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SADDLEPOINT AND ESTIMATED
SADDLEPOINT APPROXIMATIONS
FOR OPTIMAL UNIT ROOT TESTS

PATRICK MARSH
University of York

This paper provides a (saddlepoint) tail probability approximation for the distri-
bution of an optimal unit root test. Under restrictive assumptions, Gaussianity,
and known covariance structure, the order of error of the approximation is given.
More generally, when innovations are a linear process in martingale differences,
the estimated saddlepoint is proved to yield valid asymptotic inference. Numerical
evidence, considered over a range of models, demonstrates some finite-sample su-
periority over approximations for a directly comparable test based on simulation of
its limiting stochastic representation.

1. INTRODUCTION

Critical values for unit root tests are most commonly found by simulation of nu-
merical approximations to the limiting forms of those tests. Those limiting forms
are themselves usually characterized by functionals of Brownian motion using the
techniques pioneered in Phillips (1987a, 1987b). Indeed most significant innova-
tions in the literature, e.g., Phillips and Perron (1988), Elliott, Rothenberg, and
Stock (1996), and Ng and Perron (2001), yield tests whose properties are eval-
uated in this way. For some very noteworthy exceptions to this see Nabeya and
Tanaka (1990), Abadir (1993a, 1993b), and Juhl and Xiao (2003).

This paper uses a test based on the optimal procedures of Dufour and King
(1991) and the marginal likelihood approach of Francke and de Vos (2007). Be-
cause the optimal test statistic takes the form of a ratio of quadratic forms its
asymptotic distribution (which is constant under general assumptions on the in-
novation process) is approximated directly with the Lugannani and Rice (1980)
tail probability (saddlepoint) approximation and as previously employed in
Lieberman (1994) and Marsh (1998). See also Phillips (1978), Lieberman (1996),
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and Larsson (1998) for applications closely related to the current context. Under
general assumptions, the test is nonpivotal. Thus we provide an asymptotic or-
der of error (O (T_l) , for sample size T') for the tail probability and then prove
that plugging in a consistent estimator for the covariance structure of the inno-
vations yields asymptotically valid inference. Such estimated saddlepoint proce-
dures have some history; e.g., see Butler and Paolella (2002).

From Francke and de Vos (2007), the Dufour and King (1991) point optimal
test is the ratio (rather than the difference) of the two residual sum of squares
detailed in Elliott et al. (1996, p. 817) and forming their Pr tests. The aims of
this paper are thus twofold. First, we establish that an explicit approximation,
such as the saddlepoint, can yield asymptotically valid inference with the kind
of generality expected in the literature. Second, we compare the finite-sample
properties of the procedures developed here with the method detailed ear-
lier applied to the Pr test when the innovations follow simple time series
processes.

For the Pr tests (and also Dickey and Fuller, 1979, type tests), the asymp-
totic nuisance parameter is the long-run variance of the innovations process. In
the context of a Dickey—Fuller regression it is consistently estimable via the au-
toregressive spectral density estimator (see Ng and Perron, 2001). Here we use
both this estimator and a maximum likelihood estimator, under the assumption
of a correctly specified Gaussian likelihood. Although the latter is more efficient,
it does not necessarily produce asymptotic tests with better numerical properties
in finite samples. Moreover, in common with previous findings in the literature
for the Pr, and also other tests, the numerical performance does not necessarily
improve as the sample size increases.

The saddlepoint-based procedure does not suffer from these issues. In terms
of finite-sample size and power it generally outperforms the Pr tests whether the
nuisance parameters are efficiently parametrically estimated or nonparametrically
estimated. Moreover, because the implied distributional approximation is explicit
it can be exploited to give P-values for the outcome of the test when applied
to any data set. Because the approximation can be implemented for time series
having any chosen deterministic component, approximate critical or P-values are
immediately available for models involving more complicated deterministic com-
ponents, such as broken trends as in Harris, Harvey, Leybourne, and Taylor (2009)
or nonlinear trends as in Marsh (2009).

The plan for the rest of the paper is as follows. The next section describes
the optimal unit root test. Section 3 approximates its distribution via a saddle-
point approximation, first under the Gaussianity assumption with known covari-
ances yielding a known order of error. When an estimated covariance is instead
required, the saddlepoint is then shown to provide asymptotically valid critical
values under more primitive assumptions on the innovation. Section 4 details the
numerical comparisons between the proposed test and its direct asymptotic com-
petitor, Pr. Section 5 concludes, and an Appendix contains proofs of the main
results.
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2. THE MODEL AND “OPTIMAL"” TESTS

We consider the following specification for the generation of time series (yt);T:13
i =x/f+u; up = pu—1+5&, @
and tests of the hypotheses

Hy:p=1 vs. Hp:|p| <l 2)

In (1) x; is a k x 1 deterministic regressor,  a k x 1 unknown parameter, and
(é‘,)tT:  a random innovation. Before giving the most general assumptions on
the distribution of & we first derive a point optimal test under more restrictive
assumptions.

