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Abstract

In a series of two papers, we investigate the large deviations and asymptotic behavior of
stochastic models of brain neural networks with random interaction coefficients. In this
first paper, we take into account the spatial structure of the brain and consider first the
presence of interaction delays that depend on the distance between cells and then the
Gaussian random interaction amplitude with a mean and variance that depend on the
position of the neurons and scale as the inverse of the network size. We show that the
empirical measure satisfies a large deviations principle with a good rate function reaching
its minimum at a unique spatially extended probability measure. This result implies an
averaged convergence of the empirical measure and a propagation of chaos. The limit is
characterized through a complex non-Markovian implicit equation in which the network
interaction term is replaced by a nonlocal Gaussian process with a mean and covariance
that depend on the statistics of the solution over the whole neural field.
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1. General introduction

In this two-part paper, we study the asymptotic behavior of neuronal networks with hetero-
geneous interconnections inspired by neurobiology. The model we consider describes the
stochastic dynamics of N interconnected neurons in a random environment. Each neuron is
described by a real state variable (e.g. its voltage)—the results generalize to multi-dimensional
variables with obvious modifications—and the network satisfies the following stochastic differ-
ential equation (SDE):

N
dxiN = (f(ri, 5 G R IN1.T0 Gl X{*_ﬁ(wj))) dt + 2 dWi, (1.1
j=1
where XfN is the state of neuroni € {1, ..., N} at time 7.

e The map f denotes each neuron’s intrinsic dynamics, which may depend on time (e.g.
to model nonconstant stimuli) and on the neuron’s identity through a heterogeneity
parameter r; € D with D a compact subset of R?, in this paper modeling the spatial
location of the neuron, but possibly representing other heterogeneities (e.g. intrinsic
oscillatory frequency), an interpretation favored in the companion paper [13].

Received 18 January 2017; revision received 1 June 2018.
* Postal address: Department of Mathematics and Volen National Center for Complex Systems, Brandeis University,
415 South Street, Waltham, MA 02453, USA. Email address: jtouboul @brandeis.edu

944

https://doi.org/10.1017/apr.2018.42 Published online by Cambridge University Press


http://www.appliedprobability.org
mailto:jtouboul@brandeis.edu?subject=Adv. Appl. Prob.%20paper%2016521
https://doi.org/10.1017/apr.2018.42

Large deviations for spatially extended neural networks 945

e The terms (J;;b(x', x/)) represent the impact of the neuron j with state x/ onto the
neuron i with state x’. The amplitude of these interaction coefficients (Jij) . je(i,... N}
called synaptic efficiencies, are modeled as independent real Gaussian variables with
mean and variance scaling as the inverse of the network size. Moreover, the time necessary
to propagate and transmit the information is taken into account in the delay map with t
depending on the cells’ locations.

e The stochastic fluctuations are driven by independent standard real-valued Brownian
motions at the level of each cell (W/);>¢, with positive diffusion coefficient depending
on the cell location.

In this framework, the scaling of the variance of the coefficients J;; of order 1/N decays
much slower than in the more classical mean-field scaling O (1/N 2); see [22], [32], and [46].
The scaling chosen was shown to preserve a nontrivial contribution of the fluctuation of the
synaptic weights in the thermodynamic limit, leading to rich behaviors depending on disorder
levels. In particular, in the physics literature it has been shown that, under this scaling
assumption, the disorder level governs the glassy transition in spin glass systems [41], a chaotic
transition in randomly connected neural networks [42], and a transition in the Kuramoto model
whose nature was debated in [18], [19], [43], and [44]. Ben Arous and Guionnet [2], [3],
[28] developed a general mathematical methodology relying on large deviation techniques to
characterize the thermodynamic limit of Langevin spin glass systems with bounded spins,
linear interactions b(x, y) = y, and random connectivity coefficients with variance 1/N.
These methods were soon adapted to biological neural networks with sigmoidal interactions
b(x,y) = S(y), either in discrete time [15], [20], [25], [35], or in continuous time with
multiple populations and delays [12]. All these cases did not take into account firstly the spatial
structure of the network along with biologically relevant space-dependent delay, nor secondly
the interactions depending on the state of both neurons (i.e. » having a nontrivial dependence
in both its variables). Addressing these two issues is precisely the topic of this two-part paper.

In this first paper we address the specific difficulties associated with the spatial extension of
the network by keeping b(x, y) = S(y), while the companion paper [13] deals with the case
of a general interaction term, in which the spatial dependence is ignored. Our proof follows
the general methodology developed in [2]; the two papers are organized in a similar fashion
and, to avoid repetition, the proofs that do not present additional difficulties in the second part
will appear only in the first. Furthermore, treating these two independent difficulties separately
notably allows us to obtain results valid throughout the present paper, while specific difficulties
of the companion paper [13] will lead us to restrict our analysis to a finite-time interval, but in
which we will prove stronger estimates.

The biological motivation for this first paper is to strengthen the link between the microscopic
dynamics of (1.1) with the spatiotemporal patterns of activity recorded at the surface of the
cortex. These patterns are biologically relevant as they correlate with cognitive processes
such as memory [27], visual illusions [30], or the propagation of a localized stimulus [36].
Historically, an efficient—though heuristic—mathematical model was famously provided by
Wilson and Cowan [49], [50] in order to describe the macroscopic dynamics of neural fields and
to account for these spatial phenomena. The authors proposed an integro-differential equation
involving the level of activity u(r, t) of cells at location r, i.e.

B_Lt = —u(rt)+ / J(r, PSS, 1) dr’ + I(r, t), (1.2)
at D
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where I (r, t) represents the input at location r, J(r, r’) is the averaged interconnection weight
from neurons at location r’ onto neurons at location r, and the nondecreasing map S associate
the resulting firing rate to a level of activity u. While this equation has been very successful in
describing a number of biological phenomena—in particular, working memory [31] and visual
hallucination patterns [7], [24]—it lacked a rigorous derivation. Justifying the relationship
between the macroscopic dynamics of neural fields and the properties of finite-sized networks
is a prominent issue in computational neuroscience [6]. It has been the topic of numerous
investigations using partial differential equation formalisms and kinetic equations with applic-
ations to the visual system [14], [38], [39], moment reductions and master equations [5], [33],
but also the development of specific Markov chain models describing the dynamics of Wilson—
Cowan systems in the thermodynamics limit [5], [8]-[11]. Spatially extended networks with
connectivity coefficients having a variance scaling as 1/N? were investigated in [32], [47], and
[48] using coupling or compactness methods. We refer the reader to the general work on large
deviations for interacting heterogeneous diffusions with nonrandom interconnections [17], a
landmark work with numerous applications. Unfortunately, none of these techniques can handle
cases where the synaptic couplings have a variance decaying in 1/N, as we address here.
This scaling has the advantage of enriching the original Wilson—Cowan equation by making
the effect of heterogeneous connections explicit.

The organization of this paper is as follows. In Section 2 we provide the general notation
and assumptions used here and in the companion paper [13]. In Section 3 we summarize the
main results proved in this first paper. Section 4 is dedicated to the proof of a weak large
deviations principle for the averaged system. In Section 5 we develop an alternative and more
compact methodology compared to [2] and [28] for characterizing the limit under our regularity
assumptions. Moreover, we combine all our results to conclude with the convergence of the
empirical measure and the propagation of the chaos property.

2. Mathematical setting

In order to take into account the random spatial organization of the network, we consider
that the neurons have independent locations r; € D drawn according to a probability measure
TeM T(D) representing the density of neurons over the cortex, and assumed to be absolutely
continuous with respect to Lebesgue’s measure. Moreover, the connectivity coefficients J;; are
Gaussian variables, independent conditionally on the location of the neurons, and with laws
depending on the location of both neurons, i.e.

Jyj~ N J(ri,rj)’az(ri:rj) .
N N

(To fix ideas, we will consider J;; = J(ri, rj)/N + (o (ri, rj)/«/ﬁ)éij with &;; independent
standard Gaussian random variables independent of the variables (r;);¢(1,..., n}.) There are thus
two sources of randomness.

e Random environment: the locations of neurons and connectivity coefficients are random
variables in a probability space (2, ¥, ).

e Stochastic dynamics: the neuron states are driven by a collection of independent (€2, ¥,
(#1), P)-Brownian motions (W );en independent of the environment.

Hence, the dynamics of the X" depends both on the random environment (i.e. the realization
of locations r and weights J) and noise (the realization of the Brownian motions). We denote
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by & the expectation over the environment (i.e. with respect to the probability distribution &)
and introduce the shorthand notation #; and &; for the probability and expectation over the
synaptic weights matrix J only (i.e. & and & conditioned over the positions r).

Throughout the paper, we make the following regularity assumptions.

e The function f: D x R x R - Ris K y-Lipschitz continuous in its three variables.

e The map b: R x R +— R is bounded (||/]|c0 = SUp, yerxRr 16(x, ¥)| < 00) and Kp-
Lipschitz continuous in all variables.

e The mean and variance maps of the weights J and o are bounded and, respectively, K ;
and K, -Lipschitz continuous with respect to both variables. We denote

[Jllo = sup [J(r, )], lolloo = sup o(r,r).
(r,r")eD? (r,r")eD?

e We have t: D? —> Rt is Lipschitz continuous, with constant K. It is, in particular,
bounded by the compactness of D. We denote by 7 its supremum.

e The diffusion coefficient A: D — R? is a K;-Lipschitz continuous and uniformly lower
bounded for all » € D, A(r) > Ay > 0.

Throughout the paper, (MT(E) will denote the set of Borel probability measures on the
Polish space . We denote C; := C([—7, 0], R). Moreover, we define the initial condition
at each location through the map po: D — M T(G,) taking value in the space of probability
distributions with bounded second moment, and assume that this map is continuous in the sense
that there exists a random mapping D — C; on (2, F,P) and Cy > 0 such that, for all

r,r' €D,
LE @) = o), B[ sup 150) = 20)P] = Collr =1, @1
—7<s<0
where ‘|| - [|gs’ denotes the Euclidean norm on R?. We denote by || - |lz.00 the supremum norm

on C;. We assume that the network’s initial conditions are independent realizations of pg, i.e.

N
law of (x/)ref—7.01 = @) o(ri). 22)
i=1

Since (1.1) is a standard delayed SDE with regular parameters, is classically well posed;
see [16] and [34].

Proposition 2.1. For each r € DV, and J € RN*N and T > 0, there exists a unique weak
solution to system (1.1) defined on [—71, T with initial condition (2.2). Moreover, this solution
is square integrable.

. . . i o ;L

R_Cemark 2.1. Note that if the initial condition is (X;’N)te[_f,()] = ¢' with ' = uo(r;), where
‘=’ denotes equality in law for random variables, we can, of course, prove strong existence and
the uniqueness of solutions.

We now work with an arbitrary fixed time 7 > 0 and denote by Qﬁv (J) the unique in

law solution of the network equations restricted to the o -algebra o (X é’N, 1<i<N, —T<
s < T). The solution Q¥ (J) is a probability measure on €V, where C := C([—7, T], R)
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is the space of real-valued continuous functions from [—7, 7] to R. This measure depends
on the realizations of both the connectivity matrix J and the locations of neurons r. For any
t € [0, T], we denote by || - [|oo,r the supremum norm on C([—7, ¢], R). In order to characterize
the behavior of the system as the network size grows, we will show a large deviations principle
(LDP) for the empirical measure fiy € :MT(G x D) defined as

N
R 1
N = N ;S(Xi’Nari)’ (23)

where §(, ) € ,Mfr((? x D) denotes the Dirac measure at (x,7) € C x D.

We will rely on Sanov’s theorem which is central in large deviations techniques. This result
states that the empirical measure of independent copies of the same law © on a Polish space
¥ satisfies a full LDP with a good rate function corresponding to the relative entropy 7(. | )
defined, for v € MT(Z), by

dv )
/log—dv ifv <,
du

400 otherwise.

