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Analytical solutions are presented for longitudinal flow along a superhydrophobic annular
pipe where one wall, either the inner or outer, is a fully no-slip boundary while the other
is a no-slip wall decorated by a rotationally symmetric pattern of no-shear longitudinal
stripes. Formulas are given for the effective slip length associated with laminar flow
along the superhydrophobic pipe and the friction properties are characterized. It is shown
how these new solutions generalize two solutions to mixed no-slip/no-shear boundary
value problems due to Philip (Z. Angew. Math. Phys., vol. 23, 1972, pp. 353–372) for
flow in a single-walled superhydrophobic pipe and a superhydrophobic channel. This
is done by providing alternative representations of Philip’s two solutions, including a
useful new formula for the effective slip length for his channel flow solution. For a
superhydrophobic annular pipe with inner-wall no-shear patterning there is an optimal
pipe bore for enhancing hydrodynamic slip for a given pattern of no-shear stripes. These
optimal pipes have a ratio of inner–outer pipe radii in the approximate range 0.5–0.6
and depending only weakly on the geometry of the surface patterning. Boundary point
singularities are found to be deleterious to the slip suggesting that, in designing slippery
pipes, maximizing the size of uninterrupted no-shear regions is preferable to covering
the same surface area with a larger number of smaller no-shear zones. The results add
to a list of analytical solutions to mixed boundary value problems relevant to modelling
superhydrophobic surfaces.

Key words: drag reduction, biomedical flows

1. Introduction

This paper has been inspired by a recent investigation of the effects of geometry
on coaxial pipe flows (Williams et al. 2020). Such flows are ubiquitous in a range of
applications from oil recovery to healthcare. Williams et al. (2020) refer to a surgical
biomedical tool called a ureteroscope which exploits a coaxial pipe flow in the laminar
regime to treat kidney stones. It is an externally operated device requiring the delivery and
return of fluid into a patient but at controllable flow rates and with strong physiological
constraints for its safe operation on the allowable pressure gradients driving the flow.
Consequently, Williams et al. (2020) explored the design options based on changing the
geometry of both the inner and outer tube boundaries in order to maximize the volume
flux while minimizing the driving pressure gradient.

† Email address for correspondence: d.crowdy@imperial.ac.uk
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906 A15-2 D. G. Crowdy

A quite different physical mechanism for drag reduction in pressure-driven internal
flows of this kind – one that that is of topical interest and used most commonly in micro-
and nano-fluidics – is superhydrophobicity of the confining walls. Superhydrophobic
surfaces rely on the presence of free surface menisci spanning surface protrusions in the
microstructure that furnish boundary regions that are close to being free of shear and
thereby allow slip (Rothstein 2010). The regime where such spanning menisci between
surface protrusions exist is called the Cassie state and stands in contrast to the Wenzel
state where the surface is fully wetted. A review with a good survey of relevant references
has been given by Lee, Choi & Kim (2016).

One challenge of significant recent interest is the quantification of the effective
slip length associated with flows involving superhydrophobic surfaces of this mixed
no-slip/no-shear type. Theoretically, this is a homogenization problem where one seeks to
capture the global effect on slip of the microstructural details of the surface by modelling
a superhydrophobic wall by an effective Navier-slip boundary condition of the form

λ
∂w
∂n

= w, (1.1)

where λ is the Navier-slip length parameter, w(x, y) is the longitudinal flow along a pipe
with a cross-section in the (x, y) plane and ∂/∂n denotes the inward normal derivative in
this cross-plane. The question then becomes: how does the effective slip length λ depend
on details of the surface microstructure?

The study of textured surfaces to reduce friction most commonly occurs in confined
internal channel flows that are relatively easy to set up in a laboratory setting. However,
pipe flow has also received some attention. Watanabe, Udagawa & Udagawa (1999)
studied experimentally the effect of superhydrophobic walls on flow in a single-walled
pipe and achieved a reduction in drag of up to 14 % in the laminar regime compared to
a fully no-slip scenario. Further studies into drag reduction, this time in low-pressure
driven flows in copper mesh pipes with internal hydrophobic walls were carried out by
Shirtcliffe et al. (2009) with more recent work contributed by Walker et al. (2014). On a
practical level significant challenges remain in designing and building effective pipes with
superhydrophobic walls although some recent progress has been made by Geraldi et al.
(2017). While the reduction of hydrodynamic friction is of interest for a wide range of
applications, there are also design challenges in other applications such as heat transfer.
Lv & Zhang (2016) recently looked at a double-tube heat exchanger and studied the
interplay between hydrodynamic friction reduction and heat transfer effects in a flow
scenario where fluid is travelling both in the central pipe and the annular pipe region
exterior to that pipe and an external wall.

The contribution of the present paper is theoretical. It follows in the spirit of an
important paper by Philip (1972) which has, by now, become a standard theoretical
reference in the burgeoning field of surface engineering. Although it was not concerned
with superhydrophobicity per se, Philip’s paper records analytical solutions to a range
of canonical mixed boundary value problems comprising a mixture of no-shear and
no-slip boundaries. Those canonical problems are relevant to modelling superhydrophobic
surfaces with the no-shear boundaries serving as a good first model of the spanning
menisci in the Cassie state, especially when the viscosity of the fluid trapped in the
grooves is much lower than that of the working fluid (Asmolov & Vinogradova 2012;
Schönecker & Hardt 2013; Crowdy 2017c). The larger question of the relevance of this
no-shear assumption in practice is a topic of active discussion (Crowdy 2017b).

One of Philip’s solutions describes longitudinal flow along a single-walled pipe with
a rotationally symmetric pattern of N no-shear grooves running along its length where
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1 B̂

Ĥ

No slip
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No shear No slip 0

(a) (b)

FIGURE 1. Two problems solved by Philip (1972): his longitudinal pipe flow solution (a) and his
channel flow solution (b) with a periodic array of no shear slots on the lower wall (single period
window shown). Off the no-shear slots, shown as bold line segments, the no-slip condition holds.
Cross-sections are shown with longitudinal flow into the page.

1 1
φ

φ
r r

π

N
π

N

(a) (b)

FIGURE 2. The annular superhydrophobic pipes (‘annular SH pipes’) of interest here: N
no-shear slots on the inner boundary wall (a) or the outer boundary wall (b). The case N = 4
is shown. Off the no-shear slots, shown as bold line segments, the no-slip condition holds.
Cross-sections are shown with longitudinal flow into the page.

N ≥ 1 is an integer as shown in cross-section in figure 1 in the case N = 2. We will refer
to this as Philip’s pipe flow solution; he presents it in terms of trigonometric functions.
Another solution, involving two walls, is for flow in a channel with a periodic array of
no-shear grooves on the lower wall and no-slip imposed on the upper wall; we will refer
to this as Philip’s channel flow solution. Philip presents it in terms of the Jacobi cnoidal
function. Figure 1 shows a cross-section of a typical period window of such a flow.

As extensions of Philip’s work, and motivated in part by the annular pipe flow
investigations of Williams et al. (2020), solutions for the following flow scenarios would
appear to be of interest: longitudinal superhydrophobic annular pipe flow – or what we will
call an ‘annular SH pipe’ – with one no-slip wall and another decorated with a rotationally
symmetric pattern of N ≥ 1 no-shear grooves running along its length. Such solutions are
not given by Philip (1972) and are derived here. These flows are natural generalizations
of his pipe flow and channel flow solutions just discussed as will be seen. Figure 2 shows
cross-sections of the two annular SH pipe flows we have in mind: longitudinal no-shear
slots are either on the inner or the outer wall of the pipe, but not both. The latter possibility
is discussed in § 8.
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906 A15-4 D. G. Crowdy

Like Philip’s, the new annular SH pipe solutions will be derived using complex analysis
and conformal mapping techniques. The flows give rise to mixed boundary value problems
for Poisson’s equation that are not conformally invariant, and there appears to be no easy
way to simply transform Philip’s existing channel flow solution to provide the sought-after
annular SH pipe solutions. Moreover, even if such a transformation was identified, Philip’s
channel flow solution is expressed in terms of the Jacobi cnoidal function, and its inverse,
for complex-valued arguments. Those are recognized special functions but they are not
particularly well known to applied scientists and actually not so easy to evaluate.

Philip (1972) uses the Schwarz–Christoffel formula to find many of his solutions but he
omits the details. We will deploy a different mathematical strategy making use of a special
transcendental function called the prime function associated with a concentric annulus
(Crowdy 2020). Not only does the method furnish the new solutions, but it has the bonus
of providing alternative representations of Philip’s two solutions in figure 1. There are
analytical connections between these various solutions. The new method produces all of
them from the same series of arguments and clarifies the connections.

Incidentally, the author (Crowdy 2011a) has previously shown how to use this prime
function to both re-express and generalize some other solutions found in Philip (1972) for
both longitudinal and transverse shear flow over a periodic array of flat no-shear slots.
This generalization is to the case where each period window contains not just one but
any number of flat no-shear slots. A recent monograph (Crowdy 2020) surveys other
applications of the prime function in fluid mechanics and beyond.

It is useful to summarize the main results, not least for the benefit of readers who might
wish to use them, or their associated effective slip lengths, without being concerned with
their derivation.

Let the velocity field have the form (0, 0, w(x, y)) in Cartesian coordinates (x, y, Z)

where the cross-sectional plane is the (x, y) plane and Z is the longitudinal coordinate.
Such a flow associated with the two annular SH pipes shown in figure 2, with outer radius
set to unity and inner radius r, has axial velocity given by

w(x, y) = 1 − zz̄
4

+ 1
2

Re [h(z)] , z = x + iy. (1.2)

All that differs between the solutions for the two cases in figure 2 is the functional form of
the analytic function h(z).