Suppose that the innovations are independent and Gaussian, i.e., & ~ iid N
(0,0%), with finite variance o 2. Define the following vectors and matrices, y =
O01,..,yr) and & = (&,..., &) andlet X = (xq,...,x7) and B = (B1, ..., Br).
With up = 0, (1) defines the following generalized Gaussian linear regression
model:

y:Xﬁ+A;‘5~N(X/3,g2A;1 (A;l)/>, 3)

where A, =1 — pLM and LY) is the lower triangular matrix with 1’s on the jth
lower diagonal and 0’s elsewhere.

The problem of testing Hp is invariant under the group of transformations
G = (0, /), with o € R and § € R¥ and with action y — oy + X/, and so the
optimal tests we seek must also be invariant under this group. Such tests are fully
characterized through transformation of the data to the maximal invariant (see
Dufour and King, 1991), with properties, such as information and entropy, de-
tailed in Marsh (2007, 2009). Francke and de Vos (2007) instead derive such tests
via the alternative formulation of marginal likelihood. Following their approach
shows that optimal tests may be constructed though a ratio of residual sums of
squares from two simple regressions.

To proceed, quasi-difference the regression in (3),

5 = XpB + <5, @

where y; = Ay, X; = A;X, and {5 = A;¢. The residual sum of squares from
the regression in (4) is

RSS; =y,Mpys:  My=1—X;(X;X5) X5,
Consider the singular value decomposition of M,

Cp‘C//;ZM/;; C;;CﬁZIn, (5)
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where n =T — k. We write RSS; = wjwj, where w; = Cj;y; has density func-
tion (marginal likelihood)

—n/2 det[X’'X /A_l A_l /M
f(wﬁ,P,62>=<2n02) et ] / exp{—y p ( /JZ) Xy ,
det [X/A;I(A;l) X} 26

where My = I — X(X’Ap_1 (A;l)/X) X’ (see Francke and de Vos, 2007,

eqn (4)) and notice that det [A;l} =1.
To remove dependence on o2, let vy =Wwj / A /w,/,; w;, having density

T(2)IX'X 12 /A—l A_] /M —n/2
£ (v5.0) = (3) |x'x] - (y 5 (85) xy> |

272 det [ XA (A YiMpyp

The Neyman—Pearson point optimal invariant test of size a for (2) is to reject Hy
if

where k,, is a constant chosen so that Pr [N P> k| Ho] = a. To focus on a spe-
cific test, here we follow Elliott et al. (1996) and choose as an “optimal” test the
point optimal test against the alternative, i.e., p, where the (asymptotic) power
envelope reaches 0.5, and so

_ ;MY RSS;
M1y RSSi’

POr (6)

The test is thus the ratio of the residual sums of squares of two regressions, one
involving quasi-differenced data and one involving first-differenced data.

The optimal test in (6) and also its feasible variant described subsequently are
similar to those developed in Elliott et al. (1996), which, instead, are based on the
difference

Ly =y;M;y; —y; M1y = RSS; — RSS).

As in that paper we will detail the asymptotic properties of our test under much
more general assumptions than those under which the test was designed. The most
general assumptions under which we can provide asymptotically valid saddlepoint
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inference are as in Assumption A of Biihlmann (1995) and Assumptions 1
and 2 of Chang and Park (2002). Here we make the following assumption.

Assumption 1.

(a) (&, F;) is a martingale difference sequence with filtration F; and such
that () E [¢?] =02, (2) plimT ' 3] &7 =62, 3) E[|&]*] < m, < oo for
s >4,

(b) & =332 yjer—j, where 3221l |wj| < my, < o0, yo=1, and

(©) up = 0,(1).

In common with much of the literature we exploit that Assumption 1 implies
that the innovation process (¢;) is such that for all £, E[&] =0,

o0 o
o = > yi>0 and m, = Y |y <oo, 7
j=—00 j=—00
where y; =E [f,f,_ j] and
[rT]
771207y & = B(r), ®)
=1

where B(r) is standard Brownian motion on [0, 1].

Asymptotic representations for the majority of unit root test statistics are con-
stant under Assumption 1, at least when x; is either a constant or a constant and a
trend, and under either the null or local alternatives parameterizedby p =1—¢/T,
¢ > 0. This follows from the invariance principles detailed in, e.g., Phillips
(1987a, 1987b). Indeed, immediate from Elliott et al. (1996, Thms. 1 and 2)
and Francke and de Vos (2007, Sect. 3.3) is that both L7 and POr converge
almost surely to continuous random variables as the sample size becomes
infinite.

3. SADDLEPOINT APPROXIMATIONS FOR THE DISTRIBUTION
OF POr

Because the asymptotic distribution of PO7 is constant for any innovation process
satisfying Assumption 1 a representation for that distribution may be found from
any specific process satisfying it. In Theorem 1 later in this section we derive a
saddlepoint approximation, with given order of error, for the distribution of PO7
under the additional assumptions of Gaussianity and known innovation covari-
ance structure. Then, exploiting the constancy of the asymptotic distribution of
POt under Assumption 1, a corollary shows that the saddlepoint approximation
remains asymptotically valid far more generally. Finally, Theorem 2 shows that
substitution of a consistent estimator for the innovation covariance structure gives
asymptotically correctly sized critical and probability values for POr.
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To proceed, the saddlepoint approximation is first derived for an innovation
process satisfying the following assumption.

