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Abstract For L equal to the unilateral or bilateral shift on a weighted sequence space,
we characterize, in terms of and the weight function, thos¢ holomorphic on the
spectrum ofL for which f (L) is a chaotic operator. F&® equal tod /dx, the generator

of left translation, on weightedl” spaces o0, co) or R, we similarly characterize those
polynomialsQ for which the differential operatap (B) generates a chaotic semigroup.

1. Introduction and preliminaries
Throughout this paper, all operators are linear, on a Banach spac&he operator
T € B(X), the space of bounded operators frafo itself, is said to béhypercyclic
if there existst € X whose orbi{7"x | n — 1 € N} is dense inX. Note that this implies
the existence of a dense set of vectors with dense orbiperiddic pointfor T is a vector
such thatr"x = x for somen € N. Finally, T is said to bechaoticif T is hypercyclic and
there exists a dense set of periodic pointsffor

Note that, sinceTl is linear, being hypercyclic is equivalent to the more familiar
condition of being topologically transitive: for any pair of non-empty open EetndV,
there exists a natural numberso that7”(U) N V is non-empty (b, Theorem 1.2]; for
a continuous analogue, se& [Theorem 2.2]). The definition of chaotic given here also
implies a sensitive dependence on initial conditions;SnHroposition 6.1], it is shown
that then{(T"x — T"y) | n — 1 € N} is dense inX, for all x, y in a dense set; see also
[1]. Thus the definition of chaos given here is equivalent, Tolinear, to that given in
[4, Definition 8.5, p. 50].

Similarly, the strongly continuous semigroup of operatdiss)};>o is hypercyclicif
there existsc € X such that the orbif7 ()x | t > 0} is dense inX, and ischaoticif, in
addition, there is a dense setp#riodic points x such thatl (r)x = x for somer > 0.

https://doi.org/10.1017/50143385701001675 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001675

1412 R. deLaubenfels and H. Emamirad

Let X := ¢P(N, ,5) (1 < p < o0), the weighted sequence space with the weight vector
B, equipped with the norm:

117 =) [x(®)P B (k).

k=1
We choose the weight vectﬁrin such a way that the left shift on X defined by
(LX)(k) :==x(k+1) (keN).

becomes a bounded operatorXnFor f holomorphic on a neighborhood of the spectrum
of L, let f(L) be defined by the usual Riesz functional calculus. Ddie the open unit
disc in the complex plane amflthe radius of convergence of the power series

> szﬁ(k).

k=1

Then we show (Theorem 2.3) that, fgrnon-constant, whep ;2 ; R¥B(k) = oo and
R > 0, thenf (L) is a chaotic operator if and only if (RY/? D) intersects the unit circle
aD if and only if f(L) has a non-trivial periodic point. To characterig@.) generating
a chaotic semigroup (Theorem 2.13), replade with iRR; this is immediately seen by
choosingf(z) := ¢'¢9. For f or g an affine function, even simpler characterizations
are given. Whery is a polynomial orf is a polynomial other than a complex multiple
of z — Zz", then the first equivalence holds without the hypothesis of divergence on the
boundary of the disc of convergence (Lemma 2.7 and Theorems 2.8 and 2.14).

§3 considers the left shift on the bilateral weighted sequence $p&&ep); the results
are the same as in 82, with discs replaced by annuli (since a Laurent series replaces a power
series).

In 884 and 5 we characterize differential operat®&i/dx), Q a polynomial, that
generate chaotic semigroups on weightét(1 < p < oo) spaces. OiL? ([0, co), p),
when we have divergence on the boundary of the half-plane of convergence of the Laplace
transform of the weight function, a strongly continuous semigroup generategi( By
is chaotic if and only if the image, und€?, of an appropriate half-plane intersects the
imaginary axis if and only if the semigroup has a non-trivial periodic point (Theorem 4.6).
On LP(R, p), the result is the same, with the half-plane replaced by a vertical strip
(Theorem 5.1). For first-order differential operators we have simpler characterizations
(Corollaries 4.7 and 5.2).

In the following we show that many results frorg, b, 12—14 are immediate special
cases of the results in this paper.

We will use the following very useful result.

LEmMMA 1.1. [5, Corollary 1.5]Supposed € B(X), Y1, Y2 are dense subsets af and
Z : Y1 — Y1 such that:

(1) AZy=y,Vye ¥,

2) lim,~o Z"y =0,Vy € Yy; and

B) im0 A"w =0,Vw € Y>.