T(v|p:=

Because of the interaction term and the lack of symmetry due to the particular realization
of the coupling coefficients, it is clear that the variables (X*V, r;) satisfying (1.1) are neither
independent nor identically distributed, and one cannot use naively Sanov’s theorem to show an
LDP for the empirical measure (2.3). Sanov’s theorem will nevertheless apply in an averaged
sense for a network with no interaction, and we will build upon this result and on a particular
generalization of Varadhan’s lemma (see [21] and [23]) to derive a weak LDP for the empirical
measure of the original network (1.1) averaged on the environment variables.

The law of a neuron at location r € D in the absence of interaction, denoted P, € MT(G),
is the unique weak solution of the one-dimensional standard SDE, i.e.

£
dX; = f(r, 1, Xp)dt + A(r) dW;, (Xt)ie-7,00 = po(r). (24

We remark that, by a direct application of Girsanov’s theorem, Q¥ (J) is absolutely continuous
with respect to P, ® _, P»;, with density

er (J)
dPp, eXp{Zf (k(}’, Z:thb(xza t—1(r; r))) dW[(x ri)
1 T/ 1 o
- 5/0 <W;Jijb(x[’xljf(ri,rj))> dt}, 2.5)

where x = (x!, ..., xV) e @" and, forall (x,r) e € x D, t € [0, T],

_ —XO_ tf(rvsaxs)
Wix,r) := —)»(r) A —)»(r) ds. (2.6)

We remark that, by (2.4), (W;(-,r)); is a P.-Brownian motion. Moreover, under P,, the
Brownian motions (W;(x*, r;), 0 <t < T);eq1,...,n) are independent.

.....
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Under Py, neurons are independent but not identically distributed, while the pairs (X LN ri)
are, if we take into account the random character of the locations. We thus introduce the
probability measure P € erL (C x D) defined by dP (x,r) := dP.-(x)dm(r); see Appendix A
for details. We remark that Sanov’s theorem does apply to the empirical measure (2.3)
considered under P&V

In order to obtain an analogous result for the full network, we construct its associated
symmetric law.

Lemma 2.1. Let QY := &;(QN (J)). Then the map

o DN — mfeM),
r— oV

is continuous with respect to the weak topology. Moreover,
doN(x,r) = dOY (x)dn®N(r)

defines a probability measure on Mfr((@ x DYN).
Proof. See Appendix A. O

As mentioned in the introduction, we adopt the classical firing-rate formalism of [1], [49],
and [50] in this first paper by keeping b(x, y) = S(y). Here, S is a sigmoidal transformation
assumed to be a smooth (at least continuously differentiable) increasing map tending to O at
—oo and to 1 at oco.

Equation (1.1) thus becomes

N
axiN = (f(r,-, XIS )) dr + A(r) dW,. 2.7)

I*T(r,',rj)
Jj=1

‘We now state the main results for this dynamics.

3. Statement of the main results

Theorem 3.1. It holds that (QN (iuy € -)) yen= satisfies aweak LDP of speed N and converges,
as N — oo, towards a measure 8¢ € ,Mi"(zM?'(@ x D)) for Q characterized in Theorem 3.4.

Remark 3.1. Note that, for 7 < Ai /2|l ||§O b ||§o, a full LDP can be proved, as we can readily
prove exponential tightness of the averaged empirical measure; see, e.g. [2] and the companion
paper [13]. As we are mainly interested in proving convergence of the empirical measure, a
weak LDP will be sufficient in this first paper, allowing us to show the convergence results
without the limitation of time.

Theorem 3.1 relies on two key quantitative estimates on the sequence of empirical measures:
LDP and tightness, formally expressed as follows.

Theorem 3.2. There exists a good rate function H on M T(G X D) such that for any compact
subset K of M (C x D),

1
limsupﬁlog oN(ay e K) < —irl}fH.

N—oo
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Theorem 3.3. For any real number ¢ > 0, there exists a compact subset K. such that for any
integer N,
V(v ¢ Ke) <e.

These two results imply convergence of the empirical measure towards the set of minima of
the rate function H. The uniqueness and characterization of the limit is the subject of the next
theorem, proved in Section 5.

Theorem 3.4. The good rate function H achieves its minimal value at the unique probability
measure Q € Mf“(@ x D) satisfying

dQ B R 1 T 0. .2
(x,r)—E[exp{k(r)A G/ (r)dW;(x,r) — 2k(r)2f() G/ (r) dt”,

dpP
where (W;):c(0,71 is a P-Brownian motion, and G2(r) is, under P, a Gaussian process with
mean and covariance

0~ P,

61G2(r)] = /@ TS G 400 ) 3.1
6162(7G2(r)] = /@ PSS 40, (32)

The convergence result of Theorem 3.1 also implies the propagation of chaos, thanks to a
result due to Sznitman [45, Lemma 3.1].

Theorem 3.5. The system enjoys the propagation of the chaos property. In other terms, Q" is
Q-chaotic, i.e. for any bounded continuous functions @1, . .., ¢m € Cp(C x D) and any neuron
indexes (ky, ..., kny), we have

m m
: kj N _ ,
ngnoo/ H ¢; (M i) dON (x ) = H / ¢;(x.r)dQO(x. 7).
Jj=1 j=1
We now proceed to the proof of our results.

4. The LDP

In this section we establish the weak LDP result. We proceed by characterizing the good
rate function, in the flavor of Varadhan’s lemma, before demonstrating an upper bound result
valid on compact sets, and the tightness for the collection of empirical measures. While the
approach is classical, specific difficulties arise: Varadhan’s lemma does not apply directly, as
the map we derive is neither upper bounded nor continuous; moreover, the spatial framework
introduces new difficulties, requiring the introduction of an appropriate distance on € x D.

4.1. Construction of the good rate function

Heuristically, the interaction term of (2.7),
1 X
i,N ._ . J
G/ (x,r) = _)»(r,') ;:1 JtJS(xz—r(ri,rj))’

under Boltzmann’s molecular chaos approach, behaves as a Gaussian process in the large
N limit (by virtue of a central limit theorem). With this heuristic in mind, we introduce,
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for u € MT(G x D), the plausible mean and covariance functions of its limit, respectively
defined on [0, T'1?> x D and [0, T] x D, i.e.

1
Kuloitr) = o3 /@ S ) S B )

my(t,r): J(r, 7)) S (X—r(rpry) dpa(x, 1),

A(r) Jexp
Here, 1 can be understood as the putative limit law of the couple (x/, r ;) if it exists. The covar-
iance and mean functions K, and m, are well defined, since for every fixed r € D, the
two maps

1
A (x,r) — mJ(r, r/)S(X._r(r,r’))v

Ari 1) = 50 (IS (e ) S (e ),
(r)
with x._¢ . ), the time-shifted map, i.e. x._ () = X;_¢(r,,+) are continuous for the classical
product norm ||(x, r")|lexp = sup,e[—z.77 1X(@)| + ||Ir[lge. Hence, they are Borel measurable
and integrable with respect to every element of EMYF(G x D). We remark that, since S takes
value in [0, 1], both functions are bounded, i.e.

2
J
|KM(S,I,V)|S% and Im,. (¢, r)| < [ ||oo

k *
Moreover, as  is a measure with support contained in the space of continuous functions, K
and m,, are continuous maps by the dominated convergence theorem.

By construction, K, has a covariance structure. As a consequence, we can define a probabil-
ity space (fz, ¥, y) and a family of independent stochastic processes (G*(r)) peM(€xD). reD
for any measure u € MT(G x D), such that G*(r) is a centered Gaussian process with
covariance K, (-, -, 7) under y. This ensures the continuity of the map r — L(G"(r)).
We denote by &, the expectation under this measure.

Remark 4.1. (i) Asin [2] and [12], we could alternatively have defined a family of probability
measure (y;,) peMF (Ex D) and a family of Gaussian processes (G (r)),ep with covariance K,
under y,,. Our approach is equivalent with the advantage of being adapted to Fubini’s theorem.

(i) The family of processes (G (r)) u,r 18 intended to encompass possible candidates for the
effective asymptotic interactions limy (G*N(x,r));en+. In these interactions, the Gaussian
weights are independent for different particles, so that it seems natural to assume the indepen-
dence of (GfL (r)) for different locations. Notably in our proof, we can swap from a continuous
version of G/ (r) to an independent one very easily, as they are never taken jointly under y.
Thus, we can literally choose their covariance structure. For the sake of measurability under
any Borel measure of ,MT (€ x D), we will mainly work with the continuous version of G*(r),
and explicitly introduce independent versions when independence is needed.

We recall a few general properties on the relative entropy that are used repeatedly throughout
the paper. For p and ¢ two probability measures on a Polish space E (see, e.g. [23, Lemma
3.2.13]), we have

I(q|p)= Sup{/ ®dg —IOg/ exp{®}dp; @ € Gh(E)},
E E
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which implies, in particular, that for any bounded measurable function ¢ on E,

f ddg <I(q | p)+10g[ exp{®}dp. 4.1)
E E

If ® is a lower bounded (or upper bounded) measurable function, this inequality holds by
monotone convergence.

We introduce some useful objects for the general scope of our proof. For any Gaussian
process (G;)sefo,71 of (2, ¥, y),and any ¢ € [0, T,

exp{— [y G?ds/2)
&, lexp{— [y G2 du/2}]
For any t € [0,T],r € D,and v € Mfr(@ x D), the following defines a probability measure
on (2, ) (see [37)):

dyz: (@) = A/(GY(w,1r)dy(w) forallw e Q.

A (G) =

As proven in [37], G"(r) is still a centered Gaussian process under yg; , with covariance
Ef,,,(s, u) == &,[G,(r)G{(r)A(G"(r)].
We also define for any v € :Mf'(@ x D), (x,r) € C x D,and ¢t € [0, T], the processes

t
L}(x,r) :=/ Gy (r)(dWs(x,r) —m,(s,r)ds),
0

'
VY(x,r) = Wi(x,r) —/ my(s, r)ds. 4.2)
0

We now characterize a few properties of these objects.

Proposition 4.1. There exists a constant Ct > 0 depending on T such that for any v €
M (C x D), reD,andt €0, T],

sup K!,(s,u) <Cr,  A(G"(r) < Cr, 4.3)

0<s,u<t

1 T v 2 1 r >t
8y|:exp{—§/0 G/(r) dt” =exp{—§/0 Kw(t,t)dt}. “4.4)

Morveover, if (G;)o<t<r and (G))o<i<T are two cezztered Gaussian processes of(fZ, ?A’ y) with
uniformly bounded covariance, then there exists Ct > 0 such that for all t € [0, T],

t t
[A(G) — A(G)] < CT{/ & [(Gs — G2 ds +/ 1G2 — G| ds}. 4.5)
0 0
Proof. Observe that
t —1
A (G"(r) < &, [exp{—%/ Gf;(r)zdu”
0

t
Sexp{%/ 8y[G§(r)2]du}
0

2
t
S
*
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where the second equality follows from Jensen’s inequality. Then

K! (s, u) = & [GL(NG (1) A(G(r)]

< \/K (s,s,r)K,(t,t,r)ex ”U”got
= ACERAR) VACERE) Y 2)%
2 2
< ||<f|loo exp loll5t ’
22 222

where the first inequality follows from the Cauchy—Schwarz inequality. For (4.4), let f(¢) :=
&, lexp{—1 [y GL(r)?ds}]. As (1, w) — G} (w,r)*exp{—1 [3 G¥(w,r)* ds} is well defined,
y almost surely continuous, and integrable under y, we have

!
JlO)! ——1 |:G r) exp{—%/ G‘S’(r)zds” :——K’ L1 f(@),

so that integrating f'/f yields the result. Furthermore, letting (G;)o<;<r and (G})o<;<r be
two centered y -Gaussian processes with variance bounded by a common constant Cr, we have

1 24 t t
86 - 26 = g EH [ 062 - 6nas+ [[162 - 67as),

)LZ

where we have used the Lipschitz continuity of the exponential on R_. Consequently, relying
on the Cauchy—Schwarz inequality, we obtain

t t
IA(G) — A(G)] < Cr{f &,[(Gs — G)*1Y* ds +f G2 — G;2|ds}. 0
0 0

We now state a key result to our analysis.

