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Abstract. For L equal to the unilateral or bilateral shift on a weighted sequence space,
we characterize, in terms off and the weight function, thosef holomorphic on the
spectrum ofL for which f (L) is a chaotic operator. ForB equal tod/dx, the generator
of left translation, on weightedLp spaces on[0,∞) or R, we similarly characterize those
polynomialsQ for which the differential operatorQ(B) generates a chaotic semigroup.

1. Introduction and preliminaries
Throughout this paper, all operators are linear, on a Banach spaceX. The operator
T ∈ B(X), the space of bounded operators fromX to itself, is said to behypercyclic
if there existsx ∈ X whose orbit{T nx | n − 1 ∈ N} is dense inX. Note that this implies
the existence of a dense set of vectors with dense orbits. Aperiodic pointfor T is a vectorx
such thatT nx = x for somen ∈ N. Finally,T is said to bechaoticif T is hypercyclic and
there exists a dense set of periodic points forT .

Note that, sinceT is linear, being hypercyclic is equivalent to the more familiar
condition of being topologically transitive: for any pair of non-empty open setsU andV ,
there exists a natural numbern so thatT n(U) ∩ V is non-empty ([5, Theorem 1.2]; for
a continuous analogue, see [3, Theorem 2.2]). The definition of chaotic given here also
implies a sensitive dependence on initial conditions; in [5, Proposition 6.1], it is shown
that then{(T nx − T ny) | n − 1 ∈ N} is dense inX, for all x, y in a dense set; see also
[1]. Thus the definition of chaos given here is equivalent, forT linear, to that given in
[4, Definition 8.5, p. 50].

Similarly, the strongly continuous semigroup of operators{T (t)}t≥0 is hypercyclicif
there existsx ∈ X such that the orbit{T (t)x | t ≥ 0} is dense inX, and ischaoticif, in
addition, there is a dense set ofperiodic points: x such thatT (t)x = x for somet > 0.
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Let X := `p(N, Eβ) (1 ≤ p < ∞), the weighted sequence space with the weight vector
Eβ, equipped with the norm:

‖Ex‖p :=
∞∑

k=1

|x(k)|pβ(k).

We choose the weight vectorEβ in such a way that the left shiftL onX defined by

(LEx)(k) := x(k + 1) (k ∈ N).

becomes a bounded operator onX. Forf holomorphic on a neighborhood of the spectrum
of L, let f (L) be defined by the usual Riesz functional calculus. LetD be the open unit
disc in the complex plane andR the radius of convergence of the power series

z 7→
∞∑

k=1

zkβ(k).

Then we show (Theorem 2.3) that, forf non-constant, when
∑∞

k=1 Rkβ(k) = ∞ and
R > 0, thenf (L) is a chaotic operator if and only iff (R1/pD) intersects the unit circle
∂D if and only if f (L) has a non-trivial periodic point. To characterizeg(L) generating
a chaotic semigroup (Theorem 2.13), replace∂D with iR; this is immediately seen by
choosingf (z) := etg(z). For f or g an affine function, even simpler characterizations
are given. Wheng is a polynomial orf is a polynomial other than a complex multiple
of z 7→ zn, then the first equivalence holds without the hypothesis of divergence on the
boundary of the disc of convergence (Lemma 2.7 and Theorems 2.8 and 2.14).

§3 considers the left shift on the bilateral weighted sequence space`p(Z, Eβ); the results
are the same as in §2, with discs replaced by annuli (since a Laurent series replaces a power
series).

In §§4 and 5 we characterize differential operatorsQ(d/dx), Q a polynomial, that
generate chaotic semigroups on weightedLp (1 ≤ p < ∞) spaces. OnLp([0,∞), ρ),
when we have divergence on the boundary of the half-plane of convergence of the Laplace
transform of the weight function, a strongly continuous semigroup generated byQ(B)

is chaotic if and only if the image, underQ, of an appropriate half-plane intersects the
imaginary axis if and only if the semigroup has a non-trivial periodic point (Theorem 4.6).
On Lp(R, ρ), the result is the same, with the half-plane replaced by a vertical strip
(Theorem 5.1). For first-order differential operators we have simpler characterizations
(Corollaries 4.7 and 5.2).

In the following we show that many results from [3, 5, 12–14] are immediate special
cases of the results in this paper.

We will use the following very useful result.

LEMMA 1.1. [5, Corollary 1.5]SupposeA ∈ B(X), Y1, Y2 are dense subsets ofX and
Z : Y1 → Y1 such that:
(1) AZy = y,∀y ∈ Y1;
(2) limn→∞ Zny = 0,∀y ∈ Y1; and
(3) limn→∞ Anw = 0,∀w ∈ Y2.
ThenA is hypercyclic.
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In many of the classes of operators considered in this paper, an operatorT (not a
multiple of the identity) is chaotic if and only if it has a non-trivial periodic point. A similar
result is obtained in [10] for the unilateral backward shift on K¨othe echelon spaces and
is generalized by Grosse-Erdmann [8] for an arbitrary Fréchet-sequence space in which
canonical unit vectorsen (en(z) = zn) form an unconditional basis. Given all that chaos
means, this is quite surprising. This result also has immense practical value, because
finding a (single non-trivial) periodic point seems so much easier than demonstrating all
the properties of chaos directly.

