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Abstract To study the geometry of a Fibonacci m@pof even degreé > 4, Lyubich
(Dynamics of quadratic polynomials, I-IActa Mathematical78 (1997), 185-297)
defined a notion of generalized renormalization, so fhiatrenormalizable infinitely many
times. van Strien and Nowicki (Polynomial maps with a Julia set of positive Lebesgue
measure: Fibonacci mapBreprint, Institute for Mathematical Sciences, SUNY at Stony
Brook, 1994) proved that the generalized renormalizati®f&( f) converge to a cycle

{f1, f2} of order two depending only o We will explicitly relate f1 and f> and show

the convergence in shape of Fibonacci puzzle pieces to the Julia set of an appropriate
polynomial-like map.

1. Introduction

In this article, our goal is to study the geometry of real Fibonacci maps of dégred.

The importance of Fibonacci maps has been emphasized by Hofbauer and Kéller [
for unimodal maps and by Branner and Hubba#i] for cubic polynomials. In[[M],
Lyubich and Milnor studied the restriction to the real axis of a quadratic Fibonacci
polynomial, and this study was enlarged to the complex plane by Lyubichyih].[
Existence of real Fibonacci polynomials of the form> z* 4 ¢ was obtained by Hofbauer
and Keller for any even integer > 2, and follows from a combinatorial argument due
to Milnor and Thurston IT]. However, Lyubich and Milnorl[M ] observed that the
geometry of Fibonacci maps was different for degiee 2 and for degreeé > 4.

Fibonacci maps of degree > 4 have since been studied by Bruin, Keller, Nowicki
and van Strien inBKNS] and by van Strien and Nowicki in9N] where they obtained
new results using renormalization techniques. We would like to use results by Epstein
[E1, EZ on fixed points of renormalization to improve the results obtained by van Strien
and Nowicki.

In his survey [y2], Lyubich describes renormalization in the following way: the
notion of renormalization of a dynamical systefnconsists in taking a small piece of
the dynamical space, considering first return mapto this piece, and then rescaling it to
the ‘original’ size. The new dynamical system is called ieormalizationR (f) of the
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original one. Depending on the way one chooses the small piece, and the way one defines
the first return map, one gets several definitions of renormalization.

We will show that the study of the geometry of real Fibonacci maps of degred is
similar to the study of the geometry of Feigenbaum maps. For this purpose, we will show
that one can make a parallel approach between two notions of renormalization that have
been developed over the last two decades in holomorphic dynamics.

The first notion of renormalization was introduced in 1976 by Feigenb&inH2], and
independently by Coullet and Tress&T[] for real dynamical systems and more precisely
for unimodal maps. To explain a universality phenomenon, they defined a renormalization
operatorR that acts on an appropriate space of dynamical systems, and conjectufid that
had a unique fixed point. Lanford [La] gave a computer-assisted proof of this conjecture.
Later, EpsteinfEl, E2] gave a proof of the existence of a renormalization fixed point that
does not require computers. However, his proof does not give uniqueness of the fixed
point. This fixed point satisfies a functional equation known as the Cvitanbeigenbaum
equation:

1
f@)=—=fo flaz),
o

for somew €10, 1[. In 1985, the generalization to holomorphic dynamics via poly-
nomial-like mappings was introduced by Douady and Hubb&@H][ The ‘classical
renormalization theory’ has been extensively studied (see Collet and Eckmann and Lanford
[CE, CEL, La], Cvitanovi¢ [Cv], Eckmann and WittwerEW], Vul et al[VSK], Epstein
[E1, EZ], Sullivan [S], de Melo and van StriendMvS], McMullen [McM1, McM2],
Lyubich [Ly1, Ly2, Ly3, Ly4]). For a historical account, the reader is invited to consult
[T]or[Ly3].

Lyubich generalized the notion of renormalization for polynomial-like mappings to
a wider class of maps that we will call L-maps. This allowed him to apply the
renormalization ideas to ‘non-renormalizable’ maps as well. Lyubich and Milodr][
showed that this generalization could be applied to the study of Fibonacci maps. Let us
define a Fibonnaci map as a branch coveringy® U U — V, such that
e U° U andV are topological open disks satisfyiig c V, i = 1,2, and

UonUl = g;

e  f has aunique critical poin € U°;
. the orbit of the critical point satisfies some combinatorics that will be defined in §4.