Assumption 2. In addition to Assumption 1, suppose also that

(a) the initial condition is uy = 0;
(b) the innovation sequence (ft)lT is a stationary Gaussian random variable,
with

E[&1=0; E[&&—;]=y; po=0

Under Assumption 2, we have ¢ ~ N (0,T"), where I is T x T Toeplitz. Notice
that the implied condition on the long-run variance (7) ensures that I" is bounded
with respect to the matrix norms on the space of square Toeplitz matrices, ||[I'||; =
Il =X 2o |7j| <my < o0.

Define ¢ = (¢1,...,er), where & ~iid N (0, 1). Then we can write

_ -1
y=Xp+A, Ke,

where K is any matrix satisfying KK’ = T'. Consequently, and because by
construction M; X ; =0,

&K' (AN AsM; A AL Ke

POr = e
&'K'M;Ke

El

with ¢ ~ N (0, I7). Denote the distribution function of PO and its limit, for

F, () =Pr[POr <«]; lim Ff () = Fri—(c).
’ T—oo 7
Then the purpose here is to provide an explicit asymptotic approximation for the
distribution function, initially assuming that I" is known.
Consider the rank n = T — k matrix,
/
B(p)=K'(8;") [A5MpA; =/ A MIAL] A 'K,

its n nonzero eigenvalues (4;)}_;, and the functions

1 n
R, (0) = 5, Y log(1-204),
=1

. d*R, (0)
Ny (0) =sign[0]/—2nR,(#) and J,(0)=0 nw

Then the following theorem presents a saddlepoint approximation, with order of
error O (T 1), for the distribution of PO7.
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THEOREM 1. Under Assumption 2,
T 1 1
FL, ) =®@,) =G, | ——= | +0(T™, &)
”ﬂ 5/)

where O (-) and ¢ (-) are the standard normal cumulative distribution function and
probability density function,

p=79p (ép) and Sp = 5p(6~p),
and the saddlepoint 0~p is the unique solution to

i 0. 1 1
1— 29 /1, o 2/1,, 224

t=1

Theorem 1 gives a standard leading term saddlepoint approximation for the
distribution of PO7, which under Assumption 2 is a ratio of quadratic forms
in normal variables. The theorem complements previous results, in particular
Lieberman (1994) and Marsh (1998), in that the order of error, O(T 1), is ex-
plicitly established for the distribution function. This result is crucial for two rea-
sons. Later it will allow for consistent asymptotic inference in the case where the
covariance structure in I" is not known and must be estimated. First, the following
corollary, which follows trivially from the transformation in Jing and Robinson
(1994) and that the asymptotic distribution is constant for all processes satisfying
Assumption 1, demonstrates that critical values obtained from a Gaussian approx-
imation to the leading term in (9) are asymptotically correctly sized.

COROLLARY 1. In Assumption 2, let y; = E[&;— ] be known and under the
null hypothesis, Hy : p = 1, denote the leading term approximation by

Fr1 (k) = @ (71 () ; 1 (K)=f71+~iln (?)
ni n

where i1 and o1 are as defined previously and the limiting distribution of PO is
Fr1(x). Then, for all x,

lim Fr (k) = Fr,1(x)+o(1).
T—o0

Corollary 1 essentially defines a (not yet feasible) saddlepoint point optimal
(SPO) test, as in the following definition.

DEFINITION 1. The SPO test at size o. consists of rejecting Hy : p = 1 if

Fl",l (POT) < a. (10)
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By way of comparison, under Hy, L1 has the asymptotic representation

1
Ly = o’ <52/ V2 (r,&)dr +(1+0) v02(1,5)> , (11)
0
where Vj (r, ¢) is defined in Elliott et al. (1996, eqn. (7)) and Hy is to be rejected
by Lt if
w_2LT < Cq.

The critical values, ¢, are then obtained via partial sum approximations to the
stochastic integrals in (11).

Critical values for PO, delivered by Corollary 1 in (10), are not yet feasible
because the covariance matrix I' is assumed known. To construct a feasible test
let T be an estimator of the covariance structure of ¢ and define the matrix

A A / A
Bi=R'(a7") [ApMpa;—x ATMIA] AT'R,

n

where [' = KK’ , and let the nonzero eigenvalues of B 1 be {;1[} . Now define

m

. 1 5
Frai®) =@ (R ®)s A =ji+oin (1) : (12)

where

N 2
R n A R R n i
fylzsign<01) 210g(1—201/1,>; Si=01\2Y | —2— | a3
= =\ 1-20),

and the saddlepoint solves

n Zt
S |—=|=0. (14)
=1 1 - 29] ;Lt
Then the estimated saddlepoint point optimal (ESPO) test is defined as follows.
DEFINITION 2. The ESPO test at size a. consists of rejecting Hy : p = 1 if
ﬁf",l (POT) <@ 1s)
In the context of an augmented Dickey—Fuller (ADF) regression Ng and Perron

(2001) exploit a modified model selection criterion to deliver ADF (and other)
tests that are asymptotically correctly sized. This, along with the work of Chang
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and Park (2002), is based on an autoregressive approximation to the inverse of the
transfer function of the linear process (&),

—1
E()= Za/z’ zw/z’> )

Similarly, and following Biihlmann (1995, 1998), a consistent estimator for

E(z)is

A PT .