What is also surprising in our results is the abundance of chaos, in such a standard,
linear setting. For example, we show (Corollary 5.6) that, if there exists realµ so that∫ ∞
−∞ eµsρ(s) ds is finite, thend2/dx2, on Lp(R, ρ), generates a strongly continuous

chaotic semigroup. Thus we have numerous chaotic diffusion semigroups, under the
minimal, clearly necessary hypothesis thatd/dx has an eigenvalue.

We also show (Corollary 2.16 and Remarks 3.3(iv)) that, ifL has an eigenvalue, then
for anynon-constantf holomorphic onσ(L), there exists a positive constantc such that
cf (L) is chaotic. Similarly, ifd/dx has an eigenvalue, then for any strongly continuous
semigroup{T (t)}t≥0 generated by a differential operatorQ(d/dx) (Q a polynomial) there
exists a real constantc such that{ectT (t)}t≥0 is a chaotic semigroup (Corollaries 4.10
and 5.5).

Thus, in considering the algebra of operators

{f (L) | f is holomorphic in a neighborhood of the spectrum ofL},
it is natural to wonder how typical the behavior we have seen is. Specifically, for what
algebras of operatorsA is the following true?

CONJECTURE. SupposeA is a commutative algebra of operators that contains a chaotic
operator. LetT ∈ A andT is not a multiple of the identity. Then there exists a constant
c > 0 such thatcT is chaotic.

Given the results of Theorems 2.3, 3.2, 4.4 and 5.1, it is also natural to ask the following.

Open question.For what algebras of operatorsA is it the case thatT ∈ A is chaotic if and
only if T has a non-trivial periodic point?

Throughout this paper,σ(B) is the spectrum of the operatorB andPσ(B) is the point
spectrum ofB.

2. Discrete weighted one-side shifts
Throughout this section, we will denote by`p(N, Eβ) (1 ≤ p < ∞) the Banach spaceX of
complex-valued sequencesEx := {x(k)}∞k=1 such that

‖Ex‖p :=
∞∑

k=1

|x(k)|pβ(k)

is finite. Here the sequenceEβ satisfies

sup
k≥1

β(k)

β(k + 1)
< ∞. (2.0)
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We will denote bỳ p(N), `p(N, Eβ) with β(k) := 1.
Denote byL the one-side left shift oǹp(N, Eβ)

(LEx)(k) := x(k + 1) (k ∈ N).

Note that (2.0) is equivalent toL being bounded; the supremum in (2.0) is‖L‖p .
Let D denote theopenunit disc in the complex plane,∂D the unit circle, and letf

be holomorphic inrD, for somer > ‖L‖, wheref (L) is defined by the usual Riesz
functional calculus

f (L) := 1

2πi

∫
|z|=r

f (z)(z − L)−1 dz.

We also denote by
Ehµ := (µ,µ2, µ3, . . . )

the eigenvector forL corresponding to the eigenvalueµ.
Let

R := limk→∞(β(k))−1/k

be the radius of convergence ofz 7→ ∑∞
k=1 β(k)zk.

Note thatEhµ ∈ `p(N, Eβ) if and only if
∑∞

k=1 β(k)|µ|k < ∞. Thus

Pσ(L) =
{

R1/pD, if
∑∞

k=1 β(k)Rk = ∞
R1/pD, if

∑∞
k=1 β(k)Rk < ∞

LEMMA 2.1. Suppose that the open set� ⊆ R1/pD has an accumulation point. Then

Aµ := span{Ehµ | µ ∈ �}
is dense iǹ p(N, Eβ).

Proof. SupposeEφ ∈ A⊥
µ . Then

g(µ) := 〈 Eφ, Ehµ〉 :=
∞∑

k=1

φkµ
k (µ ∈ R1/pD)

is an analytic function inR1/pD. Sinceg(µ) = 0 for all µ ∈ �, which is a set with an
accumulation point,g := 0, so thatEφ = E0, as desired. 2

LEMMA 2.2. Supposef is holomorphic and non-constant in a neighborhood of‖L‖D
andR > 0.
(1) If f (R1/pD) ∩ ∂D is non-empty, thenf (L) is chaotic.
(2) If f (L) is chaotic, thenf (Pσ(L)) ∩ ∂D is infinite.
(3) If f (L) generates a chaotic semigroup, thenf (Pσ(L)) ∩ iR is infinite.

Proof. (1) Let

�1 := {µ ∈ R1/pD | |f (µ)| > 1}, �2 := {µ ∈ R1/pD | |f (µ)| < 1},
�3 := {µ ∈ R1/pD | f (µ) ∈ exp(2πiQ)}.
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Supposez0 ∈ f (R1/pD) ∩ ∂D. Sincef is holomorphic,f (R1/pD) is an open set.
It follows that an open ball containingz0 is contained inf (R1/pD). Thus�1 and�2

are open, non-empty subsets ofR1/pD, and{µ ∈ R1/pD | |f (µ)| = 1} includesf −1 of
an interval on the unit circle. This implies that, forj = 1, 2, 3, �j has an accumulation
point.

For j = 1, 2, 3, let
Yj := span{Ehµ | µ ∈ �j }.

