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IDENTIFICATION IN DISCRETE
MARKOV DECISION MODELS

SORAWOOT SRISUMA
University of Surrey

We derive conditions for the identification of the structural parameters in Markov
decision model under the assumptions of Rust (1987, Econometrica 55, 999–1033)
when the payoff function is parametrically specified. Identification in this class of
dynamic problems is difficult to establish since the parameters of interest enter the
value function nonlinearly, and the value function is only defined implicitly as a
fixed point of some functional equation. We show it is sufficient to verify identifi-
cation in the pseudomodel, which is more tractable as it is originally designed to
reduce the computational burden in the estimation problem, for the identification of
the data generating parameter of the underling model. Our results extend naturally
to a class of dynamic discrete action games commonly used in empirical industrial
organizations.

1. INTRODUCTION

The discrete Markov decision model that is surveyed in Rust (1994) provides
a useful framework to study dynamic decision problems in many areas of eco-
nomics. Importantly, it also forms the foundation to model dynamic games in the
empirical industrial organization literature (see Aguirregabiria and Mira, 2010
and Bajari, Hong, and Nekipelov, 2013 for recent surveys). Several estimation
methodologies have been proposed to estimate a class of decision problems that
satisfies additive separability and conditional independence (Rust, 1987), where
the main object of interest is the finite dimensional structural parameter that pa-
rameterizes the payoff function of the economic agent. The identification condi-
tions for these parameters are difficult to establish due to the nonlinear structure
inherent in the dynamic optimization framework. This paper derives more
tractable conditions for the identification of the structural parameters in these
models.

Existing identification results in this literature are nonparametric in nature.
In a single agent setting, a well-known negative result of Rust (1994) says
that without any structure a dynamic decision model is nonparametrically not
identified. Magnac and Thesmar (2002) show that nonparametric identification
of the payoff function is possible under additive separability and conditional

I thank the editor, a co-editor, and anonymous referees for valuable suggestions that have greatly improved the
paper. I also thank Xiaohong Chen, Oliver Linton, and Hashem Pesaran for helpful comments. Address corre-
spondence to School of Economics, University of Surrey, Guildford, Surrey, GU2 7XH, United Kingdom; e-mail:
s.srisuma@surrey.ac.uk.

c© Cambridge University Press 2014 521

https://doi.org/10.1017/S0266466614000437 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000437


522 SORAWOOT SRISUMA

independence assumptions by imposing additional further restrictions on the pay-
offs. Pesendorfer and Schimdt-Dengler (2008) use a similar approach to provide
conditions to identify dynamic discrete games, and Bajari, Chernozhukov, Hong,
and Nekipelov (2009) extend their results for games when the observed state
variables are continuous. Although nonparametric identification results are fun-
damental, our work is motivated by the fact that most of the methodology and
empirical literature employ a parametric payoff function.1

One obstacle in the study of identification can be attributed to the nonlinear-
ity generated by the recursive structure of the dynamic programming problem
in the form of a value function. The intractability of value functions is a well-
known computational issue for estimation. Indeed, earlier emphasis in the liter-
ature has been on developing feasible estimation methods focusing on the value
function, which generally has no closed-form and is defined implicitly as a fixed
point of some nonlinear function equation (e.g., see Rust, 1994, 1996). An alter-
native estimation approach, aimed to reduce the computational burden, following
Hotz and Miller (1993) instead estimates a “pseudomodel” in two steps, where
the value function is replaced by an easy to compute policy value function in the
first stage. The two-step approach is particularly attractive for the estimation of
dynamic games as it has been shown to circumvent incomplete models that may
arise due to the presence of multiple equilibria. Examples of two-step estimators
include: (single agent problems) Hotz and Miller (1993), Hotz, Miller, Sanders,
and Smith (1994), Aguirregabiria and Mira (2002), Srisuma and Linton (2012);
(dynamic games) Aguirregabiria and Mira (2007), Bajari, Benkard, and Levin
(2007), Bajari et al. (2012), Pakes, Ostrovsky, and Berry (2007), and Pesendorfer
and Schmidt-Dengler (2008).

The identification problem we consider in this paper is set in a parametric
framework. Although our results are also directly applicable in semiparametric
models where the infinite dimensional nuisance parameters are nonparametrically
identified (e.g., Bajari et al., 2012; Srisuma and Linton, 2012). General condi-
tions for the identification of nonlinear parametric models have been provided by
Wegge (1965) and Rothenberg (1971).2 However, these results are often difficult
to apply to a specific nonlinear model. Our strategy is to study identification in
the pseudomodel. We first show that identification in the pseudomodel is suffi-
cient for the identification of the true model. Then we exploit the fact that policy
value function can generally be defined as a linear transformation of the payoff
function, so that the pseudomodel provides a tractable framework for the parame-
terization of the structural parameters. We then give conditions on the observables
for the model to be identified. We also emphasize that establishing the identifica-
tion of the pseudomodel is important in itself, since it is necessary for consistent
estimation of all two-step estimators cited above.

We focus on the single agent model to develop our intuition and arguments.
Our identification strategy for single agent models is directly applicable to a pop-
ular of dynamic games where players are known to play pure strategies almost
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surely (a.s.). Thus, to avoid additional notations and discussions on the multiplic-
ity problem specific to games, we shall present our main results for a single agent
model where the setup is more transparent. The paper is organized as follows.
Section 2 introduces the decision problem of interest and defines the model, pseu-
domodel, and identification concept. Section 3 gives the main results of the paper.
Section 4 briefly describes how our results can be extended to dynamic games.
Section 5 concludes with a discussion on the identification of related decision
problems. All proofs can be found in the Appendix.

2. MARKOV DECISION PROCESSES

Our starting point is the basic framework of a general single agent decision prob-
lem described in Rust (1994), which we use to define the statistical model derived
from the decision problem and illustrate the intractability of the parameter param-
eterization. We introduce the pseudomodel through the pseudodecision problem
in Section 2.2. We define and discuss identifiability in Section 2.3.

