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Abstract. We propose a class of numerical methods for solving nonlinear random dif-
ferential equations with piecewise constant argument, called gPCRK methods as they
combine generalised polynomial chaos with Runge-Kutta methods. An error analysis is
presented involving the error arising from a finite-dimensional noise assumption, the
projection error, the aliasing error and the discretisation error. A numerical example is
given to illustrate the effectiveness of this approach.
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1. Introduction

In recent years, delay differential equations (DDEs)

{ x'(t) = f(t,x(e), x(Lt])), te[0,T], wn

x(0) = xg

with piecewise constant argument |[t| (where || denotes the greatest-integer function)
have been considered quite widely — e.g. see Refs. [6,7,12-14] and references therein.
In particular, the solvability, stability, oscillations, dissipativity and other related properties
of the analytical and numerical solutions were investigated. However, previous research
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has focused on deterministic equations, and in this article we consider random differential
equations with piecewise constant argument (RDEPCA) as follows:

{ u'(t, w) = f(&,7(t, 0),u(t, w),u(lt],w)), te€[0,T], weN,

(1.2)
u(0) =g .

Here (Q, % ,2) denotes a complete probability space with a sample space 2, a o-algebra
Z c 2% and a probability measure &; f is a random function in the random field y(t, )
with an assigned distribution; and the initial value ¢, is given. For convenience, u(t, w)
will be denoted by u(t) hereafter. The regularity of the solution of the RDEPCA (1.2) can
be discussed as in Ref. [18].

We combine generalised polynomial chaos (gPC) with Runge-Kutta (RK) methods, pro-
ducing so-called gPCRK methods to solve the RDEPCA (1.2). The gPC method of Xiu et
al. [17] has been applied successfully to some random models involving ordinary and par-
tial differential equations [9,10,16]) — cf. also the review article [8,11,15]. A gPC method
can change a random model into a deterministic one, so one can transform the RDEPCA
(1.2) into a set of deterministic DDEs and then obtain its solution by applying a suitable RK
method. In Section 2, we introduce a finite-dimensional noise assumption and gPC expan-
sion, and then construct our class numerical methods for the RDEPCA (1.2) by combining
the gPC with Runge-Kutta methods. In Section 3, the error analysis involves the error aris-
ing from the finite-dimensional noise assumption, the projection error, the aliasing error
and the discretisation error. In Section 4, we give a numerical example to illustrate the
effectiveness of the method, followed by our conclusions in Section 5.

2. Construction of the Numerical Methods

In order to describe the solution of the RDEPCA (1.2) by a finite number of random
variables, we introduce a so-called finite-dimensional noise assumption — e.g. see Babuska
et al. [1]. Thus a random parameter y(t, w) can be expressed approximately as

y(t, ) 2 (6, &1 (w), Ex(w),++, Ex(w)), (t,w)€[0,TIxQ, 2.1

where N € Z*, and {& Tl}]r:[:1 are real-valued random variables with zero mean and unit
variance.

Here we assume that the random variables {£,},_, are independent, so the random
parameter y(t, w) admits a truncated series representation [4,16]:

N
n

(e%e] N
7(t,0) =E{r}+ D 1u(8, (@) M E{r}+ D 1a(D5a(w) Zyy(ty)  (2.2)

n=1 n=1

where y = (&£;(w), &5(w),- -+, En(w)), with a joint probability density

N N
p=[]pE), T=]]r—>R" whereT;=£,(),
i=1

i=1
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E{-} the ensemble mean operator, and {y,(t)} a set of deterministic functions. This follows
via Karhunen-Loéve and Fourier expansions [4,16].
A general second-order random process X (w) can be expressed as [16]

00 o i
X(w)=colo+ > e (&) + D > iy Ta(Eiy,83,)
11:1 11:1 12:1

+ Z Z Zci1i2i313(§i1: giz :§i3)+"' > (2.3)

i=1i,=1i5=1

where I,,(-) denotes the gPC of order n with respect to the random variables {&;}7°,, and

the coefficients Ciy...i, are deterministic constants. For convenience, we rewrite Eq. (2.3) as

oo

j=0

with a one-to-one correspondence between the coefficients and basis functions in Egs. (2.3)
and (2.4). Indeed, we assume that the basis {¥,(-)} admits E{¥;¥;} = 6;;, where §;; is the
Kronecker delta. An appropriate selection of the type of gPC often leads us to an effective
gPC method with an optimal convergence rate [16,17].

