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A large number of observational semantics for process description languages have been
developed, many of which are based on the notion of bisimulation. In this paper, we
consider in detail the problem of defining a semantic framework to unify these. The
discussion takes place in a purely algebraic setting. We introduce a special class of algebras
called Structured Transition Systems. A structured transition system can be viewed as a
transition system with an algebraic structure both on states and transitions. In this
framework, observations of behaviours are dealt with by means of maps from the transitions
to some algebra of observations.

Using several examples, we show that this framework allows us to describe a range of
observational semantics within a single underlying presentation: it is enough to consider
different mappings and algebras of observations. Furthermore, we introduce a notion of
bisimulation that is parameterized with respect to the choice of the algebra of observations,
and we find circumstances under which a Structured Transition System has good properties
with respect to this parameterized bisimulation.

First, some general syntactic constraints, independent from the choice of the algebra of
the observations, are given for Structured Transition System presentations. We show that
these constraints ensure that parameterized bisimulation is always a congruence. Next, we
address the problem of Minimal Realizations. We show that when the presentation satisfies
the syntactic constraints there exists a minimal realization, i.e., there is a model of the
presentation whose elements fully characterize congruence classes under bisimulation.

1. Introduction

In recent years, many process description languages have been proposed, including CCS
(Milner 1989), CSP (Hoare 1985) and ACP (Bergstra and Klop 1984). The starting point
for the operational semantics of such languages is the idea of a Labelled Transition
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System (Keller 1976). Labelled transition systems provide a rather general computational
model: in order to give operational definitions in terms of them it is enough to identify
the collections of configurations or states, and then to describe how one state evolves
into another — labels of transitions describe the (observable) effect of the evolution in the
external environment. In the case of process description languages, states are endowed with
an algebraic structure, because states are terms of the language, and labelled transitions
between states are defined by inference rules driven by the syntactic structure of states.
This method is often referred to as SOS (Structured Operational Semantics) (Plotkin 1981).

Labelled transition systems are well suited to handle computational systems that are
characterized by their on-going behaviour. However, this elegant computational model
fails to capture some useful properties of computations associated with spatial distribution
or concurrency. For instance, there is no way of expressing independence between parallel
transitions. As a consequence, computations that differ just by the order in which two
independent parallel transitions are performed cannot be identified. This limitation has
led several authors to extend the notion of transition systems by enriching either the
structure of states (e.g., Boudol et al. (1993), Castellani and Hennessy (1989), Degano et
al. (1988), Degano et al. (1989) and Olderog (1987)), or the structure of transitions (e.g.,
Bednarczyk (1988), Baduel and Darondeau (1992), Boudol and Castellani (1989), Nielsen
and Winskel (1992), and Stark (1989)).

In this paper we attempt to define a general and uniform framework for describing the
semantics of process description languages. The characterizing feature of our proposal is
that we consider transition systems that have an algebraic structure both on states and
on transitions, namely Structured Transition Systems (STS).

An STS has three types of component: states, transitions and computations. STSs are
defined in a purely algebraic style as particular Equational Type Algebras (Manca et al.
1990). Equational type algebras are one-sorted algebras equipped with a typing relation
that provides a discipline for the use of the operations. The typing information is used to
identify which elements are considered to be states, transitions or computations. Hence, a
specific STS is defined by giving its operators and prescribing the typing discipline.

In order to illustrate the expressive power of the approach, our main focus in this paper
is on the semantics of process description languages (we consider as a running example
Milner’s Calculus of Communicating Systems (CCS) (Milner 1989)). However, the range of
applications of STS is not restricted to this field. For instance, Petri Nets (Reisig 1985)
and Horn Clause Logic (Lloyd 1987) can be provided with an algebraic semantics in terms
of STS (Corradini et al. 1990). The STS approach generalizes the algebraic treatment of
Petri Nets as proposed by Meseguer and Montanari (Meseguer and Montanari 1990).

In the STS presentation of CCS — ¥4 — the states are CCS agents, so the algebraic
structure on states is provided by the language itself; this is in the line of the SOS
approach. The algebraic structure on transitions is obtained instead by considering the
SOS inference rules as operations. Finally, the computations are sequences of transitions,
generated from the transitions by an operation of sequential composition. This is in the
style of the classical categorical interpretation of logical systems: there, propositions are
the objects of a category and the morphisms are the proofs generated by the inference
rules.
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Instead of defining a single model for CCS, we introduce a collection of models, tech-
nically the category 7 &[€¢% %], whose objects are algebras satisfying the presentation
€%, and where the morphisms preserve the algebraic structure and the typing discipline.

The algebras that satisfy the presentation %% are certain algebras for CCS where
the transitions are unlabelled. In contrast, the standard semantics for CCS are based on
labelled transitions. In our framework we deal with the labelling of the transitions by
using a labelling map from the transitions to some algebra of observations; the map
abstracts away those aspects of behaviour that are considered unimportant.

A fundamental property of concurrency theory is the great variety of possible domains
of observations. Because many diverse aspects of process behaviour can be important in
different situations, we believe that concurrency models should not be based on a single
domain of observations. Instead, they should be equipped with a uniform mechanism to
deal with different facets of process behaviour. The existence of a uniform mechanism
that allows us to deal with different domains of observations is one of the main properties
of our proposal. In contrast, the SOS approach fixes the labels of transitions once and
for all.

The algebras satisfying an STS presentation are in general not free algebras: nonfreeness
reflects a particular interpretation of the operations. For instance by suitably interpreting
the operations, we can construct an algebra satisfying the presentation (i.e., an object
of the category of STS) such that the interpretation of the operations reflects a certain
domain of observation. We call this algebra the model of observations. Hence, defining a
labelling operation corresponds to selecting a morphism from each object of the category
to the model of observations. The labelling operation constructs a category where the
objects are labelled structured transition systems, and where the morphisms preserve
the labels. Notice that this operation is internal to the category of structured transition
systems satisfying the presentation.

One advantage of using our algebraic setting is that it is possible to have different
interpretations of the operators with a single underlying presentation. As a consequence,
there is a clean division between the control level and the observation level. The control level
is completely determined by the presentation; whereas which aspects of the behaviour are
observable (the observation level) is determined by the interpretation of the operations. By
choosing different interpretations we can consider a wide range of domains of observations
without modifying the control structure. For our running example, we show that the
category S S [¢% ] has enough structure to handle both a model of observations that
gives the standard interleaving semantics for CCS, and a model giving a truly concurrent
semantics. We also provide models of observations that abstract away from internal
moves.

There is general agreement amongst concurrency theorists that the semantical ob-
jects that really matter are equivalence classes of processes under some observational
equivalence. A considerable number of observational equivalences have been proposed.
Bisimulation (Park 1981; Milner 1989) is the most stable and studied mathematical device
for defining equivalences that captures the idea of similarity of processes.

A particularly useful property that an equivalence may have is that of being a con-
gruence with respect to the operators of the language, which means that the associated
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semantics is compositional. For instance, strong bisimulation (the simplest bisimulation
equivalence) is a congruence for CCS.

Since De Simone’s work on the expressiveness of SCCS-MEIJE calculi (De Simone
1985) several works have been devoted to understand the observational semantics of
process description languages in terms of meta-theoretic properties of the SOS method. It
has been shown that some basic theorems always hold if the SOS inference rules fit in
some format (they satisfy certain syntactic constraints) (Bloom et al. 1995; Baeten and
Verhoef 1993; Groote 1990; Groote and Vaandrager 1992).

This brings us to one of the main topics of the paper. We first extend the notion of
bisimulation to deal with our algebraic framework. In particular, we introduce a notion
of bisimulation that is parameterized with respect to the model of observations. Then,
we introduce some syntactic constraints on the format of STS presentations, and we
prove that under these constraints, parameterized bisimulation is always a congruence.
An important feature of this set of constraints is that it is completely independent of the
model of observations chosen.

The fact that we have bisimulations that are also congruences leads us to an interesting
question. Are our semantics characterized by an abstract structured transition system?
In other words, is there a structured transition system satisfying the presentation that
plays the role of the classical minimal state realization of automata? If such a structured
transition system exists, it will be the minimal realization of the language with respect to
the semantics. The answer in the case when the presentation satisfies the constraints is
that such a minimal realization does exist.

To construct the minimal realization, we introduce a special class of morphisms between
labelled structured transition systems called transition preserving homomorphisms. These
morphisms can be understood as program transformations that take a system and yield
a structurally simpler but equivalent system. We then consider the category of Admissible
Realizations, whose objects are models of the presentation that are reachable from the
initial object via transition preserving homomorphisms, and whose arrows are transition
preserving homomorphisms. We prove that this category always has a terminal object,
and, moreover, that when the presentation satisfies the syntactic constraints, the terminal
object is a minimal realization.

2. Structured Transition Systems

Structured Transition Systems are introduced in a purely algebraic style in terms of
Equational Type Algebras (Manca et al. 1990). Equational type algebras are one-sorted
algebras enriched with a typing relation that assigns types to elements of the algebra
(types are themselves elements of the algebra). Formally, an STS is an equational type
algebra over a certain signature equipped with three fixed constant types: the type state,
the type trans and the type comp. There are some typing judgments expressing the
conditions for an element to have a certain type. This typing information expresses when
an element of the algebra should be considered a correct state (respectively, transition,
computation). Notice that this is the standard notion of typing in programming languages:
only well-typed programs are relevant.
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The use of type algebras is motivated mainly by the need to discriminate between states,
transitions and computations. As an example, synchronization will be interpreted as an
operation on transitions, i.e., it is well typed only on elements of type trans and not on
elements of type state or comp. Another issue that can be elegantly addressed by the use
of equational type algebras is the construction of recursive processes.

Here we recall the basic definitions of equational type algebras (refer to Manca et
al. (1990) for a more comprehensive introduction). Let £ be a one-sorted signature, i.e., a
set of operator symbols together with their arities.

Definition 1. (Type Algebras and Morphisms) A type algebra ./ over the signature X is
a pair (4, :4), where A is a one-sort total algebra over X, and :4 is a binary relation, the
typing relation, on the carrier of A.

A morphism from the type algebra .o/ into the type algebra % is a mapping h from A4 to
B that respects the operations and the typing:

— if ¢ is an r-ary operator in X then h(a(ay,...,a,)) = a(h(ay),...,a.)),

— if a 14 t then h(a) : h(?).

Notice that the definition above requires that morphisms preserve the typing relation.
However, there is nothing to stop a morphism from mapping an untyped element to a
typed element.

To specify the properties that characterize a certain class of type algebras, a general-
ization of the standard equational logic (called Equational Type Logic) is introduced. Let
V be a set of variables. We use Tx(V) to indicate the set of £ terms over V.

Definition 2. (Equational Type Logic) The equational type logic (ET logic) over the
signature X and variables V is given as follows.

Atomic Formulae

e; = e¢; (Equations)

er ey (Type Assignments)
where ey, e, are elements of Tx(V)

Formulae or Judgments
Plseevs Pn
— (Judgment)
where ¢ is an atomic formula (called conclusion), and ¢;,..., @, is a finite, possibly empty,
set of atomic formulae (called assumptions).

