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Abstract We study a weak Gibbs property of equilibrium states for potentials of weak
bounded variation and for maps admitting indifferent periodic points. We further establish
statistical properties of the weak Gibbs measures and bounds of their pointwise dimension.
We apply our results to higher-dimensional maps (which are not necessarily conformal)
with indifferent periodic points and show that their absolutely continuous finite invariant
measures are weak Gibbs measures.

1. Introduction

In this paper, we shall develop a generalized thermodynamic formalism forfindgined

on a subset of a compact metric space which exhibit certain non-hyperbolic phenomena.
We direct our attention to potentiafs which may fail both summable variations and
bounded distortion but satisfy thveeak bounded variatiofsee the definition in §2). In

[20Q], we have already established for such systems a generalized variational principle for
the pressureP(¢) and a characterization df(¢) in terms of the radius of convergence

of Artin—-Mazur—Ruelle zeta functions. In particular, we obtained equilibrium stafes

¢ which are absolutely continuous with respect to natural reference measgaded
conformal measures.The method used for solving these problems was constructing
derived mapsr* which are uniformly expanding and guarantee a wealdel" type
property of the potentiap* associated t@*. In non-hyperbolic situations, the Gibbs
property in the sense of Bowen typically fails for batrand i« even if the equilibrium
statesu™* for ¢* satisfy it. However, we could still establish a version of Gibbs property
which is calledweak Gibbgsee the definition in §2) for the conformal measur®n the

other hand, the problem of the weak Gibbs property of the equilibrium gtatidl remains

open. The main purpose of this paper is to solve it (Theorem 3.2) and to establish statistical
properties of the weak Gibbs measuréTheorems 6.1 and 6.2). The key to the proof of
the weak Gibbs property is to clarify the order of divergence of the invariant dehsjiyv

near indifferent periodic points (Theorem 3.1). In particulag-iheasures of the sets of
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points at which the stopping time with respect to an expanding region is greatet than
decays polynomial fast, theh./dv is unbounded and it may cause interesting phenomena
from a statistical point of view4, 5, 9, 21, 2P

The paper is organized as follows. In 83, first we give a criterion of finitenegsiof
terms of weak bounded variation (WBV) property. Next we give an exact estimate of the
density ofu with respect to the weak Gibbs measurand then establish the weak Gibbs
property ofw. In 84, we show several piecewiéé-smooth maps with indifferent periodic
points for which—log|detDT | are potentials of WBV and we can verify all conditions in
our theorems. In 85, we study the pointwise dimensiopn ahd the Haussdoff dimension
of the set of forward generic points. In particular, we apply these results to non-conformal
parabolic repellers arising from Brun’s map which admits indifferent fixed points@pf. [
In 86, we shall establish the convergence of the iterated Perron—Frobenius operators with
respect to the weak Gibbs measpren the L°°-norm (Theorem 6.1) and we shall give an
upper bound on the convergence in ftlenorm (Theorem 6.2). Both results can be applied
to examples in §4. In the appendix, we study a relation between the Gibbs property for the
derived systeméT*, u*) and the weak Gibbs property for the original syst@mu).

2. Preliminaries

Let (X, F,v) be a non-atomic probability space. Suppose that X — X is a non-
singular transformation with respect tqv7T~1 ~ v) and that there exists a countable
measurable partitio® = {X,},c; Of X, generatingF satisfying the local invertibility,

i.e. for everyX, € Q0,v(X,) > 0andT|x, : X, — T X, is an invertible map satisfying
d(wT)l|x,/dv|x, > 0 (v-a.e). Such a systen¥, X, Q) is called apiecewise invertible
system[14-23. Typically, such a non-singular measure exists in the following setting
for a map7 defined on a subset of a compact metric spadeX, d). Let F be theo-
algebra of Borel subsets &f. We suppose that there exists a disjoint generating partition
Q = {Xa}aer Of X with X, € F (Va € I) such thatXg = |, intX, is an open
dense subset of. Let7T : X — X be a non-invertible map which is continuous &p

with Xo € TXo andT|x, : X, — TX, is a homeomorphisniva € I). We denote
Xoy NT Xy, NN T~0=DX, by X, 4, if its interior is not empty. We impose
the next condition from which we can obtain nice countable symbolic dynamics similar to
sofic shifts [L6, 18.

Finite range structure (FRSY{ = {T"(int X4,...4,) : YX4,...a,, Y1 > 0} consists of finitely
many open subsets df.
Let us denote the local inversg|x,)~* by v, and(T"[x,, ., )L bY Yy -

Definition. A Borel probability measure is called aweak Gibbs measuffer a function
¢ with a constantP if there exists a sequende,},-o of positive numbers with
lim,—o0(1/n)log K, = 0 such thav-a.e.x,
1 v(X, .ap (x))
no = n—l1 i =
exp( Y2y ¢Ti(x) +nP)

whereX,, 4, (x) denotes the cylinder containing

n»
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Definition. We say that a functio is of WBV if there exists a sequen¢€,} satisfying
lim,— o (1/n)logC, =0andvX,, q, € \/” o T7'0,¥n > 1,

SURex,, , &XP( 215 ¢(T'x))
infecx, ., exp( Y12 ¢(T’x))

If a function¢ is a piecewise dider potential of WBV andy,, is Lipschitz continuous
with the Lipschitz constanf, satisfying sup.; L, < oo, then underfsl(x) =
D a1 &XP@ o Yu(x)) < K < oo (Vx € X) andU = {intX} there existp > 0
and a Borel probability measune such thatv is a weak Gibbs measure fgr with
—logp satisfying E(’;v = pv, where Lj; is the dual of L4 (see [L3, 2Q). Then
d(wT|x,)/d(v|x,) = explog p — ¢) > 0 holdsv-a.e. foreacla € I and so(T, X, Q) isa
piecewise invertible system with FRS. We can describglag the reciprocal of the radius
of convergence oArtin—-Muzer—Ruellgeta function (see2, Theorem 2.1]) and even if
uniformly expanding property fails, the potentiglof WBV still admits an equilibrium
stateu equivalent tov and logp coincides with the measure theoretical pressei(e).
Such results were established 0] by constructing a derived systeRt which is called
a jump transformatiorj11]. Even if we weakeri/ = {int X} by the FRS condition, we
still have a weak Gibbs measure fpunder additional conditiong]. We shall recall the
construction of the jump transformation (). Assumethal., < 1(Va € I). ForL < 1,
defineB1 = {X, : Lp, < L}, D1 ={X4 : Ly > L}, and inductively define

B ={Xby.., : Xby...y_q € Dn-1,Lp, <L},
Dy ={Xay..a, : Xay..dy_1 € Du—1, La, > L}.