By Lemma 2.1, each ofY1, Y2 andY3 is dense inX.
Let A := f (L), and defineZ := (f (L))−1 onY1; that is,

Z

( N∑
k=1

αk
Ehµk

)
:=

N∑
k=1

αk(f (µk))
−1Ehµk ,

for µk ∈ �1, αk ∈ C.
It is clear that we have the hypotheses of Lemma 1.1, so that the hypercyclicity ofA

follows.
To see thatY3 is contained in the set of all periodic points off (L), suppose, for

αk ∈ C, nk,mk ∈ Z, f (µk) = exp(2πink/mk),

y :=
N∑

k=1

αk
Ehµk ;

then, ifM := ∏N
k=1 mk,

[f (L)]My = y,

as desired.
(2) Let P be the set of all periods forf (L); that is,n ∈ P if and only if there exists

non-trivialx ∈ X such thatn is the first positive integer such that[f (L)]nx = x.
We claim thatP must be infinite. To see this, suppose for the sake of contradiction

thatP = {nj }Nj=1. Let M ≡ ∏N
j=1 nj ; then [f (L)]Mx = x for all periodic pointsx;

since the set of all periodic points is dense, this holds for allx ∈ X. This contradicts the
hypercyclicity off (L), proving the claim.

Fix n ∈ P and letx be as in the definition ofP . Then

[(z 7→ (f (z))n)(L)]x = x,

thus 1 ∈ Pσ([(z 7→ (f (z))n)(L)]). By point-spectral mapping theorems [9, Theorem
5.12.2], there existsµ ∈ Pσ(L) such that[f (µ)]n = 1, so that

f (µ) = exp

(
2πik

n

)
for some integerk, relatively prime with respect ton, between 0 andn.

Since exp(2πik/n) ∈ f (Pσ(L))∩∂D, for anyn ∈ P , andP is infinite, this proves (2).
(3) Let P be the set of all periodic points of{etf (L)}t≥0; that is, t ∈ P if and only if

there exists non-trivialx such thatt is the first positive number such thatetf (L)x = x.
As in the proof of (2), ifP were finite, then there would existT > 0 such that

eTf (L)x = x
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for all x ∈ X. This would imply that all orbits of{etf (L)}t≥0 are compact, hence the
hypercyclicity of{etf (L)}t≥0 would be violated. ThusP is infinite.

As in the proof of (2),{2πi/t | t ∈ P} is contained inf (Pσ(L)) ∩ iR. This concludes
the proof. 2

A surprising result is that the existence of a single non-trivial periodic point can generate
in many cases the chaoticity of the operator. This phenomenon is observed in a particular
case by Grosse-Erdmann [7, 8] and Martinez-Gimenez and Peris [10]. For some results we
will impose on the weight vectorEβ, the following hypothesis:

R > 0 and
∞∑

k=1

β(k)Rk diverges. (H1)

THEOREM 2.3. Supposef is holomorphic and non-constant in a neighborhood of‖L‖D.
Under assumption (H1) the following are equivalent:
(a) f (L) is chaotic;
(b) f (R1/pD) ∩ ∂D is non-empty;
(c) f (L) has a non-trivial periodic point.

Proof. (a)H⇒ (c) is clear from the definition of chaos. (c)H⇒ (b). By the same proof as
the second half of the proof of Lemma 2.2(2),f (Pσ(L)) ∩ ∂D is non-empty. Since (H1)
impliesPσ(L) = R1/pD, (b) follows. (b)H⇒ (a) is Lemma 2.2(1). 2

Remark 2.4.Although (b) H⇒(a) H⇒ (c) of Theorem 2.3 always holds, none of the
equivalences are true if we suppress (H1). The following two counterexamples are due
to Alfredo Peris (personal communication). Takeβ(k) ≡ 1/k2 (k ∈ N). If we suppress
the assumption (H1), by [10, Theorem 2.4],L is chaotic, so that (a) of Theorem 2.3 holds,
with f (z) ≡ z, butf (R1/pD) = f (D) = D, hence (b) of Theorem 2.3 fails.

Now takef (z) ≡ 1
2(1 + z), so thatf (L) = 1

2(I + L). SinceL Eh1 = Eh1 andf (1) = 1,
if we suppress the assumption (H1),Eh1 is a non-trivial periodic point forf (L). Thusf (L)

satisfies (c) of Theorem 2.3. But sincePσ(L) = D andf (D) ∩ ∂D = {1}, Lemma 2.2(2)
implies thatf (L) is not chaotic; that is,f (L) does not satisfy (a) of Theorem 2.3.

Now we will present many special cases with more readily verifiable equivalences.
We will begin by seeing how Theorem 2.3 looks on the unweighted sequence space`p(N).

COROLLARY 2.5. The following are equivalent, forf holomorphic and non-constant in
a neighborhood ofD:
(a) f (L) on`p(N) is chaotic;
(b) f (D) ∩ ∂D is non-empty;
(c) f (L) on`p(N) has a non-trivial periodic point.

Remark 2.6.In [13] it is asserted thatf (L) on `1(N) is chaotic wheneverσ(f (L)) ∩ ∂D

is non-empty. This is not quite correct, as can be seen by choosingf (z) := z: f (L) = L

is not chaotic oǹ 1(N), butσ(f (L)) = σ(L) = D.