In the following we will use I' - e¢; = e, (respectively, I' b e; : e;) to indicate that
the equality (respectively, the type assignment) is derivable from the set of formulae TI'.
Soundness and completeness of ET logic have been proved in Manca et al. (1990).
Definition 3. An equational type algebra presentation is a triple (X, V,I') where I is a set
of ET formulae over the signature ¥ and set of variables V.

The example below gives a presentation of the natural numbers as an equational type
algebra. We assume that n ranges over the set of variables of the presentation.

n :nat n :nat

0 : nat —_—
succ(n) : nat pred(succ(n)) = n
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No type can be assigned to the term pred(0) by applying the above judgments. However,
it is easy to see that pred(0) is an (untyped) element, furthermore, succ(t) and pred(t) are
untyped whenever ¢ is untyped. This is a typical feature of equational type algebras:
the untyped elements are elements of the algebra, but they have to be considered as
underdefined.

Definition 4. (Structured Transition System Presentations) A Structured Transition System
Presentation (STS presentation) 7 is an equational type algebra presentation (X, V,I)
where:

1 state, trans and comp are constants in Z,

2 The typing judgments are either of the form:

e e

e .e
where e is a term and eq, e, are constants, or of the form
(pl(el)7 HEER) (pn(en)
aler,...,ey) 1 e

where ¢ is a operator symbol of arity n, @;(e;) is an atomic formula containing the
term ¢;, and e is a constant.
3 T includes the judgment
e :trans

e : comp
4 0y, 01 are unary operator symbols in X, such that

I'F di(e) : state <= T' e : comp, fori € {0,1}.

5 7 is a binary operation in X such that

O1(e1) : state, dy(ez) : state, di(e1) = do(ez)

e€1,€ey : comp
doler;ez) = doler) and 0Oy(eq;ex) = O1(e2)

er;(exse3) = (erse)ses
A Structured Transition System is an equational type algebra that satisfies an STS presen-
tation.

An STS presentation is an equational type algebra presentation that necessarily has
the constants state, trans and comp that can be used as types. Point (2) ensures that
multityping is allowed, and that typing judgments are expressed by structural induction.
Point (3) states that any element of type trans is also of type comp. By point (4), the unary
operators 0y, 01 associate origins and destinations (which are elements of the algebra of
type state) to elements of type comp. Finally, point (5) prescribes the behaviour of the
operation of sequential composition.

In the case of elements of type trans, the typing judgments can be also interpreted as
conditional rules in the SOS style, defining the transitions starting from each state. The
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element o(ey,...,e,): trans can be understood as representing a labelled transition of the
form

do(a(ern....en)) "3 dy(a (e o))
expressing the fact that the state dy(a(ey,...,e,)) evolves into (o (ey,..., e,)) by performing
the instruction o(ey,...,e,). Hence, an STS can be thought of as a graph whose nodes
are the elements of type state, and whose edges are the elements of type comp (which
include the elements of type trans). The unary operators dy, 0; give the source and target
of edges. Strictly speaking, these operators are defined on all elements, but we require
that dy(e), 01(e) are typed state if and only if e has type comp.

As a matter of notation, we will use ¢t : u — v as shorthand for ‘¢t has type trans,
0o(t) = u, 01(t) = v’. Similarly, we will use ¢ : u = v to indicate that ¢ has type comp,
Oo(c) = u, and 01(c) = v. It should be remarked that when the conclusion of a judgments
is of the form ¢ : u — v (respectively, ¢ : u = v), the judgment stands for the set of three
judgments with the same assumptions whose conclusions are 0y(t) = u, 01(t) = v, and
t : trans (respectively, do(c) = u, d1(c) = v, and ¢ : comp).

In the following we will identify an STS presentation with its judgments. Moreover,
in giving a particular STS presentation, we will not concentrate on the basic ingredients
(constants and operators) but on the judgments of the specific operators, for example, we
will always assume that state is a constant, that ¢ : u — v implies ¢ : u = v, and, finally,
the judgments of the operator of sequential composition will always be omitted.

Definition 5. Let 7 = (X, V,T') be an STS presentation. The category .7 ¥[I'] has as
objects the class of equational type algebras satisfying the presentation 7, and as arrows
morphisms of equational type algebras.

The usual constructions of universal algebra have been extended to equational type
algebras as well, and therefore to structured transition systems. For instance, the initial
equational type algebra always exists. In the category of structured transition systems
the initial algebra is the equational type algebra whose elements are the elements of the
word algebra Tx(V), modulo the congruence generated by the equational judgments, and
whose typing relation is the minimal relation generated by the typing judgments.

Proposition 6. Let 7 = (X, V,I') be an STS presentation. The category &7 #[I'] has an
initial object .#

Structured Transition Systems will be used mainly as a tool for giving operational
semantics to process description languages. We will use as a running example an STS
presentation for Milner’s Calculus of Communicating Systems (CCS) (Milner 1989), which
we present below.

We first recall the syntax of CCS. Let A be the alphabet for basic actions (which is
ranged over by o) and A the alphabet of complementary actions (A = A and ANA =¢);
the set A = AU A will be ranged over by 1. Let T ¢ A be a special action and let AU {1}
(ranged over by u) be the set of CCS actions. Finally, let R (ranged over by x) be a set
of recursion variables that is disjoint from the set of variables V' of the presentation.
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Definition 7. (A Calculus of Communicating Systems) A CCS expression E has the
following syntax:
E = nil
| x
| wE
|  E\«
| E[®]
| E4+E
| E|E
| recx.E

where @ is a permutation of A U {t} preserving t and complementation.

The prefix rec x binds the variable x; the concepts of free and bound variables can be
defined in the usual way. A CCS agent is a CCS expression without free variables. A
guarded CCS agent is a CCS agent where each occurrence of a variable x in rec x.E is
within a subexpression p.E'.

The STS presentation of CCS, ¥4, is given in Table 1. In the presentation, generic
elements (sometimes called terms) will be denoted by e, elements of type state by u,v,w,
elements of type trans by t and elements of type comp by c¢. More precisely, these are
the variables of the presentation and whenever (for instance) the variable u appears in a
judgment there is an implicit assumption u : state.

We can comment briefly on the presentation ¥4.%. The elements of the algebra that
are guarded CCS agents have type state. CCS expressions may have free and unguarded
variables, thus we use (X, Y ), where X,Y < R, to indicate the type of a CCS expression
whose free variables are X and whose free unguarded variables are Y. These elements
(X, Y) are constants of the algebra. Notice that any element with type state also has
type (¢, ¢), and that if an element has type (X, Y), then Y < X.

A crucial part of the presentation is the handling of recursive processes. In order to
show the construction of recursive processes, consider the elements x : ({x},{x}) and
wx : ({x},$). Applying the judgment of recursion we have that rec x.pt.x : (¢, ¢). On the
other hand, this judgment cannot even be applied to p.x 4+ x: the unwinding of recursion
can only be applied to guarded recursion variables. The intuitive idea is that a recursive
element of type state can be characterized by the class of its finite approximations, i.e.,
the unwinding of the recursive subterms. The operator rec can be unwound at any depth
of recursive subterms, then in the initial object, #4¢, We can write any element of type
state as a term whose topmost operator is not rec x for any x. Hence, we can safely
remove the recursive operators from the set of operators yielding elements of type state.

This begs the question of whether we can assign meaning to recursive terms in the
class of algebras satisfying the presentation ¥%.%. The interpretation of recursive terms
as solution of fixed point equations (see Part II of Hennessy (1988)) can be extended
to cover our algebraic framework. In this perspective the guardness requirement plays a
major role, since guarded recursive equations are guaranteed to have a unique solution,
and the structure of the typing judgments ensures that the recursive elements of type
state are indeed guarded.
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The first set of judgments gives conditions for an element to have type state.

nil + (¢.9) v
u : state
< ((x x) kA
pe (X, ¢)
e (X,Y) e:(X,Y)
e[®@] : (X, Y) e\ 1 (X,Y)
e (X, Yy)i=1,2 e (X, Yy),i=1,2
er + e (UiXi, Ui Y)) er] e (UiX;,UiYy)
e:(X,Y),x¢Y rec x.e : state
recx.e: (X N{x,Y) rec x.e = e[rec x.e/x]

The final set of judgments deals with the typing of the operations on transitions.

[w,0) tpv > v
t:u—ov t:u—ov
t[®] : u[®@] — v[D] t\o cu\o — v\
t:u—ov t:u—ov
tdwWiu+w-ou wkt:wtu—v
t:u—v t:u—v
tlw:u|w—ouv|w wlt:wlu—wlo

1 iUy = U, b iUy > 0y

tiltyiuyluy — v vy

Table 1. The Structured Transition System presentation of CCS

Basically, CCS agents are the elements of type state of the initial object .#¢¢o. Here-
after, when it is clear from context, we will use CCS agents to indicate the corresponding
elements of type state.

The STS description of the operational semantics of CCS differs from the standard
SOS semantics. In that approach, states are CCS agents, and transitions among states are
defined by structural induction on the syntax of agents using the SOS style. Here, instead,
inference rules are replaced by operations.

This construction has several analogies with the construction of the Proved Transition
System of Boudol and Castellani (Boudol and Castellani 1989). There, the transitions are
labelled with their proofs, i.e., inference rules are proof constructors. In our approach,
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we are interested in studying the properties of a class of equational type algebras whose
algebraic structure on elements of type trans is determined by interpreting the inference
rules as operations. The proved transition system will turn out to be the initial object,
J 44, of this class of algebras. Notice that the elements of type comp in .44« are all of
the form tq;t,;...;t, for some n > 1 and elements ¢y,...t, of type trans.

To illustrate how the STS semantics of CCS works, let us consider the element of type
state of .#4¢« corresponding to the CCS agent E = (f.cnil + y.nil) | B.nil. Applying the
judgments of the presentation, we have

[B,cnil) : B.onil —> o.nil

(B, onil) < y.nil : B.onil + y.nil —> o.nil [B,nil) : B.nil —> nil
([B, onil) <1 y.nil) | [B,nil) : (B.ounil + y.nil) | B.nil —> onil | nil

Roughly speaking, the transition above corresponds to the derivation

(B.ounil 4 y.nil) | B.nil 5 onil | nil.

Indeed, the term ([, o.nil) < 7y.nil) | [, nil) represents the proof of this derivation.
We have already remarked that in the initial object, computations are obtained just
by concatenating sequences of transitions. In our example we can derive the following

transition:
[o, nil) : oenil —> nil

[oe, mil) | mil : onil | nil — nil | nil
Now, by applying the judgment of the sequential composition, we have

([B, onil) < y.nil | [B,nil)); [o, nil) | nil : (B.onil 4+ y.nil) | B.nil = nil | nil.