We put B, = Uxbl...hnEBn Xp,..b, and D, = del,,,dnEDn Xay..4,- PUtDg = X.
DefineI* = U;21{(a1...an) : Xay..a, € Bn}. ThenQ* = {Xy}aer+ is a countable
partition of 72, B;. Now we defineT* : | J?2, Bi — X by T*x = Tix for x € B;.
Put X* = X\(Um—o7* ™ (MNy=0Dn)). Then(T*, X*, Q%) is a piecewise invertible
system which is uniformly expanding. L& be the set of all cylinders(,,. ,, of
which the last symbok, satisfiesX,, € Bi. ThenR satisfies thestrong playback
property X, ..a.b1..5, € R WheneverX,, , € R. Let R(x) be the stopping time with
respect toR, i.e. R(x) = infiln € N : X4, _4,(x) € R}. Then a regularity condition
on ¢* = Zfz‘ol¢T" ([20, (C8)]) allows one to have the following key property for
establishing the existence of absolutely continudtisnvariant finite measure™ with
respect tas whose density is bounded away from infinity.

Measure theoretical bounded distortiohere exist€C > 1 such that

%1 X )
sup sup sup

n Xot]_ an€ \/” 1T* igx X yET*"Xal an wal O(n( )

whereys . = (T*"[x, ,,) 'and
d(w//g; ...oc,,)
wﬂ(l an( ) - 71()(:)

dv

n—1 n—1
= exp( D GHTHEYE ) — Y R(THyg , x)log p).
i=0

i=0
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If the next condition is satisfied, thefu*/dv is bounded away from zero and" is
exact.

Transitivity. VU € U, 3X4,..q, C U such thall™* X,, . = X andX,, € R.

The T*-invariant measurg* is a Gibbs measure (in the sense of Bowen) and a unique
equilibrium state fop™ — Rlog p. If lim,_ v(D,) = 0, thenv(X*) = v(X) and the
following formula gives & -invarianto -finite measurg. ~ v, which is exact16]:

(0.¢]
W(E) = uw*(D,NT™"E) (VE € F). (F1)
n=0
In particular, ifY_,> o v(D,) < oo thenp is finite. The density of. with respect ta is
written as follows 11, 15-1T:

d 0 / du*
TW=Y Y VO Wi D, (), (F2)

n=0 Xy, ..dy€Dn

wherey , = dv¥a,.q,)/dv (= exp(Zf:‘(}qSTi — nlog p)¥a,..a4,). Furthermore,

a generalized thermodynamic formalism #prwas established in2[] via one for ¢*.

We shall see in §3 that singularities @f./dv happen whemw(D,,) is polynomial decay.

We should mention that the jump transformaton is not uniquely determined so that other
constructions would be possible as we shall see it in the appendi2(cREmark B]).

3. Weak Gibbs property of equilibrium states for potentials of WBV

In this section, we assume all facts in the previous section. That ig, beta potential

of WBV satisfying L41(x) < K < oo (Vx € X) and we suppose the existence of
a Borel probability measure andp > 0 satisfyingﬁ;",v = pv so that(T, X, Q) is a
piecewise invertible system with respecitolhen the measunesatisfies the weak Gibbs
property forg [20, Proposition 2.2]. The situation typically happens for piecewise
smooth maps admitting indifferent periodic point¥ o = xo, |detDT%(xo)| = 1), more
precisely, leb be the normalized Lebesgue measur& af R andg = —log|d(vT)/dv|

(= —log|detDT|). ThenLs*v = v and we can see for all examples in §4 tiais a
potential of weak bounded variation ants a weak Gibbs measure for Let us define the
partition functionZ, (¢) = 3" u,_, exp( 720 ¢ (T'x)). Then lim,—c0 1/n10g Z,(¢) =
log p (see RO, Theorem 2.1] and1[8, Theorem 5.1]). Furthermore, suppose tB& a
subset of the set of all admissible cylinders satisfying the strong playback property and we
can construct a jump transformati@ri with respect toR as in §2 which is (piecewise)
uniformly expanding (see the appendix). If equilHier continuity of{¢*y}}4cr+ holds

for the derived mafy* satisfying the transitivity in 82, then there exists an exact finite
invariant measurg* equivalent ta> which is Gibbs fop* — R log p (see RQ]) anddu*/dv

is a piecewise dider continuous functionl]7, 20, 2]. For example, the next condition
implies equi-Holder continuity of{¢* ¢ }ger+:

VXay..ap € Bn, 30 < Lg(az...ap) < o0 (C0)

such that
1o (Way...anX) — ¢ (Way..an )| < Lg(ar . ..an)d(x, y)’
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forx,y € T"Xg,..q, and

n

Ly(c0) =sup  sup ZL¢’(“" . ay) < 00.
n>0 X(,l_,a,,eBn i=1

If lim,-.v(D,) = 0, then the formula (F1) gives &-invariant exact measure
w ~ v and in particular, wher}_,> o v(D,) < oo (which impliesi(X) < oo) sufficient
conditions foru being an equilibrium state fap and for logp = P(¢) (where P(¢)
denotes the measure theoretical pressure) were giv@@jinlefine

n—=1
Zigy = ) exp(qu(T"x)).
i=0

T"x=x,
x€Xdy..dy €Dn

LetUp = {intT"Xy,..a, : VXay..a, € Dn,V¥n > 1}. The next lemma gives a criterion of
finiteness ofu in terms of the WBYV constants.

LEMMA 3.1. Suppose thatip = {intX}. If Y02, p™"C, Z¥(¢) < oo, thenu(X) < oo.

Proof of Lemma 3.1t suffices to show tha}_.- ;, v(D,) < oo which impliesu(X) < occ.
The weak Gibbs property af gives that

V(Xay...a, (X))

—n~—1 —n
pC,m =< - _ <p "Cp.
T (T eTi ()
Then
v(Dy) = > v(Xaw)
Xd(,,)ED,,
n—1 )
>pCt Y exp(quT' (x)) =p"C, Zi(),
T"x=x, i=0
x€Xqm)€Dn

where d(n) denote a sequencé ...d, of lengthn. Similarly we havev(D,) <
p~"CnZ}(¢) by usinglip = {int X}. O

As we have mentioned in 82, under the transitivity condition®himvariant measure
u obtained by (F1) is equivalent to a weak Gibbs measuar ¢ (with constant-log p).
Now we ask the following.

Question 1.1s the equilibrium state weak Gibbs for with (—log p)?

In order to answer to this question, first we shall study propertieq(@) =
(du/dv)(x). We recall that there exists4 G < oo such thalG~1 < (du*/dv)(x) < G.

