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Abstract. We characterize Koopman one-parameter Co-groups, in the class of all unitary
one-parameter Cp-groups on L»(X), as those that preserve Lo (X) and for which the
infinitesimal generator is a derivation on the bounded functions in its domain.

1. Introduction

Let (X, B, ) be a standard Borel probability space. Moreover, let T : X — X be an
(almost everywhere (a.e.)) invertible, measurable and measure-preserving map: i.e.,
w(A) = w(T~1A) for each A € B. Then T induces on L>(X) a unitary operator Ur, called
a Koopman operator, defined by Ur f := f o T for all f € L,(X). However, one may ask
about the converse: given a unitary operator U on L;(X), how can it be recognized as
a Koopman operator? The classical answer says that if U preserves multiplication of
bounded functions, i.e., if

U(fe) =U(HU(®) 6]

forall f, g € Loo(X), then U is a Koopman operator by a combination of the multiplication
theorem in [Hal, p. 45] and [Kec, Theorem 15.9]. One may also ask the following question:
given a unitary operator U on an abstract Hilbert space, how can it be recognized as being
unitarily equivalent to a Koopman operator (see for example, [CR, Cho, Rid, Den])?
The problem of which unitary operators can be realized as Koopman operators remains
one of the most important and still unsolved problems in ergodic theory (see, e.g., the
discussion on this problem in [KL, KT] and also the survey article [Lem]). Up to unitary
equivalence, each unitary operator U is determined by the two invariants: the equivalence
class [o] of a finite positive Borel measure o on the circle, called the maximal spectral type
oy of U; and the (Borel) multiplicity function M = My : T — {1, 2, ...} U {oo}, which
is defined o-a.e. Once a pair ([o], M) is given, it is easy to construct, on the abstract level,
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a unitary operator U for which (oy, My) = ([o], M). Nevertheless, it remains an open
problem as to whether there exists a (unitary) Koopman operator U such that (oy, My) =
([o], M). (Some restrictions must be imposed on o: for example, o must be of symmetric
type and its topological support must be full if the construction is sought in the class of
Ur with T ergodic.) While some progress has recently been made in the spectral theory of
single transformations (cf. [LemY]), still little is known about unitary one-parameter groups.

A unitary one-parameter Co-group (U;);cR is called a Koopman group if, for all # € R,
there exists a measurable 7; : X — X suchthat U; f = f o T; forall f € L,(X). Itis clear
that a Koopman group must preserve Lo (X), but this latter condition is also satisfied for
many unitary one-parameter Co-groups which are not Koopman groups. By the Stone
theorem [Sto], the generator A of a unitary one-parameter Co-group is skew-adjoint.
Therefore each unitary one-parameter Co-group is determined up to unitary equivalence
by (oy, My), where oy = [o] for some finite positive Borel measure on R. In order to
characterize those pairs ([o], M) which can be realized by Koopman groups, it seems
natural to first characterize those generators A for which (etA),ER is equivalent to a
Koopman group. However, even the problem of characterizing unitary one-parameter Cy-
groups as Koopman groups in terms of their generator seems to be far from obvious. Once
such a characterization is done, the question of whether a perturbation of a Koopman
representation remains Koopman can be considered. This is of independent interest.

In order to formulate the main results of the paper, first recall that if A is an operator in
a function space E and D C D(A) is an algebra, then we say that A is a derivation on D if

A(fg) =(Af)g+ f(Ag)

for all f, g € D. The main result of the paper is the following theorem.

THEOREM 1.1. Let (X, B, u) be a standard Borel probability space. Let U be a unitary

one-parameter Co-group on Ly(X) with generator A. Then the following are equivalent.

(i) Forallt € R there exists an a.e. invertible measurable and measure-preserving map
T;: X — X suchthat Uy f = f o T; for all f € Lr(X).

(1) The space L~ (X) is invariant under U. Moreover, the space D(A) N Loo(X) is an
algebra and A is a derivation on D(A) N Loo(X).

In Corollary 2.9, we are also able to prove a generalization of the above theorem in
which the group U is a Co-group that is not necessarily unitary and we do not require
measure preserving in Condition (i). Moreover, we have a generalization in which the
measure p is merely o -finite (see Theorem 2.8 below).

A theorem of the same nature as Theorem 1.1 was given by Gallavotti and Pulvirenti,
[GP, Theorem 4].

THEOREM 1.2. [GP] Let (X, B, n) be a standard Borel probability space. Let U be a
unitary one-parameter Co-group on Lo (X) with generator A. Let D C D(A) C Loo(X).
Suppose that D is a core for A, 1 € D, D is an algebra, D is self-adjoint (that is if f € D
then f € D), A is a derivation on D and Af = Af forall f € D. Then (i) in Theorem 1.1
is valid.
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The theorem of Gallavotti and Pulvirenti does not extend to the case in which A is
merely a Co-group generator, and it is essential in [GP] that the measure p is finite.

Yet another theorem of the same type as Theorem 1.1 is in the paper [DN, Theorem 2.5],
where the space Ly (X) is replaced by C(X), with X compact.

The main application of Theorems 1.1 and 2.8 is a characterization of those Cyp-groups
on L, (X) which are pointwise the product of a Koopman operator and a multiplication
operator.

THEOREM 1.3. Let (X, B, u) be a standard Borel probability space. Let U be a unitary

Co-group on Ly(X) preserving Loo(X). Assume that 1 € D(A) with Al € Loo(X), where

A is the generator of U. Then the following are equivalent.

(1) Forallt € R there exists an a.e. invertible, measurable and measure-preserving map
T, : X — X and a function ¥, : X — C such that U, f = - (f o Ty) for all f €
Lo (X).

(i) For all t € R one has \U;1| =1 a.e. Moreover, D(A) N Lso(X) is an algebra and
A — (A1)I is a derivation on D(A) N Lso(X).

We also extend this theorem to Cp-groups which are not necessarily unitary (see
Theorem 3.10). The above result can be viewed as the one-parameter counterpart of the
classical Banach-Lamperti theorem, [Lam, Theorem 3.1], which classifies all isometries
of L,(X) forall p € [1, 00)\{2} as being of the form

fe v (foT) 2

for some pointwise map 7 : X — X and ¢ : X — (0, 00). In [GGM], the authors also
proved that unitary positivity-preserving maps are of the form (2).

In §2 we prove Theorem 1.1 and its extension for general Cp-groups. As a tool and
by-product, we prove, in Theorem 2.5, that if (X, B, ) is a finite measure space and S
is a Co-group in L>(X), then § extends consistently to a Cy-group on L (X) if and only
if the dual group S* leaves L, (X) invariant. This is a new result in (semi)group theory.
In §3 we prove Theorem 3.10, which characterizes weighted non-singular one-parameter
Co-groups and has Theorem 1.3 as a corollary. It turns out that in Theorem 1.3(i) one has
Y € Loo(X) and

Yips =Yr - (Ys 0 Ty) ace.

for all ¢, s € R. Finally, in §4, we determine the form of such i, assuming a
differentiability condition.

