling methods like bootstrap.

In what follows, we briefly describe some traditional point prediction
methods in claims reserving. The corresponding distributional predictions
via bootstrap strategies are discussed in Section 5. All these methods are
some variation or version of the chain ladder methodology. We use them for
comparisons in Section 6.

2.1. Average development ratios

Basic building blocks in the chain ladder methodology are development ratios
(factors). The stochastic underpinning of this methodology assumes that the
cumulative claims (Y, 1, ..., Y;,) are independent between the lines of the run-
off triangle, accident years i=1,...,n. The “main assumption of the chain
ladder stochastic model” (Mack, 1993; Mack and Venter, 2000)

E[YiJ+1|YiJ,..., Y,',l]Zf/'Yi’/' for i=1,...,l’l and j=1,...,l’l— 1,
(1
is then postulated, introducing the development factors — unknown parame-
ters f;’s. As (1) implicates that the f;’s do not depend on i, the Markov style
assumption (1) complements the independence of rows by a “weak” identical
distribution assumption — identical in terms of the moments involved in (1);
everything is then also conditional on the initial values, the historical claim
amounts from the same accident year. Since {Y; J};l=l are cumulative claim
amounts, one can assume for certain claims triangles and the character of
the loss data that Y; ;1 > Y;; almost surely for all i,j. Consequently, an addi-
tional restriction f; > 1 could be imposed, which would create a submartingale
structure on the underlying processes. The method described here estimates the
unknown development factors f; as the average development ratios
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n—j
1 Yijt1
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= = i=1,...,n—1; 2
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e

averaging over the specific development ratios f, = Yijr1/Yij.

The estimates of the parameters f; are used to predict the unobserved
quantities in the run-off triangle: first, the immediately adjacent empty
diagonal,

?iJ=j7/_IYiJ_1 for i=2,...,n and j=n—i+2, 3)
and then the subsequent diagonals
?i,j=j7j_1?i,j—1 for i=3,...,n and j>n—i+3,...,n 4)

In the actuarial jargon, “the triangle is completed to a square,” a “squared
triangle.” The overall predicted reserve is then obtained as

n n
K = Zyi,n - Z Yinti1-i. (5)
i—2 i—2

The reserving approach based on the averaged development ratios is straight-
forward, and the unknown distribution of % can be effectively resampled.

2.2. Volume-weighted average development ratios

The standard chain ladder approach to loss reserving modifies the previous
method of estimating the development factors f; using volume-weighted average

development ratios instead: each specific development factor ﬂ,- =Yij1/Yijis
weighted by the cumulative amount Y;; from the same accident year and the
same development year, resulting in the estimate

iz Yot Yiifij _ Xict Yijn

YooYy X Y
The “completion of the square,” the predictions of claims reserves, and the
overall reserve are then done analogously as in the previous method, that is,
using the estimates (6) instead of (2) in prescriptions (3) and (4).

From the stochastic point of view, this approach is motivated, apart from
the previously listed assumptions, by a specific assumption of Mack (1994,
1999), which is further discussed in Section 4. From the practical point of
view, Verdonck and Debruyne (2011) pointed out that the method of aver-
age development ratios may suffer from an undesirable sensitivity to certain
atypical claim amounts; volume-weighted average development ratios may

mitigate this. Early elaborations of the optimality for the estimators (2) and
(6) within the autoregression framework were given by Kremer (1984). Further

for j=1,...,n—1. (6)
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investigations and comparisons can also be found in Mack and Venter (2000)
or Hiirlimann (2009). For a broader overview, we refer to Taylor (2000,
Chapter 7). For more properties of both methods described above, see also
Biihlmann (1983), Wiithrich and Merz (2008), and Pesta and Hudecova (2012).

2.3. Overdispersed Poisson and gamma models

Other very common reserving methods are based on the overdispersed Poisson
(ODP) and gamma models, which work in the framework of generalized lin-
ear models (McCullagh and Nelder, 1989). A distribution from the family of
exponential dispersion models is assumed to be convenient for the incremen-
tal claims. In our setting, the run-off triangles are formed by the differences
Xij=Y;;— Y;;j_ for all observed Y;; (with the convention Y;o=0). The
expected values of X;; are then assumed to follow the generalized linear model
with the logarithmic link function

log (E[Xij]) =y +ai+ B, (7

where «; € R relates to the accident year i and g; € R stands for the develop-
ment period j; y € R is the intercept. For the sake of more flexibility regarding
the volatility in the model, the overdispersion parameter ¢ > 0 is introduced,
modeling the variance of the incremental amounts: Var (X; J)=¢,ufJ, where
wij=E(X;;) and § =1 in the case of the ODP model, or § =2 in the case of
the gamma model.

In the application part (Section 6), we focus on the ODP models not on
the gamma models. Although it could look otherwise, it is well known (Mack
and Venter, 2000) that ODP yields the point predictions, which are identical to
those obtained by the method of volume-weighted average development ratios.
(In practice, a tiny difference can be sometimes observed, due to the different
numerical algorithms used.) The latter mentioned method is nothing else than
the standard chain ladder method reviewed in Section 2.2. There is one impor-
tant detail, however: the equality of the predictions holds true only if ODP is
able to yield any predictions at all. If some of the incremental claims are neg-
ative (which is not that uncommon in practice and may result from returned
erroneous, fraudulent, or reimbursed claims), the methodology of generalized
linear models fails to produce any result. The method of volume-weighted
average development ratios delivers point predictions in any case. However,
we still consider ODP a distinct method, because the different philosophy of
the ODP approach results in a different way of obtaining the distributional
predictions. The details are given in Section 5. For the sake of comparison, we
compute point predictions by the ODP method via its definition (using gener-
alized linear models) whenever possible (i.e., whenever all incremental claims
are non-negative); otherwise, we use the chain ladder alternative.
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(a) (b)

Accid Development year j Accid Development year j

year i 1 2 3 4 5 6 7 8 9 10 year i 1 2 3 4 5 6 7 8 9 10
1 5244 9228 10823 11352 11791 12082 12120 12199 12215 12215 1 794 1277 1848 2080 2352 2441 2442 2452 2452 2452
2 5984 9939 11725 12346 12746 12909 13034 13109 13113 13115 2 847 1427 1796 2084 2322 2331 2367 2393 2393 2459
3 7452 12421 14171 14752 15066 15354 15637 15720 15744 15786 3 701 1317 1912 2147 2196 2285 2290 2291 2359 2359
4 7115 11117 12488 13274 13662 13859 13872 13935 13973 13972 4 808 1423 1844 1993 2091 2093 2110 2122 2142 2142
5 5753 8969 9917 10697 11135 11282 11255 11331 11332 11354 5 756 1465 1819 1993 2096 2160 2206 2216 2219 2217
6 3937 6524 7989 8543 8757 8901 9013 9012 9046 9164 6 771 1266 1489 1685 1822 1836 1857 1910 1919 1918
7 5127 8212 8976 9325 9718 9795 9833 9885 9816 9815 7 723 1562 1895 2115 2266 2314 2314 2313 2313 2313
8 5046 8006 8984 9633 10102 10166 10261 10252 10252 10252 8 862 1397 1679 1775 1858 1858 1859 1863 1863 1863
9 5129 8202 9185 9681 9951 10033 10133 10182 10182 10183 9 930 1523 1971 2150 2197 2224 2292 2332 2341 2341
10 3689 6043 6789 7089 7164 7197 7253 7267 7266 7266 10 825 1312 1556 1724 1825 1854 1872 1872 1872 1872

Complete run-off triangle for portfolio 1 Complete run-off triangle for portfolio 2
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FIGURE 1. Complete “squared” run-off triangles for two different portfolios. Each curve corresponds to
one row in the run-off triangle; solid lines are observed, dotted not observed run-off functional profiles for
two representative portfolios.