E(@ =Y a;rz! for|z] <1, (16)
j=1

where pr =o (Tl/ 2) and a ;7 are the autoregressive estimators obtained from the
ADF regression

pr
Ay =apyi—1+ ZQ/,TA)N’t—j+Vt, a7
=1

where y; is the tth element of the quasi-detrended vector of observations y =
A R -1

y—Xp;, with f; = (X%X/;) X’;yj. Unlike Ng and Perron (2001) and Chang

and Park (2002) here we invert the transfer function to yield an estimated covari-

ance structure that can be plugged directly into the saddlepoint approximation

given in Corollary 1. That the resulting estimated probability values of POr are
asymptotically consistent is proved in the following theorem.

THEOREM 2. Under Assumption 1, let h — oo and hr = o(pr). Let
~ h N -1
(t//j’T) .Tl be the first ht coefficients in the expansion (E (z)) = 2 2 y/],Tz
j:

and write

A hT A . hT A . '
I'p= <1T + Wj,TL’> (IT+ Y ll/j,TLj> .

j=1 J=1

Then, for all x,
lim ‘I:“r | (€)= Fr 1(K)’ — 0, almost surely.
T—ool 1 ’

Theorem 2 generalizes Corollary 1 such that inference based on the saddle-
point approximation remains asymptotically valid when the unknown covariance
structure is estimated. For parametric assumptions, such as an explicit autoregres-
sive moving average model, an obvious simplification of this theorem proves va-
lidity for inference based on a more efficient estimator, such as the maximum
likelihood. The numerical accuracy of the ESPO test is examined in the next
section.
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4. NUMERICAL COMPARISONS

The numerical experiments in this paper will be performed using data generated
according to the following design.

Experimental design. Data (y,)lT= | are generated via

My = p1+uy; ur=U0—-c/Tu—1+4,
My 2y = B1+ fot +uy; up=1-=c/Tyu—1+¢, (18)

with ug = 0, and the innovation sequence (é,)lT is generated according to either
an MA(1) or an AR(1) process:

E\:&=we—1 465 v ={-0.8,-0.5,0,0.5,0.8}, 19)
Ey: & =98 1+¢; ¥ ={-0.8,-0.5,0,0.5,0.8}, (20)

where the underlying errors are generated by

e ~iidN(0,1).

Here we assess the finite-sample properties, both size and power, of the ESPO
test defined in (15) and compare them with those of the Pr test of Elliot et al.
(1996). The latter involves rejecting Hy if

Pr =7 (y5Mzy; — yiMiy) < cvg, 1)

where @ is a consistent estimator for @ and the critical values cv,, are given in the
last column in Table 1 of Ng and Perron (2001). The experiments are repeated for
both models in (18) and the parameter values in (19) and (20), with two sample
sizes T = 100, 200, and results are presented on the basis of 10,000 Monte Carlo
replications.

We consider two different estimators for the nuisance parameters I' (for the
ESPO test) and w? (for the Pr test). The first is based on the assumption of a
correctly specified parametric likelihood, defined (up to constants not depending
on parameters) for both models in (18) by

1 T
! (ﬂ,p, w,ﬁ,az) = =55 2B,y 00,
t=1

where
e (Bop, . 9) =1 —p)(L+y D)~ (A =01) (yi — i (B)) k=1,2. (22)

In (22) 1Vy; = y;—, for model My, p1,(8) = B1, and for model Ma, u2,(B) =
S1+ pat. We impose ¥ = 0 for the moving average innovations E; and y = 0
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TABLE 1. Size of ESPO procedures, nominal size a, and (I) I' estimated via
maximum likelihood (I'7), (II) T" estimated by ADF regression (I';)

M, M

(//: (//:
T a—08 =05 00 05 0.8 —-0.8 =05 00 05 0.8

(a) M A(1) innovations

I 100 5% 4.87 392 456 572 581 564 413 432 526 5.04
(I) 100 10% 9.43 8.36 10.1 9.67 109 11.0 8.28 9.17 109 10.7
IO 200 5% 4.23 425 517 589 571 439 397 510 561 573
I 200 10% 7.87 835 105 113 10.8 9.67 8.86 943 10.8 113
(I) 100 5% 9.07 8.92 444 299 370 104 6.30 551 376 397
(II) 100 10% 15.8 14.9 7.83 691 806 183 17.6 11.2 7.78 9.36
I 200 5% 5.67 598 456 423 416 480 4.19 457 385 3.95
(1) 200 10% 11.6  12.1 872 7.61 776 941 852 9.03 799 941

M, M,

T a—08 =05 00 05 08 —-08 =05 00 05 0.8

(b) AR(1) innovations

@ 100 5% 427 433 452 431 478 370 435 539 345 396
I 100 10% 898 899 921 9.13 944 764 841 10.6 7.09 795
D 200 5% 4.83 429 506 473 4.67 490 515 4.66 4.13 531
I 20010% 996 855 938 950 9.61 9.88 106 10.3 8.09 9.33

I 100 5% 10.7 9.02 — 375 370 142 940 — 351 326
(II) 100 10% 15.6  14.8 — 796 798 215 15.6 — 858 8.13
In 200 5% 635 467 — 428 377 441 395 — 385 3.5
II) 200 10% 11.6 838 — 815 822 783 693 — 858 798

for the autoregressive innovations E3, and it is assumed that &, =0 for all # < 0,
which implies &y =0and & =& ~ N (0, 1) in both E;| and E».
For the ESPO test this yields parametric estimators of I,

(I + l/A/L) for E
Iy=K/K;, K= 1 ,
(1-91) " for 2
where 1/A/ and 0 are the maximum likelihood estimators for w and 9. For the Pr
test the maximum likelihood estimators of ? are
A A\ 2
c 12 (1 + l//> for £
A2
CU] = -2 .
6'22 (1 - 19) for E»
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where 62 =T7!31 512’,, where the residuals £;; are obtained from the fitted
likelihood with innovation process E;.

