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Abstract. We study a weak Gibbs property of equilibrium states for potentials of weak
bounded variation and for maps admitting indifferent periodic points. We further establish
statistical properties of the weak Gibbs measures and bounds of their pointwise dimension.
We apply our results to higher-dimensional maps (which are not necessarily conformal)
with indifferent periodic points and show that their absolutely continuous finite invariant
measures are weak Gibbs measures.

1. Introduction
In this paper, we shall develop a generalized thermodynamic formalism for mapsT defined
on a subset of a compact metric space which exhibit certain non-hyperbolic phenomena.
We direct our attention to potentialsφ which may fail both summable variations and
bounded distortion but satisfy theweak bounded variation(see the definition in §2). In
[20], we have already established for such systems a generalized variational principle for
the pressureP(φ) and a characterization ofP(φ) in terms of the radius of convergence
of Artin–Mazur–Ruelle zeta functions. In particular, we obtained equilibrium statesµ for
φ which are absolutely continuous with respect to natural reference measuresν called
conformal measures.The method used for solving these problems was constructing
derived mapsT ∗ which are uniformly expanding and guarantee a weak H¨older type
property of the potentialφ∗ associated toT ∗. In non-hyperbolic situations, the Gibbs
property in the sense of Bowen typically fails for bothν andµ even if the equilibrium
statesµ∗ for φ∗ satisfy it. However, we could still establish a version of Gibbs property
which is calledweak Gibbs(see the definition in §2) for the conformal measureν. On the
other hand, the problem of the weak Gibbs property of the equilibrium stateµ still remains
open. The main purpose of this paper is to solve it (Theorem 3.2) and to establish statistical
properties of the weak Gibbs measureµ (Theorems 6.1 and 6.2). The key to the proof of
the weak Gibbs property is to clarify the order of divergence of the invariant densitydµ/dν

near indifferent periodic points (Theorem 3.1). In particular, ifν-measures of the sets of
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points at which the stopping time with respect to an expanding region is greater thann

decays polynomial fast, thendµ/dν is unbounded and it may cause interesting phenomena
from a statistical point of view [4, 5, 9, 21, 22].

The paper is organized as follows. In §3, first we give a criterion of finiteness ofµ in
terms of weak bounded variation (WBV) property. Next we give an exact estimate of the
density ofµ with respect to the weak Gibbs measureν and then establish the weak Gibbs
property ofµ. In §4, we show several piecewiseC1-smooth maps with indifferent periodic
points for which−log |detDT | are potentials of WBV and we can verify all conditions in
our theorems. In §5, we study the pointwise dimension ofµ and the Haussdoff dimension
of the set of forward generic points. In particular, we apply these results to non-conformal
parabolic repellers arising from Brun’s map which admits indifferent fixed points (cf. [6]).
In §6, we shall establish the convergence of the iterated Perron–Frobenius operators with
respect to the weak Gibbs measureµ in theL∞-norm (Theorem 6.1) and we shall give an
upper bound on the convergence in theL1-norm (Theorem 6.2). Both results can be applied
to examples in §4. In the appendix, we study a relation between the Gibbs property for the
derived systems(T ∗, µ∗) and the weak Gibbs property for the original system(T , µ).

2. Preliminaries
Let (X,F, ν) be a non-atomic probability space. Suppose thatT : X → X is a non-
singular transformation with respect toν(νT −1 ∼ ν) and that there exists a countable
measurable partitionQ = {Xa}a∈I of X, generatingF satisfying the local invertibility,
i.e. for everyXa ∈ Q, ν(Xa) > 0 andT |Xa : Xa → TXa is an invertible map satisfying
d(νT )|Xa/dν|Xa > 0 (ν-a.e). Such a system(T ,X,Q) is called apiecewise invertible
system[14–22]. Typically, such a non-singular measure exists in the following setting
for a mapT defined on a subsetX of a compact metric space(X̄, d). Let F be theσ -
algebra of Borel subsets ofX. We suppose that there exists a disjoint generating partition
Q = {Xa}a∈I of X with Xa ∈ F (∀a ∈ I) such thatX0 = ⋃

a∈I intXa is an open
dense subset of̄X. Let T : X → X̄ be a non-invertible map which is continuous onX0

with X0 ⊂ TX0 andT |Xa : Xa → TXa is a homeomorphism(∀a ∈ I). We denote
Xa1 ∩ T −1Xa2 ∩ · · · ∩ T −(n−1)Xan by Xa1...an if its interior is not empty. We impose
the next condition from which we can obtain nice countable symbolic dynamics similar to
sofic shifts [16, 18].

Finite range structure (FRS).U = {T n(intXa1...an) : ∀Xa1...an,∀n > 0} consists of finitely
many open subsets of̄X.

Let us denote the local inverse(T |Xa)−1 byψa and(T n|Xa1...an )−1 byψa1...an .

Definition. A Borel probability measureν is called aweak Gibbs measurefor a function
φ with a constantP if there exists a sequence{Kn}n>0 of positive numbers with
limn→∞(1/n) logKn = 0 such thatν-a.e.x,

K−1
n ≤ ν(Xa1...an(x))

exp
(∑n−1

i=0 φT
i(x)+ nP

) ≤ Kn,

whereXa1...an(x) denotes the cylinder containingx.
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Definition. We say that a functionφ is of WBV if there exists a sequence{Cn} satisfying
limn→∞(1/n) logCn = 0 and∀Xa1...an ∈ ∨n−1

i=0 T
−iQ,∀n ≥ 1,

supx∈Xa1...an exp
(∑n−1

i=0 φ(T
ix)
)

infx∈Xa1...an exp
(∑n−1

i=0 φ(T
ix)
) ≤ Cn.

If a functionφ is a piecewise H¨older potential of WBV andψa is Lipschitz continuous
with the Lipschitz constantLa satisfying supa∈I La < ∞, then underLφ1(x) =∑
a∈I exp(φ ◦ ψa(x)) ≤ K < ∞ (∀x ∈ X) and U = {intX} there existp > 0

and a Borel probability measureν such thatν is a weak Gibbs measure forφ with
−logp satisfying L∗

φν = pν, whereL∗
φ is the dual ofLφ (see [13, 20]). Then

d(νT |Xa)/d(ν|Xa) = exp(logp−φ) > 0 holdsν-a.e. for eacha ∈ I and so(T ,X,Q) is a
piecewise invertible system with FRS. We can describe logp as the reciprocal of the radius
of convergence ofArtin–Muzer–Ruellezeta function (see [20, Theorem 2.1]) and even if
uniformly expanding property fails, the potentialφ of WBV still admits an equilibrium
stateµ equivalent toν and logp coincides with the measure theoretical pressureP(φ).
Such results were established in [20] by constructing a derived systemT ∗ which is called
a jump transformation[11]. Even if we weakenU = {intX} by the FRS condition, we
still have a weak Gibbs measure forφ under additional conditions [3]. We shall recall the
construction of the jump transformation in [20]. Assume thatLa ≤ 1 (∀a ∈ I). ForL < 1,
defineB1 = {Xb : Lb ≤ L},D1 = {Xd : Ld > L}, and inductively define

Bn = {Xb1...bn : Xb1...bn−1 ∈ Dn−1, Lbn ≤ L},
Dn = {Xd1...dn : Xd1...dn−1 ∈ Dn−1, Ldn > L}.

We put Bn = ⋃
Xb1...bn∈Bn Xb1...bn andDn = ⋃

Xd1...dn∈Dn Xd1...dn . Put D0 = X.

Define I∗ = ⋃∞
n=1{(a1 . . . an) : Xa1...an ∈ Bn}. ThenQ∗ = {Xα}α∈I ∗ is a countable

partition of
⋃∞
i=1Bi . Now we defineT ∗ : ⋃∞

i=1Bi → X by T ∗x = T ix for x ∈ Bi .
PutX∗ = X\(⋃∞

m=0 T
∗−m(⋂

n≥0Dn
))

. Then (T ∗,X∗,Q∗) is a piecewise invertible
system which is uniformly expanding. LetR be the set of all cylindersXa1...an of
which the last symbolan satisfiesXan ∈ B1. ThenR satisfies thestrong playback
property; Xa1...anb1...bm ∈ R wheneverXb1...bm ∈ R. LetR(x) be the stopping time with
respect toR, i.e. R(x) = inf{n ∈ N : Xa1...an(x) ∈ R}. Then a regularity condition
on φ∗ = ∑R−1

i=0 φT
i ([20, (C8)]) allows one to have the following key property for

establishing the existence of absolutely continuousT ∗-invariant finite measureµ∗ with
respect toν whose density is bounded away from infinity.