3. THE PROPOSED METHODS

As mentioned in the introduction, the building block of all of the pro-
posed methods is so-called functional development profiles, “patterns of loss
emergence” (Clark, 2003). The prediction of losses can be then seen as a com-
pletion, “reconstruction” (provided we were in the future when all predicted
cumulative claim amounts are already known) of these profiles. To this end,
however, we do not model them parametrically but rather seek how to do it in
non-parametric ways.

3.1. Development profiles

As an example, let us consider two different insurance portfolios with run-off
triangles observed completely (which will occur at time 2n — 1; in our examples
n=10). The squared triangles together with their observed and unobserved
(“true reserves”) functional development profiles can be seen in Figure 1. At
time 7 (indicated by the darker part of the tables), the solid lines represent the
observed claims; dotted lines are the ones to be observed only in the future, not
at time n. One run-off triangle (the top left panel) serves as a representative of
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FIGURE 2. The prediction based on the average development ratios (top panels) and the volume-weighted
development ratios (bottom panels). The two prediction approaches are similar for both portfolios. Under
positive increments (which is all the case here), the ODP method is equivalent in point prediction to the
volume-weighted average development ratios.

the non-crossing and widely separated development profiles, whereas the other
one (the top right panel) stands as a protagonist of the quite opposing group
of run-off triangles, which have frequent crossings.

The predicted development profiles based on the observed run-off triangles
(at time n) for the two parametric methods reviewed in Sections 2.1 and 2.2 are
shown in Figure 2. The predictions are plotted in red; the prediction effective-
ness — called Prediction% — is given in terms of the percentage ratio between
the predicted reserve and the “true reserve.” The closer this value is to 100%,
the better.

3.2. PARALLAX: Parallel approximation of missing fragments

Two of the proposed methods are motivated by relatively straightforward
graphical strategies. The first of them looks for the most similar development
profile (in the ¢! metric) among the profile fragments already observed. Such
profile is then used to predict the future claims by adding it to the most recent
claim (obtaining thus, in a sense, a parallel predicted profile), see Algorithm 1.
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Algorithm 1. PARALLAX

1 Input: Run-off triangle { Y;;:i=1,...,n, j=1,....,n+1—i}

2 begin R

3 o Set the observed as the predicted Y;; = Y;; fori=1,...,nandj=1,...,n4+1—1i
4 fori=2,...,ndo

5 forj=n+1—4i,...,n—1do

6 o Find the most similar development profile

Z\,-,,- =arg min . |?,‘J — YgJ‘ (8)
Le{l,...n—j}

7 e Predict the unobserved (future) Y; ;4 such that

?iJ+l = i;i,/‘ + (YZ-J,HI — YZW) s )

3 Output: Complete run-off triangle {?,-J vi=1,...,n,j=1,...,n}

—
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PARALLAX for portfolio 1 PARALLAX for portfolio 2

FIGURE 3. The estimated functional profiles of the run-off triangles for two portfolios from Figure 1 using
the parallel approximation PARALLAX. The reserve effectiveness is given as a percentage proportion of the
estimated reserve and the true liability.

A preliminary comparison of the results of this algorithm applied to the
run-off triangles from Figure 1 reveals that the algorithms appear to be more
accurate than the standard methods, in terms of the overall reserve predic-
tion. For the first triangle, the performance is pretty much similar (we achieve
107% of the true reserve compared to 109% or 108% given by the naive average
development ratio approaches). More evident difference occurs for the second
triangle where both standard approaches overestimate the true reserve (giving
124% and 123%), while we predict the reserve slightly over 114%; see Figure 3.
This can be perhaps explained by the fact that neither average development
ratios nor the volume-weighted average development ratios can reflect the true
underlying variability within the accident year specific development factors.
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Algorithm 2. REACT

1 Input: Run-off triangle { Y;;:i=1,...,n, j=1,....,n+1—i}

2 begin R

3 o Set the observed as the predicted Y;;=Y;;fori=1,...,nandj=1,...,n4+1—i
fori=2,..., ndo

4
5 forj=n+1—4i,...,n—1do
6 o Predict the unobserved (future) Y; ;41 such that
?i,/’+l = 571;/ + (?i—l,/+1 - ?i—l,/') (10)

7 Output: Complete run-off triangle {?,J vi=1,...,n,j=1,...,n}

Our algorithm instead seeks the most similar pattern within the observed loss
development triangle, which then yields more accurate predictions.

Of course, this is just a preliminary comparison concerning two haphaz-
ardly selected run-off triangles. A more complex comparison can be found in
Section 6.

3.3. REACT: Approximation by the most recent accident year

The second proposed method can be viewed as a simplification of the first one.
Its central principle is that regarding the future, the most relevant are the cur-
rent and the previous year. The algorithm thus takes the development trend
from the previous accident year and uses it to predict the next consecutive
development, cf. Algorithm 2.

Obviously, the underlying principle of focusing on immediate rather than
distant past may not be accepted universally. The fact that the algorithm seem-
ingly “ignores” the earlier data may be interpreted as a drawback rather than
virtue — especially if there is a strong belief in some stationary stochastic mecha-
nism “generating” the data. On the other hand, the proponents of the principle
may argue that the focus on recent data implicitly takes into account things
like similar business strategy, company policy, client allocation, or compara-
tive trading volumes (see, for instance, page 60 of Clark, 2003). Such aspects, in
particular, affect common portfolios where the overall trading volume follows
some increasing/decreasing trend over the last years.

The preliminary comparison of the results visualized in Figure 4 shows now
the prediction effectiveness of almost 105% and slightly less than 109% for
the first and the second run-off triangles from Figure 1, respectively, that is,
the algorithm outperforms not only the standard techniques but also our pre-
vious functional approach, PARALLAX. A more extensive comparison on
other run-off triangles, however, suggests that while there are portfolios that
are more appropriate for the parallel approximation, PARALLAX (those with
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FIGURE 4. The estimated functional profiles of the run-off triangles for two portfolios from Figure 1 using
the most recent accident year approximation REACT. The reserve effectiveness is given as a percentage
proportion of the estimated reserve and the true liability.

more volatile claims and unstable developments — side effects of natural disas-
ters, etc.), there are also portfolios depending on the most recent accident year
(for instance, portfolios with some significant trend in the incurred claims over
the last years) — for which REACT scores instead.

3.4. MACRAME: Markov chain fragment approximation

Working on the previous methods in the actuarial context, we came across sim-
ilar ideas treated from a different perspective, that of statistical techniques for
partially observed functional data. In the context of functional data with obser-
vation missing at random, Delaigle and Hall (2013) used a similar graphical
representation and proposed methods analogous to ours.

While our situation differs from theirs, because the pattern of missingness
in our triangular data is not random but deterministic (structured and fully
determined by the underlying actuarial nature), the follow-up ideas of Delaigle
and Hall (2016), who estimated the missing functional fragments within a
Markov chain and then used the estimated transition probabilities to com-
plete the unobserved parts, inspired the extension of our methodology, also
via Markov chain approach. It may be of some interest that these connections
are putting our efforts somewhat in the context of statistical functional data
analysis — although it should be noted that the latter area is otherwise vast,
and thus beyond our ambitions to cover here. In the actuarial literature, the
idea of the Markov chain for the claims reserving problems was considered, in
the context of granular data, by Hesselager (1994).