Letting vy (t, y) be the first N-term expansion of y(t, w) and replacing y(t, w) in Eq. (1.2)
by yn(t,y), we obtain

{ u;v(t):f(tiYN(tay)JuN(t)JuN(l.tJ))) te[O,T], J’EF, (2 5)

uN(O) =®o>
and from Ref. [2] the solution uy(t) of this problem (2.5) can be approximated as follows:

M-1

uy ()~ Y 1 (0% (), (2.6)

i=0

where M = (N + p)!/N!p! with N and p the respective number of random variables in y

and the highest order of the gPC basis {¥;(y) ]i‘gl, and where a total degree polynomial

space is employed. Substituting Eq. (2.6) into Eq. (2.5) we obtain a new random system,
which when projected onto ¥ (y) yields the following deterministic system of DDEs:

M-1 M-1
i (t) =E{\Pk(y)f (t,YN(t,J’), ;(:) ()% (y) , 2(:) ﬁi([tJ)\Ifi(y))}, te[0,T],

akm):E{wk(y)soO}, k=01, ,M—1.
2.7
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Setting
2(6) = (ito(0), 41 (), -+t ()), ¢ = (0, 0,-+-,0)7,

M-1 M-1
gi(t.2(0),2(\t]) =E {wk(y)f (t, () D (O%(), Y, ai(LtJ)wi(y))},
i=0 i=0

g(6,2(0,2(1) = (g0, 20,2 D), g1 (6,28, 2 D), - gwa(£.2(0),2(Le )

we can rewrite the system (2.7) as

{ 2(t) = g(t,2(t),z(t])), te[0,T],

(2.8)
2(0)=z2;.

The solution of (2.8) is a function z(t) subject to the conditions (cf. Wiener [14]): z(t) is
continuous on [0, T]; the derivative z’(t) exists at each point t € [0, T], with the possible
exception of the points |[t| € [0, T] where one-sided derivatives exist; and Eq. (2.8) is
satisfied on each interval [r,r + 1) C [0, T] where r € Z* U {0}.
Extended RK methods [6,7,12,13] are a good option to solve the delay system (2.8).
Thus .
Zi(n) =z, +h 2, a;;g(tn +cjh,Z]("),Zn,j), i=1,2,-+,s,
= (2.9)
Zns1 =% +h 2. bjg(tn + cjh,Z](n),Zn,j), n=>0,
j=1
where t, = nh, the stepsize h = 1/m defines the mesh points for any given positive integer
m, and zn,Z]("),Zn,j are the respective approximations to z(t,),z(t, + c;h),z(Lt, + c;h]).
These extended methods are obtained by adapting underlying RK methods for ODE, for
which the computational effectiveness, stability, dissipativity and related properties are well
known — cf. Refs. [6,7,12,13] and references therein. For convenience, we write the
underlying RK method for ODE as (A, b,c), with A = (a;;) € R, b = (by,---, b,)" and
¢ =(cy, - ,¢)" € R, and always assume that y.,_ b, =1and 0 <¢; < ¢y <-+- < ¢ <
1. By combining the gPC approximation with extended RK methods, we have a class of
numerical schemes that we call gPCRK methods to solve the RDEPCA (1.2).

3. Error Estimation for the gPCRK Methods

We restrict the error analysis for our gPCRK methods to the one-dimensional case of
the RDEPCA (1.2) for simplicity. Let

M-1

6,0 =By (0}, 102 Y a(0%0),
M-1 I\l/I_—Ol

() = > a(0%(),  at) = > a(0%(),
i=0 i=0
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where (i (t), i (t), - ,iiy_1(t))T is the numerical solution of Eq. (2.8), and in addition
IIf (t, )|z = [foz(t, ©)d? (w)]Y/? for all t € [0, T] denotes the L2-norm of a random
function f(t, w), where & is a probability measure. Consequently, the error arising from
the finite-dimensional noise assumption is ||u(t)—uN(t)||%2, the projection error is ||uy(t)—
ﬁ(t)ll%z, the aliasing error is ||ﬂ(t)—ﬁ(t)||%2, and the discretisation error is ||ﬂ(t)—ﬁ(t)||%2.
The global error of a gPCRK method involving these four errors is then estimated as

llu(e) —a(o)l7.
S4(|Iu(t) —uy (DI + llun (0) = G(OIIZ, + 1E(e) — a(o)lI7, + la(t) —ﬁ(t)llfz). 3.1