Lemma 4.1. It holds that
doV
Tpan (1) =exp(NT(@n)),

where

) 1 Y T .
C(iy) = v Zlog &, |:eXp{ /0 (GY'N(ri) + mp, (t, 1)) dW, (x", ;)
i=1

1 (T
—5/0 (G#N(r,-)+m,;N(z,ri))2dt”,

with W defined as in (2.6).
Proof. Let, forall (x,r) € (C x D)V,

T . . 1 T . 2
xN(x,r) ::/0 G;’N(x,r)dW,(x’,ri)—zfo GV (x,r)" dr.

From (2.5),
er( )(x)—exp{ZX (x, r)}

i=1
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Averaging on J and applying Fubini’s theorem, we find that Q¥ « P, with density
do¥ al
diP:(x) =&y [exp{; XiN(x, r)”.
1=
Moreover, dQV (x, r) = dQN (x) dw®N (r) and dP®N (x, r) = dPr(x) dn®V (r) yield

doV

N N
Tpav & 1) =[] &slexpX)’ e, 1}l = exp{Z log &/lexp{X;" (x, r)}]},
i=1 i=1

where we have used the independence of the synaptic weights J;;. Note that here x are
coordinates, thus independent of the J;;, and the fact that {G;’N (x,r), 0 <t < T}is,under Py,
a Gaussian process with covariance K, (¢, s, r;) and mean m (¢, ;). O

Varadhan’s lemma motivates us to consider the map

/ log 8)/ [eXP{XM('xi r)}] dl‘l’(-xa r)v
CxD

with for all (x,7) € € x D and u € M{ (C x D),

T T
X*(x,r) ;=/ (Gﬁ‘(r)+mu(t,r))dw,(x,r)—%/ (G (r) +myu(t,r)*de. (4.6)
0 0

The rigorous definition of this functional and a few useful properties are the subject of the next
proposition.

Proposition 4.2. The map

/ log &, [exp{ X" (x, H}1du(x,r) ifI(n]| P) < oo,
CxD

+00 otherwise,

Ii=pueM (€xD)—

satisfies
O T =<I(¢|P)
(i) forallt € (0,1),e =0, |’'(w)| <ud(u | P)+e.

Proof. (i) Let F, := log &, [exp{X*(x, r)}]. This is measurable as a continuous function
of the maps (x,r) — (K,(t,s,7),0<1t, s <T),(mu,r),0=<1t<T),and (W (x,7r),
0 <t < T) which are continuous. Nevertheless, due to the contribution of the mean term m,
(see the expression of I'; in Proposition 4.3), it is not bounded from below, as was the case
in [2]. We prove that it is still w-integrable. In fact, for any M > 0,

—F, (x,r) < Flf(x, r)—F, (x,r)=Fu(x,r)
< log(&, lexp{X"' (x. N} v M) =t Fyy(x.7),
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where F lf and F, respectively denote the positive and negative parts of F,. As F," and Fy, »
are measurable and bounded from below, (4.1) applies. Let « > 1. On the one hand,

oc/ Fu e, r)dp(e, r)
CxD

sl(ulP)+1og{/

CxD

exp{aFy p(x,r)}dP(x, r)}

<I(u| P)+ log{M“ + &, [/ / exp{a X*(x, r)}d P (x) dn(r)i| }, “@.7
pJe

where the inequality follows from Jensen’s inequality and Fubini’s theorem, with the right-hand
side of the two latter inequalities being possibly infinite. On the other hand,

a/ Fﬂ_(x,r) du(x, r)
CxD
:a/ (—log¢’;'=3},[exp{X“()c,r)}])+ du(x, r)
CxD

<I(u| P)+aCr+ 10g{8y [/ / exp{—a X" (x,r)}dPr(x) drr(r)]}, 4.8)
pJe

where the second inequality follows from Jensen’s inequality, Fubini’s theorem, and (4.1).
Moreover, W (-, r) being a P.-Brownian motion, the martingale property yields

&, |:/ /exp{aX“(x,r)}dPr(x) drr(r)]
ple

< exp{aCT}/ &, |:exp{
D

Letting @ = 1, we can see that F), is u-integrable with

o2

—o [T
5 / (G (r) +my(t,r))? dt” dr(r). (4.9)
0

/ IFu(x,r)IdM(x,r)=/ F(e,r)+ Fua(x,r)du(x,r)
CxD CxD

<2I(n | P)+ Cr +1og(2).
Moreover,

C = [ Fulror)duten < 1Gc] P) +logM ™ + 1),
CxD

where the inequality follows from (4.7), so that letting M — +o0 yields the result.
(i1) For a > 1, (4.7)—(4.9) ensure that

all(w)| < I(uw | P)+aCr

(ool [ 2
log /Ey exp / (Gy (r) +my(t, 1)) dt”dn(r)}.
D 2 Jo

We recall that basic Gaussian calculus yields

Elexpl Lvim, w2l | = ! m ) ol L ioga 4.10
[exp{i . v) ”_ mexp{z(l—v)}_exp{§<1—v_0g( _”)>} 10

+
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as soon as v < 1. Jensen’s inequality and Fubini’s theorem yield

2 T
(C;y [exp{%/o (Gﬁl(r) +mu(ts I"))2¥}:|

T 2
< / &, [exp{%(Gf(r) +my (¢, r))z}:|¥.
0

As /(a2 — a)T(GﬁL(r) +my(t,r)) ~ NG (a2 — a)Tmy(t,r), (a2 —a)TK,(t,1,71))

under y, then for small enough (o — 1), there exists a constant C7 uniform in space such

that
@ - (T I 2
&, |exp) ——— (Gy (r) +my(t,r))=det | <exp{(a — 1)Cr + o(la — 1)}
2 0 ~——
uniform in r
<exp{(e — DCr}.
This eventually yields
IC()l < (n| P)+e,
with¢:=1/x and e := Qo — 1)Cr. O

Remark 4.2. Note that for iy &« P, I'(iy) = oo so that it is not equal to T'(iy).
These objects are different in nature, as the latter is random and must be considered under
a proper probability measure on (€ x D)V, making sense of the stochastic integrals over the
(W (xt, ), 0<1t < T)ie(1,...,ny (Which are well defined under P;.).

As C x D and MT(G x D) are Polish spaces, and as the (X", r;) are independent and
identically distributed under P®N  Sanov’s theorem ensures that [ satisfies the LDP with a
good rate function / (- | P). Furthermore, if I" was bounded and continuous, Varadhan’s lemma
would, as a consequence of Lemma 4.1, entail a full LDP under Q¥ , with a good rate function

H =
W) otherwise.

I(uw | P)—T(w) ifI(u|P) < oo,
00

At this point it would be easy to conclude, provided that I presented a few regularity
properties. Unfortunately, Varadhan’s lemma assumptions fail here, as I is neither continuous
nor bounded from above. Obtaining a weak LDP as well as the convergence of the empirical
measure requires us to return to the basics of large deviations theory.

Observe that I" is a nonlinear function of p, involving, in particular, an exponential term
depending on the mean and covariance structure of the Gaussian process. In order to handle
terms of this type, a key technique proposed by Ben Arous and Guionnet is to linearize this
map by considering the terms in the exponential as depending on an additional variable v €
Mfr(@ x D); see [2] and [28]. In our case, this family of linearizations are the maps

/ log Sy[exp{X”(x,r)}]d,u(x,r) if I(uw| P) < oo,
CxD

+00 otherwise,

Ty :=pe M (CxD)—

where u, v € M (C x D).
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Remark 4.3. Observe that Proposition 4.2 also applies to ', for every v € eMfr(G x D), and
that T'(1) = T, (u) forany u € M| (C x D).

Moreover, defining

_ _ 1 Y .
PG = log & [exp(X (e, 1L Fuli) i= 1 Y log & lexp(X” (', o}l
iz

we note that T, (iy) = (1/N) Y, T'y(8(yi ). Introducing @, € M (€ x D) by
dQ,(x,r) = {f‘u(é(x,,))}dP(x, r) = 8y[exp{X”(x, r)HdP(x,r), 4.11)

we thus have )
dO®N (x,r) = exp{NT, (An)} dPE" (x, 1).

This equality highlights the fact that, applying again Sanov’s theorem, the empirical measure
satisfies a full LDP under (Q,)®" with a good rate function 7(- | Q,). On the other hand,
Vardhan’s lemma suggests that [ty satisfies, under the same measure, an LDP with rate function

. {Iw | P)=Ty(u) ifI(u| P) < +o0,
Vi =

400 otherwise.

This is, for now, only a supposition, since just like its original counterpart, the map I, is neither
bounded from above nor continuous, and I',(f1y) and T',,(fiy) are not equal. However, if the
result holds then uniqueness of the good rate function would imply that H, isequalto I (- | Q).
We now rigorously demonstrate that this result is correct, justify the definition of Q,, and,
in Theorem 4.1, prove that the latter equality holds.
To this end, it is useful to introduce the following decomposition of I', based on Gaussian
calculus; see [2], [12], and [37].

Proposition 4.3. For every v € MT(G x D), Ty, admits the decomposition
Iy = Fl,v + F2,U7 4.12)
where, for all u € ,MT((? x D),

T ~
L) = —3 /@ ) /O (RE(0.0) + mo(e, 0P dr dpatx, r),

and

1
_/ fL;(x,r)zdyET du(x, r)
2 Jexp Ja vr

N T
F2vlp) = +/ / mo(t, ) AW, (v, ) du(e, ) if 1 | P) < oo,
CxD JO

+00 otherwise.

In particular, we have I' = T’y + I'y, where T'; (1) = T, (n) for i € {1,2} and any | €
M (C x D).
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This decomposition has the effect of splitting the difficulties: while the first term will be
relatively easy to handle (see Proposition 4.4), the local martingale term will require finer
estimates based on Gaussian calculus and a number of tools from stochastic calculus theory.
It is also useful to state the next lemma, central for our analysis; see [2, Lemma 5.15].

Lemma 4.2. For any r € D, the following equality holds P.-almost surely:

T T
&y lexp{X"(x,r)}l = exp{/ O,(,x,r)ydW,(x,r) — %/ OE(I,x, r) dt}, 4.13)
0 0
where
O,(t,x,r) =8, [A(G"(r)G](r)L{ (x, )]+ m,(t, ).

We are now ready to state one of the main results of this section, in which we prove the
intuitive equality between the two rate functions (- | Q,) and H,,.

Theorem 4.1. We have H,(i) = 1 (i | Qy). In particular, H, is a good rate function.
Proof. Recall (4.11) and further define for any r € D,
dQ, r(x) = &, [exp{X" (x, r)}1dPr(x).