Fibonacci maps are not renormalizable in the classical sense. However, it has been the
idea of Lyubich that one could define a generalized renormalization op&atending
the space of Fibonacci maps into itself. Hence, given a Fibonaccifimape can define an
infinite sequence of generalized renormalizatiB%( ). In [SN], van Strien and Nowicki
proved that if the degregof the critical pointw is larger than 2, and if the mapis real
(i.e., £ (2) = f(2)), then this sequence convergesto a cygle f>} of order two, where;
and f> are two Fibonacci maps of degréeln [Ly2], Lyubich writes: ‘the combinatorial
difference betweerf; and f> is that the restrictions of these maps on the corresponding
non-critical puzzle pieces have opposite orientation’. We will prove that infaend f>
are related in the following way.
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THEOREM A. For every even integef > 4, let f; : Ul.0 U U,'l — Vi, i = 1,2, be the
two real Fibonacci maps of degrele normalized so that»; = 0 and f; (w;) = 1, and
satisfyingR(f1) = f2 andR(f2) = f1. Then, there exists a neighborhobidof 0 and a
neighborhood/’ of 1 such that:

hd fl'UﬂU:? = f2|Ung; and

* fl'U’ﬂUll = _f2|U’ﬂU21'

The main ingredient in our proof is a flipping operator that does not preserve the
dynamics of the maps, but has the nice property of sending the space of real Fibonacci
maps of degreé into itself.

We will then show that the restrictiofi of f; to Uf satisfies a system of equations,
which we will call the Cvitanow~Fibonacci equation:

f@) = —1/d?f(af (@z)), O<a <1,
f(O)=1 and
f(z) = F(zY, with F’(0) # 0 and¢ > 4 even.

We will first study the geometry of the solutions of the Cvitarmswibonacci equation,
and we will prove the following theorem.

THEOREM B. For every even integet > 4, let f be the solution of the Cvitand#
Fibonacci equation in degreg and setf,(z) = f(az) and f,2(z) = f(@?2).

Then, there exist domairtg, ¢ C andW,2 C C containing zero such that, : W, —
Ja(Wy) and f,2 : W2 — f,2(W,2) are polynomial-like mappings of degrée Besides,
Jo @ Wy — fo(W,) has an attracting cycle of orde2 and f,> : W2 — f,2(W,2)
has an attracting fixed point. In particular, the Julia sétf,) is quasi-conformally
homeomorphic to the Julia sé(z — z* — 1) and the Julia sell (f,2) is a quasi-circle.

Finally, the domain of analyticity of is the quasi-dis@ bounded by the quasi-circle
aJ(f,2).

Figure 1 shows the two polynomial-like mappings : W, — f4(Wy) and f,2 :
Wy2 — f,2(W,2), and their Julia sets.

Remark.In the context of classical renormalization, McMullen proved that the domain
of analyticity of the fixed point of renormalization satisfying the Cvitame¥iéigenbaum
equation is a dense open subseCofOur result shows that the behavior for generalized
renormalization is drastically different.

The next step will be to prove that any solution of the CvitaneFibonacci equation
gives rise to a cycle of order 2 of Fibonacci maps which is invariant under renormalization.

THEOREM C. Given any solutionf of the Cvitanovi—Fibonacci equation, there exists
a Fibonacci mapp : U% U Ul — V such thatp and f coincide onU° and such that
R2([¢)) = [4].

We will then derive the following corollary.

COROLLARY. For every even integef > 4, there exists a unique € 0, 1[ such that the
CvitanovE—Fibonacci equation has a solution, and this solution is itself unique.
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FIGURE 1. The polynomial-like mapgy : Wy — fo(Wy) andfaz Wy = f2(W,2) corresponding to a
degree? = 6 and their Julia set$( fy) andJ(fuz).

FIGURE 2. Degree six Fibonacci puzzle pieces (made by Scott Sutherland).

We will say thatf is the solution of the Cvitanow+Fibonacci equation in degrée

We will then define a Yoccoz puzzle for Fibonacci maps, and study the convergence in
shape of puzzle pieces. Ihy2], Lyubich writes: ‘the following picture of the principal
nest for degree 6 Fibonacci map show that all puzzle pieces have approximately the same
shape: [see figure 2] these puzzle pieces have asymptotically shapes of the Julia set of
an appropriate polynomial-like map.” We will prove that this observation is true. More
precisely, we will prove the following theorem.

THEOREMD. Let:
° Sk be the Fibonacci numbers definedfy= 1, S1 = 2, andSg+1 = Sk + Sk—1;
° £ > 4 be an even integer;
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. F : U°UU! — V be a real Fibonacci map of degreenormalized so that the
critical pointisw = 0;
. Ci be the connected component Bf¥(V) that contains the critical point (it is
called the critical puzzle piece of depith
. f be the solution of the Cvitan@#Fibonacci equation in degree
. a €10, 1] be the constant defined by the Cvitardsibonacci equation; and
° Jo 1 Wy = fa(Wy)and f 2 : W2 — f,2(W,2) be the polynomial-like mappings
defined in Theorem B.
Then, there exists a constant4 0 such that:
the sequence of rescaled puzzle pieggs**1)Cs, 2 converges for the Hausdorff
topology to the filled-in Julia sek ( f,,2); and
. the sequence of rescaled puzzle pigaga*—1)Cs, _3 converges to the filled-in Julia
setK (fo).