LEMMA 3.2. Suppose that the following conditions are satisfied:

ZU(D,,) < 0. (Cy)
n=0
Up = {int X}. (C2)
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3C’ > 1suchthatvX 4, Vn > landVk > 1,

U/INEY)
su W= < ¢
x,yET" X g(mN Bk I/Id(n) )

(C3)

ThenVx € By, Yk > 1, h(x) < GC'Y ¥t v(D,)/v(By).

We remark that the conditions (C1)—(C3) can be easily verified for all pieceiise
smooth examples in §4 of whi¢h, . , D, consist of indifferent periodic points. Typically
for such non-hyperbolic maps the invariant densitiewith respect to the normalized
Lebesgue measuresare unbounded at the indifferent periodic points (se&e-17). We
generalize this fact for potentials of WBV.

THEOREM3.1. (Order of divergence of the invariant dendity= dj./dv near,~o Dn)
(1) Suppose that (C1) holds and

By,i1=D,NT "Bi. (C4)
Thenw(B,+1) = u*(Dy) andu(D,) = fDn (R(x) —n)du*. We assume further that
J1 < H <oo suchthat Vx,y € By, Vk > 1, h(x)/h(y) < H. (C5)

If v(D,) =n~% (3a > 1), thendl < R < oo such thatR~1n < k|, < Rn.
(2) Suppose that (C1) holds and
dro > O such thatX,, 4, € D, with X4, 4, € Dp—1
(C6)

]
implies X4, < U B; (n > to).
im1

Thenu(B,+1) > w*(D,). Assume further that (C2) and (C3) are satisfied. If
v(D,) =n~%(a > 1) then3l < R < oo such thatR~'n < h|p, < Rnl*e.

The next lemma gives a sufficient condition for (C5) which can be easily verified for all
examples in §4.

LeEmMA 3.3. If (C2) and (C3) hold, then (C5) is satisfied.

Remark A.As we will see in the proof of Theorem 3.1, the assumptigD,) = n=“
(¢ > 1) can be replaced by the next conditiomaiB,),

30 <r; <rp <oo suchthat rin= @ < v(B,) < ron= @+,
which allows one to show that
30 <r] <ry <oo suchthat rin™ < v(D,) < ron™®
and hence to establish the same results as those in (1) and (2).

The following formula will be useful to estimate exact rates of the return sequences
a,(T) in case ofu(X) = oo (see [L, 16 for details).

COROLLARY 3.1. (Order of return sequences)
n

n(T) ~ =——7—.
an(T) Zkzlv(Dk—l)
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Remark B.(C4) is valid for maps with one indifferent fixed point. On the other hand,
we will see that a two-dimensional map with infinitely many indifferent fixed points
(example 4) also satisfy (C4). (C6) can be verified for a inhomogeneous diophantine
transformation which fails (C4) (se&4, 15).

Proof of Lemma 3.2Let x € B;. Then the formula (F1) and (C2) and (C3) allow us to
have the following inequalities:

h) =Y D Y @) nx g, () (dp* /dv) W x)

n=0 X4,y €Dy

o0
< GC' inf ! !
- (Z Z x'€T" X 4(n)N By ‘ﬁd(n) (x )>

n=0 Xd(n) EDn

coc($ 3 I tinl )
B n=0 Xd(n)EDn U(TnXd(n) n Bk)

o0
ch/u(Bk)*lz Z V(Xgmy N T " By).
n=OXd(n)eDn

SinceD, N T "By C Uf‘zl B+ (because of the strong playback propertyR)f we have

that
ook
h(x) < GCv(BO ™) D v(Busi)-
n=0i=1
Then the equalinzf‘:l v(By+i) = v(Dy) — v(Dy4x) gives the desired result. O

Proof of Lemma 3.3It suffices to see the following equality fet y € By,

[h(x) — h(y)l

i > v 02 )
d(n) dv d(n)

n=0 Xd(n)EDns
x,yET”Xd(n)

Then (C3) and boundness&f.*/dv give (C5). |

<1 B Yy () dp*/dv (Wd(n)”)‘
wé(n)(x)dﬂ*/dv (Yamyx) )

Proof of Theorem 3.1Let (C4) be satisfied. Then the first and the second assertions of (1)
follow from (F1), the formula of invariant measuge For the last assertion of (1), we see
that

4(But1)/V(Bus1) = 1*(Dy)/v(Bps1) < GV(Dy)/v(Bys1)
= G(W(Dy+1) + V(By41)/v(Byt1) = G(Dys1)/v(Byt1) + 1)
and similarly we see that
1(But1)/V(But1) = G E(W(Dyy1)/v(Bys1) + 1).

Sincewu(By+1)/v(Br+1) = /Bn+l h(y)dv(y)/anH dv(y)andi0 < H1 < Hz < oosuch
thatHi(n + 1) < v(Dy+1)/v(Bu+1) < Ho(n + 1), the mean value theorem in integration
allows us to establish the required fact.
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Next we assume that (C6) is satisfied. The first assertion of (2) was establisi& in [
Theorems 4.1 and 4.2]. Using this fact gives the lower boundsgQfsimilarly to (1). It
follows from Lemma 3.2 that the desired upper bound|gf is obtained. a

Now we come to establish the weak Gibbs property of

THEOREM3.2. (Weak Gibbs property @f) Letv be the weak Gibbs measure tbmwith
constant-log p and let (C1) be satisfied. We assume either ((C4) and (C5)) or ((C2), (C3)
and (C6)) in Theorem 3.1 and the following condition.

(Polynomial decay of cylinder measure neayoD,) there existD < r1 < r2 < o0

and3a > 1such that
rin~@tD < (B, < ron~ @D, (C7)
Suppose thal0 < H < oo and30 < n < oo such that
X
n(Xay...d,) < Hn, (C8)
Xdy..dn €Dn U(Xdlmdn)

Thenu is a weak Gibbs measure fgrwith constant-log p.

Remark C.As we have observed in Remark A, the assumption (C7) allows us to establish
the following fact : 30 < r; < oo such thatjn=® < v(D,). Hence the next condition
is sufficient for establishing (C8), which can be easily verified for all examples in 8§4:
30 < G1 < oo such thatvXy,. 4, € Dy, v(Dy) < G1v(Xy4,..4,)- In fact, we can take
H = G1u(X)/r; andn = .
Remark D.Though (C4) fails for Example 3 (on the other hand (C6) is valid), an exact
formula of the invariant density with respect to the normalized Lebesgue measure (see
[15]) and a direct calculation allow one to haRe 'k < h|p, < Rk.
Proof of Theorem 3.2lt follows from the formula (F1) ofu that w(E) > u*(E) >
G LW(E) (VE € F). Then we see that
m(Xay. a,(x)) -1 V(Xay..a, (X))
exp( LZg @ (T (x)) —nlog p) exp( Y/Zg ¢ (T (x)) —nlog p)
Next we note that
H(Xal...an (x)) _ V(Xal...an (x)) % M(Xal...an (x))
exp( Z}’;& ¢(Ti(x)) —nlogp) exp( Z}’;& ¢(Ti(x)) —nlogp) v(Xay..a,(x))
and