2. Derivations
If (X, B, n) is a measure space and f, g € L(X), then we denote the inner product by
(f, 8= fx fg dp. Moreover, if f € Loo(X) and g € L1(X) then we denote the duality
by (f, &) = /. x J€ du. If the measure space is clear from the context, then we abbreviate
to L, = L,(X) for all p € [1, oo]. Further, let p, g € [1, o], let U be a one-parameter
(semi)group on L ,(X) and V be a one-parameter (semi)group on L, (X). We say that U
and V are consistentif U, f =V, f forallt € R (ort € (0, o0)) and f € L,(X) N Ly (X).
For the proof of Theorem 1.1 we need several lemmas as preparation. The first two
seem to be folklore.
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LEMMA 2.1. Let (X, B, ) be a measure space, ¢ >0 and E : Ly(X) — Ly(X) be a
bounded operator. Suppose that ||Ef||<>Q <c|flloo for all f e L2(X) N Loo(X). Then
there exist unique Ee B(L] (X)) and Ee B(Ls (X)) such that Ef E*f forall f €
Li(X)N Ly(X) and Ef =Ef for all f € Loo(X) N Ly(X). Moreover, ||E||oo%OO <c
and E = (E)*.

Proof. Let f € Ly N L. Then |(E* f, &) = (f, EOI < I fIl1 1 Eglloc < cll fll111glloo for
all ge LyNLy. So E*f e Ly and |[E*f|l1 <cllfll1. Since Ly N Ly is dense in Ly, it
follows that there exists a unique E € B(L)) such that Ef =E*f forall feL;NL,.
Choose E = (E )*. Then the existence follows. The uniqueness on L, is a consequence
of the w*-density of Ly N Lo in L. O

Therefore one has the next lemma.

LEMMA 2.2. Let (X, B, ) be a measure space and S a semigroup on Ly(X). Suppose
that for all t € (0, 1] there exists a ¢ > 0 such that ||S; f|leo < c|| fllco forall f € LQ(X) N
Loo(X). Then there exist a unique semigroup S on Lo (X) and a unique semigroup Son
L1 (X) such that S is consistent with S and S is consistent with S*. Moreover, if there
exists a ¢ > 1 such that ||S; flloo < ¢l flloo for all t € (0, 1] and f € Ly(X) N Loo(X),
then ||Silloo—sc0 = 1S/ ll11 < ée 1€ for all t & (0, 00).

The next lemma is less well known.

LEMMA 2.3. Let (X, B, i) be a measure space, ¢ > 1 and S a Co-semigroup on Ly(X)
with generator A. Suppose that ||S; flleo < ¢l flloo for all t € (0, 1] and f € La(X) N
Loo(X). Then D(A) N Loo(X) is dense in Ly (X).

Proof. Since Ly N Lo is dense in L, it suffices to show that for all f € Ly N L there
exists a sequence (f;)neN in D(A) N L such that lim f, = f in L. Fix ¢ € C2°(0, 00)
with f ¢ = 1. For all n € N define ¢, € C°(0, 00) by ¢, (t) =ne(nt). Let f € Ly N Lo
and n € N. Define f,, € L, by

fom / on(D)S, 1 dt.
(0,00)

Then f, € D(A). Moreover, lim,_,~ f, = f in Lo, since S is a continuous semigroup. It
remains to show that f,, € Lo, foralln e N. Letn € Nand g € L1 N L. Then

|0n (St £, )1 < lonDIIIS: flloollg i < lgn(@)lce” 2 flloolig

for all ¢ € (0, co). Hence
I(fn,g)|=‘/ on (@) (St f, ) dt| < My fllscllgll,
(0,00)

where M,, = f(o o0) |#n (1)|ce'°2¢ dt < 00. So f,, € Lo as required. O

Remark 2.4. Under the conditions of Lemma 2.3 the space D(A) N L is a core for A,
since the space D(A) N L is invariant under S (see [EN, Proposition I1.1.7]).
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It seems that the next theorem is new. Note that we do not assume a uniform bound
of the type (3) in Condition (ii). For the definition of Cy-group we refer to [ABHN,
Definition 3.1.19].

THEOREM 2.5. Let (X, B, i) be a finite measure space. Let S be a Cy-group on Ly(X).
Then the following are equivalent.

(1)  The group S extends consistently to a Co-group on L1(X).

(ii) The space Loo(X) is invariant under S*: that is, S} (Loo(X)) C Loo(X) forallt € R.
If these conditions are satisfied, then there exist M > 1 and o > 0 such that

IS} flloo < Me®™ | flloo 3)
forallt e Rand f € Loo(X).

Proof. The implication ‘(i)=-(ii)’ is trivial (cf. the proof of Lemma 2.1). So it remains to
show that ‘(ii)=(i)’.

Let ¢ € R. It follows from the closed graph theorem that there exists a ¢ > 0 such that
IS/ fllooc <cll flloo for all f € Lo. Note that we use here that the measure p is finite.
Also, note that ¢ depends on 7. Hence, by Lemma 2.2, there exist a one-parameter group
SonL;anda one-parameter group S on Lo such that S is consistent with S and § is
consistent with S*. Moreover, g, = (E)* forallr e R.

We shall show that {§, :t €[2, 3]} is bounded in B(L ). By the uniform boundedness
principle, if suffices to show that {||§, flloo : t €2, 3]} is bounded for all f € L. For
this, we use a similar argument to that used in the first step of the proof of [ABHN,
Lemma 3.16.4]. Fix f € L. If r € R then

IS flloo = sup{|(S: f, &)1 : g € L1 and ||gl1 < 1}
sup{|(S; f, &)l : g € Lo and ||g|l1 < 1}
sup{|(f, S;g)|: g € Ly and g1 < 1}.

For each g € L, the map ¢ — |(f, S;g)| is continuous by the strong continuity of S on L.
Sotr | Et fllo is lower semicontinuous and therefore a measurable function on R. This
is the key assumption in the first step of the proof of [ABHN, Lemma 3.16.4]. In order to
have this paper self-contained, we include the proof, with minor modifications. Suppose
that {||§tf||<>Q :t € [2, 3]} is not bounded. Then there are 1y, 11, t2, . . . € [2, 3] such that
limy, 00 tn = 1o and ||S;, flloo > n for all n € N. Since ¢ > ||S; f ||oo is measurable, there
are M > 0 and a measurable set F C [0, #p] such that A(F) > 1 and ||§tf||OQ < M for all
t € F, where A is the Lebesgue measure on R. Let n € N. Then

n < ISt flloo < I1Sm—c ISt flloo < MIIS;,—|
forall € F.So ||S;|| > M~'n for all s € E,, where
E,={t, —t:t € FNIO0, 1,]}.