ThenA is hypercyclic.
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In many of the classes of operators considered in this paper, an op&rgtmt a
multiple of the identity) is chaotic if and only if it has a non-trivial periodic point. A similar
result is obtained in1Q] for the unilateral backward shift ond€fie echelon spaces and
is generalized by Grosse-Erdmar8j for an arbitrary Fechet-sequence space in which
canonical unit vectors, (e,(z) = z") form an unconditional basis. Given all that chaos
means, this is quite surprising. This result also has immense practical value, because
finding a (single non-trivial) periodic point seems so much easier than demonstrating all
the properties of chaos directly.

What is also surprising in our results is the abundance of chaos, in such a standard,
linear setting. For example, we show (Corollary 5.6) that, if there existsuresal that
ffooo e p(s)ds is finite, thend?/dx2, on L?(R, p), generates a strongly continuous
chaotic semigroup. Thus we have numerous chaotic diffusion semigroups, under the
minimal, clearly necessary hypothesis that/x has an eigenvalue.

We also show (Corollary 2.16 and Remarks 3.3(iv)) that, Hias an eigenvalue, then
for anynon-constany holomorphic oro (L), there exists a positive constansuch that
¢f (L) is chaotic. Similarly, ifd/dx has an eigenvalue, then for any strongly continuous
semigroud 7 (¢)};>0 generated by a differential operai@(d /dx) (Q a polynomial) there
exists a real constant such that{e“’ T (1)},;>0 is a chaotic semigroup (Corollaries 4.10
and 5.5).

Thus, in considering the algebra of operators

{f(L) | f is holomorphicin a neighborhood of the spectruni.¢f

it is natural to wonder how typical the behavior we have seen is. Specifically, for what
algebras of operatord is the following true?

CONJECTURE Supposed is a commutative algebra of operators that contains a chaotic
operator. LetT € A andT is not a multiple of the identity. Then there exists a constant
¢ > 0such thatT is chaotic.

Given the results of Theorems 2.3, 3.2, 4.4 and 5.1, it is also natural to ask the following.

Open questionFor what algebras of operatarsis it the case thaf’ € A is chaotic if and
only if T has a non-trivial periodic point?

Throughout this papes; (B) is the spectrum of the operatB8rand Po (B) is the point
spectrum ofB.

2. Discrete weighted one-side shifts
Throughout this section, we will denote B¥(N, 8) (1 < p < oo) the Banach spack of
complex-valued sequences= {x(k)}p2, such that

o0

IE7 = e (k)]? B k)
k=1
is finite. Here the sequengﬁesatisfies
B(k)

sup (2.0)

< o0
k=1 Bk +1)
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We will denote bye? (N), ¢7(N, B) with (k) := 1.
Denote byL the one-side left shift 0a” (N, B)

(LA)(k) :=x(k+1) (keN).

Note that (2.0) is equivalent tb being bounded; the supremum in (2.0) i5||”.

Let D denote theopenunit disc in the complex plan&,D the unit circle, and letf
be holomorphic inrD, for somer > ||L||, where f(L) is defined by the usual Riesz
functional calculus

1 -1
fL) = o f@@z—-L) "dz.
JT1 lzl=r

We also denote by
hll. = (I’La I’Lza I’L3a . )

the eigenvector fof, corresponding to the eigenvalue
Let

R:=lim,_,  (B(k)~H*

be the radius of convergencef> >, B(k)z*.
Note thath,, € ¢7(N, g) if and only if Y7, B(k)|u|* < oo. Thus

RYPD, if 332, Bk)R* = 00

Po(L) = —
o) :Rl/PD, if Y poq BRK < 00

LEMMA 2.1. Suppose that the open €etC RY/? D has an accumulation point. Then
A, :=sparih, | u € Q}

is dense ie? (N, B).

Proof. Suppose) € A-. Then

g = (@.hy) ==Y it (ueRYPD)
k=1

is an analytic function irRY?D. Sinceg(n) = 0 for all © € €, which is a set with an
accumulation pointg := 0, so thatp = 0, as desired. o

LEMMA 2.2. Supposef is holomorphic and non-constant in a neighborhood|of| D
andR > 0.

(1) If £(RYPD)NaD is non-empty, therf (L) is chaotic.

(2) If £(L) is chaotic, thenf (Po (L)) N aD is infinite.

(3) If f(L) generates a chaotic semigroup, théaPo (L)) N iR is infinite.

Proof. (1) Let

Qri={neRY’D||f(w|>1), Q:={ueRY’D||f(w|<21),
Q3:={u e RYPD | f(n) € exp2riQ)}.
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Supposezp € f(RYPD) N 3dD. Since f is holomorphic, f(RY? D) is an open set.
It follows that an open ball containing, is contained inf(RY?D). ThusQ; and2»
are open, non-empty subsets®¥” D, and{u € RY?D | | f(n)| = 1} includesf 1 of
an interval on the unit circle. This implies that, fpr= 1, 2, 3, ©2; has an accumulation
point.
Forj=1,23,let
Y :=sparh, | n € Q;}.