To analyse the individual errors on the right-hand of Eq. (3.1), we assume that for all
Y1,Y2, W1, Ws, V1, Vs the function f in the RDEPCA (1.2) satisfies the Lipschitz condition

2
||f(t)Y1)W1:W2)_f(t: ')/2,V1,V2)||L2 < k(t) (”Yl _YZHLZ +Z ||Wl _vi”Lz) > (32)

i=1

where k(t) > 0 is a given function such that fOT k(s)ds < oco. On writing
t t 5
s | ks [ kOl -me s, =1,
0 0

i—2 +1 t
c(t)=1 ¢, (t) +23cl(l)e(l)J k(s)dsJ k(s)ds (3.3)
l 0

=1

+3ci_1(i—1)e(i—1)f k(s)dsJ k(s)ds, i>1,
i-1 0

T t
e(t) = exp{BJ k(s) dsJ k(s) ds} , 3.4)
0 0

we obtain an estimation of the error arising from the finite-dimensional noise assumption
stated in the following theorem.

and

Theorem 3.1. Assuming that the Lipschitz condition (3.2) holds, the error arising from the
finite-dimensional noise assumption can be estimated from

[u(t) —uy (D7, < c(De(t) , Ve e(—1,i]. (3.5)

Proof. From (1.2) and (2.5) we have

u(t) =g +J f(s, r(s, w),u(s), u([sJ)) ds, t€[0,T], we, (3.6)
0

and

uy(t) = o +J FlsrnG ) un(),uy(sD)ds, t€[0,T], yeT. (3.7
0
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It follows from Egs. (3.6) and (3.7) and the Cauchy-Schwarz inequality that

u(O) —un (I, = | JO (5 705,02, 1)) = £ (5, ) () (U5D) ) s

< f J k(s)dsJ 5 (7 (65,0, uts),ucls))
QJ0 0
— (s (s Y un(s) uy(ls)) ) dsd® ()
- JO k(s)dsJO el JICHDNIORI()

2
_f(S,YN(S,y),uN(S),uN(I_SJ))”LZ ds . (38)
Applying the Lipschitz condition (3.2) and the generalised mean inequality

Al 1l +1f5] \J 12+ 1212 +1£512
3 - 3

, Vfi.fofs€ER
to the inequality (3.8) yields

k(s)ds J k() [Juts) —un G)|[72 + [[uls D—un (LD ds.
0

(3.9)
We now proceed to prove the error estimation result (3.5) by mathematical induction.
For t € [0,1) we have

(6~ un (12, < c1()+3 J

0

J k(s)||u(LsJ)—uN(LsJ)||f2ds=J k()||u(0) —uy ()|} ds =0, (3.10)
0 0

and substituting Eq. (3.10) into the inequality (3.9) yields

T t
||u(t)—uN(t)||i2 < ¢ (t) +3J k(s)dsJ k(s)”u(s) —uN(s)”i2 ds . (3.11)
0

0
Since k(t) > 0 and ¢, (t) is non-decreasing, application of the Gronwall inequality leads to

[u(®) —uy (|7, < e (D)e(t) , Ve €[0,1), (3.12)

and because ||u(t)—uN(t)||%2 is continuous in t we consequently have that inequality (3.5)
holds for i = 1. Assuming (3.5) holds fori: 1 <i < n, when t € (n,n + 1) we have that

J k()||ulls D —uy s D] 7-ds
0

1

n— I+1 t
ZJ k(s)||u(1)—uN(1)||§2ds+J k() ||u(m) —uy (|| ds
l

(0] n

1

I+1 t
< cl(l)e(l)J k(s)ds + cn(n)e(n)f k(s)ds . (3.13)
[ n

=1

]
|
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Substituting inequality (3.13) into inequality (3.9) gives

T t
||u(t)—uN(t)||§23cn+1(t)+3J k(s)dsJ k()||u(s) —uy ()| ds (3.14)
0

0

so from the Gronwall inequality and the continuity of ||u(t)—uN(t)||%2 with respect to t we
conclude that inequality (3.5) holds for i = n + 1. O

2

72, we introduce the following lemma.