Our final example shows that the range of applications of STS is not restricted to the
operational semantics of process description languages. For instance, Petri Nets (Reisig
1985) can be viewed as structured transition systems. Here we consider the formulation
of (place/transition) Petri nets as graphs where the nodes form a free commutative
monoid (Meseguer and Montanari 1990), and we show how the 7 [N] construction fits
in our framework (see also (Montanari and Yankelevich 1994)). 9 [N] is the strictly
symmetric monoidal category freely generated by the net N (Meseguer and Montanari
1990). The morphisms of .7 [N] have been proved (Degano et al. 1989) to be isomorphic
to Best-Devillers (Best and Devillers 1987) net processes.

Definition 8. (Petri Nets as Graphs with a Monoidal Structure) A Place/Transition Petri
Net is a quadruple N = (S®, T, pre, post), where S® is the free commutative monoid over
the set of places S, T is a set of transitions, and pre,post : T —> S® are functions
associating to each transition a source and a target node, respectively.

The elements of the free commutative monoid S® are called markings (ranged over by
u). For any transition t € T we shall write ¢t : u — v to indicate that pre(t) = u and
post(t) = v. We now introduce an STS presentation whose generators are the elements
(places and transitions) of the net.

The elements of type state are the elements of the free commutative monoid over
the set of places. The elements of type trans are the transitions of the net. Finally, the
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The first set of judgments details the conditions for an element to have type state.
0 : state
sesS

s : state
u : state, v : state

u®v :state
The next judgments detail the conditions for an element to have type trans or comp.

t:u—v, forteT
u :state
idu) cu=u

oiu=uv,0 u =

e®d u@u =>ve
The next judgments define the equations the elements of the algebra must satisfy.

(61 ®€2) ®e3 =e ®(ez ®e3)

ep®e =e ®e;
u : state

u®0=u
o comp
o ®id(0) = o
o @ comp
o3 id(01(o)) = o0 = id(0o(at)); 0t
o, fB,7,0 : comp
(x®7);(B®6)=(;8) ® (y;0)

u,v : state

id(u ® v) = id(u) ® id(v)

Table 2. Petri nets as STS

elements of type comp are obtained by closing the set of elements of type trans with
respect to the operations of parallel (— ® —) and sequential (—;—) composition. The STS
presentation is given in Table 2.

Now, let .# - be the initial model of the category 7 [A7]. It is easy to see that
the elements of type state of .# 4 correspond to the objects of the category 7 [N], and
the elements of type comp correspond to the morphisms of 7 [N]. In fact, the judgments
of the presentation express the fact that the transitions of the net are the generators of
the algebra, and the elements of type comp are obtained by closing the generators with
respect to parallel and sequential composition. Furthermore, the axioms express the fact
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that — ® — is a (strictly) monoidal operation, —; — gives the composition of morphisms
and id(u) is the identity morphism.

As a final remark in this section we want to point out that, in the case of the presentation
of the category 7 L [€¢%¥], the only operations yielding elements that are typed as
computations but not as transitions is the operation of sequential composition; whereas
in the case of 7 %[A"] the typing information on transitions is used just to identify the
generators, and the operations are meaningful only on computations.

3. Observing behaviours

Much work in the semantics of process description languages has been based on notions
of observations of behaviour, i.e., abstract descriptions of the behaviour of processes. A
fundamental property of concurrency theory is the great variety of possible observations
of behaviour, such as strings of actions, labelled partial orders, and so on. The large
variety of possible observations depends on the fact that at present there is no widely
accepted metalanguage to describe the behaviour of processes in an abstract way, and
that different aspects of process behaviour are important in different applications. Because
of the variety of aspects of process behaviour that can be important, we think that a
model of concurrency should not be based on a single notion of behaviour, but, instead,
should be equipped with a uniform mechanism to deal with the different facets of process
behaviour. This issue is the main concern of this section.

Let 7 = (%,V,I') be an STS presentation. As it stands, the objects of the category
ST F[I'] do not include any mechanism for observing computations, in that the elements
of type comp represent computations but there is no further abstraction corresponding to
what can be detected by an external observer. For instance, let us consider the category
ST F[€€S]. In the initial object S 444 there is an element

[e, nil) | [B,nil) : onil | B.nil — nil | nil,

which is considered to be a legitimate computation, since it is of type trans. However, it
is not a legitimate computation if we assume the standard CCS synchronization rule.

In this paper, we follow the approach introduced in Ferrari (1990) and Ferrari and
Montanari (1990): the observation mechanism is handled by an operation of labelling
that is internal to the category of structured transition systems 7 &[I']. The idea is
the following. We select a specific object in the category 7 & [I'] to be the structured
transition system of behaviours or model of observations. Then, defining an observation
mechanism corresponds to selecting a morphism from each object of the category to the
model of observations.

Definition 9. Let % be any object of 7 ¥ [I']. Then ST FL[I'] > £ is the category
defined as follows:

— The objects are pairs (T,/ : T — %) where
— T is an object of ¥ F[I'];
— ( is a morphism of 7 &[I'].
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— The morphisms are maps f : (Ty,/1 : Ty = B) — (T2,/> : T — %) such that:
— f: Ty — T, is a morphism of 7 ¥[I'];
— £»(f(e)) = /1(e), for all elements of T;.

The construction above labels each element of a structured transition system with an
element taken from the model of observations 4. Moreover, the morphisms of the category
ST L] > % preserve the labelling. In particular, we have defined a mechanism to
observe computations. In fact, let (T,/) be an element of Y7 £ [I'] > 4, and let ¢ : comp
an element of T, then /(e) : comp is an element of Z%: it is the observation of the
computation c.

The labelling construction can seem ad hoc, but it can be completely formulated in the
language of category theory: it is a special case of the Comma Category construction (Mac
Lane 1971). The category 7 &[] > 4 is the comma category (Id | #), where Id is the
identity functor on 7 & [I'] and the functor # is the constant functor always returning
the structured transition system %. Comma categories of this form are also known under
the name of slice categories.

Proposition 10. Let C be a category with an initial object i, and let b be another object
of C. Then (i, n;) is the initial object of the slice category (Id | b), where 5, is the unique
morphism from i to b.

One consequence of this general categorical result is that (., B : . — %) is the initial
object of the category 7 & [I'] > %, where B is the unique morphism from .# to 4.

The main advantage of this construction resides in its flexibility: there is a great variety
of possibilities as to the choice of the model of observations. However, even though it is
sound from a mathematical point of view to do so, we do not use any structured transition
system as the model of observations. Our choice for the model of observations will be
restricted to structured transition systems where the algebraic structure has been suitably
interpreted to embody the chosen notion of what can be observed. This approach means
that we can change the notion of observability just by changing the interpretation of the
operations in the model of observations. In other words, the observation of computations
is not forced by the STS presentation.

More specifically, we require that the carrier of the model of observations will include a
subset * of elements of type trans; we also require that the operations yielding elements
of type trans or comp are strict on this subset. The idea is that the elements in * indicate
the occurrence of an error; hence the operations when applied to errors always return
errors. In other words, a computation is labelled with an element not in * if and only if
it is a legitimate computation with respect to the chosen notion of observability.

Definition 11. (Model of Observations) Let ¢ be an object of 7 ¥[I'], and let O be the
unique morphism from .# to .
O is a model of observations provided that the following hold:

— The carrier of ¢ includes a subset * of elements of type trans, such that the operators
yielding elements of type trans or comp are strict on *.
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— There is no junk and no confusion on types: if O(e) : O(b), there are some ¢’,b’ such
that ¢ : b’ and O(e') = O(e), O(b) = O(b’) (no junk), and if b is on the right hand side
of a typing relation in I" and O(e) = O(b), then e = b (no confusion).

In the theory of algebraic specifications, the no junk condition means that every data
can be constructed using only the operations in the signature. Sometimes this property
is also known under the name of reachability. No confusion means that two data can be
identified only if the equality can be proved by using the equations (of the presentation).
Hence, the second condition ensures that there is a bijection between the sets of elements
that appear on the right-hand side of a typing relation in the initial model and in the
model of the observations.

We now give some examples of models of observations for the category &7 & [6%¢ Y.
These examples will also allow us to discuss some of the problems that arise in observa-
tional semantics for process description languages. The semantics of process description
languages has been developed following two main alternative lines, often referred to as
the interleaving and the true concurrency approach.

In the interleaving approach (Milner 1989) the observer interacts with a machine viewed
as a black-box. The machine is equipped with a button for each basic experiment or action.
The observer performs the experiment by pushing the corresponding button. Observable
behaviours are described in terms of which buttons can be pushed in which order. The
main consequence is that there is no visible difference between an action performed by a
sequential machine and the same action performed by a system of parallel machines. This
assumption is the basis of the interleaving semantics: the parallel execution of actions is
represented by their non-deterministic interleaving, so that a parallel machine can always
be simulated by a sequential but non-deterministic machine.

As a consequence, strings of actions are the main tool used to describe behaviour.
This has the advantage of giving algebras of observations that are easy to understand
and manage. However, a total ordering between causally and/or spatially independent
actions is imposed. This is the main criticism made by those who favour the true
concurrency approach: the peculiar features of concurrent/distributed systems are not
faithfully represented.

Instead, true concurrency models (e.g., Boudol and Castellani (1989), Degano and
Montanari (1987), Mazurkiewicz (1989), Nielsen et al. (1981), Pratt (1986), and Reisig
(1985)) describe the behaviour of distributed systems in terms of the events they may
perform and the constraints on their occurrence: a partial ordering represents the causal
dependencies among events, while concurrency is represented by the absence of ordering.
True concurrency models provide a faithful account of distributed computations, but
they are more complex to describe within an algebraic framework. For instance, there is
no obvious operation of sequential composition of partial orders that preserves all the
information on causal dependencies, except for the special case of series parallel pomsets
(Gisher 1988). This means that observation mechanisms for such models usually have a
global nature. They describe the global outcome of computations in a way that is not
incremental, that is, the observation of a computation is not obtained by composing more
elementary observations.
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It should be remarked that since the operation of sequential composition is one of the
basic operations of Structured Transition Systems, all the models of observations we will
introduce here have the property of describing computations incrementally.

In the following we introduce two different models of observation for CCS. The
first model allows us to define the classical interleaving semantics of CCS, while the
second handles truly concurrent observations. These models of observations are obtained
by introducing a set of elements (the carrier of the algebra) and by interpreting the
operations of the presentation of structured transition systems for CCS on that set of
elements. Alternatively, the clauses expressing the interpretation of the operators can be
understood as equations of equational type algebras. Thus the model of observations
can be viewed as the initial object of the extended presentation obtained by adding
these equations to the original presentation of the category 7 ¥[¢%%]. The first
model of observations is based on the simple algebra of strings: the concatenation of
strings gives sequential composition (i.e., it is incremental). The second model is more
complex and is based on the Algebra of Concatenable Concurrent Histories (Ferrari et
al. 1991). Concatenable Concurrent Histories are essentially labelled partial orders of
events enriched with origins and destination processes that allow sequential composition
to be defined. Hence, Concatenable Concurrent Histories provides an algebra of truly
concurrent observations where computations are described incrementally.