Patterning on inner wall: When the patterning comprises N ≥ 1 no-shear slots on the
inner wall the function h(z) is defined by h(z) = H(zN) where

H(ζ ) = 1
N

∫ ζ

−1

{
r2 − R

[
P(ζ ′/q, q)P(ζ ′/q, q)

P(ζ ′/a, q)P(ζ ′/ā, q)

]1/2
}

dζ ′

ζ ′ , q = rN, a = q eiθ , (1.3)

with the constant R calculated from formula (3.21a,b) recorded later. The angle θ = Nφ,
where the angle φ is the half-angle subtended at the centre of the pipe by a typical
no-shear slot as shown in figure 2. It is a measure of the no-shear fraction, indeed θ/π
is the proportion of the total surface occupied by the no-shear zones. The special function
P(ζ, q), which is essentially the prime function for the concentric annulus (Crowdy 2020),
can be defined for any ζ /= 0 by the convergent infinite product

P(ζ, q) ≡ (1 − ζ )

∞∏
n=1

(1 − q2nζ )(1 − q2n/ζ ), 0 ≤ q < 1. (1.4)
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Superhydrophobic annular pipes: a theoretical study 906 A15-5

The effective slip length associated with this flow – to be defined in § 2 – is

λ = r log r − 2r

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2N

∫ −q

−1

[
P(ζ/q, q)P(ζ/q, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2 dζ

ζ

1
2πi

∮
C

[
P(ζ/q, q)P(ζ/q, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2 dζ

ζ

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (1.5)

where C is any closed circle inside the annulus q < |ζ | < 1 and enclosing the origin.
Patterning on outer wall: When the patterning is on the outer wall h(z) = H(zN) is now

given by the modified form

H(ζ ) = 1
N

∫ ζ

−1

{
1 − R

[
P(ζ ′, q)P(ζ ′, q)

P(ζ ′/a, q)P(ζ ′/ā, q)

]1/2
}

dζ ′

ζ ′ , q = rN, a = eiθ . (1.6)

Again θ = Nφ, where the angle φ is shown in figure 2. The value of R is now different
and is given by formula (4.3a,b). The effective slip length associated with this flow is

λ = log r − 2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2N

∫ −q

−1

[
P(ζ, q)P(ζ, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2 dζ

ζ

1
2πi

∮
C

[
P(ζ, q)P(ζ, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2 dζ

ζ

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (1.7)

where C is any closed circle inside the annulus q < |ζ | < 1 and enclosing the origin.
The expressions (1.3) and (1.6) require a quadrature, but they are nevertheless explicit,

and the quadrature is easily performed to high accuracy using standard integration
routines. More will be said about this later.

As for new representations of Philip’s two solutions shown in figure 1, his pipe flow
solution is simply the r → 0 limit of (1.2) with h(z) defined in (1.6) yielding h(z) = H(zN)
where, in this limit,

H(ζ ) → 1
N

∫ ζ

−1

{
1 −

(
(1 − ζ ′)(1 − ζ ′)

(1 − ζ ′/a)(1 − ζ ′/ā)

)1/2
}

dζ ′

ζ ′ , a = eiθ , (1.8)

as discussed in § 5. The associated slip length λ( pipe)
P is given by

λ
(pipe)
P = H(0) = 1

N

∫ 0

−1

{
1 −

(
(1 − ζ )(1 − ζ )

(1 − ζ/a)(1 − ζ/ā)

)1/2
}

dζ

ζ
= 2

N
log sec(θ/2), (1.9)

where the last equality follows from a standard calculus exercise. This form of the
solution avoids the trigonometric cos and cos−1 functions used by Philip (1972) although
those formulas follow from (1.8) as confirmed in appendix C. Since it avoids the
multi-valuedness of inverse trigonometric functions it is our view that (1.8) is easier to
use in practice and more illuminating in theory.
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906 A15-6 D. G. Crowdy

In a similar way it will be shown that Philip’s channel flow solution has the alternative
form

w(x, y) = − y2

2
+ Ĥ

2
Re[H(eiπz/B̂)], (1.10)

where the geometrical parameters B̂ and Ĥ are shown in figure 1 and

H(ζ ) = R
∫ ζ

−1

[
P(ζ ′, ρ)P(ζ ′, ρ)

P(ζ ′/c, ρ)P(ζ ′/c̄, ρ)

]1/2 dζ ′

ζ ′ , c = eiπ/B̂, ρ = e−πĤ/B̂, (1.11)

where the constant R is now given in (6.4a,b). A convenient expression for the effective
slip length λ(channel)

P associated with Philip’s channel flow solution is

λ(channel)
P = −Ĥ − B̂

π

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫ −ρ

−1

[
P(ζ, ρ)P(ζ, ρ)

P(ζ/c, ρ)P(ζ/c̄, ρ)

]1/2 dζ

ζ

1
2πi

∮
C

[
P(ζ, ρ)P(ζ, ρ)

P(ζ/c, ρ)P(ζ/c̄, ρ)

]1/2 dζ

ζ

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (1.12)

where C is any closed circle in the annulus ρ < |ζ | < 1 and enclosing the origin. Formula
(1.12) contains only a ratio of non-singular integrals that can be evaluated using standard
quadrature techniques. Philip (1972) does not include an expression for this effective slip
length. Just as no cos and cos−1 functions appear in (1.2) and (1.8), no Jacobi cn and cn−1

functions appear in (1.10)–(1.11). Appendix D connects (1.10)–(1.11) to Philip’s solution.
A link to elliptic functions emerges because the prime function (1.4) is related, after a
change of variables, to the first Jacobi theta function (Crowdy 2020).

Formulas (1.10)–(1.11) which involve an indefinite integral are no less explicit than
Philip’s solution given in terms of cn and cn−1 since those functions are themselves
usually calculated, in special function packages, using integral representations. Rather,
formulas (1.10)–(1.11) make any such integrals explicit and tangible for ready calculation,
and without the need for special function packages. Our new forms of Philip’s solutions
also have theoretical value in clarifying how the new annular SH pipe solutions, with H(ζ )
given by (1.3) and (1.6), are generalizations of Philip’s solutions where the relevant H(ζ )
is either (1.8) for his pipe flow solution or (1.11) for his channel flow solution.

The structure of the paper is as follows. In § 2 the mixed boundary value problems are
formulated and the effective slip length defined. Section 3 presents in detail the derivation
of the solution (1.2)–(1.3) for the case of no-shear patterning on the inner wall. In § 4 the
analogous solution for no-shear patterning on the outer wall is written down and the slip
properties analysed. Sections 5 and 6 show how the two solutions of Philip (1972) fit into
this mathematical framework. In § 7 all the solutions are characterized and their friction
properties, as encoded by the effective slip lengths, are calculated, analysed and compared.
A final section discusses future implications of the theoretical results.

2. Mixed-type boundary value problem and the effective slip length

Pressure-driven longitudinal flow (0, 0, w(x, y)) of a fluid of viscosity μ along a
uniform pipe having a cross-section in the (x, y) plane is governed by

∇2w = − s
μ

, ∇2 = ∂2

∂x2
+ ∂2

∂y2
, (2.1a,b)

where −s is the pressure gradient along the axis of the pipe. The focus here is
on concentric annular pipes with an inner and an outer circular wall; see figure 2.
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Lengths are non-dimensionalized with respect to the outer-wall radius R0 and the velocity
with respect to sR2

0/μ meaning that we must solve the non-dimensionalized version of
(2.1a,b) in the domain r < |z| < 1 where z = x + iy and r is the ratio of inner and outer
radii of the annular pipe. The forcing on the right-hand side of (2.1a,b) then becomes −1.

The boundary condition will be taken to be one of two types: either a no-slip condition
w = 0 on any portion of solid wall, or a no-shear condition ∂w/∂n = 0 on any meniscus
where ∂/∂n denotes the inward normal derivative to the fluid region. Mixed boundary
value problems involve combinations of these conditions on the same boundary. It is
this mixture of conditions that makes these boundary value problems challenging.
Singularities of the shear stress must be expected at the points on any boundary where the
boundary condition changes type and they must be resolved carefully. Such singularities
can cause accuracy and convergence problems in numerical approaches to solving this
class of problems rendering the availability of analytical solutions all the more valuable,
not least as checks on numerical codes.

Once a flow is set up to quantify the hydrodynamic slip it is usual to define a so-called
effective slip length which involves equating the total volume flux caused by a given
pressure gradient to that associated with a suitable comparison flow. Several definitions
are possible and we will explain our choice. Suppose the outer wall of the annular pipe
contains the rotationally symmetric pattern of no-shear slots and suppose the associated
flow (0, 0, w(x, y)) has a volume flux Q defined by

Q =
∫ ∫

r<|z|<1
w(x, y) dx dy. (2.2)

On the outer surface |z| = 1 a mixture of no-slip and no-shear boundary conditions is
imposed, and |z| = r is a no-slip surface. It is convenient to replace this set of mixed
conditions on |z| = 1 by a single Navier-slip boundary condition

λ
∂wNS

∂n
= wNS, |z| = 1, (2.3a,b)

containing the slip length parameter λ. Our choice is to retain the boundary condition on
the inner boundary |z| = r as being one of no slip. The driving pressure gradient for this
‘comparison flow’ (0, 0, wNS(x, y)) is taken to be unchanged. Such a flow in this geometry
and with these boundary conditions will be axisymmetric. Suppose its associated volume
flux is

Q =
∫ ∫

r<|z|<1
wNS(x, y) dx dy. (2.4)

The effective slip length for the original annular SH pipe is defined to be the value of λ for
which Q = Q.