Measure theoretical bounded distortion.There existsC ≥ 1 such that

sup
n

sup
Xα1...αn∈∨n−1

i=0 T
∗−iQ∗

sup
x,y∈T ∗nXα1...αn

ψ∗′
α1...αn

(x)

ψ∗′
α1...αn

(y)
≤ C

whereψ∗
α1...αn

= (T ∗n|Xα1...αn
)−1 and

ψ∗′
α1...αn

(x) = d(νψ∗
α1...αn

)

dν
(x)

= exp

( n−1∑
i=0

φ∗(T ∗iψ∗
α1...αn

x)−
n−1∑
i=0

R(T ∗iψ∗
α1...αn

x) logp

)
.
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If the next condition is satisfied, thendµ∗/dν is bounded away from zero andµ∗ is
exact.

Transitivity. ∀U ∈ U , ∃Xa1...as ⊂ U such thatT sXa1...as = X andXas ∈ R.

TheT ∗-invariant measureµ∗ is a Gibbs measure (in the sense of Bowen) and a unique
equilibrium state forφ∗ − R logp. If lim n→∞ ν(Dn) = 0, thenν(X∗) = ν(X) and the
following formula gives aT -invariantσ -finite measureµ ∼ ν, which is exact [16]:

µ(E) =
∞∑
n=0

µ∗(Dn ∩ T −nE) (∀E ∈ F). (F1)

In particular, if
∑∞
n=0 ν(Dn) < ∞ thenµ is finite. The density ofµ with respect toν is

written as follows [11, 15–17]:

dµ

dν
(x) =

∞∑
n=0

∑
Xd1...dn∈Dn

ψ ′
d1...dn

(x)
dµ∗

dν
(ψd1...dnx)1T nXd1...dn (x), (F2)

whereψ ′
d1...dn

= d(νψd1...dn)/dν
(= exp

(∑n−1
i=0 φT

i − n logp
)
ψd1...dn

)
. Furthermore,

a generalized thermodynamic formalism forφ was established in [20] via one forφ∗.
We shall see in §3 that singularities ofdµ/dν happen whenν(Dn) is polynomial decay.
We should mention that the jump transformaton is not uniquely determined so that other
constructions would be possible as we shall see it in the appendix (cf. [20, Remark B]).

3. Weak Gibbs property of equilibrium states for potentials of WBV
In this section, we assume all facts in the previous section. That is, letφ be a potential
of WBV satisfyingLφ1(x) ≤ K < ∞ (∀x ∈ X) and we suppose the existence of
a Borel probability measureν andp > 0 satisfyingL∗

φν = pν so that(T ,X,Q) is a
piecewise invertible system with respect toν. Then the measureν satisfies the weak Gibbs
property forφ [20, Proposition 2.2]. The situation typically happens for piecewiseC1-
smooth maps admitting indifferent periodic points (T qx0 = x0, |detDT q(x0)| = 1), more
precisely, letν be the normalized Lebesgue measure ofX ⊂ R

N andφ = −log |d(νT )/dν|
(= −log |detDT |). ThenLφ∗ν = ν and we can see for all examples in §4 thatφ is a
potential of weak bounded variation andν is a weak Gibbs measure forφ. Let us define the
partition functionZn(φ) = ∑

T nx=x exp
(∑n−1

i=0 φ(T
ix)
)
. Then limn→∞ 1/n logZn(φ) =

logp (see [20, Theorem 2.1] and [18, Theorem 5.1]). Furthermore, suppose that∃R a
subset of the set of all admissible cylinders satisfying the strong playback property and we
can construct a jump transformationT ∗ with respect toR as in §2 which is (piecewise)
uniformly expanding (see the appendix). If equi-H¨older continuity of{φ∗ψ∗

α}α∈I ∗ holds
for the derived mapT ∗ satisfying the transitivity in §2, then there exists an exact finite
invariant measureµ∗ equivalent toν which is Gibbs forφ∗−R logp (see [20]) anddµ∗/dν
is a piecewise H¨older continuous function [17, 20, 21]. For example, the next condition
implies equi-Hölder continuity of{φ∗ψ∗

α}α∈I ∗ :

∀Xa1...an ∈ Bn, ∃0< Lφ(a1 . . . an) < ∞ (C0)

such that
|φ(ψa1...anx)− φ(ψa1...any)| ≤ Lφ(a1 . . . an)d(x, y)

θ
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for x, y ∈ T nXa1...an and

Lφ(∞) = sup
n>0

sup
Xa1...an∈Bn

n∑
i=1

Lφ(ai . . . an) < ∞.

If lim n→∞ ν(Dn) = 0, then the formula (F1) gives aT -invariant exact measure
µ ∼ ν and in particular, when

∑∞
n=0 ν(Dn) < ∞ (which impliesµ(X) < ∞) sufficient

conditions forµ being an equilibrium state forφ and for logp = P(φ) (whereP(φ)
denotes the measure theoretical pressure) were given in [20]. Define

Z∗
n(φ) =

∑
T nx=x,

x∈Xd1...dn∈Dn

exp

( n−1∑
i=0

φ(T ix)

)
.

Let UD = {intT nXa1...an : ∀Xa1...an ∈ Dn,∀n ≥ 1}. The next lemma gives a criterion of
finiteness ofµ in terms of the WBV constants.

LEMMA 3.1. Suppose thatUD = {intX}. If
∑∞
n=1 p

−nCnZ∗
n(φ) < ∞, thenµ(X) < ∞.

Proof of Lemma 3.1.It suffices to show that
∑∞
n=0 ν(Dn) < ∞ which impliesµ(X) < ∞.

The weak Gibbs property ofν gives that

p−nC−1
n ≤ ν(Xa1...an(x))

exp
(∑n−1

i=0 φT
i(x)

) ≤ p−nCn.

Then

ν(Dn) =
∑

Xd(n)∈Dn
ν(Xd(n))

≥ p−nC−1
n

∑
T nx=x,

x∈Xd(n)∈Dn

exp

( n−1∑
i=0

φT i(x)

)
= p−nC−1

n Z∗
n(φ),

where d(n) denote a sequenced1 . . . dn of length n. Similarly we haveν(Dn) <

p−nCnZ∗
n(φ) by usingUD = {intX}. 2

As we have mentioned in §2, under the transitivity condition theT -invariant measure
µ obtained by (F1) is equivalent to a weak Gibbs measureν for φ (with constant−logp).
Now we ask the following.

Question 1.Is the equilibrium stateµ weak Gibbs forφ with (−logp)?

In order to answer to this question, first we shall study properties ofh(x) =
(dµ/dν)(x). We recall that there exists 1≤ G < ∞ such thatG−1 ≤ (dµ∗/dν)(x) ≤ G.

LEMMA 3.2. Suppose that the following conditions are satisfied:

∞∑
n=0

ν(Dn) < ∞. (C1)

UD = {intX}. (C2)
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∃C′ > 1 such that∀Xd(n),∀n ≥ 1 and∀k ≥ 1,

sup
x,y∈T nXd(n)∩Bk

ψ ′
d(n)(x)

ψ ′
d(n)

(y)
≤ C′. (C3)

Then∀x ∈ Bk,∀k ≥ 1, h(x) ≤ GC′∑k−1
n=0 ν(Dn)/ν(Bk).

We remark that the conditions (C1)–(C3) can be easily verified for all piecewiseC1-
smooth examples in §4 of which

⋂
n≥0Dn consist of indifferent periodic points. Typically

for such non-hyperbolic maps the invariant densitiesh with respect to the normalized
Lebesgue measuresν are unbounded at the indifferent periodic points (see [15–17]). We
generalize this fact for potentials of WBV.