3.1. An interleaving model of observations

In this section we define the interleaving model of observations .#. This is done by chosing
an object in the category 7 ¥ [¢% %] that has just one element of type state, denoted
by 1, whose transitions are actions, and for which the computations not in * are strings
over AUAU {z}. In the following we will use o to indicate the operation of concatenation.
The set * has a single element, also, for simplicity, called *. The interpretation of the
operations of the model of observations .# are given in Table 3.

Theorem 12. (Soundness of .#)

(a) 4 is an object of the category ST S [€€T].
(b) 4 is a model of observations.

Proof.
(a) # satisfies the presentation €4 since it is obtained just by adding the judgments
giving the interpretation of the operations.

(b) The judgments that are added to the original presentation do not modify the typing
relation. Furthermore, the judgments of .# ensure the strictness condition of the operation
with respect to *. L]

We can now apply the labelling construction, thus obtaining the category of the
structured transition systems satisfying the STS presentation of CCS with observations
in ./, that is, the category 7 L[€€¢S| > M. The pair (Fyso, M : F4yy — M) is the
initial object of this category.

https://doi.org/10.1017/50960129597002284 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129597002284

G. Ferrari, U. Montanari and M. Mowbray 256

e:(X,Y)
e=1yy
1y =1
*:1—>1
[pu) = p
p\oe = if oo # {o, &} then pelse *

W= *
u[®] = d(un)
#[D] = *
tdu=t
upt=t
tlu=t
ult=t

| Ao = if Ay = A, then telse *

t\*=*=*|t

c;d = if cand ¢’ # * then co ¢ else *

Table 3. The interleaving model .#

Let u : state be an element of #44. Clearly, M(u) = 1, that is, any agent is seen as
a global state. This is a known property of the interleaving approach: the (distributed)
structure of states is irrelevant and processes evolve through sequences of global states.

Let us now consider the transition ¢t = [o,u)|v : owu | v — u | v of F4ge. The transition
describes a move of a process within a context with some idle subsystem v on the right.
Evaluating the transition in .# we have

M(t) = a.

As expected, the observation of the transition t is just the action o. The interleaving
interpretation forgets about the physical distribution of agents: an external observer
cannot see any difference between an action performed by a sequential agent and the
same action performed by a system composed by several parallel agents. For instance, the
observation of the transition [o, u) is again the action o.

The model .# characterizes the standard interleaving operational semantics of CCS.
As an example we have that M(([o, nil))\o) = *. Any attempt to perform an o-move
within a context where o-moves are not allowed yields an error. On the other hand,
M(([B, nil)\o) = B. Finally, the interpretation of the synchronization follows the laws of
CCS synchronization algebra. Recall that in CCS only transitions performing comple-
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mentary actions may synchronize. In fact, because of the axioms M([o, nil) | [&, nil)) = 1,
while M([o, nil) | [B,nil)) = *.

Remark 13. An important issue of the operational semantics of process description
languages that is naturally handled by STS concerns the side conditions of the inference
rules. As an example, consider the inference rule of the CCS restriction operator
K ’
E—E -~

———— n&{n a}.

E\oo — E"\«u
In the STS setting, this side condition is internalized in the definition of the model of the
observation. For instance, the elements of type trans

[, nil)\ov : anil\oo —> nil\ao ~ [B, nil)\a : B.nil\oo — nil\a
under the interpretation of the model .# become

M(([or, nil})\ex) = * and M(([B, nil))\or) = B.

The role played by the set of distinguished constants * should now be clearer: each
transition labelled with an element in the set * is a ‘gedanken’ transition whose applicability
conditions have not been satisfied.
Clearly, the satisfaction of the applicability conditions depends on the actual definition
of the model of observations. Notice that we require that the operations of the model
of observations are strict over the set * meaning that a gedanken transition cannot
be transformed into a real transition. This property will always hold in any model of
observations we consider in this paper.
Remark 14. The initial object of the category ST S [6€ ] > .4 does not correspond to
the labelled transition system of CCS as defined by Milner (Milner 1989). As an example,
transitions [, nil) <1 enil and a.nil 1> [o, nil) evaluate to « in .# and they both correspond
to the same CCS derivation

anil + onil = nil.
However, Milner’s transition system is an object of the category ST S [6€S| > M :
the Standard Model (Ferrari 1990). Roughly speaking, the standard model is obtained by
making the quotient of the initial model with respect to a congruence that identifies the
transitions having the same source, the same target and the same label.
Example 15. Let us consider a distributed system with two autonomous processes P and
Q that may progress independently or communicate with an arbiter A. This system can
be specified in CCS by the the agent (P | A | Q)\« where

P =recx.ax+ Ax

A =rec x.o.x

Q =recx.ox+ p.x.
The term ¢ = t;;t,;t3;t4 Where

tp=(@P >[LP)]A]Q\e = (P|[xA4)][xQ)<p.0)\x

t3=(0P) << AP |[LA)]O)\a ts=(P|AleQ >[p,0)\x
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describes a computation of the system where the two processes communicate with the
arbiter. In this computation, while one process is communicating with the arbiter, the
other process performs a local operation. The observation in .# of the computation ¢ is
the string Attp. In the observation there is no way of detecting the parallelism between
the local actions or the synchronizations.

3.2. Observing causality, incrementally

In this section, we define an observation mechanism for CCS that takes causal information
into account. This is done by choosing as the model of observations an object of the
category ST F[€€S] for which the computations that are not mapped into * have
a partial ordering structure. For the following definitions we fix two nonintersecting
alphabets P, A.

Definition 16. (Concurrent Histories (Degano and Montanari 1987)) Concurrent Histories
are labelled partial orders (V, <, /) where the labelling function / : V' — P U A4 sends the
set of maximal and minimal elements (of the partial order (V,<)) to P and the set of
other elements to 4. Concurrent Histories are considered up to label preserving partial
ordering isomorphisms.

The elements of V' with labels in P are called processes and those with labels in A are
called events.

Definition 17. (Label Indexed Ordering Functions) Suppose S is a set with a labelling
function 7 : S — P. A label indexed ordering function on the labelled set S is a function
o from S to the set of natural numbers such that for each p € P the restriction of
o to the set of elements labelled p is a bijection onto the set {1,2,...,n,} where n, =
{s €S :/(s) = p}l.

Definition 18. (Concatenatable Concurrent Histories) A Concatenable Concurrent History
is a triple (h, 5, y) where h = (V,<,/) is a Concurrent History for which no element is
both maximal and minimal, and f, y are label indexed ordering functions on the labelled
sets of minimal and maximal elements of V' (called origins and destinations), respectively.
Concatenable Concurrent Histories are defined up to isomorphisms of labelled partial
orders that preserve the label indexed ordering functions.

The introduction of the label indexed ordering functions allows us to discriminate
between different maximal elements (and minimal elements) with the same label. Figure 1
illustrates two concatenable concurrent histories chy and ch;((a) and (b)); the order relation
is depicted through its Hasse diagram growing downwards. Processes (respectively, events)
are represented as circles (boxes): all processes have the same label. Finally, the label
indexed ordering functions are represented by positive numbers on processes.

The algebra of Concatenable Concurrent Histories has two operations: parallel com-
position and sequential composition. Let chy = (hy, By, y1) and chy, = (hy, B2, y2) be
Concatenable Concurrent Histories, where h; = (Vy, <y, /1) and hy = (V,, <3, £»). With-
out loss of generality, V{ and V; are disjoint. Let Min(h;), Max(h;), Min(h;), Max(h,) be
the origins and destinations of h; and h;, respectively.
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(a) (b)

Fig. 1. Two concatenable concurrent histories

Definition 19. (The Algebra of Concatenable Concurrent Histories) The parallel compo-
sition ch; ® ch; is the history ((V, <, /), 8, y) where

V=V,uV,

Sis U,

/(v)is /1(v) if v € Vi and is /»(v) if v € V;

f(v) is fi(v) if v € Min(hy) and is ny(v) + Pa(v) if v € Min(hy), where ny(v) is the
number of origins of ch; with label equal to /,(v)

5 v(v) is pi(v) if v € Max(hy) and is my(v) + y2(v) if v € Max(h,), where my(v) is the
number of destinations of ch; with label equal to /,(v).

B W o =

The sequential composition ch; O ch; is defined if and only if Z1(Max(hy)) = /2(Min(h,)),
intended as multisets. When defined, the operation of sequential composition yields the
history ((V, <, /) f, y) where

1 V=ViuV,\ (Max(h;) U Min(h;))
2 < is the restriction to V x V of the transitive closure of
< U U{(w,0) :w € Max(hy),v € Min(hy), Z1(w) = £2(v), 71(w) = fa(v)}
3 /(v)is /q(v)if v € Vi and is /5(v) if v € V5
4 B(v) = Bi(v) and p(v) = 72(v).

Figure 2 shows the result of the parallel composition ch; ® ch, (a) and the result of
the sequential composition ch; © chy (b) of the two histories depicted in Figure 1(a)
and 1(b). Notice that ® is associative but not commutative. In fact, because histories
describe the causal relations between events performed during a computation, ® cannot
be commutative, otherwise the operation of sequential composition would not preserve
the information on causal dependencies. As an illustration of this fact, let h, be the
Concatenable Concurrent History with three linearly ordered elements, the middle one of
which is labelled p. Then in the Concatenable Concurrent History (hy, ® hg) © (h, ® hs) the
event labelled o causes the event labelled y, but in (hg ® h,) © (h, ® hs) this is not the case.
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(a)

Fig. 2. Parallel (a) and sequential composition (b) of the histories of Figure 1

We now consider the algebra of Concatenable Concurrent Histories with the alphabet
P of processes being a singleton, and the alphabet A of events being the set A U {t} of
actions. We say that a history is bipartite if all its elements are either minimal or maximal.
We write idle; for the bipartite history with just two elements and idle, for the parallel
composition of n copies of this. We write A, for the bipartite history with n+ 1 elements, n
of which are maximal, and V,, for the bipartite history with n+ 1 elements, n of which are
minimal. As in the last paragraph we write h, for the history with three linearly ordered
elements where the middle one is labelled .

We define the model of observation #. The set of elements of # of type comp is
the disjoint union of the algebra of Concatenable Concurrent Histories with *. There
is one element *,,, : [n] — [m] of * for each pair of natural numbers n,m. We extend
the operations ®,® to the set of elements of type comp, in such a way that the set * is
absorbent for the operations of parallel and sequential composition. Finally, with ®(h) we
indicate the history that is obtained from & by relabelling each event labelled u with ®(u),
and with n[h,] we indicate the set of histories of the form » O (idlex ® h,) © y, where 7,y
are bipartite histories. Ferrari et al. (1991) proved that any history with one element can
always be reduced to a term with such form.

Definition 20. (The Model of Observations #°) The interpretation of the operations of
the model # of causal observations is given in Table 4. The interpretation makes use of
the function N(e), which is defined as follows:

— N(nil) = N(x) = N(u.e) = N(e +¢') = 1,
— N(e[®]) = N(e\o) = N(e),
— N(e | €) = N(e) + N(¢).