Note that E, is measurable and A(E,)>1 if |t, — o] <A(F)—1. Let E=
limsup,_, oo En =1 Use,n En- Then E is measurable and A(E) > 1. In particular,

E # (. Moreover, || §s || = oo forall s € E. This is a contradiction.
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Thus {S, : 7 €[2, 3]} is bounded in B(Ls). Since S, = (S,)*, it follows that {S; :
t €[2,3]} is bounded in B(L;). By the group property, the set {3‘; :te[—1,1]}
is also bounded in B(Li). Let c=sup{||f5'\t|| ite[—1, 1]} <oo. Let g € L. Then
lim; (g, fS‘;f) =lim;_0(g, S: f) = (g, f) = (g, f) forall f € L,. Since L, is dense in
L and ¢ < oo, it follows that lim,_,o(g, S; f) = (g, f) for all f € L. So S is weakly
continuous and hence S is a Co-group. Finally, there are M > 1 and @ > 0 such that
ISill1>1 < Me®l! for all t € R. Then || S;loooe = |8t 111 < Me®!! forallz e R. O

We now turn to the proof of Theorem 1.1. The implication (i)=>(ii) in Theorem 1.1 is a
special case of the next proposition.

PROPOSITION 2.6. Let U be a Co-group on Lo(X) with generator A, where (X, B, ) is
a measure space. Suppose that for every t € R there exists a measurable map T; : X — X
suchthat U, f = f o Ty forall f € Ly(X). Then U extends consistently to a w*-continuous
contraction group on Loo(X). Moreover, D(A) N Lo(X) is an algebra and A is a
derivation on D(A) N Lo (X).

Proof. Let teR. If feLyNLy, then Ui flloo =1 © Tlloco < ||f||oo Hence, by
Lemma 2.2, there exist a umque group U on La and a unique group U on L; such that U
is consistent with U and U is consistent with U*. Moreover, ||U,||oo_>Oo = ||Ut lhs1=1
for all r € R. Then U is a Co-group on L by [Voi, Proposition 4]. Therefore U is a w-
continuous group on L.

Let f, g € D(A) N L. Then U;(fg) = (U; f)(U;g) for all t € R. Hence

1 1 1
;(Ut(fg) - f&)= ;(Utf - HUig + ;f(Utg -2
forallt > 0.So fg € D(A) and A(fg) = (Af)g + f(Ag). O

Under further conditions there is a converse of Proposition 2.6. A first step is the next
proposition.

PROPOSITION 2.7. Let U be a Co-group on Ly(X) with generator A, where (X, B, 1)
is a measure space. Suppose that D(A) N Lo (X) is an algebra and A is a derivation on
D(A) N Lo (X). Moreover, suppose that there exists a ¢ > 1 such that

IUi flloo = cll flloo

forallt e [—1,1] and f € Lo(X) N Loo(X). Then there exists a unique one-parameter
group U on Loo(X) which is consistent with U. Moreover,

Ui(fg) = (U, f)(Ug)
forall f, g€ Looandt € R.

Proof. The existence and uniqueness of the one-parameter group U on Lo follows from
Lemma 2.2. Then |U; floo < ce®!"!|| f|loo forall z € R and f € Lo, where @ = log c.

Clearly, t — (ﬁ,f, g)= (U, f, g) is continuous for all f € Lo N Ly and g € L1 N L.
Let f € LooNLyand g € Ly.Lett € R and & > 0. There exists a g’ € L N Ly such that
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lg — g'lli <e. Then

(Ui f 8) — U fo ) = (Ui f. g — &)+ (Ui f — Ui f. &) +(Ur f. g — )|
< ce® Ve Flloo + [(Upsn f — Ur f, &) + ce®e| flloo

for all k € [—1, 1]. Hence
lim (Tri f, g) = (U, £, 8) )

forall fe LoNLy,geLiandt € R.
Let f, g € D(A) N Lyo. Define o : R — Ly by a(t) = (U, f)(U;g). Let h € Lr. We
shall show that ¢ — (a(t), h) is differentiable and that

d
77 @@, h) = (AU f)(Urg) + (Ui f)(AUg). 1) ®)

for all € R. Let r € R. If k € R\{0}, then
1 1
%((Ot(t +k), h) — (), h)) = %((Uﬂrkf = Ui HUr+kg, h)

1
+ E((sz)(UtJrkg —Uig). h). (6)

For the first term, we shall prove that

1
gi_rf(l) z((Uka — Ui /HUssrg, h) = (AU, f)(U;8), h).

Let k € R\{0}. Then
1
‘z((UH-kf = U HUrykg, h) — (AU, f)(U;8), h)‘

1 ~ ~ ~
= ‘((z(uwkf -Uf)— AUtf) Uitkg, h) + (AU YUk — Urg), h)

=

1
z(Ut+kf - U f)— AU f

1Ur4xgllooltll2 + (Urrg — Urg, (AU ))].
2

Since limy_o [(1/k) (Ui f — Ui f) — AU fll2 =0, supge_y.17 1Ur1x8lloo < 00 and
h(AU; f) € L1, it follows from (4) that

1
]}EI'(I) §((Ut+kf — U )Uskg, h) = (AU, (U g), h).

Similarly, one proves for the second term in (6) that

1
Jim 7 (Ui )WUrikg — Uig), h) = (Ui f)(AUg), ).

Hence t — («(t), h) is differentiable and (5) is valid. Thus « is weakly differentiable, with
weak derivative
o (1) = (AU, f)(Urg) + (U, f)(AU, 8).

But A is a derivation on D(A) N L. Therefore

o' (1) = (AU [)(Urg) + (U £)(AU,g) = A((U; [)(U1g)) = A(a(1))
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for all # € R. Obviously, «(0) = fg. The uniqueness of the Cauchy problem yields «(¢) =
e'A(fg) =U,(fg) forallr e R.
Fixtr e R.Let g € D(A) N Lo. Then

Ui(fg) = (Ui £)(U1g) = (U £)(Urg)

for all f € D(A) N L. By Lemma 2.3, the space D(A) N L is dense in L. Hence it
follows, by continuity, that U;(fg) = (U; f)(U;g) is valid for all f € L, and, in particular,
forall f € Ly N L. So

Ui(fg) = (U, f)(Usg) (7

forall felLyN Ly and g € D(A) N L. Since D(A) N L is dense in Ly, it follows
that (7) is valid for all f, g € Lo N Loo. So

Ui(f8) = (U, f)(Urg) ®)
forall f, g€ Ly Log.Let f € Ly N Log and & € L. Then
(Ui (f2), hy = (fg, Uth) = (g, FUh) )
for all g € Loo. Moreover,
(O, )Trg). by = (Trg. Ui 1) = (g, T (T, 1) (10)
for all g € L. It follows from (8), (9) and (10) that
(g, FO) = (g. Ur(Ti fh)) (11)

for all g € Ly N Loo. But Ly N Ly is w*-dense in Loo. So (11) is valid for all g € L.
Using (9) and (10) again, one deduces that

(Ui (f3). h) = (U, £)(U1g). h)
for all g € L. This is for all 2 € L. So (8) is valid for all f € Ly N\ Ly, and g € L.