THEOREM 3.1. (Order of divergence of the invariant densityh = dµ/dν near
⋂
n≥0Dn)

(1) Suppose that (C1) holds and

Bn+1 = Dn ∩ T −nB1. (C4)

Thenµ(Bn+1) = µ∗(Dn) andµ(Dn) = ∫
Dn
(R(x)−n) dµ∗. We assume further that

∃1 ≤ H < ∞ such that ∀x, y ∈ Bk,∀k ≥ 1, h(x)/h(y) ≤ H. (C5)

If ν(Dn) = n−α (∃α > 1), then∃1 ≤ R < ∞ such thatR−1n ≤ h|Bn ≤ Rn.
(2) Suppose that (C1) holds and

∃t0 > 0 such thatXa1...an ∈ Dcn withXa2...an ∈ Dn−1

impliesXa1...an ⊆
t0⋃
i=1

Bi (n > t0).
(C6)

Thenµ(Bn+1) ≥ µ∗(Dn). Assume further that (C2) and (C3) are satisfied. If
ν(Dn) = n−α(α > 1) then∃1 ≤ R < ∞ such thatR−1n ≤ h|Bn ≤ Rn1+α .

The next lemma gives a sufficient condition for (C5) which can be easily verified for all
examples in §4.

LEMMA 3.3. If (C2) and (C3) hold, then (C5) is satisfied.

Remark A.As we will see in the proof of Theorem 3.1, the assumptionν(Dn) = n−α
(α > 1) can be replaced by the next condition onν(Bn),

∃0< r1 < r2 < ∞ such that r1n−(α+1) ≤ ν(Bn) ≤ r2n
−(α+1),

which allows one to show that

∃0< r ′1 < r ′2 < ∞ such that r ′1n−α ≤ ν(Dn) ≤ r ′2n−α

and hence to establish the same results as those in (1) and (2).

The following formula will be useful to estimate exact rates of the return sequences
an(T ) in case ofµ(X) = ∞ (see [1, 16] for details).

COROLLARY 3.1. (Order of return sequences)

an(T ) ∼ n∑n
k=1 ν(Dk−1)

.
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Remark B.(C4) is valid for maps with one indifferent fixed point. On the other hand,
we will see that a two-dimensional map with infinitely many indifferent fixed points
(example 4) also satisfy (C4). (C6) can be verified for a inhomogeneous diophantine
transformation which fails (C4) (see [14, 15]).

Proof of Lemma 3.2.Let x ∈ Bk. Then the formula (F1) and (C2) and (C3) allow us to
have the following inequalities:

h(x) =
∞∑
n=0

∑
Xd(n)∈Dn

ψ ′
d(n)(x)1T nXd(n)(x)(dµ

∗/dν)(ψd(n)x)

≤ GC′
( ∞∑
n=0

∑
Xd(n)∈Dn

inf
x ′∈T nXd(n)∩Bk

ψ ′
d(n)(x

′)
)

≤ GC′
( ∞∑
n=0

∑
Xd(n)∈Dn

∫
T nXd(n)∩Bk ψ

′
d(n)

(x ′) dν(x ′)
ν(T nXd(n) ∩ Bk)

)

≤ GC′ν(Bk)−1
∞∑
n=0

∑
Xd(n)∈Dn

ν(Xd(n) ∩ T −nBk).

SinceDn ∩ T −nBk ⊂ ⋃k
i=1Bn+i (because of the strong playback property ofR), we have

that

h(x) ≤ GC′ν(Bk)−1
∞∑
n=0

k∑
i=1

ν(Bn+i ).

Then the equality
∑k
i=1 ν(Bn+i ) = ν(Dn)− ν(Dn+k) gives the desired result. 2

Proof of Lemma 3.3.It suffices to see the following equality forx, y ∈ Bk ,
|h(x)− h(y)|

=
∣∣∣∣ ∞∑
n=0

∑
Xd(n)∈Dn,
x,y∈T nXd(n)

ψ ′
d(n)(x)

dµ∗

dν
(ψd(n)x)

(
1 − ψ ′

d(n)(y) dµ
∗/dν (ψd(n)y)

ψ ′
d(n)(x) dµ

∗/dν (ψd(n)x)

)∣∣∣∣.
Then (C3) and boundness ofdµ∗/dν give (C5). 2

Proof of Theorem 3.1.Let (C4) be satisfied. Then the first and the second assertions of (1)
follow from (F1), the formula of invariant measureµ. For the last assertion of (1), we see
that

µ(Bn+1)/ν(Bn+1) = µ∗(Dn)/ν(Bn+1) ≤ Gν(Dn)/ν(Bn+1)

= G(ν(Dn+1)+ ν(Bn+1))/ν(Bn+1) = G(ν(Dn+1)/ν(Bn+1)+ 1)

and similarly we see that

µ(Bn+1)/ν(Bn+1) ≥ G−1(ν(Dn+1)/ν(Bn+1)+ 1).

Sinceµ(Bn+1)/ν(Bn+1) = ∫
Bn+1

h(y) dν(y)/
∫
Bn+1

dν(y) and∃0< H1 < H2 < ∞ such
thatH1(n+ 1) ≤ ν(Dn+1)/ν(Bn+1) ≤ H2(n+ 1), the mean value theorem in integration
allows us to establish the required fact.
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Next we assume that (C6) is satisfied. The first assertion of (2) was established in [19,
Theorems 4.1 and 4.2]. Using this fact gives the lower bounds ofh|Bn similarly to (1). It
follows from Lemma 3.2 that the desired upper bound ofh|Bn is obtained. 2

Now we come to establish the weak Gibbs property ofµ.

THEOREM 3.2. (Weak Gibbs property ofµ) Let ν be the weak Gibbs measure forφ with
constant−logp and let (C1) be satisfied. We assume either ((C4) and (C5)) or ((C2), (C3)
and (C6)) in Theorem 3.1 and the following condition.

(Polynomial decay of cylinder measure near∩n≥0Dn) there exist0 < r1 < r2 < ∞
and∃α > 1 such that

r1n
−(α+1) ≤ ν(Bn) ≤ r2n

−(α+1). (C7)

Suppose that∃0< H < ∞ and∃0< η < ∞ such that

sup
Xd1...dn∈Dn

µ(Xd1...dn)

ν(Xd1...dn)
≤ Hnη. (C8)

Thenµ is a weak Gibbs measure forφ with constant−logp.

Remark C.As we have observed in Remark A, the assumption (C7) allows us to establish
the following fact :∃0 < r ′1 < ∞ such thatr ′1n−α ≤ ν(Dn). Hence the next condition
is sufficient for establishing (C8), which can be easily verified for all examples in §4:
∃0 < G1 < ∞ such that∀Xd1...dn ∈ Dn, ν(Dn) ≤ G1ν(Xd1...dn). In fact, we can take
H = G1µ(X)/r

′
1 andη = α.

Remark D.Though (C4) fails for Example 3 (on the other hand (C6) is valid), an exact
formula of the invariant densityh with respect to the normalized Lebesgue measure (see
[15]) and a direct calculation allow one to haveR−1k ≤ h|Bk ≤ Rk.

Proof of Theorem 3.2.It follows from the formula (F1) ofµ that µ(E) ≥ µ∗(E) ≥
G−1ν(E) (∀E ∈ F). Then we see that

µ(Xa1...an(x))

exp
(∑n−1

i=0 φ(T
i(x))− n logp

) ≥ G−1 ν(Xa1...an(x))

exp
(∑n−1

i=0 φ(T
i(x))− n logp

) ≥ (GKn)
−1.

Next we note that
µ(Xa1...an(x))

exp
(∑n−1

i=0 φ(T
i(x))− n logp

) = ν(Xa1...an(x))

exp
(∑n−1

i=0 φ(T
i(x))− n logp

) × µ(Xa1...an(x))

ν(Xa1...an(x))

and
µ(Xa1...an(x))

ν(Xa1...an(x))
≤ max

{
sup

Xa1...an⊆
⋃n
i=1Bi

µ(Xa1...an)

ν(Xa1...an)
, sup
Xa1...an∈Dn

µ(Xa1...an)

ν(Xa1...an)

}
.