We can comment briefly on the interpretation of the operators. The intuition be-
hind the interpretation of the elements of type state is that the number associated
with an element is the number of sequential components of the element that can be
considered autonomous processes (that is, it measures the amount of top-level paral-
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e:(X,Y)
e=[X,Y,N(e)]
(6, é,n] = [n]
*pu t [m] — [n]
[u,u) = h, © N\, where N(u) = [K]
t ¢ nlh,) and t ¢ n[hz]

o=t

t :[m] — [n],t € n[h,] ort € n[hz]

0oL = *p
t:[m] — 0],z # *,,
t[@] = D(r)
*man[P] = *mn
t:[m] — [n]

1qu=N, 01
t:[m] — [n]
Wb =7, 01
t:[m] - [n],N(u) =k

tlu=t®idle
t :[m] - [n],N(u) =k

u|t =idle, ®t
ty € m[h], ty = (i O (idlex, ® h;) © 1), t2 € wlhsl, ty = (12 © (h; ® idley,) © 72)

ti | ta=(n ®n2) O (idley, ® (V2 O h, O N\y) ®idley,) O (71 ® 72)
ti : [m] = [ng], (i = 1,2), AL such that t; € n[h;],t, € n[h;]

2

131 I I = * iy +my.ny 1y

¢ :[m] = [n],¢ : [n] — [p]

c;d=cOc

Table 4. The model of observations H

lelism). Notice that applying the nondeterministic choice operator gives a global state,
that is, a state with just one autonomous component. This assumption corresponds to
having a centralized mechanism to deal with non-deterministic choices (Degano et al.
1990).

The interpretation of the operator [u, u) expresses the fact that after the action u a fork
operation is performed, making explicit the distributed structure of state u. Moreover, the
non-deterministic operation first requires an action of choice between the two alternatives,
and then the execution of the chosen alternative. Finally, in the interpretation of the
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7%

O O O

Fig. 3. The graphical representation of the term (h; ® (Va;h:;/\2)); (V23 he; A\2) ® hy)

synchronization operator, we have adopted a normal form of computations like the one
introduced in Gorrieri and Montanari (1990).

In the following, instead of writing h; © h, for the sequential composition of histories
we will write hy; hy. Using similar arguments as in the proof of Theorem 12, we can prove
that 5 is a model of observations.

Theorem 21. (Soundness of J#)
(a) A is an object of the category ¥ I L [€¢€.7].
(b) # is a model of observations.

By applying the labelling construction, we obtain the category 7 L [66.S] > # of
structured transition systems satisfying the STS presentation of CCS with observations in
A. The pair (g4, H : Syg9 — H) is the initial object of this category.

The observation in # of the transition [o, nil)|B.nil is the history h, ® idle;; the
observation of the computation [o, nil) ] f.nil; nil | [, nil) is the history h, ® hg. Finally, the
observation of the computation of the Example 15 is the history

(h;, ® (V23 he3N2))5 (Va3 hes A2) @ ).
This history is represented pictorially in Figure 3. The labelled indexed ordering functions
are the obvious ones, so we do not represent the numbering on processes.
Example 22. Consider the CCS agent E = (ounil | f.nil) | ((@nil | 6.nil) + y). The
synchronization between o and @ is represented in # by
(><; (idley ® hy);p<) | (A2 (hgsidley)) = (b @/\2); (idley @ (Va3 he; A2) @ idley); (< ®idler)

where < has two origins p; and p,, two destinations ¢g; and ¢, and no events, with
P1 < q2, P2 < q1, B(pi) = v(qi), i = 1,2. See Figure 4 for a pictorial representation.

3.3. Internal moves

The models of observations we have defined in the previous section treat all actions as
observable. A further abstraction making some actions invisible to the external observer is
possible. The standard example of abstraction from internal moves is provided by Milner’s
7 action. The idea is that t-actions represent an internal activity of the system that does
not affect the observable behaviour.
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Fig. 4. A graphical representation of the observation for the synchronization of transitions
in the CCS agent (o.nil | f.nil) | ((z.nil | 6.nil) + y)

In our framework the abstraction that makes some moves internal is obtained by
imposing axioms that express the invisibility of some transitions. Such transitions can be
removed from terms describing behaviour.

Definition 23. The model of observations .#, is obtained by adding to the definition of
A the equation 1 = €, where ¢ is the empty string.

Definition 24. The model of observations ', is obtained by adding to the definition of
A with the equation h, = idle;.

The extra equations imposed on the models ensure that in .#, each computation not
in * is equal to a unique string over A, and that in s, each computation not in * is equal
to a unique Concatenable Concurrent History for which all the events are labelled in A.

Theorem 25. (Soundness)

(a) . is an object of the category 7 L [€% ], and is a model of observations.
(b) o, is an object of the category 7 L [€% ], and is a model of observations.
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Notice that in each of these models of observations, the element [o, z.nil); [z, nil) is
equal to the element [« nil) (that is, they are equal to the string o or the history h,), and
therefore has type trans, whereas in the initial algebra [o, (z.nil)); [z, nil) does not have
type trans.

3.4. A range of observational semantics

We have already remarked that, depending on the application, different aspects of be-
haviour may be important. For instance, at the user level one is typically interested in
seeing that the system performs certain operations, but not in whether these are performed
sequentially or in parallel. So interleaving observations provide enough information. In
contrast, an observational semantics based on the algebra of concatenable concurrent
histories can be used profitably at the design level. For instance, if we imagine deriving
the design of a distributed system from the system specification, we could be interested
in having some measure of the degree of parallelism of the specification in order to
define the architecture of the system. Information about the distributed structure of the
specification is available in the case of the observation mechanism using concatenable
concurrent histories.

In the algebraic framework we propose here, the observable behaviour of computations
is described by defining a suitable model of observations. We change the notion of
observability just by changing the model of observations, i.e., by suitably interpreting the
operations to embody the notion of observability that is needed for the application at
hand. Therefore, the full power of the framework can be exploited to deal with a wide
range of possible observations.

In our running example, the model .# gives the standard interleaving semantics of
CCS. However, this proximity is not forced by the presentation. For instance, we can
easily introduce a CSP like synchronization mechanism just by modifying the judgment
concerning the operation of synchronization on transitions other than * as follows:

A | 2y = if A = A, then 4; else *.

Hence, the observation of [a, nil) | [o,nil) will be the action «, and the observation of
[o, nil) | [@, nil) will be *.

Furthermore, we can consider a model of observations that has a Petri net structure
along the lines of Gorrieri and Montanari (1990). Of course other observational semantics
can be defined.

The definition of a range of observational semantics for the same category of structured
transition systems can be completely formulated in the language of category theory by
resorting to the general comma category construction (Mac Lane 1971).

Definition 26. Let F : A — C and G : B — C be functors. The comma category (F | G) is
the category whose objects are triples

(a, f : F(a) > G(b),b)

where a is an object of A, b is an object of B and f is a morphism of C.
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The pair (h,k), with h : a — ' is a morphism of A and k : b — b’ is a morphism of
B, is an arrow from (a,f : F(a) — G(b),b) to (d',f" : F(d') — G(b'),b") provided that
foG(k)=F(h)of'.

The machinery of category theory can be used to create a uniform framework in
which different observational semantics of the same process language can be compared.
For example, let 7 &[I'] be a category of structured transition systems and let ¢,
with i € {1,...,n}, be a finite family of models of observations such that for each j,
Jj € {1,n — 1} there exists a morphism n; : ¢; — ¢;;1. We now consider the comma
category (Id | N) where Id is the identity functor on &7 .%[I'] and N is the functor from
the discrete category n of the first n natural numbers to 7 %[I'] such that N(i) = O;.
The objects of this category are pairs of the form (/; : 7 — (;): each such pair describes
the i’ observational semantics of the STS presentation 7. A morphism from the i’ to
the j observational semantics of 7 is just an arrow 5;; : ¢; — O; such that /;on;; = /;.
It is easy to see that this equation states the compatibility between the two observational
semantics.

4. Parametric bisimulation semantics

In this section, we introduce a notion of bisimulation parameterized with respect to the
chosen notion of observability.

Let 7 Z[I'] > O be a category of structured transition systems with observations in
0, and let (£, 0) be the initial object of this category.

Definition 27. (Parametrized Bisimulation) A binary symmetric relation R over the elements

of type state of .# is called a bisimulation if it satisfies:

(i) whenever uyRu,, then O(uy) = O(uz);

(i) whenever u;Ruy and ey : uy = vy, O(ey) : trans, O(ey) ¢ *, there exists e; : uy = v,
such that O(e;) = O(e;) and vy Rv;

Two elements u and v of type state are bisimilar with respect to ¢, notation u ~¢ v, if

there exists a bisimulation containing the pair (u,v).

The following properties of the relation ~¢ can be proved using standard arguments.
Proposition 28. The relation ~( is a bisimulation.
Proposition 29. The relation ~¢ is an equivalence relation.

Parameterized bisimulation is defined only on the elements of type state of the initial
STS. However, parameterized bisimulation can be defined over arbitrary models of a
given STS presentation. Basically, this leads to a bisimulation semantics that takes into
account the structural congruence induced by the unique morphism from the initial STS.

Remark 30. The general principle of bisimulation is that every experiment carried on
by one process must be matched by an equivalent experiment of the other process: the
transfer property. In our case, the transfer property is defined in terms of the observability
of elements of type comp in the model of the observation @ so that an experiment observed
as a transition can be matched by a computation. It also requires that equivalent states
have the same structure, i.e., they are labelled with the same state in @. This allows us
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to handle in a uniform way both strong and weak bisimulations without introducing a
special definition for the weak case. Moreover, as we will prove later, a ‘bisimulation as
a congruence theorem’ holds, namely parameterized bisimulation is always a congruence.
This would not be the case if we had considered the definition of ‘weak’ bisimulation as
given in Milner (1989).

We now consider bisimulation equivalences for our running example Y7 S [6% ).
Let us consider the category 7 S [¥6S] > M. 1t is easy to see that the elements
o.nil + o.nil and o.nil are related by ~ ,. Indeed, for any element u of type state we
have that u + u ~ 4 u. It is easily shown that relation ~ , coincides with Milner’s Strong
Observational Equivalence (see Ferrari (1990) and Ferrari and Montanari (1990)).

We now consider the category S S [6¢S] > .4 .. We have that o.nil + t.o.nil and
r.o.nil are related by ~ .. In fact the transition [, nil) can be simulated by the computation
[z, o.nil); [o, nil) : in the model of the observation .#. they are both observed as the element
o of type transition. Using a similar argument, it is easy to see that A.(u + t.v) + 4.0 and
A.(u + t.v) are related by ~ , . Notice that these are the second and the third Milner’s
t-laws. On the other hand, the first t-law is not satisfied. For instance, consider the
elements o.t.f.nil and o.f.nil. After the execution of the transition [o, 7.B.nil) the first
element reaches a state where the transition [r, f.nil) cannot be simulated by the second
element. Relation ~ 4 coincides with Dynamic Bisimulation Congruence (Montanari and
Sassone 1992).