It is clear that Q, and Q, , are positive measure of C x D and C, respectively. Moreover,
Novikov’s criterion ensures that

t 1 t
(GXP{/ (G{(r) +my(s, 1)) dW(x, r) — —/ (GY(r) +my(s, 1)) dSD
0 2 Jo 0<t<T
is a uniformly integrable P.-martingale, y-almost surely so that Jensen’s inequality ensures
that 0,(C x D) = 0,,(C) = 1. Hence, Q, and Q, , are probability measures satisfying
dQy(x,r) = dQ,,(x)dr(r). }
Fix r € D and define the probability measure Q, , € MT(G) by

dQy.r
dp,

for which Novikov’s criterion hglds from the boundedness of m,. By Girsanov’s theorem,
VVY(-, r) (defined in (4.2)) is a Q, -Brownian motion, and we can use Novikov’s criterion
again to check that

L { /T 1, AV (x, 1) 1/
= X) = expy— m ,r X, r) — —
d0,.r 0 ’ ' 2 Jo
implying QU,, ~ P,. Moreover, let QU S MT(C’ x D) be such that

dQy(x,r) = dQy,(x)dr(r).
Then QU ~ P, and from the previous lemma Q, < QV with density

" [e {/TG”< )V (x, r) lfTG% )Zdr”
= r)= X r r)— = r
40 X, y | €Xp , r X 2 )y U

v
1 v 2 1 ! ot
=expyz | Ly(x,r) dygr — = K, (¢t t)de
2 1) vr 2 0 ’

> exp{—Cr}
> 0,

T 1 T
(x) = exp{/ my(t, r)ydW;(x,r) — —/ my (¢, r)2 dt}
0 2 Jo

T

my(t, r)zdr},
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where the second equality follows from (4.12) and (4.13), and the inequality from (4.3). With
these estimates at hand, we complete the proof in two steps.

Step 1. We first prove that 1(Q,., | Q,.,) is finite. This will yield, by applying the exact
same reasoning as in [2, Appendix B], the equality

Hy(w) =1(n| Qv) forall u € M{ (€ x D),

where

d

H,:pn— T | QV)_/GXD10g<dg:(X,r))dM(x,r) if I(u | Qv) < +00,

+00 otherwise.
Step 2. We will then prove that for every u € MT(G x D),

Hy () = Hy (), (4.14)

which will conclude the proof.
Step 1. For the first point, observe that Girsanov’s theorem ensures that the process

t
(B,”(~, r):=V'(,r) _/0 &y [As (G (r)Gy(r)Ly (-, r)]ds)

0<t<T

is a O, ,-Brownian motion, so that

_ 1 T t 2
1Qur 1 0u) = 5 /0 /@ 8y[A,<G”<r>>G,”(r>< fo G:(r>dvs”<x,r)ﬂ 40, (x) dr.

pu(t,r)

‘We now find a uniform bound ¢, (¢, ) in order to obtain the result. Thus,

t t
u(t,r) < CT{é”y [// GY(r)*ds dQv,r(x)i| +/ %(s,r)ds}
cCJo 0
t

< CT{I +/ wu(s,r)dS},
0

where the first inequality follows from the Cauchy—Schwarz inequality, Fubini’s theorem, and
(4.3), and the second from Fubini and (4.3). We have also used It6 isometry, and the fact that C7
is uniform in space. Gronwall’s lemma ensures the uniform boundedness of supy, .7 ¢y (¢, -),
implying the boundedness of ¥ — I(Q,., | Q,.,). Being positive and 77-measurable, we can
integrate this map on D to obtain

1(Qy ] 0)) = fDI(QU,r | Qv,)dr(r) < Cr < o0.

We remark that the proof of Proposition 4.2 readily applies to show that there exists 0 < ¢ < 1
and e > 0 such that

/ 10g<dQv(x,r)> du(e,ry <d(u| Q) +e.
exD do

v
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In particular, H, is finite whenever /(- | Q,) is finite. Moreover, we can directly apply
[2, Appendix B] to obtain

Hy(w) = 1(n | Qv) forall u € M{ (€ x D),

Step 2. We now show that (4.14) holds. If both /(i | P) and I( | Q,) are infinite, the
result is trivial. We thus focus on the cases where at least one term is finite. We note that
{I(-|P) <400} ={I(-] Q) < +0o0}. Infact, let u « P ~ Q,, suppose that I (1 | Q)
is finite, and observe that

_ du dQ,
I(uw| P)= LXD{log<dQv (x,r)) +10g<d—P(x,r)>}du(x,r).

On the one hand, log(du/dQ,) is u-integrable as
du du du
log< = (x,r))‘du(x,r) :/ 10g< = (x,r)) —(x,r)
/exD do, exD dQy dQy

as for all x € Ry, xlog(x) > —1/exp(1), and as I (p | 0,) < +00. We now show that
log(dQ,/dP) is also u-integrable. In fact,

dQU(xv r),

/@Xl)log<%(x, r)>_ du(x,r) = /@XDlog<1 \Y, ddgv (x, r)) du(x,r)

<I(u| Qv)+1og<1+/ ddf’ (xm)dQu(x,r))
C

xD v

<I(u| Qy)+log2)
< 400,

where the first inequality follows from (4.1). However,

1 40, +d
AXD Og<F(x,r)> w(x,r)

- do,
<1 Qv)+10g(1 +/
C

«xp dP

T
<I(p| Qv)—i-log(l +/ /exp{/ my(t,r)dV) (x,r)
DJeC 0

1/T ) } -
-3 my(t,r)°dt ; dQy r(x)
2 Jo ’

T
X exp{/ my,(t, r)? dt} dﬂ'("))
0

- T|J|%
<I(u| Qv)+10g<l +exp{ ”n!“})

(x,r)dQu>

< 400,

where the first inequality follows from (4.1). Hence, I (1 | 0,) < +oo implies that

_ do,
TG | P) = I(u | Qu)+f 1og(%(x,r>) dutx, r) < oo,

CxD
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and by symmetry, I (u | P) < oo implies the finiteness of 7(u | Q,) with the same equality.
Moreover, we can apply a similar reasoning as in the proof of Proposition 4.2 to show that there
exist constants 0 < ¢ < 1 and e > 0 such that

1 do, d
[ ()

ICy()| < (| P)+e.

<d(ul| 0y +e,

and

Hence, for u € {I(- | P) < 400} = {I(- | Qv) < +00} these quantities are finite. Moreover,

_ o, a0,
F“ﬂ)‘3éxD{bg(dQU“””>‘%bg<dp(x””>}d““’”

and we can split this integral since dQ,/dQ, is bounded away from 0 and log(dQ,/P) is
u-integrable to obtain

y( )—/ lo (dQU(x r))d (x r)+f lo <d—QU(x r))d (x,r)
VM_@ngdQv’ H @ngdP ' T

As a consequence, for any u € {I(- | P) < 400}, we have

- d
IWIH—FAM=IWIQQ—/ 1%(
exD d

o )
=—(x,r) ) du(x,r),
(O

which concludes the proof. O

We have thus proved that H,, is a good rate function, and we would like to extend this property
to H: H, is seen in our proof as an intermediate tool, equal to H when I (i | P) = oo, but
differs from H by an amount I' —I"}, otherwise. We control this difference below in Lemma 4.3.
To this end, we introduce two preliminary objects that will appear in the obtained upper bound.

First, due to spatial extension, it is useful to introduce a proper distance on € x D.

Definition 4.1. Let
dr: (C x D)*> > Ry,

1/2
dr: (e, o) = I =712y + sup xera = yewol?]
a,be[—1,0],1€[0,T], |b—al<K<|lr—rlpa

Then we have the following:
(i) dr is adistance on C x D;
(i) dr((x"*,rp), (x,7r)) — Oifand only if ||x — X" |lco,7 + ||I¥ — rnllge = O
(iii) (C x D, dr) is complete.

Remark 4.4. In particular, d7 generates the natural Borel o-field of C x D, and (C x D, dr)
is a Polish space.
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Proof of Definition 1. (1) Symmetry and separation are straightforward to obtain. A tri-
angular inequality is obtained by remarking that for any (x, r), (v, r’), and (z, F),

sup | X 4a — Yrtbl
a,be[—7,0],1€[0,T], |b—al<K+|lr—r'lga
=< sup |Xt4a — Zetel + sup |Zt4¢ = Yetbls
a,ce[—%,0], 1€[0,T] c.be[—%,0], 1€[0,T]
le—al<Kc|r—Fllga |b—c|<K |F=r'llga

and the triangular inequality for the Euclidean norm on R? yields
{(@ +b)? + (@ + b2)H? < {af + a3} /* + (b + b3}'/? forallay, by, ap, b € R.
(i1) The first implication is easy to see since
7 —r'liga + l1x = Ylloo, 7 < dr((x, 1), (v, 7). (4.15)

Conversely, let (x", r;)peN € (C X D)N and (x,r) € € x D, suppose that r, — r and
|x" — x|loo,7 — 0 and let n > 0 such that

s —1t] <n — |x; —x5]| <e foralls,t € [—-7,T],

‘We can then find a ng such that, for all n > ny,

2 2 2
dT((xnv rn), (x’ r)) = ”r —In ”Rd + 2||x - xn ”oo’T
2
+2 sup |Xt4a — Xe4b]
a,be[—1,0],t€[0,T], |b—al<n
< 5¢2.

(iii) The completeness of (C, |||, 7) and (D, | - |), along with (4.15), yields the result. O

We also define the 2-Vaserstein distance on M f’((‘? x D) associated with dr as

12
dy (j,v) = inf{ [ dr ((x, 1), (v, "N dE((x, 1), (3, r/»} ,
& LJexDy?

the infimum being taken on the laws & € Mfr((@ x D)?) with marginals © and v. In the
following, we will, for any ¢ € [0, T'], denote by d; and dtv the respective restrictions of dr
and dy on (C([—7,t],R) x D).

We now present a few regularity properties of the covariance and mean of our Gaussian
interactions.

Proposition 4.4. There exists Ct > O suchthatforany u, v € :MT(G x D),r € D,t € [0,T],
andu,s € [0, t],

|m/L(t7 r) _ml}(ta r)| + |K/L(t7 S, r) - Kv(t’ s, r)| + |I’thl,r(sa u) - E{),r(sa M)| S CTd7Y(/~’L7 U)'
(4.16)

Proof. Let& € Mf‘((@ x D)?) with marginals x and v, and let (G, G’) be, under y, a
family of independent bi-dimensional centered Gaussian processes with covariance K¢ (s, ¢, r),
given by

1 / ( Urzr/S(xs—rrr/)S(xt—rr,/) Jrr’Urf’S(xs—rrr/)S(yt—rr;/) >
A2 Jexpp \ 00 S(s—r IS (i —x,) 02850 S (i1,

x d&((x, "), (v, 7)) (4.17)
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with the shorthand notation o, := o (r, r'), v = t(r, r’). First,

1

m oxD J(r, r/)S(xlfr(r,r’)) d(p —v)(x, r/)

lmy (2, r) —my(t,r)| = ‘

172
< CT{/ dr((x,r'), (v, ) d&((x, 1), (y,f/))} ;
(CxD)?

where the inequality follows from the Cauchy—Schwarz inequality. Moreover,

K, (t,s,r) — K\(t,5,7)| =16, [GsG, — G;G;]|
< Crg{& (G, — G:‘)z]l/2 +&,[(Gy — G;)Z]I/Zg}’

and

KL (s u) — KL, (5.10)]
< Cr{&[(A(G) — A(GN)* 1 + &, 1(Gs — GDM'? + &,1(G, — G)*1'?)

t 12
< cr{< f &,[(Gy — G)*] dv) + &Gy — GO+ 6,1(G, — G;)z]”z},
0

where the inequalities follow from (4.3) and (4.5), respectively. We have

& [(G; — G)?]

1 - / ~
=07 /( o7 TS G=r0) = T IS Grrer ) (). (31 7)
< CT/ di((x, 1), (y, ) dE((x, '), (v, 7). (4.18)
(CxD)?
Taking the infimum on £ yields (4.16). ]

We now have all the elements needed to state the following technical lemma concluding on
the fact that H is a good rate function.

Lemmad4.3. Let i, v € Mf(@ x D).
(1) There exists a positive constant Ct such that:
(@) ITLu(w) = Ti(w) < Crdy (i, v);
(b) IT2,0 () — T2(w)| < Cr(1+ 1 (u | P)df (i, v).
(i1) H is a good rate function.