By Lemma 2.1, each dfy, Y2 andY3 is dense inX.
Let A := f(L), and defineZ := (f(L))~* onYq; that is,

N N
Z(E:mﬁM):=§:aMwaD]hm,
k=1 k=1

for ux € Q1, ax € C.

It is clear that we have the hypotheses of Lemma 1.1, so that the hypercyclicity of
follows.

To see thatYs is contained in the set of all periodic points ¢{L), suppose, for
ar € C,ng, my € Z, f(u) = exp@ring/my),

N
yi= Zakhuk;
k=1

then, if M := []p_; ma,
[F(DIMy =y,

as desired.

(2) Let P be the set of all periods fof (L); that is,n € P if and only if there exists
non-trivialx € X such that is the first positive integer such thigf(L)]"x = x.

We claim thatP must be infinite. To see this, suppose for the sake of contradiction
thatP = {nj};vzl. LetM = I—I?]:lnj; then[f(L)]Mx = x for all periodic pointsx;
since the set of all periodic points is dense, this holds for al X. This contradicts the
hypercyclicity of f (L), proving the claim.

Fix n € P and letx be as in the definition gP. Then

[z = (f@)")(D)]x = x,

thus 1€ Po([(z — (f(2))")(L)]). By point-spectral mapping theoren® [Theorem
5.12.2], there existg € Po (L) such that f(u)]" = 1, so that

2rwik
f(u)=eXP( ik )

n

for some integek, relatively prime with respect te, between 0 and.
Since ex2rik/n) € f(Po(L))NaD, foranyn € P, andP is infinite, this proves (2).
(3) Let P be the set of all periodic points ¢&¢'/(1)},-0; that is,z € P if and only if
there exists non-triviat such that is the first positive number such théf“)x = x.
As in the proof of (2), ifP were finite, then there would exi%t > 0 such that

elfWy —
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for all x € X. This would imply that all orbits ofe’/(1)},~¢ are compact, hence the
hypercyclicity of{e’/(1)},-.o would be violated. Thu® is infinite.

As in the proof of (2){2ri/t | t € P} is contained inf (Po (L)) NiR. This concludes
the proof. m]

A surprising result is that the existence of a single non-trivial periodic point can generate
in many cases the chaoticity of the operator. This phenomenon is observed in a particular
case by Grosse-Erdmanh ] and Martinez-Gimenez and Pert)]. For some results we
will impose on the weight vectas, the following hypothesis:

o
R>0 and ) B(kR*diverges (H1)
=1

THEOREM 2.3. Supposg is holomorphic and non-constant in a neighborhood b D.
Under assumption (H1) the following are equivalent:

(@ f(L)is chaotic;

(b) f(RYPD)N 3D is non-empty;

(c) f(L) has a non-trivial periodic point.

Proof. (a) = (c) is clear from the definition of chaos. (€ (b). By the same proof as
the second half of the proof of Lemma 2.2(2),Po (L)) N 3 D is non-empty. Since (H1)
implies Po (L) = RY? D, (b) follows. (b)=> (a) is Lemma 2.2(1). o

Remark 2.4.Although (b) = (a) = (c) of Theorem 2.3 always holds, none of the
equivalences are true if we suppress (H1). The following two counterexamples are due
to Alfredo Peris (personal communication). Take) = 1/k% (k € N). If we suppress
the assumption (H1), byip, Theorem 2.4]L is chaotic, so that (a) of Theorem 2.3 holds,
with f(z) = z, but f(RY?D) = f(D) = D, hence (b) of Theorem 2.3 fails.

Now take f (z) = %(1—1—1), SO thgtf(L) = %(1 + L). SinceLhy = h1 andf(1) =1,
if we suppress the assumption (HL),is a non-trivial periodic point fo (L). Thusf (L)
satisfies (c) of Theorem 2.3. But sinfe (L) = D and f (D) N dD = {1}, Lemma 2.2(2)
implies thatf (L) is not chaotic; that isf (L) does not satisfy (a) of Theorem 2.3.

Now we will present many special cases with more readily verifiable equivalences.
We will begin by seeing how Theorem 2.3 looks on the unweighted sequence/ggsige

COROLLARY 2.5. The following are equivalent, fof holomorphic and non-constant in
a neighborhood oD:

(@ f(L)on¢P(N) is chaotic;

(b) f(D)NaD is non-empty;

(c) f(L)on¢?(N) has a non-trivial periodic point.