Finally, by a similar argument, one establishes that (8) is valid for all f, g € L. g

THEOREM 2.8. Let (X, B, n) be a o-finite measure space such that (X, B) is a standard

Borel space. Let U be a Co-group on Lo(X) with generator A. Then the following are

equivalent.

(i) Forallt € R there exists a measurable map T; : X — X such that U; f = f o T; for
all f € Ly(X).

(i1) The space D(A) N Loo(X) is an algebra and A is a derivation on D(A) N Loo(X).
Moreover, there exists a ¢ > 0 such that

U flloo <cll flloo
forallt € [—1,11and f € Ly(X) N Loo(X).

Proof. ‘(i)=(ii)’. This follows from Proposition 2.6.
‘(i1)=-(@1)’. By Proposition 2.7, there exists a unique one-parameter group U on L
which is consistent with U. Moreover,

U(fg) = (U, f)(Ug) (12)
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forall f,ge Lo andt € R. FixteR. LetZ={B € B: u(B) =0}. Then Z is a o-ideal
in B. Let B € B. Then (7,13 = ljt(lé) = ((7,13)2 by (12). Therefore there exists a B’ € B
such that ﬁ,lg = 1p.If, also, B” € B is such that ﬁ;lg =1p/, then B A B” € Z, where
A denotes the symmetric difference. Define ®(B) = B’ A Z € B/Z. Then ® is a map from
B into B/Z.

Clearly, ®(@) =0 AZ. Let By, B, € B. 1t follows from (12) that ®(B; N By) =
®(B1) A ®(Bz). Moreover, if Bj N By =/ and B{, B} € B are such that 17,131 = 13;
and U,1p, = 1p;, then 1y g = Uslp,np, =0, 50 Uylpup, = Ur(lp, + 1p,) = 1p +
1 B, = 1 B|UB): Note that (l~]t)_1 = l7,, has the same properties as l7t. Hence there exists
a B € B such that ﬁ,,l = 1p. Then l7,13 = 1. Consequently,

1=0U,15 = U,(151) = (U,15)(U,1) = 10,1 = U, 1.

So ® is a homomorphism. Since l7, is continuous, it follows that ﬁt is a o -homomorphism
of Boolean o -algebras. By [Kec, Theorem 15.9], there exists a measurable map 7; : X —
X such that ®(B) = T,”'(B) A Z forall B € B.So U;1p = U;1p =1p o T, forall B € B
with w(B) < oo. Using the continuity of U; and the image measure under 7;, one deduces
that U; f = f o Tz, first for all f € L1 N L, and then for all f € L. O

COROLLARY 2.9. Let (X, B, n) be a standard Borel probability space. Let U be a Cy-

group on Ly (X) with generator A. Then the following are equivalent.

(i) Forallt € R there exists a measurable map T; : X — X such that U; f = f o T, for
all f € Ly(X).

(1) The space L~ (X) is invariant under U. Moreover, the space D(A) N Lso(X) is an
algebra and A is a derivation on D(A) N Loo(X).

Proof. This is a consequence of Theorems 2.5 and 2.8. O

Note that the map U; is unitary if and only if the map 7; is measure preserving in
Theorem 2.8(1).

Proof of Theorem 1.1. This follows immediately from Corollary 2.9.

Remark 2.10. Note that, in Theorem 1.1, the map 7; : X — X is measure preserving for
all + € R. Moreover,
Tt] +1, = Y}I (@) 7}2 a.c.

for all 11, t» € R. Since the one-parameter group U is strongly continuous, it follows from
[GTW, p. 307] that the group (7;);cr enjoys the following measurability property: there
exists a Borel map F : R x X — X such that for all # € R one has

F(t,x) =T;x foralmostevery x € X.

Thus (7});cRr is a measurable measure-preserving flow.
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3. Weighted non-singular Cy-groups

Throughout this section, let (X, B, i) be a standard Borel probability space. Let U be a
one-parameter group on L, (X) with Uy = I. The group U is called weighted non-singular
if, for each ¢ € R, there exist a map 7; : X — X and a function ¥, : X — C such that

Uf=vi-(foT) 13)

for all f € Lo(X). By substituting f = 1, we obtain that ¢, = U;1 for all # € R and, in
particular, that v, is measurable. Moreover, ¥y = 1 and the group property of U implies
the cocycle identity

Vit =Yr - (Y o T) (14)
and the group property
Ty =T 0Ty ae. (15)
forallz, ¢’ € R. Let r € R. It follows that 1 = v, - (v, o T;), and hence ¥, # 0 a.e. and
1
% = '(ﬂ_t o Tt- (16)
Therefore |
foTl,= % Ui f

for all f € L>(X), so T; is measurable. In general, a measurable map S: X — X is
called non-singular if ;1(S~'(A)) = 0 for all A € B with £(A) = 0. Now note that 7} is a
non-singular map of (X, B, u) and that the measure u and the image measure Ty, are
equivalent, where
(Trit)(A) := (T, A)

for all A € B. Indeed, if Be B and u(B) =0, then 0=U;1pg =9y, - (g o T;) = Y, -
1,15 Hence (Trs10)(B) = w(T'B)=0.

A weighted non-singular one-parameter group U is called a weighted Koopman group
if T; is measure preserving for all r € R.

LEMMA 3.1. Let U be a weighted non-singular one-parameter group given by (13). Then

”|1/ft|2 ) <d(Tt*M) o Tz)
dp

2
< Utl3=2
o

forallt e R.

Proof. If f € L, then
/II//z|2~IfoTtIZdMZIIUtf||§SCIIf||§,

where ¢ = ||U; ||§_>2. Hence

/Iiﬁzlz-(foTt)duicllflll
forall0 < f € L{(X, w). Equivalently,

/(Il/lezo Y. p. L)

W) g, - /(w,,p o T, V) fd(Tu) <cll £l
%
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forall0 < f € L1(X, ). Since (|1pt|2 o Tfl) - (d(Ttxp))/d e = 0, one deduces that

T,
(Wil o . 4 “)H

and the result follows by the non-singularity of 7;. O

LEMMA 3.2. Let U be a weighted non-singular one-parameter group given by (13). Then
the following are equivalent.

(1)  The representation U preserves Lso(X).

(i) Yy =U;l € Loo(X) forallt € R.

(iil)) (d(Tiep))/dp € Loo(X) forallt € R.