The most general axisymmetric solution of the non-dimensionalized partial differential
equation (2.1a,b) is

wNS(x, y) = 1 − |z|2
4

+ A log |z| + B, z = x + iy, (2.5)

for some constants A and B. Such a solution depends only on the radial distance |z|. If
|z| = r is a no-slip wall then

0 = 1 − r2

4
+ A log r + B. (2.6)
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906 A15-8 D. G. Crowdy

The associated volume flux is defined by

Q =
∫ ∫

r<|z|<1
wNS(x, y) dx dy ≡ F(A, B; r) (2.7)

and the function F(A, B; r) can be readily calculated. It is unnecessary to do so, however,
to compute the effective slip length due to the following mathematical observations.

First it is easy to show that λ is related to the parameters A and B from the axisymmetric
flow solution via

λ = 2B
1 − 2A

. (2.8)

In the other case, where a no-slip condition holds on |z| = 1 and the Navier-slip condition
(2.3a,b) holds on the inner wall, the corresponding relation is

λ = r
2

[
1 − r2 + 4A log r + 4B

2A − r2

]
. (2.9)

For the flow in the annular SH pipe with no shear slots on the outer wall the solution
will have the more general form

w(x, y) = 1 − zz̄
4

+ 1
2

Re[h(z)], (2.10)

where h(z) is an analytic function in the annulus r < |z| < 1. It is not necessarily single
valued though. Its real part is, however, single valued and this constrains h(z) to have a
representation, convergent in the annulus, of the form

h(z) = A log z + B +
∑
n≥1

[
hnzn + h−nrn

zn

]
(2.11)

for some A,B ∈ R and a set of coefficients {hn, h−n ∈ C|n = 1, 2, . . .} that will be
determined by the boundary conditions. If the inner wall |z| = r is a no-slip wall with
no boundary point singularities then the representation (2.11) remains convergent and the
boundary condition there implies

0 = 1 − r2

4
+ 1

2
(A log r + B) + 1

4

∑
n≥1

[
(hn + h−nr−n)zn + rn

zn
(h−n + rnhn)

]
. (2.12)

On equating coefficients of powers of z we must have

h−n + rnhn = 0, n = 1, 2, . . . (2.13)

and

0 = 1 − r2

4
+ 1

2
(A log r + B). (2.14)

The latter is exactly the same relation (2.6) as that between A and B in the axisymmetric
solution (2.5).
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1
q

a

a

φ

z ζ

r

π

N θ = N φ

(a) (b)

FIGURE 3. Conformal mapping, ζ = zN , between a single 2π/N wedge of the N-fold
rotationally symmetric annular pipe r < |z| < 1 and a full annulus q < |ζ | < 1 where q = rN

in a parametric ζ plane. The case N = 4 is shown.

At the same time it is easy to demonstrate, using the complex form of Stokes theorem,
that the contribution to the volume flux Q defined in (2.2) from each term in w(x, y) of
the form

Re
[

hnzn + h−nrn

zn

]
, n ≥ 1 (2.15)

is identically zero; see appendix A. This means that the volume flux Q associated with
this more general non-axisymmetric flow is given by

Q = F(A,B; r), (2.16)

where F is defined in (2.7) as the flux associated with the axisymmetric flow. On
combining the two observations (2.14) and (2.16) the effective slip length as defined earlier
is inferred to be

λ = 2B
1 − 2A = 2A log r + 1 − r2

2A − 1
. (2.17)

Therefore, to compute the effective slip length λ we need only find the parameter A and
there is no need to compute any volume fluxes.

By similar arguments, when the no-shear slots are on the inner wall, the effective slip
length is

λ = r
2

[
1 − r2 + 4A log r

2A − r2

]
, (2.18)

where A is the corresponding coefficient in a representation of h(z) of the form (2.11).

3. Superhydrophobic annular pipe with patterned inner wall

Suppose the outer boundary |z| = 1 of an annular pipe is a no-slip zone, while the inner
wall contains N ≥ 1 rotationally symmetric no-shear slots with N interstitial no-slip zones.
The goal is to find h(z) in the general solution (2.10). The schematic on the left of figure 3
shows such a configuration for N = 4.
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On the no-slip outer wall, where w(x, y) = 0, we must have

Re[h(z)] = 0, on |z| = 1. (3.1)

Similarly, on the no-slip portions of |z| = r,

Re[h(z)] = r2 − 1
2

, on |z| = r, (no slip portions). (3.2)

Another way to think of this is that the tangential derivative of w vanishes on these
boundary portions

∇w · t =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Re
[

2
∂w
∂z

(−iz)
]

= 0, on |z| = 1,

Re
[

2
∂w
∂z

(
− iz

r

)]
= 0, on |z| = r (no slip portions),

(3.3)

where t denotes the unit tangent at the surface. The expressions on the right-hand side are
just the complex variable form of ∇w · t on the two boundaries. From (2.10),

∂w
∂z

= − z̄
4

+ 1
4

dh
dz

(3.4)

implying that

Im
[

z
dh
dz

]
= 0, on |z| = 1, |z| = r (the no slip portions). (3.5)

On the other hand, on the no-shear portions of |z| = r the condition is

∇w · n = 0, or Re
[

2
∂w
∂z

[ z
r

]]
= Re

[
z
[
− z̄

2
+ 1

2
dh
dz

]]
= 0, (3.6)

where n denotes the unit inward normal at the surface. Hence

Re
[

z
dh
dz

]
= r2, on |z| = r (no shear portions). (3.7)

The function zdh/dz appears in both forms of the boundary conditions. It is therefore
natural to introduce the function

g(z) = z
dh
dz

− r2 (3.8)

after which it follows, from (3.7) that

Re[g(z)] = 0, on |z| = r (no shear portions) (3.9)

and, from (3.5), that

Im[g(z)] = 0, on |z| = 1, |z| = r (no slip portions). (3.10)

It is g(z) that will now be constructed, with h(z) then following on integration of (3.8).
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One way to interpret (3.9) is that g(z) has constant argument on the no-shear portions
of |z| = r. Likewise, (3.10) says that g(z) has constant argument on the no-slip portions
of |z| = r and on |z| = 1. In other words, g(z) has piecewise constant argument on all
the boundaries of the fluid domain. Those constant values change on passing through the
boundary point singularities where a no-slip boundary meets a no-shear boundary portion.

To account for the N-fold rotational symmetry, a new complex variable ζ can be
introduced that is related to z by

ζ = zN, z = f (ζ ) = ζ 1/N . (3.11)

This change of variables can be viewed as a conformal mapping this transplants a typical
annular wedge of the fluid domain to the entire annulus q < |ζ | < 1 in a parametric ζ

plane where q = rN . Figure 3 shows this correspondence between the z and ζ planes.
It is natural to attempt to construct the composed function

G(ζ ) ≡ g(z) = g( f (ζ )). (3.12)

Using ideas presented in Crowdy (2020) it can be argued that G(ζ ) must have the
functional form

G(ζ ) = −R
[

P(ζ/q, q)P(ζ/q, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2

, a = q eiθ = q eiNφ, q = rN, (3.13)

where R is a real constant and the function P(ζ, q) was introduced in (1.4). The reason for
this follows from the observation that, for 0 < θ < π, the two functions

G1(ζ ) ≡ −i e−iθ/2 P(ζ/q, q)

P(ζ/a, q)
, and G2(ζ ) ≡ +i e+iθ/2 P(ζ/q, q)

P(ζ/ā, q)
, (3.14a,b)

when viewed as conformal mappings, each transplants the annulus q < |ζ | < 1 to a right
half-plane with a straight radial slit. These are referred to as Cayley-type maps by Crowdy
(2020). These mapping properties are readily established on use of the following two
functional relations satisfied by the prime function:

P(q2ζ, q) = −ζ−1P(ζ, q), P(1/ζ, q) = −ζ−1P(ζ, q). (3.15a,b)

These two relations follow easily from the infinite product definition (1.4). Appendix B
gives further details of the construction of G(ζ ) from the two Cayley-type maps G1(ζ )
and G2(ζ ). The important point is that when |z| = r or |z| = 1, so that |ζ | = q or |ζ | = 1,
then each of the functions in (3.14a,b) has constant argument. So too, therefore, does
G(ζ ) = −R

√
G1(ζ )G2(ζ ) since it is a real multiple of the square root of the product of

these two functions. Appendix B gives more details to confirm that G(ζ ) is the required
function and that is satisfies the boundary conditions (3.9) and (3.10).

It follows that

z
dh
dz

= r2 + g(z) = r2 − R
[

P(ζ/q, q)P(ζ/q, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2

, (3.16)

meaning that we have found zdh/dz as a function of ζ . If we let

H(ζ ) ≡ h(z) = h( f (ζ )) (3.17)
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then on use of the two results,

z
dh
dz

= z
dH/dζ

df /dζ
,

z
df /dζ

= Nζ, (3.18a,b)

the first following from the chain rule, the second from (3.11), it follows that

H(ζ ) = 1
N

∫ ζ

−1

{
r2 − R

[
P(ζ/q′, q)P(ζ ′/q, q)

P(ζ ′/a, q)P(ζ ′/ā, q)

]1/2
}

dζ ′

ζ ′ . (3.19)

The scaling factor R is determined by imposing that w(x, y) = 0 on the no-slip portion
of |z| = r. If this condition is imposed at the single point z = r eiπ/N , corresponding to
ζ = −q = −rN , then

1 − r2

4
+ 1

2
Re

[
1
N

∫ −rN

−1

{
r2 − R

[
P(ζ/q, q)P(ζ/q, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2
}

dζ

ζ

]
= 0. (3.20)

By the built-in properties of zdh/dz the no-slip condition will then hold everywhere on this
no-slip portion of |z| = r until either of the no-slip/no-shear transition points is reached.
A rearrangement of (3.20) leads to the explicit expression

R = (1 − r2)/4 + (1/2)r2 log r
S

, S ≡ 1
2N

∫ −q

−1

[
P(ζ/q, q)P(ζ/q, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2 dζ

ζ
.