> G > (GK,) L.

e Kageoa, @) _
V(Xal...an (x)) —

Since Theorem 3.1 and Remark A give either

sup sup

{ M(Xal...a,,) M(Xal...a,,) }
Xﬂ]_mﬂn gUz"’:l B; U(Xal"'a") ’ Xal...anepn V(Xalman)

sup  h(x) = max suph(x) < O(n)

xeliy Bi 1si=n xeB;
or
sup  h(x) < O™,
xelUl_1 Bi
the weak Gibbs property of follows from (C8). |
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4. Examples and applications
In this section, we show several piecewig&-smooth maps of whick- log |detDT| are
potentials of WBV and absolutely continuous finite invariant measur@gith respect to
Lebesgue measures) are weak Gibbs in our sense. We refer to the r&aadég; P for
a characterization gf as an equilibrium state forlog|detDT|.

First we remark that i is a piecewise Kider potential with exponegftand the Hbider
constantisLy, then

Cp = exp(Z w<¢)> < exp(L¢ 20@9),
i=1 i=1

where
o(i) = sup diamXg,. 4
Xay..q; €V T~/ O
and
Vi(¢) = sup sup  |p(x) —d(I.

i1 i
Xal,,,ai E\/;:o T-7iQ * Exal...ai

Hence the generator condition that we imposedXin (n) — 0 asn — oo) implies the
WBYV property.

LEMMA 4.1. Let ¢ be a piecewise Blder potential with exponert ando (i) = i~
(3g > 0):

(1) ifg6 =1, thenC, = O(n?) Ay > 0);

(2) ifgh # 1, thenC, = 0197/ (1 — q0)).

Proof. We see thad ! ;o) = Y7_,i7% = O(J; x7%%dx) and then the above
remark gives the desired fact. i

In the case whepo # 1, if g6 > 1, thenC, = exp( Y1, Vi(¢)) < C < oo which
implies summability of variation¥),(¢). This property is satisfied for hyperbolic systems
and for Hilder potentials. On the other hard, = 1 typically happens for maps admitting
indifferent periodic points and fap = —log|detDT|. In fact, the following examples
satisfyd }_; Vi(¢) = O(logn) and soy ;- ; Vi(¢) = oo, butV,(¢) — 0asn — oco.

Example 1 (One parameter family of maps admitting an indifferent fixed pdaiat).
X = [0, 1] and forg with 0 < 8 define

X
1 —xAl8’

X 1
A/ 1" 1- 127

on Xo = [0, (1/2)Y/#)
Tg(x) =
onX1 = [(1/2Y# 1].

Then(Tg, X, Q = {X; : i = 0,1}) is a piecewise invertible system with = {int X}.

The mapTg has an indifferent fixed point 0. We remark thgg with 8 = 1 is just

the interval map which was studied by Lasota and Yorke. We also can think that the
Manneville—Pomeau equatioffy = x + x1*# (mod 1), of which asymptotic behaviour
near the indifferent fixed point is essentially similarfp. Both —log |T/§| and —log fé
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are piecewise Blder continuous with exponefitandg = 1/8. Thusg6 = 1 and in fact
C, = 0(n**P) (see [14, 19). Define

D, =Xo.0 and B, = anl\Dn = {XO...Ol}o
—— <~

n n

The jump transformatiod* : (2, B, — X givenbyT*x = T'x for x € B; satisfies the
bounded distortion property f@*. T* admits an exact finite invariant measyréwhich
is Gibbs in the sense of Bowen. The formula (F1) gives an exdittite invariant measure
w equivalent to the Lebesgue measui which density satisfies(x) ~ O (x#)(x — 0)
(cf. [11, 17). Let 8 < 1. Then (C1) is satisfied so thatis finite. (C4) is immediately
verified. (C3) was proved, for example ih7, 19. Sincev(D,) = (n + 1)~¥/#, (C7) and
(C8) are easily verified by using the formula (F1) as follows:

SUp 'u'(Xdlmdn) S szno:n U(Dm)
Xdl,,,dnepll U(Xdldn) U(Dﬂ)

=0m+1).

Hence (1) in Theorem 3.1 and Theorem 3.2 are valid. On the other hand, the asymptotic
formula of h allows one to verify conditions in Theorems 3.1 and 3.2, directly.

Example 2 (Brun’s maplfi, 15, 20). Let X = {(x1,x2) € R?: 0 < x2 < x1 < 1}, and
letfori =0,1,2

Xi={(x,x2) € X 1 x; +x1> 1> x;41 + x1},

where we pukg = 1 andxz = 0. T is defined by

X1 X2
, on Xo,
(1 —x1 1- X1) 0
1 X2
T(xi,x2)=3(——-1 — on Xy,
X1 X1
1
(E, — = 1) on Xo.
X1 X1
SinceTX; =X{=0,1,2),(T,X,0 = {X,»}l.zzo) is a piecewise invertible system with
U = {intX}. T is a continuous, piecewigé2-map andp = —log|detDT| is piecewise

Lipschitz continuous, i.e? = 1. T admits an indifferent fixed poind0, 0) and we can
easily see thag = 1. It follows from Lemma 4.1 thaf, is at most polynomial. Define

Dp={Xo0.0}, Bi=1{Xo0.0} (=12).
—— ——

n n

Then we can show th&a0 < 6* < 1,30 < § < oo and3dng > 0 such that for
V(x1, x2), (x1,x5) € X

Wy (X1, X2) = Wi (X7, X9 || < 867" [[(x1, x2) — (xq, x)|
1 n 1 n

forV(ay...w,) € I andVn > ng. A direct calculation allows us to verify equi-Lipschitz
continuity of {¢* .+ }o+<* SO thatT* satisfies the bounded distortion property and admits
an exact finite invariant measuge€ equivalent to the Lebesgue measurésee [L5, 2Q).
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Sincev(D,) = 1/2n? (C7) is immediately verified and the formula (F1) gives an exact
finite invariant measur@ of which density is unbounded at the indifferent fixed point
(0,0). (C3) is easily verified by using the following factX,, ,,,3a,b € Z*,3c € N
such thatdetDv,, . 4, (x1, x2)| = (ax1 + bx2 + ¢)~3. Hence (C5) is valid. On the other
hand the exact formula of the invariant density(x1, x2) = (2x1(1 + x2)) ! allows one

to verify (C5) directly. (C8) is also immediately verified by using Remark C. Thus we have
established all conditions in Theorems 3.1 and 3.2.

The next example shows that = —log|T’| is not piecewise Hider but still C,, is
polynomial, in factV,(¢) — 0 and}_;_; Vi(¢) = O(logn).