The second estimators are based on the ADF regression given in (17). Specifi-
cally, define the ADF residuals by

pPT
Uy =V (pr) = Ay — &O,Tyt—l - Z OA‘j,TAyt—ja
Jj=1

and for each M}, the estimated lag length pr is chosen according to the modified
Akaike information criterion (MAIC) of Ng and Perron (2001).

For the ESPO test, for convenience, we put i = pr and let l/; = (l/A/LT, e,
‘/A/hr,T)/ denote the first 17 coefficients in the expansion of

This yields a nonparametric estimator of the innovation covariance matrix as

o0
Ui =K Ky, Kip=I1+Y yjrlL/,
Jj=1
again defined for both M| and M5. Similarly, for Pr, the autoregressive long-run
variance estimator is

where 62 = (T — pr)~ 3L, 92,

The results for the ESPO test are given in Table 1, and those for the Pr test are
in Table 2. Consider first the results based on the maximum likelihood estimator
for the nuisance parameters. For the ESPO test the results using Iy are very close
to nominal for both models, both innovation processes, and both sample sizes.
For the case of autoregressive innovations there is also evidence of significant
improvement in performance for the larger sample size. The equivalent results
for the Pr test, based on the estimator @, are less favorable. For both models,
both innovation processes, and both sample sizes when the nuisance parameter is
large and negative the test is significantly undersized; moreover for these values
the performance is worse for the larger sample size. For other parameter values
the size is closer to nominal, although slightly more undersized than the ESPO
test.
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TABLE 2. Size of Pr test, nominal size o, and (I) @ estimated via maximum
likelihood (&7), (IT) w estimated via ADF regression (&7, )

M M,

l//: [//:
T a —08 —-05 00 05 08 —-08 =05 00 0.5 0.8

(a) M A(1) innovations

O 100 5% 293 209 632 741 749 084 273 645 6.07 1752
(I 100 10% 5.88 547 127 129 132 223 621 128 11.8 144

I 200 5% 2.02 191 555 647 577 089 248 6.12 625 644
(D 200 10% 3.99 4.03 122 119 11.8 236 268 113 11.6 115

I 100 5% 6.45 571 3.19 429 390 7.02 7.61 201 312 395
II) 100 10% 12.4 16.1 104 9.11 139 128 10.7 7.53 694 7.11
1) 200 5% 3.26 327 493 322 281 1.09 3.14 3.07 371 475
Ir) 200 10% 7.02 7.67 10.7 695 634 251 588 10.6 7.63 3.61

M M,
Y= Y =
T a —08 —-05 0.0 0.5 08 —-08 =05 0.0 0.5 0.8

(b) AR(1) innovations

O 100 5% 2.24 405 542 571 390 1.01 1.84 4.05 455 328
I 100 10% 7.57 109 12,5 119 725 204 446 9.11 954 6.28
I 200 5% 290 4.48 460 493 336 071 286 386 435 244
(D 200 10% 8.01 102 119 109 6.64 290 738 893 9.87 556

dan 100 5% 160 295 — 589 802 064 109 — 333 6.04
I 100 10% 5.66 657 — 122 174 1.57 286 — 7.2 11.7
I 200 5% 289 438 — 541 671 093 203 — 391 6.01
II) 200 10% 8.37 10.1 — 11.8 124 198 451 — 749 118

When the nuisance parameters are estimated by the ADF-based estimator the
performance of the ESPO test suffers somewhat. For T = 100, for large negative
values of the nuisance parameters the test becomes oversized, and for large pos-
itive values it becomes undersized, for both processes and models. For T = 200
the sizes are generally closer to nominal, particularly for the case of autore-
gressive innovations. As has been found in previous papers, particularly Ng and
Perron (2001), for T = 100, use of the ADF regression with lag length selected by
MAIC to provide an autoregressive long-run variance estimator has sizes close to
nominal. In fact, at this sample size the Pr test performs better with the nonpara-
metric estimator than it does with the maximum likelihood estimator. However,
for T =200, and as also found by Ng and Perron (2001), the test becomes sig-
nificantly undersized for large negative values of the nuisance parameters in both
models and innovation processes. Overall the performance of Pr is less stable
than that of the ESPO test.

https://doi.org/10.1017/50266466610000629 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466610000629

SADDLEPOINT APPROXIMATIONS FOR OPTIMAL UR TESTS 1039

From the perspective of Theorem 1 and its corollary the saddlepoint procedure
is in essence a parametric one, as in Lieberman (1994) and Marsh (1998). As
found in those and many other papers the saddlepoint approximation provides ex-
traordinarily accurate approximations when the underlying covariance structure
is known. It is not surprising that substituting an efficient maximum likelihood
estimator for this covariance structure maintains this accuracy. Of more practical
relevance is that the performance of the test remains relatively stable when a non-
parametric estimator is used and is generally more accurate than the Pr test and
those presented in Perron and Qu (2007) using a refined selection criterion. As an
alternative to pure asymptotic results recent developments in the literature have
exploited sieve bootstrap methods for processes satisfying Assumption 1. For in-
stance, in model M and T = 100, Cavaliere and Taylor (2008) report a size of
3.8% for an autoregression-based sieve applied to a generalized least squares de-
trended Dickey—Fuller test, whereas Richard (2007) reports less favorable results
for a moving average—based sieve.