Since Theorem 3.1 and Remark A give either

sup
x∈⋃n

i=1Bi

h(x) = max
1≤i≤n

sup
x∈Bi

h(x) ≤ O(n)

or
sup

x∈⋃n
i=1Bi

h(x) ≤ O(n1+α),

the weak Gibbs property ofµ follows from (C8). 2
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4. Examples and applications
In this section, we show several piecewiseC1-smooth maps of which− log |detDT | are
potentials of WBV and absolutely continuous finite invariant measuresµ (with respect to
Lebesgue measures) are weak Gibbs in our sense. We refer to the readers [17, 18, 20] for
a characterization ofµ as an equilibrium state for−log |detDT |.

First we remark that ifφ is a piecewise H¨older potential with exponentθ and the H¨older
constant isLφ , then

Cn = exp

( n∑
i=1

Vi(φ)

)
≤ exp

(
Lφ

n∑
i=1

σ(i)θ
)
,

where

σ(i) = sup
Xa1...ai∈

∨i−1
j=0 T

−jQ
diamXa1...ai

and
Vi(φ) = sup

Xa1...ai∈
∨i−1
j=0 T

−jQ
sup

x,y∈Xa1...ai
|φ(x)− φ(y)|.

Hence the generator condition that we imposed onQ(σ(n) → 0 asn → ∞) implies the
WBV property.

LEMMA 4.1. Let φ be a piecewise Ḧolder potential with exponentθ and σ(i) = i−q
(∃q > 0):
(1) if qθ = 1, thenCn = O(nγ ) (∃γ > 0);
(2) if qθ 6= 1, thenCn = O(n1−qθ/(1 − qθ)).

Proof. We see that
∑n
i=1 σ(i)

θ = ∑n
i=1 i

−θq = O(
∫ n

1 x
−qθ dx) and then the above

remark gives the desired fact. 2

In the case whenqθ 6= 1, if qθ > 1, thenCn = exp
(∑n

i=1Vi(φ)
) ≤ C < ∞ which

implies summability of variationsVn(φ). This property is satisfied for hyperbolic systems
and for Hölder potentials. On the other hand,qθ = 1 typically happens for maps admitting
indifferent periodic points and forφ = −log |detDT |. In fact, the following examples
satisfy

∑n
k=1Vk(φ) = O(logn) and so

∑∞
k=1Vk(φ) = ∞, butVn(φ) → 0 asn → ∞.

Example 1 (One parameter family of maps admitting an indifferent fixed point).Let
X = [0,1] and forβ with 0< β define

Tβ(x) =




x

(1 − xβ)1/β
, onX0 = [0, (1/2)1/β)

x

(1/2)1/β − 1
+ 1

1 − (1/2)1/β
, onX1 = [(1/2)1/β,1].

Then(Tβ,X,Q = {Xi : i = 0,1}) is a piecewise invertible system withU = {intX}.
The mapTβ has an indifferent fixed point 0. We remark thatTβ with β = 1 is just
the interval map which was studied by Lasota and Yorke. We also can think that the
Manneville–Pomeau equation,fβ = x + x1+β (mod 1), of which asymptotic behaviour
near the indifferent fixed point is essentially similar toTβ . Both −log |T ′

β | and−logf ′
β
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are piecewise H¨older continuous with exponentβ andq = 1/β. Thusqθ = 1 and in fact
Cn = O(n1+β) (see [14, 15]). Define

Dn = X 0...0︸︷︷︸
n

and Bn = Dn−1\Dn = {X0...01︸︷︷︸
n

}.

The jump transformationT ∗ : ⋃∞
i=1Bn → X given byT ∗x = T ix for x ∈ Bi satisfies the

bounded distortion property forT ∗. T ∗ admits an exact finite invariant measureµ∗ which
is Gibbs in the sense of Bowen. The formula (F1) gives an exactσ -finite invariant measure
µ equivalent to the Lebesgue measureν of which density satisfiesh(x) ∼ O(x−β)(x → 0)
(cf. [11, 12]). Let β < 1. Then (C1) is satisfied so thatµ is finite. (C4) is immediately
verified. (C3) was proved, for example in [17, 19]. Sinceν(Dn) = (n+ 1)−1/β , (C7) and
(C8) are easily verified by using the formula (F1) as follows:

sup
Xd1...dn∈Dn

µ(Xd1...dn)

ν(Xd1...dn)
≤ G

∑∞
m=n ν(Dm)
ν(Dn)

= O(n+ 1).

Hence (1) in Theorem 3.1 and Theorem 3.2 are valid. On the other hand, the asymptotic
formula ofh allows one to verify conditions in Theorems 3.1 and 3.2, directly.

Example 2 (Brun’s map [11, 15, 20]). LetX = {(x1, x2) ∈ R
2 : 0 ≤ x2 ≤ x1 ≤ 1}, and

let for i = 0,1,2

Xi = {(x1, x2) ∈ X : xi + x1 ≥ 1 ≥ xi+1 + x1},
where we putx0 = 1 andx3 = 0. T is defined by

T (x1, x2) =




(
x1

1 − x1
,

x2

1 − x1

)
onX0,(

1

x1
− 1,

x2

x1

)
onX1,(

x2

x1
,

1

x1
− 1

)
onX2.

SinceTXi = X(i = 0,1,2), (T ,X,Q = {Xi}2
i=0) is a piecewise invertible system with

U = {intX}. T is a continuous, piecewiseC2-map andφ = −log |detDT | is piecewise
Lipschitz continuous, i.e.θ = 1. T admits an indifferent fixed point(0,0) and we can
easily see thatq = 1. It follows from Lemma 4.1 thatCn is at most polynomial. Define

Dn = {X 0...0︸︷︷︸
n

}, Bn = {X0...0i︸︷︷︸
n

} (i = 1,2).

Then we can show that∃0 < θ∗ < 1, ∃0 < δ < ∞ and ∃n0 > 0 such that for
∀(x1, x2), (x

′
1, x

′
2) ∈ X

‖ψ∗
α1...αn

(x1, x2)− ψ∗
α1...αn

(x ′
1, x

′
2)‖ ≤ δθ∗n‖(x1, x2)− (x ′

1, x
′
2)‖

for ∀(α1 . . . αn) ∈ I∗n and∀n ≥ n0. A direct calculation allows us to verify equi-Lipschitz
continuity of{φ∗ψα∗}α∗∈I ∗ so thatT ∗ satisfies the bounded distortion property and admits
an exact finite invariant measureµ∗ equivalent to the Lebesgue measureν (see [15, 20]).
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Sinceν(Dn) = 1/2n2 (C7) is immediately verified and the formula (F1) gives an exact
finite invariant measureµ of which density is unbounded at the indifferent fixed point
(0,0). (C3) is easily verified by using the following fact;∀Xa1...an, ∃a, b ∈ Z

+, ∃c ∈ N

such that|detDψa1...an(x1, x2)| = (ax1 + bx2 + c)−3. Hence (C5) is valid. On the other
hand the exact formula of the invariant density :h(x1, x2) = (2x1(1 + x2))

−1 allows one
to verify (C5) directly. (C8) is also immediately verified by using Remark C. Thus we have
established all conditions in Theorems 3.1 and 3.2.

The next example shows thatφ = −log |T ′| is not piecewise H¨older but stillCn is
polynomial, in factVn(φ) → 0 and

∑n
k=1Vk(φ) = O(logn).

Example 3 (Inhomogeneous Diophantine algorithm).LetX = {(x1, x2) ∈ R
2 : 0 ≤ x2 ≤

1,−x2 ≤ x1 ≤ −x2 + 1}. The following mapT defined onX is related to a Diophantine
approximation problem in inhomogeneous linear class. We refer to the reader for further
details of number theoretical meaning [11, 21] (cf. [14–17]):

T (x1, x2) = (1/x1 − [(1 − x2)/x1] + [−(x2/x1)],−[−(x2/x1)] − (x2/x1)).

Let

a(x1, x2) =
[
(1 − x2)

x1

]
−
[−x2

x1

]
and b(x1, x2) = −

[
−x2

x1

]
.