Remark 2.6.In [13] it is asserted thaf (L) on ¢1(N) is chaotic whenever (f (L)) N dD
is non-empty. This is not quite correct, as can be seen by chogsing= z: f(L) = L
is not chaotic ort*(N), buto (f (L)) = o (L) = D.

For many functionsf, (a) and (b) of Theorem 2.3 remain equivalent, without the
restriction ong.
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LEMMA 2.7. Suppose f is holomorphic and non-constant in a neighborhood of
IL|D, R > 0and f(RY?3D) N aD is finite. Then the following are equivalent:

(@) f(L) is chaotic;

(b) f(RYPD)NaD is non-empty.

Proof. (a)= (b). By Lemma 2.2(2)f (RY? D) N3 D is infinite. Sincef (RY?3D)NID
is finite, (b) follows. (b)=—(a) is Lemma 2.2(1). ]

THEOREM2.8. Suppos&? is a polynomial other than a complex multiplezof> 7", for
some non-negative integerand R > 0. Then the following are equivalent:

(@ Q(L) is chaotic;

(b) Q(RY?D)N D is non-empty.

Proof. By Lemma 2.7, it is sufficient to show that, §#(RY?3D) N aD is infinite, then
0(z) = az", forsomen € N, «a € C.
To this end, suppos@ is annth degree polynomial,

n
0() =) .
k=0
If Q(RYPe!%) € Q(RYP9D)N 3D, then

e n
1= [Q(Rl/peig)][Q(Rl/Pem)] — Z R(k+j)/paka—jei(k*j)9’

k,j=0
so that
n n . . .
0= [Z |ak|2R2"/” — 1} + Z R("+-’)/”aka—je’("‘-’)9. (2.9)
k=0 k,j=0,k+j

If Q(RYP9D) N 3D is infinite, then (2.9) holds for infinitely many poin®l/7¢? <
RYP3D. Since a non-constant trigonometric polynomial has only finitely many zeroes
andR > 0, this implies thaty,or; = 0 whenevek # j, 0 < k, j < n. This is saying that

o =0for0< k < n, as desired. O

Remark 2.10.Theorem 2.8 and Lemma 2.7, combined witB,[Theorem 2.4], imply that,
for Q a polynomial,Q(L) is chaotic if and only ifQ (Po (L)) N d D is infinite.

Affine functions ofL may be of particular interest (se#]).

COROLLARY 2.11. Suppos@ andb are non-zero complex numbers. Then the following
are equivalent:

(@) a+ bL is chaotic;

(b) 1BIRY? > |1~ all.

Proof. By Theorem 2.8, we must show that (b) holds if and onl§df + |»|RY/?D)Nd D

is non-trivial. By rotation, we may assume battandb are non-negative real numbers.
Then (a + |b|RY? D) intersectsy D if and only if there exists, —1 < r < 1, so that
1= a + r|b|RY?; by solving for|b|RY?, it is clear that this is equivalentto (b). O
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Remark 2.12 When the assumption (H1) holds, Theorem 2.3 implies that (a) and (b) of
Corollary 2.11 are equivalent to:

(¢) (a+ bL) has a non-trivial periodic point; and

) Y@= lal)/IbhP*B (k) < oco.

Whena = 0, the equivalence of (a), (c) and (d) holds without the extra hypothesis on
,5, at least whe = 1 (see 10, Theorem 2.4]). This remark illustrates how unstable chaos
is under perturbations. F@(k) = 1(k € N), (a + L) is chaotic if and only if(a 4+ L) has
a non-trivial periodic pointif and only if G< |a| < 2. Forg(k) = 1/k2 (keN),(a+ L)
is chaotic if and only ifia| < 2 and(a + L) has a non-trivial periodic point if and only if
la] < 2.

It also seems of interest that for any non-zero complard anyg, (bL + 1) is chaotic.

The special case af, b real,b > —a > 1 appearsini4).

Now we turn to functions of. generating a chaotic semigroup.

THEOREM2.13. Assume (H1). The following are equivalent, fpholomorphic and
constant on a neighborhood ¢.|| D:

(@) g(L) generates a chaotic semigroup;

(b) g(RY?D)NiRis non-empty;

(c) 2™ has a non-trivial periodic point;

(d) {e'8P)},~0 has a non-trivial periodic point;

(e) e$Vis chaotic.

Proof. Let f(z) := ¢2@. By Theorem 2.3, sincg (L) = 2D, (b) is equivalent to (c)
and (e). Itis clear that (e) implies (a) and (a) implies (d). €&} (b). As in the proof of
Theorem 2.3, (d) implies that there exigtss RY/? D such that

180 — 1,

so thatg(u) € iR. ]

THEOREM2.14. Suppose is a polynomial. Then the following are equivalent:
(&) Q(L) generates a chaotic semigroup;

(b) Q(RY?D)NiR is non-empty;

(c) e2W s chaotic.