Proof. ‘(i)=(ii)’ is trivial and ‘(ii)=(i)’ follows from (13) and the fact that 7; is non-
singular for all r € R.
‘(il)=-(iii)’. Lemma 3.1 and (16) imply that

H d(Tixp)

oT;
du

2 2
S NUo o5 < 00

o0

for all r € R.
‘(iii)=(ii)’. Since T; o T_; = I a.e., it follows that

T T_
AT 1\ ATe)
du du
for all + € R. Then the claim is a consequence of Lemma 3.1. O

Remark 3.3. Let U be a Cp-group which is weighted Koopman and unitary. Let € R.
Then

/|f|on,du=f|f|2du=||utf||%=/|wt|2-<|f|2omdu

for all f e Ly(X). Hence [(|¢|>—1)-(IfI?oT)du=0 for all fe Ly(X) and
therefore |;| = 1 a.e.

There are many one-parameter Co-groups which preserve Lo (X), but which are not
weighted non-singular.

Example 3.4. Let B € B be such that u(B) # 0 # u(X\B). Define A : Ly(X) — Lo(X)
by Af = (f, 1p)1x\p. Then A is bounded, so it generates a Co-group U. Since A% =0,
one deduces that U; = I + t A for all ¢ € R. Hence, obviously, U leaves L (X) invariant.
Now choose r = —u(B)~'. Then

Ul=1+1t1,1p)1x\p=1+tuB)lx\p=1—-1x\p =13.
Since pu({x € X : (Us1)(x) =0}) = w(X\B) >0, the group U is not weighted non-
singular by (16).

We next consider weighted non-singular one-parameter groups which preserve Lo (X).
LEMMA 3.5. Let U be a weighted non-singular one-parameter group given by (13).
Assume that U preserves Loo(X). Then f o T; € Ly(X) for all f € Ly(X) and t € R.
Define V; : Ly(X) — Lo (X) by

Vlf = f o T[.
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Then one has the following.
(@)  (Vi)ier is a one-parameter group on Lo (X).
() IfU is a Co-group, then also (Vy)ier is a Co-group.

Proof. Note that (13) and (16) imply that
Vif=foli =W o0T)U; f €Ly

forall t e R and f € L,. Then Statement (a) is a consequence of (15).

‘(b)’. By Theorem 2.5 there exist M > 1 and @ > 0 such that |U; flec < Me®!| floo
forallt e Rand f € L.

Fix f € Ly. Lett € (0, 1). Then (16) gives

1
Vif =f =gz f=H+A=UDSf)
t
(U)o T)(Uif =)+ A=UD ). a7

Therefore

IVif = fll2 = 10— o Tilloo (U f — fll2 4+ 11 = Us 2]l fllo0)
<M (U f = fllz+ 11 = Urlll2ll flloo) (18)

and lim; o V; f = f. The result follows since L« is dense in L. O

PROPOSITION 3.6. Let (X, B, u) be a standard Borel probability space. Let U be a Cy-

group on Ly (X) preserving Loo(X). Then the following are equivalent.

(1)  The representation U is weighted non-singular.

(i) Forallt e R one has U;1 #0 a.e. and 1/(U;1) € Loo(X). Moreover, V = (Vy)ier
is a Co-group on Ly(X), where

Vif = %Utf (19)

for all t € R. In addition, D(B) N Leo(X) is an algebra and B is a derivation on
D(B) N Loo(X), where B is the generator of V.

Proof. ‘(i)=(ii)’. This follows from (16), Lemma 3.5(b) and Proposition 2.6.
‘(i)=(1)’. It follows from (19) that V leaves L, invariant. Then apply Corollary 2.9 to
V and the result follows from (19). O

COROLLARY 3.7. Let (X, B, 1) be a standard Borel probability space. Let U be a unitary
Co-group on Ly(X) preserving Loo(X). Then the following are equivalent.
(i)  The group U is a weighted Koopman group.
(i) Forall t € R, one has |U;1| =1 a.e. Moreover, V = (V)R is a unitary Co-group
on Ly(X), where
Vif=Ul-Uf

for all t € R. In addition, D(B) N Loo(X) is an algebra and B is a derivation on
D(B) N Loo(X), where B is the generator of V.

In order to obtain a relationship between the generators of the two Cp-groups in
Lemma 3.5(b), we need the following observation.
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LEMMA 3.8. Let U be a weighted non-singular one-parameter Cy-group. Let V. = (Vy)ser
be the group on Ly(X) as in Lemma 3.5. Then
lim |[V;(U-1)- g —gll2=0
t—0
forall g € Loo(X).

Proof. Tt follows from Lemma 3.5(b) that V' is a Co-group. Hence sup,c[_; 1 | Vill2—2 <
oo. Lett € (—1, 1). Then

Vi(U—1) - g —gl2 =I1(Vi(U~41 =1+ Vi1—1)gl2
= (Villa»20U~1 = 12 + Vi1 = 1l2)lIgllo

and the result follows. O

LEMMA 3.9. Let U be a weighted non-singular one-parameter Cy-group. Assume that U
preserves Loo(X). Let V = (Vy);er be the Co-group on Ly(X) as in Lemma 3.5. Denote
by A and B the generators of U and V, respectively. Assume that

1le D(A).

Then D(A) N Loo(X) = D(B) N Lo(X) and Bf = Af — f - Al for each f € D(A)N
Loo(X).

Proof. Let f € D(A)N L. Since 1€ D(A), it follows from (18) that there exists
a ¢ >0 such that |V;f — fll2 <ct for all ¢t € (0, 1). Therefore f € D(B) by [EN,
Corollary I1.5.21]. Hence D(A) N Lo C D(B) N L. Let g € L. Then (17) gives

1 1 1 N
;(th —-f8= <;(Uxf -N-=r- ;(Utl -1, U)o T; -g>
for all € (0, 1). Now take the limit + — 0 and use Lemma 3.8. It follows that

(Bf.g)=(Af — f- AL g).

Therefore Bf = Af — (Al) - f.
Conversely, let f € D(B) N Loo. Then U, f — f = U 1)(V, f — f) + (U1 — 1) f for
all r € R. The bounds (3) of Theorem 2.5 imply that there exists a ¢ > 0 such that

WU f = fll2 < WU ool Ve f = fll2 + 11U L = 12l fll oo < clt]
forall r € (0, 1). Hence f € D(A) as before. O

We can now prove the main theorem of this section.

THEOREM 3.10. Let (X, B, ) be a standard Borel probability space. Let U be a Cy-

group on Ly (X) preserving Loo(X). Assume that 1 € D(A) with Al € Loo(X), where A

is the generator of U. Then the following are equivalent.

(1)  The representation U is weighted non-singular.

(i) The space D(A) N Loo(X) is an algebra and A — (A1)I is a derivation on D(A) N
Loo(X).
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Proof. ‘(i)=(ii)’. This follows from Proposition 3.6 and Lemma 3.9. Note that this
implication does not require the assumption Al € L.