Proof. The main techniques were introduced in [2, Lemmas 3.3 and 3.4] and used in a
neuroscience setting in [12, Lemma 5], but spatiality induces new issues essentially impacting
the proof of point (i)(b). For the sake of completeness, we will here reproduce these techniques,
and address the specific spatial difficulties.

(i)(a) We define

1 /7 ~
Ci(u,r) = —§f0 (KL,r(t,t)+mu(t,r)2)dt,
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so that

ICv(w) —Ti(w)| = ‘fe D(Fl(v,r) — i, r))dp(x, r)

1 T
Efo |(my (2, 1) —my(t,r))(my(t,r) +my(t,r))

+1KL,(t.0) = K (t,0)] dt
< Crdj (., v), (4.19)

A

where the last line follows from (4.16).

(i)(b) Note that if I(u | P) = oo, the inequality is obvious. Then let u € Mf(@ x D)
with I (i | P) < oo implying i < P and the finiteness of I', (1) and I' (). This also implies
that v has a measurable density p,, with respect to 8(C x D), i.e.

du(x,r) = ppx,r)dP(x,r) = pp(x, r)dP-(x)dm(r).

Hence, for r € D such that ¢, (r) := fe pu(x,r)dP.(x) & {0, +00}, we can properly define
WUr € MT(G) by du,(x) := (o (x,7r)/c,(r)) dPr(x). Of course , < Py, and

dp(x,r) = dpr(x)cy (r) du(r).

We remark that c¢;, is a measurable function of space such that f pCu()dmw(r) = 1, and that
the set {r € D, c,(r) € {0, +oc}} does not impact the value of integrals over p.
In order to obtain the proper inequality, we can split our interest into different terms, i.e.

1
P20 () — Ta()] < ~ / fL;<x,r)2dyET —fL#(x,r>2dygr dutx, r)
21 Jexp lJa RO o) par

T
+ ‘/ f (my —my)(t, r)dW(x, r)du(x, r)
CxD JO

1
<3 / / Ly (e, 1) d(ygr — vgr )du(x,r)
CxD JQ v! wr
1
s / [{L¢<x,r>2—L;(x,r>2}dygr duir,r)
exD JQ wr

T
4 ‘ / / (my = my) (4, r) AW, (x, ) dpa(x, )
CxD JO
Let& € MT((@ x D)?) with the marginals u and v be such that
/ dr((x, 1), (v. PN dE((x, ), (v, 7)) < (@] (. v) + ).
(CxD)?

Moreover, let (G(r), G'(r))rep be, under y, a family of independent bi-dimensional centered
Gaussian processes with covariance K¢ (s, t, 7) as defined in (4.17). Note that for any map f,

E/LF(GH (N1 = & [f(G"(rN] = &,[f(G(r) — f(G'(r)]
and as proved in Proposition 4.4,

&,[(G/(r) — G1(r)*] < Cr(d) (i, v) + &)%.
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In addition, let
t t
L:(x,r):= / Gy(r) st“(x,r), L;(x,r) = / Gg(r)dVX”(x,r).
0 0

Using (4.3), we then obtain

[I'2,0 (1) — T2 ()]

=< CT{/G R & IIAT(G(r) — Ar(G'(r)ILy(x, r)*1dpu(x, r)

By

T 2 172
+ 1] &, (Gi(r) +eGHav/ix,r)) |du(x,r)
CxD 0

e==+1

B

T 2 T )
/ gy[(/ Gt(r)dvtﬂ(x’r)) _</ Gt(r)dev(x,r)) }du(x,r)
CxD 0 o
B3
2 172
+</ dﬂ(x,r)) }
CxD

using the Cauchy—Schwarz inequality. Before bounding these four terms, we prove a useful
inequality. For any h,m € Lz([O; T], dt) with m bounded, and any r € D with c,(r) &

{0, +o0},
T 2
f(/ hz(sz(x,r)—m(t)dt)> dpar (x)
e \Jo

T 2 T 2
52{/(/ htth(x,r)> +(/ hem, dt) dur(x)}. (4.20)
C 0 0

Moreover, supposing that i # 0,2 (o 71.4r) then ®(x) = (fyf by AW, (x, r)?/4(fy h?dr) is
a well-defined, positive, and measurable function of the o-algebra B(C), so that resorting to
(4.1), we obtain

+

T
/ (my —my)(t, r)dWe(x,r)
0

By

/@‘Dh(X)d,ur(X) =I(ur | P) +10g/ee><p{<1>h(X)}dPr(X).

As W (-, r) is a Brownian motion under P,, &, ~ N (0, 1/4)2, so Gaussian calculus yields
for any C > 2,

T 2 T
/(/ maw,(x,r)) dur<x)sc<l(ur|Pr)+1)</ h?dr).
C 0 0

Note that this inequality obviously holds when & = 02 0. 77.4)- Applying this result to
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(4.20), we eventually arrive at
T 2 T
/ </ hy (AW, (x,r) —m(t) dt)) du,(x) <2(CA 4+ I(ur | Pr)) —i—mgoT)(/ h,2 dt)
e \Jo 0

T
SCT(1+I(Mr|Pr))</ h?dr), (“21)
0

where the first inequality follows from the Cauchy—Schwarz inequality.
With this result in mind, we now control the first term. Recall that, by (4.5),

IAT(G(r) — Ar(G' ()]
T T
<Cr ( / |G¢(r)? — G/, (r)?|dt + / & [(G:(r) — G'+(r)*1"/? dr>.
0 0

Now, relying on the decomposition of w, we find that
b= e [|AT(G<r>> — AT(E () {/ Ly Grr)? dur(x)ch(r) ar(r)
D e

<cr (/ 1Gur 1Py () dre(r) + 1>(d¥(u, V) +e),
D

where the equality follows from Fubini’s theorem, and the inequality comes from the Cauchy—
Schwarz inequality, Isserlis’ theorem, and (4.21). Observe that

/ I(uy | Poey(r)drn(r) = / / 1Og(M> dptr (0, (r) dre(r)
D DJC

cu(r)
= / log(pu(x, r)) du(x, r) — / log(cy (r)eu(r) dm (r)
CxD D
=I(n| P),
where last line follows from Jensen’s inequality. As a consequence,
By < Cr(1+1(u | P)(y (1, v) +¢).
Similarly, there exists a constant ¢z such that
By < Cr(L+1(n | P)(d] (1, v) +e).

To bound B3, we first use the Cauchy—Schwarz inequality to obtain

e T1{[, 9] ]

1/2
X du(x,r)} . 4.22)

T
/ G(r)((1+e)dW;(x,r) — (my(t,r) 4+ em, (¢, r)) dt)
0

Then, again by Cauchy—Schwarz and (4.16), we observe that
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Moreover, (4.21) yields

T 2
/{/ 2Gt(r)<dwt<x,r)—’"““””’"”(”” dt)} dpy (x)
C 0

2
T
<er(14+ 1w | P»)/ G*(r)dr.
0

Using Jensen’s inequality and inserting the last two inequalities into (4.22) yields
By < Cr(1+1(u| P)'2d) (u,v) < Cr(1+I(u | P)dy (,v) asI(-| P)>0.

For the last term, we have

T 1/2
By < (/ er(14+ I, | P»){/ (m,m,r)—mv<r,r>)2dt}cu<r)dn<r)>
D 0

<Cr( 41| PHY2d) (u,v)
<Cr(1+1I(n| P)dy(w,v),

where the first two inequalities follow from (4.21) and (4.16), respectively. Hence, we conclude
that there exists a constant Cr satisfying

T2, (1) = Ta(w)| < Cr(1+ 1 | P))(df (1, v) + ).

The result follows when ¢ — 0.
(i) We proceed exactly as in [12, Lemma 5(vi)], remarking that (C x D, dr) is a Polish
space. O

4.2. Upper bound and tightness

We have proved that H = I(- | P) — I is a good rate function, and we now want to show
that it is indeed associated with an LDP. We prove here a weak LDP relying on an upper bound
inequality for compact subsets, and tightness of the family (Q" (fiy € -))n. To prove the first
point, we take advantage of the full LDP followed by /iy under (Q,)®", with an error term
to control. The second point will rely on the exponential tightness of P®Y . These proofs are
inspired from those of Guionnet in a nonspatial spin glass model; see [28].

Theorem 4.2. For any compact subset K of M?‘(@ x D),

1
hmwpﬁngNmNeK)f—%ﬂi

N—o00

Proof. Letd > 0. As (,MT((? x D), d}/) is a Polish space, we can find an integer M and a
family (vi)1<i<m of MT(G x D) such that

M
K c| B8,

i=1

where B(v;, 8) = {u | d}/(y,, Vi) < 6}. A classical result (see, e.g. [21, Lemma 1.2.15]),
ensures that

1 1
limsup — log QN (iy € K) < max limsup — log OV (fiy € K N B(v;, 8)).
N 1<i<M N

N—oo N—oo

https://doi.org/10.1017/apr.2018.42 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.42

968 T. CABANA AND J. D. TOUBOUL
An application of Lemma 4.1 yields

oN(an € K N B(v,8))

= / exp{NT (an)} dP®N (x, r)
AneKNB(v,8)

= / exp{N (T (fin) — Ty (n))} exp{NT, (in)} dPE (x, r).
ANeKNB(v,8)

Recall definition (4.6) and let (X t” )1<i<n be a family of independent variables of (Q, F, y)
with the same law as (X l“ )i<i<n. We denote by (G*(r;))1<i<n the associated independent
Gaussian processes. Then, for any conjugate exponents (p, q),

oN(an € KN B(v,8))

= f exp{N(C(fin) — Tu(in))} dO®N (x, 1)
AneKNBv,8)

< 0%V (jiy € KN B, )7

_ _ 1/q
X ( / explg N (T (n) — Tu(in))y} dO2N (x, r))
AnNEKNB(v,8)
< 0%V (ay € KN B, )P

N SN g
exp{X; "} )q . )
| | El———=—) d ,
* (/fwelmB(u,a)i:l y<8y(exp{Xl!’}) 0, (x,r)

< 0%V (iy € K N B, )P

N N YV 1/q
=i = [iZ exp{X}} N
X 3 exp{q(XlHN - Xf)}) = ]dQ? )
(/;lNeKmB(u,a) 7 [(E & [T/, exp{X}'}]

< 0%V (iy € KN B, 8)'P

N L N 1/q
X (/ &, []’[ exp{g (X! — X}) + X}’}] dP®N (x, r)) , (4.23)
ANEKNB(,8)

i=1

By
where we use Jensen’s inequality in the penultimate inequality.
The first term oo the right-hand side of (4.23) can be controlled by large deviation estimates.

Controlling the second term is the object of the following lemma. With these two results, we
can now conclude as in [2, Lemma 4.7]. O

Lemma 4.4. For any real number q > 1, there exists a strictly positive real number §; > 0
and a function Cy : (0, 84) — R such that lims_.o C,4(8) = 0 and

By < exp{C4(8)N}.
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Proof. Using Holder inequality with conjugate exponents (o, 1), we find that

N ~ 1/o
BN <¢ |:/ exp{ UXV} dP®N(x, r)i|
v (CxD)N g '

1

(B!
N . ~ 1/n
x &, U ]‘[exp{qn(x;w — X} dP®N (x, r)] .
AN€EB,8) i=1

(BN
The first term is controlled by the martingale property, i.e.

v N g2_og T . )
B; :é}l:/DNexp{Z 3 /0 (G (rj) +my(t, 1)) dl}

i=1

N T
x/ exp{Zo/ (GY(ri) + my(t, 1)) AW, (x', r;)
eN i—1 0
02 T B
- / (G?(r,->+mv<t,ri)>2dr}dPr<x>dn®N<r>]
0

ils — DT - dr
AL ool

< exp{cr (o — N}
with cr uniform in space, where we use Jensen’s inequality and Fubini’s theorem in the
penultimate inequality, and (4.10) in the final inequality.