The statistics PO7 and Lt are both constructed using power optimality criteria.
Specifically, for independent Gaussian innovations, both are point optimal invari-
ant against the alternative Hj : p = p, with only the invariance groups differing;

TABLE 3. Size corrected power of the ESPO test; T = 100, size a = 5%

M, M

Y= v =

p —0.8 -0.5 00 05 0.8 —0.8 -0.5 00 05 038

(a) M A(1) innovations

095 124 25.1 303 314 303 766 992 11.8 11.7 120
0.90 30.1 48.4 67.6 719 70.0 14.0 22.7 314 27.6 30.1
0.85 399 642 89.1 914 903 20.5 42.8 593 559 582
0.80  48.1 73.1  96.0 978 976 29.1 624 83.1 80.7 80.9
0.75 51.8 77.5 97.8 993 99.3 37.8 68.1 942 935 093.1
0.70 553 849 988 996 99.5 44.6 737  97.6 983 983

p -0.8 -05 05 08 =08 -0.5 0.5 0.8

(b) AR(1) innovations

0.95 203 249 317 319 946  10.8 102 10.6
090 437 56.0 723 716 235 28.5 29.8 274
0.85 604 76.7 93.1 923 422 52.9 583 508
0.80  72.0 86.3 98.7 979 59.0 73.7 81.7 745
0.75 78.1 90.5 99.7 995 709 86.6 945  89.1
0.70 835 924 999 999 80.8 94.1 98.9  96.0
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POr is also scale invariant. In practice, numerical evidence in the literature (e.g.,
Perron and Qu, 2007) suggests that Py is slightly more powerful than procedures
based on a test of Hy : ap = 0 in the ADF regression (17). Here, therefore, we
compare the size corrected power of the ESPO and Pr tests in both models in
(18) and both innovation processes in (19) and (20), for testing

Ho:p=1 vs.H :p=0.95,0.90,...,0.70,

with 7' = 100 and for 10,000 replications. The nuisance parameters were esti-
mated using the ADF-based estimators, i.e., r 71 and @yy. The results are pre-
sented in Tables 3 (for ESPO) and 4 (for Pr). Because the comparison is between
size corrected powers, with the nuisance parameters estimated in the same way,
any differences are due to the particular form of the test, i.e., the difference of
quadratic forms in Pr or the ratio of those same forms in PO7. For both models
and innovation processes, when the parameter is large and negative the power of
both the procedures is significantly below that for all other parameter values. In
these cases the ESPO procedure performs slightly better and consistently over all
model configurations.

TABLE 4. Size corrected power of the Pr test; T = 100, size o = 5%

M, My
W frd [// =
P —-0.8 =05 0.0 0.5 0.8 —0.8 —-0.5 0.0 0.5 0.8

(a) M A(1) innovations

095 166 223 274 30.1 28.6 7.02 9.78 10.5 104 10.8
090 274 41.1 612 677 64.2 15.7 19.5 29.6 30.3 29.7
0.85 398 553 848 893 885 26.5 39.1 56.3 539 544
0.80 439 674 933 97,5 96.8 32.7 58.8 79.8 794 792
0.75 464 72.1 96.2 99.0 99.3 37.5 65.4 92.2 92.7 91.8
0.70 487 778 974 99.6  99.8 40.8 72.1 96.5 98.0 979

M, M,
0, 0,
P -08 —-05 05 038 -0.8 -0.5 0.5 0.8

(b) AR(1) innovations

095 199 245 255 324 7.88 8.97 9.86 9.75
090 39.7 514 60.8 728 16.9 21.3 27.7 24.9
0.85 622 685 833 915 305 42.1 50.5 51.3
0.80 674 81.1 921 98.1 448 68.4 75.3 75.9
075 71.1 849 952 99.7 564 82.2 87.1 914
0.70 756 885 973 999  66.6 92.0 94.2 97.7
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5. CONCLUSIONS

This paper has provided a feasible method for obtaining approximate critical
values for an optimal unit root test. Under Assumption 2 the order of error of
the approximation is proved to be O(T~!) whereas under Assumption 1, infer-
ence based on the feasible estimated saddlepoint approximation is shown to be
asymptotically valid. The test statistic is that previously considered in Dufour and
King (1991) and, via Francke and de Vos (2007), is directly related to that of
Elliott et al. (1996). Numerical comparisons between the estimated saddlepoint
procedure and pure asymptotic approximations demonstrate clear superiority for
the former, when considered across a range of model configurations, innovation
processes, and estimation methods.