‘(ii)=(i)’. Consider first U*, which is a Cy-group on L, whose generator is A*. By
Theorem 2.5(1i)=>(i) the one-parameter group U* extends consistently to a Cy-group U
on Lj. Denote the generator of this group by A.

Since (A1)I is a bounded operator, the operator A — (A1)] generates a Co-group V
on Lj by perturbation theory [EN, Theorem III.1.3]. Then A* — (A1) is the generator of
V*. Moreover, again by perturbation theory, A— (A1)1 is the generator of a Co-group %
on Li. Lett € R. The Trotter—Kato formula [EN, Exercise II1.5.11(1)] gives

V= lim (e_(’/")(Al)IUt*/n)" strongly in B(L>)

n—oo
and L
V, = lim (e"@/MADIG v strongly in B(Ly).

n—o00

Let f € Ly. Then f € L; and, since U* and U are consistent, one deduces that
(e=/mADI Us)" f = (e=t/mADIT W' f ae.

for all neN. Hence V'f= th ae. and V* and V are consistent. By
Theorem 2.5(1)=>(ii), applied with S = V*, it follows that V leaves the space Lo
invariant. By Theorem 2.8, it follows that, for all 7 € R, there exists a non-singular
measurable map 7; : X — X suchthat V; f = f o T; for all f € L».

Note that

Vio WD f = Vi@V )= (@D f)o T, = (@@ o) f
forall¢, s e Rand f € L,. Iteration gives

(Visn o e(l/n)(Al)I)" — t/MUADT 4+ (AD)o T /) (Vt/n)n
= /MUALOT -+ (Ao Ty /) |72 (20)

forallt e Rand n € N. Since A = (A — (A1)I) + (A1)I, one can consider the generator
of the Cp-group U as a perturbation of the generator of the Co-group V. Then the Trotter—
Kato formula gives
U, = lim (Vt/n ° e(l‘/n)(Al)I)n
n— o0

strongly in B(L,). Hence (20) gives U; = v, - V; for all t € R, where
" — oA, dr Leoo.
This completes the proof. O

Clearly Theorem 1.3 is a consequence of Theorem 3.10.
In general, the condition 1 € D(A) is not satisfied. We give a wide class of examples.

Example 3.11. Let V = (V;):er be a unitary Cp-group on Lo (X) given by a measure-
preserving flow T = (T});ecr Which is ergodic. So V;f = foT; for all t e R and f €
L>(X) and the only f € L,(X) which are invariant under V; for all # € R are the constants.
We will now show that, for all # € R, we can find a measurable v; : X — R, bounded and
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bounded away from zero, such that U = (U;);cR is a continuous Co-group on L, (X) for
which 1 ¢ D(A), where

U f=Y:-(foTp)
for all r € R.

Indeed, by the Ambrose—Kakutani theorem (see for example [CFS, Theorem 11.2.1]),
we can represent 7 as a special flow over an ergodic automorphism S of a standard
Borel probability space (Y, C, p): i.e., there exist F : Y — R and ¢ > 0 such that F > c,
Jy F dp < o0 and

X=YI={(y,9)eY xR:0<s < F(y)}.

On Y we consider the restriction of the product measurable structure from ¥ x R together
with p¥ := (o ® Lebr)|yr. The flow T acts as S¥ = (S]'),cr, where under the action of
SF (with ¢ > 0) a point (y, r) moves up vertically with unit speed until it hits the point
(y, f(y)) which is identified with (Sy, 0), and this movement is continued until time 7. In
this way, we obtain a unitary Co-group V = (V;);cr, where V; f = f o S[F onLy(YF, pF).

Let a, b € R be such that 0 < a < b < ¢ and consider the strip H :=Y X [a, b]. Then
HcYPand pF(H)y=b—a.Ift e Rwith|t| <a A (¢c —b) A (b — a), then

o (HASF (H)) =2[1]. (21)
We claim that g := 1y ¢ D(B), where B is the generator of V. Indeed, for all # € R with

[t| <a A (c —b) A (b — a), it follows, from (21), that

1/2
ng—goSfm==<ﬁ|h1—1HoSﬂ2mf) = (pF (HASF (H)))'* = /2111

Therefore there is no constant ¥ > 0 such that ||g — g o SIF [l2 <kt for all sufficiently
small |¢| > 0 and hence g ¢ D(B).
Let 6:=g+ 1. Then 6 ¢ D(B) and 9, 1/0 € Loo(YT). Set Y =0/ o StF) for all
t € R. Then (¥, );cRr satisfies the cocycle identity (14) and, by setting
Uf =i (f oS,

we obtain a Cy-group U = (U;);er on Lo (YF). Now

1(Ul 1) 1(9 608 ! 1(9 V,0) !
z 1D =-(@—-0o0SFy. — — g — e
it 1 " 0oSE Tt T 0ok

S
and, since V is a Co-group and 6 ¢ D(B), we must have 1 ¢ D(A), where A is the
generator of U.

Remark 3.12. By considering the function & = (—l)lH =1x\# — 1y, we obtain a
measurable function for which & ¢ D(B) taking values in {—1, 1}, and if we set ¥, :=
/(& o S]), then the corresponding group U is weighted Koopman for which 1 ¢ D(A).

Evenif 1 € D(A), then, in general, A1 & L, (X). An example is as follows.

Example 3.13. Let T = {z € C: |z| = 1} be the torus with normalized Haar measure. Let

E:{neLz(T):/n=0}.
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Then E is a closed subspace of L,(T). We provide E with the norm of L,(T). For all
n € Lo(T), define 7] € L2 j0c(R) by 7(x) = n(e'").
Fix ¢ € E. For all ¢t € R, define ¢; € C(T) by

. -x+t ~
@r(e™) =/ g.

Note that ¢; is well defined. Since fﬂl‘ ¢ =0, one deduces that ||¢;|lco <2 |||1. If s, 1 €

R, then
X+t X+t+s . .
Grts (%) =/ ¢ +f (=¢:(x) + @s(x +1)
x X+t
for all x € R. For all t € R, define ¢; € C(T) by

Yy = e

and define U, : Lo(T) — L,(T) by

(U £)(2) = ¥ (2) f(e''2).

It is easy to verify that U; L (T) C Lo(T) for all r € R and that U = (Uy);cr is a Co-
group. Let A be the generator of U. Clearly, ¥, = U1 for all t € R. Up to now, everything
has worked if ¢ € L{(T) with f ¢ =0, but from now on we will use ¢ € L (T). We shall
prove that 1 € D(A) and A1 =¢.