In deriving a simpler estimation of ||u(t)—uy (t)||

Lemma 3.1. Let iy be an integer such that iy—1 < T <1i,, and
(o T T .
3 [, k(s)ds [ k()lly(s,@)—yn(s, )% ds, i=1,

i—1
&+ 38e) [ k(s)ds [} k(s)ds, 1<i<ig—1,
=1

i0—2
G+ IZ Séze(l)fllﬂ k(s)ds fOT k(s)ds + 3¢, _1e(ip—1) inT_l k(s)ds foT k(s)ds, i=i,,
\ =1

Then we have c¢;(t) < & on [0,T], ¢;(t) < ¢ on (i—1,i] fori = 2,3,---,ip — 1, and

ci,(t) <&, on (ip—1,T], and that ¢;, can be rewritten as

T T ip—1 i T
&, = (1 + 3e(ipg—1) k(s) dsJ k(s) ds) l_[ (1 +3e(i — 1)J k(s) dsf k(s) ds) 1.
0 i1 0

io—1 i=2
(3.15)

Proof. It is easy to prove that ¢;(t) < ¢; for i > 1 by induction, so we need only prove
Eq. (3.15). Indeed, it follows from the definition of ¢; that

i T
Ei=(1+36(i—1)J k(s)dsJ k(s)ds)ey, Vii2<i<ip,
i—1 0

and
T T
&, = (1+3e(ig—1) k(s)dsJ k() ds )Gip1 »
io—1 0
so Eq. (3.15) follows immediately from the above recursions. O

A combination of Theorem 3.1 and Lemma 3.1 produces the following conclusion.

Theorem 3.2. Assume that the Lipschitz condition (3.2) holds. Then the error arising from
the finite-dimensional noise assumption can be estimated from

[u(t) —uy (D)7, < &e(t), tel0,T]. (3.16)

Remark 3.1. Using (3.3) and Lemma 3.1, we can obtain limy_, o, ¢;(t) = 0 for i > 1 and
limy_, o0 €, = 0, so the error arising from the finite-dimensional noise assumption tends to
zero as N increases.
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For the projection error, there is the following result.

Lemma 3.2 (cf. Ref. [16]). Let v = Z]i\gl E{vW¥;}¥; where v € L?(Q). Then the following
convergence property holds:
lim ||V—17||L2(Q)=0 (317)
M—oo

In order to estimate the aliasing error, we define

T t
é(t) =exp {4J k(s) dsJ k(s) ds} ,
0 0

4 [ k(s)ds [ k(s)(llun () — a2, + lluy (s D —allsDIZ,)ds, i=1,

+1

i—2
wi(t) = Wl(t)+lz4wl(1)é(1)jl k(s)ds [, k(s)ds
=1

+aw, (i —DEG—1) [ k(s)ds [y k(s)ds, i>2.

Theorem 3.3. Assume that the Lipschitz condition (3.2) holds. Then the aliasing error can
be estimated from

[@(6) —a(o)|[7, < wi(0)E(e), Vee(i—1,il. (3.18)
Proof. It follows from (2.5) and (3.17) that
Zag(t)wi(y)=f(t,m(t,y),Zai(t)wi(y),Zai(LtJ)wi(y)), (3.19)
i=0 i=0 i=0

so projecting onto each basis ¥, (y) we have

@ (t) =E {f(t, (e ) a0+ Y a0 (), ale])
i=M

+Zai(LrJ)wi(y))wk(y)}, k=0,1,---,M—1, (3.20)
i=M

and on integrating both sides from 0 to t we then have

g (t) =E{¥(y)¢o} +J

0

E{f(s, TG, y),a(s) + Y ()% (y), ills )
i=M

+>° ﬁi([sJ)\I/i(y))\I/k(y)} ds, k=0,1,---,M—1. (3.21)
i=M

Now the exact solution of the system (2.7) can be written as

() =E{&(y)po}+ f E{f(s,yn(s,¥),d(s),t(ls])) ()} ds, k=0,1,---,M—1,
0
(3.22)
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sofork=0,1,---,M —1 from Egs. (3.21) and (3.22) we have that