2.1. Basic Setup

We consider the decision process of a forward looking agent who solves an infi-
nite horizon intertemporal decision problem. The random variables in the model
are the control (choice) and state variables, denoted by at ∈ A and st ∈ S, respec-
tively. The action set A is finite, A = {0,1, . . . , K }. The state st = (xt ,εt ) ∈ X ×E
can be partitioned into two components where, from the perspective of the econo-
metrician, xt is observable and εt = (εt (0) , . . . ,εt (K )) is unobservable. At each
period t , the agent observes st and chooses an action at (st ) in order to maximize
her discounted expected utility. The payoffs are time separable and are represented
by uθ (at ,st ) in each period, which is known up to θ ∈ �, where � is a subset of
R

p. The agent’s action in period t affects the uncertain future states according to
the first order Markov transition law F (st+1|st ,at ). The next period utility is sub-
jected to discounting at the rate β ∈ (0,1). Formally, for any time t , the agent is
represented by a triple of primitives (θ,β, F), who is assumed to behave accord-
ing to an optimal decision rule, {aτ (sτ )}∞τ=t , in solving the following sequential
problem

Wθ (st ) = max
{aτ (sτ )}∞τ=t

E

[ ∞∑
τ=t

βτ−t uθ (aτ (sτ ) ,sτ )

∣∣∣∣∣st

]
s.t. aτ (sτ ) ∈ A for all τ ≥ t,

(1)

where Wθ denotes the value function. Under some regularity conditions, there
exists a stationary Markovian optimal policy function δθ : S → A so that δθ (st ) =
δθ (st+τ ) for any st = st+τ and any t,τ , where

δθ (st ) = argmax
a∈A

{
uθ (a,st )+βE

[
Wθ (st+1) |st ,at = a

]}
, (2)
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and Wθ is the unique solution to the Bellman’s equation

Wθ (st ) = max
a∈A

{
uθ (a,st )+βE

[
Wθ (st+1) |st ,at = a

]}
. (3)

Sufficient conditions for the existence of stationary optimal policies for the deci-
sion problem described above can be found in Section 3 of Rust (1994). Note that
δθ and Wθ also generally depend on (β, F). We suppress the explicit dependence
on these primitives for the ease notational since our focus is on the identifica-
tion of θ , as (β, F) are often either assumed to be known or nonparametrically
identified in practice. We shall also impose the following modeling assumptions
throughout the paper.

Assumption M1. The discounting factor β is known.

Assumption M2. The transitional distribution of the states has the following
factorization: F (xt+1,εt+1|xt ,εt ,at ) = Q (εt+1|xt )G (xt+1|xt ,at ), where Q is
the conditional distribution function of εt given xt , and G denotes the transition
law of xt+1 conditioning on xt and at .

Assumption M3. (i) uθ is additive separable, uθ (at , xt ,εt ) = πθ (at , xt ) +∑
a∈A εt (a)1 [at = a]; (ii) for each x , the conditional distribution of εt given

xt = x is absolutely continuous with respect to (w.r.t.) the Lebesgue measure full
support on RK+1 and the first moment ofεt (a) exists for all a.

Assumption M4. xt has finite support, X = {
x1, . . . , x J

}
.

Assumptions M1–M4 are standard in the (identification and estimation) litera-
ture for Markov decision problems (e.g., see Rust, 1987; Hotz and Miller, 1993;
Aguirregabiria and Mira, 2002; Magnac and Thesmar, 2002). Under M1–M3 the
primitives of the model reduce to θ . We define the statistical model for the Markov
decision processes as follows.

DEFINITION S1. The true model is a collection of conditional choice proba-
bilities {Pθ }θ∈� such that for all a:

Pθ (a|xt ) = Pr[δθ (xt ,εt ) = a|xt ] a.s., where

δθ (st ) = argmax
a∈A

{
uθ (a,st )+βE

[
Wθ (st+1) |xt ,at = a

]}
,

Wθ (st ) = max
a∈A

{
uθ (a,st )+βE

[
Wθ (st+1) |xt ,at = a

]}
. (4)

Note that the conditioning set for the discounted expected future returns at st+1
only depends on xt ,at since εt has no additional information for st+1 on under
M2. The intractability of the parameterization in Pθ is well-documented in the
methodology literature, as the following simple example from Rust (1987) illus-
trates.

https://doi.org/10.1017/S0266466614000437 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000437


IDENTIFICATION IN DISCRETE MARKOV DECISION MODELS 525

Example
At each period the manager inspects a bus and decides whether he should replace
the existing engine or to service it. The tradeoffs are: there is an immediate fixed-
cost of replacement but the maintenance costs and risks of future breakdowns
increase as the bus continues to run on an old engine. Here at takes value 1 if
the decision is to replace the engine and 0 otherwise, xt denotes the mileage on
the bus, and εt = (εt (0) ,εt (1)) is a vector of unobserved costs (of goodwill, etc.)
associated with choice 0 and 1, respectively. The payoff function that represents
the cost to replace the bus engine is described as follows

uθ (at ,st ) =
{

−θ1 − c (0,θ2)+ εt (1) if at = 1

−c (xt ,θ2)+ εt (0) if at = 0
,

where θ = (θ1,θ2) with θ1 denoting the fixed engine replacement cost, and
c (x,θ2) is a parametric function describing the maintenance costs, parameterize
by θ2. The transition law for the mileage is taken to be known, otherwise G can be
estimated (parametrically or nonparametrically) independently of θ ; Rust (1987)
discretizes X and estimates G using a multinomial distribution. Costs of future
periods are then discounted by β. In the special case when εt has i.i.d. (indepen-
dent and identically distributed) extreme value distribution, the choice probability
of replacing the engine with mileage x is:

Pθ (1|x) = exp{−θ1 − c(0,θ2)+βE[Wθ (st+1)|xt = x,at = 1]}
exp{−θ1 − c(0,θ2)+βE[Wθ (st+1)|xt = x,at = 1]}

+exp{−c(x,θ2)+βE[Wθ (st+1)|xt = x,at = 0]}, (5)

which takes a familiar logit form with an addition of a dynamic term. However,
E[Wθ (st+1)|xt = ·,at = ·] generally does not have a closed form, it is defined
implicitly as a fixed point of a functional map, ϒθ :W→W , whereW is a space
of functions whose domain is A × X such that for all (a, x) ∈ A × X and w ∈W:

ϒθ (w)(a, x) =
∫

E[max
a′∈A

{
uθ

(
a′,st

)+βw
(
a′, xt

)} |xt = x ′]dG
(
x ′|x,a

)
. (6)

By applying Blackwell’s theorem and its generalization it is often straightforward
to show that ϒθ is a contraction map (e.g., Theorem 1 in Rust, 1987), in addition,
under the conditional logit framework ϒθ simplifies to

ϒθ (w)(a, x) =
∫

log

(
exp{−θ1 − c (0,θ2)+βw

(
1, x ′)}

+ exp{−c
(
x ′,θ2

)+βw
(
0, x ′)}

)
dG

(
x ′|x,a

)
.