Lett € (0, 1). Then

e —1—g
t

A

+

1
;(U,l—l)—g“'

1
?fﬂt—f

IA

1 1
;|¢t|2e‘%‘ + ‘;(Pt - f‘

1
Sl

IA

1
T C'~ (22)

We estimate the terms in (22) separately in Ly (T), in the limit # |, 0.
We start with the second term. For all ¢ € (0, 1) define F; : E — C(T) by

. 1 x+t
(Frm(e™) = " / 1.

Note that F;(¢) = (1/t)p;. Let n € E and 7 € Ly(T). Then Fubini’s theorem and the

Cauchy—Schwarz inequality give
2 x+t
/ / n(s) dst(x) dx
0 x

2 t
/ / nx +s) dst(x)dx
0 0

t 27
/ / nlx + $)T(x) dx ds
0 JO

t
/O 20 Il oo 1 ey ds

27 0l Ly 1Tl Ly (T -

N e T e B

[(Ft (), T)L,y(T)l

IA
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So [|Fr(M L,y <27 Inllz,(m and the set {F; : ¢ € (0, 1)} is bounded in B(E, L2(T)).
Clearly, lim; o F;(n) =n in Ly(T) for all n € C(T). Since E N C(T) is dense in E, it
follows that lim; o F;(7) =nin Lo(T) for all n € E. In particular, for ¢, one deduces that
1
t

lim
140

(p,—{‘:O (23)

in Ly (T). This settles the second term in (22).
Now we consider the first term in (22). We shall show that lim, ¢ (1/ N> =0 in

L>(T).If t € (0, 1), then
x+t
|
X

for all x € R by the Cauchy—Schwarz inequality. So [|(1/£)|¢:|*llee < 27'[||§'||% for all
te€(0,1). Let t;,,...€ (0, 1) and assume that lim,_,» t, = 0. Then, passing to a
subsequence if necessary, it follows from (23) that lim, .« (1/1,)¢;, (z) = ¢(z) for almost
every z € T. Hence

=V2mt|gll2

e (e')| =

2
=0

Jim %thn @] = Jim 7, éfﬂzn ()
for almost every z € T. Then the bounded convergence theorem of Lebesgue gives
limy— 00 (1/1,)]¢1,1* = 0in Lo(T). Hence lim, o (1/1)|¢;|> = 0 in Lo(T).

Combining the two estimates, it follows from (22) that 1 € D(A) and A1 = ¢. Finally,
if one chooses ¢ € E such that ¢ & Loo(T), then AL & Lo (T).

4. Cocycles
In the previous section, we started with a group U on L (X) and, in the case where U was
weighted non-singular as in (13), we defined the representation V given by V; f = f o T;.
In that case U; = ¥, V;. In this section we reverse the order. We start with a representation
of the form V; f = f o T; and wish to construct a representation U of the form (13) which
is as general as possible: thatis U; = i, V; for all t € R.

Throughout this section, let (X, B, u) be a standard Borel probability space. For all
t eR,letT; : X — X be ameasurable map such that V = (V;);cR is a Cp-group on Ly (X),
where V; f := f o T, for all t € R. Let B be the generator of V.

We need a few definitions. A map ¢ : R — L (X) is said to be a cocycle (over V) if

lﬁtth’ =Y - (YpoTy) (24)

for all ¢, ¢’ € R, where we write, for simplicity, ¥; = v (¢) for all € R. Note that ¢ =
0 is a cocycle over V. Suppose that ¥ is a cocycle. For all ¢t € R, define U, =, V; €
B(L2(X)). Clearly, |Ull2~2 < ¥ llooll Vi ll2—2. If 2, " € R then

Ut+t’f = - Wy o Tz))Vt+t’f = Ut(Ut/f) = (U, 0 Ut’)f

for all f € Ly(X), so U = (Us)ser is a one-parameter group on L»(X), which leaves
Lo (X) invariant. We call U the one-parameter group associated with . Possibly Uy = 0.
With a continuity condition, this is not the case.
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LEMMA 4.1. Iflim;—¢ ||Yyy — 1|1 =0, then Yo =1 a.e. and Uy = 1.

Proof. Let B € B and suppose that ¥o|p =0 a.e. Then y;|p =0 a.e. by (24). Since
lim; ¢ || — 1|1 = 0, one deduces that u(B) = 0. So ¥ # 0 a.e. In addition, (24) gives
Yo =Yoo = 1//3. Hence Yo =1 a.e. O

The cocycle i is called a Co-cocycle (over V) if U is a Co-group on L (X). If
0 € Loo(X) is such that 6 # 0 a.e., and 1/6 € L (X), then it is easy to verify that ¢ —
(60 0 Ty)/0 is a cocycle. A cocycle ¥ is called a coboundary if there exists a 6 € Loo(X)
such that 6 # 0 a.e., 1/0 € Lo (X) and
_ 0oT;

Y = 5

for all # € R. The function 6 is called a transfer function of the coboundary. If, in addition,
0 € D(B) and B € Ly (X), then ¢ is called a coboundary with an L -differentiable
transfer function.

If ¢ is a cocycle and ¢ € Lr(X), then ¢ is called the derivative of 1 if
lim; o (1/t)(¢y — 1) =¢ in Ly(X). We say that a cocycle ¢ is differentiable if there
exists an ¢ € Ly(X) such that ¢ is the derivative of .

We start with a characterization of Cy-cocycles.

PROPOSITION 4.2. Let ¢ : R — Lo (X) be a cocycle over V. Then the following are
equivalent.

(i) v isa Co-cocycle.

(i) limo 1Yy — 12 =0.

Proof. Let U be the one-parameter group associated with 1. Since ¢, = U;1 forall t € R,
the implication (i)=>(ii) is trivial. So it remains to prove the converse.

Because lim;_.q ||y — 1||; =0 by (ii), it follows, from Lemma 4.1, that =1
ae. Clearly, [|Uill2—2 < [VilloollVilla2 for all r€eR. If f € Lo then U flloo <
I llooll f lloo < 00. Hence the operator U; := U;|r, : Loc = Lo is bounded. Obviously,
(ﬁ,)teR is a one-parameter group on L.

Let f € L. Then

Uf—f=WU-DVif+Vif = f

forall € R, so

WU f = fll2 = e = 20 Vi flloo + IVef = fllz= 1/ looll¥r — L2 + Vi f = fli2

and therefore
lim )T f = fll2=0 (25)
by assumption. Fix 7o € R. Then

1Utg+1f = Uy fll2 = U ll2-2llUr f = fli2

for all + € R. Hence, lim;_,, U; f = Uy, f in Ly. So t — U; f is continuous from R into
L,. Hence the map ¢ +— [(U; f, g)| from R into R is continuous for all g € L.
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Let f € Ly and ¢ € R. Then

sup{|(U, f, g)| : g € Ly and ||g|l; <1},
sup{|[{U; f, g)| : g € Lo and ||g|ly <1},
= sup{|(U, f, g)| : g € Ly and ||g||1 < 1}.