t

i (6) — iy (1) = f

0

E{(f(s,m(s,y),ﬁ(sH > ()% (), s )
i=M

+ 2 allshum ) -£(s YN(s,y),ﬁ(S),ﬁ(LSJ)))‘Pk(y)} ds, (3.23)
i=M

and invoking the Cauchy-Schwarz inequality we consequently obtain

M-1 )
> () — i (1))

k=0
t

- f E {(f (5766060 + D wEWOL D + D aishw ()
0 i=M i=M

M—1
—f(s,YN(s,y),ﬂ(s),ﬁ(LsJ))) (ak(r)—ak(t))wk(y)}ds

t

— £ (5,7 ), (), 1(Ls)))

f(s, Y (s y)a(s) + ) i)y alls )+ ) ai(LsJ)wi(y))
i=M i=M

M-1

> (1 (0) — () ()

k=0

ds. (3.24)
L2

L2
In addition, according to the definitions of {i(t) and ii(t) we have

2
oy —aco)] . =

—1
> (1) —1,(0) %(y)
i=0

M-1
=S (@O-u®), (625
i=0

L2

hence from inequality (3.24) and Eq. (3.25) we have

Jato a0 . < |
0

— £ (s,7w(s, ), (), u(ls )

f(s, TGS y)a(s) + Y i)y, alls ) + Y (s, (y))
i=M i=M

ds, (3.26)

L2

and hence on applying the Cauchy-Schwarz inequality that

(o) —a(o)|[;, < f k(s)dsJ i”f(s,m(s,y),a(mZai(s)wi(y),a(tsn
0 o k() i=M

2

ds. (3.27)
L2

+ > a(ls DY (y)) — £ (5, 7w (s, 0(s), (L))
i=M
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Further, from the Lipschitz condition (3.2) and the Parallelogram identity we obtain

||ﬁ(t)—ﬁ(t)||§ZSJ k(s)dsJ k(s)(
0 0

+ Ha(LsJ) + gai(tsj)\pi(y) —ﬂ([sJ)HLZ)st

SZJ k(s)ds f k(s)(
0 0

* Hﬁ(LSJ) + 2\4 (s D% () — ﬂ(LSDHjZ) &

S4th(s)dsftk(s)( Hi i
0 0 i=M

4 Ha(LsJ)—a(LsJ)H; + H gwﬂi(LsJ)\I!i(y)H;)ds . (3.28)

Q) + D G()%() — )|,
i=M

& 2
Q) + D G()%() — )|,
i=M

2
ii(s) —1(s) L +

Next, we prove inequality (3.18) by induction. When t € [0, 1), we have

J k@)||atlsh —ullsD|?.ds = J k()||a0) —u(0)|7,ds =0, (3.29)
0 0

so inequality (3.28) becomes

T t
||a(t)—a(t)||§2 SWl(t)+4f k(s)dsf k(s)||a(s)—a(s)||§2ds, (3.30)
0

0

and on applying the Gronwall inequality we consequently have
(0 —a(o)||?, < wy(0)E(6), Vee[o,1). 3.31)

Since ||ii(t) —ﬁ(t)”%z is continuous in t, the inequality (3.18) holds for i = 1. Assume that
(3.18) holdsfori:1<i<n. Whent €(n,n+ 1), we have

+1

Jk(s)”u([s) (s[>, ds = ZJ k(s)||a(1)—a(1)||f2ds+J k)||a(n) —a(n)||;.ds

< Zwlme(z) f

Inserting (3.32) into (3.28) gives

I+1

k(s)ds + Wn(n)e(n)J k(s)ds. (3.32)

T t
||ﬁ(t)—ﬁ(t)||i2Swn+1(t)+4f k(s)dsJ k@)||a) —a@s)|[7.ds, Vee@mn+1),
0 0
(3.33)
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and again using the Gronwall inequality and the continuity of ||&i(t) — fl(t)”%z for t we

conclude that (3.18) holds fori =n+1. O

2

To obtain a simpler estimate of ||&i(t) —a(t)||7,,

we introduce the following lemma.