Thus E
[
Wθ (st+1) |xt = ·,at = ·], hence Pθ , generally depends on θ in a com-

plicated manner. In fact, the expression in the previous display is unusually trans-
parent since the function E[maxa′∈A{uθ

(
a′,st

)+βw
(
a′, xt

)}|xt = ·], that enters
ϒθ in equation (6), generally does not have a closed-form when εt does not have
i.i.d. extreme value distribution.
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2.2. Pseudodecision Problem

Estimation procedures that solve the dynamic optimization problem for every θ
in order to evaluate Pθ is often called a full-solution approach. This is typically
characterized by the need to approximate some functional of Wθ by solving a
nonlinear functional equation, for instance, as in the Example above, by applying
fixed-point iteration on ϒθ in equation (6). We next introduce the pseudomodel
that underlies the popular two-step approach of Hotz and Miller (1993), which
is designed to reduce the computational burden of estimating dynamic decision
problems.

Suppose we are interested in θ∗, which generates the data according to δ∗ that
equals δθ for θ = θ∗as defined in (2). The policy value function generated by
δ∗−, which we denote by Vθ , is the discounted expected payoff an economic
agent would receive from making her decision based on δ∗ in every period:

Vθ (st ) = E

[ ∞∑
τ=t

βτ−t uθ

(
δ∗ (sτ ) ,sτ

)∣∣∣∣∣st

]
.

We define the pseudomodel as follows.

DEFINITION S2. The pseudomodel is a collection of conditional choice prob-
abilities {Pθ }θ∈� such that for all a:

Pθ (a|xt ) = Pr[αθ (st ) = a|xt ] a.s., where

αθ (st ) = argmax
a∈A

{
uθ (a,st )+βE

[
Vθ (st+1) |xt ,at = a

]}
,

Vθ (st ) = uθ

(
δ∗ (st ) ,st

)+βE
[

Vθ (st+1)|st
]
. (7)

Pθ describes the distribution of the optimal action that solves a pseudodecision
problem, which differs from the true decision problem in (4) by replacing Wθ with
Vθ . Particularly the pseudoproblem is a static optimization problem in the sense
that Vθ does not incorporate Bellman’s principal of optimality. Furthermore, by
construction αθ∗ = δ∗, hence Pθ∗ = Pθ∗ . In what follows we shall simply denote
Pθ∗ by P∗.

For estimation purposes, the main insight of Hotz and Miller (1993) centers on
applying an inversion result (see Lemma HM) so that E[Vθ (st+1) |xt = ·,at = ·]
can be estimated using a nonparametric estimator of P∗ for each θ . Since Vθ is a
solution to a linear equation, in contrast Wθ is defined through the max operator,
evaluating Pθ numerically is significantly easier thanPθ as the former does not re-
quire one to solve a dynamic optimization problem. The inherent linear structure
that defines Vθ is crucial in our identification analysis since we claim the param-
eterization of θ in E[Vθ (st+1)|xt = ·,at = ·] is much more tractable relative to
E[Wθ (st+1)|xt = ·,at = ·]. Importantly, by the law of iterated expectations, under
M1: E[Vθ (st+1)|xt ,at ] = E[E[.Vθ (st+1)|xt+1]|xt ,at ], where E[.Vθ (st )|xt ] is the
solution to a linear equation

E[Vθ (st )|xt ] = E[uθ (δ
∗(st ),st )|xt ]+βE[E[Vθ (st+1)|xt+1]|xt ],
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which is obtained by taking conditional expectation of Vθ (st ) w.r.t. xt . Let mθ =
E [Vθ (st ) |xt = ·] and gθ = E[Vθ (st+1) |xt = ·,at = ·], then we can succinctly
summarize their relationships with the per period payoff function πθ in a linear
functional notation as follows:

mθ = rθ +Lmθ , (8)

gθ =Hmθ , (9)

where rθ is the ex-ante expected payoff given state xt using δ∗, namely rθ (x) =
E
[
uθ (δ∗ (st ) ,st ) |xt = x

]
for any x ∈ X ; and for any m : X → R

J the lin-
ear operator L generates discounted expected next-period value of its operands
Lm (x) = βE

[
m (xt+1) |xt = x

]
for any x ∈ X ;H is another conditional expecta-

tion operator that generates the choice specific expected next period values of its
operands operatorHm (x,a) = E

[
m (xt+1) |xt = x,at = a

]
for any a, x ∈ A× X .

In contrast to a general solution of a fixed point, the structure of gθ is more
tractable in terms of πθ . In particular L,H are linear operators that do not de-
pend on θ , and (I −L)−1 exists (see below), so that gθ = H (I −L)−1 rθ . We
now revisit the engine replacement problem introduced earlier and consider the
choice probabilities for the pseudomodel.

Example (continued)
The choice probability of replacing the engine with mileage x implied by the
pseudodecision problem is:

Pθ (1|x) = exp{−θ1 − c (0,θ2)+βgθ (1, x)}
exp{−θ1 − c (0,θ2)+βgθ (1, x)}+ exp{−c (x,θ2)+βgθ (0, x)} ,

which differs fromPθ (1|x) (defined in (5)) by replacing E[Wθ (st+1)|xt =·,at =·]
with gθ . In order to decompose gθ , one starts with rθ and solve for mθ . Since X
is finite, equation (8) can then be represented by the following matrix equation⎛⎜⎝mθ (x1)

...

mθ (x J )

⎞⎟⎠ =
⎛⎜⎝ rθ (x1)

...

rθ (x J )

⎞⎟⎠+
⎛⎜⎝ l11 · · · l1,J

...
. . .