Let us mention that a similar result has already been proved by Lyubict for
Fibonacci maps in degree two. He proved the convergence in shape of some puzzle pieces
to the Julia set of — 72 — 1.

2. Dynamical systems

In this section, we will quickly recall the definition of polynomial-like mappings (see
[DH]) and of generalized polynomial-like mappings (segl]]). We will also define the
corresponding notion of renormalization.

2.1. Polynomial-like maps. In [DH], Douady and Hubbard introduced the concept of
polynomial-like maps. A polynomial-like map is a branched covering/ — V between
two topological diskg/ andV, with U € V. One defines the filled-in Julia s&t(f) and
the Julia set/ (1) of a polynomial-like mapf : U — V as:

K(f)={zeU|(VneN) f"(z) e U} and J(f)=03K(f).

Definition 1. We say thatf is a DH-map iff : U — V is a polynomial-like map having
a single critical pointv € K (f).

Remark.The Julia setX (f) andJ (f) are connected if and only K (/) contains all the
critical points of f. Hence, the Julia set of a DH-map will always be connected.

Douady and Hubbard showed that a polynomial-like map behaves dynamically like a
polynomial.

PropPoOsITIONL. (Cf. [DH]) For each DH-mapf, there exists
e aunique polynomiaP. of the formz¢ + ¢, up to conjugacy by — e27k/(t=1 7,
k=0,1,...,¢-1,
° topological diskd/. and V,, and
° a quasi-conformal homeomorphigm V — V, satisfyingd¢ /97 = Oa.e.onK (f),
such that for all; € U,
$pof=P.od.

We will say that the two maps are in the same hybrid class.
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Definition 2. Given a DH-mapf : U — V, we sayf is renormalizable if we can find
° an integek strictly greater than 1, and

° topological diskd/1 andV; containingw,

such thatf°f : Uy — V is a DH-map.

We will say f is k-renormalizable and that°* : U; — Vi is a renormalization of
f. We will be interested in one particular polynomial, called the Feigenbaum polynomial,
which is the unique polynomialPreig = 2+ CFeig With creig € R, 2-renormalizable,
and such thaPrejg and its renormalizations are in the same hybrid class. Results about
the existence and uniqueness of this polynomial are discuss&l iim [dMvS], and in
[McM2].

2.2. Generalized polynomial-like mapsAnother family of polynomial-like maps was
introduced by Lyubich inlly1] to study what happens when the critical point escapes
from U. This kind of map appears naturally when one studies cubic polynomials with two
critical points, one escaping to infinity, the other having a bounded orbit B¢p.[

Definition 3. A generalized polynomial-like map, which we will call an L-map, is a
ramified covering map

k—1 )
v -v
i=0

such that:

. there is a unique critical poini € U°;

. the orbit ofw is contained in the union of thig’;

. eachU' contains at least one point of the orbitwfand ifi < j the orbit ofw visits
U' beforeU/;

. eachU!,i =0,...,k — 1, is a topological disk compactly contained

e theU' are pairwised disjoint.

There is only one way of ordering tli¢ because of the third condition. We can again
define

k-1
K= {z () € U U',Vn e N} and J(f) =K (f).
i=0
Figure 3 shows an L-map : U°U U — Vv, wheref is a cubic polynomial with one
critical orbit escaping to infinity and one critical point having a bounded orbit.
As in [BH], [H] or [Mi], we can define the puzzles associated to an L-map.

Definition 4. The puzzles are defined by induction:

. the elements of the puzziBy(f) of depth O are the open setg (called puzzle
pieces);

° the elements of the puzzl@, of depthn are the connected componentsfof’ (Pp).

We can define a notion of renormalization associated to those L-maps.

Definition 5. We will say f is L-renormalizable if we can find
. a finite collection of puzzle piece[q', i=0,...,] -1, apuzzle piec&; and
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FIGURE3. The L-mapf : U° U U — V and its Julia set.

° integersy;,i =0,...,[ — 1, with atleast one; > 1,

such that

e weUland

e themapg: J/Z Ui — Vi defined byg|Ui = f°* is an L-map.