Lemma 3.3. Let iy be an integer with iy —1 < T < i, and

[ 4[] k(s)ds [ k(s)(lluy(s) — a2, + lluy (s ) —alls DIZ,)ds, i=1,

i—1
Wy + 3 4ie) [, k)ds [y k(s)ds,  2<i<i,
=1

=2
-

Il
—

i—2
i+ 3 ) [ k) ds [, k(s)ds
=1

+4;, 83— 1) [ iz_l k(s)ds [, k(s)ds, i=io.

(3.34)
Then wy(t) < wq on [0,T], w;(t) <w; on (i—1,i] for i =2,3,---,ig—1, w; (t) < W; on
(ip—1,T], and

T T ip—1 i T
Wy, = (1 +48(ip—1) k(s)dsJ k(s)ds) 1 (1 +48(i — 1)J k(s)ds f k(s)ds) W .
0 i—1 0

io—1 i=2

(3.35)
Proof. It follows from (3.34) that
i T
w; = (1 +4é(i—1)J k(s)dsJ k(s)ds) Wi, Vi:2<i<ip,
i—1 0
and
T T
Wio = (1 +4é(lo— 1) k(S)dSJ k(s)ds) Wio—l y
io—1 0

and the result follows immediately by induction. O

By combining Theorem 3.3 and Lemma 3.3, the simpler estimate of the aliasing error
follows.

Theorem 3.4. Assume that the Lipschitz condition (3.2) holds. Then the aliasing error can
be estimated from

@) —a(o)|);, < w, (), VYeelo,T]. (3.36)

Remark 3.2. Using Lemma 3.2 and the definition of w;(t) we obtain limy,_,., w;(t) =0
for i > 1, and from Lemma 3.3 we obtain limy,_,c, W;, = 0, hence the aliasing error tends
to zero as M increases.

For the discretisation error, we make two assumptions:
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(D except at the points £ € {f : t = [t], t € [0,T]}, the solution z(t) of (2.8) is suffi-
ciently smooth on [0, T']; and
(ID) the function g : [0, T] x RM x RM — RM in (2.8) satisfies the Lipchitz condition

llg(t,t1, 1) — g(t, 12, 85)|| < w(©)(ller — tall + 197 —Bal),
Yt €[0,T],ty,0p,T,,0, € RM, (3.37)

where || - || is a norm induced by the standard inner product on R®, and x(t) > 0 is
. . . T
a given function with fo K(s)ds < oo.

Theorem 3.5. Assume that the conditions (I)-(II) hold and the underlying RK method has
local order q. Then the corresponding extended RK method (2.9) has convergent order q.

Proof. We prove this theorem by mathematical induction. When t € [0,1), we have
| t] = 0 such that (2.8) on [0, 1) becomes an ODE system. Since the underlying RK method
has local order g, from Theorem 3.6 in Ref. [5] the extended RK method (2.9) satisfies

||zn—z(tn)|| <Ch?, 1<n<m, (3.38)

where C; > 0 is a constant, the stepsize h = 1/m (m € Z"), and the continuity of z(t) is
used for the case n =m.

Let us assume that when t € [0, r], where r is a positive integer with 1 < r < T, there
exists a constant C, > 0 such that

|lzn —2(t)|| < C:hY, 1<n<rm. (3.39)
When t € (r,r + 1), we have | t| = r and hence (2.8) on (r,r + 1) becomes an ODE system

{ 2'(t) = g(t,2(t),2(r)), te(rr+1),

z(r) given .

(3.40)

In the actual computation z(r) is approximated by z,,, which is obtained by an extended
RK method. Thus to solve (3.40), we solve the ODE system

{ 2 () =g(t,2.(6),2m), te€r+1),

2,(r) =2rp -

(3.41)

Since the underlying RK method has local order g, there exists a constant C3 > 0 such that
||zn —z*(tn)” <C3h?, rm<n<(r+1)m, (3.42)

where the case n = (r + 1)m is proved given the continuity of z,(t). Moreover, it follows
from (3.40) and (3.41) that

t

z2(t) —z,(t) =2(r) —2,m + f (g(s,z(s),z(r)) — g(s,z*(s),zrm)) ds, (3.43)

r
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hence
||z(t) —z*(t)” < ||z(r) —zrm” + f (g(s,z(s),z(r)) — g(s,z*(s),zrm)) ds|| . (3.44)
From the Cauchy-Schwarz inequality we have
. 2
J (g(s,z(s),z(r)) — g(s,z*(s),zrm)) ds
M—1 t 2
=>. U (8(s,2(),2(r)) —gi(s,z*(s),zrm))ds)
A 2
<5 [ s [ o050 805
= R YO
= fr x(s) dSJr % ||g(s,z(s),z(r)) — g(s,z*(s),zrm)”2 ds, (3.45)

and consequently from inequality (3.44) that

|2(6) —z,(0)||”