We define
I = {(a, b) ∈ Z

2 : a > b > 0 ora < b < 0}
and define for each(a, b) ∈ I ,

X(a,b) = {(x1, x2) ∈ X : a(x1, x2) = a, b(x1, x2) = b}.
ThenQ = {X(a,b)}(a,b)∈I is a countable partition ofX andT X(a,b) = X (∀(a, b) ∈ I).

Therefore(T ,X,Q) is a piecewise invertible system withU = {intX}. Both (1,0) and
(−1,1) are indifferent periodic points with period 2. Forφ = −log |detDT |, we can verify
Vn(φ) ≤ log(1 + σ(n − 1)) andσ(n) = O(n−1). Cn = O(n3) were established in [14]
(cf. [15, 17, 19, 21, 22]). Let Dn be the set of cylinders of rankn containing indifferent
periodic points andDn = ⋃

Xa(n)∈Dn Xa(n). DenoteBn = Dn−1\Dn. Then the jump

transformationT ∗ : ⋃∞
i=1Bi → X defined byT ∗x = T ix for x ∈ Bi satisfies the bounded

distortion property so thatT ∗ admits an exact finite invariant measureµ∗ equivalent
to the Lebesgue measureν. In [21] exponential decay of diameter of cylinders with
respect toT ∗ was established. Sinceν(Dn) = 1/[(n+ 1)(2n+ 1)], (C7) is immediately
verified and the formula (F1) gives an exact finite invariant measureµ equivalent to the
Lebesgue measureν (see [14, 16]). (C1) and (C2) are immediately verified. Denote
x0 = (1,0), T x0 = (−1,1) andDn = ⋃1

i=0D
(i)
n , whereD(i)n (⊂ Dn) containsT ix0.

Then we can writeBn = ⋃1
i=0B

(i)
n , whereB(i)n = D

(i)
n−1\D(i)n and replacing (C3) by

∃C′ > 1 such that∀Xd(n),∀n ≥ 1 and∀k ≥ 1,

sup
x,y∈T nXd(n)∩B(i)k

ψ ′
d(n)(x)

ψ ′
d(n)(y)

≤ C′ (i = 0,1)
(C3)*
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still allows us to establish Lemma 3.2. (C3)* is readily verified by observing that

∀(x1, x2), (x
′
1, x

′
2) ∈ B(i)k ,

2k − 3

2k − 1
≤ |x1|, |x ′

1| ≤ k

k + 1

and ∣∣∣∣∣1 − ψ ′
a1...an

(x1, x2)

ψ ′
a1...an

(x ′
1, x

′
2)

∣∣∣∣∣ ≤ 21
|x1 − x ′

1|
1 − |x1|

(cf. [9, 17, 19]). On the other hand, the formula of the invariant density:h(x1, x2) =
1/((2 log2)(1 − x2

1)) allows one to verify (C5) directly (see [17, p. 991]).

Since]Dn = 2 (∀n ≥ 1) andν(Dn) = 2ν(D(i)n ) (i = 0,1), (C8) is easily verified.
Thus all conditions in Theorems 3.1 and 3.2 are verified.

Example 4 (A two-dimensional map related to uniform distribution of a cylinder flow).Let
X = {(x, y) : 0< x ≤ 1,0 ≤ y ≤ 1} andT is defined by

T (x, y) =
(

−1

x
−
[
−1

x

]
(−)
,
y

x
−
[
y

x

])
,

where [x](−) = max{n ∈ Z : n < x}. The first component ofT is known as a
map related to negative continued fraction which admits aσ -finite infinite absolutely
continuous invariant measures with respect to the Lebesgue measure ([16, 21]). Let
a(x) = −[−1/x](−), andb(x, y) = [y/x]. The index setI is given by

I = {(a, b) ∈ N × (N ∪ {0}) : a ≥ 2, a > b}.
The partitionQ = {X(a,b)}(a,b)∈I is defined as follows:

(x, y) ∈ X(a,b) iff a(x) = a andb(x, y) = b.

It is easy to see thatU consists ofU0 = X andU1 = {(x, y) ∈ X : x+y ≤ 1} and thatQ is
not Markov, but satisfies the FRS condition.T admits aσ -finite infinite ergodic invariant
measure equivalent toν the normalized Lebesgue measure and it was shown thatDn is the
set of cylinders touching{1} × [0,1] which consists of indifferent fixed points, i.e.

Dn = {X((2,b1),(2,b2),...(2,bn)) : b1 = b2 = . . . = bn = 0

or bi = 1 (∃i)andbj = 0 (∀j 6= i)}.
Althoughφ = −log |detDT | is not a piecewise H¨older potential, a direct computation
givesVn(φ) → 0(n → ∞) so thatφ is a potential of WBV. By Corollary 3.1, we have
an(T ) ∼ n/log(n+ 1) asn → ∞ [21].

5. Pointwise dimension of equilibrium states for potentials of weak bounded variation
Let (T ,X,Q) be a piecewise invertible system with FRS satisfyingσ(n) → 0 (n → ∞)

and letXJ = ⋂∞
i=0 T

−i (∪a∈JclXa) whereJ is a subset ofI . ThenTXJ ⊆ XJ and
XJ is a closed subset ofX if J is a finite set. The system(T |XJ ,XJ ,QJ ), where
QJ = {Xa ∩XJ }a∈J , gives a subsystem of(T ,X,Q) which is also a piecewise invertible
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system. Without loss of generality,(T ,X,Q) denotes such a subsystem. In this section, for
a surjective piecewise invertible system(T ,X,Q) we shall consider the local dimension of
the weak Gibbs measureµ for φ a potential of weak bounded variation. We recall that in
the category of conformal repellers for smooth expanding mapsT with positive Lyapunov
exponents logγ the following equalities hold forx a forward generic point ofµ,

hµ(T ,Q, x) = − lim
n→∞ 1/n logµ(Xa1...an(x)) = (logγ )dµ(x),

wheredµ(x) is the pointwise dimension andhµ(T ,Q, x) is the local entropy ofµ (see
[7, 8]). In particular, ifQ is a generating partition andµ is an ergodic invariant measure,
then the Shannon–McMillan–Breiman (SMB) theorem allows us to have forµ-a.e.x

hµ(T ) = hµ(T ,Q, x) = (logγ ) dµ(x).

We establish an analogy of this fact for non-conformal maps with indifferent periodic
points under the existence of the derived system(T ∗, µ∗) mentioned in §2, i.e.T ∗ :
X∗ → X∗ admits an exact finite invariant measureµ∗ ∼ ν which is Gibbs and
ν(X∗) = ν(X) = 1. µ is a T -invariant measure equivalent toν defined by (F1). We
assumeµ(X) = 1. Letdµ(x) andd̄µ(x) denote the lower and upper pointwise dimensions

of µ atx, respectively. The next theorem gives estimates ofdµ(x) andd̄µ(x).

THEOREM 5.1. Let (C4) be satisfied. Suppose that there existγ ∗ > 1 and0 < 0̄ < ∞
such that

σ ∗(n) = sup
Y∈∨n−1

i=0 T
∗−iQ∗

diamY ≤ 0̄γ ∗−n (∀n ≥ 1). (C9)

Then forµ-a.e.x ∈ X∗ we have the following upper bound ofd̄µ(x).

d̄µ(x) ≤ hµ∗
0
(T ∗)

logγ ∗ ,

whereµ∗
0 = µ∗/µ∗(X∗).

LetX∗
G(⊂ X∗) be the set of all points for which the Birkhoff ergodic theorem holds for

the stopping timeR with respect toµ∗
0 and the SMB theorem holds with respect toµ. For

example, the set of all forward generic points with respect to bothµ andµ∗
0 satisfies such

a property. Theorem 5.1 allows us to have an estimate of the Haussdorff dimension ofX∗
G

(see [7, Theorem 7.2]).

COROLLARY 5.1.

dimH X
∗
G ≤ hµ∗

0
(T ∗)

logγ ∗ .

Remark E.(C9) can be easily verified for all examples in §4 [20, 21].