Proof. Let f(z) = ¢2@. Then (b) is equivalent tg (RY/? D) N 3 D being non-empty.

As with the proof of Theorem 2.8, the equivalence of (b) and (c) will follow once we
show thatf satisfies the hypotheses of Lemma 2.7; this is equivalent to showing that
Q(RY?P3D) N iR is finite. To this end, suppose= x + iy € RY?3D (x,y € R) and
0(z) € iR. ThenR&Q(z)) = 0, whilex2+y2 = R?P and the fact that R&(z)) contains
only even powers of implies that RéQ(z)) is a polynomial inc; hence RéQ(z)) has only
finitely many zeroes for € R1/79 D, as desired. This proves the equivalence of (b) and (c).
(a)=> (b) follows from Lemma 2.2(3) and the fact, just shown, th&R1/?9 D) N iR is
finite, sincePo (L) € RY?D. (c) = (a) is obvious from the definition of chaos. O

https://doi.org/10.1017/50143385701001675 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001675

Chaos for functions of weighted shift operators 1419

Remark 2.15WhenQ(z) = a + bz (a, b € C), so thatQ(L) = a + bL, itis not hard to
see that (b) of Theorem 2.14 is equivalent to

IRe&(a)| < [b|RY?.

Thus Theorem 2.14 generaliz&; Theorem 5.3]. Special cases also appeat# jvhere
it is shown thatl. generates a chaotic semigroup@iiN), and in [L4], where it is shown
that(a 4+ bL) generates a chaotic semigroup wibkes —a > 0.

It is interesting thab L generates a chaotic semigroup, for any complex

The equivalence of (a) and (d) in Theorem 2.13 fails in general, even for first-degree
polynomials as in3, Theorem 5.3]. Takg'(z) =z — 1. If B(k) = (1/k2) (k € N), then
{¢!//(D)} has the periodic poirit1, but sincef (Po (L)) N iR = {0}, Lemma 2.2(3) implies
that {¢'/ (1)}, is not chaotic. If8(k) = 1, then{e’/)},-0 no longer has any periodic
points.

Here is another statement about the abundance of chaos, when any chaos at all exists.

COROLLARY 2.16. The following are equivalentfat < p < oo, r > ||L|:

(@) there existsf holomorphic orr D such thatf (L) is chaotic;

(b) R>0;

(c) Po(L)is non-empty;

(d) for any non-constanf holomorphic orv D, there exists a constamt> 0 so that
¢f (L) is chaotic.

Proof. The equivalence of (b) and (c) is clear from the fact tfn@tis an eigenvector if
and only if Z,filﬂ(k)mﬂ‘l’ < oo. The remaining equivalences are a consequence of
Lemma 2.2(1). ]

Remark 2.17A statement similar to (d), except that ‘chaotic’ is replaced with
‘hypercyclic’, for generalized backward shifts, appearsinlheorem 3.6].

3. Discrete weighted bilateral shifts
It is not hard to show that by straightforward modifications of §2 we can obtain the above
results for weighted bilateral shifts.

Let us denote by?(Z, B) (1 < p < o0) the Banach spac& of complex-valued
sequences := {x(k)}2__ such that

X7 = Z |x (k) |7 B (k)
k=—00

is finite. Here the sequenq?esatisfies

Bk
kD -

We will denote bye? (Z), €7 (Z, B) with B(k) := 1.
Denote byL the left-shift on¢? (Z, B),

(L%) (k) :=x(k+1) (keZ).
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Fora, b extended real non-negative numbeérs; a, denote byA (a, b) the annulus
A(a,b) :={z€C|a < |z| <b}.

If b < a, A(a, b) will be the empty set.
As in 82, f(L) is defined by the Riesz functional calculus whéis holomorphicin a
neighborhood o0& (L), and we denote by

h,u = ("’7,““721 H‘711 17 ,LL, /‘1‘21 )’

that is,ﬁu(k) := uk(k € Z), the eigenvector fok corresponding to the eigenvalpe
Denote

Ri=lim,_ (Bk) ™ and Rz :=Timi_ o0 (B(—k)YE.

Note thath, € ¢7(Z, f) if and only if Y2° _ B(k)|ulf < oo. ThusPo(L) <
A(R2, Ry) and it equalsA(Ro, Ry) if 300 B(K)RF = oo fori = 1, 2.
The following lemma can be obtained just by mimicking the proof of Lemma 2.2.

LEMMA 3.1. Supposef is holomorphic and non-constant in a neighborhoodPef(L)
and0 < Ry < Rj.