(3.21a,b)

The solution (1.2) and (1.3) reported earlier then follows.
The effective slip length can be found by identifying that

A = r2

2
− RI−1

2
, (3.22)

where I−1 is the coefficient of 1/ζ in a Laurent expansion of the integrand appearing in
the definition of the constant S in (3.21a,b). It can be calculated using

I−1 = 1
2πi

∮
C

[
P(ζ/q, q)P(ζ/q, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2 dζ

ζ
, (3.23)

where C is any closed circle inside the annulus q < |ζ | < 1 and enclosing the origin. On
substitution of A from (3.22) into (2.18),

λ = r log r − 2rS
I−1

, (3.24)

where S can be calculated using (3.21a,b) and I−1 using (3.23). This leads to formula (1.5)
recorded earlier.
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Limit φ → 0 with r, N fixed: In this limit the no-shear portion of the inner wall vanishes
leading to pure Poiseuille flow along the pipe. In this limit a → q so that

[
P(ζ/q, q)P(ζ/q, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2

→ 1 (3.25)

and

S → log r
2

, R → 1 − r2

2 log r
+ r2, I−1 → 1. (3.26a–c)

Therefore

w(x, y) → 1 − zz̄
4

+ r2 − 1
4 log r

log |z|. (3.27)

This is the axisymmetric solution satisfying the no-slip condition on both walls. The
solution dependence on N vanishes in this limit. It is also found from (3.24) that λ→ 0 as
expected.

Limit φ → π/N with r, N fixed: In the opposite limit φ → π/N where the inner wall is
entirely no shear then a → −q and

S → ∞, R → 0 (3.28a,b)

so that

w(z) → 1 − zz̄
4

+ r2

2
log |z|, (3.29)

which is the axisymmetric solution satisfying the boundary conditions

w = 0, on |z| = 1,
∂w
∂n

= 0, on |z| = r. (3.30a,b)

The dependence of the solution on N vanishes in this limit. Since I−1 remains bounded in
this limit, (3.24) now implies that λ→ ∞ as expected.

4. Superhydrophobic annular pipe with patterned outer wall

Consider now the opposite situation of an SH pipe with an outer boundary |z| = 1
having N ≥ 1 rotationally symmetric no-shear slots while the boundary |z| = r is a no-slip
zone. The mathematical arguments in this case are entirely analogous to those detailed in
§ 3 so we only summarize the results (we will employ similar notation as before, but the
quantities will be different). In this case we can argue that

G(ζ ) = −R
[

P(ζ, q)P(ζ, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2

, a = eiθ = eiNφ, q = rN, (4.1)

where R is a real constant; hence H(ζ ) for this case is given by (1.6). Notice that the square
root branch points of the function (4.1) are now on |ζ | = 1. The value of R is determined
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by enforcing the no-slip condition on the inner wall

1 − r2

4
+ 1

2
Re

[
1
N

∫ −rN

−1

{
1 − R

[
P(ζ ′, q)P(ζ ′, q)

P(ζ ′/a, q)P(ζ ′/ā, q)

]1/2
}

dζ ′

ζ ′

]
= 0, (4.2)

or, explicitly,

R = (1 − r2)/4 + (1/2) log r
S

, S ≡ 1
2N

∫ −q

−1

[
P(ζ, q)P(ζ, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2 dζ

ζ
. (4.3a,b)

This completes the solution.
The effective slip length follows from the same arguments presented in § 2. Specifically,

we find

A = 1
2

− RI−1

2
, (4.4)

where

I−1 = 1
2πi

∮
C

[
P(ζ, q)P(ζ, q)

P(ζ/a, q)P(ζ/ā, q)

]1/2 dζ

ζ
, (4.5)

where C is any closed circle inside the annulus q < |ζ | < 1 and enclosing the origin. On
substitution of this values of A into (2.17) we find the effective slip length λ for this flow
to be

λ = log r − 2S
I−1

, (4.6)

where S can be calculated using (4.3a,b) and I−1 using (4.5). This leads to the formula
(1.7).

5. A new form of Philip’s pipe flow solution

The pipe flow solution of Philip (1972) has no inner wall but has no-shear slots on the
outer wall and therefore must correspond to a limit of our SH pipe solution (1.2) with
outer-wall patterning as r → 0. In this limit, q = rN → 0 and P(ζ, q) → (1 − ζ ) so that
h(z) reduces to the form (1.8). In this case R is chosen so that H(ζ ) is analytic at ζ = 0.
With this expression substituted into (1.2) we arrive at the new form of Philip’s pipe flow
solution (1.8) with the slip length given by (1.9).

It is worth mentioning here a well-known subtlety associated with the limit r → 0 of
annular pipe flow where the inner pipe wall vanishes. This subtlety exists even for the
case where both walls of the pipe are no-slip surfaces and it is in that context that it is
usually discussed in fluid dynamics texts (Escudier 2017); we expect the same to be true
if either of the tube walls is patterned with no-shear slots. Thinking of pressure-driven
Poiseuille flow in a no-slip tube, since the inner tube wall is a no-slip surface and becomes
vanishingly small as r → 0 it is reasonable to suspect that the limiting boundary value
problem, as r → 0, is one where the outer wall |z| = 1 is a no-slip surface with the centre
of the pipe z = 0 being a stagnation point. However, as can be seen by analysis of the
axisymmetric Poiseuille flow solution, what happens is that the radial distance of the circle
of maximum axial velocity in the tube also tends to zero as r → 0 meaning that the centre
of the tube becomes not a stagnation point but the point of maximal velocity. That is, the
problem reduces to the standard one of pressure-driven axial flow in a single-walled tube.
Physically what happens is that the shear stress associated with the vanishingly small inner
wall of the tube as r → 0 affects an increasingly small volume of the fluid implying that
its influence on the flow completely vanishes in the limit r → 0.
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1

1

No slip

No slip

No shear

c

c

B̂

Ĥ

zζ

ρ

(a) (b)

FIGURE 4. Philip’s channel flow solution (Philip 1972): a periodic array of no-shear slots
decorates the lower wall of a channel. The upper wall is a no-slip surface. A typical period
window is shown in (b). Consideration of the parametric annulus in a complex ζ plane in (a)
leads to a new form of Philip’s solution given in § 6. The point ζ = c corresponds to the edge of
the no-shear slot at z = 1.

6. A new form of Philip’s channel flow solution

A simple adaptation of this mathematical approach can be used to derive a new form
of Philip’s channel flow solution. We emulate Philip’s notation and consider flow in a
channel of height Ĥ with period width 2B̂ where B̂ > 1 with a periodic array of no-shear
slots occupying the interval (−1, 1) in the principal period window on the lower wall; see
figure 4. Philip (1972) used the same symbols without the hats which have been added
here to avoid confusion with the function H(ζ ). Let

w(x, y) = − y2

2
+ Ĥ

2
Re[h(z)], z = x + iy. (6.1)

We now associate z with a complex variable ζ taking values in an annulus ρ < |ζ | < 1 via

ζ = eiπz/B̂, z = − iB̂
π

log ζ, ρ = e−πĤ/B̂. (6.2a–c)

Figure 4 illustrates this change of variables as a conformal mapping: it transplants
the annulus ρ < |ζ | < 1 to the principal period window of Philip’s channel flow with the
circle |ζ | = ρ corresponding to the upper channel wall at y = Ĥ. The point ζ = c on
the unit circle is the preimage of the boundary point where the no-slip boundary meets
the no-shear boundary. It can then be argued – using identical reasoning to § 3 – that if
we define H(ζ ) ≡ h(z) as before then w(x, y) has the form (6.1) now with H(ζ ) given by
(1.11) for some real constant R determined by enforcing that the no-slip condition holds
on |ζ | = ρ. From (6.1) this means that we need

Re[H(−ρ)] = Ĥ, (6.3)

or, explicitly,

R = Ĥ
S , S ≡

∫ −ρ

−1

[
P(ζ, ρ)P(ζ, ρ)

P(ζ/c, ρ)P(ζ/c̄, ρ)

]1/2 dζ

ζ
. (6.4a,b)

Formulas (1.10)–(1.11) give a new form of Philip’s channel flow solution.
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As discussed earlier, we believe (1.10)–(1.11) is a simpler form of the channel flow
solution for practical use than the expression given by Philip (1972) in terms of Jacobi
cn functions. Appendix D gives more details on the mathematical connections between
these two different representations of the same solution.