1T flloo

Since the map ¢+ [(U; f, g)| is continuous for each g € L, it follows that the map
t— | U ¢ [lloo 1s lower semicontinuous, and hence it is measurable on R. By the proof of
Theorem 2.5, we deduce that the set {ﬁ, :t €[2, 3]} is bounded in B(L ). Since (ﬁ,),eR
is a one-parameter group on L, the set {ﬁ, 1t €[—1, 1]} is also bounded in B(L). Let
¢ :=sup{||U;lloosoo : t € [—1, 11}. Then || ¥ lloo = |U;1]loe < ¢ forall € [—1, 1]. Hence
sup{||U;|| : t € [—1, 1]} < oo. Since L is dense in L, it follows from (25) that U is a Cyp-
group. O

COROLLARY 4.3. Every differentiable cocycle is a Cy-cocycle. Every coboundary is a
Co-cocycle.

PROPOSITION 4.4. Let ¢ € Lr(X). Then there exists at most one function ¥ : R —
Loo(X) such that v is a cocycle over V and the cocycle  is differentiable with
derivative ¢.

Proof. Letyr, J :R — L be cocycles over V which are differentiable with derivative .
Then Yo =1= 1;0 a.e. Let U be the group associated with . Then U is a Cp-group, by
Proposition 4.2. Moreover, sup{||¥;|lco : t € [—1, 1]} < co by (3) in Theorem 2.5, or the
proof of Proposition 4.2. In addition, ¢ # 0 a.e. and 1/y; = ¢¥_; o T; for all t € R, by
(16). Define n: R — Lo by n(t) =1, := %/W;. Then 0oy =10, - (ny o Ty) forall ¢, ¢’ €
R, so 5 is a cocycle over V. Moreover,

I U=y 1 (=1 =1\ vi—1 -1
;(ﬂt—l)—; v _Wt< " : >_(1//_,0T,)< " : )

for all # € R\{0}. Since sup{||¥—¢|loo : # € [—1, 1]} < 00, one deduces that the cocycle 7 is
differentiable and lim; o (1/¢)(n; — 1) =01in L.
Letr € R and h € R\{0}. Then

1 1
E(’ltJrh —n) = E(nz ~(MpoTy) — )

nn—1 np—1
- (B5n) (25

It follows that limp—.o (1/h)(:4+n — 1) = 0 in L,. Therefore n is differentiable from R
into Ly and n/(r) =0 for all z € R. So n is constant and n(¢) =n(0) =1 for all t € R.
Hence v, =, for all t € R, which completes the proof. O

LEMMA 4.5. Let ¢ € Loo(X). Define ¥ : R — Loo(X) by ¥, := elo ¢oTs ds Tpep Yisa
differentiable cocycle with derivative ¢.
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Proof. We first show that ¥ is a cocycle over V. Let ¢, ' € R. Then

t+1 t t+t
/ goTSds=/§oTsds+/ toTsds
0 0 t

t t
=f§oTsds+f CoTsyrds
0 0

t t
=/{oTsds+</ {oTsds>oT,.
0 0
Hence v is a cocycle over V.

Next we show that v is differentiable. Recall that |e? — 1 — z| < |z|?¢/?! for all z € C.
Lett € [—1, 1]\{0}. Then

— —1— (! t
‘—w’ 1—{'5‘% - fogonds—i-'l/CoTsds—f‘
t t tJo

1/ 2
< ([ et ) e
1 \Jo

1 t
< Ielllg5ee! ! + ‘7 /0 Ve = ¢lds

1 t
—f 0T, - ¢|ds
t Jo

Therefore

! 2 el L
- =1 = =ZItlClsee" "™ + —/ 1Vs¢ —¢llads

Since s — || V¢ — ¢ |2 is continuous, one deduces that the cocycle 1 is differentiable with
derivative ¢. O

LEMMA 4.6. Let ¢ € Loo(X) and let ¥ :R— Loo(X) be a cocycle. Then 1 is
t
differentiable with derivative ¢ if and only if ¥, = efo toTs ds forallt e R.

Proof. This follows immediately from Proposition 4.4 and Lemma 4.5. O
Next we turn to coboundaries.

LEMMA 4.7. Let v be a coboundary with transfer function 6.

(@) The coboundary  is differentiable if and only if 6 € D(B). Moreover, if  is
differentiable, then the derivative is (B6)/6.

(b) If6 € D(B) and B € Lo (X), then

U =e Jo (B9)/6)oT; ds
forallt e R.

Proof. If t € R\{0}, then
Yr—1 1 00T, —6 1 Vi0—6

t 5 t 5 t
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Hence ¢ is differentiable if and only if & € D(B). Moreover, if ¢ is differentiable, then
the derivative is (1/6) BO. This proves Statement (a).

If 6 € D(B) and B € L, then ¢ = (1/6)BO € L. Now Statement (b) follows from
Lemma 4.6. O

Note that Example 3.11 yields a Cp-cocycle (in fact a coboundary) which is not
differentiable. It also gives an example of a coboundary which is not a coboundary with an
L «-differentiable transfer function.

LEMMA 4.8. Let v be a differentiable cocycle with derivative { € Loo(X). Then the

following conditions are equivalent.

(1) is a coboundary.

(1) ) is a coboundary with an L-differentiable transfer function.

(i) There exists a 6 € D(B) N Loo(X) such that 6 # 0-a.e., 1/0 € Loo(X), BO €
Loo(X) and ¢ = (B0O)/0.

Proof. The implication (ii)=-(i) is trivial.

‘()=(ii)” and ‘(i)=(iii)’. Let 6 be a transfer function of . By definition 8 € L,
0 # 0-a.e. and 1/6 € L. Then Lemma 4.7(a) gives & € D(B) and ¢ = (B6)/6. So BO =
(0 € L.

‘(iii)=(i)’. Define 1; :R— Ly by % = (0 o T;)/6. Then Lemma 4.7(a) implies that
the coboundary J is differentiable with derivative ¢. By the uniqueness of Proposition 4.4,
one deduces that Y = 1; So ¢ is a coboundary. O

We now give an example of a differentiable cocycle which is not a coboundary.

Example 4.9. Let T = {z € C: |z| = 1} be the torus with normalized Haar measure. For all
teR,define7;: T — T by Tiz = '’z and define V; : Lo(T) — L»(T) by Vif=fol;.
Then V = (V;);er is a Co-group. Fix ¢ € Loo(T) with f ¢ ¢iZ. Define ¢ : R — Loo(T)
by

vy = ef(; ¢oTsds

Then v is a differentiable cocycle, by Lemma 4.5. Now suppose that ¥ is a coboundary.
Let 6 be a transfer function. Then ¥, = (6 o T2,)/0 = 1. Hence foh CoTsds €e2niZ

a.e. But foh ¢oTyds=2m [ ¢ ae. So [ ¢ €iZ. This is a contradiction.
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