Our third algorithm is thus based on viewing the lines of the run-off tri-
angles as specific finite Markov chains. In this vein, it first forms another,
same-size run-off triangle {U;;}, which should mimic the original incremen-
tal run-off triangle {X;;} and whose entries are all in the same finite set .

https://doi.org/10.1017/asb.2022.4 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2022.4

460 M. MACIAK, 1. MIZERA AND M. PESTA

corresponding to a grid —co=gp < g1 < - < gn-1 < &n =+00. The details
about how . is determined are discussed below. The values U, ;’s, which are
assigned to be some wuy € [gr—1, gk) if gr—1 < gk and X;; € [gr—1, gk), are then
assumed to behave as the outcomes of a homogeneous Markov chain with
state space ., with the same distribution for every i-th line (every accident
year) in the triangle. This means, in particular, that the transition probabilities
p(s1,52) =P[U; j+1 = 52| U;j = 51] are the same for all i,/ and for any s1, 52 € ..
They can thus be estimated by the ratio

n—1 1 n—j
Zﬂzﬂ Uij=s1, Usjy1 =2}
Blsts) =22 — l_i p , (11
o ]l UZJ = S1
j=1 " ] i=1

where 1{-} is the indicator function, and they form the estimated tran-
sition probability matrix P= P, 52}61_““2'_ eRIXIZL where Py, =
? (A0))> L)) and Ay is the £-th smallest element of .. However, for the
run-off triangles with extremely short developments (e.g., fully developed pro-
files in the second or third development period with mostly zero increments),
it may be convenient to exaggerate the state in which the run-off triangle
is already fully developed. For this purpose, we propose to use a transition
probability matrix being defined as a convex combination

P:= (1-8,)P+3,l, (12)

of the original matrix P and an additional exaggeration matrix Iy, which is
either a stochastic matrix with the column corresponding to the state 0 € .
consisting of all ones and the remaining entries are zero if 0 €., or it is
a zero matrix otherwise, that is, Iy := {Lgl’gz}‘éfﬂzl’lllzlzl e R X171 and Loy by =
1{.-#,) = 0}. The mixing coefficient from (12) is defined as

IS s P(5,0), 0e.;
0, 0¢.7.

Sp =

Note that for the triangles with not fully developed pay-off profiles, it holds
that 8, = 0 and, thus, the original transition probability matrix IP is used._

The estimated transition probabilities p(s1, s2) (i.e., the elements of P) are
then utilized to predict the values of the original incremental run-off trian-
gle {X;;} from the current “diagonal” state U, ,41—;, i=2,...,n, through the
(conditional) expected value

|-
1n+2 I_Zp 1n+1 zaSZ)SKa i=2,...,

=

(13)

https://doi.org/10.1017/asb.2022.4 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2022.4

FUNCTIONAL PROFILE TECHNIQUES FOR CLAIMS RESERVING 461

The predictions of the further missing states of the “converted” run-off triangle
{Ui;} (from the original triangle {X;;}) are then obtained through the Markov
property as

R 1 1.7 |-
Xint1—i+h = Z Z - Z ﬁ (Ui,n+1—i, Sel)j3 (Sepszz) .- -25 (Seh,pSzh) Sty »
K]:l 22:1 61121
2<h<i<n.

The tenability of treating the lines of the converted triangle {U;;} as
Markov chains is supported in the chain ladder context by the widely
accepted “main assumption of the chain ladder model” (1) — which implies
E[Xi 11 Xij, ..., Xial=(— 1) ijzl Xi ) and is, as was already remarked, a
sort of “Markov property for moments.” Also, as the U;;’s are (deterministic)
functions of the X; ;’s, the independence and the Markov properties formulated
for the latter are inherited by the former. The only objection here may be raised
against the homogeneity of the underlying Markov chains. Indeed, the f;’s in
(1) are not considered equal for different j. However, one should keep in mind
that the transition probabilities of the pertinent Markov chains are more elab-
orate structure than the simple multipliers f;’s. Due to the generally row-wise
decreasing nature of the incremental amounts, different transition probabili-
ties are likely to apply in later than in the earlier stages of claims development
(so assuming that the whole transition matrix remains the same does not result
in much loss of generality).

Considering originally the general Markov model in a general situation,
without assuming homogeneity, we realized that the stochastic theory would
deliver desired conclusions, once consistent estimates of the transition proba-
bilities are available. That turned out, however, to be a problem: the general
situation admits too many transition probabilities, too many unknown param-
eters; the subsequent estimates depend effectively on very few observations and
are inevitable too volatile. While these obstacles could be perhaps overcome
by alternative estimation scenarios like compound estimation (estimating
transition probabilities from a group of run-off triangles with similar charac-
teristics), or by stabilizing the estimates via using a priori expert information,
we defer these alternatives rather to future research and, at this point, we adopt
the homogeneity assumption — if perhaps only as an approximation rather than
a faithful reflection of reality. In fact, the conversion of the continuous set-
ting to Markov chain on finite number of states is yet another approximation
aspect here. Treating the underlying Markov chains as homogeneous turned
out to be a crucial stabilizing component — not only regarding the estimates
but also leading to better predictions.

The usual estimators of transition probabilities in Markov chain models
are the intuitive ones, coming up as maximum likelihood estimators: a transi-
tion probability is estimated by the simple ratio of observed transitions under
question to all transitions observed from the particular state. Under the homo-
geneity assumption, the numerator and the denominator are aggregated over
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the whole observed Markov chain. A close inspection of (11) reveals that the
estimators defined there are slightly different: they include an additional weigh-
ing term 1/(n —j), both in the numerator and the denominator. Intuitively,
this term is connected to the number of observations in the j-th column of a
run-off triangle. The deeper reasons for its inclusion follow from Theorem 5
which shows that such a modification is necessary in our specific setting of
missing observations in a run-off triangle: to obtain estimators of transition
probabilities that are consistent.

While the scheme of the MACRAME Algorithm 3 remains the same for
any selection of the Markov states, the choice of the grid points —oo = gg <
g1 <+ < gm—1 < gm = +00, this technical detail may be important in practical
applications. While it is convenient to have as many states as possible (for the
sake of the fine approximation of the true development process), the size of the
data available to estimate the transition probabilities prevents the number of
states from becoming too large. We found the following guidelines helpful:

(1) in order to have the 1-1 transformation effect both in time and the incre-
mental amounts, the number of grid points should be the same as the
number of the development periods, m = n;

(i) the incremental values excluding the first column {x;4;_3)i4j-2)/24i :=
Xij:j>1;i+j<n+ 1} are ordered and equidistantly split into m inter-
vals according to the grid points

8k = X([%]H), k=1,...,m—1;

(iii) the states are medians of the incremental values belonging to these
intervals, i.e.,

= {up = median(X;; € [gr—1,gk) j > Li+j<n+1), k=1,...,m},

where median of an empty set is omitted.

Note that some of the intervals [gx_1, gx) can be empty sets, because sev-
eral X;;’s can have the same value, and therefore ¢:= || <m. The above
stated procedure is completely data-driven, where neither nuisance parameters
nor tuning constants are involved. Consequently, we assign the obtained value
uy as the realization of the Markov process {U;;}; such that U;; := u; when
Xij€gk-1,8k)-

There are, obviously, many different ways to tackle the states’ selection:
different interval lengths can be used, more states can be defined — all this
constitutes additional topics for further investigation. For instance, a kind
of expert judgment can also intervene here: if there is a reasonable belief or
conviction about the shape of the curves representing the incremental pro-
files (based on historical observations or long-term knowledge), the intervals
(and, hence, states) can be then constructed accordingly. Nonetheless, we
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Algorithm 3. MACRAME
1 Input Run-off triangle { ¥;;:i=1,...,n, j=1,...,n+ 1 — i}, the sequence of grid points
{gk};::l1 (go: = —00, g := +00), and the set of states . = {s1, ..., 5}
2 begin
3 e Calculate incremental claims X;; = Y;; — Y;;_; for all observed Y;; (where Y; = 0)
4 oSet)A(i,,-:XiJ and?w: Yijfori=1,...,nandj=1,... ,.n4+1—i
5 e Use the states . and transform)?w into U;jfori=1,...,nandj=1,...,n+1—isuch
that U; =, if Xi; € [gk—1,gk) and 7 > s € [gk—1, &)
6 for s, s’ €.7 do
7 o Calculate the transition probability estimates p(s, ') in terms of (11) and (12)
8 fori=2,...,ndo
9 orh=1,...,i—1do
10 e Predict the unobserved X; 11—+ as :\\’[,,,+1_,-+/, =c( U,-,,,H,,-)T]T”hs, where
s=(s1,...,8) " and c(Uppy1-1)" = (W{Uins1—i=s1}. ..., WUppg1-i = s:})
11 e Compute the predicted cumulative amount
1 Yint1—ivh = Xipr1—ivh + Yin—ivn
12 Output: Complete run-off triangle {Y;:i=1,....n, j=1,...,n)
@ _ (b)
€ 7 predicton %/”’ & 11 precictiond 105,68 - —
o 9 i /’—— o 3 ] § —
£ 8 4 i £ R 7 —
s e/ N
3 @ ORI esseeo 3 -
A g |
’ L -
g1~
T T T T T T T T T T
2 4 6 8 10 2 4 6 8 10
Development Year Development Year
MACRAME for portfolio 1 MACRAME for portfolio 2