We now control the second term, denoting k = gn and supposing that § is small enough.
Using the Cauchy—Schwarz inequality and Fubini’s theorem, we have

N T
BY <¢ [/ {2/ G (r;) — GY (r;
2 = 4 (GXD)NEexp * 0 ( ! (V) t(r) A
+ (mp,, (t, i) —my(t, ;) dW, (x", ry)
T {i ~
-2 / (G ri) = G} (ri)
0 12
+ (mpy (t, 1) — my(t, 1)) dt} dP®N (x, r)]
N T .
€ 2 2/ G/ (ri) — G (r;
X{/ﬁNeB(v,S) yl:il:!exp{ “ 0 ( ! (r) t(r)
+g(mpy (t,r7) —my(t,r7))*dt
T R
—K/ (G (ri) +mpy (1, 11)?
0

1/2
—(é:m)+mu<r,ri)>2dr”dP®N(x,r)} .
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The first term is equal to 1 by the martingale property. For the second term, we remark that

T 0 ~
— / (G () + mp (1, 1)) — (G (ri) +my (1, r))* de
0

81/2 1 T B
< —<—/ (GIN(ri) — GL(ry) + (mp,, (1, 1) — my(t, 1)) dt
2 \8Jo ' ! N
T o ~
—i—/o (G (1) + GY (i) + (mpy (2, 11) + moy (2, 1:)))* dt)

so that, using the Cauchy—Schwarz inequality, we have

N
BY < {/ &y, |:1_[ exp{(4/<2 + 1817
AN€EB(v,8)

i=1
T ol ~
X / (G (ri) = Gy (ri) + (mpy — my) (e, 7)° df”
0

1/4
X dP®N(x, r)}

N T R .
x {/ [Te [exp{x«sl/z/ (G (i) + GY (ro) + (m,, + mo)(t, ri))zdt”
(© 0

N
*D)T o

<exp{crk81/2} (via (4.10))

1/4
X dP®N(x, r)} .

We now control the first term of the product by taking advantage of the fact that iy € B(v, §).
We have, for any & € :MT((G x D)?) with marginals iy and v,

Imjpy, —myl(t,ri) < Crdyf (fin, v) < Crd
using (4.16) and, similarly,
&G (ri) = G} (n))*] < €82,
Moreover, an application of Jensen’s inequality yields
(G (i) = GY () + Oy — m) (e, 1)? < €8+ 2(GI™ () — G (),

so that from the independence of the G for different locations and (4.10),

N T R .
g, []‘[ exp{(4K2 512 /0 GV (1) — G2 () + (mpy — m) (2, ri))zdt”
i=1
< exp{Cr(4x* + k8~ 1/%)8°N}.
Hence,
BY < exp{C((8)N}
with C,(8) - 0as§ — 0. O
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Theorem 4.3. (Tightness.) For any real number ¢ > 0, there exists a compact set K. of
,MT(@ x D) such that for any integer N,

ON(an ¢ Ke) <e.

Proof. The proof consists in using the relative entropy inequality (4.1) and the exponential
tightness of the sequence (P®N) . We refer the reader to [12, Theorem 2], and remark that,
using (4.1) and then (4.2),

doN N o
Tpon & 1) =[] & lexpx™ (', )]
i=1
N T ' . 1 (T ‘
= Hexp{/(; Opy (t, x" r) dWi(x', 1i) — 5/(; O[W(t,x’,r,-)2 dt},
i=1
where R . R
Opy(t, x, 1) := SV[A,(G"N (r))GﬁLN (r)L;LN (x, ] +mp, @, r).
Thus,
1@V | P®Y)

T | T
exD)N 1Jo 0

T ~ ~
= N{/ / / &y [At(GﬁN )G (r) LY (x!, Vl)]2 inV(x) dr dz®N (r)
DN Jo JeN

w(t,r)

1137
22 ’
where the inequality follows by use of Fubini’s theorem.

We then bound ¢ (¢, r) uniformly in space to conclude with

4 4
T T
sup<p(t,r)§2”UHZ° ex {2”“”3" } 0
t<T )‘* )‘*

5. Identification of the mean-field equations

We have seen that the series of empirical measures ({iy)y satisfies an LDP of speed N, and
with a good rate function H. In order to identify the limit of the system, we now study the
minima of H. In the spin glass model investigated in [2], existence and uniqueness of solutions
were made difficult by the fact that the drift was not considered to be Lipschitz continuous.
Moreover, the characterization of the possible minima of the good rate function H was achieved
through an intricate variational study. Here, we propose another approach that substantially
simplifies this characterization. Moreover, due to the regularity of our dynamics, we propose an
original contraction argument to show that the good rate function H admits a unique minimum,
the proof of which has yet to be developed in the context of the neuronal equations. (Forinstance,
in the nonspatialized case treated in [12], the authors used a strong assumption of linearity of the
intrinsic dynamics (our function f) which implied that the solutions were Gaussian, a special
case for which moment methods were used; see [26].)
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Lemma 5.1. Let u be a probability measure on C x D which minimizes H. Then

where Q,, is defined by (4.11).

Proof. Let u € err(G x D) minimize H. The probability measure Q, is equivalent to P
by Theorem4.1. Since H is a goodrate function, wehave H () = I (i | P)—I'(n) = 0, sothat
I(n | P) =T'(n) < 400 by Proposition 4.2, yielding © < P. Theorem 4.1 combined with
the classical properties of the relative entropy (see [23]) ensure that, for all v € M f‘(@ x D),
HWw)=I1wv | Qu) =1w | P)—T,(). In particular,

T | Qu) =Hy(w) =I(w| P)=Tp(w)=1I(u| P)—T() =Hu =0,
sothat u = Q. O
We now prove that there exists a unique probability measure satisfying (5.1).

Theorem 5.1. It holds that u — Q,, admits a unique fixed point on eMfr(@ x D).

Proof. After showing a stochastic process (x,” (r))i>0 (see Lemma 5.2) with law Q,, ,
(defined above through the identity dQ,(x,r) = dQ ,(x)dn(r)), we break the proof
in two steps. In Step 1 we control the distance between (xt“ (r)i=0 and (x/(r));>o for
u,v € err(@ x D) and for fixed r, and in Step 2 we control the regularity with respect
to r of (x}*(r));>0.

This proof relies on the definition of a particular stochastic process with law Q,, ,. For any
u e MT(G x D) and r € D, Lemma 4.2 yields

do, T 1T )
——(x,r) =exp Out,x,r)dW;(x,r) — = Ou(t,x,r)=det,

where
Out,x,r) = SV[A,(G“(r))G?(r)L;‘(x, r]+my(t,r).

By a direct application of Girsanov’s theorem, for any p € ,MT(G x D)andr € D, Qu ,(x)
is the law of (x,” (r))zef0,7], the unique strong solution (see Lemma 5.2) of
dxf'(r) = f(r, t,xl' () dt + A(r) O, (t, x* (r), ) dt + A(r) AW,
(' (1) -z =520 = (3 (") -z =50,
where W is a P-Brownian motion and xo(r) € R is the realization of the continuous version

for the family of initial laws (uo(r)),ep evaluated at r; see (2.1).
Note that

t
W, (x"(r), r) = / O, (s, x*(r), r)yds + Wy,
0

and

t

t
Ly (xH(r), 1) =f G (r) (Ou(s, x"(r), r) —my(s, r)) ds +/ Gy dws.  (5.2)
0 0

OAM (s,xK(r),r)
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Step 1. Control of the distance between x, () and x/ (r). We have
/') = x/(r) = / (f(r s, x5 () = f(r, 8, x) () + A(r) (mp(s, ) —my(s, 7)) ds
—i—k(r)/o (Opu(s, x"(r), 1) — Oy (s, x"(r), 1)) ds. (5.3)
As in Proposition 4.4, we can obtain

A (my(s, 1) —my(s, ) < Crd) (, v).

Leté € M*((@ x D)%) with marginals and v, and let (G, G') be a bi-dimensional centered
Gaussian process on the probability space Q, F, y) with covariance K¢ (-, -, r) givenin (4.17).
By the Cauchy—Schwarz inequality, we see that

(O (s, x"(r), 1) — Oy (5, x"(r), 1))
= &,[A(G)G/L, — A(GGL}]
< &L, [(A(G) — A(G)* GV + &, [A(GH* (G, — G)*1'/H)
+6,[A(G)2 G 2E, (L — L)Y, (5.4)
where L; := [ Go(dW;(x*,r) —my(s,r)ds) and L} := [ GL(dW;(x",r) — my(s,r)ds).
In the remamder of the proof, we use the shorthand notation O(t) for Ou(t x*(@r), r) and
0’ (¢) for OV(t xV(r), r).
On the one hand, relying on (4.3), (4.5), and Isserlis’ theorem, we can show, as in Prop-
osition 4.4, that there exists C7 > 0 such that
&, [(A1(G) — A(G))*GT1+ &, [A(G)* (G, — G

= CT(/ dt((y9r/)v(va))zd‘i:((yvr/)v(va))>’ (55)
(CxD)?

and
A&, A (GG < Cr.

On the other hand, we remark that

t t
f 0%(s)ds < 2/ &,[G2A(G)*16,[L2]ds
0

0 scf{/olesy[(/o GudW)}ds+f/0(u)duds}
5CT/OZ8V[</OSGudwu>}d,

where the inequalities follow from Cauchy—Schwarz, (5.2) and Cauchy—Schwarz, and Gron-
wall’s lemma, respectively. Consequently, Cauchy—Schwarz and (5.2) yield

t N 2
&/ [L7] < CT/ E;y[(/ Guqu> ]ds,
0 0
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so that, using Jensen and Fubini for the first inequality,

t 2
&,(L — L))" < 26, [(/ G, — G, dWS> }
0
t
+ 4t/ {6,[(Gy — G210 () + &,[G.*1(O(s) — O'(s))*} ds
0
t 2
=< CT{S)/[(/ Gs - G; dW;) :|
0
t s 2
(o oo
0 0
X (/ di((y, ), (z, N2 AE((y, 1), (zf)))},
(CxD)?

where the last inequality relies on Gronwall’s lemma, as well as (4.16), (5.4), and (5.5).
Substituting these results into (5.3), we obtain

t v 2
Ix#(r) = x"(Ml3, < Cr / {nx“(r) —x"(M%, + & [sup( / Gu — G;dwu) }
0 0

v<s

v 2
+ (1 + &, [sup(/ Gy qu> ])
Vs 0
X (/ ds((y, 1), (z, M) dE((y, ), (z,ﬂ))}ds,
(€xD)?

so that using Gronwall’s lemma again yields

di (X" (r), r), (x"(r), 1))?

t v 2
< CT/ {&[sup(/ G, -G, qu> ]
0 V<s 0
v 2
+ <1 + &, |:sup</ G, qu) :|>
v<s 0
X (/ ds((y, 1), (2, ))? dE((y, 1), (2, f))) } ds.
(€xD)?