Example 3 (Inhomogeneous Diophantine algorithirgt X = {(x1, x2) e R2: 0 < xp <

1, —x2 < x1 < —x2 + 1}. The following mapT defined onX is related to a Diophantine
approximation problem in inhomogeneous linear class. We refer to the reader for further
details of number theoretical meaniridl] 21 (cf. [14-17):

T(x1,x2) = (L/x1 — [(L = x2)/x1] + [—(x2/x1) ], —=[—(x2/x1)] — (x2/x1)).

a(xy, x2) = [(1_ xZ)} - [_—xz} and b(x1, x2) = — [—E} .

X1 X1

Let

We define
I={ab)eZ?:a>b>00ra<b<0}

and define for eactu, b) € I,
X@a,p) ={(x1,x2) € X 1 a(x1, x2) = a, b(x1, x2) = b}.

ThenQ = {X(4.1)}.b)e1 iS @ countable partition o and7 X, ) = X (V(a, b) € I).
Therefore(T, X, Q) is a piecewise invertible system withh = {int X}. Both (1, 0) and
(—1, 1) are indifferent periodic points with period 2. Fpr= —log|detDT|, we can verify
Vo (9) < log(1+ o — 1)) ando(n) = O(n~1). C, = 013 were established i}
(cf. [15, 17, 19, 21, 2B. Let D, be the set of cylinders of rank containing indifferent
periodic points andd, = Uy, ep, Xaw. DenoteB, = D, 1\D,. Then the jump
transformatior?™* : | J72, Bi — X defined byI'*x = Tix forx € B; satisfies the bounded
distortion property so thal'* admits an exact finite invariant measyré equivalent
to the Lebesgue measure In [21] exponential decay of diameter of cylinders with
respect tor'* was established. SinagD,)) = 1/[(n + 1)(2n + 1)], (C7) is immediately
verified and the formula (F1) gives an exact finite invariant meagueguivalent to the
Lebesgue measure (see [L4, 16). (C1) and (C2) are immediately verified. Denote
x0o = (1,0),Txo = (-1,1) and D, = J-,D\’, whereDS’(C D,) containsT" xo.
Then we can write3, = | J}_, B, whereB\” = D \ D\ and replacing (C3) by

3C" > 1 such tha¥ X (n), Vn > 1 andvk > 1,

Vo X)
AW~ ¢ (i1=0.1)
)mBlEi) lﬁd(,,)(Y)

sup (C3)*

X, yeT" Xan
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still allows us to establish Lemma 3.2. (C3)* is readily verified by observing that

V(x1, x2), (x7, xp) € B, % -3 < xaf ¥yl < ——
2k—1 "~ “k+1
and
Vi oy (X1, X2) g — x}]
Viy.ay 1259 |~ 1= |xal

(cf. [9, 17, 19). On the other hand, the formula of the invariant densiyx1, x2) =
1/((2log2 (1 — xf)) allows one to verify (C5) directly (sed ¥, p. 991)).

SincetD, = 2 (Vn > 1) andv(D,) = 2u(D,(,i)) (i = 0,1), (C8) is easily verified.
Thus all conditions in Theorems 3.1 and 3.2 are verified.

Example 4 (A two-dimensional map related to uniform distribution of a cylinder floef).
X ={(x,y):0<x <1,0<y<1}andT is defined by

Y O Y B N B
T(x,y)_< X [x](_)’x |:xj|)

where[x]-y = maxn € Z : n < x}. The first component of" is known as a
map related to negative continued fraction which admits-fnite infinite absolutely
continuous invariant measures with respect to the Lebesgue meas@re2{]). Let
a(x) = —[—1/x]y, andb(x, y) = [y/x]. The index sef is given by

I ={(a,b)e Nx (NU{0}) :a >2,a > b}.
The partitionQ = {X (4,5} (a,p)er IS defined as follows:
(x,y) € X iff a(x) =aandb(x, y) =b.

Itis easy to see that consists ol/g = X andU; = {(x,y) € X : x+y < 1} and thatQ is
not Markov, but satisfies the FRS conditich.admits ao -finite infinite ergodic invariant
measure equivalent tothe normalized Lebesgue measure and it was showrtha the
set of cylinders touchingfl} x [0, 1] which consists of indifferent fixed points, i.e.

Dn ={X(@2b1),2b2),..20y)) b1 =b2=...=b, =0
orb; =1 3i)andb; =0 (Vj # i)}.

Although¢ = —log|detDT| is not a piecewise blder potential, a direct computation
givesV,(¢) — O(n — o0) so thate is a potential of WBV. By Corollary 3.1, we have
an(T) ~ n/log(n + 1) asn — oo [21].

5. Pointwise dimension of equilibrium states for potentials of weak bounded variation
Let (T, X, Q) be a piecewise invertible system with FRS satisfyir@) — 0 (n — o0)
and letX; = 72 T~ (UgesclX,) whereJ is a subset of. ThenTX; < X, and
X, is a closed subset ok if J is a finite set. The systenT|x,, X, Q;), where
Qs ={XaN X,}aey, gives a subsystem 6f', X, Q) which is also a piecewise invertible
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system. Without loss of generalityf;, X, Q) denotes such a subsystem. In this section, for
a surjective piecewise invertible systéffy X, Q) we shall consider the local dimension of
the weak Gibbs measuyefor ¢ a potential of weak bounded variation. We recall that in
the category of conformal repellers for smooth expanding rifaw#h positive Lyapunov
exponents log the following equalities hold for a forward generic point of,

hy (T, Q,x) =— nILmoo 1/n logﬂ(xal...an (x)) = (log y)d, (x),

whered,, (x) is the pointwise dimension arfd, (T, Q, x) is the local entropy of. (see
[7, 8]). In particular, if Q is a generating partition and is an ergodic invariant measure,
then the Shannon—-McMillan—Breiman (SMB) theorem allows us to have-foe.x

hy(T) = hy(T, @, x) = (logy) dy(x).

We establish an analogy of this fact for non-conformal maps with indifferent periodic
points under the existence of the derived syst@, u*) mentioned in 82, i.eT* :

X* — X* admits an exact finite invariant measyné ~ v which is Gibbs and
v(X*) = v(X) = 1. uis aT-invariant measure equivalent todefined by (F1). We
assumew(X) = 1. Letd , (x) andc?u(x) denote the lower and upper pointwise dimensions
of u atx, respectively. The next theorem gives estimate_sucqic) andc?ﬂ(x).

THEOREMS5.1. Let (C4) be satisfied. Suppose that there exist- 1 and0 < I’ < oo
such that

o*(n) = sup diamy < Ty*™" (Vn > 1). (C9)
yeVi 3 Teigr

Then foru-a.e.x € X* we have the following upper bounddf(x).

whereug = w*/u*(X*).