THEOREM 5.2. Let (C4) be satisfied. IfT is a piecewiseC1 map and satisfies

∃0 > 0 and ∃γ∗ > 1

such that inf
Xα1...αn∈∨n−1

i=0 T
∗−iQ∗

inf
x∈Xα1...αn

‖DT ∗n|Xα1...αn
(x)‖−1 ≥ 0γ∗−n, (C10)
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then forµ-a.e.x ∈ X∗

dµ(x) ≥ hµ∗
0
(T ∗)

logγ∗
.

In particular, if T is a piecewiseC1-conformal map, then the bounded distortion
property for|detDT ∗| allows us to have the following (cf. [7]).

COROLLARY 5.2. For µ-a.e.x ∈ X∗,

dµ(x) = d̄µ(x) = dµ(x) = hµ(T )∫
X log‖DT (x)‖ dµ(x)

and ifX∗
G is the set of all points for which the Birkhoff ergodic theorem holds forR and

for −log‖DT ∗‖ with respect toµ∗
0 and the SMB theorem holds with respect toµ then

dimH XG
∗ = hµ(T )∫

X log‖DT (x)‖ dµ(x).

We remark that the setX∗ = ⋂∞
m=0 T

∗−m(
⋃∞
i=1Bi) is invariant not only underT ∗, but

also underT , so thatTX∗
G ⊆ X∗

G.

PROPOSITION5.1. If (C4) is satisfied, thenTX∗ = X∗ andX∗ = {x ∈ X : T nx ∈ X∗
(∀n ≥ 1)}.
Proof of Proposition 5.1.The first assertion is obvious because of (C4). Letx ∈ X∗
and there existn0 > 0 such thatT n0x ∈ ⋃∞

i=0 T
∗−i (

⋂
n≥0Dn). Then∃m0 such that

T ∗m0T n0x ∈ ⋂n≥0Dn. Since
⋂
n≥0Dn is positively invariant,x can visit cylinders which

belong toR only finitely many times. We have a contradiction immediately. On the other
hand, ifx ∈ X satisfiesT nx ∈ X∗ for all n ≥ 1 andx /∈ X∗, then there existsm0 > 0 such
thatT ∗m0x ∈ ⋂n≥∞Dn which also gives a contradiction. 2

Proof of Theorem 5.1.We first note that the generator conditionσ(n) → 0 asn → ∞
allows one to have

dµ(x) = lim inf
logµ(Xa1...an(x))

log diamXa1...an(x)
, d̄µ(x) = lim sup

logµ(Xa1...an(x))

log diamXa1...an(x)
.

Suppose thatx ∈ X∗. DefineNn(x) = max
{
l ≥ 0 : ∑l

i=0R(T
∗ix) ≤ n

}
. Then

Nn+1∑
i=0

R(T ∗ix) > n ≥
Nn∑
i=0

R(T ∗ix).

It follows from the pointwise ergodic theorem for(T ∗, µ∗
0) that

lim
n→∞ n/Nn =

∫
X∗
R(x) dµ∗(x)/µ∗(X∗) = µ(X)/µ∗(X∗) = µ∗(X∗)−1.

Let Mn(x) = ∑Nn(x)
i=0 R(T ∗ix). Then Mn(x) < n and so diamXα1...αNn

(x) ≥
diamXa1...an(x), where

∑Nn(x)+1
i=1 |αi | = Mn. Combining these observations allows us

to have
logµ(Xa1...an(x))

log diamXa1...an(x)
≤ − logµ(Xa1...an(x))

n

n

Nn

(
Nn

−log(0(γ ∗−Nn))

)
and by the SMB theorem we have the upper bound ofd̄µ(x) for µ-a.e.x ∈ X∗. 2
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Proof of Theorem 5.2.First we note that diamXα1...αn ≥ constγ−n∗ . In fact, we have that

‖ψ∗
α1...αn

x − ψ∗
α1...αn

y‖ ≥ ‖x − y‖ inf
z∈Xα1...αn

(‖DT ∗n|Xα1...αn
(z)‖−1)

which implies the desired inequlity. Next defineLn(x) = min
{
l ≥ 0 : ∑l

i=0R(T
∗ix)

≥ n
}
. Then usingLn instead ofNn allows one to have the desired lower bound similarly

to the proof of Theorem 5.1. 2

Example 5 (Non-conformal parabolic repellers arising from Brun’s map.)LetT : X → X

be the Brun’s map (see Example 2) and letS = T 3. Then (S,X,
∨2
i=0 T

−iQ) is a
piecewise invertible system satisfyingU = {intX}. For eachi ∈ {0,1,2} defineJi ⊂ I3

by Ji = {a = (a1, a2, a3) : a3 6= i} andXJi = ⋂∞
k=0 S

−k(⋃
a∈Ji cl(Xa)

)
(⊂ X). Then

XJi is a closed subset ofX satisfyingSXJi = XJi for eachi ∈ {0,1,2}. In fact, by the
definition ofXJi , SXJi ⊂ XJi is obvious. On the other hand, forx ∈ XJi , ψax ∈ XJi
for a ∈ Ji and sox = Sψax ∈ SXJi . Note thatJ1 andJ2 contain the parabolic indexes
(i.e. the index for which corresponding cylinders touched the indifferent fixed point (0,0))
which is not true ofJ0. See Figures 1–3. PutQJi = XJi ∩∨2

m=0 T
−mQ (i ∈ {0,1,2}).

Since(S|XJi , XJi ,QJi ) is a subsystem of(T ,X,Q), all results in the previous sections
established for(T ,X,Q) are also true for(S|XJi , XJi ,QJi ). In particular, we can apply
Theorem 5.1 and Corollary 5.1 to(S|XJi , XJi ,QXJi ) (i = 0,1,2) (see §4).

6. Statistical properties of weak Gibbs measures
In this section, we assume all facts in §2, i.e.L∗

φν = pν and(T ,X,Q) is a piecewise
invertible system with respect toν satisfying the FRS condition and the transitivity. We
recall thatφ − logp = −logd(νT )/dν andψ ′

a1...an
= d(νψa1...an)/dν. Let V be the

disjoint partition generated byU .

THEOREM 6.1. (Uniform convergence ofLnφ−logpf to (
∫
f dν)h) We suppose that (C0)

is satisfied and{ψ∗
α}α∈I ∗ is equi-Lipschitz continuous with Lipschitz constantLα ≤ L < 1.

Assume further that∃{Ek}k>0 with 0< Ek < ∞ such that∣∣∣∣∣1 − ψ ′
a1...an

(x)

ψ ′
a1...an

(y)

∣∣∣∣∣ ≤ Ekd(x, y)
θ ,

∀x, y ∈ Dck ∩ T nXa(n), ∀Xa(n) ∈
n−1∨
i=0

T −iQ and∀n > 0. (C11)

∃{Fk}k>0 with 0< Fk < ∞ such that

d(ψa1...an(x), ψa1...an(y)) ≤ Fkd(x, y),

∀x, y ∈ Dck ∩ T nXa(n), ∀Xa(n) ∈
n−1∨
i=0

T −iQ and ∀n > 0. (C12)

If
∑
n≥0 ν(Dn) < ∞ andh−1 is continuous onX̄ then for all continuous functionsf on

X̄,Lnφ−logpf ⇒ (
∫
f dν)h uniformly on compact subsets ofX\(∂V ∪⋂n≥0Dn).
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FIGURE 1.
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FIGURE 2.
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FIGURE 3.
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LEMMA 6.1. Let us defineg = (h/hT )(d(νT )/dν)−1 and letf be a continuous function
on X̄. Then{Lnloggf }n≥1 is equicontinuous and uniformly bounded on compact subsets of
X\(∂V ∪⋂n≥0Dn).

Proof of Lemma 6.1First we note that{logψ∗′
α1...αn

: (α1 . . . αn) ∈ I∗n} is equi-Hölder
continuous so that{Lnφ∗−R logp1} (with respect toT ∗) is equi-continuous and uniformly
bounded on eachV ∈ V . Then a standard argument allows us to obtain a finiteT ∗-
invariant measureµ∗ ∼ ν of which densitydµ∗/dν is Hölder continuous on eachV ∈ V .
Next we note that∀x, y ∈ V ⊂ T mXa(m), ∃V ′ ∈ V such thatψa(m)x,ψa(m)y ∈ V ′∩Xa(m)
and∀Xd(n) with T nXd(n) ⊃ V ′ ∩Xa(m)

ψ ′
d(n)(ψa(m)y)

ψ ′
d(n)(ψa(m)x)

= ψ ′
d(n)a(m)(y)

ψ ′
d(n)a(m)(x)

ψ ′
d(n)(x)

ψ ′
d(n)(y)

.