For many functionsf , (a) and (b) of Theorem 2.3 remain equivalent, without the
restriction onEβ.
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LEMMA 2.7. Supposef is holomorphic and non-constant in a neighborhood of
‖L‖D,R > 0 andf (R1/p∂D) ∩ ∂D is finite. Then the following are equivalent:
(a) f (L) is chaotic;
(b) f (R1/pD) ∩ ∂D is non-empty.

Proof. (a)H⇒ (b). By Lemma 2.2(2),f (R1/pD)∩∂D is infinite. Sincef (R1/p∂D)∩∂D

is finite, (b) follows. (b)H⇒(a) is Lemma 2.2(1). 2

THEOREM 2.8. SupposeQ is a polynomial other than a complex multiple ofz 7→ zn, for
some non-negative integern andR > 0. Then the following are equivalent:
(a) Q(L) is chaotic;
(b) Q(R1/pD) ∩ ∂D is non-empty.

Proof. By Lemma 2.7, it is sufficient to show that, ifQ(R1/p∂D) ∩ ∂D is infinite, then
Q(z) = αzn, for somen ∈ N, α ∈ C.

To this end, supposeQ is annth degree polynomial,

Q(z) ≡
n∑

k=0

αkz
k.

If Q(R1/peiθ ) ∈ Q(R1/p∂D) ∩ ∂D, then

1 = [Q(R1/peiθ )][Q(R1/peiθ )] =
n∑

k,j=0

R(k+j)/pαkαj e
i(k−j)θ ,

so that

0 =
[ n∑

k=0

|αk|2R2k/p − 1

]
+

n∑
k,j=0,k 6=j

R(k+j)/pαkαj e
i(k−j)θ . (2.9)

If Q(R1/p∂D) ∩ ∂D is infinite, then (2.9) holds for infinitely many pointsR1/peiθ ∈
R1/p∂D. Since a non-constant trigonometric polynomial has only finitely many zeroes
andR > 0, this implies thatαkαj = 0 wheneverk 6= j, 0 ≤ k, j ≤ n. This is saying that
αk = 0 for 0 ≤ k < n, as desired. 2

Remark 2.10.Theorem 2.8 and Lemma 2.7, combined with [10, Theorem 2.4], imply that,
for Q a polynomial,Q(L) is chaotic if and only ifQ(Pσ(L)) ∩ ∂D is infinite.

Affine functions ofL may be of particular interest (see [14]).

COROLLARY 2.11. Supposea andb are non-zero complex numbers. Then the following
are equivalent:
(a) a + bL is chaotic;
(b) |b|R1/p > |1 − |a||.
Proof. By Theorem 2.8, we must show that (b) holds if and only if(|a| + |b|R1/pD)∩ ∂D

is non-trivial. By rotation, we may assume botha andb are non-negative real numbers.
Then (a + |b|R1/pD) intersects∂D if and only if there existsr,−1 < r < 1, so that
1 = a + r|b|R1/p; by solving for|b|R1/p, it is clear that this is equivalent to (b). 2
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Remark 2.12.When the assumption (H1) holds, Theorem 2.3 implies that (a) and (b) of
Corollary 2.11 are equivalent to:

(c) (a + bL) has a non-trivial periodic point; and
(d)

∑∞
k=1((1 − |a|)/|b|)pkβ(k) < ∞.

Whena = 0, the equivalence of (a), (c) and (d) holds without the extra hypothesis on
Eβ, at least whenb = 1 (see [10, Theorem 2.4]). This remark illustrates how unstable chaos
is under perturbations. Forβ(k) ≡ 1(k ∈ N), (a + L) is chaotic if and only if(a + L) has
a non-trivial periodic point if and only if 0< |a| < 2. Forβ(k) ≡ 1/k2 (k ∈ N), (a + L)

is chaotic if and only if|a| < 2 and(a + L) has a non-trivial periodic point if and only if
|a| ≤ 2.

It also seems of interest that for any non-zero complexb and anyEβ, (bL±1) is chaotic.

The special case ofa, b real,b > −a ≥ 1 appears in [14].

Now we turn to functions ofL generating a chaotic semigroup.

THEOREM 2.13. Assume (H1). The following are equivalent, forg holomorphic and
constant on a neighborhood of‖L‖D:

(a) g(L) generates a chaotic semigroup;
(b) g(R1/pD) ∩ iR is non-empty;
(c) eg(L) has a non-trivial periodic point;
(d) {etg(L)}t≥0 has a non-trivial periodic point;
(e) eg(L) is chaotic.

Proof. Let f (z) := eg(z). By Theorem 2.3, sincef (L) = eg(L), (b) is equivalent to (c)
and (e). It is clear that (e) implies (a) and (a) implies (d). (d)H⇒ (b). As in the proof of
Theorem 2.3, (d) implies that there existsµ ∈ R1/pD such that

etg(µ) = 1,

so thatg(µ) ∈ iR. 2

THEOREM 2.14. SupposeQ is a polynomial. Then the following are equivalent:

(a) Q(L) generates a chaotic semigroup;
(b) Q(R1/pD) ∩ iR is non-empty;
(c) eQ(L) is chaotic.

Proof. Let f (z) ≡ eQ(z). Then (b) is equivalent tof (R1/pD) ∩ ∂D being non-empty.