...
l J,1 · · · l J,J

⎞⎟⎠
⎛⎜⎝mθ (x1)

...

mθ (x J )

⎞⎟⎠ ,

where L = (
li j
)

is a J × J -matrix with li j = β Pr
[
xt+1 = x j |xt = xi

]
. Using Hotz

and Miller (1993)’s inversion theorem (see Lemma HM), it can be shown that
rθ

(
x j
)= γ ∗ +P∗ (1|x j

)
(−θ1 −c (0,θ2)−P∗ (1|x j

)
)+P∗ (0|x j

)
(−c

(
x j ,θ2

)−
log(P∗ (0|x j

)
), where γ ∗ is the Euler’s constant and P∗ is the choice probabil-

ities induced by δ∗. Since L is a stochastic matrix multiplied by β ∈ (0,1), by
the dominant diagonal theorem, the matrix I −L is invertible and mθ can be
uniquely recovered from (I − L)−1 rθ . Since A is finite, equation (9) can also be
represented by a matrix equation. For each a:⎛⎜⎝ gθ (a, x1)

...

gθ (a, x J )

⎞⎟⎠ =
⎛⎜⎝ha

1,1 · · · ha
1,J

...
. . .

...
ha

J,1 · · · ha
J,J

⎞⎟⎠
⎛⎜⎝mθ (x1)

...

mθ (x J )

⎞⎟⎠ ,
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where Ha = (ha
i j ) is a J × J -matrix with ha

i j = Pr
[
xt+1 = x j |xt = xi ,at = a

]
.

By letting H = [H1	, H2	]	, then gθ can be represented by a 2J-dimensional
vector ((H1mθ )

	, (H2mθ )
	)	.

The example above illustrates that the parameterization in E[Vθ (st+1) |xt = ·,
at = ·] is generally more tractable than that of E[Wθ (st+1) |xt = ·,at = ·], in
particular the former can generally be written as some linear combination of ele-
ments in πθ . In the estimation literature, rθ has been shown to be identified under
various modeling assumptions (see the list of two-step estimator papers cited in
Section 1), and L is nonparametrically identified under weak conditions. Even
if we relax M4 and allow xt to be a continuous variable equations (8) and (9)
still hold. In that more general case mθ is the solution to a general type II inte-
gral equation, which solves a well-posed inverse problem since the operator L
is a contraction map in commonly used metric spaces.3 H is also identified as a
conditional expectation of the observables, therefore gθ is identified for every θ .
Numerous estimators for (rθ ,mθ ,gθ ,L,H) have been proposed in the literature
and have also been shown to be uniformly consistent for any compact subset of
� and A × X . Since gθ =H (I −L)−1 rθ , H (I −L)−1 is a nonparametric object
that can typically be represented or approximated by a matrix, objective functions
that involve E[Vθ (st+1) |xt = ·,at = ·], through (7), are generally much easier to
compute than those with E[Wθ (st+1) |xt = ·,at = ·] (see (4)), which is the main
motivation for using the pseudomodel.

2.3. Scope of Identification

We define identification using the notion of observational equivalence between
two parameters in terms of their implied distribution functions. Let Pθ (·|xt ) de-
note any conditional probability function defined on A that is known up to the
unknown parameter θ ∈ �.

DEFINITION I1. For a collection of conditional choice probabilities {Pθ }θ∈�,
two parameter points θ and θ ′ are said to be observationally equivalent in {Pθ }θ∈�

if Pθ (a|xt ) = Pθ ′ (a|xt ) almost surely for all a in A.

DEFINITION I2. A collection of conditional choice probabilities {Pθ }θ∈� is
said to be identified at θ0 if there is no other θ in � which is observationally
equivalent.

We say that a collection of conditional functions {Pθ }θ∈� is identified if it
is identified at every point θ in �. The definition of identification employed in
this paper is chosen to reflect the estimation problem, where most known objec-
tive functions in the literature are explicit functionals of the conditional choice
probabilities. Compared to related work in the literature, similar to Magnac and
Thesmar (2002), our definition of identification takes the primitive (θ ) as the
structure of the model and uses its implied distribution function (Pθ ) as the re-
duced form, whilst Rust (1994, Sect. 3.5) defines the decision rule (δθ ) as the
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reduced form. The two definitions are equivalent under M1–M4 in the sense that
for any θ,θ ′ ∈ �:

δθ (st ) = δθ ′ (st ) a.s. ⇔ Pθ (st ) = Pθ ′ (st ) a.s.

In Section 3 we shall focus on the identification of the pseudomodel. Our first
result shows that the identification of {Pθ }θ∈� has an immediate implication for
the identification of {Pθ }θ∈�.

PROPOSITION 1. Suppose the pseudomodel {Pθ }θ∈� is generated from the
decision rule δ∗ that satisfies (2) with primitives θ∗. If {Pθ }θ∈� is identified at θ∗,
then there can be no other decision rule δ′ that satisfies (2) with primitives θ ′ �= θ∗
such that δ′ (st ) = δ∗ (st ) almost surely.

3. IDENTIFICATION

3.1. Equivalent Condition for Identification

Let vθ = πθ +βgθ , following the notations used in (8) and (9), so that for all a, x :
vθ (a, x) = πθ (a, x)+βgθ (a, x). Then we can write choice probabilities of the
pseudomodel as follows:

Pθ (a|x) = Pr
[
vθ (a, xt )+ εt (a) ≥ vθ

(
a′, xt

)+ εt
(
a′) for all a′ �= a

∣∣ xt = x
]
.

Define �vθ (a, x) to be vθ (a, x) − vθ (0, x) for all (a, x). Under M1–M4, Hotz
and Miller (1993)’s inversion theorem (also see Lemma 8 of Matzkin, 1991) al-
lows {�vθ (a, xt )}a>0 to be uniquely recovered from {Pθ (a|xt )}a>0. Therefore
the identifiability condition reduces to whether the parameterization of θ in �vθ

is unique on A × X . A version of the recoverability result is stated below for the
ease of reference.

For all a > 0 we define a map φa,x : RK → [0,1], such that for any real
K -vector ṽ = (̃v1, . . . , ṽK ),

φa,x (̃v) =
∫ ∞

εa=−∞

∫ ṽa+εa

ε0=−∞

∫ ṽa−ṽ1+εa

ε1=−∞
. . .