<2|[3() —zom|” +2|

J (8052052, 507) (5,20, 20)) |-

SZlIz(r)—zrm||2+2J K(s)dsJ %S)”g(s,z(s),z(r))—g(s,z*(s),zrm)”st. (3.46)

r

Under the condition (3.37), this implies that
2(6) —2,(0)]”
<olfe(r) 2y + 2 J

r

r+1 2 r+1 t
(o[ wose) Jlor-slf o[ " st [ ooz e

(3.47)

K(S)dSJ K6)(112(5) = 2, Il + [12(r) — 2, ]1) ds

and hence on applying the Gronwall inequality we have

r+1 2 r+1 t
||z(t)—z*(t)||2§ (2+4(J K(s)ds) )exp{4f K(s)dsf K(s)ds} ||z(r)—zrm||2.

(3.48)
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From the induction assumption (3.39) we also have ||z(r) — z,,||* < CZh?%, so inequality
(3.48) implies that there exists a constant C, > 0 such that

|2()—z.(0)|| < C4h?, te(rr+1], (3.49)

where the continuities of z(t) and z,(t) have been used for the case t = r + 1. Combining
inequalities (3.42) and (3.49), we conclude that there exists a constant Cs > 0 such that

||zn—z(tn)|| < ||zn —z*(tn)” + ||z*(tn)—z(tn)|| <Cshl, rm<n<(r+1)m (3.50)

to complete the proof. O

Theorem 3.5 shows that there exists a constant Cy > 0 such that the discretisation error
may be estimated from

[i@Ct) —alt)||72 = |J2n —2(e0)||* < Coh®t,  n>o0, 3.51)

whenever the conditions (I)-(II) hold and the underlying RK method has local order q.

Several ways to estimate the projection error have been considered — cf. for example
Ref. [3], and particularly Ref. [16] where the expression given for estimating the projection
error is

|l (0) = (0]} = w(t,;ggw||uN(t)—w(t,y)||iz, Vuy(t) € L2(T), (3.52)
involving

RO ={e:ToRpm= 3 aum) y=ng g,

L) = {G :T—R ’ E(¢*(y)) = J

Sy < 00} -
T

Consequently, we need not discuss the estimation of the projection error further here.

In summary, the error can be estimated by considering the error arising from the finite-
dimensional noise assumption, the projection error, the aliasing error and the discretisation
error. Improved error estimation for our gPCRK methods will probably require some more
powerful analytical tools.

4. Numerical Example

In this section, we consider the following nonlinear RDEPCA to illustrate the computa-
tional effectiveness of the gPCRK approach.

Example 4.1.

{ u'(t) = —y(t, w)u(t) + u?(|t]) —exp {—2 fétj r(s, w) ds} , t€[0,10], we,
u(0)=1,
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where y(t, w) is a Gaussian or uniform random field with mean-value 1, standard deviation
0.15, and Gaussian correlation function exp{—4(t; — t,)?/25} with t;,t, € [0,10]. The
exact solution is u(t) = exp{— fot r(s, w)ds}.

The truncation term yy(t, y) of y(t,y) can be obtained by the Fourier expansion with
N terms, determined by ¢, = [folo ol(t)dt]/[folo o,(t)dt] where

O =E{(nen-Emen})}  o0={(te -]}

For example, if we take &, = 84.05% or ¢, = 95.11%, then we have the corresponding
cases N =5 and N = 7. When y(t,w) is a Gaussian or uniform random field, we employ
Hermite or Legendre chaos, respectively. Finally, to avoid significant discretisation errors in
the numerical computation, we use the fifth-order Radau IA method with stepsize h = 0.001
to solve the corresponding deterministic DDEs.