FIGURE 5. The estimated functional profiles of the run-off triangles for two portfolios from Figure 1 using
the Markov chain reserving method MACRAME. The reserve effectiveness is given as a percentage
proportion of the estimated reserve and the true liability.

used the above formulated choice of the Markov states in our implementa-
tion (Algorithm 3) — which was then applied again to the two portfolios from
Figure 1. The prediction effectiveness achieves 101.5% for the first portfolio
and slightly less than 106% for the second one (Figure 5) — which is the best
result so far: not only surpasses our first two methods but beats the standard
ones as well. On the top of that, the more extensive analysis in Section 6
reveals that MACRAME may also have its merits for less typical run-off
triangles.
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4. RIGOROUS RESULTS IN THEORETICAL SETTING

As indicated in the introduction, the proposed methods apply to all kinds
of loss development triangular data and require no formal assumptions.
Nonetheless, their favorable behavior in certain tractable stochastic situations
may reinforce the belief in their effectiveness. In other words, if they behave
well in certain ideal circumstances, there is a hope that they would behave well
also in less ideal ones.

This section provides some results in this line of inquiry. Hereafter, all
cumulative claim amounts Y;;’s are thus considered to be random variables
on a probability space (2, %, P) for all i,j € N.

The standing assumption for all methods, inherited from the chain ladder
methodology, is the assumption of independence. It means that the pro-
cesses of cumulative claim amounts corresponding to a different accident
(origin) period are independent, because claims from different accident periods
are naturally considered as independent. The validity and limitations of this
assumption have been a subject of numerous discussions. Notwithstanding, it
is a cornerstone of pretty much every theoretical analysis of claims reserving
techniques.

Assumption L. The processes { Y }jen are independent for all i € N.

The following assumption incorporates the already discussed “main
assumption” (1), together with the assumption regarding variance, also stan-
dard in the chain ladder theory (Mack, 1993).

Assumption C. For all ijeN, E[Yi1lYi...,Yii]=/fYi; and
Var[YiJ+1|Y,~J,..., Y,-’l] :ajz Yij, where f; >0analaj2 > 0.

The stochastic consistency of the proposed methods will be formulated and
proved in terms of conditional convergence in mean square in probability. We
refer to Belyaev (1995) for more details. Suppose that Z is a random variable,
{Zn}72 | 1s a sequences of random variables, W is a set of random variables,
and {W,}° , is a sequence of sets of random variables. All the random entities
have finite mean on a probability space (2, .%#, P). The conditional probability
given some W is defined as Py/[-]:= Ep[1(:)|W], where 1(-) is the indica-
tor function. The conditional expectation given some W then corresponds to

Ewl[-1=Ep[- W]

Definition 1 (Conditional convergence in L, in probability). For p > 1, to say
that Z, converges to Z in L,(W,) as n tends to infinity in probability P, ie.,

LWy . .
Z, —> Z in probability P, means
n—oo

Ve >0: lim P[Ew, |Z, — Z|’ > €] =0.
n—0o0

Let Tl.(j.) ={Yke:k<i, £<j, k+€<n+1}, be a “cut triangle,” a part of
the observed run-off triangle with the calendar period less than or equal to
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n+ 1 containing the cumulative claim amounts up to the i-th accidental and
J-th development period only. Note that {Y;1,..., Y;;} C Tl-(;) for every i +j <
n+ 1. Under Assumptions I and C, the chain ladder method provides unbiased
estimators of the development factors f; in the form of

n—j
7o _ izt Yigh 14)
J Zn—j v,
i=1 1ij
The conditional mean square error of the chain ladder estimator then
becomes
) _ )2 10 o
E[{f/‘ —f;} Tn+1—jJ]=V3r 0, I Sy, [Plas.. (5

which in turn establishes the conditional convergence in means square for

the chain ladder method when Z;:{ Y;j— oo [P]-a.s. as n— oo (PeSta and
Hudecova, 2012).

4.1. PARALLAX

The following assumption expresses stochastic stability for the cumulative
claim amounts from the same development period after several (n) observa-
tion (calendar) periods. For the PARALLAX algorithm, it is analogous to the
assumption for the chain ladder method requiring that Z:l:_{ Yij— oo [Pl-a.s.
asn— oo for every j € N. It is an “internal consistency criterion” which in turn
implies stochastic consistency, consistency in terms of the convergence of _]V‘j(”)
in the chain ladder methodology — Pesta and Hudecova (2012) showed that it
is in fact necessary and sufficient there.

o

. Yot P bntic—jji P
Assumption P. o 1 and > 0
E{ Y'H’Ksz/' Tn+/(7j,/¥i(+l } =00 E{ Y’H’K*f:/' Tn+/(7j,/¥i(+l } =00

forallj,k eN.

This assumption states that the closest observed value Yorieiii from the

historical data Yi,..., Y,;; for the j-th development period to the cumu-
lative claim amount Y,._;; has to be close to the conditional expectation
of Yuy«—j; (given the observed data) in the sense that their ratio tends to
one in probability. Basically, it reflects a belief that there exists some histor-
ical value, which resembles the unknown one that is going to be used for
predicting the consecutive cumulative row amount Y, ;1. Furthermore,
the square root of the closest historical cell is naturally negligible in probabil-
ity to the conditional expectation of the value that is going to be involved in
prediction of the consecutive Y, 4,_;j+1. For « =1, Assumption P reduces to
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L) 0 for all j € N, because

P
[ Yng1-jj — l and Y7 =iy T

/Y2

ZnJrlfj,/:/

Yop1jj€0 (T ,(l +)1 i J>, where o (-) stands for the corresponding o -algebra.

For the PARALLAX algorithm now, the estimator of the chain ladder
development factor f; becomes row specific

nt+1—jjdf

7= 1+—”"+?” L (16)
iof

fori+j>n+1,if Y j 7 0; otherwise it is set to one. Essentially, the estimator
Zn)
/i

i is calculated from a trapezoid

T(") T(”)

(Yie: 1<k<i,n+1—-i<e<j+ 1L, k+e<n+1}= ;+1\ iniC Ty

whereas the traditional chain ladder estimator fj(") is computed only from

the two-column rectangle { Y g}z ]1”+1 R"=)*2_ This means that more data

entries are always involved in every prediction step of the PARALLAX tech-
nique compared to the chain ladder, which makes the PARALLAX more
adaptive to the input data. In the following theorem, the consistency of the
PARALLAX method, together with the related conditional mean square
error, is established. The result is analogous to that for the chain ladder method
reviewed in the preamble of Section 4.

Theorem 1. Under Assumptions I, C, and P,

L(77)
==,
n—oo
in probability P for any je€N such that i=n+«k —j, where x €N is a fixed
constant. The conditional mean square error of the PARALLAX estimator of

fiis

52 2
cY Y7 i
) e L

n+1-jj nt1=jJ

[-s

when k =1, and, for k > 1, it becomes

2
o; Yz_ ;
ijd
[{7@ 3 ﬁ_} T;;)] J i
1_[ {A'(n)}
ln+l illk= n+1 i ik

v 2
+(fi — 1)2{ El’]’] ) —1 } [P]-a.s.