∫ ṽa−ṽa−1+εa

εa−1=−∞

∫ ṽa−ṽa+1+εa

εa+1=−∞

. . .

∫ ṽa−ṽK +εa

εK =−∞
d Q (ε0, . . . ,εK |x) .

By construction Pθ (a|x) = φa,x (�vθ (1, x) , . . . ,�vθ (K , x)) for all (a, x). Then

define a map �x = (
φ1,x , . . . ,φK ,x

)	 so that �x :RK → �K , where �K denotes
the K -simplex. The following Lemma follows from Proposition 1 of Hotz and
Miller (1993).

LEMMA HM. Suppose Assumptions M1–M4 hold. Then �x is invertible for
all x ∈ X.
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The invertibility of �x can be used to recover the indifferent-value vector for
any given choice probabilities (and vice-versa). The identification problem of
{Pθ }θ∈� is then equivalent to the question whether �vθ is uniquely parameter-
ized on A × X . Since A and X are finite we can represent �vθ in a matrix form.
The following notations shall be useful for Theorems 1 and 2.

Preliminary Notations for Theorems 1 and 2

For all θ , let va
θ = (vθ (a, x1), . . . ,vθ (a, x J )) for all a, and vθ = (v0

θ , . . . ,v
K
θ )	,

define πa
θ and πθ analogously. For any k let: Ik denote an identity ma-

trix of size k; H denote a block-diagonal matrix diag(H0, H1, . . . , H K ),
where Ha denotes a J × J matrix whose i j-th element is Pr[xt+1 = x j |xt =
xi ,at = a]; �H denote a block-diagonal matrix diag(H1 − H0, . . . , H K −
H0); Mk = (Ik+1 ⊗ M) where M = (I − L)−1 and L denotes a J × J ma-

trix whose i j-th element is β Pr[xt+1 = x j |xt = xi ]; P0 =
⎡⎢⎣ P0 P1 · · · P K

...
... · · · ...

P0 P1 · · · P K

⎤⎥⎦
where Pk = diag(P∗(k|x1), . . . ,P∗(k|x J )) and P1 =

⎡⎢⎣ P1 P2 · · · P K

...
... · · · ...

P1 P2 · · · P K

⎤⎥⎦.

Define �va
θ = (vθ (a, x1)−vθ (0, x1), . . . ,vθ (a, x J )−vθ (0, x J )) for all a > 0, and

�vθ = (�v1
θ , . . . ,�v K

θ )	, define �πa
θ and �πθ analogously. Let D denote the

J K × J (K +1) matrix that performs the transformation Dvθ = �vθ . Finally, for
any θ,θ ′, let �vθ,θ ′ = �vθ −�vθ ′ , πθ,θ ′ =πθ −πθ ′ , and �πθ,θ ′ = �πθ −�πθ ′ .
Then the following representation Lemmas hold.

LEMMA 1. Suppose Assumptions M1–M4 hold. Then for all θ,θ ′:

�vθ,θ ′ = D
(
IJ (K+1) +βHMK+1P0

)
πθ,θ ′ .

LEMMA 2. Suppose Assumptions M1–M4 and R1 (defined below) hold. Then
for all θ,θ ′,

�vθ,θ ′ = (IJ K +β�HMK P1)�πθ,θ ′ .

There are two notable features of the representation Lemmas. First, for any
θ,θ ′, the RHS of �vθ,θ ′ can always be written as a product of some matrix that can
be identified from the data and a vector that depends on the structural parameters.
This follows directly from the fact that all future discounted expected returns
can be written as linear transforms of πθ . The other is that �vθ,θ ′ only depends
on the distribution of εt through the equilibrium induced transition and choice
probabilities. Therefore conditions for identification consist only of two separate
sources: one on the parameterization in πθ and the other on objects matrices that
can be identified from the data.
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3.2. Main Results

THEOREM 1. Suppose Assumptions M1–M4 hold. Then {Pθ }θ∈� is identified
at θ0 if and only if the intersection between

{
πθ0,θ : θ ∈ �\{θ0}

}
and the null

space of D
(
IJ (K+1) +βHMK+1P0

)
is empty.

It immediately follows from Lemma 1 that the intersection between the null
space of D(IJ (K+1) + βHMK+1P0) and

{
πθ0,θ : θ ∈ �\{θ0}

}
completely char-

acterizes the set of P ′
θ s that are observationally equivalent to Pθ0 . However, the

implication from the characterization may not be immediately obvious since it
can be difficult to visualize geometrically. We also note that the possibility for
nonidentification is not necessarily trivial if the parameterization of πθ is too rich
since D

(
IJ (K+1) +βHMK+1P0

)
is always noninjective (as it has more columns

than rows).4 Our next two sets of results are easier to verify. Each makes use of
an additional restriction on the payoff function commonly found in the literature.
The first assumes the knowledge of the payoff from an outside option. The second
relies on the linear-in-parameter specification.

Assumption R1. For all θ, x , πθ (0, x) = π (x).

THEOREM 2. Suppose Assumptions M1–M4 and R1 hold, and whenever
θ �= θ ′, �πθ,θ ′ is not a null vector. Then {Pθ }θ∈� is identified at θ0 if and
only if the intersection between

{
�πθ0,θ : θ ∈ �\{θ0}

}
and the null space of

IK J +β�HMK P1 is empty.

The proof follows immediately from Lemma 2. Assumption R1 is commonly
used in the nonparametric identification literature, which can also be motivated in
particular empirical applications (e.g., in entry games at = 0 often denotes firms
not participating hence getting zero payoff). Although note that, in contrast to
static discrete choice models, R1 is not a normalization condition without loss of
generality; cf. Theorem 1 (also see Theorems 3 and 4). Whilst the requirement
that πθ is well-parameterized, in the sense that there are no redundant parameters,
is obviously a necessary condition for identification. Different specification of πθ

can be checked on a case-by-case basis. Since IK J +β�HMK P1 is a square ma-
trix, then we have a simple sufficient condition for identification independent of θ .

COROLLARY 1. Suppose Assumptions M1–M4 and R1 hold, and whenever
θ �= θ ′ there exists a, x so that �πθ (a, x)−�πθ ′ (a, x) �= 0. If IK J +β�HMK P1
is nonsingular then {Pθ }θ∈� is identified.