To compute the effective slip length we follow a modified strategy akin to that set out in
§ 2. In the unidirectional flow

w(x, y) = − y2

2
+ Ay + B (6.5)

with the Navier-slip condition (2.3a,b) imposed on the lower channel boundary the
following relations between λ, A and B can be deduced:

λ = B
A

, B = Ĥ2

2
− AĤ. (6.6a,b)

By similar arguments to those given in § 2 it follows that the effective slip length for the
mixed boundary value problem, call it λ(channel)

P , is given by

λ(channel)
P = B

A = Ĥ2

2A − Ĥ, (6.7)

where the constants A and B are found from the following representation

w(x, y) = − y2

2
+ Ay + B + Ĥ

2
Re

[∑
n≥1

[
hn exp(iπnz/B̂) + h−nρ

n exp(−iπnz/B̂)
]]

(6.8)

of the channel flow solution. As in § 2, this works because of the combination of facts
that none of the terms in the infinite sum contribute to the volume flux while all their
contributions to w(x, y) vanish on the upper channel wall by virtue of a condition between
h−n and hn akin to that in (2.13). Only A is therefore needed to find λ(channel)

P and it is
straightforward to identify

A = −π

2
Ĥ

B̂
RI−1, (6.9)

with

I−1 = 1
2πi

∮
C

[
P(ζ, ρ)P(ζ, ρ)

P(ζ/c, ρ)P(ζ/c̄, ρ)

]1/2 dζ

ζ
, (6.10)

where C is any closed circle inside the annulus ρ < |ζ | < 1 and enclosing the origin. This
leads, on substitution of (6.9) into (6.7) and use of (6.4a,b), to

λ(channel)
P = −Ĥ − B̂

π

S
I−1

, (6.11)

and hence to formula (1.12) recorded earlier.
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7. Characterization of the solutions

The characteristics of the new solutions will now be explored, focussing first on those
with no-shear patterning on the inner wall as presented in § 3. The expression (1.3) for the
function H(ζ ) involves an integral whose integrand is analytic at all points inside
the annulus q < |ζ | < 1, but it has integrable square root singularities at a and ā on
the boundary circle |ζ | = q. To compute these integrals one can apply Gauss–Jacobi
quadrature, or alternatively use a singularity subtraction strategy since the form of the
inverse square root singularity is known explicitly. That singularity can be subtracted
off and integrated explicitly with the remaining non-singular integral computed using
standard techniques.

The left column of figure 5 shows contour plots of the axial velocity for several annular
SH pipes with no-shear patterning on the inner wall. Cases with N = 2, 3 and 8 no-shear
slots are shown for different values of r and θ . The right column of figure 5 shows similar
contours when the patterning is on the outer wall. The formation of N-fold rotationally
symmetric velocity maxima in the middle of the pipe are clear in all cases.

When studying the associated effective slip lengths it is useful to consider some
connections to Philip’s channel flow solution studied in § 6 by examining various limits
as the number of no-shear slots N → ∞ and/or r → 1. Figure 6 indicates why, for
any fixed value of θ = π/B̂, in the double limit as N → ∞ and r → 1 with N(1 − r)
fixed equal to πĤ/B̂, the problem in each 2π/N sector of the curved annular pipe with
a superhydrophobic inner wall tends to the problem in a period window of Philip’s
periodic channel problem as the radius of curvature effect becomes less significant. To
move from the left to the right schematic at the top of figure 6 we must rescale all
(non-dimensionalized) lengths by a factor rθ/N. To compare with Philip’s solution we
therefore make the parameter identifications

B̂ = π

θ
, Ĥ = (1 − r)N

rθ
. (7.1a,b)

Once the effective slip length λ(channel)
P for Philip’s channel solution with these parameters

has been found, an approximation λ(channel)
approx to the effective slip length for the annular SH

pipe problem is

λ(channel)
approx = rθ

N
λ(channel)

P . (7.2)

Similarly, as shown in the lower schematic in figure 6, for the annular SH pipe with slots
on the outer wall the parameter identifications are

B̂ = π

θ
, Ĥ = (1 − r)N

θ
, (7.3a,b)

with the approximation λ(channel)
approx to the slip length for the annular SH pipe problem given

by

λ(channel)
approx = θ

N
λ(channel)

P . (7.4)

In particular, with the identifications (7.3a,b) we have

r = 1 − πĤ

NB̂
, (7.5)
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(a)

(c)

(b)

(d)

(e) ( f )

FIGURE 5. Constant axial velocity contours for SH pipes with both inner and outer
no-shear patterning: (a) N = 2, r = 0.2, θ = π/2 (inner); (b) N = 2, r = 0.1, θ = π/2 (outer);
(c) N = 3, r = 0.4, θ = π/3 (inner); (d) N = 4, r = 0.4, θ = π/3 (outer); (e) N = 8,
r = 0.7, θ = 4π/5 (inner); ( f ) N = 8, r = 0.75, θ = 4π/5 (outer).
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1 − r

rπ/N

1

No slipNo slip

No shear slot No shear slot

rθ/N

1 − r

1 B̂

B̂

Ĥ

Ĥ

No slip

No slip

π/N

θ/N

(a) (b)

(c) (d)

FIGURE 6. For a fixed θ = π/B̂ as N → ∞ and r → 1 with N(1 − r) fixed equal to πĤ/B̂,
the flow in a typical 2π/N annular wedge of the SH pipe ((a,c), where patterning can be on
either wall) tends to that in a single period window of Philip’s channel flow solution with the
parameters shown in (b,d).

implying that, in the limit N → ∞ with Ĥ/B̂ fixed,

q = rN =
(

1 − πĤ

NB̂

)N
N→∞−−−→ e−πĤ/B̂ = ρ, (7.6)

where the last equality follows from (6.2a–c).
Figure 7 shows the effective slip length λ as a function of θ for fixed N = 1 and

three different values of the inner pipe radius r = 0.25, 0.75 and 0.95. The slip length
increases with θ as expected given that more of the inner surface is free of shear as θ

increases. Indeed, λ→ ∞ as θ → π for all values of r. Also shown in this graph are the
approximations given by Philip’s channel flow solution which are surprisingly close to the
actual slip lengths given that the flow geometries are so different. These approximations
tend to slightly overestimate the slip length. The approximation improves with increasing
r and this feature is explained mathematically in appendix E.

An interesting feature of figure 7 is that the effective slip length λ for a given θ is not
monotonic in r. Figure 8 shows λ as a function of r, again for N = 1, and for θ = π/4,π/2
and 3π/4. A maximum value of the slip length occurs for a critical value of r between 0.5
and 0.6 with these critical values depending only weakly on θ . This behaviour can be
understood as follows. As r increases from zero the effective slip length increases because
the no-shear surface area increases with r. However, when r gets sufficiently large that the
no-shear interfaces are getting closer to the no-slip outer wall at |z| = 1 a deterioration
of the effective slip should occur. Consequently, it is reasonable to expect there to exist a
critical r-value at which λ is maximized. These critical values of r are readily calculated
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0
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0.5 1.0 1.5
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r = 0.25

r = 0.95
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FIGURE 7. Effective slip length λ for an annular SH pipe with a single N = 1 no-shear slot on
the inner wall for r = 0.25, 0.75 and 0.95. Crosses show values from Philip’s periodic channel
solution λ(channel)

approx as given by (7.1a,b)–(7.2) as a function of θ for the same r and N.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
r

λ

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

θ = 3π/4

θ = π/2

θ = π/4

FIGURE 8. Evidence of a critical value of r where friction reduction is maximized for an annular
SH pipe with no-shear slots on the inner wall. The effective slip length λ is shown as a function
of r for θ = π/4, π/2 and 3π/4 and N = 1.

from the explicit formulas and are expected to be useful in optimizing the design of annular
SH pipes for maximal friction reduction.

Figure 9 shows the effective slip length λ as a function of θ for fixed r = 0.5 – where
we expect the slip to be close to maximal – and for N = 1, 4 and 8. Also shown is the
approximation given by Philip’s channel flow solution λ(channel)

approx , as given by (7.1a,b)–(7.2);
it is very good across the range of θ values and improves with increasing N. The effective
slip length decreases with N – an interesting fact given that, at any fixed θ and r, the
total amount of surface area coverage of the inner boundary by no-shear zones is identical
for each value of N. Recall that θ/π is the no-shear area fraction which is fixed. The
very presence of a boundary point singularity, where the boundary condition changes
type, is therefore seen to be deleterious to the friction reducing properties of the pipe.
This is another useful fact to be considered in the design of annular SH pipes. A similar
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FIGURE 9. Effective slip length λ for an annular SH pipe with no-shear slots on the inner wall
with r = 0.5 and N = 1, 4 and 8. Crosses show values from Philip’s periodic channel solution
λ

(channel)
approx for the same r and N as calculated using (7.1a,b) and (7.2). More boundary point

singularities for the same no-shear fraction means reduced slip.

observation was made by Yariv & Siegel (2019) in their studies of the torque on a rotating
superhydrophobic cylinder.

Figure 10 shows the effective slip length λ as a function of θ for r = 0.25, 0.75 and 0.95
with one (N = 1) and two (N = 2) slots on the outer wall as studied in § 4. Superposed on
this graph are the corresponding values λ( pipe)

P for Philip’s pipe flow solution calculated
using formula (1.9) and Philip’s channel flow slip length λ(channel)

approx as calculated using
(7.3a,b) and (7.4). For small r, Philip’s λ( pipe)

P is a reasonable approximation to the exact
value of λ for all values of θ ; the approximation gets worse as r increases as expected
because the frictional effect of the inner no-slip wall becomes more important as it gets
larger, and closer to the outer wall. On the other hand, Philip’s λ(channel)

approx becomes a more
accurate approximation to λ, across the range of θ values, as r increases. Appendix E gives
a mathematical explanation of this observation. A useful fact indicated by these graphs is
that the true slip length for the annular SH pipes is bounded above by the approximation
from Philip’s λ( pipe)

P and from below by Philip’s λ(channel)
approx .