As with the proof of Theorem 2.8, the equivalence of (b) and (c) will follow once we
show thatf satisfies the hypotheses of Lemma 2.7; this is equivalent to showing that
Q(R1/p∂D) ∩ iR is finite. To this end, supposez = x + iy ∈ R1/p∂D (x, y ∈ R) and
Q(z) ∈ iR. Then Re(Q(z)) = 0, whilex2+y2 = R2/p and the fact that Re(Q(z)) contains
only even powers ofy implies that Re(Q(z)) is a polynomial inx; hence Re(Q(z)) has only
finitely many zeroes forz ∈ R1/p∂D, as desired. This proves the equivalence of (b) and (c).
(a)H⇒ (b) follows from Lemma 2.2(3) and the fact, just shown, thatQ(R1/p∂D) ∩ iR is
finite, sincePσ(L) ⊆ R1/pD. (c) H⇒ (a) is obvious from the definition of chaos. 2
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Remark 2.15.WhenQ(z) ≡ a + bz (a, b ∈ C), so thatQ(L) = a + bL, it is not hard to
see that (b) of Theorem 2.14 is equivalent to

|Re(a)| < |b|R1/p.

Thus Theorem 2.14 generalizes [3, Theorem 5.3]. Special cases also appear in [12], where
it is shown thatL generates a chaotic semigroup on`2(N), and in [14], where it is shown
that(a + bL) generates a chaotic semigroup whenb > −a > 0.

It is interesting thatbL generates a chaotic semigroup, for any complexb.
The equivalence of (a) and (d) in Theorem 2.13 fails in general, even for first-degree

polynomials as in [3, Theorem 5.3]. Takef (z) ≡ z − 1. If β(k) ≡ (1/k2) (k ∈ N), then
{etf (L)} has the periodic pointEh1, but sincef (Pσ(L)) ∩ iR = {0}, Lemma 2.2(3) implies
that {etf (L)}t≥0 is not chaotic. Ifβ(k) ≡ 1, then{etf (L)}t≥0 no longer has any periodic
points.

Here is another statement about the abundance of chaos, when any chaos at all exists.

COROLLARY 2.16. The following are equivalent for1 ≤ p < ∞, r > ‖L‖:
(a) there existsf holomorphic onrD such thatf (L) is chaotic;
(b) R > 0;
(c) Pσ(L) is non-empty;
(d) for any non-constantf holomorphic onrD, there exists a constantc > 0 so that

cf (L) is chaotic.

Proof. The equivalence of (b) and (c) is clear from the fact thatEhµ is an eigenvector if
and only if

∑∞
k=1 β(k)|µ|kp < ∞. The remaining equivalences are a consequence of

Lemma 2.2(1). 2

Remark 2.17.A statement similar to (d), except that ‘chaotic’ is replaced with
‘hypercyclic’, for generalized backward shifts, appears in [5, Theorem 3.6].

3. Discrete weighted bilateral shifts
It is not hard to show that by straightforward modifications of §2 we can obtain the above
results for weighted bilateral shifts.

Let us denote bỳ p(Z, Eβ) (1 ≤ p < ∞) the Banach spaceX of complex-valued
sequencesEx := {x(k)}∞k=−∞ such that

‖Ex‖p :=
∞∑

k=−∞
|x(k)|pβ(k)

is finite. Here the sequenceEβ satisfies

sup
k∈Z

β(k)

β(k + 1)
< ∞.

We will denote bỳ p(Z), `p(Z, Eβ) with β(k) := 1.
Denote byL the left-shift oǹ p(Z, Eβ),

(LEx) (k) := x(k + 1) (k ∈ Z).
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Fora, b extended real non-negative numbers,b > a, denote byA(a, b) the annulus

A(a, b) := {z ∈ C | a < |z| < b}.
If b ≤ a, A(a, b) will be the empty set.

As in §2,f (L) is defined by the Riesz functional calculus whenf is holomorphic in a
neighborhood ofσ(L), and we denote by

Ehµ := (. . . , µ−2, µ−1, 1, µ,µ2, . . . ),

that is,Ehµ(k) := µk(k ∈ Z), the eigenvector forL corresponding to the eigenvalueµ.
Denote

R1 := limk→∞(β(k))−1/k and R2 := limk→∞(β(−k))1/k.

Note thatEhµ ∈ `p(Z, Eβ) if and only if
∑∞

k=−∞ β(k)|µ|k < ∞. ThusPσ(L) ⊆
A(R2, R1) and it equalsA(R2, R1) if

∑∞
k=−∞ β(k)Rk

i = ∞ for i = 1, 2.
The following lemma can be obtained just by mimicking the proof of Lemma 2.2.

LEMMA 3.1. Supposef is holomorphic and non-constant in a neighborhood ofPσ(L)

and0 < R2 < R1.
(1) If f (A(R

1/p

2 , R
1/p

1 )) ∩ ∂D is non-empty, thenf (L) is chaotic.
(2) If f (L) is chaotic, thenf (Pσ(L)) ∩ ∂D is infinite.
(3) If f (L) generates a chaotic semigroup, thenf (Pσ(L)) ∩ iR is infinite.

In this context the hypothesis (H1) of the previous section is modified as follows

0 < R2 < R1 and
∞∑

k=−∞
β(k)Rk

i diverges fori = 1, 2. (H2)

Under this assumption the analogue of Theorem 2.3 is the following.