1n+1 lnk —n+1—i ,
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Considering the search for the most similar development profile in (8), the
following approximations become feasible

. 2y~ 2
LijJ 1 and i Yﬂi,/zi ~ 9;
. 2 LT
Yn+17],] ntl—jj Yn+17111

Hence, the conditional mean square error of the PARALLAX development
factors’ estimators can be approximated by
T(”)

) 12 ~ 9
E|:{fn+1—jJ _ﬁ} n+1—jzji| ~ Yoo,

which in many practical cases will be greater than the conditional mean square
error of the chain ladder development factors’ estimators (15), since we usually

have Y,11-j; <Y . Yi; [Pl-almost surely. Nonetheless, the PARALLAX
estimators differ for every row i, which brings additional adaptability and
causes that the conditional mean square errors of the PARALLAX and the
chain ladder estimators are not directly comparable.

The claims triangle growing height-wise can be considered merely a techni-
cal affirmation. If it is desired to keep the size of the triangle fixed, one can
deal with convergence in terms of an exposure measure. Based on the underly-
ing individual claim dynamics, it is natural to explicitly introduce the accident
year specific exposures n; that corresponds to the number of contracts or the
number of claims for the accident year i (Verrall et al., 2010; Huang et al., 2015,
2016; Wahl et al., 2019). Suppose that every Y;; can be decomposed as a ran-
dom sum having N;; summands of the independent and identically distributed
individual payments {Cj;t},, ie., Yij= Zﬁ;’l Cijk- If N;;’s have the same
expectation for all /’s, then Wald’s first equality yields EY; ; = EN; 1EC; ;1. The
following assumption incorporates such a property.

Assumption E. EY;; =n;n; for alli,j e N.

The reason for considering the parameter 1; being independent of i comes
from the chain ladder Assumption C, which implies f; =EY;;,1/EY;; (due to
the tower property) and it is supposed that the development factor f; itself is
independent of i. Hence, f; = nj41/n;.

The consequent consistency result provides a large-exposure approxima-
tion, where the asymptotics is not in the dimension of the claims triangle (n),
but in the volume of its cells.

Theorem 2. Under Assumptions I, C, and E, for any je{l,...,n—1} and ie
(n+1—j,...,n},
P
Bzt
ni— 00

if nj/ny — 1 and Var Yi’l/n%—> 0 asn;j— oo foreveryie{l,..., n}.
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This theorem can be even extended by assuming that the row-wise vol-
umes in the claims triangle tend to some constant different from one, that is,
ni/n; — v; # 1. Nevertheless, an estimator of v; is then required, which brings
additional technical issues, cf. Huang et al. (2015).

Moreover, an assumption on the variance of the first column’s elements
Y;1’sis needed in Theorem 2, because the standard chain ladder assumption C
is postulated in a telescopic manner, and it does not provide information about
the row-wise initial Var Y; ;. Note that the assumption on Var Y; is implied
by Wald’s second inequality Var Y;; = Var N,~,1(EC,~,1,1)2 + EN;1Var C;11 and
the assumption Var N; | = const x EN; 1 proposed in, for instance, Verrall et al.
(2010), Huang et al. (2015), Huang et al. (2016), or Wahl et al. (2019).

4.2. REACT

For REACT, Assumption P is replaced by the following Assumption R,
expressing again a type of stochastic stability between two consecutive cumu-
lative claim amounts from the same development period after several (n)
observation periods are given.

. P [
Assumption R. Yn,jJ/Y,,H_ijl and Yn,jz,-/Y,fH_j!/mO for all
jeN.

This assumption indicates that within the same j-the development year
the current value Y,y1_;; and the previous one Y, _;; are getting closer in
probability as the size of the claims triangle increases. Moreover, the second
part of the assumption reflects that Y,_;; is naturally negligible compared to
Yf FRE From a practical point of view, if there is some known claims infla-
tion present in the run-off triangle, it should be removed by deflating the claim
amounts accordingly (e.g., Verrall et al., 2010, Section 6) in order to fulfill this

assumption.
The REACT estimator of the chain ladder development factor is
defined as
- Y, i1 —Y, i:

if Y,11-;; #0, otherwise is equal to one. The chain ladder development fac-
tors’ estimators are linearly defined, since they are (weighted) least squares
estimates within the Aitken heteroscedastic linear regression model (Murphy,
1994). And, thus, unbiasedness comes hand in hand with linearity. Since our
estimators (from PARALLAX as well as from REACT) of the development
factors are clearly not linearly defined, it cannot be expected that they would
be unbiased. Nonetheless, being consistent should be viewed as a desirable
property for a suitable estimator. The following theorem presents the similar
type of result for the REACT as Theorem 1 for the PARALLAX.
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Theorem 3. Under Assumptions I, C, and R,

o (T ,)
5 g
n—oo

in probability P for any j € N. The conditional mean square error of the REACT
estimator of f; is

]

The latter theorem asymptotically reproduces the regular chain ladder when
the claims triangle growing height-wise. The next consistency result is again
as Theorem 2 in terms of an exposure measure, while keeping the size of the
triangle fixed.

o2 Y jj Y, :
(n) ] Oy o Yajy
W =L e 22 ) [Plas.
1— J

n+1—j,j Y3+17j,j Yn-‘,—l—jJ

Theorem 4. Under Assumptions I, C, and E, for any je{1,...,n— 1},

~ P
.];_(n) ——_))3’
nj— 00

if nj/ny — 1 and Var Y,-’l/n% — 0asn; — oo foreveryie{l,..., n}.

4.3. MACRAME

The independence of the processes {U;;}jen for all rows of the converted
incremental run-off triangle follows immediately by Assumption I from the
independence of the processes in the rows of the original cumulative run-off
triangle {Y;;}. While the analogous implication would hold in the same direc-
tion for the Markov property, it is more expedient to formulate the following
assumption, central for the stochastic behavior of the MACRAME, directly in
terms of the “converted” triangle {U; ;}.

Assumption M. For every i € N, the process {U;j}jen is a homogeneous Markov
chain with the transition probabilities p(sy, s3) = P[U; j+1 = 52| U;j = 51] for every
jand any s1, 57 € <.

The assumption of a homogeneous Markov chain has already been moti-

vated in Subsection 3.4. Note that the chain ladder assumption of propor-
tionality of the consequent incremental claim amounts for the same origin

period E[X;i111Xij, ..., Xi1]=(f; = 1) Z;(:l Xk 1s not contradicted here. By
Assumption M,

E[Ujs1|Uijs -, Uitl= Y _ sp(Uij.s) foralli,j. (18)
seS

Despite the homogeneity of the assumed Markov chains, formula (18) for the
incremental claim amounts is a non-homogeneous one; the right-hand side of
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(18) depends on j. Therefore, in terms of the traditional chain ladder model,
the model implied by Assumption M can be considered as competitive. Note
also that there is no finite variance assumption on the original X;;’s. Thus,
another theoretical advantage of the MACRAME method is that it is suitable
also for heavy-tailed distributions.

The following assumption, which may be considered as a stabilizing or
stationarity condition, is also more expediently formulated in terms of the
converted run-off triangle. It basically ensures that there is sufficient num-
ber of data entries in the incremental run-off triangle for each state of the
Markov chain. In case of the proposed guideline (i)—(iii) from Subsection 3.4
for defining the states, this assumption is automatically satisfied.
Assumption B. For any s € ., the sequence { Lyl S PIU = s]}

i 2aj=1 nj 2ui=l neN

is bounded away from zero.

The MACRAME method is characterized through the transition proba-
bilities, which can be regarded as unknown parameters. Its coherence and
usability thus follow from the consistency result of the following theorem,
expressed via stochastic representation.

Theorem 5. Under Assumptions I, M, and B,
P(s1,82) =p(s1,52) + Op (n_1/2> , n— 00,

for every s1,s50 € .7

In order to provide a finite sample justification for a fixed »n, we will assume
stationarity of the underlying Markov chain.

Assumption S For every i, the process { Ui j}jen is strictly stationary.