Let X7,(C X*) be the set of all points for which the Birkhoff ergodic theorem holds for
the stopping timeR with respect tqu; and the SMB theorem holds with respecitoFor
example, the set of all forward generic points with respect to podimd .. satisfies such
a property. Theorem 5.1 allows us to have an estimate of the Haussdorff dimengign of
(see [, Theorem 7.2]).

COROLLARY 5.1.

Remark E.(C9) can be easily verified for all examples in 0] 21.
THEOREMS5.2. Let (C4) be satisfied. If is a piecewiseC! map and satisfies

ar>0 and 3Jy,>1
such that inf inf | DT*"|x,,_,, ()75 = D™, (C10)

Xoy...am E\/l’_’:_(:)lT*—i 0* x€Xaq..an
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then foru-a.e.x € X*
hyus (T%)
logy:

In particular, if T is a piecewiseC!-conformal map, then the bounded distortion
property for|detDT*| allows us to have the following (cf7]).

d,(x) =

COROLLARY 5.2. For u-a.e.x € X*,
hy (T)
Jx 10g[IDT (x)|| dpu(x)
and if X7, is the set of all points for which the Birkhoff ergodic theorem holdsi@and
for —log || DT*|| with respect tqu*g and the SMB theorem holds with respecuitthen

: B, (T)
d X% = W .
e fx log||DT (x)|| dp(x)

We remark that the set* = (,,_o T* " (721 B;) is invariant not only undef*, but
also undefl, so thatT X, < X,.

d,(x) = du(x) = dy(x) =

PROPOSITIONS.1. If (C4) is satisfied, the X* = X*andX* = {x € X : T"x € X*
(Vn > 1)}.

Proof of Proposition 5.1The first assertion is obvious because of (C4). ket X*

and there existo > 0 such thatIox € |J72, T+ (My>0DPn). Then3mg such that
T*moT"0x € (),~q Dn. Since(),~q Dy is positively invarianty can visit cylinders which
belong toR only finitely many times. We have a contradiction immediately. On the other
hand, ifx € X satisfiesT"x € X* foralln > 1 andx ¢ X*, then there exista&g > 0 such
thatT*"ox € M D,, which also gives a contradiction. O

Proof of Theorem 5.1We first note that the generator conditien) — 0 asn — oo
allows one to have

n>o0

|OgI’L(Xa1...a,, (x))
ogdiamXy;, .4, (x) .

log 1(Xay...a, (x))
log diamX,, 4, (x)’

Suppose that € X*. DefineN, (x) = max{/ > 0 S R(T*x) < n}. Then

d,, (x) = liminf d,(x) =1im sup;

Nat+1 , Ny _
Z R(T*x) >n > ZR(T*’x).
i=0 i=0

It follows from the pointwise ergodic theorem far'*, 1) that
nleoon/N = /X* R dp*(x) /" (X*) = u(X)/u*(X*) = w*(x*)~ L

Let M,(x) = Zf’;é")R(T*"x). Then M,(x) < n and so diamXu,. ay, (x) >

diamX,,. 4, (x), wherezf":”f‘)Jrl la;| = M,. Combining these observations allows us
to have

IOg M(Xal...a,, (x)) < _IOQ M(Xal...a,, (x)) i Ny

logdiamX, .4, (x) ~ n N, \ —log(I"(y*=Nn))
and by the SMB theorem we have the upper bound,¢f) for u-a.e.x € X*. m|
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Proof of Theorem 5.2First we note that diarily,. «, > consty, ". In fact, we have that

IWar..an® = Vay.ay Y = llx =yl . nf (DT x,, o @17

ajp..an

which implies the desired inequlity. Next defidg (x) = min{/ > 0 : S o R(T*x)
> n} Then usingL, instead ofN,, allows one to have the desired lower bound similarly
to the proof of Theorem 5.1. |

Example 5 (Non-conformal parabolic repellers arising from Brun’'s ma@)7 : X — X
be the Brun's map (see Example 2) and $et= 73. Then (S, X, \/,,2=0 T-iQ)is a
piecewise invertible system satisfyitgy= {int X}. For each € {0, 1, 2} defineJ; c I3
by Ji = {a = (a1,a2,a3) : a3 # i} and X, = 2o S (Uges ¢l(Xa))(C X). Then
X, is a closed subset of satisfyingSX,;, = X, for eachi € {0, 1, 2}. In fact, by the
definition of X ;,, SX;, C X, is obvious. On the other hand, fere X, yax € X},
fora e J; and sox = Syax € SX,. Note that/; andJ, contain the parabolic indexes
(i.e. the index for which corresponding cylinders touched the indifferent fixed pqi@i}X0
which is not true of/o. See Figures 1-3. P@,, = X;, N \/2_oT™"Q (i € {0,1,2}).
Since(S|X,l_ , Xy, Qy;) is a subsystem of7, X, Q), all results in the previous sections
established fofT, X, Q) are also true fo(S|x,i , Xy, Q). In particular, we can apply
Theorem 5.1 and Corollary 5.1 Slx, . Xy, Ox,) (i = 0,1, 2) (see §4).

6. Statistical properties of weak Gibbs measures

In this section, we assume all facts in 82, iE%.v = pv and(7T, X, Q) is a piecewise
invertible system with respect to satisfying the FRS condition and the transitivity. We
recall thatp — logp = —logd(vT)/dv and ¥, , = d(W{ay. q,)/dv. Let) be the
disjoint partition generated kiy.

THEOREM®G6.1. (Uniform convergence cttg_logpf to (/' f dv)h) We suppose that (CO)
is satisfied andy} }<r+ is equi-Lipschitz continuous with Lipschitz constapt< L < 1.
Assume further tha{E }x-0 With 0 < E; < oo such that

! X
1- Lﬁ"'“”( ) < Exd(x, y)’,
Vir..an )
n—1 )
Vx,y € D{NT" Xa(uy. YXamy € \/ T7'Q andVn > 0. (C11)
i=0

A{ Fy}x=0 With 0 < F; < oo such that

d(wal...an (x), wal...an ()’)) < Frd(x, )’)’
n—1
Vx,y € Df N T" Xagny: YXamy € \/ T7'Q and ¥n > 0. (C12)
i=0