In the case of the category SF L [6€] > # we have that a.nil + o.nil ~, o.nil.
However, the two elements (c.nil | f.nil)+ (a.nil | f.nil) and (a.nil | f.nil) are not identified:
because of the global control mechanism for the non- deterministic choice, the first element
is labelled in 2 with [1], while the second is labelled with [2].

The elements a.nil | nil and nil | a.nil are not identified, and therefore | is not commuta-
tive with respect to ~ 4. However, it is easy to convince oneself that this must be the case.
In fact, assume the two states above are the intermediate states of computations starting
from f.o.nil | y.nil and f.nil | y.o.nil. Identification of these intermediate states (after the
parallel execution of the actions f# and y) would make it impossible to detect the correct
cause of the action o.

The two CCS agents

Eq = o.(f.nil + y.nil) + a.nil | p.nil

E> = o.(B.nil + y.nil) 4 o.nil | f.nil + o.f.nil

are indistinguishable by Pomset Bisimulation Equivalence (Boudol and Castellani 1988).
However, they are distinguished by ~,. This is because the agent E, can perform a
transition with observation h, ending in a state from which a transition with observation
h, is impossible. The agent E; cannot do this because there is no possible transition with
observation h, from the state o.nil | f.nil, although there is a transition with observation
hy ® idle;.

Relation ~ 4 is coarser than ~ 4 and satisfies the second and the third t-laws. Another
law that holds is that (t.uy) | up and uy | (t.uy) (with both u; and u, observed as [1]) are
identified. The underlying idea is that the observer is able to detect that the internal move
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— u = TRUE for all elements u of type state

— ukE= S, ifand only if Z,(u) = ¢

— u = Nieyyj if and only if u =y, for allie J

— u = —wp if and only if u = o

— u = (t)y if and only if there is some ¢ in .# such that ¢ : u = v, /,(c) =1t, and v = .

Table 5. The satisfaction relation

has taken place, but is not able to detect the location of such a move. The distribution of
initial states is still observed, so that, for instance, 7.(c.nil | f.nil) and (t.o.nil | f.nil) are
not identified.

4.1. Logics and bisimulations: a parametrization result

In this subsection we give a characterization of the bisimulation relation in terms of a
modal logic, along the lines of Hennessy—Milner logic (Hennessy and Milner 1985).

Definition 31. Let ¢ be a model of the observations in the category 7 & [I'], define the
modal logic HML(0) to be the logic with syntax

y 1:i=TRUE | S; | Nieyypi | =9 | ()

where J is a (possibly infinite) indexing set, ¢ ranges over the elements of type state in
0, and t ranges over the elements of type trans in (0 that are not in the set *.

The satisfaction relation = between the set of elements of .# of type state and the set of
formulae of the logic is defined in Table 5.

The family of atomic formulae S, is introduced to describe properties of the structure
of states. A state satisfies the atomic formula S, if and only if it is labelled by the state ¢
in O. States that have discernibly different structure will be labelled by different elements.
In the standard formulation of HML this kind of atomic formula does not provide any
discriminating power since a global state is assumed in the model of observations, i.e.,
the formula Sy is always satisfied. In contrast, this is not the case for the truly concurrent
semantics based on the algebra of Concatenable Concurrent Histories we have proposed.

Theorem 32. If ey, e; are elements of .# of type state, then ¢; ~¢ e; if and only if ¢; and
e, satisfy the same formulae in HML(0).

The proof of the proposition above is standard, so we do not give details here. For one
direction of the implication it is enough to prove that bisimilar states satisfy the same set
of formulae: this is done by induction on the structure of the formulae. For the other
direction, it suffices to show that the equivalence induced by the logic is a bisimulation.
The proof of this step uses the fact that states that satisfy the same formulae have the
same observation (thanks to the family of atomic formulae S;).
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4.2. Parameterized bisimulation as a congruence

In the last few years there have been several attempts to find out which formats of the SOS
inference rules ensure that bisimulation is automatically a congruence (Bloom et al. 1995;
De Simone 1985; Baeten and Verhoef 1993; Groote 1990; Groote and Vaandrager 1992).
The aim of this section is to extend such results to cover our algebraic framework. In
other words, we want to find conditions on the algebraic structure of an STS presentation
under which parameterized bisimulation turns out to be a congruence.

We will use X; to indicate the signature of an STS presentation without the operators
0o and 0;. If T" is an STS presentation with 0 format (the definition of which we will give
below), it follows from the fact that I' is in 0 format that the initial model does not have
any identifications on elements of type state. In other words, the only identifications
between such elements will be provided by the bisimulation semantics. Furthermore,
whenever I" has 0 format it follows that the binary operation —; — is the only operation
yielding well-typed computations.

As a first stage in defining 0 format for STS presentations, we define a particular format
for judgments, 0,5 format, which will be the format of some (but not all) of the judgments
in a presentation in 0 format.

Definition 33. (0;5-Format) Let (£,I, V) be an STS presentation. We say that a judgment
is in dgg format if and only if it has the form

{zi:xi—>yi|iel}

0(z1,...2;) f(x1,...%) > u
where
- O’»f € Zﬂa
— I<={1,...,r},
— X1,..5 X, Yis (i € {1,...,r}) and z;(i € I) are all distinct variables. Moreover, z; = x;
when i & 1.
— u is a term of Tx,(X’) where each variable in X’ occurs at most once, X' = {x} | 1 <
i <r}and x; = y; if i €I, otherwise x| = x;.
It is not difficult to see that d;5 format for judgments corresponds to De Simone format
for inference rules.
Definition 34. (STS presentations in 0 Format) An STS presentation (£,I,V) is in 0

format if whenever J is a judgment in I', one of the following three conditions holds:

(a) J is in 045 format, and no other judgment with 0,5 format in I' has the same operator
o, or
(b) J is one of the judgments
e :trans
e . comp

el lu=v,ep 0 —>W

e, . uUu=w
or
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(¢) J is a typing judgment of the form
(Pl(el), cee (Pn(en)

aleg,...ey) 1 e
such that if C[e] is an expression (including the term ¢) that can be obtained by

a substitution of variables in a subexpression of J, and I' - @ : comp, then C[e] =
C[0:(Ca[e])] for some contexts Cy, Cy, and i € {1,2}.

For instance, the judgment below does not satisfy point (c) of the definition of 0 format
u : state,c : comp

y(u,c) : state

In fact, this constraint ensures that the only way in which an element of type comp can
influence the construction of an element of type state is via its source and target states.
Furthermore, these rules ensure that any element of the initial model with type comp is of
the form ty;...;t;, for some elements ¢i,...,t of type trans (k > 1).

By interpreting the recursive terms as solutions to fixed point equations, the STS
presentation of CCS given in the previous sections are in ¢ format.

We are now able to prove the main theorem of this section.

Theorem 35. (Parameterized bisimulation as a congruence) Let (X,I,V) be an STS
presentation and let ¢ be a model of observations for such presentation. If the presentation
is in 0 format, f(uy,...,u,) ~¢ f(v1,...,0,) Whenever u; ~g v; for all 1 <i<r, f is an
r-ary function symbol in £ and f(uy,...,u,), f(v1,...0,) have type state.

Before going into the details of the proof, let us first try to explain the main ideas
underlying it. In the case of transition system specifications satisfying a certain format,
the proof that bisimulation is a congruence usually uses induction on the structure of the
proof trees of derivations of transitions. Here, instead, we have replaced inference rules by
operations, so we measure the complexity of terms of type comp by considering just the
operations yielding elements of type comp. The proof will be by induction on this measure.

Let ¢ = o(ey,...,e,) be an element of the initial object with type comp and define the
natural number degree(c) to be

degree(c) =1 if for each ie; has not type comp
degree(c) = 1 + max{degree(e;) | ¢; : comp,1 < i < n}, otherwise.
Intuitively, the degree of an element of type comp gives the maximum number of operations
yielding computations that occur in the element. The assumptions on the structure of the
STS presentation ensure that this number is defined for each element of type comp in the

initial object, and that, moreover, it is well defined. As an example, in the initial model of
the STS presentation of CCS we have

degree([u, u)) = 1
for all elements u of type state, and
degree(([o, f.nil) < nil); [, nil)) = 3.

The proof that bisimulation is a congruence will use induction on this integer.

https://doi.org/10.1017/50960129597002284 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129597002284

G. Ferrari, U. Montanari and M. Mowbray 270

Proof of Theorem 35.
Proof. Let # be the least equivalence relation over .# satisfying
~0S R
w;Rv; for all i € {1,...n}
flur, . u)Zf(v1,...,vn)

do(e1) ~o do(ea), 01(e1) ~¢ O1(e2),Z s(e1) = £ 4(e2)

e1%e,

for each n-ary operator f € X,

Since the labelling map /, from .# to @ is a morphism and u ~¢ v implies 7 4 (u) = £ 4(v),
it follows that uZv implies £ 4(u) = £ 4(v).

By construction, Z is certainly preserved by all operators in Z;. It is straightforward to
check (by properties of the d format) that it is also preserved by the operators d, 01, so it
is a congruence. Furthermore, the restriction of the relation £ to elements of type state
contains ~¢. Therefore, to prove the theorem, it is enough to show that this restriction is
a parametrized bisimulation.

Let e : u = i’ be an element of the initial model such that /,(e) : trans and Z,(e) & *.
Assume that uZv for some v : state. In order to prove that £ is a bisimulation, we have
to show that there is an element ¢’ : v = v’ such that, /,(e) = /(') and v Zv'.

Let us consider the ways in which the equivalence uZv may arise. If u ~¢ v, the result
holds, since ~¢ is a bisimulation.

Therefore without loss of generality we can assume that there is some operator f € X

and elements uy,...,u,, vy,...,0, such that u = f(uy,...,u,), v = f(vy,...,v,) and u; %v; for
1 <i < r. The 0 format ensures that either e = t, t : trans or e = t1;1,;...;t; for some

t1,...tx :trans, k > 2.
Induction Base. Assume degree(e) = 1. In this case, e must arise from the substitution of
variables in an expression o (xi,...X,), whose typing judgment is of the form

o(x1,...%) : f(X1,... %) > W

where xi,...,x, are variables standing for elements of type state.

Hence, e = 0(a(x1,...Xx,), for a suitable substitution of variables 0 such that 0(x;) = u;.
Define 0’ to be the substitution such that 0'(x;) = v; and 0'(x) = 0(x) for x # x;. Put
¢ = 0'(o(xy,...x,). The required properties for ¢ follow from the fact that the STS
presentation is in ¢ format.

Induction Step. Assume that whenever e; : u; = u}, degree(e;) < degree(e), £/ 4(e;) : trans,
/4(ei) ¢ =, there is some element ¢ : v; = v} such that 7 ,(e}) = £ 4(e;) and u;Rv.