This assumption together with Assumption M allows us to estimate
p(s)=P[U;; =s] for the state s € . by p(s) in the following way: If 0 € .7,
then p(s):= p(s)/(1 —68,) for s#0 and p(0):= 1'— ZO#SEyﬁ(s); if 0¢.7,
Elen P(s) := P(s), where p(s) := —L; Z}:ll n—l_] Y| 1{U;; = s}. The prediction
Uijy1 based on (13) can be considered as an estimate of the correspond-
ing conditional expectation, that is, E [Us;1|Us; =s1] := Y c o D(51, 52)52.
Hence, an estimate of the unconditional expectation becomes E [U; J+1] =
Y sie 2s,er P(S1)P(s1, s2)s2. Then, we get unconditionally unbiased predic-
tion.

Theorem 6. Suppose that either 0 ¢ .7 or 0 is an absorbing state. Under
Assumptions M, B, and S, for anyie{l,...,n}andje{l,...,n—1},

E[E{Ui1}]=E[Uyn1],

for every fixed n € N.
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The condition on zero as a possible state of the Markov chain can be inter-
preted as follows: If 0 ¢ .%, then the incremental triangle is not fully developed;
if 0 is an absorbing state, then the incremental triangle typically does not con-
tain any development tails. Let us remark that the independence Assumption I
is no more needed in the latter theorem, because there are no asymptotic results
with respect to the size of the claims triangle involved.

5. RESERVE DISTRIBUTION AND PERMUTATION BOOTSTRAP

The point prediction of the overall claims reserve is only a mid-step in the
whole loss reserving assessment. The valuation of the overall risk of the
given portfolio requires a prediction of the whole reserve distribution. In this
section, we review standard, residual bootstrap algorithms for standard para-
metric reserving methods, as proposed in England and Verrall (1999) and
Pinheiro et al. (2003), and then develop appropriate bootstrap extensions of
the reserving techniques proposed in Section 3.

5.1. Back-fitting and residuals for parametric methods

A key step in the standard residual bootstrap relying on a parametric model is
to obtain a set of approximately identically distributed residuals. For the para-
metric reserving methods based on the development factors, one starts from
the diagonal elements Y;; with i +j=n + 1. The original cumulative amounts
are back-fitted, for instance, as

~ Y;: .
l~=L.lA' for i=1,...,n—1 and j=1,...,n—1,
J n—i g
Hk:jfk
using the estimated development ratios @}1’7:_11 in case of the chain ladder

method and the volume-weighted average development ratios method as in
Section 2. The raw residuals are obtained as

riJZ(Yi'_Yi,j—l)_(?i,/_?i,j—l) for i=1,...,l’l—1 and j=1,...,n—i,
(19)

where }7,-,0 := 0. As these residuals are not yet identically distributed, they have
to be properly standardized before the actual resampling takes place. This
standardization must reflect the underlying variability assumptions.

Thus, the average and volume-weighted average development ratios meth-
ods from Sections 2.1 and 2.2 use the standardized residuals
ri,j

’A pamm— (20)

rij=
Yij=Yij1
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while the ODP method and the chain ladder method (implied by Assumption I)
work instead with

Iiyj
1)

rij=

¥Vij=Yij]
The appropriate standardization for the gamma model is also given by (20).
For more background, see England and Verrall (2002). By convention, if zero
appears in the denominator of (20) or (21), we set 7;; := 0.

Once the standardized residuals {F; 4}7;11‘/';71’ are available, they are randomly

resampled with replacement B-times in order to get a set of the bootstrapped
n—1,n—i
triangles {’rf J)} i for b=1,..., B. The number of bootstrap resamples
=
B is chosen sufficiently high, for example, B = 10,000. The bootstrap run-off
triangle is reconstructed with respect to (19) and (21)

b b < < < b
Y =F\ Wi =Ygt + (T =Tt ) + Y,

for the ODP and the chain ladder methods or, with respect to (19) and (20),

b b b
Y() A()Yzzj_Yl,/ 1""( IJ_YZ] 1)+Yl(,/)1’

for the average and volume-weighted average development ratios methods.

Here,i+j<n+1landb=1,..., Bsuch that Y(b) =0 and’f1:1)+1_,. =0.

5.2. Resampling functional development profiles without replacement

Compared to the technology described above and applied to standard para-
metric methods described in Section 2, resampling in case of the non-
parametric techniques based on the functional development profiles needs
an entirely different approach — as there are generally no parameters there,
and thus no need to assume their existence. Here we are dealing with the
shape of the functional development profiles handled as similar, but indepen-
dent curves. We therefore start with the predicted lower triangle {Yl jii=2,
,m;j=n+2—1i,...,n}, where the upper triangle predicted elements are
kept as the original ones, thatis,Y;;=Y;; for i4j <n+ 1. Consequently, the
full predicted square {¥; ;)7 =1 is standardized such that each row value is
divided by the first positive value within the row (from the left), that is,

?,'JI: ,Y\i,j/?i,pia pi=min{je{l,...,n}:i’\i‘/>0}}.
If for some i € {1, ..., n}, we obtain ?I-J =0forallje{l,...,n} (which is very

uncommon), then ?iJ :=0forallje{l,...,n}, pi:=0,and Y;), := 1. Next,
the standardized square {Y, ,-’,-}7’:"1 =1 is resampled in a row-wise manner with-

out replacement. Formally speaking, for every permutation 7 : (1,..., n)—
x®O),...,7Pm)), where b=1,...,B such that 7® £ 7 if h£s, we

https://doi.org/10.1017/asb.2022.4 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2022.4

FUNCTIONAL PROFILE TECHNIQUES FOR CLAIMS RESERVING 473

~ n,n
obtain a permuted square { Yot J} L This approach belongs to so-called
i=1j=
permutation bootstrap methods, suitable if the asymptotic behavior of interest
is unknown but if exchangeability of individual observations (e.g., functional

curves) is ensured (Pesarin and Salmaso, 2010).

We apply this technique to our algorithms proposed in this paper by
re-running the algorithm in question on the cut upper triangles {?ﬂ(b)(i)’j:
7 (i) 4+ j <n+ 1}, obtaining thus the newly predicted standardized cumula-

J g yp
tive amounts { Iv’i(;)}l./. fori=2,...,nandj=n+2—1,...,n. Finally, the pre-

dicted standardized )U’l-(j)’s are “back-standardized” yielding the bootstrapped
predicted values

{Y(b). Y(b)Y,p[}__ for i=2,...,n and j=n4+2-i,...,n
ij
5.3. Bootstrapped loss reserve distribution

Now, the underlying functional profile-based reserving method provides again
bootstrap lower triangles H )v/l-(j) i=2,...,mj=n+2—1i,... ,n” R

and the bootstrapped reserves (Z# D),
triangle in a way that

.....

n n
b
2 = Z Yi(,n) - Z Yint1-i.

i=2 i=2

The empirical distribution of (#®))_1...p is used to mimic the unknown
reserve distribution, which is of the main interest in the claims reserving tasks.
For instance, the 99.5% value-at-risk (sample version) of the bootstrap reserve
distribution can be considered to be a reasonable estimate for the reserve
allocation, which is quite often used in practice. It may be of interest at this
point that our permutation bootstrap often allows for an exact solution: avoid
Monte Carlo and employ the full empirical distribution of permutations. For
instance, for n = 10, it is not prohibitive to evaluate all 10! = 3,628,800 resam-
ples; recent computational resources allow that. For one claims triangle with
10 rows such computation is feasible on a better laptop within few minutes.
However, for evaluations of different methods on several hundred triangles, we
still rather used 10,000 Monte Carlo resamples. We deemed this number suffi-
cient, as its increase did not yield any additional significance precision gain.
The same two portfolios from Figure 1 are once again compared, now in
terms of the overall reserve distributions derived from the bootstrap sam-
ples and the given reserving methods, see Figure 6. For the first portfolio in
Figure 6(a), which is ODP compliant (i.e., all the incremental claim amounts
are strictly positive), our non-parametric approaches to reserving techniques
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FIGURE 6. Bootstrap reserve distributions for three standard methods from Section 2 and three functional
profile based approaches from Section 3. The red thick horizontal line corresponds to the true reserve. The
upper whiskers corresponding to the 95%-quantiles are above the true reserve for all the methods.

compete well with the standard parametric methods. Especially, PARALLAX
and REACT beat the remaining reserving techniques in terms of variability.
The most accurate result with respect to the point prediction is MACRAME
(although more volatile than PARALLAX or REACT, but still better than
the standard methods based on averaging development ratios). For the sec-
ond portfolio in Figure 6(b) — which is still ODP compliant according to the
observed upper part of the triangle, but it is not ODP compliant according
to its further development (lower triangle) — our reserving techniques together
with the ODP model come as more suitable. The negative incremental claim
amounts present solely in the unobserved part of the square cause that all of the
reserving methods provide biased results. However, PARALLAX still shows
the smallest variability, in terms of interquartile range.