It is worth noting a feature of our results thus far that the conditions for identifi-
cation consist of two separate sources: one on the parameterization in πθ and the
other on matrices that can be identified from the data. This follows directly from
the fact that all future discounted expected returns can be written as linear trans-
forms of πθ . Next we consider the case when πθ is linear-in-parameters, where
we can revert back to the linear functional notations instead of the cumbersome
vectorized notations used for Theorems 1 and 2.
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Assumption R2. The payoff function is linear-in-parameters, i.e., πθ (a, x) =
θ	π0 (a, x) for all a, x,θ , where π0 is a p-dimensional vector of real functions.

For Theorems 3 and 4 it shall be useful to represent {�v0 (a, x)}a>0 using a
matrix �V (x), where

�V (x) =
⎡⎢⎣ �v0 (1, x)	

...

�v0 (K , x)	

⎤⎥⎦ for all x, (10)

where �v0 is defined within the following Lemma.

LEMMA 3. Under Assumptions M1–M4 and R2, for all θ,θ ′,�vθ − �vθ ′ =(
θ − θ ′)	 �v0, where v0 = π0 +βH (I −L)−1 r0 with r0 (x) = E[π0(δ

∗ (st ) , xt )
|xt = x] for all x and �v0 (a, x) = v0 (a, x)− v0 (0, x) for all x,a > 0.

Under the linear-in-parameters specification, Lemma 3 shows that the identi-
fication of {Pθ }θ∈� is analogous to a familiar problem of no multicollinearity
condition in a linear model. We give conditions for identification of this special
case in the next Theorem.

THEOREM 3. Under Assumptions M1–M4 and R2, and E[�V (xt )
	 �V (xt )]

exists. Then {Pθ }θ∈�is identified if and only if E
[
�V (xt )

	 �V (xt )
]

has rank p.

Given an explicit specification of the parameterization under R2 we can adapt
Theorem 3 to incorporate a priori relationships between the elements of θ . Our
next theorem gives a weaker set of conditions for identification when the rank
condition in Theorem 3 may fail to hold but θ is known to satisfy a set of linear
restrictions.

THEOREM 4. Suppose Assumptions M1–M5 hold, and E
[
�V (xt )

	 �V (xt )
]

exists. Let �0 = {θ ∈ � : R	θ = γ0} where, for some d < p, R is a p × d-
matrix with full column rank, and γ be a d-dimensional vector. Then {Pθ }θ∈�0

is identified if and only if there exists a p × (p −d)-matrix D whose column
space equals the orthogonal complement of the column space of R such that
D	E

[
�V (xt )

	 �V (xt )
]

D has rank p −d.

The requirements on the column space of D in Theorem 4 do not impose any
restriction since such matrix always exists (although not unique) as Rp can al-
ways be written as a direct sum between the column space of (any matrix) R and
its orthogonal complement. The essence of the proof is the reparameterization of
θ to incorporate linear constraints that reduces the dimension of the free parame-
ters; such method is familiar from the classical study of constrained least square
problems (for instance, see Amemiya, 1985, Sect. 1.4.2).

Under R2 the identification problem is determined by a system of linear equa-
tions. If the rank conditions in Theorems 3 and 4 are satisfied, then the likeli-
hood criterion and any other objective functions, which depends on the choice
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probabilities from the pseudomodel, will be able to deliver a consistent estima-
tor of θ∗ under standard regularity conditions. Our identification conditions also
have finite sample implications. Since the estimator of �V is easy to compute,
the empirical analogs of E

[
�V (xt )

	 �V (xt )
]

and D	E
[
�V (xt )

	 �V (xt )
]

D
can (and should) be analyzed prior the estimation stage. For instance, suppose{
an, xn, x ′

n

}N
n=1 is a random sample from (δ∗ (st ) , xt , xt+1) and �V̂ is the esti-

mator of �V . If 1
N

∑N
n=1 �V̂ (xn)

	 �V̂ (xn) does not have full rank, then the
intersection of the null spaces of {�V̂ (xn)}N

n=1 is nonempty. Thus, by applying
Lemma HM, for each θ0 there are uncountably many other θ ′s that imply the same
choice probabilities so that any objective functions constructed from the choice
probabilities cannot have a unique optimizer; analogous conclusions can also be

drawn from studying the rank of D	
(

1
N

∑N
n=1 �V̂ (xn)	 �V̂ (xn)

)
D.

COMMENTS ON RELAXING M4: Conceptually, we can naturally extend our
identification results so that xt also contains continuously distributed state vari-
able (see Srisuma and Linton, 2012). In particular, for Theorems 1 and 2
and Corollary 1, �vθ,θ ′ remains a linear transform of πθ,θ ′ and �πθ,θ ′ for
Lemmas 1 and 2, respectively. However, the sets

{
πθ0,θ : θ ∈ �\{θ0}

}
and{

�πθ0,θ : θ ∈ �\{θ0}
}

become subsets of functions in some Banach spaces, and
the matrices of conditional choice and transition probabilities are to be replaced
by linear integral operators. Although general conditions for injectivity of linear
operators are more difficult to be characterized and verified. On the other hand,
Theorems 3 and 4 immediately accommodate continuously distributed xt without
any modification.

We end this section by illustrating how our results can be used, based on ob-
servables objects, to show the identification of specific parametric models that are
otherwise generally intractable.

Example (continued)
We consider parametric models similar to those studied in Rust (1987), generated
from the following functional forms: (a) c (x,θ2) = exp(θ2x), and (b) c (x,θ2) =
θ2c0 (x) for some known c0 (·).5 We assume that x j < x j+1 and θ ∈ � = R2++.

In order to study identification we construct �vθ (a, x). Since K = 1,
the preliminary notations introduced for Lemmas 1 and 2 can be simpli-
fied further. In what follows we let ι denote J × 1 vector of ones, P =
diag

(P∗ (1|x1
)
, . . . ,P∗ (1|x J

))
, and c(θ2) = (c

(
x1,θ2

)
, . . . ,c

(
x J ,θ2

)
)	. Note

that we can write

πθ (a, x) = [−θ1 − c (0,θ2)] ·a + [−c (x,θ2)] · (1−a) .