Although the performance of the saddlepoint is comparable with that found
for bootstrap-based inference they are not, as yet, available with quite the same
generality, such as the wild bootstrap procedure of Cavaliere and Taylor (2009).
Although beyond the scope of this paper, extending the analysis to bootstrap-
based saddlepoint inference, i.e., bootstrapping the asymptotically pivotal esti-
mated saddlepoint P-values, for direct comparison with sieve-based methods for
Dickey—Fuller type tests, is an obvious avenue for future research.
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APPENDIX

Proof of Theorem 1. The leading term saddlepoint approximations under Assumption
2 have previously been detailed; see Lieberman (1994, 1996) and Marsh (1998). Here
what is relevant, because in general the covariances y; will be unknown and will have
to be consistently estimated, is establishing the asymptotic order of error. To do so we
demonstrate that the integral defining the probabilities FIT, 1, () satisfies the conditions
required for the asymptotic analysis of Lugannani and Rice (1980) and Daniels (1987).
To proceed, define for any p,

I _ U | —1//_
wp=ChApy~N(0,45),  A5=Chaza;'T(a51) A%Cy,
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where Cj; is the singular value decomposition in (5). Standardizing, so that z = Az 5
N (0, I,) and n = T — k, then the test statistic can be written as the ratio of quadratic forms
in standard normal variables, as in

Asa consequence,

T dApz T 2 .
Fiy_, (k) ="Pr Ta <" =Pr[d (A; —KkA;)z<0] = ZA z; .

where z; ~ N (0, 1) and the nonzero eigenvalues of B(p) are also the n eigenvalues of the
matrix A = A; —x Ay, ()}, with

Ary = Asry; rt/rl =1, rt/rs =0 ifr#s.
Let Q = 2 /1[22 Then F T (;c) can be evaluated via

FL\_,6)=Fg(0):  Folg)=PrlQ <ql.

The mean moment generating and cumulant generating functions of Q are, respectively,

n 1 n
#n 00 =TT =220~ and Ry () ==~ ¥ In(1=241).
t=1 t=1

Let @ =i x. Then from Goutis and Casella (1999, (eqn. (18)) the density of Q is

1 74100
fo@ =5~ / " exp (R (0) — 0q) 6,
Tl Jr—ioco

for some small 7. The distribution is

00 o 1 74+i00
Folg) =1 —/ fowydw =1 —/ —/ exp {(n Ry (0) — 0q) dOdw
q q 2wi Jr—ico
1 t+ico R, (0)—0
oL e @) =00,
27i Jr—ioco %
and because we only require evaluation of the distribution at g = 0, we set x = n_lq and
evaluate the integral
1 frtico R, (0)—0
Fot=1-5 [ expln (Rn (0) =0x)) w1
2ri —i00 [

Following the development of Lugannani and Rice (1980) and also Daniels (1987) a formal
asymptotic series approximation in powers of n~1 for (A.1) applies under the following
conditions on the mean characteristic function of Q: let 8, x solve

1 = 1
<0, _

dR"(0)=i A .
= 1—20p Py ’ 20~ 271
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and let ¢, a, cg, and ¢ be positive constants. Then we require

(a) @n (@) is analytic on the strip @ = {0 :Im@) < £ (ép,x +e) } s
() |on (0)] < ﬁ when |0] > ¢, and . (A.2)
(c) the derivatives of R, (0) are O(1).

In (A.2) (a) and (b) ensure that the path of integration in (A.1) can be deformed as in

1 (Opa+ioo exp{n (R, (0) — Ox)}
Fo(x)=1—— do,
o) 2w /5,,,X_,~oo 0

whereas (c) ensures that the resulting asymptotic series approximation is in powers of 71
Whether or not they hold depends entirely on the properties of the eigenvalues of A,
say { ,u,};‘zl . To proceed, notice that the critical value «x is determined by

/A_
Pr[POr <x]=Pr| 2% k| —a, (A3)
Az

n
for a < 1. Because Aj is symmetric the eigenvalues of A%A = A% are { ,utz} . and
=
consequently the maximum eigenvalue norm is given by

/A o a—1 1\ A/ _
Cpaza; T (851) A%Cy

suplil = 45 =
t 2

2
_ A1
< M3 [ 458512,
because all [|-]|,,-norms are submultiplicative. Because M is idempotent HM%;H2 =1.
While exploiting the matrix norm inequality ||R||% < ||R]l] IRl for any n x n matrix

R, then

2
-1 -1 -1
itz <y <o [051} = o57, Jo505

o0
B A5 A~V is also Toeplitz th HA—A—IH :HA—A-l( , wh
ecause B 1S also loeplitz then B oo B | whnere
| n—1 n—1 - n—1 |
Js507'], =5 7 5 == S 0"
J=0 j=1 J=0
e I Ly P L)
(1=p) c c T
so that
lim HA—A‘IH —1
T— oo PPN
Consequently,
lim ||A;|l, <m, <oo. A4
Jim (4], <m, (A
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Moreover, because both A; and A; are positive definite then PO = Op(1), and so for
any a < 1, x defined by (A.3) is positive and finite. Now note that the {/1;};1: | are the

eigenvalues of the symmetric n x n matrix A = A; —xAj, and so 4; is real for all 7.
n
Moreover, the eigenvalues of A’A = AZ are {itz} , and hence

supl | = 1 All2 = A5 —xAL]l, < |A5]l, +x 1AL,

Using (A.4), which also holds for p = 1, we find

lim sup [A/] < (1+x)my = O(1).