6. EMPIRICAL COMPARISONS VIA RETROSPECTIVE TESTING

In this section, we investigate the overall empirical performance of the
proposed methods, comparing them also to the traditional reserving tech-
niques described in Section 2, on the 518 run-off triangles from the National
Association of Insurance Commissioners database (Meyers and Shi, 2011b).
We stress the conceptual difference here: contrary to synthetic data created
by simulations that follow postulated assumptions, this comparison is done
on an extensive and representative collection of real data from the insurance
industry, which includes, among other things, various non-standard triangles
— triangles that could be considered atypical from the theoretical point of view,
but nevertheless occur in the actuarial practice.

6.1. The description of the database

The run-off triangles of paid losses correspond to claims of accident years
1988-1997 with n = 10 years development period, relating to six different lines
of business (private passenger auto liability/medical, commercial auto/truck
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liability/medical, workers’ compensation, medical malpractice, other liability,
and product liability) from the US property-casualty insurers. We a priori elim-
inated triangles with only zero observed claim amounts in the last four accident
periods and also those triangles having 8 or more development profiles iden-
tically equal to zero (which can occur, e.g., when the company does not show
recent activity or it does not run the particular line of business (LoB) anymore).

The remaining run-off triangles were split — from the actuarial viewpoint,
and also in view of the applicability of standard methods — into three groups: (i)
130 run-off triangles that were ODP compliant (with only non-negative incre-
ments, but profiles being entirely zero not allowed); (ii) 299 not ODP compliant
triangles (negative increments exist, but still no entirely zero profiles); (iii) 89
remaining triangles that could be considered “rather atypical,” but are still not
uncommon in the actuarial practice (for instance, those with development pro-
files consisting entirely of zeros; we allowed triangles with up to 7 such profiles
out of 10 development periods).

6.2. Claims reserves evaluation

For each run-off triangle, the overall claims reserve was estimated via the tech-
niques described in Sections 2 and 3. The stochastic prediction was obtained
from the corresponding bootstrap add-on (Section 5), and the quality of the
prediction was subsequently evaluated with respect to the true reserve (which
is in this case known, as all the data feature the lower parts, the triangles being
fully completed). The overall quality of the reserve prediction was evaluated
in terms of four quantitative criteria motivated by the standard out-of-sample
bootstrap performance measures (e.g., Efron and Tibshirani, 1993, Chapter 19):

Reserve}, gives an absolute relative difference of the predicted reserve and
the true reserve defined for each triangle as

predicted reserve

100 x —1
true reserve

b

and averaged over all triangles in the given scenario (smaller values are better);
BootCoVY, expresses a coefficient of variation for the bootstrapped reserve
distribution relative to the bootstrap mean

Std.Dev(bootstrapped reserves)
100 x

Avg(bootstrapped reserves)

averaged, again, over all triangles in the given scenario (smaller values are
better);

BootVaR 995 denotes the 99.5% quantile of the bootstrap distribution rela-
tive to the bootstrapped mean

Quantileg g9s(bootstrapped reserves)

Avg(bootstrapped reserves)

and averaged over all triangles in the given scenario (smaller values are better);
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TABLE 2

OVERALL EMPIRICAL PERFORMANCE OF SIX CLAIMS RESERVING TECHNIQUES WHEN APPLIED
TO THE GROUP (1), 130 ODP COMPLIANT RUN-OFF TRIANGLES FROM MEYERS AND SHI (2011B). THE
CORRESPONDING STANDARD DEVIATIONS ARE GIVEN IN PARENTHESES; TWO BEST RESULTS ARE
INDICATED BY BOLD TYPEFACE.

Method Reservel, BootCoVY% BootVaR g95 BootQnt 950
Average 58.79 (186.00) 79.46 (144.67) 3.67 (3.57) 100.00%
Weighted 47.13 (130.91) 53.60 (61.46) 2.63 (1.81) 98.46%
ODP Model 47.10 (130.89) 16.98 (10.16) 1.54 (0.39) 86.92%
PARALLAX 57.85(125.45) 22.34 (16.13) 1.59 (0.46) 96.92%
REACT 43.19 (78.28) 24.08 (18.03) 1.64 (0.51) 97.69%
MACRAME 45.32 (76.43) 23.93 (12.65) 1.73 (0.42) 95.38%
TABLE 3

EMPIRICAL PERFORMANCE OF SIX CLAIMS RESERVING TECHNIQUES APPLIED TO THE GROUP
(11), 299 “RATHER TYPICAL” BUT ODP NON-COMPLIANT RUN-OFF TRIANGLES FROM MEYERS AND
SHI (2011B). THE CORRESPONDING STANDARD DEVIATIONS ARE GIVEN IN PARENTHESES; TWO BEST
RESULTS ARE INDICATED BY BOLD TYPEFACE.

Method Reservel, BootCoVY BootVaR 995 BootQnt 950
Average 215.95 (1128.77) 4045.61 (4.0e+04) 43.14 (461.41) 99.67%
Weighted 541.33 (6135.24) —2516.97 (2.3e+04) -7.43 (132.37) 97.99%
Chain ladder 541.33 (6135.24) 29.78 (212.59) 1.97 (7.58) 83.28%
PARALLAX 68.83 (132.40) 9.53 (628.55) 1.70 (11.04) 92.98%
REACT 97.85 (334.97) 66.60 (182.67) 2.92 (4.99) 94.31%
MACRAME 68.38 (93.76) 51.26 (36.96) 2.75(1.59) 91.97%

BootQnt 959 provides a percentage proportion of the triangles in the given
scenario for which the true reserve is dominated by the 95% quantile of the
bootstrapped distribution (values closest to 95% are preferred).

The results for the groups (i), (ii), and (iii) are reported in Tables 2, 3,
and 4, respectively. In addition, we also considered the run-off triangles from
two particular lines of business (commercial autoltruck liability/medical and
workers’ compensation) and analogous results are given in Tables 5 and 6. The
actual choice of B is a problem of itself, requiring theoretical/empirical study
beyond the scope of this paper. We observed that B=10,000 yielded results
sufficiently stable for our objectives.

Regarding the reserve prediction, all six methods in Table 2 perform
rather similarly. Indeed, the decent performance of the traditional parametric
methods is in particular to be expected for the ODP compliant loss devel-
opment run-off triangles, as those satisfy the parametric model assumptions.
However, new methods are in this situation still competitive and two out
of three (REACT and MACRAME) even outperform all parametric ones.
As far as the prediction of the overall reserve distribution by the bootstrap
extension is considered, only the ODP model from parametric reserving tech-
niques seems to provide solid results closely followed by all three functional
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477

EMPIRICAL PERFORMANCE OF SIX CLAIMS RESERVING TECHNIQUES APPLIED TO THE GROUP
(111), 89 “ATYPICAL” RUN-OFF TRIANGLES FROM MEYERS AND SHI (2011B). THE CORRESPONDING
STANDARD DEVIATIONS ARE GIVEN IN PARENTHESES; TWO BEST RESULTS ARE INDICATED BY

BOLD TYPEFACE.