THEOREM 3.2. Suppose (H2) holds. Then the following are equivalent, forf

holomorphic and non-constant in a neighborhood ofσ(L):
(a) f (L) is chaotic;
(b) f (A(R

1/p

2 , R
1/p

1 )) ∩ ∂D is non-empty;
(c) f (L) has a non-trivial periodic point.

Remark 3.3.(i) Corollary 2.11 is modified as follows.
Supposea andb are complex numbers. Then the following are equivalent:

(a) (a + bL) is chaotic;
(b)

R2 <

( |1 − |a||
|b|

)p

< R1.

If we impose the assumption (H2) the above assertions are equivalent to:
(c) (a + bL) has a non-trivial periodic point;
(d)

∞∑
k=−∞

( |1 − |a||
|b|

)pk

β(k) < ∞.
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(ii) Analogously to Theorem 2.13, we get the following.
Assume (H2) holds. The following are equivalent, forg holomorphic and non-constant

on a neighborhood ofσ(L):
(a) g(L) generates a chaotic semigroup;
(b) g(A(R

1/p

2 , R
1/p

1 )) ∩ iR is non-empty;
(c) eg(L) has a non-trivial periodic point;
(d) {etg(L)}t≥0 has a non-trivial periodic point;
(e) eg(L) is chaotic.

(iii) Here is the analogue of Theorem 2.14.
SupposeQ is a polynomial. Then the following are equivalent:

(a) Q(L) generates a chaotic semigroup;
(b) Q(A(R

1/p

2 , R
1/p

1 )) ∩ iR is non-empty;
(c) eQ(L) is chaotic.

(iv) Analogously to Corollary 2.16, we get the following.
If 0 < R2 < R1, then for any non-constantf holomorphic onσ(L), there existsc > 0

such thatcf (L) is chaotic.

4. Continuous weighted unilateral shifts
Throughout this section, we will denote byLp([0,∞), ρ) the Banach spaceX of complex-
valued functionsf on [0,∞) such that

‖f ‖p ≡
∫ ∞

0
|f (s)|pρ(s) ds

is finite. Hereρ : [0,∞) → (0,∞) is measurable and satisfies

sup
s≥0

ρ(s)

ρ(s + t)
< ∞, (4.0)

for all t ≥ 0.
Let B bed/ds, the generator of

(etBf )(s) ≡ f (s + t) (s, t ≥ 0)

onLp([0,∞), ρ). Note that (4.0) is precisely what is needed to make{etB}t≥0 a strongly
continuous semigroup.

Let LHP denote the open left half-plane{z ∈ C | Re(z) < 0}. The continuous analogue
of the radius of convergence of a power series will be

ω ≡ sup

{
µ ∈ R

∣∣∣∣
∫ ∞

0
eµsρ(s) ds < ∞

}
.

If the set we are trying to take a supremum of is empty, we will say thatω = −∞.
Denote by

hµ(s) ≡ eµs (s ≥ 0)

the eigenvector forB corresponding to the eigenvalueµ.
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Note thatPσ(B) is equal either to(ω/p) + LHP if
∫ ∞

0 eωsρ(s) ds = ∞ or its closure
if not. We adopt the custom that

(∞ + LHP) ≡ C and (−∞ + LHP) ≡ the empty set.

Here is the continuous analogue of Lemma 2.1.

LEMMA 4.1. Suppose� ⊆ (ω/p) + LHP. If � has an accumulation point, then
H� := {hµ | µ ∈ �} is dense inLp([0,∞), ρ).

Proof. Supposeφ annihilatesH�. Define

g(µ) ≡
∫ ∞

0
eµsφ(s) ds.

Theng is analytic on(ω/p) + LHP, and sinceφ annihilatesH�, it follows thatg(µ) = 0
in �. Since� has an accumulation point,g ≡ 0, so that by uniqueness of the Laplace
transform,φ ≡ 0. 2

LEMMA 4.2. Supposeg 7→ g(B) is a linear map from a vector spaceA of complex-valued
functions holomorphic on a neighborhood ofσ(B) into B(Lp([0,∞), ρ)) such that

Pσ(g(B)) ⊆ g(Pσ(B)) ∪ {0}, ∀g ∈ A. (4.3)

Then forf ∈ A we have the following.
(1) If f ((ω/p) + LHP) ∩ ∂D is non-empty, thenf (B) is chaotic.
(2) If f (B) is chaotic, thenf (Pσ(B)) ∩ ∂D is infinite.

Proof. The proof of (1) is the same as the proof of Lemma 2.2(1), with(ω/p) + LHP
replacingR1/pD and Lemma 4.1 replacing Lemma 2.1. The proof of (2) is the same as the
proof of Lemma 2.2(2), with (4.3) replacing [9, Theorem 5.12.2]. 2

The continuous analogue of the hypothesis (H1) on the weight functionρ will be

ω < ∞ and
∫ ∞

0
eωsρ(s) ds diverges. (H3)

As with Theorem 2.3 one can prove the following.

THEOREM 4.4. Under the assumptions of Lemma 4.2 together with (H3) forf ∈ A, the
following are equivalent:
(a) f (B) is chaotic;
(b) f ((ω/p) + LHP) ∩ ∂D is non-empty;
(c) f (B) has a non-trivial periodic point.