(1) If f(A(Rg/”, Ri/”)) N 3D is non-empty, therf (L) is chaotic.

(2) If f(L)is chaaotic, thenf(Po (L)) N D is infinite.

(3) If f(L) generates a chaotic semigroup, théaPo (L)) N iR is infinite.

In this context the hypothesis (H1) of the previous section is modified as follows
o0
O<Ry<Ri and )  B(k)Rfdivergesfoi = 1,2 (H2)
k=—00
Under this assumption the analogue of Theorem 2.3 is the following.

THEOREM3.2. Suppose (H2) holds. Then the following are equivalent, for
holomorphic and non-constantin a neighborhood¢t.):

(@ f(L)is chaaotic;

(b) f(ARY”, RYP)) N 3D is non-empty;

(¢) f(L) has anon-trivial periodic point.

Remark 3.3.(i) Corollary 2.11 is modified as follows.
Suppose: andb are complex numbers. Then the following are equivalent:

(@) (a+bL)is chaotic;
(Il - Iall)”
< < Ry
1]

(b)
If we impose the assumption (H2) the above assertions are equivalent to:
() (a+ bL) has a non-trivial periodic point;

(d) "
(11— all
Z ( 3 ) B(k) < oo.

k=—o00
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(i) Analogously to Theorem 2.13, we get the following.
Assume (H2) holds. The following are equivalent, fonolomorphic and non-constant
on a neighborhood af (L):
(&) g(L) generates a chaotic semigroup;
(b) g(A(R;/p, Ri/”)) N iR is non-empty;
(c) %) has a non-trivial periodic point;
(d) (e}~ has a non-trivial periodic point;
(e) 8 is chaotic.
(iii) Here is the analogue of Theorem 2.14.
Suppose? is a polynomial. Then the following are equivalent:
(&) Q(L) generates a chaotic semigroup;
(b) Q(A(Rg/”, Ri/”)) N iR is non-empty;
(c) €9 s chaotic.
(iv) Analogously to Corollary 2.16, we get the following.
If 0 < R2 < R1, then for any non-constant holomorphic oro (L), there existg > 0
such thatf (L) is chaotic.

4. Continuous weighted unilateral shifts
Throughoutthis section, we will denote By ([0, c0), o) the Banach space of complex-
valued functionsf on [0, co) such that

IIfII”E/0 |f ()P p(s)ds

is finite. Herep : [0, o0) — (0, 00) is measurable and satisfies

sup p(s)
s>0 p(s +1)

00, (4.0)

forallz > 0.
Let B bed/ds, the generator of

EBAs)=fs+1) (5,¢6>0

on L?([0, o), p). Note that (4.0) is precisely what is needed to mgaké},~o a strongly
continuous semigroup.

Let LHP denote the open left half-plate € C | Re(z) < 0}. The continuous analogue
of the radius of convergence of a power series will be

o
o= Sup{u eR ‘ / eMp(s)ds < oo}
0

If the set we are trying to take a supremum of is empty, we will saydhat—oo.
Denote by
hu(s) =e" (s >0)

the eigenvector foB corresponding to the eigenvalue
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Note thatPo (B) is equal either tdw/p) + LHP if [° e® p(s) ds = oo or its closure
if not. We adopt the custom that

(co+LHP)=C and (—oo+ LHP) = the empty set
Here is the continuous analogue of Lemma 2.1.

LEMMA 4.1. Suppose2 € (w/p) + LHP. If @ has an accumulation point, then

Hg :={h, | n € Q}is dense inL? ([0, 00), p).

Proof. Supposep annihilatesH,. Define

g = fo eH () ds.

Theng is analytic on(w/p) + LHP, and sincep annihilatesHy,, it follows thatg(u) = 0
in Q. SinceQ has an accumulation poing, = 0, so that by uniqueness of the Laplace
transformg = 0. ]

LEMMA 4.2. Supposg — g(B) is alinear map from a vector spaceof complex-valued
functions holomorphic on a neighborhoodaafB) into B(L” ([0, co), p)) such that

Po(g(B)) € g(Po(B)) U{0}, Vge A (4.3)

Then forf € A we have the following.
(1) If f((w/p) + LHP) N 3D is non-empty, therf (B) is chaotic.
(2) If £(B)is chaotic, thenf(Po(B)) N aD is infinite.

Proof. The proof of (1) is the same as the proof of Lemma 2.2(1), wiilip) + LHP
replacingR?/? D and Lemma 4.1 replacing Lemma 2.1. The proof of (2) is the same as the
proof of Lemma 2.2(2), with (4.3) replacing,[Theorem 5.12.2]. ]

The continuous analogue of the hypothesis (H1) on the weight fungtieifi be
o
w <oo and / e p(s) ds diverges (H3)
0

As with Theorem 2.3 one can prove the following.