We say f is (no,...,n—1)-renormalizable, an¢g : UZ§Ui — Vi is an L-
renormalization off .

In this context, we will study Fibonacci maps, which are L-maps defined by some
dynamical properties. Such maps were introducedHik Jand BH], and studied further
in [LM], [Ly1], [BKNS] or [SN].

For the two kinds of renormalization, the maps we are interested in are infinitely
renormalizable. We will assume the sequence of successive renormalizations converges
to a fixed point of renormalization (cfS], [dMvS] or [McM2] for the Feigenbaum case,
and [SN] for Fibonacci maps). We will then study those fixed points of renormalization,
using Epstein’s work (cf.E2]).

To do this, we must first introduce two notions. The first one is a notion of convergence,
which will enable us to talk of limits; the second one is a notion of germs, which will allow
us to talk of fixed points of renormalization.

2.3. Topology on the space of polynomial-like map& [McM1], McMullen introduces
the following topology. First of all, a pointed region is a pélif, u), whereU c C is an
open set, and € U is a point.

Definition 6. We say thatU,, u,,) converges tqU, «) in the Caratkodory topology if and

only if:

. u, — u, and

° for any Hausdorff limitk of the sequenc®! \ U,, U is the connected component
of P1\ K which contains:.

To define a topology on the sets of polynomial-like maps, we use a theorem by
McMullen.

https://doi.org/10.1017/50143385700000705 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000705

1294 X. Buff

PrROPOSITION2. (Cf. [McM2]) Let
&n : (Un,up) = (Vu, vp)

be a sequence of proper maps between pointed disksdegfp,) < d. Suppose, — u,
gn converges uniformly to a non-constant limit on a neighborhood, @nd (V,,, v,) —
(V,v). Then(U,, u,) converges to a pointed digkK/, u), andg, converges uniformly on
compact subsets &f to a proper magg : (U, u) — (V,v), with1l < degg) < d.

This enables us to define a topology on the sets of DH-maps or L-maps, because each
branch of those maps are proper maps between disks. For DH-maps and L-maps, there is
a natural way of choosing the basepoints. One can, for example, take the first visit of the
critical orbit in the disksJ".

2.4. Space of germs.In [McM1], McMullen introduces the notion of germs of
polynomial-like maps. We can adapt this notion to L-maps. To do so, we just need to say
two mapsf1 and f> are equivalent if they have the same Julia &&tf1) = K (f2) = K,

andif f1|K = f2]K.

Definition 7. The setG of germs] f] is the set of equivalence classes.

McMullen gives G the following topology: [f,] — [f] if and only if there are
representativeg, and f, which are DH-maps or L-maps, depending on the context, and
such thatf,, — f for the Caratbodory topology. Then, the space of germs is Hausdorff.

3. Feigenbaum maps

All the results we will state here have already been proved by Ep$éjrahd McMullen
[McM1]. The goal is to introduce some functional equation satisfied by fixed points of
renormalization, and to state some results related to it. The work we present here has been
completed in B1].

3.1. Feigenbaum polynomial. The Feigenbaum polynomial is the most famous example
of a polynomial which is infinitely renormalizable (meaning itkigenormalizable for
infinitely manyk). It is the unique real quadratic polynomial which fs2normalizable
forallk > 1.

Definition 8. One can define the Feigenbaum polynomial as the unique real polynomial
which is a fixed point of tuning by-1.

Tuning is the inverse of renormalization. Given a parameterM, such that zero is a
periodic point of periogh, Douady and Hubbard have constructed a tuning map, cxx,
which is a homeomorphism @ff into itself, sending zero to, and such that it = 1/4,
thenf.., is p-renormalizable, and the corresponding renormalization is in the same hybrid
class asf;. This is how they show there are small copies of the Mandelbrot set inside itself.
The Feigenbaum valuereig = —1.401155.. ., is in the intersection of all the copies
of M obtained by tuning by-1. This intersection is not known to be reduced to one point,
but its intersection with the real axis is reduced to the paia.
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3.2. Feigenbaum renormalizations.By construction, the Feigenbaum polynomial,
Preig, is 2-renormalizable. There are several renormalizatipnsU — V such that
g = f?|U is a DH-map. But all those renormalizations define the same germ of the DH-
map. By the straightening theorem (sB&]), there is a unique polynomial which is in the
same hybrid class as i.e. quasi-conformally conjugate goon a neighborhood of its Julia
set, thed derivative of the conjugacy vanishing almost everywhere on the Julia set. This
polynomial is a real polynomial, becaugss real, and &renormalizable for alk > 1.
Thus, it is the Feigenbaum polynomial.