To give some insight into the accuracy of the gPCRK method employed, we define sev-
eral error measures for the random field expansion and the solutions uy(t) and @(t):

a(t) —u(t) 6(t) —oy(t) up(t) —u(t)

1750 w) | Toisio| o) | Tomi<io|  w() |
oo = may | LTI ep = max () —un(Ol., e, = max ()OI,
where

a(t) = E{uy (0)}, 5()=E{(un(®-a0)"}, w(t)=E{u()},

o) =E{(u()-u ()"}, w0 =Efa(n)}, o(t) =E{(a(t) —uy ()}

When v(t, w) is a Gaussian random field, the errors £, &5, &f, €3, €4 and g, with N =5,7
and different p (the highest order of the gPC basis) are displayed in Tables 1-4, showing
that the gPCRK methods are effective for solving RDEPCA problems. Moreover, we also
present the behaviour of the differences ¢3 — ¢, €4 — &, and ¢, — ¢ in Fig. 1, which for a
given N shows that &3, €4 and ¢, respectively converge to &1, €, and &, as p increases. Thus
when N is fixed and the discretisation error can be neglected, as p increases the error of
a gPCRK method tends to the error arising from the finite-dimensional noise assumption.
Similarly, when y(t, w) is a uniform random field, the effectiveness of the gPCRK methods
and their error behaviour also can be observed in Tables 5-8 and Fig. 2, respectively.

Table 1: The errors ¢, &, and &; with different N when y(t, w) is a Gaussian random field.

€1 &9 €f
N=5]|6.514x10"3 | 1.595x 107! | 4.609 x 10~
=711234x1073 | 4893 x1072 | 1.348 x 107*
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Table 2: The errors g5 with different p, N when y(t, ) is a Gaussian random field.

p=1 p=2 p=3 p=4
N=5]|5134%x10"2|9.172x1072 | 6.517x 1073 | 6.514 x 1073
N=7]4829x1072 | 4222x1072 | 1.364x 1072 | 1.234 x 1073

Table 3: The errors ¢, with different p, N whe

n y(t,w) is a Gau

ssian random field.

p=1 p=2 p=3 p=4
N=5]|6603x10""|2363x1071|1.595%x107! | 1.595%x 107"
N=7]|6567x10"1|2.174x107! | 5.155x 1072 | 4.893 x 1072

Table 4: The errors ¢, with different p, N when y(t, w) is a Gaussian random field.

p=1 p=2 p=3 p=4
N=5]|4840x10"% | 4.611x 107 | 4.609 x 107% | 4.609 x 10~*
N=7]1660x10"% | 1.349x107% | 1.348 x 107* | 1.348 x 10~*

Table 5: The errors ¢, &, and & with different N when y(t, w) is a uniform random field.

81 82 E'f
N=5]|6507x10"2 | 1.595x 107! | 4.605 x 10~
N=71]1234x10"2 | 4.893x1072 | 1.348 x 10~*

Table 6: The errors e; with different p, N when y(¢, w) is a uniform random field.

p=1 p=2 p=3 p=4
N=53.042x10"2 | 6.604x107° | 6.509x 10° | 6.507 x 10>
N=72863x107%|2.224x107° | 1.234x107° | 1.234x107°

Table 7: The errors ¢, with p, N when y(t,®) is a uniform random field.

p=1 p=2 p=3 p=4
N=5]4.843x10"" | 1.595x 107! | 1.595x 107! | 1.595 x 107!
N=7|4787x10"" | 6.839x 1072 | 4.893 x 1072 | 4.893 x 1072

Table 8: The errors ¢, with different p, N when y(t,w) is a uniform random field.

p=1 p=2 p=3 p=4
N=5]|4786x10"% | 4.606 x 107* | 4.605 x 10™* | 4.605 x 10~*
N=7]1597x10"% | 1.348 x107* | 1.348 x 107* | 1.348 x 10~*
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Figure 1: e;—¢,, £,—¢, and g, —&; with different p when y(t, w) is a Gaussian random field.
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Figure 2: e;—¢;, £,—¢, and ¢, —¢; with different p when
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5. Concluding Remarks

We have proposed a class of numerical methods to solve the RDEPCA problem (1.2)
— viz. gPCRK methods, obtained by combining generalised polynomial chaos with Runge-
Kutta methods. The error of these gPCRK methods was analysed by considering the error
arising from a finite-dimensional noise assumption, the projection error, the aliasing er-
ror and the discretisation error. A numerical example then illustrated the computational
effectiveness of this approach.
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