THEOREM4.4. Under the assumptions of Lemma 4.2 together with (H3)ffar A, the
following are equivalent:

(@) f(B)is chaotic;

(b)  f{(w/p)+ LHP) N aD is non-empty;

(c) f(B) has a non-trivial periodic point.

Proof. (c) = (b). By the same proof as Lemma 4.2(Z),Po (L)) N d D is non-empty.
Since (H3) impliesPo (L) = (w/p) + LHP, (b) follows. (b)— (a) is Lemma 4.2(1) 3

We will dispense with a detailed discussion of whighsatisfy the hypotheses of
Lemma 4.2; in a future papep][it will be shown that (4.3) holds whep(z) — 0 for
|z] = oo in o (B). Our interest in this paper g equal to exponentials of polynomials, so
that we may address semigroups generated by differential operators.
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For Q a polynomial, define the differential operat@(B) as follows. If

n

0@ =) ",
k=0
for some complexo, a1, .. ., a,, with a,, # 0, define
Q(B) =) aB*, D(Q(B)) =D(B"). (4.5)
k=0

THEOREM4.6. Suppose that the weight functipnsatisfies the assumption (H3) agd
is a polynomial such thaQ(B) generates a strongly continuous semigrodp()}=o.
Then the following are equivalent:

(@) {T()}:>0is chaotic;

(b) QWUw/p) +LHP)NiR is non-empty;

(c) {T()}:>0 has a non-trivial periodic point;

(d) T(@)is chaotic;

(e) T (1) has a non-trivial periodic point.

Proof. For anyr > 0, let f;(z) = ¢'2@, and letA be the span off; | > 0}, with
fiB)=T() (t=0).

To see thatf; satisfies (4.3), note first that, sin¢& (r)},>0 is a strongly continuous
semigroup generated @y (B),

Po(f(B)) = Po(T (1) € P U0},
[11, Theorem 2.2.4] Sinc@ is a polynomial,
Po(Q(B)) = Q(Po(B)).

The equivalence of (d) and (e) now follows from Theorem 4.4. Theorem 4.4 now also
implies the equivalence of (d) and (b), since (b) is equivalent to

exp[Q <9 n LHP>i| naD
)4
being non-empty.

Clearly (d)= (a) = (c). Since we have shown thg} satisfies (4.3), the same
argument as in the proof of Theorem 2.3£e) (b) shows that (c) implies that there exists

u € (w/p) + LHP such that
2 — 1,

which implies (b). This completes the proof. m]

COROLLARY 4.7. Under the assumptions of Lemma 4.2 and (H3) the following are
equivalent, fora, b € C, b > 0, if we define the strongly continuous semigrd@gr)};>o
on L?([0, 00), p) as follows:

(T )s)=e" f(s+bt) (s,t=>0).
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(&) ({T()}:>0is achaotic semigroup.

(b) fo~ expi—(p/b)[Re@)]s}p(s) ds < oc.

(c) Rda)+ (bw/p) > 0.

(d) There exists > 0 and non-trivial f € L? ([0, c0), p) so that

f(s+bt)=e 9 f(s), Vs=>0.

(e) T(1) has a non-trivial periodic point.
(f) T () is chaotic.

Proof. Apply Theorem 4.6 withQ(z) = a + bz.
(a) <= (c). By Theorem 4.6, (a) is equivalent to

b
[(Re(a) + 224 LHP) N iR} - [a +b (9 + LHP)} NiR
p p
being non-empty. This is equivalent to (c).
It is clear from the definition ofw that (c) is equivalent to (b). The remaining
equivalences are a special case of Theorem 4.6. ]

COROLLARY 4.8. Under the assumptions of Lemma 4.2 and (H3) the following are
equivalent, if

T®ONE6) = fs+1) (s,1=0).

(&) {T(»}:>0is achaotic strongly continuous semigroup.
(b) fo~ p(s)ds < oo.

Remark 4.9.1t is interesting to compare Corollary 4.8 t8,[Theorem 4.7], where it is
shown that{e'?},~¢ is hypercyclic if and only if im_, ,po(s) = 0. For example, if
o(s) = 1/s, then{e'},~¢ is hypercyclic but not chaotic.

COROLLARY 4.10. The following are equivalent, fdr < p < oo:

(a) there exists a polynomig such thatQ(B) generates a chaotic semigroup;

(b) o> —o0;

(c) there exists reak such that/y” /S p(s) ds < oo;

(d) p is exponentially bounded;

(e) Po(B)is non-empty;

() wheneverQ is a polynomial such thafD(B) generates a strongly continuous
semigroup, then there exists a real constarguch that(Q(B) + ¢) generates a
chaotic semigrouge’ (B +)} o = (e’ 2B}, ..