We can define a renormalization operaf®s,

Definition 9. Assume[ f] is a germ of a quadratic-like map which is renormalizable with
period two. There exist open sei5 and U such that the mag : U’ — U defined

by ¢ = f°%|U is a polynomial-like map with connected Julia set. The renormalization
operatorR; is defined by

Ra(lf]) =l togoal
with @ = g(0) = £2(0), anda(z) = az.

We have normalized the germs, so that the critical value is one.

We have seen that [ff] is a germ of the Feigenbaum DH-map, thRa([ f]) is still
a germ of the Feigenbaum DH-map, and we can iterate this process, defining in such a
way a sequence of germR&S5" ([ Preigl), n € N. The following result can be found irg],
[dMVS] or [McM2].

PrROPOSITION3. The sequence of gern85"([Preigl), n € N, converges (for the
Caratheodory topology defined in the introduction) to a pdigl. By construction this
point is a fixed point of renormalization:

Ra([¢D) = (],
and is in the hybrid class of the Feigenbaum polynomial. It is the unique fixed pddst of

Remark.We say that two quadratic-like germig] and[g] are in the same hybrid class if
there exist representativgs: U’ — U andg : V' — V which are in the same hybrid
class.

Now, if [ f] is a fixed point ofR», then it satisfies the following functional equation,
known as the CvitanogiFeigenbaum equation.

PROPOSITION4. Let[ f] be a fixed point ofR,. Then,
1
f@) = —&f(f(az)), O<a<l,

fO =1, and
f(z)=F(z%, with F'(0) # 0.

This equation is satisfied at least on the Julia sef ¢fvhich does not depend on the
representativg’ of the germ f]).
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3.3. Study of some functional equationdNow the question is: what information can we
obtain from this equation? The way we can deal with it was explained to us by Epstein and
is developed inEE2]. There is a global theory which enables us to deal with the study of the
fixed points of the three kinds of renormalization at the same time. The functional equation
we will study will depend on two parameters. The first is the degrafethe critical point.

The second is a parametewhich corresponds to the case we are dealing with:

. in the case of renormalization for DH-maps+= 1; and

. in the case of renormalization for L-maps= 1/2.

Definition 10. The universal equation is the following system of equations:

1
f@) = —Xf(f(k”z)), O<ir<l,
fO =1 and
f(2) = F(zY, with F’(0) #0.

First of all, we want to study solutions such thyatnd F are real analytic maps on an
open interval/ containing 0, and their complex extension. So/die an open interval in
R, possibly empty, and define

CU)={zeC|Im(z) #0, orz e J}=Hy UH_U J,

where
Hy ={zeC|Im(z) > 0} = —H_.

F(J) is the space of holomorphic functionsin C(J), such that:(z) = h(z). PX(J) C
F(J) is the space of functions such thati(H,) c H,. A functions e PL(J) is
called a Herglotz function (ane-# is anti-Herglotz). We will study solutions of the
universal equation, such that is univalent in a neighborhood of zero, and has an anti-
Herglotz inverseF L. In fact, as the limit of renormalization can be obtained as a limit
of polynomials having all their critical values iR, this condition is satisfied by the fixed
points of renormalization we will consider.

The first step is to look at the graph ¢gfon the real axis. Figure 4 shows what this
graph looks like. This graph gives the relative position of several points on the real axis.

PropPoOSITIONS. (Epstein (cf. E2])) Let f be a solution of the universal equation, and
xo > 0 be the first positive preimage of zero Jfy Then:

e f(Ax0) = x0;

. f(@Q) = —x;and

e the first critical point inR* is xg/AY, with f(xo/A") = —1/A.

Moreover, the universal equation can be restated in two surprising ways in the following
commutative diagrams. The first diagram tells us thgs an attracting fixed point of the
map f (A'z). The linearizer isf.

fr2)
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1.,\

Zo

~1/A

FIGURE 4. The graph off onR*.

The second diagram tells us that 1 is a repelling fixed point of the #fa f (z). The
parametrizer ig.
—1/Af(2)

_—

~

oO——

o——p
~

Z/Av

The first diagram enables Epstein to study how much one can ektehdHis results
are as follows.

THEOREM1. (Epstein (cf. E2])) Let f(z) = F(z%) be a solution of the universal

equation, such thaf —1 is anti-Herglotz. We then have the following results:

e onecanextend ! suchthatF—1 e —P1(] — 1/x, 1/A2]);

° one can extend’~ continuously to the boundaf of H.,, and even analytically
except at pointg—1/1)", n > 1, which are branching points of typé/¢;

e thevalues o 1 are never real exceptip-1/x, 1/22];

. the extension of ~* to the closure off, is injective; and

. whenz tends to infinity ifHl,, F~(z) tends to a point i, which will be denoted
by F~1(io0).