Method Reservel, BootCoVY% BootVaR 995 BootQnt 950
Average 255.88 (654.91) —2446.40 (2.1e+04) —-47.74 (505.00) 91.01%
Weighted 181.32 (526.35) 4.6e4+04 (4.3e+05) 167.99 (1492.61) 91.01%
Chain ladder 181.32 (526.35) 17717 (472.73) 6.02 (11.65) 79.78%
PARALLAX 142.08 (567.07) 69.77 (75.02) 3.09 (4.63) 77.53%
REACT 111.03 (256.82) 240.60 (1294.93) 7.94 (35.34) 76.40%
MACRAME 111.02 (141.21) 256.41 (1175.31) 10.25 (52.48) 69.66%

TABLE 5

EMPIRICAL PERFORMANCE OF SIX CLAIMS RESERVING TECHNIQUES WHEN APPLIED TO 116
RUN-OFF TRIANGLES FOR THE “COMMERCIAL AUTO/TRUCK LIABILITY/MEDICAL” LINE OF
BUSINESS FROM MEYERS AND SHI (2011B). THE CORRESPONDING STANDARD DEVIATIONS ARE
GIVEN IN PARENTHESES; TWO BEST RESULTS ARE INDICATED BY BOLD TYPEFACE.

Method Reservel, BootCoV% BootVaR 995 BootQnt 950
Average 79.80 (163.81) —3759.58 (58835.43) —4.05 (251.68) 99.14%
Weighted 54.19 (83.06) —-596.79 (18374.22) —-5.84 (95.02) 99.14%
Chain Ladder 54.19 (83.06) 59.22 (104.41) 2.85 (3.61) 89.66%
PARALLAX 56.80 (74.15) 43.24 (135.54) 2.27 (3.34) 93.10%
REACT 78.73 (174.38) 65.19 (191.02) 343 (6.16) 93.10%
MACRAME 63.67 (66.52) 81.03 (582.13) 2.85(22.99) 90.52%

TABLE 6

EMPIRICAL PERFORMANCE OF SIX CLAIMS RESERVING TECHNIQUES WHEN APPLIED TO 132
RUN-OFF TRIANGLES FOR THE “WORKERS’ COMPENSATION” LINE OF BUSINESS FROM MEYERS
AND SHI (2011B). THE CORRESPONDING STANDARD DEVIATIONS ARE GIVEN IN PARENTHESES; TWO
BEST RESULTS ARE INDICATED BY BOLD TYPEFACE.

Method Reservel, BootCoVY% BootVaR g95 BootQnt 950
Average 51.84 (68.77) -277.29 (5514.31) 2.98 (37.45) 97.44%
Weighted 48.38 (59.53) 2192.51 (8680.85) 15.73 (72.84) 96.15%
Chain Ladder 48.38 (59.53) 39.18 (80.00) 2.08 (2.38) 71.79%
PARALLAX 49.17 (86.51) 39.41 (44.28) 212 (1.37) 88.46%
REACT 45.88 (45.10) 48.18 (53.51) 2.55(2.06) 85.90%
MACRAME 44.60 (46.11) 39.06 (43.67) 2.39 (1.90) 78.21%

approaches. However, only 87% of the true reserves are dominated by the 95%
quantile of the ODP model-based bootstrap distribution while the best perfor-
mance is guaranteed for the permutation based bootstrap, most precisely by
MACRAME (95.38%).

The situation becomes different in Table 3, when the run-off triangles are
not ODP compliant (and thus the ODP model is inapplicable). Traditionally,
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the chain ladder model relying on (14) is utilized as an alternative for point
predictions in this case. We adopted the same strategy in our numerical com-
parisons. The nave approaches based on development ratios fail here: both in
the reserve prediction and the reserve distribution bootstrapping. The superi-
ority of the proposed PARALLAX, REACT, and MACRAME algorithms is
evident especially in terms of the reserve prediction (Reserve?’,). For the boot-
strap distribution, the chain ladder method is the only competitive parametric
technique, but it again fails in terms of the true reserve coverage (BootQnt 9sq).

In Table 4, the performance of the standard parametric techniques does
not appear reasonable except for the chain ladder method which is, however,
inapplicable in its straightforward form for this type of run-off triangles. The
reason is that zero values may appear in the denominator in (14). In practice,
this is mitigated by various modifications, typically requiring additional expert
insights or the estimates of the problematic development factors are set to one
by default. This was also the case in our empirical comparison. Our methods
run without any modifications and all three of them outperform parametric
techniques in terms of the reserve prediction (Reserve%) while performing
very similarly as the modified chain ladder method in terms of the bootstrap
distribution (PARALLAX still dominates).

Finally, we also compared the performance of all six reserving techniques
(using the same four quantitative criteria) when applied to the run-off triangles
from the same underlying LoB. Two different LoBs are considered: commer-
cial autoltruck liabilitylmedical as a portfolio which is expected to have rather
less atypical triangles and the workers’ compensation portfolio with a long-
tailed liability and rather more atypical triangles. The results are summarized
in Table 5 and 6.

The chain ladder method and all three proposed functional techniques
perform very similarly for both portfolios: the “commercial auto/truck liabil-
ity/medical” LoB and the “workers’ compensation™ liability. The parametric
chain ladder is slightly better in reserve prediction (Reserve’) in the first
LoB; our methods perform better in terms of the bootstrap distribution in
both LoBs. However, the chain ladder method gets the worst coverage scores
(BootQnt(.950) in both portfolios.

From the overall point of view, ignoring the triangle types as well as the
LoB, the 95% upper-sided prediction interval from the chain ladder covers
only 83.59% of the true reserves for all 518 triangles and, therefore, the chain
ladder undershoots the theoretical value of 95%. On the other hand, this over-
all empirical prediction coverage for the true reserves becomes better for all
three proposed functional profile methods: 91.67% for PARALLAX, 92.08%
for REACT, and 89.00% for MACRAME.

7. CONCLUSIONS

Claims reserving is a key task in insurance business, as a rule formally stipu-
lated by various regulatory codes. Routinely used approaches for risk reserving
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assessment are based on the chain ladder or generalized linear models, with
various bootstrap extensions. While bootstrapping may be performed for wide
range of different situations and consequently is not that much restricted by
theoretical assumptions, chain ladder and generalized linear models heavily
rely on various assumptions, rather crucial for the overall model validity and
applicability. Many portfolios must be, therefore, evaluated using alternative
approaches.

In this paper, we propose loss reserving techniques based on non-parametric
and distribution free approaches. The proposed methods offer the follow-
ing advantages: (i) they are simple, straightforward, and easily applicable;
(i1) they require neither distributional nor parametric assumptions and apply
to all kinds of run-off triangles, including those with negative incremental
cells or zero cumulative claim amounts over some development periods; (iii)
various stochastic model assumptions can be postulated in order to derive
desirable statistical properties serving as the methods’ justifications; (iv) it is
straightforward to obtain also the overall reserve distributions via bootstrap-
ping techniques; (v) and the proposed methods are also robust against outliers.
When compared to retrospective, historical data (on the complete squared, i.¢.,
with predicted reserves already observed, run-off triangles), the new methods
demonstrate apparent superiority over traditional claims reserving techniques
—a clear indication of their potential in the actuarial practice.

Of course, summarizing and comparing methods proposed here, we need to
be aware of their distribution free, non-parametric design. While this means
independence of restrictive assumptions and wider range of applications, it
can also cause somewhat higher volatility in the prediction of the claims
reserves. However, if the distributional/parametric assumptions are violated,
the classical reserving approaches may yield unreliable reserve predictions —
or even collapse, as demonstrated on the triangles still common in actuarial
practice. Hence, we advocate some caution when using traditional reserving
techniques; at least, they should be accompanied by the proper diagnostics of
the underlying assumptions.

The practical guidelines for applying the proposed methods may still need
some further investigation, and above all, practical experience. So far, we
observed that while the PARALLAX could be recommended for cumula-
tive run-off triangles possessing unpredictable trend fluctuations across the
accident years, the REACT works well when the behavior of an insurance
company in a given year is likely to be similar (up to possible trend) to that
in the previous/forthcoming year. Finally, the MACRAME is applicable over-
all, even if the portfolio size is increasing. It is more robust, but it also allows
the actuary to intervene into the model, for instance, by specifying the states of
the Markov chain using some expert insight rather than the fully data-driven
approach.
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