Figure 11 shows the effective slip length for an annular SH pipe with no-shear slots on
the outer wall for r = 0.5 and N = 1, 8 no-shear slots on the outer wall. Approximations
provided both by Philip’s pipe flow value λ( pipe)

P and his channel flow value λ(channel)
approx are also

shown. There are therefore 3 graphs for each value of N. For N = 8 the three curves are
almost indistinguishable and this is found to be true for higher values of N. The evidence is
that, in the limit N → ∞, the value of λ( pipe)

P from Philip’s pipe flow solution gives almost
the same approximation to the effective slip length as that obtained by λ(channel)

approx based on
Philip’s channel flow solution. The mathematical reason for this is given in appendix E.

8. Discussion

This paper has derived analytical solutions for longitudinal flow along concentric
annular pipes with no-shear patterning on either the inner or outer wall. The solutions
form a 3-parameter family dependent on the number of no-shear slots N, the aspect ratio
r of the annular pipe, and the no-shear fraction parameter θ . Formulas for the effective
slip lengths associated with these flows have been established. The results add to a list of
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FIGURE 10. Effective slip length λ for an annular SH pipe with one (N = 1, upper graph)
and two (N = 2, lower graph) no-shear slots on the outer wall for r = 0.25, 0.75 and 0.95.
Crosses show corresponding values from Philip’s periodic channel solution λ(channel)

approx as given
by (7.3a,b)–(7.4); circles show the slip length λ( pipe)

P from (1.9) for Philip’s pipe flow solution.

analytical solutions for mixed boundary value problems of this kind given by Philip (1972)
and the new solutions here are extensions of his.

The author has identified a route to finding solutions for annular pipes with no shear
patterning on both walls; those results will be presented elsewhere since they require some
additional considerations. Marshall (2017) has extended Philip’s channel solution to the
case of a symmetric channel with periodic no shear grooves on both lower and upper
walls. Our forthcoming results will extend Marshall’s results to the case of annular SH
pipes.

Another generalization is to other arrangements of no-shear stripes that are not
necessarily N-fold rotationally symmetric. This is possible too, and is a straightforward
extension of the present work. To do so involves constructing a generalized function G(ζ )
as a square root of a product of more than two Cayley-type maps. This introduces as many
square root branch points as needed to supply the boundary point singularities at the edges
of the chosen distribution of no-shear slots. At the same time, use of these Cayley-type
maps ensures that the resulting function satisfies the required boundary conditions.
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FIGURE 11. Effective slip length λ for an annular SH pipe with r = 0.5 and N = 1, 8 no-shear
slots on the outer wall. Crosses show values from Philip’s periodic channel solution λ(channel)

approx

as calculated using (7.3a,b) and (7.4); circles show the slip length λ( pipe)
P from (1.9) for Philip’s

pipe flow solution. For N = 8 all three values are indistinguishable.

r

π
N

φ
χ

μ
1

μ
2

FIGURE 12. Possible generalizations of the superhydrophobic annular pipe problem: meniscus
curvature effects and the addition of a subphase fluid of different viscosity inside the enclosed
pipe.

Being non-trivial, and fully capturing the boundary point shear stress singularities
between no-slip/no-shear regions, the solutions here will be important in benchmarking
numerical codes designed to incorporate more general flow scenarios and capturing more
physical effects. Many possible extensions can be envisaged of which figure 12 gives a
flavour.

First, the angle between the no-slip surface and the protruding meniscus, defined as
angle χ in figure 12, need not equal zero as assumed here. Indeed, an overpressure in
the working fluid will likely cause deflection of the interface into the central pipe region
as shown in figure 12. For channel flows the slip length corrections associated with
small-angled meniscus deflection for longitudinal channel flow was studied by Sbragaglia
& Prosperetti (2007) (see also Crowdy 2017c) with the generalization of that analysis to
transverse flows given by Crowdy (2017d). Other authors (Teo & Khoo 2009) have carried
out numerical studies when the deflection is not small. For the longitudinal problem
additional theoretical contributions, where the problem is approached as a successively
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higher-order expansion in the no-shear area fraction but with no constraints on the
protrusion angle, have been made by Crowdy (2011b, 2016) with asymptotic analysis of the
densely packed case contributed by Schnitzer (2016). Crowdy (2017c) has also shown that
certain integral relations, combined with Philip’s channel flow solutions, can be used to
reproduce the slip length correction found (Sbragaglia & Prosperetti 2007) as a simple
integral without any need to solve any new mixed boundary value problems as done
by Sbragaglia & Prosperetti (2007). A study of analogous effects of non-zero meniscus
protrusion angles for the annular SH pipe flows found here is of interest.

Second, the functionality of the core of the annular SH pipes is of interest and there are
many practical questions as to how to set up a workable device. In figure 12 we indicate
one possibility where the entire core is made up of a second fluid of different viscosity
μ2. However, it could also consist of the solid rod-like core with a set of surface ‘grooves’
containing a second fluid that the menisci can span. To be close to the shear-free scenario
treated here, we would expect μ2 � μ1 where μ1 is the viscosity of the working fluid
in the annular region, but the opposite situation might also be envisaged where the core
fluid is more viscous than the working fluid. The no-shear assumption corresponds to
setting μ2 = 0 but this is an idealization. For the channel flow scenario various models
of the effect on slip of this second fluid have been offered by Schönecker & Hardt
(2013), Schönecker, Baier & Hardt (2014) and Nizkaya, Asmolov & Vinogradova (2014).
A systematic perturbation analysis for the two cases μ2 � μ1 and μ2 � μ1 has been
carried out by Crowdy (2017c) where, again, integral identities play a key role in the
analysis. Extension of all this work to annular pipes remains to be made.

Heat transfer applications are also of interest. Kirk, Hodes & Papageorgiou (2017) have
used the channel flow solution of Philip (1972) as the starting point for a theoretical
study of the heat transfer properties associated with such surfaces and its quantification
via the Nusselt number. There is an interesting interplay between the enhancement of
hydrodynamic slip caused by the introduction of no-shear slots and the compromising
effect they have on heat transfer (for example, in cooling the working fluid) compared to a
solid no-slip surface. The new solutions found here might form the basis of a similar study
of the pipe flow set-up which will help understand the kind of heat transfer optimization
challenges considered by Lv & Zhang (2016). Another avenue of extension is to a study of
thermocapillary effects (Yariv & Crowdy 2019) in annular SH pipes.

As mentioned above, new theoretical results can often be obtained by combining integral
identities, such as Green’s second identity or the Lorentz reciprocal theorem for Stokes
flow, with analytical solutions where the slip length is already known. The results of this
paper add to the store of analytical solutions and, as such, open the door to their use
in integral identities to find how the slip lengths found here are altered, for example,
by non-zero meniscus curvature (Crowdy 2017c,d; Marshall 2017) or by introducing
a shear-thinning fluid, a scenario already studied for unbounded shear flows over flat
surfaces (Crowdy 2017a). Using reciprocal theorem identities the associated slip length
modifications – usually the quantities of most physical interest – can be found as explicit
integrals involving the known analytical solutions and, significantly, without the need to
solve the modified flow problem.

Acknowledgements

This work was initiated during the ‘Complex analysis: techniques, applications and
computations’ programme at the Newton Institute in Cambridge (Sep-Dec 2019). Support
from EPSRC grant EP/R014604/1 is gratefully acknowledged.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

79
5 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.795


Superhydrophobic annular pipes: a theoretical study 906 A15-25

Declaration of interests

The author reports no conflict of interest.

Appendix A. Calculation of volume flux contributions

Consider the contribution to the volume flux

∫ ∫
r<|z|<1

w(x, y) dx dy (A 1)

of a typical term

∫ ∫
r<|z|<1

Re
[

hnzn + h−nrn

zn

]
dx dy, n ≥ 1. (A 2)

This contribution is

Re
[∫ ∫

r<|z|<1

[
hnzn + h−nrn

zn

]
dx dy

]
, n ≥ 1. (A 3)

By the complex form of Stokes theorem, and the single-valued nature of the integrand in
the annulus, the integral in (A 3) in

∫ ∫
r<|z|<1

[
hnzn + h−nrn

zn

]
dx dy = 1

2i

∮
|z|=1

[
hnzn + h−nrn

zn

]
z̄ dz

− 1
2i

∮
|z|=r

[
hnzn + h−nrn

zn

]
z̄ dz, n ≥ 1. (A 4)

Since z̄ = 1/z on |z| = 1 and z̄ = r2/z on |z| = r then

∫ ∫
r<|z|<1

[
hnzn + h−nrn

zn

]
dx dy = 1

2i

∮
|z|=1

[
hnzn + h−nrn

zn

]
dz
z

− 1
2i

∮
|z|=r

[
hnzn + h−nrn

zn

]
r2 dz

z
= 0, n ≥ 1.

(A 5)

Hence, there are no contributions to the volume flux from these terms.

Appendix B. Construction of G(ζ ) from G1(ζ ) and G2(ζ )

This appendix sketches out why G(ζ ) is the required solution by considering the two
Cayley-type maps G1(ζ ) and G2(ζ ) in more detail. More information on the properties of
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Cayley-type maps can be found in Crowdy (2020). Consider the conformal mapping

g1 = G1(ζ ) = −i e−iθ/2 P(ζ/q, q)

P(ζ/a, q)
, a = q eiθ , 0 < θ < π. (B 1)

We will show that the circle |ζ | = 1 maps to a slit in the right half-g1 plane; see figure 13.
On |ζ | = 1 we have ζ = 1/ζ̄ so on this circle we can write

G1(ζ ) = −i e−iθ/2 P(1/(qζ̄ ), q)

P(1/(aζ̄ ), q)
. (B 2)

On taking the complex conjugate, it is found that

G1(ζ ) = +i eiθ/2 P(1/(qζ ), q)

P(1/(āζ ), q)
. (B 3)

On use of the second identity in (3.15a,b), this becomes

G1(ζ ) = +i eiθ/2 ā
q

P(qζ, q)

P(āζ, q)
. (B 4)

Since ā = q2/a – recall that a is on the inner boundary – this can be rewritten as

G1(ζ ) = +i eiθ/2 ā
q

P(q2ζ/q, q)

P(q2ζ/a, q)
. (B 5)

Now the first identity in (3.15a,b) can be used

G1(ζ ) = +i eiθ/2 ā
a

P(ζ/q, q)

P(ζ/a, q)
= ei(π−θ)

(
−i e−iθ/2 P(ζ/q, q)

P(ζ/a, q)

)
= ei(π−θ)G1(ζ ). (B 6)

Since

exp(2iarg[G1(ζ )]) = G1(ζ )

G1(ζ )
= e−i(π−θ), (B 7)

where the second equality follows from (B 6), it is seen that the image of |ζ | = 1 has
constant argument, equal to −π/2 + θ/2, in the g1 plane and lies on the ray shown in
figure 13. The restrictions on θ in (B 1) mean that this ray lies in the fourth quadrant.