T—)OO,ST

Because the eigenvalues {At}’le are all finite ¢, (9) is continuous (and infinitely differ-
entiable) in # and bounded away from zero as |#| — 0. Hence ¢, (¢) is analytic on ® and
condition (a) in (A.2) holds. See also Marsh (1998, Thm. 1(ii)).

To continue, because

lGn (O)] < 11=204,+1" VD #* = argmaxsup|1 —202,]~ /2
t

so that forany a < 1/2, ¢; = 1/(2/; — 1), and ¢ = 1, we have
101% 1@, ()| < co forall |0] > ¢,

and hence condition (b) in (A.2) also holds in this case. Under these conditions the leading
term saddlepoint approximation evaluated at x = 0 is

= - - 1 1
FQ(O) =0 (’7/)) o) | =——% |,
Mp  dp
where 7, and Sp are defined as in the statement of the theorem and the saddlepoint

0y = ép,o satisfies

n 24 1 .1
Y|l—— =0 — <, < —.
1—20, 20 2/,

Details on the construction of F 0 (q) are given in Section 4 of Daniels (1987) and applied
for the problem of a ratio of quadratic forms in Lieberman (1994) and Marsh (1998).

The order of error of the leading term (and subsequent corrections to it) is determined
by condition (c). The sth derivative of R, (0) is

d*Ry(0) (=D (s—1)! & 22 \*
des n 2(1—291,) ’

Ry (0) =
=1

so that RS (6) = O(1), as required. As an immediate consequence we have that
Fo(0) = FoO)+ 0™,

which then gives the order of error as required. n
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Proof of Theorem 2. It is required to show that the estimated saddlepoint P-value is
a consistent estimator for the asymptotic P-value of POr. To do so we parameterize the
covariance matrix as

T
) ,
r=K,K,, K,=Ir+ 21 wiL,
J:

where L is the lag-operator matrix. Now similar to Richard (2007) let iy = o (pr) and

N ~ h
define the estimators y;, = {W/,T} ) T], where
T
~ -1 x .
(8:@) =X wirel. (A5)

j=1

Then according to the proof of Theorem 2 of Biihlmann (1995),

hr
lim Y “//j,T - x//j‘ — 0, almost surely. (A.6)

hT—>OOj:l

Letting fh =K~ K. ,then we can write
YT yr

’th,l (")_FFJ(")‘ = ‘(ﬁfm ()= Fr (K)) + (ﬁr,l (K)—Fr,1(K))‘

< ‘ (ﬁfh,l () — Fr. (zc)) ‘ + ‘ (Fr,l (€)= Fr. 1 (K)) , (A7)

via the triangle inequality. Immediately from Corollary 1 the second term in (A.7) satisfies

)FI‘,I (x) — FF,](K)) =o(1),

for all x, and can thus be neglected.
T

For the first term, write the estimator for y7 = {q/j }J'T:1 as VA/T = {y;J }j—l ,

~  Jyir ifj<hr
! 0 otherwise
and finally define the mean value 7., which lies on a line segment joining x/A/T and yr.
Indexing the distributions by the parameters, rather than the covariance matrix, we have
1 OF w1 (%)
oyr

Foo ()= Fyp 1) = (‘/A’T—‘//T) ,

vr,

where the first derivative is evaluated at 7., and so

hr 0F,: 1) I 0F, ()
3 P - 2 %N
Foo ()= Fyp i)=Y, (l//j,r—l//j) -y oy (A.8)
vr,l1 T & 5'//1' et 61//]-
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To proceed, from Corollary 1 we constructed the leading term by 17“1-,1 k)= (fl (x)),
with 71 (k) defined by (12)—(14). Immediately, therefore, @ (?1 (x)) is a differentiable func-

tion of the eigenvalues (i;)thl . Moreover, from Magnus and Neudecker (1999, Thm. 7,
p. 158), the eigenvalues are differentiable (with respect to ), with first derivative

o 0A
! :rt/(—)rt, A:Ap-—KAl.
oy;j 0p;

The derivative of A (in the current parametrization of I') is

0A; 0K, K/ , _ ,

I _casatt [ L) (A /_-_/__—1(1)/(—1) " C-

5,2 =Cptshy ( S (a71) apcs =2cha50, LDk, (A1) A%Cy.
J J

Because rjr; = 1, then

8(A;—xA))

< lim
0p;

T—o0

=0(1),
2

by arguments identical to those proving that the maximum eigenvalue of A itself is finite.
As a consequence FT 1 (x) has bounded derivatives with respect to the parameters y/;; i.e.,

we have

1(x)
lim max WT‘ o(l).
T—oo j v

Hence from (A.8) and the triangle inequality, we have for all finite «,

= . . OFy2 (%)
- — <

[P 09 Forao] = s T (R i 5 )
The first term in the parentheses is op(l) almost surely, as in (A.6), and

L 1

2 |l =0(hT )
hr+1
Therefore, because « is finite for any significance level a < 1 then
Tlew )Ff“h,l (k) — Fr,l(}c)‘ — 0, almost surely,
as required. n
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