If ano v(D,) < oo andh~1is continuous orX then for all continuous functiong on

X, nglogpf = (/ f dv)h uniformly on compact subsets ¥f (91 U (Nnz0Dn)-
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LEMMA 6.1. Let us defing = (h/hT)(d(vT)/dv)~1 and let f be a continuous function
onX. Then{L!' . f}.>1is equicontinuous and uniformly bounded on compact subsets of

logg
X\(@V U (,50 Dn)-
Proof of Lemma 6.JFirst we note thatlogy*/ D (a1...0y) € I*}) is equi-Holder

aj...0p
continuous so tha{tﬁ"*_Rlogpl} (with respect tol'*) is equi-continuous and uniformly

bounded on eacly¥ € V. Then a standard argument allows us to obtain a fifiite
invariant measurg™ ~ v of which densityd */dv is Holder continuous on each € V.
Nextwe note tha¥x, y € V. .C T" X4(my, AV’ € V such thaty,omyx, Yam)y € V' NXaom)
andvX g,y with T" X 4,y D v'n Xaim)

%’1(,,) (Yam)y) _ l/fz/l(n)a(m) » 106’1(,,) (x)
%’1(,,) (wa(m)x) l/fél(n)a(m)(x) %’1(,,) )
Then the formula (F2) gives

s d
o) =hWamM =D Y Vi Ve

n=0 Xdny€Dn,
TnXd(n)DXa(m)mV/
_ 1'”éli(n)(w‘l(m)y) d:u'*/dv(wd(n)a(m))’)
1//21(,1) (ramyx) dp*/dv(Vamyam)X)
It follows from (C11) and (C12) and piecewiseldér continuity ofdu* /dv thatVx, y €
DNV, Y X g gmy With T™ Xgmy DV,

1— h(wa(m)x)
h(wa(m))’)

which enables us to establish equi-continuity and uniformly boundne{sﬁ‘r“ogfgf}nzl on
compact subsets of\(9V U (1),~¢ Dn)- |

*
» (I/fd(n)a(m)x)

x (1

< O(Ex + Fd(x, ),

Proof of Theorem 6.1ln Lemma 6.1 we establishei]{, Lemma 3.3] so that we can apply
the same argument as the one in the proofl@f Theorem 3.2]. |

Remark F.We remark that (CO) can be replaced by eqoid¢r continuity of{logy’ :

a € [I*}. In [17], the uniform convergence theorem was established under (C11)
and (C12) and more additional conditions which guarantee equi-Lipschitz continuity of
{logvy* t(a1...0y) € I*}. Our proof of Theorem 6.1 simplified some technical

ag...0p
arguments in17].

The validity of (C11) and (C12) is verified inly] for all examples in 84 except
Example 4 in the case whenis the normalized Lebesgue measureXofNext we study
the speed of.*-convergence o{fﬁlilog(d(uT)/du)}nil' Let—log(d(vT)/dv) (= ¢ —log p)
be a potential of WBV. Define fat > m > 1 and for(x,y) € X x X

B Var..am
K00y = ) Lhawryan (L ) Lxay..am )-

ai...am U(Xal---am)

Then we see that

L7 fog@wry/awy Ev (FIVIG T ) (x) = /X k™ (x, ) f (9) dv ().
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Definition. We say thatxg is anindifferent periodic point with periog with respect ta
if
dwTx, . (o) -t
M(xm( = exp[q logp — 3 T (XO)D -1

AV[Xy, .4y (x0) iz0

LEMMA 6.2. Suppose that,>oD, consists of an indifferent periodic orbit with respect to
v andl{ = {intX}. Assume further thaB0 < r1, 72 < 1 such that for allX,,. 4, € Dn
andvm > 1,

infye s Ya...q, () Xay..a, N T"B1)

. vV
; >m; and inf > 7). (C13)
SURIEB]_ I//al,_,am ()’) n>m V(Xal...am m T_nDl)
Then there exist8 < y1 < 1suchthatvn >m +1>1
/
" o Vagean (x)>y1>0 (¥x € X, VX e Vvt Q)
—log@ /v \ (X, . =n » VAay..am € Vi=0

andk("™ (x, y) > y1 (¥x, y € X).

Proof. Suppose thati(m) = by...bidy...dyu—;, WhereXy, p, € R and Xy, 4, , €

D,,—1. Then it follows from the measure theoretical bounded distortion (see §2) that
Ve ) iy d
n—m 1.--m —1 pn—m 1---Am—1
_ —— ) (x) = CT LY — ] (x).
log(d(vT)/dv) <V(Xa1...am log(d(vT)/dv) V(Xd]_...dm_[)

We assume thaX,,. 4, € Dn. Then the WBYV property and (C13) allow us to establish

_ I/f(/l dm —1,--1
Ll60g@wr)/av) <m (x) =2 €€ "mmav(Dy) - (Vx € X).

Hencey, := C~2C; mimov(D1) gives the desired bound. |

Remark G.Let ("), Dx consist of a single indifferent periodic orbit and let each point
of the orbit be contained in a unique cylinder. If we assume (C3) and (C7), then by
Theorem 3.1 we can show the property

Ianal...aWEDm 'nfxexal...a,,, h(x) W S0
Supy €Dy M(Xal...am)/V(Xal...am)

which plays an important role with respect to the uniform lower estimate in Lemma 6.2,
for establishing Theorem 6.2 by using the methodin(§f. [4, 5]). This property can be
readily verified for Examples 1-3.

aj...am

THEOREMG6.2. (Rates of.1-convergence o‘trilog(d(uT)/du)f to [ fdu) We assume all
conditions in Lemma 6.2, (C3) and (C7). Suppose that

Vo (X)
A1(m) = sup sup sup T T g (m — 00),
/
(0160121 Xay..am CDfy x.y€Xay...am VT Xby.., Vby. (V)
h(x
Ax(m) = sup sup - Q -0 (m— o0).
Xal...am CD,L,; X,)’Exal,,,am h(y)
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Then for anyf € L*°(u) such thatl0 < Ly < oo satisfying

sup sup  |f(x)—fWI=Lfo(m) (Ym>0)

Xal...am CD;;L X,yEXalmam

andv0 < € < 1,

Hﬁnlogwﬂ)/dmf - / fdu

(Cf. [9, Theorem 1],22].)

< O(max{u(Dpey), o ((n°D), Ar([n€D), A2([n°D)}).
1

Remark H.Under Holder continuity ofd u*/dv (with exponen®), A>(m) can be bounded
from above byO (A1(m)) + O (o (m)?).

Appendix. Jump transformations

In previous sections, we have established approachs to study non-hyperbolic phenomena

caused by indifferent periodic points by using jump transformations. In this section, we

shall develop these approachs for piecewise invertible systems with FRS in a more general

setting. Let a Borel probability measureand a positive numbegr > 0 satisfyﬁ(’;u = pv.

A denotes the set of all admissible cylind€r§> ;{X4;..0, € \/?;& T7'Q : v(Xay..a)

> 0}. Suppose thadR C A satisfying the following conditions.