Since πθ (1, x)−πθ (0, x) = −θ1 − c (0,θ2)+ c (x,θ2), it follows that

�πθ = −θ1 · ι− c (0,θ2) · ι+ c(θ2) .
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The vector of differences in future expected payoffs, {gθ

(
1, x j

)− gθ

(
0, x j

)}J
j=1,

is �HM1P0πθ , where �H,M1 are now square matrices of size J and

P0πθ = −θ1 ·Pι− c (0,θ2) ·Pι− (IJ −P)c(θ2) .

Then we can write �vθ = �πθ +β�HM1P0πθ as

�vθ = − θ1 · (IJ +β�HM1P) ι− c (0,θ2) · (IJ +β�HM1P) ι

+ (IJ −β�HM1 (IJ −P))c(θ2) .

Next we impose specific functional form for c (x,θ2).

Case (a): c (x,θ2) = exp(θ2x). For any θ,θ ′ ∈ �, we have

�vθ,θ ′ = −(θ1 − θ ′
1) · (IJ +β�HM1P)ι+ (IJ −β�HM1(IJ −P))(c(θ2)− c(θ ′

2)).

Note that (a) does not satisfy either R1 or R2. Therefore the condition for iden-
tification of {Pθ }θ∈� at any point θ0, as characterized by Theorem 1, is equiv-
alent to whether there exists any other θ ∈ � that �vθ0,θ = 0, which has the
geometric interpretation that θ0 is identifiable if the one-dimensional curve θ2 
→
(IJ − β�HM1 (IJ −P))(c(θ02) − c(θ2)) does not intersect the line spanned by
(IJ +β�HM1P) ι inRJ . If we impose R1, for instance by taking θ01 to be known,
then �vθ,θ ′ = (IJ −β�HM1 (IJ −P))

(
c(θ2)− c

(
θ ′

2

))
. Then, a sufficient condi-

tion for identification, following from Corollary 1, is for IJ −β�HM1 (IJ −P) to
be nonsingular since c(θ2) �= c(θ02) for any θ2 �= θ02.6 Although such condition
is not necessary. Even if IJ − β�HM1 (IJ −P) is rank deficient, {Pθ }θ∈� may
still be identified. In particular we can relax the requirement on the null space
of IJ −β�HM1 (IJ −P) by using information on the structure of c (x,θ2). For
example, given that exp

(
θ2x j+1

)−exp
(
θ02x j+1

)
> exp

(
θ2x j

)−exp
(
θ02x j

)
for

any θ2 > θ02 and j = 1,2,7 {Pθ }θ∈� will also be identified even if the null space
of IJ − β�HM1 (IJ −P) is nonempty but also does not contain vectors of the
form d = (d1,d2,d3)

	 where d3 > d2 > d1 > 0.

Case (b): c (x,θ2) = θ2c0 (x). For any θ,θ ′ ∈ �, we have

�vθ,θ ′ = −(
θ1 − θ ′

1

) · (IJ +β�HM1P) ι+(
θ2 − θ ′

2

) · (IJ −β�HM1 (IJ −P))c0.

Let �V = [(IJ +β�HM1P) ι : (IJ −β�HM1 (IJ −P))c0], then it is clear
that the sufficient and necessary condition for identification is the full column
rank of �V, which is equivalent to the condition in Theorem 3. In particular,

�v0 (1, x) = (
�v1

0 (1, x) ,�v2
0 (1, x)

)	
(cf. Lemma 3), so that (IJ +β�HM1P) ι

and (IJ −β�HM1 (IJ −P))c0 are
(
�v1

0

(
1, x1

)
, . . . ,�v1

0

(
1, x J

))	
and(

�v2
0

(
1, x1

)
, . . . ,�v2

0

(
1, x J

))	
, respectively.
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4. DYNAMIC GAMES

Recently there has been a growing interest in extending econometric methods de-
veloped for single agent models to estimate empirical games, especially in the
empirical industrial organization literature. However, an additional difficulty that
arises in models with strategic interactions is the problem of multiple equilibria.
Specifically, for every θ , the game may have more than one (if any) equilib-
rium that predicts different distributions of optimal actions. But the pseudomodel
generally does not suffer from problems of multiple equilibria when players are
known to play pure strategies almost surely. Our results in the previous section
can be directly applied to the dynamic games studied in Aguirregabiria and Mira
(2007), Bajari et al. (2007), Pakes et al. (2007), and Pesendorfer and Schmidt-
Dengler (2008). To save space and avoid repetition we do not list out various con-
ditions and theorems for the game counterparts to those of single agent problems.

5. CONCLUDING REMARKS

Existing identification results for nonlinear parametric models can be hard to ver-
ify the identification of Markov decision models and dynamic games. We show
the identification of the pseudomodel is generally simpler and can also be used to
show identification of the data generating parameter from the underlying model.
Therefore our results are useful for two-step estimators, and other estimation
methods where the objective functions are analytically less tractable but need to
assume the model is identified for consistent estimation (such as the nested-fixed
point algorithm of Rust, 1987, the iterative versions of estimators in Aguirre-
gabiria and Mira, 2002, 2007, and the constrained optimization method proposed
by Egesdal, Lai, and Su, 2013). We derive our identification results directly by
studying the implied expected payoffs rather than choice probabilities, since the
latter is unnecessarily complicated by a further one-to-one, but nonlinear, trans-
formation (Hotz and Miller, 1993). Relatedly the structural parameters can also be
estimated directly based on the implied expected payoffs instead of the traditional
choice probabilities; Sanches, Silva, and Srisuma (2013) recently show there are
computational advantages in doing so without any theoretical cost (or gain).

The linear structure that defines the policy value functions is a general prop-
erty that is also present in other Markov decision problems and dynamic games
outside the discrete choice framework. For instance, a closely related class of de-
cision problems imposes increasing differences conditions on the payoff functions
instead of additive separability, see Hong and Shum (2010) in a single agent set-
ting, and Bajari et al. (2007) and Srisuma (2013) for games. However, the lack of
separability means we can no longer apply Hotz and Miller’s inversion lemma, the
parameterization of for the identification of the pseudomodel for these problems
are therefore less tractable than the ones considered in this paper. Nevertheless the
general local identification results in Wegge (1965) and Rothenberg (1971) can be
applied for any pseudomodels, which are also sufficient for the local identification
of the actual model for the same reasons as implied by Proposition 1.8
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NOTES

1. There are some notable exceptions when an outcome variable is also available, which we do not
assume, e.g., see Heckman and Navarro (2007).