Then the formula (F2) gives

|h(ψa(m)x)− h(ψa(m)y)| ≤
∞∑
n=0

∑
Xd(n)∈Dn,

T nXd(n)⊃Xa(m)∩V ′

ψ ′
d(n)(ψa(m)x)

dµ∗

dν
(ψd(n)a(m)x)

×
∣∣∣∣∣1 − ψ ′

d(n)(ψa(m)y)

ψ ′
d(n)(ψa(m)x)

dµ∗/dν(ψd(n)a(m)y)
dµ∗/dν(ψd(n)a(m)x)

∣∣∣∣∣ .
It follows from (C11) and (C12) and piecewise H¨older continuity ofdµ∗/dν that∀x, y ∈
Dck ∩ V,∀Xa(m) with T mXa(m) ⊃ V ,∣∣∣∣1 − h(ψa(m)x)

h(ψa(m)y)

∣∣∣∣ ≤ O(Ek + Fk)d(x, y)
θ ,

which enables us to establish equi-continuity and uniformly boundness of{Lnloggf }n≥1 on
compact subsets ofX\(∂V ∪⋂n≥0Dn). 2

Proof of Theorem 6.1.In Lemma 6.1 we established [17, Lemma 3.3] so that we can apply
the same argument as the one in the proof of [17, Theorem 3.2]. 2

Remark F.We remark that (C0) can be replaced by equi-H¨older continuity of{logψ∗′
α :

α ∈ I∗}. In [17], the uniform convergence theorem was established under (C11)
and (C12) and more additional conditions which guarantee equi-Lipschitz continuity of
{logψ∗′

α1...αn
: (α1 . . . αn) ∈ I∗n}. Our proof of Theorem 6.1 simplified some technical

arguments in [17].

The validity of (C11) and (C12) is verified in [17] for all examples in §4 except
Example 4 in the case whenν is the normalized Lebesgue measure ofX. Next we study
the speed ofL1-convergence of{Ln−log(d(µT )/dµ)}n≥1. Let−log(d(νT )/dν) (= φ− logp)
be a potential of WBV. Define forn > m ≥ 1 and for(x, y) ∈ X ×X

k(n,m)ν (x, y) =
∑
a1...am

L
n−m
−log(d(νT )/dν)

(
ψ ′
a1...am

ν(Xa1...am)

)
(x)1Xa1...am (y).

Then we see that

L
n
−log(d(νT )/dν)Eν(f | ∨m−1

i=0 T −iQ)(x) =
∫
X

k(n,m)ν (x, y)f (y) dν(y).
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Definition. We say thatx0 is anindifferent periodic point with periodq with respect toν
if

d(νT q |Xa1...aq (x0))

dν|Xa1...aq (x0)

(x0)

(
= exp

[
q logp −

q−1∑
i=0

φT i(x0)

])
= 1.

LEMMA 6.2. Suppose that∩n≥0Dn consists of an indifferent periodic orbit with respect to
ν andU = {intX}. Assume further that:∃0 < π1, π2 < 1 such that for allXa1...am ∈ Dm
and∀m ≥ 1,

infy∈D1 ψ
′
a1...am

(y)

supy∈B1
ψ ′
a1...am

(y)
≥ π1 and inf

n>m

ν(Xa1...am ∩ T −nB1)

ν(Xa1...am ∩ T −nD1)
≥ π2. (C13)

Then there exists0< γ1 < 1 such that∀n > m+ 1> 1

L
n−m
−log(d(νT )/dν)

(
ψ ′
a1...am

ν(Xa1...am)

)
(x) ≥ γ1 > 0 (∀x ∈ X, ∀Xa1...am ∈ ∨m−1

i=0 T
−iQ)

andk(n,m)ν (x, y) ≥ γ1 (∀x, y ∈ X).
Proof. Suppose thata(m) = b1 . . . bld1 . . . dm−l, whereXb1...bl ∈ R andXd1...dm−l ∈
Dm−l . Then it follows from the measure theoretical bounded distortion (see §2) that

L
n−m
− log(d(νT )/dν)

(
ψ ′
a1...am

ν(Xa1...am)

)
(x) ≥ C−1

L
n−m
−log(d(νT )/dν)

(
ψ ′
d1...dm−l

ν(Xd1...dm−l )

)
(x).

We assume thatXa1...am ∈ Dm. Then the WBV property and (C13) allow us to establish

L
n−m
−log(d(νT )/dν)

(
ψ ′
a1...am

ν(Xa1...am)

)
(x) ≥ C−1C−1

1 π1π2ν(D1) (∀x ∈ X).

Henceγ1 := C−2C−1
1 π1π2ν(D1) gives the desired bound. 2

Remark G.Let
⋂
n≥0Dn consist of a single indifferent periodic orbit and let each point

of the orbit be contained in a unique cylinder. If we assume (C3) and (C7), then by
Theorem 3.1 we can show the property

infXa1...am∈Dm infx∈Xa1...am h(x)
supXa1...am∈Dm µ(Xa1...am)/ν(Xa1...am)

≥ H ′ > 0

which plays an important role with respect to the uniform lower estimate in Lemma 6.2,
for establishing Theorem 6.2 by using the method in [9] (cf. [4, 5]). This property can be
readily verified for Examples 1–3.

THEOREM 6.2. (Rates ofL1-convergence ofLn−log(d(µT )/dµ)f to
∫
f dµ) We assume all

conditions in Lemma 6.2, (C3) and (C7). Suppose that

11(m) = sup
(b1...bl),l≥1

sup
Xa1...am⊂Dcm

sup
x,y∈Xa1...am∩T lXb1...bl

∣∣∣∣∣1 − ψ ′
b1...bl

(x)

ψ ′
b1...bl

(y)

∣∣∣∣∣ → 0 (m → ∞),

12(m) = sup
Xa1...am⊂Dcm

sup
x,y∈Xa1...am

∣∣∣∣1 − h(x)

h(y)

∣∣∣∣ → 0 (m → ∞).
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Then for anyf ∈ L∞(µ) such that∃0< Lf < ∞ satisfying

sup
Xa1...am⊂Dcm

sup
x,y∈Xa1...am

|f (x)− f (y)| ≤ Lf σ(m) (∀m > 0)

and∀0< ε < 1,∥∥∥∥Ln−log(d(µT )/dµ)f −
∫
f dµ

∥∥∥∥
1

≤ O(max{µ(D[nε ]), σ ([nε ]),11([nε]),12([nε ])}).

(Cf. [9, Theorem 1], [22].)

Remark H.Under Hölder continuity ofdµ∗/dν (with exponentθ ),12(m) can be bounded
from above byO(11(m))+O(σ(m)θ).

Appendix. Jump transformations
In previous sections, we have established approachs to study non-hyperbolic phenomena
caused by indifferent periodic points by using jump transformations. In this section, we
shall develop these approachs for piecewise invertible systems with FRS in a more general
setting. Let a Borel probability measureν and a positive numberp > 0 satisfyL∗

φν = pν.