By symmetry, similar statements holdlifi.. Hence W = F~1(C(] — 1/A, 1/A2])) is
a bounded domain . These results are summarized in Figure 5.
In the following, we will use the notation

Cy =C\ (- 00, —1/A]U[1/A2, +o0]),
W= FC,), and
W={zeC|z'eW).
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FIGURES. Maximal univalent extension df.

.'r ™ ﬂ‘\\-. = _./, ﬁ“-l_\". f
W)
~1A| KD 1/)°
® ..I Y -Jf_ Ty 'l [ & (C)\
\ B f,'f\

FIGUREG. The Feigenbaum map: W — G, .

By construction,
f W — G,

is a ramified covering with only one critical pointin 0, of degfe&he setW is symmetric
by rotation of angle 2z /¢.
In [E2)], Epstein uses this information to prove the following result.

THEOREM2. (Cf. [E2] and Figure 6)Let f be a solution of the universal equation of
parametersy = 1 and¢ = 2. The mapf : W — C, is a polynomial-like map. It is
quasi-conformally conjugated to the Feigenbaum polynorhiaiy.

Proof. See E2] or [B1]. |

To study the geometry of the Julia set of the Feigenbaum polynomial, it is sometimes
enough to study the geometry of the Julia K&tf) of this polynomial-like map. This has
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been done inB1]. Some results are easier to obtain using the fixed point of renormalization
because of the invariance with respect to the scalingmapaz.

4. Fibonacci maps

In this section, we will deal with renormalization for L-maps and, more precisely, for
Fibonacci maps. We will see that the dynamics of Fibonacci maps is strongly related to
Fibonacci numbers, so let us first recall the definition of the Fibonacci seqdgnce

Definition 11. The Fibonacci sequenc® is defined bySy = 1, S1 = 2, andSi4+1 =
Sk + Sk—1.

In particularSz = 3, S3 =5, S4 = 8, S5 = 13, and so on.

4.1. Definition of Fibonacci maps. Let us now return to the definition of Fibonacci
maps. We have defined the puzzlBs associated to an L-map in the introduction.
Following Branner and HubbardH], we will distinguish the puzzle pieces that contain
the critical point and define a notion of genealogy between those pieces.

Definition 12.Let f : | JU' — V be an L-map, and for eache K (f), let P,(z) be the
puzzle piece of depth which containg.

The critical pieceC, of depthn is defined to beP, (w) if n > 0 andC_; is defined to
be the pieced/’.

For alln > —1, the children ofC,, are the critical pieces; such thatf°!="(C;) = C,
and f°K(C;) does not contain the critical poimtfor 0 < k < [ — n.

Remark.If C; is a child ofC,, then f°¢=™ : ¢; — C, is a ramified covering ramified
only atw.

Let us now define what is a Fibonacci map.

Definition 13. A Fibonacci map of degree> 2 is an L-mapf : U°U U — V having a
critical pointw of degree? and satisfying the following conditions:

. for eachn > —1, the critical piece&,, has exactly two children;

e if Cyisachild ofC,, then o= (w) € C, \ C;.

Figure 7 shows the domain, range and Julia set of a Fibonacci map having a critical
pointw of degree six.

We would like to mention that our definition of Fibonacci maps is not the one given by
Branner and Hubbard irBH], but we will show that it is equivalent. The first condition is
not sufficient to guarantee that those maps are Fibonacci maps in the seBsH.of he
second condition says that there are no central returns in the terminology of Lylypigh [

The way Branner and Hubbard define Fibonacci maps is as follows. They introduce the
concept of aableauin order to describe recurrence of critical orbits for cubic polynomials
having one escaping critical point, and one critical point with bounded orbit. They call
a Fibonacci map if the tableau gfis the ‘Fibonacci tableau’. The restriction of such a
polynomialf to well chosen domains® andU? gives rise to an L-mayp : U°UU — V.

It is then clear from the definition of the Fibonacci tableau that every critical piece of
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FIGURE7. A Fibonacci map having a critical point of degree six.

f has exactly two children (this is in fact the reason why the Fibonacci tableau was
introduced by Branner and Hubbard), and that there are no central returns. Hence the
L-map f : U° U Ut — V is a Fibonacci map in our sense.

On the other hand, we will show that the orbit of the critical point of our Fibonacci maps
returns closer to itself after each Fibonacci number of iterations in some combinatorial
sense; more precisely, we will show that® (w) belongs to the critical puzzle piece of
depthS,+1 — 3 but not to the critical puzzle piece of defh;1 — 2. This is precisely the
way Branner and Hubbard define the Fibonacci tableau.