2. Other important results on the identification of parameters that may enter a system of equations
nonlinearly without specifying parametric distributional assumptions can be found in Fisher (1961,
1965, 1966), Brown (1983), Roehrig (1988), Benkard and Berry (2006), and Komunjer (2012).

3. Suppose X is some compact subset ofRL and B be a space of bounded real-valued functions de-
fined on X . Consider a Banach space (B,‖·‖) equipped with the sup-norm, i.e., ‖φ‖ = supx∈X |φ (x)|
for any φ ∈ B. For any x ∈ X , Lφ (x) = βE[φ

(
xt+1

) |xt = x], then it follows that |Lφ (x) | ≤
β supx∈X |φ (x)| . In other words ‖Lφ‖ ≤ β ‖φ‖, hence the operator norm ‖L‖ is bounded above
by β. Since β ∈ (0,1), L is a contraction. Therefore the inverse of I −L exists. Furthermore, it is a

linear bounded operator and admits a Neumann series representation,
∞∑

τ=0
Lτ (see Kreyszig, 1989).

4. This is familiar from the literature on nonparametric identification, in which case{
πθ0,θ : θ ∈ �\{θ0}} can be thought of as an arbitrary set of points around (but excluding) the origin

in R J (K+1); see the nonidentification result in Magnac and Thesmar (2002, Prop. 2) in a two-period
model for a similar intuition.

5. We assume the specifications in (a) and (b) for notational simplicity. Rust (1987, p. 1015) con-
siders four functional forms, (i) to (iv), for c (x,θ). Rust’s specification (ii) only differs from our (a)
by an additional multiplicative (scaling) parameter. Rust’s specifications (i), (iii), and (iv) also satisfy
R2, where the latter two are special cases of our (b).

6. This condition is equivalent to �HM1 (IJ −P) does not contain β−1 as an eigenvalue.
7. exp(θ2x) is a strictly supermodular function.
8. Establishing local identification can be informative in this literature since several estimators

have been proposed to estimate the same (pseudo)model, and it is sometimes unclear whether the
failure to identify the parameter of interests is a property of the model or a consequence of a particular
methodology (see Srisuma, 2013).
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APPENDIX

Proof of Proposition

Proof of Proposition 1. Suppose there exist θ ′ �= θ∗ such that δ′ (st ) = δ∗ (st ) almost
surely. Then Vθ ′ must equal Wθ ′ by the definitions of the value functions and policy value
functions. However, this implies αθ ′ (st ) = αθ∗ (st ) almost surely, contradicting the as-
sumption that the pseudomodel is identified. n
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Proofs of Lemmas

Proof of Lemma 1. Immediate. n

Proof of Lemma 2. Immediate. n

Proof of Lemma 3. Under the linear-in-parameters specification, rθ = θ	r0 + r ,
where r0 = E[π0

(
δ∗ (st ) , xt

) |xt = ·] and r = E
[∑

a∈A εt (a)1[δ∗ (st ) = a]|xt = ·]. Since

(I −L)−1 andH are linear operators, vθ can be written as θ	v0 +v1 such that v0 = π0 +
βg0, where g0 =H (I −L)−1 r0, and v1 = βH (I −L)−1 r1. For all x,a > 0 and j = 0,1,
let �vθ (a, x) denote vθ (a, x)−vθ (0, x) and �v j (a, x) denote v j (a, x)−v j (0, x) so that

�vθ (a, x) = θ	�v0 (a, x)+�v1 (a, x). n

Proofs of Theorems

Proof of Theorem 1. Immediate from Lemma 1. n

Proof of Theorem 2. Immediate from Lemma 2. n

Proof of Theorem 3. Suppose {Pθ }θ∈� is identified. If E[�V (xt )
	 �V (xt )] has rank

less than p, then there exists θ �= θ ′ such that �V (xt )θ = �V (xt )θ
′ almost surely, which

is equivalent to �vθ (a, xt ) = �vθ ′ (a, xt ) almost surely for all a > 0 since va
1 (xt ) does not

depend on θ . Lemma HM then implies Pθ (a|xt ) = Pθ ′ (a|xt ) almost surely for all a ∈ A,
which leads to a contradiction. For the converse, suppose {Pθ }θ∈� is not identified. Then,
using Lemma HM, there exists θ �= θ ′ such that �vθ (a, xt ) = �vθ ′ (a, xt ) almost surely
for all a > 0, which is equivalent to �V (xt )θ = �V (xt )θ

′ almost surely. However, this
contradicts the full rank condition of E[�V (xt )

	 �V (xt )]. n

Proof of Theorem 4. Let B = [R, D]	. By construction B is nonsingular since
D	 R = 0. For any θ ,

�V (xt )θ = �V (xt ) B−1 Bθ

= �V (xt )
[

R(R	 R)−1, D(D	D)−1
][ R	

D	
]
θ

= �V (xt ) R(R	 R)−1γ1 +�V (xt ) D(D	D)−1γ2,

where γ1 = R	θ and γ2 = D	θ . Suppose {Pθ }θ∈�0 is identified. If D	E[�V (xt )
	

�V (xt )]D has rank less than p − d, then there exists γ2 �= γ ′
2 such that �V (xt )

D(D	D)−1γ2 = �V (xt )D(D	D)−1γ ′
2 almost surely. Since B is nonsingular there ex-

ists θ �= θ ′ in �0 such that D	θ = γ2 and D	θ ′ = γ ′
2, so that �V (xt )θ = �V (xt )θ

′
almost surely. However, by Lemma HM, this leads to a contradiction. For the converse,
using Lemma HM, suppose there exists θ �= θ ′ in �0 such that �V (xt )θ = �V (xt )θ

′
almost surely. Then �V (xt )θ −�V (xt )θ

′ = �V (xt )D(D	D)−1η almost surely, where
η = D	θ − D	θ ′ is a null-vector (since B is nonsingular). However, this contradicts the
full rank condition of D	E[�V (xt )

	�V (xt )]D. n
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