We have two cases. The first case is that e is an element of type trans. Because the
STS presentation is in ¢ format, we have that the judgment that assigns the type trans
to e is in dys and is of the form

{zi :x; > yi|iel}

o(zts..20)  f(X1s e Xy) > W
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Hence, there is some substitution of variables 0 satisfying the assumptions of the judgment
such that 0(x;) = u; for 1 <i<r and e = a(0(z),...0(z,)). For each i € I we have that
0(z;) : 0(x;) — 0(y;), and degree(0(z;)) < degree(e). Since * is absorbent and 7 ,(e) & *, it
follows that 7 4(0(z;)) ¢ *. Therefore, by the induction hypothesis, there is some €/ : v; — v]
such that 0(x;)%v; and 7 4(e}) = £.4(0(z;)). Let 0’ be the substitution sending z; to ¢ for
i€l and x; tov; for 1 <i<r. Pute = a(0(z1),...,0'(z,)). The fact that the judgment is
in d;5 format ensures that this element has the required properties.

The remaining case is that e = ty;...;t;, for some elements t,...t; of type trans,
k = 2. Now for each 1 < i < k we have degree(t;) < degree(e) and /4(t;) : trans since
t; : trans and 7 ,(t;) € * because * is absorbent and / ,(e) = 7 4(t1);...Z s(tx) & *. So, by

the induction hypothesis, there are elements ¢,...,t, such that Z,(t}) = 7,(t;) for all i,
0o(t}) = f(v1,...,04), 01(t]) = Oo(t;,,) for each 1 <i <k —1, and 0,(t;)%0,(t). Put ¢’ =
t};...;t,. This has the properties required, so the induction step is proved. ]

The main consequence of this theorem is that we can prove that bisimulation is a
congruence just by proving that the STS presentation is in 0 format. As simple corollaries
of the previous theorem we have the following results.

Theorem 36. (CCS Observational Congruences)

1 Relation ~ , is a congruence for CCS.
2 Relation ~, is a congruence for CCS.
3 Relation ~ 4, is a congruence for CCS.
4 Relation ~ 4 is a congruence for CCS.

Remark 37. We have shown that it is possible to extend De Simone format to cover our
algebraic framework. A similar result can be obtained by considering the tyft/tyxt format
of Groote and Vaandrager (Groote and Vaandrager 1992). The format obtained this way
gives constraints on the equational rules defining the source and target operations, just
as in the case of the De Simone format. However, in the case of the tyft/tyxt format we
have to modify the definition of STS presentation, since Groote and Vaandrager do not
require the presence of certain relations between the premises and the conclusion on an
inference rule. Instead, we explicitly require that the type of an operation depends on the
types of the arguments.

Finally, the special feature of the GSOS format of Bloom, Istrail and Mayer (Bloom
et al. 1995) is the possibility of having negative premises. Negative premises cannot be
expressed in the ET logic as it is. However, negative premises can be added to the ET
logic by adopting the logic programming technique of stratification (Apt 1990) as pursued
in (Groote 1990). This leads to an extension of the definition of an STS presentation that
allows negative premises.

To conclude this section, we show that semantics process description languages in
which predicates over the structure of agents may occur can be naturally described in
terms of STS. The idea is that the evaluation of predicates over the structure of agents
is internalized in the definition of the labelling map. The limitation to predicates on the
structure of processes is the main difference with respect to the approach of Baeten and
Verhoef (1993), where arbitrary predicates are allowed.
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W —> nil
tiu—v tiu—v
tew:iu-w—uv-w wet:w u—uv
[l =
[t eull =[]

[uet] =if [ul =,/ then [t] else *
il = [ =~y

[l = [ =/
fu-v] =y

Table 6. Process termination

The example concerns the treatment of successful termination in the presence of an
operator of sequential composition. This is taken from the operational semantics of
Aceto and Hennessy (1992). The principle of Aceto and Hennessy (1992) is to define a
termination predicate, denoted by \/ Table 6 presents both the STS presentation and the
specific observation algebra that encapsulates the termination predicate as an operation
on the element of type state. To avoid cumbersome notation, we shall use [[e] to indicate
the meaning of the term e in the model of observations. It is immediate to see that the
‘bisimulation as a congruence theorem’ holds also for this class of STS specification, where
predicates over the structure on processes may occur.

5. Simplification morphisms and minimal realizations

The fact that the bisimulation semantics for an STS presentation in ¢ format is a
congruence brings us to an interesting question: is bisimulation semantics characterized
by an abstract structured transition system? In other words, is there a structured transition
system whose elements of type state are congruence classes of bisimilar states? If such a
structured transition system exists, it plays the role of a minimal realization with respect
to the bisimulation semantics. This issue will be the main concern of this section.

Definition 38. (Transition Preserving Homomorphisms) Let (T1,71), (T>,/2) be objects of
the category 7 Z[I'] > O. A morphism h : (T1,/1) — (T»,¢3) is called a transition
preserving homomorphism if and only if
— h is surjective;
— if ¢ : h(uy) = v, Uy : state, ¢; € Ty, {2(c2) ¢ *, there exists an element ¢; € Ty,
¢1 :uy = vy such that h(cy) = ¢,

Transition preserving homomorphisms (tp-morphisms for short) are morphisms that,

as well as the algebraic structure, the typing and the observations, preserve the correct
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computations starting from any given state. A tp-morphism can be understood as a
transformation that takes a system and yields a structurally simpler but equivalent system.
In other words, let h : (Ty,/1) — (T»,/>) be a tp-morphism, and let u : state, t : u — v,
¢ :u = w be elements of Ty. Then, h(u) is the transformation in T, of the program u, h(t)
is the elementary instruction of T, that corresponds to ¢, and h(c) is the result of running
the program u on T».

u‘
2
o

Fig. 5. A transition preserving homomorphism

We provide some examples to illustrate the properties of tp-morphisms. For the pre-
sentation, we represent an object of 7 ¥ [I'] > © as a labelled graph. For simplicity
we do not draw arrows labelled with elements in *. Figure 5 illustrates a mapping that
is a tp-morphism, while Figure 6 shows a mapping that is not a tp-morphism. This is
because if we take the arrow labelled ¢ from h(u) = h(u') to h(v'), we cannot find any
arrow labelled c¢ starting from u that is mapped onto it.

Fig. 6. A mapping that is not a transition preserving homomorphism
Transition preserving homomorphisms have been independently introduced by Degano,

De Nicola and Montanari (Degano et al. 1988), and by Arnold and Dicky (Arnold
and Dicky 1989), who call them transition system homomorphisms. Tp-morphisms can
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be considered as a generalization of the pseudo-morphisms introduced by Segerberg
(Segerberg 1968), and called zig-zag morphisms in van Benthem (1984). Zig-zag morphisms
are adopted in modal logic theory to characterize the equivalence of logical models with
respect to the satisfiability of logical formulae.

Proposition 39. The identity morphism Id is a tp-morphism.
Proposition 40. The composition of tp-morphisms is a tp-morphism.

Definition 41. (The Category of Admissible Realizations) The category of admissible
realizations, o/ [I", (] is the subcategory of ¥ 7 & [I'] > ( whose objects are all the objects
that are reachable from the initial object via tp-morphisms, and whose morphisms are
tp-morphisms.

We now study the structure of the category of admissible realizations. We will use o to
indicate composition of morphisms, that is, (f o g)(x) means g(f(x)).

Definition 42. (The Congruence Induced by Tp-morphisms) Let h : (T1,71) — (T2,/>) be a
tp-morphism. R(h) is the relation on T defined as {(e1,e2) | e1,e2 € Ty and h(ey) = h(es)}

Proposition 43. R(h) is a congruence on Tj.

Definition 44. Let f : (S,/4) — (T1,/1) and g : (F,/ ) — (T>,/>) be tp-morphisms. Then
we say that f C g if and only if there exists a tp-morphism h : (Ty,/1) — (T,/>) such
that foh=g.

Notice that since all tp-morphisms are surjective, if such a morphism h exists, it is
unique.

Proposition 45. Relation C is a preorder on the set of tp-morphisms.

Theorem 46. Let f : (#,/,) — (T1,/1) and g : (F,44) — (T>,/>) be tp-morphisms. If
fCgand gL f, then T is isomorphic to T5.

Proof. By definition, f C g implies that f o h = g for some tp-morphism h. Similarly,
we have that f = g ok, for some tp-morphism k. Using these equalities, we have

foh=gokoh=g=gold

Now, because tp-morphisms are right-cancellative, we can conclude that k o h = I d. Using
similar reasoning, we can prove that h ok = Id. From this the thesis follows. L]

Theorem 47. (Tp-morphisms and Congruences) f C g if and only if R(f) = R(g).
Proof. Assume that f C g and e;R(f)e,. We have to show that ey R(g)e,. By definition

of C, we have that f o h = g for some tp-morphism h. Now

gler) = (f o h)(e1) = h(f(e1)) = h(f(e2)) = g(e2).

Conversely, assume that R(f) < R(g). Let h : (Ty,/1) — (T,,/>) be the mapping given by

h(e') = g(e) for ¢ = f(e).
The mapping is well defined because f is surjective and R(f) < R(g). It is easy to check
that h is a tp-morphism and that foh = g. L]
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Because of the previous theorems, in order to study the properties of the preorder
of tp-morphisms it is enough to study the partially ordered set (Cp, <) of congruences
induced on the initial object by tp-morphisms and ordered by inclusion.

Definition 48. (The Maximal Congruence) Let ® be a relation over the elements of the
initial object defined as (., R(fi))" where {f; : (J,/,) — (Ti,/;) | i € J} is the set of all
tp-morphisms starting at (#,7 ).

Clearly, © contains each relation in Cy,. It is easy to prove that it is a congruence since
every R(f;) is a congruence relation. Furthermore, e;®e¢; implies that Z s(e;) = / 4(e2).
Definition 49. (The Quotient Construction) Let 2 be the quotient of the initial object .#
with respect to the congruence ®. 2 is an equational type algebra whose elements are the
congruences classes [e]g@. The typing structure on 2 is given by: [e]e : a provided that
there exists some ¢’ € [e]e such that ¢ : a.

Notice that because ¢ has no confusion on types, if a is a type in .# and /s(a) = £ 4(e),
then e = a. Therefore, [a]e contains just the single element a, and by abuse of notation
we call this congruence class a as well. The action of each operator ¢ in the signature on
the quotient 2 is given by a([ei]e,.---,[en]lo) = [o(e1,...,es)]o. This action is well defined,
because ® is a congruence.

Lemma 50. The quotient 2 is an element of the category &7 S[I'].

Let /5 : 2 — O be the mapping given by /s([e]le) = £ 4+(e), and let g9 be the quotient
mapping, that is, ge(e) = [e]eo.

Lemma 51. The mapping /5 is a morphism of the category &7 & [I'].

Proof. The mapping 7, is well defined since e;®e, implies that £ s(e1) = /y(ez). It
preserves the typing relation, since ¢, preserves the typing relation. Moreover, 7, is a
morphism of the category, since 7, is a morphism of &7 &[I']. Ll

Because of the previous Lemmas, we have the following result.
Proposition 52. (2,/5) is an object of the category .7 ¥ [I'] > 0.