This discussion and Proposition 12.8 iBH] show that there exist Fibonacci maps
having a critical point of arbitrary degrée> 2.

In [SN], van Strien and Nowicki mimicked an argument due to Lyubich and Milnor
[LM] and proved that, for every even integér> 2, there exists a Fibonacci map
f:UU Ut - Vv satisfyingf(z) = f(z) andf(z) = F(z%) with F'(0) # 0.

Definition 14.We will say thatf is a real symmetric Fibonacci map of degied and
onlyif f: U°U U — V is a Fibonacci map satisfyingi(z) = f(z) and f (z) = F(z)
with F’(0) # 0.

The proof is based on the formal machinery of kneading theory developedTinp. [
The first step consists in constructing a polynonitat) = z¢ + ¢ such that the orbit of
the critical point returns closer to itself after each Fibonacci number of iterations. The
second step consists in renormalizing this polynomial in the sense of L-maps, so as to get
an L-mapf : U°U U — V wheref|U® = P°® and f|U' = P°3. One can easily check
that for this map,f, the orbit of the critical point still returns closer to itself after each
Fibonacci number of iterations so that it is a Fibonacci map.

https://doi.org/10.1017/50143385700000705 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000705

Fixed points of renormalization 1301

UO

Uy

fo2
FIGURE8. A Fibonacci map i$2, 1) renormalizable.

We will now show that a Fibonacci map is infinitely renormalizable in the sense of L-
maps. Afterwards, we will prove the equivalence between our definition of Fibonacci maps
and the one given by Branner and Hubbard.

4.2. Renormalization of Fibonacci maps.

PROPOSITIONG. (See Figure 8)Given a Fibonacci mapf : U° U Ul — V, let
Vi = Co be the critical piece of depth, Uf = (2 be the critical piece of dept8,
andU} = Pi(f°%(w)) be the piece of depththat containsf °2(w). Then, the mapping
g: UYU UL — Vi defined b ly0 = fo2 andg|,: = f is a Fibonacci map.

Remark.We will call g the canonical renormalization gf.

Proof of Proposition 6.Let us first prove a lemma that will be useful to prove this
proposition and Lemma 4 below.

LEMMA 1. Let f : U° U Ul — V be a Fibonacci map. Thenf(w) € Ul and if
f(w) € UL, we havef°"tD (w) e UC.

Proof. The first statement simply follows from the fact thahas no central returns. The
second statement follows from the fact tifat; = V has only two children. Indeed, let
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Co = U% andC be the critical puzzle pieces of depth 0 and 1. Then, writing

Co _f) C_1 and (1 —f> Ut —f> C_,

we see thatCp andC; are the two children of_1. In particular, there can be no extra
child.

Thus, letU = f|;}(Ul) be the connected component6f1(U1) which is contained
in U (see Figure 8). Let us prove that the critical orbit never eritert§ this were not the
case, then we could defineo be the least integer such théft/ (w) entersl/, and we could
pull-back univalently the puzzle piedé along the orbitf (w) — --- — f%(w) € U.
Pulling-back once more by/|;,0, we would obtain an extra child @f_;.

Hence, if f"(w) € UL, then f°+tD(w) e v \ U and sincef*"tD(w) € K(f) C
U% U U?, we see that the proof of the lemma is complete. i

Let us now prove that the map: Uf U Ul1 — Vi is an L-map. Since the connected
components of the domain and rangegofre puzzle pieces, they are topological disks,
and given two of them we have only three possible configurations: they are equal; one is
compactly contained in the other one; or their closures are disjoint. S/iﬁdxathe critical
piece of depth 2 an#ly is the critical piece of depth 0, we see tllilﬁ € V1. Furthermore,
since f(w) € Ut and f*%(w) € U° = Vi, we see thayf°? : U? — V1 is a ramified
covering, ramified only ab. On the one hand, the ‘no central returns’ condition implies
that f°%(w) ¢ UY. On the other hand, by definitiof°(w) € U{. Hence, the closures of
U? andU? are disjoint. Besides, Lemma 1 shows tiatcontainsf°%(w). Since,Vy is a
puzzle piece of depth O arlnz‘lll is a puzzle piece of depth 1, and since both of them contain
f°%(w), we see thal/] € V1.