(@  Xumbem) € R whenevetX,,) € R (the strong playback propeity

(b) DefineD, = {Xu;..a, : Xaj..qy ¢ R (G =1...n)}andB, = {Xa;. a, : Xay..a,_1 €

Dn-1,Xay..a, € R} inductively. We defineT* and denote the local inverses

/50 asin 82 and define*(n) asin 85. Thenthere existOI' < oo, y* > 1

o’ Yag...op

andng > 0 such that

AWy, )% Vo a,y) Ty "d(x,y) (Yn = no)

and)_"%, o*(i) < oo.
We impose the next condition on the potentilwhich implies equi-télder
continuity of{¢* ¥ }ger*.

() I0 < L* < 00,30 € RsuchthavX, € Q*,

l9*(x) — ¢* (V)| < L*d(T*x, T*y)?  (Vx,y € Xo € O%).

Then it follows from equi-teTder continuity of{log vy, , : (a1...0n) € I} that
the measure theoretical bounded distortion is validfbassociated t@*. In particular,
if no = 0then{L}. , Ing} (with respect tdl'*) is piecewise equi-continuous with respect
to V and uniformly bounded. Then we hav&&-invariant measurg™* of which density is
bounded and piecewisedtitier continuous with respect ¥#. Furthermore, if eaclv € U
contains a cylinder ink,, o, C U such thatl* (int X,, ) = intX andX,, € R, then
the density is bounded away from zero aufds a Gibbs measure fgr* — R log p which is
exact. If lim,_. o v(D,) = 0, thenv(X) = v(X*). We say that is of WBV with respect
to v if ¢ satisfies the inequality in the definition of WBV in terms of ess sup (essinf) with
respect ta.
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THEOREMA.1 Suppose thaﬁ;;u = pv (p > 0). Assume that we can construct a jump
transformationT* under (a)—(c) for whiclp* — R log p satisfies the measure theoretical
bounded distortion and"2> ; v(D,) < oco. If 2 37_3 R - T* converges uniformly on a
full measure set anhf,cp, ¢ > —oo, theng is a potential of WBV with respect toand

v is a weak Gibbs measure ferwith —log p.

LEMMA A.1 Suppose that*; jog,v = v. Theng is a potential of WBV with respect to
v iff v is a weak Gibbs measure fgrwith —log p.

LEMMA A.2 Suppose that*g«_griogpv = v (With respect tol'*). Theng* — Rlogp
satisfies the measure theoretical bounded distortiom i a Gibbs measure fop* —
R log p with P(¢* — Rlogp) = 0.

COROLLARY A.1 Suppose that all conditions in Theorem A.1 are satisfied. Thisn
Gibbs for¢* — R log p with respect tar'* and weak Gibbs fop with log p with respect
toT.

Remark |.Examples (1-4) satisfy infp, ¢ > —oo for ¢ = —log|detDT|.

Proof of Lemma A.1Suppose thap is a potential of WBV. Then the weak Gibbs property
of v was established i2[)]. Conversely, suppose thatis a weak Gibbs measure for
with —log p. Then3{K,},>1 satisfying lim,_.., n~*log K, = 0 such that for each > 0
and for allX,, 4,

X
K;l - V( al...an) < Kn (V_x (S] Xal...an)

" exp( XI5 ¢Ti(x) —nlog p)

and sovx, y € Xq;. q,:

n—1 n—1
Knlexp< Zq&T’ (x) —nlog p) <v(Xaq..ay) < exp( quT’ (y) —nlog p) K,.
i=0 i=0
Hence the WBV property is satisfied. |
Proof Lemma A.at immediately follows from the proof of Lemma A.1. |

Proof of Theorem A.1Let N,(x) = maX/ > 0 : ! (R(T*x) < n}. Then for
X € Xal...an

exq ZZ:&‘ﬁT’(x) —n |og p)
exp( X 9T (x) — (log p) Y15 R(T )

n—1 Ny (x)
= exp( Z ST (x) — (n - Z R(T*"x)> log p)

i=y 8 R(Tix) =0

Na()
— *J —1
< exp<<n Y R(T x))(s;:pqs ng>)

Jj=0
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and
exp( 72g #T" (x) —nlog p)
exp( L ¢+ T (x) — (log p) Y6 R(T* )
Ny (x) )
> exp<<n — ; R(T*-’x))(ISIQS — |ng>).
Since we have &*-invariant ergodic finite measuge’, u*-a.e.x

Yie T RAYN) [y R@) ()

lim == = p*(x*)?

oo Na(o) 5 (X7 e
and lim,_, oo Ny(x)/n = p*(X*). Additionally it follows from equi-Hblder continuity
of {logvy o, @ (@1...ay) € I*"} that 21, Theorems 2.2 and 2.3] allow us to have

a sequencd’, satisfyingI', — 0 asn — oo, which can be used to deduce the rate
of uniform convergence a.e. in the Birkhoff ergodic theoréng. 3]. Finally putting
C, = expnO(I',)| supp — log p|) gives

exp( Y25 ¢T' (x) —nlog p) .

exp( /6" T+ (x) — (log p) Y767 R(T*ix)) ~
and lim,_. o 1/nlogC, = 0. Similarly puttingC,, = exp(n O (I',)|infp, ¢ —log p|) gives

exp( Y15 ¢T' (x) — nlog p) .
exp( Xig” ¢* T (x) — (log p) Xjg” R(T*x)) — —
and lim,_.oc 1/nlogC, = 0. Then the measure theoretical bounded distortion for
¢*— R log p allows one to have the WBYV property ¢flog p. Then applying LemmaA.1
gives the desired result. o
Even if diamX < oo fails, we can still construct a jump transformati@ri which
satisfies (a)—(c). For example, let us consider a countable aperiodic Marko? it
let ¢ be a continuous potential with",~ , V,,(¢) < oo which admits a Borel probability
measure andp > 0 satisfyingﬁ;",v = pv (cf. [10)). Suppose that there exists a cylinder
Xp with diamT X, < oo such thaBL;(¢) < co andd € R satisfying

|6 (Wpx) — p(Upy)| < Ly(@)d(x, )’  (¥x,y € TXp)

andl, = {a € I : X, C TX,}is a finite set. Under the above situation, we have no
evidence of the measure theoretical bounded distortion with respecEFtr such &', we
shall construct a jump transformation satisfying (a)—(c) as follows/d_ee the set of all
cylinders with last symbab so that (a) is valid. TheB1 = {X,}, D1 = {X4 : d # b} and

Dy ={Xay..a, :di b =1...n},B, ={Xay..dy_1b : Xay...d,_1 € Du—1}. T* and¢*

can be defined as in the 82 and sinceXq[ ., ,» € \/:’;01 TiQ,

n—1 00
Y @T Vay..a,16%) — 8T  Way..ap_15¥))| < Lp(@) diamT X, + Y V().
i=0 n=2

(c) can be readily verified.
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