It can be shown using similar manipulations that the circle |ζ | = q is transplanted to the
imaginary axis in the complex g1-plane with the arc of this circle between q and a being
transplanted to the positive imaginary axis as shown in figure 13 where boundary portions
of the same colour and line style are in correspondence under the mapping. The rest of the
circle |ζ | = q is transplanted to the negative imaginary g1 axis.

Similar arguments reveal that G2(ζ ) has the mapping properties depicted in figure 13
where, again, boundary portions of the same colour and line style correspond under this
mapping.

Now consider the function
G(ζ ) = G1(ζ )G2(ζ ). (B 8)

By inspection of figure 13 it is clear that if ζ lies on the circle |ζ | = q on the arc joining
ā to q to a – that is, on the no-shear slot in the physical plane – then G(ζ ), which is the
product of the corresponding values of g1 and g2, is a negative real number. If ζ lies on any
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FIGURE 13. The geometrical effect of the Cayley-type maps G1(ζ ) and G2(ζ ) used to construct
G(ζ ). Boundary portions of the same colour and line style are in correspondence under each
mapping.

other portion of the boundary – and this is the preimage of the no-slip boundary portions
in the physical plane – then G(ζ ) is a positive real number. The function G(ζ ) introduced
in (3.13) is

G(ζ ) = −R
√
G(ζ ), (B 9)

where R is a real constant. Consequently, G(ζ ) will be purely imaginary on the no-shear
slot (i.e. it will have zero real part) and will be purely real on any no-slip boundary portion
(i.e. it will have zero imaginary part). These are precisely the boundary conditions (3.9)
and (3.10).

Appendix C. Connection to Philip’s pipe flow solution

In the limit r → 0 the solution (1.2) with h(z) defined in (1.6) gives h(z) = H(zN) where,
in this limit,

H(ζ ) → 1
N

∫ ζ

−1

{
1 −

(
(1 − ζ ′)(1 − ζ ′)

(1 − ζ ′/a)(1 − ζ ′/ā)

)1/2
}

dζ ′

ζ ′ , a = eiθ , (C 1)

which can be written as

H(ζ ) = 1
N

∫ ζ

−1

{
1 −

(
ζ ′ + 1/ζ ′ − 2

ζ ′ + 1/ζ ′ − 2 cos θ

)1/2
}

dζ ′

ζ ′ . (C 2)
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A change of variables ζ = e2iu, and use of trigonometric ‘double-angle’ identities, lead to

H(ζ ) = 2i
N

∫ u

π/2

[
1 − sin u′√

cos2(θ/2) − cos2(u′)

]
du′, u = − i

2
log ζ. (C 3)

A further change of variables cos(θ/2)w = cos u yields

H(ζ ) = 2i
N

[
u − π

2
+
∫ w

0

dw′
√

1 − w′2

]
= 2i

N

[
u − cos−1(w)

]

= 2i
N

[
u − cos−1

(
cos u

cos(θ/2)

)]
. (C 4)

It is inferred from (1.2) that

w(x, y) = 1
4
(1 − |z|2) + 1

N
Im
[
−u + cos−1

(
cos u

cos(θ/2)

)]
, (C 5)

where

u = − i
2

log ζ = − iN
2

log z. (C 6)

This is exactly the solution in § 6 of Philip (1972) once the following identifications
between parameters are made:

ŝ
μ̂

= 1, q̂ = N,
q̂b̂
π

= 1,
â

b̂
= θ

π
, α̂ = θ

2
= πâ

2b̂
, Θ̂ = R̂z = q̂

2α̂
z, (C 7a–f )

where the hatted variables refer to those used, without hats, by Philip (1972).

Appendix D. Connection to Philip’s channel flow solution

It is also useful to give a concrete demonstration of how the channel solution derived in
§ 6 connects with the original solution (Philip 1972) who writes it as

w(x, y) = − y2

2
+ yĤ

2
+ ĤW10

2
, (D 1)

with

W10 = Im

[
Ĥ

K ′(k1)
cn−1

[
cn(B̂−1K(k)z, k)

cn(B̂−1K(k), k)

]
− z

]
. (D 2)

On the other hand, the new form of the same solution found in (1.10) is

w(x, y) = − y2

2
+ Ĥ

2
Re[H(ζ )], ζ = eiπz/B̂, (D 3)

with H(ζ ) defined in (1.11). A comparison of (D 1) and (D 3) leads to

Im

[
Ĥ

K ′(k1)
cn−1

[
cn(B̂−1K(k)z, k)

cn(B̂−1K(k), k)
, k1

]]
= Re[H(ζ )], (D 4)
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from which it emerges that, for the two solutions to be equivalent,

Ĥ
K ′(k1)

cn−1

[
cn(B̂−1K(k)z, k)

cn(B̂−1K(k), k)
, k1

]
= iH(ζ ) + C, (D 5)

where C ∈ R is some real constant. The moduli k and k1 and the complete elliptical
integrals K(k) and K ′(k1) are all explained in Philip (1972) (we did not add hats to these
quantities). It turns out that C = B̂1 where, as we have done with B and H, we have added
a hat to a quantity B1 that enters Philip’s calculation. One way to understand this choice
of C is to think geometrically.

Philip’s analysis involves constructing the left-hand side of (D 5) as a conformal
mapping from a period window of the flow in the physical plane to a slit rectangle in
another complex plane. Analogously, figure 14 shows geometrically how the function H(ζ )
given in (1.11) acts as a conformal mapping from the annulus ρ < |ζ | < 1 to a complex h
plane: ζ 
→ h = H(ζ ). The choice (6.4a,b) of the scaling parameter R makes sure that the
distance between the image of points A′ and E′ is Ĥ. Philip (1972) constructs his channel
flow solution using (two applications of) the Schwarz–Christoffel formula to transplant
the original period window on the complex z plane to a ‘slit rectangle’ with side lengths
2B̂1 and Ĥ very similar to that shown on the right in figure 14, the only difference being
the orientation and location of this slit rectangle. By rotating the rectangle on the right in
figure 14 by 90◦ and then shifting it to the right by B̂1 we arrive at Philip’s slit rectangle.
Equivalently,

iH(ζ ) + B̂1, (D 6)

must correspond to the left-hand side of (D 5). In this way we arrive at the identity

Ĥ
K ′(k1)

cn−1

[
cn(B̂−1K(k)z, k)

cn(B̂−1K(k), k)
, k1

]
− B̂1 = iH(eiπz/B̂). (D 7)

This identity, which can be verified numerically, shows explicitly how our construction –
which uses only the right-hand side of (D 7) – has replaced the need to consider the Jacobi
cnoidal function and its inverse. Interested readers can find other similar identities relating
the prime function P(ζ, q) to the classical elliptic functions of Jacobi and Weierstrass in
chapter 8 of Crowdy (2020).

Appendix E. Analysis of the approximations

The evidence from figures 7, 9, 10 and 11 is that the approximations λ(channel)
approx as

given with the identifications in (7.1a,b)–(7.2) for patterning on the inner wall, and by
(7.3a,b)–(7.4) for patterning on the outer wall, are increasingly accurate in the limit r → 1
for any fixed N and θ . The explicit formulas of this paper can be used to see why this
occurs. To explain figure 10, for example, let us suppose that N is fixed but that r → 1.
From the identifications (7.3a,b) and (1.11) note first that

c = eiπ/B̂ = eiθ = a, (E 1)

where we have also used the definition (4.1) of a for solutions with outer-wall patterning.
As r → 1, from the definition (4.1) of q we can use a Taylor expansion

q = rN = (1 + (r − 1))N ≈ 1 + N(r − 1) + . . . . (E 2)
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A

B

CDE

Ĥ

B̂
1

ζ plane h plane

h = H(ζ)

A ′

B ′

C ′ D ′

E ′

FIGURE 14. The function H(ζ ) from (1.11) interpreted as a conformal mapping from the
annulus ρ < |ζ | < 1 to a ‘slit rectangle’ in a complex h-plane. Points labelled by the same letter
correspond under the mapping, e.g. A 
→ A′.