Theorem 53. (The Quotient Mapping is a Tp-morphism) qe : (F,7,) — (2,/5) is a
tp-morphism.

Proof. By construction, ge is a surjective morphism. It remains to prove that it is
transition preserving.

Let ¢; : qo(u) = v,24(c2) ¢ *, be a computation in the quotient. Because gg is surjective,
there exists an element ¢; € .# such that gg(c;) = ¢;. We have that dy(cq)Ou, since

go(0o(c1)) = do(ge(c1)) = do(c2) = u.

Now, by definition of the congruence O, there exists a sequence fi,..., f, of tp-morphisms
starting from the initial object such that

60(c1 )R(f1 )M1R(f2)u2, ey un_lR(fn)un = Uu.

Since each f; is a tp-morphism, the thesis follows. L]
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Corollary 54. The congruence O is the greatest element of the partially ordered set (Cyp, <).

Theorem 55. (Minimal Realization Theorem) (2,7 ») is the final object of the category of
admissible realizations.

Proof. The previous corollary ensures that the congruence ® is the maximal congruence
induced on the initial object by tp-morphisms. Furthermore, (2,/,) is an object in the
category of admissible realizations. We have to show that given any object (T,7) in such a
category there always exists a unique tp-morphism from this object to (2,7 5). By initiality,
there exists a unique tp-morphism f from (4,7 ) to (T,/). Clearly, R(f) < R(ge). From
this we can derive that f T gg, hence, there exists a unique tp-morphism /& such that
go = foh. O
Lemma 56. (Minimal Realization as Bisimulation) The restriction of the relation ® to
elements of .# with type state is a bisimulation.

Proof. If u1®uy, then £ 4(u;) = £ 4(uy). It remains to show that the restriction of the
relation ® has the transfer property of bisimulation. Suppose that u;®u,, uj,u, : state
and do(e1) = u1, /4(e1) : trans and /s (e1) & *. Then do(qe(er)) = go(do(e1)) = go(u1) =
go(uz). The label of e is equal to /p(ge(e1)) and is not in *, so, since gg is a tp-morphism,
there is some e, : u, = v; such that ge(ez) = ge(er). It is straightforward to check that
/4(e1) = £ 4(ez) and 01(e1)O0d(ez). |

Similarly, one can prove that for any tp-morphism f from the initial object, congruence
R(f) is a bisimulation. In other words, any tp-morphism from the initial object induces a
structural congruence on the elements of type state that respects bisimulation.

The last result of this section establishes a connection between the minimal realization
and the maximal bisimulation when the presentation has ¢ format.

Theorem 57. (Minimal Realization and Bisimulation as a Congruence) Let (X,T, V) be
a STS presentation in ¢ format. Two elements of .# of type state are mapped together
under the morphism from the initial to the final element of the category of admissible
realizations o/ [I', (] if and only if they are equivalent under ~y.

Proof. The proof of Theorem 35 constructs a congruence # whose restriction to
elements of type state is ~¢, and, moreover, whenever dy(e;) ~¢ Oo(e2), 01(e1) ~¢ 01(e2),
and 7 s(e;) =/ 4(e2), the elements ey, e; are related under £.

To prove the theorem, we show that relation # is characterized by a tp-morphism.
The idea is to make a quotient of the initial model with respect to relation %, and prove
that the canonical quotient mapping is a tp-morphism. The quotient construction and the
canonical quotient morphism g5 can be constructed just as above using the congruence
2 instead of the congruence ©.

Now we show that g4 is a tp-morphism. It is certainly surjective. Suppose that ¢, :
qz(u) = v is a computation in the quotient u : state, and the label of ¢, under the unique
morphism to @ is not in *. Since ¢, : comp, the typing relation on the quotient implies
that there is an element ¢y : comp € .# satisfying ¢, = gy(cy).

Since IT" has 0 format, there are elements ty,...,t in .# such that ¢; = tq;...;t;, and
t; : trans for all i. Because * is absorbent and 7, is a morphism, 7 ,(t;) ¢ * for each i.
Now g4(0o(c1)) = do(c2) = qu(u), so 0yg(t;) = 0o(c1)Zu. Both dy(t;) and u have type state,
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s0 do(t1) ~¢ u. Therefore there is some element ¢| such that do(t}) = u, £.4(t}) = £4(t1) and
01(t}) ~o 01(t1) = 0o(t2). By a similar process, we can find elements t),...,t, such that ¢}
=t};...t, has type comp, £,(t;) = £ 4(t;) for all i, so £ 4(c}) = £.4(c1) and do(c}) ~¢ Oo(c1),
01(c}) ~¢ 01(c1). The properties of # ensure that ¢;%c;, and hence ¢ = gg(c}). Since
Oo(c}) = u, it follows that gz is a tp-morphism, as required.

The definition of ® now implies that # < ©. Moreover, by Lemma 56 the restriction of
O to elements of type state is a parametrized bisimulation, so is contained in ~¢, which
is the restriction of # to elements of type state. The result follows from Theorem 55. []

The terminal object of the category of admissible realizations </ [¢€Y,.# ] does not
provide the minimal realization of Milner’s weak bisimulation (Milner 1989) (sometimes
called Observation Congruence). The reason is that observation congruence is not a
bisimulation, and the definition of tp-morphisms implies that, from congruent states,
matching transitions lead to congruent states. In other words, the mimimal realization
theorem holds for bisimulations that are also congruences. Indeed, the terminal object
of the category .&/[6%Y,.#.] is the minimal realization of CCS dynamic bisimulation
congruence (Montanari and Sassone 1992). However, observation equivalence can be
characterized by a universal property of finality in a suitable ‘ad hoc’ category that is
constructed from the category I LS [6€ ] > .4 .. The details of this construction can
be found in Ferrari (1990).

5.1. Discussion

An algebraic characterization of bisimulation semantics in terms of simplification mor-
phisms was presented for the first time in Castellani et al. (1983). The tight relation
between bisimulation and simplification morphisms has been discussed in Arnold and
Dicky (1989), Benson and Ben-Shachar (1988), and Castellani (1987). The last of these
proves the existence of a minimal canonical representative for the equivalence classes of
(interleaving) bisimulation (this result has been extended in Montanari and Sgamma (1989)
to partial ordering bisimulation semantics). Similar properties have been generalized to
co-algebras in Aczel and Mendler (1989) (see also Rutten and Turi (1994)). In the present
paper, the main property of tp-morphisms is the parameterization with respect to the
model of observations. This shows up in the uniform characterization of several notions
of bisimulation semantics as minimal realizations.

Recently, an abstract categorical formulation of bisimulation has been presented by
Joyal, Nielsen and Winskel (Joyal et al. 1994). They proved that bisimulation is expressed
through a span of open maps (in the suitable category). By forgetting the algebraic
structure on states and transitions, it can be proved that tp-morphisms are open maps: it
suffices to consider the fibre of transition systems over the set underlying the model of the
observation ¢ and then apply the same construction of Joyal et al. (1994, Proposition 1).
Moreover, the pure-morphisms of Benson and Ben-Shachar (1988), the abstraction homo-
morphisms of Castellani (1987) and Montanari and Sgamma (1989), and the saturating
quasi-homomorphism of Arnold and Dicky (1989) are special instances of open maps.

This paper contributes to the foundations of the semantics of process description
languages by showing that parametric bisimulation semantics give a minimal realization
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(in the sense of classical minimal state realization of automata theory). This idea is
captured by the construction of the terminal structured transition system (i.e., an algebra
without redundant states) in the suitable category of equational type algebras.

Hence, all the constructions we have presented have a ‘universal algebra’ flavour. This
is what makes the difference between the work of Joyal et al. (1994) and what has been
presented here.

6. Concluding remarks

In this paper we have introduced a general algebraic framework for analysing observa-
tional semantics of process description languages by providing some general techniques
that are completely parameterized with respect to the notion of observation. This has
allowed us to integrate some results for the observational semantics of process description
languages within our algebraic setting. However, many other questions are left open.

For instance, bisimulations can be classified, roughly, into two main groups depending
on whether the bisimulation step is independent or not from the history of the com-
putation. A bisimulation is history independent when no information relative to some
part of the ongoing (and possibly not completed) computation executed so far is taken
into account in the bisimulation step. History independent bisimulations gather knowl-
edge about process behaviours step-by-step (that is, incrementally). All the bisimulation
semantics considered in this paper are incremental bisimulations.

The class of history dependent bisimulations includes, partial ordering (Degano et al.
1987), history preserving (van Glabbeek and Goltz 1989; Rabinovich and Trakhtenbrot
1988), causal (Darondeau and Degano 1989) and location (Boudol et al. 1993). The
common feature of all these semantical notions is that the bisimulation step depends
on the effects of the past moves of the ongoing computation. Hence, the characterizing
feature of history dependent bisimulations is that bisimulation steps do ‘remember’ part
of the ongoing computation.

To handle history dependent bisimulation semantics, we consider an unfolded transition
system, namely a transition system where states are pairs consisting of an agent together
with the sequence of transitions that have led to its occurrence, i.e., an abstraction on
what happened in the past. This can be expressed in terms of STS by the introduction
of a state operator (Baeten and Bergstra 1988) together with a suitable notion of type for
histories.

Assuming that ¢ is an element (of a certain state space) of type history, if u has type
state, ¢ :: u has type state. The typing judgment for the state operator is:

t:u—v
o, t): & iu— (&) iv
The idea is that a step in the execution of an agent (the premise of the rule) has a side
effect over the history &. The binary function # takes care of updating the history £.

The function ¢ yields the result of the state transformation. In the formulation of Baeten
and Bergstra (1988) the function ¢ (called the action function) always returns an action,
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nil | .nil
l
o nil | nil

Fig. 7. The state operator: an example

whereas in this formulation the function ¢ is simply an operator symbol of the STS
presentation (and hence it does not necessarily yield an action).

The presence of the algebraic structure makes function 6 become an abstraction function
that reveals only a suitable abstraction of the history dependency of process behaviours.
For instance, this formulation of the state operator is at the basis of the alternative
formulation of the m-calculus (Milner et al. 1992) presented in Ferrari et al. (1994).
Figure 7 illustrates an example of computation of the state operator. In the example,
histories ¢ are viewed as concatenable concurrent histories, and, through the labelling
construction, transitions are labelled with partial orderings (i.e., the function ¢ abstracts
from the detailed structure of origins and destinations).

Another interesting research theme is the use of our algebraic framework to give
general techniques for comparing observational semantics, thus revealing the weaker and
stronger points of the different approaches. To this end, a useful machinery is provided
by the general comma category construction outlined in Subsection 3.4. One challenging
application is to approach a formal discussion of the interleaving versus true concurrency
controversy. In fact, consider the models of observations J# and .. It is easy to see that
there is a morphism n : # — ./ that sends the history h, to the the action u. Hence,
the construction of the comma category of ¥ 7 ¥ [¢%.9] over the models of observations
A and .4 automatically introduces a framework in which an interleaving and a truly
concurrent observational semantics of CCS can be studied and compared.
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