Proof. (c) H⇒ (b). By the same proof as Lemma 4.2(2),f (Pσ(L)) ∩ ∂D is non-empty.
Since (H3) impliesPσ(L) = (ω/p) + LHP, (b) follows. (b)H⇒ (a) is Lemma 4.2(1).2

We will dispense with a detailed discussion of whichg satisfy the hypotheses of
Lemma 4.2; in a future paper [2] it will be shown that (4.3) holds wheng(z) → 0 for
|z| → ∞ in σ(B). Our interest in this paper isg equal to exponentials of polynomials, so
that we may address semigroups generated by differential operators.
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ForQ a polynomial, define the differential operatorQ(B) as follows. If

Q(z) ≡
n∑

k=0

akz
k,

for some complexa0, a1, . . . , an, with an 6= 0, define

Q(B) ≡
n∑

k=0

akB
k, D(Q(B)) ≡ D(Bn). (4.5)

THEOREM 4.6. Suppose that the weight functionρ satisfies the assumption (H3) andQ

is a polynomial such thatQ(B) generates a strongly continuous semigroup{T (t)}t≥0.
Then the following are equivalent:
(a) {T (t)}t≥0 is chaotic;
(b) Q((ω/p) + LHP) ∩ iR is non-empty;
(c) {T (t)}t≥0 has a non-trivial periodic point;
(d) T (1) is chaotic;
(e) T (1) has a non-trivial periodic point.

Proof. For anyt ≥ 0, letft (z) ≡ etQ(z), and letA be the span of{ft | t ≥ 0}, with

ft (B) ≡ T (t) (t ≥ 0).

To see thatft satisfies (4.3), note first that, since{T (t)}t≥0 is a strongly continuous
semigroup generated byQ(B),

Pσ(ft (B)) ≡ Pσ(T (t)) ⊆ etPσ(Q(B)) ∪ {0}.
[11, Theorem 2.2.4] SinceQ is a polynomial,

Pσ(Q(B)) = Q(Pσ(B)).

The equivalence of (d) and (e) now follows from Theorem 4.4. Theorem 4.4 now also
implies the equivalence of (d) and (b), since (b) is equivalent to

exp

[
Q

(
ω

p
+ LHP

)]
∩ ∂D

being non-empty.
Clearly (d)H⇒ (a) H⇒ (c). Since we have shown thatft satisfies (4.3), the same

argument as in the proof of Theorem 2.3 (c)H⇒ (b) shows that (c) implies that there exists
µ ∈ (ω/p) + LHP such that

etQ(µ) = 1,

which implies (b). This completes the proof. 2

COROLLARY 4.7. Under the assumptions of Lemma 4.2 and (H3) the following are
equivalent, fora, b ∈ C, b > 0, if we define the strongly continuous semigroup{T (t)}t≥0

onLp([0,∞), ρ) as follows:

(T (t)f )(s) ≡ eatf (s + bt) (s, t ≥ 0).
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(a) {T (t)}t≥0 is a chaotic semigroup.
(b)

∫ ∞
0 exp{−(p/b)[Re(a)]s}ρ(s) ds < ∞.

(c) Re(a) + (bω/p) > 0.
(d) There existst > 0 and non-trivialf ∈ Lp([0,∞), ρ) so that

f (s + bt) = e−atf (s), ∀s ≥ 0.

(e) T (1) has a non-trivial periodic point.
(f) T (1) is chaotic.

Proof. Apply Theorem 4.6 withQ(z) ≡ a + bz.
(a) ⇐⇒ (c). By Theorem 4.6, (a) is equivalent to[(

Re(a) + bω

p
+ LHP

)
∩ iR

]
=

[
a + b

(
ω

p
+ LHP

)]
∩ iR

being non-empty. This is equivalent to (c).
It is clear from the definition ofω that (c) is equivalent to (b). The remaining

equivalences are a special case of Theorem 4.6. 2

COROLLARY 4.8. Under the assumptions of Lemma 4.2 and (H3) the following are
equivalent, if

(T (t)f )(s) ≡ f (s + t) (s, t ≥ 0).

(a) {T (t)}t≥0 is a chaotic strongly continuous semigroup.
(b)

∫ ∞
0 ρ(s) ds < ∞.

Remark 4.9.It is interesting to compare Corollary 4.8 to [3, Theorem 4.7], where it is
shown that{etB}t≥0 is hypercyclic if and only if lims→∞ρ(s) = 0. For example, if
ρ(s) ≡ 1/s, then{etB}t≥0 is hypercyclic but not chaotic.

COROLLARY 4.10. The following are equivalent, for1 ≤ p < ∞:
(a) there exists a polynomialQ such thatQ(B) generates a chaotic semigroup;
(b) ω > −∞;
(c) there exists realµ such that

∫ ∞
0 eµsρ(s) ds < ∞;

(d) ρ is exponentially bounded;
(e) Pσ(B) is non-empty;
(f) wheneverQ is a polynomial such thatQ(B) generates a strongly continuous

semigroup, then there exists a real constantc such that(Q(B) + c) generates a
chaotic semigroup{et(Q(B)+c)}t≥0 = {etcetQ(B)}t≥0.