Taking the expectation over the Brownian path and initial condition, and using Fubini’s theorem,
(4.18), and the Burkholder—Davis—Gundy inequality, we obtain

Eld, ((x"(r), 1), (x"(r), )]
t
<cr / ( f ds«y,r/),(z,f“))zds((y,r’),(z,f))) ds. (5.6)
0 (Cx D)2

Step 2. Regularity with respect to the spatial variable r. We now show that we can integrate
the term on the left-hand side with respect to the measure 7. To this end, we show that the
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process is continuous with respect to r. Let v/, r € D be two distinct locations. We have
Il (r) — xl ()] < 15 () — x| + (Ky+ K WDlr —r'llga
t
+ /0 (K 1x*(r) — x* (X loo,s + CrlAr)my(s, r) — A ymy(s, r')]) ds
t
+/0 18 M)A (G ()G (r) LY (x*(r), 1)
— A A(GH )G (LY (e (), r)]1 ds,

where the Gaussian process (G (r), G*(r’)) has the covariance structure

o(r,7)’ o (r, o (', F)
WS(yxfr(r,F))S(ytfr(r,F)) WS(yX*T(r,F))S(ytfr(r’,F))
du(y, 7).
LXD o(r, F)O’(r,,f)s g ) ‘7("/7’:)28 g ) u(y,r)
W (ysfl'(r’,r)) (ytfr(r,r)) W (ysfr(r’,r)) (ytfr(r’,r))

First, observe that
|A(r)my (s, r) — 2 Ymy (s, )]

= ‘ /@ S F)SOs—r(rniy) — S, S Vs—rr.7)) Ay, 7)

< Kyllr — ' llpa + ||i||oost

Cx

b |ys—r(r,f) - ys—r(r’,f)| dﬂ())s F)
- c/ dy((y, ). (3, ) ey, 7).
CxD

Moreover, as in Proposition 4.4, we can show that

& L) AH(GH (1)) — A A (G ()2 GY ()]
+ &, A A(GH () (GY (r) — GY ()]

<cr / (o). o PN Ay, ).
CxD

As a consequence, using the same decomposition as in (5.4), we obtain
2
() = x* ()5

t
<Cr { 12°(r) = 2007 00 + A+ (WHDHIIr — 7 lI3a + /O IxH () — x (") 13, ds

t
+ [ ( [ awn. (y,r’>>2du(y,f>)
0 CxD
v 2
X <1 —i—&}[sup(/ Gh(r) qu> ]) ds
v<s 0
t v 2
+/ 8y|:sup</ G (r) —fo(r’)qu> i|ds},
0 Vs 0
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where W;* = supy,, |[Wy|. Using Gronwall’s lemma, taking the expectation, and relying
again on Fubini’s theorem and the Burkholder-Davis—Gundy inequality, we obtain

E[llx"(r) = x" () |3,,1 < Cr {E[Ilio(r) — 2007 0ol + (1 + ELWH DI — 7'l

t
+f/ ds«y,r),(y,r/))zdu(y,f)ds}.
0 CxD

Hence, E[||x*(r) —x“(r’)||§o’t] — 0 as [|r/ —rllge \y 0, using (2.1) and the monotone
convergence theorem. Now, observe that

{77 (r) i= Eldy (5 (r), r), (6" (), 1)1 = LI () = 2V ()13,
As a consequence, by the Cauchy—Schwarz inequality and (5.6),
1 (1) = 91" ()] = [ELI" () = x" () 136, — 15 G) = 5" ()3,
< Crdj (., V)\/E[le”(r) — xP(r)I30. ] + Elllx (r) — x" (") 13

In particular, r — ¢’z Y(r) is continuous as soon as a’¥ (u, v) < +o00 (which is, for instance,
the case as soon as the two measures have a bounded second moment). We can thus integrate
(5.6) over space, and obtain, for any £ with marginals p and v,

E[ / di (™ (r), 1), (x"(r), 1))? dn(r)}
D

t
<cr / ( / ds((y,r/),(Z,f))zdé((y,r/),(z,f))> ds. 5.7)
o \JexD)y?

Conclusion of the proof. We now have all elements to conclude the proof using Picard’s
iterations. Define by Q,, , the law of ((x*(r),r), (x"(r),r)), where L(r) = m. It has
marginal Q, and Q, so that for any § € :MT((G x D)?) with marginals © and v, using
(5.7),

E[ / di(x 2 (r), ), (2 (r), r))zdn(r)}
D

t
< / ( / ds«y,r’),(zi))deu,U((y,r/),(z,f») ds
o \Jexpy

t s
SC%_/ / (/@ oy du((y,r/),(Z,f))zdé((y,r/),(zvf))) du ds.

Letting, for any u € M+((? x D), Q0 := W, and by recurrence Qét
we can iterate this inequality to obtaln for any & € M*((G x D)?)
using (5.7) in the second inequality,

= Q el foranyn > 1,
with marglnals w and v,

) (0", 0" < E[ /D d (% (), r), 2 ), r))zd”(r)]

t N In
= C?“/ / / (/ dyyy (3, 1), (2. )P dE(y, 1), (Z,f)))
0 JO 0 (CxD)?

X dtn+l ... dfyds
Cn+1tn+1
T

/ ~\\2 / ~
< W(/@sz di((y, ), (2, )2 dE((y, ), (z,r))>-
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Taking the infimum on & now yields

n+1tn+1

dV n , ny\2 < T—dV , 2.
P Q. Q) < TR ¢ (i, v)
Hence, for large enough n,  — (), is a contraction so that we conclude the proof using
classical arguments. ]

Lemma 5.2. Foranyr € Dand u € :MT(G X D), there exists a unique strong solution to the
SDE

dxl(ry = f(r, t, xl"(r))dt + Ar)O, (8, xH, 1) dt + A(r) dWy, xH(r)—z<s<0 = 20,

where W is a P-Brownian motion and x°(r) € G is the continuous realization of the initial
law po(r) of (2.1).

Proof. The proof relies on Picard’s iterations. Let x0 € @, with x° = x°(r), and define
recursively the sequence (x;', 0 <t < T)pen by (x]) _7<5<0 = %°(r) and

t t
xf‘H = fg(r) +/ f(r,s,x)yds + / A(r)O, (s, x", r)yds + A(r)W; forallr € [0, T].
0 0

We have, foranyn > 1,1 € [0, T],

t t
)C,”Jrl —x; :/0 (f(r,s,x7) —f(r,s,x?il)) ds—i—)\(r)/(‘) O,(s,x",r)— OM(s,xnfl,r)ds.

We then proceed as in the proof of Theorem 5.1 to show that

t
E[sup |x x;’|2] < CT/ ]E[sup x! — x 1 |2] ds.
s<t 0 u<s

The conclusion relies on classical arguments. ]

5.1. Convergence of the process

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. For § a strictly positive real number and B(Q, &) the open ball of
radius & centered in Q for the Wasserstein distance, we prove that OV (iy ¢ B(Q, 8)) tends
to0as N — oo. Indeed, for K, a compact set defined in Theorem 4.3, we have for any ¢ > 0,

0" (in ¢ B(Q,8) < e+ Q" (iiy € B(Q, 9 NKy).
The set B(Q, 8)° N K, is a compact set, and Theorem 4.2 now ensures that
1
limsup — log Q¥ (iy € B(0,8)°NK,) <— inf H
Voo N OF ‘ B(0Q,8)°NKe

and, eventually, Theorem 3.4 ensures that the right-hand side of the inequality is strictly negative,
which implies that

Jim oY (an ¢ B(Q,9)) <e,

i.e.
Jim Q" iy ¢ B(Q,8)) =0. O
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Appendix A. Proof of Lemma 2.1: regularity of the solutions for the limit equation

In this appendix we prove the regularity in space of the solutions to the result of Lemma 2.1.
We start by showing a technical lemma on the uncoupled system before proceeding to the proof
of that result.

Lemma A.1. (i) The map
D — M (C),

r— P

(A.1)
is continuous with respect to the Borel topology on D and the weak topology on Mi"(@), e.g.
r, — r implies that P, — P,.

(ii) It holds that P is a well-defined probability measure on C x D.

Proof. The first point is the consequence of a coupling argument. Let W be a P-Brownian
motion, x°: D — C; be as in (2.1), and (r,)neny € DY a sequence of positions that converges
toward r € D. We consider X" and X, the respective strong solutions of the SDEs

AX!" = f(ra, 0, XAt +20r) AW, (XP)iep—7.0] = X0(rn),
dX, = f(r,t, X)) dt + 2(r)dWs,  (X)rep—z.00 = £0(r)

driven by the same Brownian motion W.
Then, by Gronwall’s lemma, letting W; = SUP;c[—7.T] |Wel,

IX" = Xlloo. < (12°0n) = 20 le.00 + lIr = rullpa K¢ T + Ko llr = rullpa Wi)e 10,

Hence, by (2.1),
E[IX" — X571 > 0 asry —r,

so that P, = £L(X,) implies that L(X) = P, asr, — r.
In order to prove the second point, let W, be the unique strong solution of

dX, = A(r)dW,,  (Xse—7.0] = £°(r).

Following [40, Exercise (2.10)], we remark that, by the Lipschitz continuity of f, explosion
of P, almost surely never occurs in finite time, so that Girsanov’s theorem applies, i.e.

dp, T f£(rt, X,) 1T/ ft, X0)\?
pem G er [ S () )

Consequently, for all A € B(C),

Po(A) = Ey, (g

r( ) = Wr(dWr A>,

so that P.(A) = O assoonas W,(A) = 0. AsA(r) > Ay, W (08B (y,¢)) =0forany y € C and
e > 0,sothatr — P.(B(y, ¢)) is a continuous map by the Portmanteau theorem and the first
point. We can thus unequivocally define P(B(y, &) x B) := fB P.(B(y, ¢))dr(r) for any
yeC,e>0,and B € B(D). As{B(y,e) xB,y € C,e >0, B € B(D)} forms a I[1-system
that generates 8(C x D), P is a well-defined probability measure on C x D. ]
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We now proceed to prove Lemma 2.1 which we restate.

Lemma A.2. (Lemma 2.1 restated.) The map

o DN — M (eV),
r— oY,

where Qﬁv =& J(Q£V (J)), is continuous with respect to the weak topology. Moreover,
doN(x,r) = do¥ (x) dn®N (r)

defines a probability measure on eMfr((G x DYM).

Remark A.1. Note that @ maps the positions r to the Gaussian averaged of the solutions
0 ﬁv (J), so that its continuity seems to be a consequence of the Cauchy—Lipschitz theorem with
parameter r. Yet, the equation depends on r through the Gaussian synaptic weights J;; which
satisfy only a continuity in law. Meanwhile, although the proof is not difficult, it must rely on
another argument. The one developed here is a coupling method.

Proof of Lemma 2.1. Before proceeding to the coupling method, we remark that the Gaus-
sian synaptic connections display some regularity in space. In fact, although the variables
Jij and J;rj are independent for i # i’ or j # j’, their probability distribution continuously
depends on the spatial location of the cells, in the sense that one can find a version J;/ jrof Jirjr
such that

Ey(|Jirjr — Jij) < %(Iln —rillga + llrj —rjrllga) (A2)
for some C > 0 independent of the location of the neurons. This is a consequence of the
Lipschitz continuity and boundedness of the mean and variance maps J and o.