5. Continuous weighted bilateral shifts
It is straightforward to modify the results and proofs in §4.

Throughout this section, we will denote iy (R, p) the Banach spack of complex-
valued functionsf onR such that

IIfII”E/ Lf()IPp(s)ds

—00
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is finite. Herep : R — (0, o0) is measurable and satisfies

sup p(s) <
seR ,O(S +1)

bl

forallr > 0.
Let B bed/ds, the generator of the strongly continuous semigroup
@Pf)s)=fls+1) (seR,1=0)
onL? (R, p).
Forb > a extended real numbers, denoteWy, the vertical strip
Vab ={z|a <Rez) < b}.

If b < a, V, 5 will be the empty set.
Define

o0
w1 = Sup{u eR ‘ / eMp(s)ds < oo};
0

0
wy = inf {,u, eR ‘ / e p(s)ds < oo}
—00
As in the previous section, denote by
hu(s)y=e* (s eR)

the eigenvector foB corresponding to the eigenvalue
Note that forw; > w2

1
PO’(B) C ;Vszwl'

In order to have 1
Po(B) = ;sz,wla

we will sometimes need the hypotheses analogous to (H3):

() 0
w1 > wp > —00, / e“Yo(s)ds and/ e“? p(s) ds divergent (H4)
0

—00

For Q a polynomial, defing (B) as in (4.5).

THEOREMS.1. Assume (H4) and suppogeis a polynomial such thaP (B) generates a
strongly continuous semigroyf (r)};>o0. Then the following are equivalent:

(@) {T()}:>0is chaotic;

(b) QP Vip,wy) NiR is nON-empty;

(c) {T()}:>0 has a non-trivial periodic point;

(d) T(@)is chaotic;

(e) T (1) has a non-trivial periodic point.

COROLLARY 5.2. Assume (H4). The following are equivalent, o € C, b > 0, if we
define the strongly continuous semigrddit)};>0 on L? (R, p) as follows:

(T@H)f)(s) =e" f(s+bt) (t>0,5€cR).
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(&) ({T()}:>0is achaotic semigroup.

(b) 25 expl—(p/b)[Re@)]s}p(s) ds < oo.

() bwz/p < —Rea) < bwr/p.

(d) There exists > 0 and non-trivial f € L? (R, p) so that
f(s+bt)=ef(s), VseR.

(e) T(1) has anon-trivial periodic point.
(f) T () is chaotic.

COROLLARY 5.3. Assume (H4). The following are equivalent, if
TOf)s)= f(s+1t) (¢ =>0,5seR).

(&) {T()}:>0is achaotic strongly continuous semigroup.

(b) ffooo p(s)ds < oo.

Remark 5.4.In [3, Theorem 4.8], it is shown th#¢'2},~¢ is hypercyclic if and only if for
eachs € Rthereisa sequenc{ej}j‘;l of positive numbers such that

lim p(s+1t;) = lim p(—t; +s)=0.
Jj—00 Jj—00

As in Remark 4.9, it is easy to construct weight functignssuch that{e’?},~¢ is
hypercyclic but not chaotic.

As in Corollary 4.10, if we have one chaotic semigroup, we are guaranteed many.
Indeed, Lemma 4.2 is valid if we repla¢e/p) + LHP by (1/p)Ve,,», and this result
implies the following corollaries.

COROLLARY 5.5. Suppos@; > wp and Q is a polynomial such thaf (B) generates a
strongly continuous semigroup. Then there existsR such that(Q(B) + ¢) generates a
chaotic semigrouge’ (CB+} o = (e’ 2B}, ..

Theorem 5.1 and Corollary 5.5 are of more interest than Theorem 4.6 and Corollary 4.10
because there are many more polynomi@lsfor which Q(B) generates a strongly
continuous semigroup. The heat semigroup is only one example, but may be of particular
interest.

COROLLARY 5.6. Suppose1 > wp and

sup p(s)
seR P(s —1)

<00, Vt>0. ()

ThenB? generates a chaotic strongly continuous semigroup.

Proof. Hypothesis(x) guarantees thae’?},~o extends to a strongly continuous group.
This implies B, 2.8.7, 2.8.11] thaB? generates a strongly continuous semigroup.
By the proof of Theorem 5.1 and the analogue of Lemma 4.2(1), it is sufficient to show
that
(2% 2 € V)

intersects the imaginary axis. But this is clear when we writeu + i v, with u andv real
and note that the lings| = |u| are mapped to the imaginary axis py> z2. O
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