A denotes the set of all admissible cylinders
⋃∞
n=1{Xa1...an ∈ ∨n−1

i=0 T
−iQ : ν(Xa1...an)

> 0}. Suppose that∃R ⊂ A satisfying the following conditions.
(a) Xa(n)b(m) ∈ R wheneverXb(m) ∈ R (the strong playback property).
(b) DefineDn = {Xa1...an : Xa1...ai /∈ R (i = 1 . . . n)} andBn = {Xa1...an : Xa1...an−1 ∈

Dn−1,Xa1...an ∈ R} inductively. We defineT ∗ and denote the local inverses
ψ∗
α, ψ

∗
α1...αn

as in §2 and defineσ ∗(n) as in §5. Then there exist 0< 0 < ∞, γ ∗ > 1
andn0 > 0 such that

d(ψ∗
α1...αn

x, ψ∗
α1...αn

y) ≤ 0γ ∗−nd(x, y) (∀n ≥ n0)

and
∑n0
i=1 σ

∗(i) < ∞.
We impose the next condition on the potentialφ which implies equi-H¨older
continuity of{φ∗ψ∗

α}α∈I ∗ .
(c) ∃0< L∗ < ∞, ∃θ ∈ R such that∀Xα ∈ Q∗,

|φ∗(x)− φ∗(y)| ≤ L∗d(T ∗x, T ∗y)θ (∀x, y ∈ Xα ∈ Q∗).

Then it follows from equi-H¨older continuity of{logψ∗′
α1...αn

: (α1 . . . αn) ∈ I∗n} that
the measure theoretical bounded distortion is valid forφ∗ associated toT ∗. In particular,
if n0 = 0 then{Lnφ∗−R logp} (with respect toT ∗) is piecewise equi-continuous with respect
toV and uniformly bounded. Then we have aT ∗-invariant measureµ∗ of which density is
bounded and piecewise H¨older continuous with respect toV . Furthermore, if eachU ∈ U
contains a cylinder intXa1...as ⊂ U such thatT s(intXa1...as ) = intX andXas ∈ R, then
the density is bounded away from zero andµ∗ is a Gibbs measure forφ∗−R logp which is
exact. If limn→∞ ν(Dn) = 0, thenν(X) = ν(X∗). We say thatφ is of WBV with respect
to ν if φ satisfies the inequality in the definition of WBV in terms of ess sup (ess inf) with
respect toν.
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THEOREM A.1 Suppose thatL∗
φν = pν (p > 0). Assume that we can construct a jump

transformationT ∗ under (a)–(c) for whichφ∗ − R logp satisfies the measure theoretical
bounded distortion and

∑∞
n=0 ν(Dn) < ∞. If 1

n

∑n−1
i=0 R · T ∗i converges uniformly on a

full measure set andinfx∈D1 φ > −∞, thenφ is a potential of WBV with respect toν and
ν is a weak Gibbs measure forφ with −logp.

LEMMA A.1 Suppose thatL∗
φ−logpν = ν. Thenφ is a potential of WBV with respect to

ν iff ν is a weak Gibbs measure forφ with −logp.

LEMMA A.2 Suppose thatL∗
φ∗−R logpν = ν (with respect toT ∗). Thenφ∗ − R logp

satisfies the measure theoretical bounded distortion iffν is a Gibbs measure forφ∗ −
R logp with P(φ∗ − R logp) = 0.

COROLLARY A.1 Suppose that all conditions in Theorem A.1 are satisfied. Thenν is
Gibbs forφ∗ − R logp with respect toT ∗ and weak Gibbs forφ with logp with respect
to T .

Remark I.Examples (1–4) satisfy infx∈D1 φ > −∞ for φ = −log |detDT |.
Proof of Lemma A.1Suppose thatφ is a potential of WBV. Then the weak Gibbs property
of ν was established in [20]. Conversely, suppose thatν is a weak Gibbs measure forφ
with −logp. Then∃{Kn}n≥1 satisfying limn→∞ n−1 logKn = 0 such that for eachn > 0
and for allXa1...an

K−1
n ≤ ν(Xa1...an)

exp
(∑n−1

i=0 φT
i(x)− n logp

) ≤ Kn (∀x ∈ Xa1...an)

and so∀x, y ∈ Xa1...an ,

K−1
n exp

( n−1∑
i=0

φT i(x)− n logp

)
≤ ν(Xa1...an) ≤ exp

( n−1∑
i=0

φT i(y)− n logp

)
Kn.

Hence the WBV property is satisfied. 2

Proof Lemma A.2It immediately follows from the proof of Lemma A.1. 2

Proof of Theorem A.1.Let Nn(x) = max{l ≥ 0 : ∑l
i=0R(T

∗ix) ≤ n}. Then for
x ∈ Xa1...an

exp
(∑n−1

i=0 φT
i(x)− n logp

)
exp

(∑Nn(x)
i=0 φ∗T ∗i (x)− (logp)

∑Nn(x)
i=0 R(T ∗ix)

)
= exp

( n−1∑
i=∑Nn(x)

j=0 R(T ∗j x)

φT i(x)−
(
n−

Nn(x)∑
i=0

R(T ∗ix)
)

logp

)

≤ exp

((
n−

Nn(x)∑
j=0

R(T ∗j x)
)(

sup
X

φ − logp
))
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and

exp
(∑n−1

i=0 φT
i(x)− n logp

)
exp

(∑Nn(x)
i=0 φ∗T ∗i (x)− (logp)

∑Nn(x)
i=0 R(T ∗ix)

)
≥ exp

((
n−

Nn(x)∑
j=0

R(T ∗j x)
)(

inf
D1
φ − logp

))
.

Since we have aT ∗-invariant ergodic finite measureµ∗, µ∗-a.e.x

lim
n→∞

∑Nn(x)−1
j=0 R(T ∗j x)

Nn(x)
=
∫
X∗ R(x) dµ∗(x)

µ∗(X∗)
= µ∗(X∗)−1

and limn→∞Nn(x)/n = µ∗(X∗). Additionally it follows from equi-Hölder continuity
of {logψ∗′

α1...αn
: (α1 . . . αn) ∈ I∗n} that [21, Theorems 2.2 and 2.3] allow us to have

a sequence0n satisfying0n → 0 asn → ∞, which can be used to deduce the rate
of uniform convergence a.e. in the Birkhoff ergodic theorem [9, p. 3]. Finally putting
C̄n = exp(nO(0n)| supφ − logp|) gives

exp
(∑n−1

i=0 φT
i(x)− n logp

)
exp

(∑Nn(x)
i=0 φ∗T ∗i (x)− (logp)

∑Nn(x)
i=0 R(T ∗ix)

) ≤ C̄n

and limn→∞ 1/n logC̄n = 0. Similarly puttingCn = exp(nO(0n)|infD1 φ − logp|) gives

exp
(∑n−1

i=0 φT
i(x)− n logp

)
exp

(∑Nn(x)
i=0 φ∗T ∗i (x)− (logp)

∑Nn(x)
i=0 R(T ∗ix)

) ≥ Cn

and limn→∞ 1/n logCn = 0. Then the measure theoretical bounded distortion for
φ∗−R logp allows one to have the WBV property ofφ−logp. Then applying Lemma A.1
gives the desired result. 2

Even if diamX < ∞ fails, we can still construct a jump transformationT ∗ which
satisfies (a)–(c). For example, let us consider a countable aperiodic Markov shiftT and
let φ be a continuous potential with

∑∞
n=2Vn(φ) < ∞ which admits a Borel probability

measureν andp > 0 satisfyingL∗
φν = pν (cf. [10]). Suppose that there exists a cylinder

Xb with diamTXb < ∞ such that∃Lb(φ) < ∞ andθ ∈ R satisfying

|φ(ψbx)− φ(ψby)| ≤ Lb(φ)d(x, y)
θ (∀x, y ∈ TXb)

andIb = {a ∈ I : Xa ⊂ TXb} is a finite set. Under the above situation, we have no
evidence of the measure theoretical bounded distortion with respect toν. For such aT , we
shall construct a jump transformation satisfying (a)–(c) as follows. LetR be the set of all
cylinders with last symbolb so that (a) is valid. ThenB1 = {Xb},D1 = {Xd : d 6= b} and
Dn = {Xd1...dn : di 6= b (i = 1 . . . n)},Bn = {Xd1...dn−1b : Xd1...dn−1 ∈ Dn−1}. T ∗ andφ∗
can be defined as in the §2 and since forXa1...an−1b ∈ ∨n−1

i=0 T
iQ,∣∣∣∣ n−1∑

i=0

(φT i(ψa1...an−1bx)− φT i(ψa1...an−1by))

∣∣∣∣ ≤ Lb(φ) diamTXb +
∞∑
n=2

Vn(φ),

(c) can be readily verified.
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