We now proceed to the proof, and note the fact that N remains constant. Fix a deterministic
sequence (r" = (r]")1<i<N)neNn+ —>n I = (Fi)1<i<N € D'N, let (W), 0 <t < T)ieq,ny be
a family of independent P-Brownian motions, and %D - C, 1 <i < N , be N
independent initial conditions as in (2.1). Let X,n = (X,n )le [11,n7) and XN (Xr )ie[[l,N]]
be the respective strong solutions of the following two SDEs:

N
dxpV (1) = (f(r LX)+ TS (r—wrn))) dr + () AW},

XN O)ie—z.00 = G ) 1<i<n,

and

N
dxp () = (f(r,-, LXEN )+ IS e - fr,-rﬂ)) di + 1(r7) dW;
j=1
X O)e-z,00 = E D <i=n,
where J’ ~ N @i, rj)/N, o, rJ)Z/N) and Jr ~ J’ satisfy (A. 2) and where we use

the shorthand notation 1, = t(r, 7). In pamcular X has law Q (J™), and Xl N has
law QN (J7).
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Let W;’i = SUP;¢[0.7] |W!|. Then using the Lipschitz continuity of £, A, S, the fact that
|S| < 1, and taking the supremum in time, we obtain

XY — XV oo s
< IZ% ) = 2% ) lleo + (K pt + K W) 7! — rillga

N
N N
+/{Kf||X’,.5V—X’N||oo,X+KsZ| sxLY - x) ||oo,s}ds
0 i

Z{ W)

+st |} sup |X£*N(s+a)—XZ’N<s+b>|ds},
a,be[—1,0], |[a—b|<2K |r" —r|loo

where [[rlloc = sup;<;<y Il7illge. Denote, for any X = (X)i<i<y € CN,t € [-7,T],
||X||OO, Zl<l<N X! ||OO,, and for any r € DV, |r|; = leisN I7i||ga. Summing over
i € [[1, N]] and using Gronwall’s inequality now ylelds

X = X7 0.0
N
< CTGXP{CT > |J,-;-|}
i,j=1
N
x <||£°<r">—f°<r>||;oo+( sup Wi )Ir" vl 4+ Y 017 = I
I<i<N i,j=1
(Z| )/ sup { sup |X{’N(s+a)—Xf’N(s+b)|}ds).
ii=1 1<j<N a,be[-7,0]

la—=b|<2K||Ir"—r|

(A3)

The synaptic connections being Gaussian, observe that there existsamap x : DY x DY — R
such that x (r", r) — 0 when n — oo, and a constant Ct_y such that

N 12 O N 2
SJ[exp{ZCT 3 |Ji;|” +E[( sup W;s»t) ]+81[(Z |Ji;.|) } < Cru,
i,j=1 i,j=1

1<i<N

N
EL(E0G™) = 2L )T+ (" = rll)* + Y 26,00 — J)DH < Crax (™. r)
i,j=1
using (2.1) and (A.2). Denoting E;[-] := E[&/[-]], we find that, taking the expectation in (A.3)
and relying on the Cauchy—Schwarz inequality,

EsxN — xNik.]

4 , 12
< CT,N(X("”J')"'EJI: sup sup |X;’N(5+G)—X£'N(S+b)|2i|) .
I1<j<N a,be[-1,0],s€[0,1]
la=b|<2K: |r"—rlloo
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As the solutions are P-almost surely continuous, and N remains (here) finite, the monotone
convergence theorem ensures that the right-hand side tends toward O when n — oo. It imp-

lies,

in particular, that Qﬁ, converges in law toward QY when n — oo, so that the map

r — & f en ¢ (x) inv (x)] is continuous and integrable with respect to 7®V. In particular,
dON (x,r) := dQY (x) dw®N (r) defines a probability measure on (C x D)V. O

(1]
(2]
(3]
(4]
(5]

(6]
(71

(8]
(91
[10]
(1]
[12]
[13]

[14]

[15]
[16]
[17]
(18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]

References

AMAR]I, S.-I. (1988). Characteristics of random nets of analog neuron-like elements. In Artificial Neural Networks:
Theoretical Concepts, IEEE, Los Alamitos, CA, pp. 55-69.

BEN Arous, G. AND GUIONNET, A. (1995). Large deviations for Langevin spin glass dynamics. Prob. Theory
Relat. Fields 120, 455-509. (Erratum: 103 (1995), 431.)

BEN ARrous, G. AND GUIONNET, A. (1998). Langevin dynamics for Sherrington—Kirkpatrick spin glasses. In
Mathematical Aspects of Spin Glasses and Neural Networks, Birkhduser, Boston, MA, pp. 323-353.

BEN Arous, G., DEMBO, A. AND GUIONNET, A. (2001). Aging of spherical spin glasses. Prob. Theory Relat.
Fields 120, 1-67.

BRESSLOFF, P. C. (2010). Stochastic neural field theory and the system-size expansion. SIAM J. Appl. Math. 70,
1488-1521.

BRESSLOFF, P. C. (2012). Spatiotemporal dynamics of continuum neural fields. J. Phys. A 45, 033001.
BRESSLOFF, P. C. et al. (2001). Geometric visual hallucinations, Euclidean symmetry and the functional
architecture of striate cortex. Phil. Trans. R. Soc. B 356, 299-330.

BuicE, M. A. AND CHow, C. C. (2013). Beyond mean field theory: statistical field theory for neural networks.
J. Statist. Mech. Theory Exp. 2013, P03003.

Buicg, M. A. AND CHow, C. C. (2013). Dynamic finite size effects in spiking neural networks. PLoS Comput.
Biol. 9, ¢1002872.

Buicg, M. A. AND CowaN, J. D. (2007). Field-theoretic approach to fluctuation effects in neural networks. Phys.
Rev. E75,051919.

Buicg, M. A., CowaN, J. D. AND CHOw, C. C. (2010). Systematic fluctuation expansion for neural network
activity equations. Neural Comput. 22, 377-426.

CaBANA, T. AND TouBOUL, J. (2013). Large deviations, dynamics and phase transitions in large stochastic and
disordered neural networks. J. Statist. Phys. 153, 211-269.

CaBANA, T. AND TouBouUL, J. (2018). Large deviations for randomly connected neural networks: II. State-
dependent interactions. Adv. Appl. Prob. 50, 983-1004.

Cal, D., Tao, L., SHELLEY, M. AND MCLAUGHLIN, D. W. (2004). An effective kinetic representation of
fluctuation-driven neuronal networks with application to simple and complex cells in visual cortex. Proc. Nat.
Acad. Sci. 101, 7757-7762.

CESSAC, B. AND SAMUELIDES, M. (2007). From neuron to neural networks dynamics. Europ. Phys. J. Special
Topics 142, 7-88.

DA PrATO, G. AND ZABCZYK, J. (1992). Stochastic Equations in Infinite Dimensions. Cambridge University
Press.

DAI1PRA, P. AND DEN HOLLANDER, F. (1996). McKean—Vlasov limit for interacting random processes in random
media. J. Statist. Phys. 84, 735-772.

DAIpo, H. (1992). Quasientrainment and slow relaxation in a population of oscillators with random and frustrated
interactions. Phys. Rev. Lett. 68, 1073-1078.

DaIpo, H. (2000). Algebraic relaxation of an order parameter in randomly coupled limit-cycle oscillators. Phys.
Rev. E 61,2145-2147.

DAUCE, E., MoyNoOT, O., PINAUD, O. AND SAMUELIDES, M. (2001). Mean-field theory and synchronization in
random recurrent neural networks. Neural Process. Lett. 14, 115-126.

DEMBO, A. AND ZEITOUNI, O. (2010). Large Deviations Techniques and Applications, 2nd edn. Springer, Berlin.
DEN HOLLANDER, F. (2000). Large Deviations. American Mathematical Society, Providence, RI.

DEUSCHEL, J.-D. AND STROOCK, D. W. (1989). Large Deviations. Academic Press, Boston, MA.
ERMENTROUT, G. B. AND CowaN, J. D. (1979). A mathematical theory of visual hallucination patterns. Biol.
Cybernet. 34, 137-150.

FAUGERAS, O. AND MACLAURIN, J. (2014). Asymptotic description of stochastic neural networks. 1. Existence
of a large deviation principle. C. R. Math. Acad. Sci. Paris 352, 841-846.

FAUGERAS, O., TouBouL, J. AND CESsAC, B. (2009). A constructive mean-field analysis of multi-popula-
tion neural networks with random synaptic weights and stochastic inputs. Front. Comput. Neurosci. 3,
10.3389/neuro.10.001.2009.

https://doi.org/10.1017/apr.2018.42 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.42

982

[27]
(28]
[29]
[30]
[31]
[32]
(33]

(34]
[35]

[36]

(371
[38]

[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[471

[48]
[49]

[50]

T. CABANA AND J. D. TOUBOUL

FuNAHASHI, S., BRUCE, C. J. AND GOLDMAN-RAKIC, P. S. (1989). Mnemonic coding of visual space in the
monkey’s dorsolateral prefrontal cortex. J. Neurophysiol. 61, 331-349.

GUIONNET, A. (1997). Averaged and quenched propagation of chaos for spin glass dynamics. Prob. Theory
Relat. Fields 109, 183-215.

HERMANN, G. AND TouBOUL, J. (2012). Heterogeneous connections induce oscillations in large-scale networks.
Phys. Rev. Lett. 109, 018702.

JANCKE, D., CHAVANE, F.,, NAAMAN, S. AND GRINVALD, A. (2004). Imaging cortical correlates of illusion in
early visual cortex. Nature 428, 423—426.

KILPATRICK, Z. P. (2013). Interareal coupling reduces encoding variability in multi-area models of spatial working
memory. Frontiers Comput. Neurosci. 7, 82.

Lucon, E. AND STANNAT, W. (2014). Mean field limit for disordered diffusions with singular interactions. Ann.
Appl. Prob. 24, 1946-1993.

Ly, C. AND TRANCHINA, D. (2007). Critical analysis of dimension reduction by a moment closure method in a
population density approach to neural network modeling. Neural Comput. 19, 2032-2092.

Mao, X. (2008). Stochastic Differential Equations and Applications, 2nd edn. Horwood, Chichester.
MoyNoT, O. AND SAMUELIDES, M. (2002). Large deviations and mean-field theory for asymmetric random
recurrent neural networks. Prob. Theory Relat. Fields 123, 41-75.

MULLER, L., REYNAUD, A., CHAVANE, F. AND DESTEXHE, A. (2014). The stimulus-evoked population response
in visual cortex of awake monkey is a propagating wave. Nature Commun. 5, 3675.

NEVEU, J. (1968). Processus aléatoires gaussiens. Presses de I’Université de Montréal.

RANGAN, A. V., CaL D. AND Tao, L. (2007). Numerical methods for solving moment equations in kinetic theory
of neuronal network dynamics. J. Comput. Phys. 221, 781-798.

RANGAN, A. V., KovAaCIC, G. AND Cal, D. (2008). Kinetic theory for neuronal networks with fast and slow
excitatory conductances driven by the same spike train. Phys. Rev. E 77, 041915.

REvVUZ, D. AND YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd edn. Springer, Berlin.
SHERRINGTON, D. AND KIRKPATRICK, S. (1975). Solvable model of a spin-glass. Phys. Rev. Lett. 35, 1792-1796.
SOMPOLINSKY, H., CRISANTI, A. AND SOMMERS, H. J. (1988). Chaos in random neural networks. Phys. Rev. Lett.
61, 259-262.

STILLER, J. C. AND RADONS, G. (1998). Dynamics of nonlinear oscillators with random interactions. Phys. Rev.
E 58, 1789-1799.

STILLER, J. C. AND RADONS, G. (2000). Self-averaging of an order parameter in randomly coupled limit-cycle
oscillators. Phys. Rev. E 61, 2148-2149.

SZNITMAN, A.-S. (1984). Equations de type de Boltzmann, spatialement homogénes. Z. Wahrscheinlichkeitsth.
66, 559-592.

SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In Ecole d’Eté de Probabilités de Saint-Flour XIX—
1989. Springer, Berlin, pp. 165-251.

TouBoUL, J. (2014). Spatially extended networks with singular multi-scale connectivity patterns. J. Stat. Phys.
156, 546-573.

TouBoUL, J. (2014). Propagation of chaos in neural fields. Ann. Appl. Prob. 24, 1298-1328.

WiLsoN, H. R. AND CowaN, J. D. (1972). Excitatory and inhibitory interactions in localized populations of
model neurons. Biophys. J. 12, 1-24.

WILsoN, H. R. AND CowaN, J. D. (1973). A mathematical theory of the functional dynamics of cortical and
thalamic nervous tissue. Biol. Cybernet. 13, 55-80.

https://doi.org/10.1017/apr.2018.42 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.42

	1 General introduction
	2 Mathematical setting
	3 Statement of the main results
	4 The LDP
	4.1 Construction of the good rate function
	4.2 Upper bound and tightness

	5 Identification of the mean-field equations
	5.1 Convergence of the process

	A Proof of Lemma 2.1: regularity of the solutions for the limit equation
	References