On the other hand, use of the identifications (7.3a,b) in (6.2a–c) gives

ρ = e−πĤ/B̂ = eN(r−1) ≈ 1 + N(r − 1) + · · · , (E 3)

where have used another Taylor expansion, implying that as r → 1,

q ≈ ρ. (E 4)

Using (E 1) and (E 4) when comparing (4.3a,b) and (6.4a,b) gives

S ≈ S
2N

, (E 5)

and, when comparing (4.5) and (6.10),

I−1 ≈ I−1. (E 6)

Use of the identifications (7.3a,b) in (7.4) and (6.11) implies that

λ(channel)
approx = θ

N
λ(channel)

P = θ

N

[
−Ĥ − B̂

π

S
I−1

]
= (r − 1) − S

NI−1
. (E 7)

But from (4.6) the effective slip length for patterning on the outer wall is

λ = log r − 2S
I−1

≈ (r − 1) − S
NI−1

, (E 8)

where, in the final step, we have used (E 5) and (E 6) and the first term log r ≈ r − 1 of the
Taylor expansion of log r near r = 1. We have therefore shown, on combining (E 7) and
(E 8), that

λ ≈ λ(channel)
approx (E 9)

as r → 1. This is why the approximation given by Philip’s channel flow solution gives
such good agreement with the effective slip lengths of the new annular SH pipes in this
limit.
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Similarly, figure 11 reveals that, as N → ∞ for a fixed r, not necessarily close to 1, the
value of λ(pipe)

P from Philip’s pipe flow solution, gives almost the same approximation to
the effective slip length for an SH pipe with patterning on the outer wall as that obtained
by the approximation λ(channel)

approx from (7.4) based on Philip’s channel flow solution. This
feature was pointed out at the end of § 7 and is especially apparent for the N = 8 curve in
figure 11. To show why this is the case, note that it has already been observed using the
identifications (7.3a,b) that

c = eiπ/B̂ = eiθ = a. (E 10)

From the scaling (7.3a,b), Ĥ/B̂ → ∞ as N → ∞, implying that ρ → 0 as is evident from
(6.2a–c); in fact, ρ → 0 exponentially fast as Ĥ/B̂ → ∞. It follows from (1.4) that as
ρ → 0, [

P(ζ, ρ)P(ζ, ρ)

P(ζ/c, ρ)P(ζ/c̄, ρ)

]1/2 1
ζ

≈
[

(1 − ζ )2

(1 − ζ/a)(1 − ζ/ā)

]1/2 1
ζ

. (E 11)

Therefore, in this same limit,

I−1 ≈ 1, S ≈
∫ −ρ

−1

[
(1 − ζ )2

(1 − ζ/a)(1 − ζ/ā)

]1/2 dζ

ζ
, (E 12a,b)

where it is important to retain the ρ-dependence in the limit of the integral. Use of this
and (7.3a,b) yields

λ(channel)
approx = θ

N
λ(channel)

P = θ

N

[
−Ĥ − B̂

π

S
I−1

]
≈ (r − 1) − S

N
. (E 13)

From the definition (6.2a–c) of ρ and (7.3a,b) we can write

r − 1 = log ρ

N
= 1

N

∫ −ρ

−1

dζ

ζ
. (E 14)

On use of this and (E 12) in (E 13) produces

λ(channel)
approx ≈ 1

N

∫ 0

−1

[
1 −

(
(1 − ζ )2

(1 − ζ/a)(1 − ζ/ā)

)1/2
]

dζ

ζ
, (E 15)

where, owing to the regularity of the integrand as ζ → 0, the contribution to the integral
from the interval 0 and ρ will be small as ρ → 0. Hence, on recognizing λ(pipe)

P on the
right-hand side from (1.9), it follows that as N → ∞ with the identifications (7.3a,b),

λ(channel)
approx ≈ λ(pipe)

P . (E 16)

In this way it is seen how the new explicit forms of the different solutions facilitate their
analysis and comparison in various limits, and without the need to appeal to any special
function identities.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

79
5 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.795


906 A15-32 D. G. Crowdy

REFERENCES

ASMOLOV, E. S. & VINOGRADOVA, O. I. 2012 Effective slip boundary conditions for arbitrary
one-dimensional surfaces. J. Fluid Mech. 706, 108–117.

CROWDY, D. G. 2011a Frictional slip lengths for unidirectional superhydrophobic grooved surfaces. Phys.
Fluids 23, 072001.

CROWDY, D. G. 2011b Slip length for longitudinal shear flow over a dilute periodic mattress of protruding
bubbles. Phys. Fluids 22, 121703.

CROWDY, D. G. 2016 Analytical formulae for longitudinal slip lengths over unidirectional
superhydrophobic surfaces with curved menisci. J. Fluid Mech. 791, R7.

CROWDY, D. G. 2017a Effect of shear thinning on superhydrophobic slip: perturbative corrections to the
effective slip length. Phys. Rev. Fluids 2, 124201.

CROWDY, D. G. 2017b Effective slip lengths for immobilized superhydrophobic surfaces. J. Fluid Mech.
825, R2.

CROWDY, D. G. 2017c Perturbation analysis of subphase gas and meniscus curvature effects for
longitudinal flows over superhydrophobic surfaces. J. Fluid Mech. 822, 307–326.

CROWDY, D. G. 2017d Slip length for transverse shear flow over a periodic array of weakly curved menisci.
Phys. Fluids 29, 091702.

CROWDY, D. G. 2020 Solving Problems in Multiply Connected Domains. Society for Industrial and
Applied Mathematics.

ESCUDIER, M. P. 2017 Introduction to Engineering Fluid Mechanics. Oxford University Press.
GERALDI, N. R., DODD, L. E., XU, B. B., WELLS, G. G., NEWTON, M. I. & MCHALE, G.

2017 Drag reduction properties of superhydrophobic mesh pipes. Surf. Topogr.: Metrol. Prop. 5,
034001.

KIRK, T. L., HODES, M. & PAPAGEORGIOU, D. T. 2017 Nusselt numbers for Poiseuille flow over isoflux
parallel ridges accounting for meniscus curvature. J. Fluid Mech. 811, 315–349.

LEE, C., CHOI, C.-H. & KIM, C.-J. 2016 Superhydrophobic drag reduction in laminar flows: a critical
review. Exp. Fluids 57, 176–196.

LV, F. Y. & ZHANG, P. 2016 Drag reduction and heat transfer characteristics of water flow through the
tubes with superhydrophobic surfaces. Energy Convers. Manage. 113, 165–176.

MARSHALL, J. S. 2017 Exact formulae for the effective slip length of a symmetric superhydrophobic
channel with flat or weakly curved menisci. SIAM J. Appl. Maths 77, 1606–1630.

NIZKAYA, T. V., ASMOLOV, E. S. & VINOGRADOVA, O. I. 2014 Gas cushion model and hydrodynamic
boundary conditions for superhydrophobic textures. Phys. Rev. E 90, 043017.

PHILIP, J. R. 1972 Flows satisfying mixed no-slip and no-shear conditions. Z. Angew. Math. Phys.
23, 353–372.

ROTHSTEIN, J. P. 2010 Slip on superhydrophobic surfaces. Annu. Rev. Fluid Mech. 109, 42–89.
SBRAGAGLIA, M. & PROSPERETTI, A. 2007 A note on the effective slip properties for microchannel flows

with ultrahydrophobic surfaces. Phys. Fluids 19, 043603.
SCHNITZER, O. 2016 Singular effective slip length for longitudinal flow over a dense bubble mattress.

Phys. Rev. Fluids 1, 052101(R).
SCHÖNECKER, C., BAIER, T. & HARDT, S. 2014 Influence of the enclosed fluid on the flow over a

microstructured surface in the Cassie state. J. Fluid Mech. 740, 168–195.
SCHÖNECKER, C. & HARDT, S. 2013 Longitudinal and transverse flow over a cavity containing a second

immiscible fluid. J. Fluid Mech. 717, 376–394.
SHIRTCLIFFE, N. J., MCHALE, G., NEWTON, M. I. & ZHANG, Y. 2009 Superhydrophobic copper tubes

with possible flow enhancement and drag reduction. ACS Appl. Mater. Inter. 1, 1316–1323.
TEO, C. J. & KHOO, B. C. 2009 Analysis of Stokes flow in microchannels with superhydrophobic surfaces

containing a periodic array of micro-grooves. Microfluid Nanofluid 7, 352–382.
WALKER, G. M., ALBADARIN, A. B., MCGLUE, A., BRENNAN, S. & BELL, S. E. J. 2014 Analysis of

friction factor reduction in turbulent water flow using a superhydrophobic coating. Prog. Org. Coat.
90, 472–476.

WATANABE, K., UDAGAWA, Y. & UDAGAWA, H. 1999 Drag reduction of Newtonian fluid in a circular
pipe with a highly water-repellent wall. J. Fluid Mech. 381, 225–238.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

79
5 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.795


Superhydrophobic annular pipes: a theoretical study 906 A15-33

WILLIAMS, J. G., TURNEY, B. W., MOULTON, D. E. & WATERS, S. L. 2020 Effects of geometry on
resistance in elliptical pipe flows. J. Fluid Mech. 891, 1–40.

YARIV, E. & CROWDY, D. G. 2019 Thermocapillary flow between grooved superhydrophobic surfaces:
transverse temperature gradients. J. Fluid Mech. 871, 775–798.

YARIV, E. & SIEGEL, M. 2019 Rotation of a superhydrophobic cylinder in a viscous liquid. J. Fluid Mech.
880, R4.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
0.

79
5 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2020.795

	1 Introduction
	2 Mixed-type boundary value problem and the effective slip length
	3 Superhydrophobic annular pipe with patterned inner wall
	4 Superhydrophobic annular pipe with patterned outer wall
	5 A new form of Philip's pipe flow solution
	6 A new form of Philip's channel flow solution
	7 Characterization of the solutions
	8 Discussion
	Appendix A. Calculation of volume flux contributions
	Appendix B. Construction of G() from G1() and G2()
	Appendix C. Connection to Philip's pipe flow solution
	Appendix D. Connection to Philip's channel flow solution
	Appendix E. Analysis of the approximations
	References