5. Continuous weighted bilateral shifts
It is straightforward to modify the results and proofs in §4.

Throughout this section, we will denote byLp(R, ρ) the Banach spaceX of complex-
valued functionsf onR such that

‖f ‖p ≡
∫ ∞

−∞
|f (s)|pρ(s) ds
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is finite. Hereρ : R → (0,∞) is measurable and satisfies

sup
s∈R

ρ(s)

ρ(s + t)
< ∞,

for all t ≥ 0.
Let B bed/ds, the generator of the strongly continuous semigroup

(etBf )(s) ≡ f (s + t) (s ∈ R, t ≥ 0)

onLp(R, ρ).
Forb > a extended real numbers, denote byVa,b the vertical strip

Va,b ≡ {z | a < Re(z) < b}.
If b ≤ a, Va,b will be the empty set.

Define

ω1 ≡ sup

{
µ ∈ R

∣∣∣∣
∫ ∞

0
eµsρ(s) ds < ∞

}
;

ω2 ≡ inf

{
µ ∈ R

∣∣∣∣
∫ 0

−∞
eµsρ(s) ds < ∞

}
.

As in the previous section, denote by

hµ(s) ≡ eµs (s ∈ R)

the eigenvector forB corresponding to the eigenvalueµ.
Note that forω1 > ω2

Pσ(B) ⊂ 1

p
Vω2,ω1.

In order to have

Pσ(B) = 1

p
Vω2,ω1,

we will sometimes need the hypotheses analogous to (H3):

ω1 > ω2 > −∞,

∫ ∞

0
eω1sρ(s) ds and

∫ 0

−∞
eω2sρ(s) ds divergent. (H4)

ForQ a polynomial, defineQ(B) as in (4.5).

THEOREM 5.1. Assume (H4) and supposeQ is a polynomial such thatQ(B) generates a
strongly continuous semigroup{T (t)}t≥0. Then the following are equivalent:
(a) {T (t)}t≥0 is chaotic;
(b) Q(p−1Vω2,ω1) ∩ iR is non-empty;
(c) {T (t)}t≥0 has a non-trivial periodic point;
(d) T (1) is chaotic;
(e) T (1) has a non-trivial periodic point.

COROLLARY 5.2. Assume (H4). The following are equivalent, fora, b ∈ C, b > 0, if we
define the strongly continuous semigroup{T (t)}t≥0 onLp(R, ρ) as follows:

(T (t)f )(s) ≡ eatf (s + bt) (t ≥ 0, s ∈ R).
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(a) {T (t)}t≥0 is a chaotic semigroup.
(b)

∫ ∞
−∞ exp{−(p/b)[Re(a)]s}ρ(s) ds < ∞.

(c) bω2/p < − Re(a) < bω1/p.
(d) There existst > 0 and non-trivialf ∈ Lp(R, ρ) so that

f (s + bt) = e−atf (s), ∀s ∈ R.

(e) T (1) has a non-trivial periodic point.
(f) T (1) is chaotic.

COROLLARY 5.3. Assume (H4). The following are equivalent, if

(T (t)f )(s) ≡ f (s + t) (t ≥ 0, s ∈ R).

(a) {T (t)}t≥0 is a chaotic strongly continuous semigroup.
(b)

∫ ∞
−∞ ρ(s) ds < ∞.

Remark 5.4.In [3, Theorem 4.8], it is shown that{etB}t≥0 is hypercyclic if and only if for
eachs ∈ R there is a sequence{tj }∞j=1 of positive numbers such that

lim
j→∞ ρ(s + tj ) = lim

j→∞ ρ(−tj + s) = 0.

As in Remark 4.9, it is easy to construct weight functionsρ such that{etB}t≥0 is
hypercyclic but not chaotic.

As in Corollary 4.10, if we have one chaotic semigroup, we are guaranteed many.
Indeed, Lemma 4.2 is valid if we replace(ω/p) + LHP by (1/p)Vω2,ω1 and this result
implies the following corollaries.

COROLLARY 5.5. Supposeω1 > ω2 andQ is a polynomial such thatQ(B) generates a
strongly continuous semigroup. Then there existsc ∈ R such that(Q(B) + c) generates a
chaotic semigroup{et(Q(B)+c)}t≥0 = {etcetQ(B)}t≥0.

Theorem 5.1 and Corollary 5.5 are of more interest than Theorem 4.6 and Corollary 4.10
because there are many more polynomialsQ for which Q(B) generates a strongly
continuous semigroup. The heat semigroup is only one example, but may be of particular
interest.

COROLLARY 5.6. Supposeω1 > ω2 and

sup
s∈R

ρ(s)

ρ(s − t)
< ∞, ∀t ≥ 0. (∗)

ThenB2 generates a chaotic strongly continuous semigroup.

Proof. Hypothesis(∗) guarantees that{etB}t≥0 extends to a strongly continuous group.
This implies [6, 2.8.7, 2.8.11] thatB2 generates a strongly continuous semigroup.

By the proof of Theorem 5.1 and the analogue of Lemma 4.2(1), it is sufficient to show
that

{z2 | z ∈ Vω2,ω1}
intersects the imaginary axis. But this is clear when we writez = u+ iv, with u andv real
and note that the lines|v| = |u| are mapped to the imaginary axis byz 7→ z2. 2
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