Let us now show that the critical orbit gfnever escaper U Ull. Assumeg® (w) €
Vi\ UQ = Co\ C2. We want to show thag**(w) € UL. Sinceg®(w) = f°*(w) for
some integek, and sincew € K(f), we see thag®”(w) belongs to a puzzle piece of
f of depth 1 contained g \ C2. It cannot be inside the critical pieag, since the
puzzle pieces of depth 2 containeddn \ C» are mapped by and f°2 into U1, so that
Fo*tD () and f°*+2 (w) would both be insidé/!, contradicting Lemma 1. Hence,
£°"(w) isinside a puzzle piece of depth 1 contained'i\ C1. Assume it is a puzzle piece
U +# Ull. Then, we can use the same argument as in the proof of Lemma 1: yveddhe
least integer such that/ (w) entersU, and we pull-backCq along the following orbits:
0> f@ > f2w) € Co,w > flo) > f2w) e Ul = f3w) e Co, and
o f) > = [ (w) e U Ut e Cyshowing thatCy has at least three
children.

Let us finally show thag : Uf U Ul1 — V1 is a Fibonacci map. The critical pieces of
the puzzle ofg are exactly the critical pieces of the puzzlefoivhich are children o0,
grand-children ofCp, grand-grand-children afp, and so on. In particular, every critical
piece ofg has exactly twagg-children. Besides, sincg has no central returns, the same
property holds fog, which concludes the proof of the proposition. |

Let us now use this renormalization result to prove that our definition of Fibonacci maps
is equivalent to the one given by Branner and Hubbard.
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PROPOSITION?. If f: U9U Ut — V is a Fibonacci map, then, for any> 0, f°5 (w)
belongs to the critical puzzle piece of depth.1 — 3 but not to the critical piece of depth
Sn—i—l -2

Remark.One can easily check that this corresponds to the definition of the Fibonacci
marked grid given inBH, Example 12.4].

Proof of Proposition 7.Let us subdivide the proof into two lemmas that will be used again
later.

LEMMA 2. Let f : U9U Ut — V be a Fibonacci map. Then, we can define a sequence
(fn: Uy? U Uy:,L - Vn)nZOa

where fo = f and f,+1 is the canonical renormalization ¢f,. Then forn > 1.

e the connected components of the range and the domajp afe V,, = Cs, 3,
Ul? = CS)1+273 and UI;L = PS)1+1+Sn7173(fOSH (CL))),

e therestrictions off, to U, andUy are f,lyo = f°5* and fuly1 = fo5-1.

Proof. The proof is an easy induction based on the definition of the canonical
renormalization. We leave the details to the reader. |

LEMMA 3. Let f : U°U U — V be a Fibonacci map. Then, for any integer> 1,
Cs,.,—2 is achild ofCg, ;.

Proof. This is again proved by induction. We first claim that the induction property holds
forn = 1. Indeed(Cs,_» = C1, Cs,—2 = C_1, and we have

aLuvt Lo,
so thatC, is a child ofC_1.

Next, assume that the induction property holds for some integerl. Then, f°5++1
restricts to a ramified covering between the critical piece of d§pth — 2 and the piece
of depthS,42 — 2 — S,+1 = S, — 2 which containsf°>»+1(w). Since Lemma 2 shows
that f°5+1(») € Cs,,,~3 C Cs,—2, we see thayf°5+1 : Cs, ,_» — Cs,_2 is a ramified
covering.

We still need to see that°S+t : Cs,,,—2» — Cs,—2 is ramified only aw. To prove
this result, observe that°S+t = f°%-1 o f°S  SinceCs,,,—2» C Cs,,,—2 and since
Cs,,,—2 is achild ofCs, ,_», we see thaf°S" : Cs,,,—2 — f°5(Cs,,,—2) is a ramified
covering, ramified only ab. Hence, we only need to prove that the restrictiorf©%:-1 to
f°5(Cs,,,—2) is univalent. We already know that this restriction is a (possibly ramified)
covering onto its image. Hence, we must show tﬁa%l(cgm,z) does not contain a
critical point of f°5-1. Recall that by Lemma 2 the restriction ¢PS- to Cs,,, -3
has a unique critical point ab. Hence, it is sufficient to show that°S:(Cs,,,—2) C
Cs,.1-3 \ Cs,,,—2 (see Figure 9). By definitionf°5(Cs,,,—2) is the puzzle piece
of depthS,42 — 2 — S, = S,41 — 2 that containsf°5*(w). By Lemma 2, we have
o5 (w) € Cs,,,-3, so thatf°*(Cs,,,—2) C Cs,,,—3. Besides, the induction property at
leveln says thaCs, , > is a child ofCs,_, > and the no central return condition implies
that f°5 () & Cs,,—2. In particular,f°(Cs, ,,-2) C Cs,,,-3\ Cs,,1-2. O
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FIGUREQ. The position off°S (Cs,  ,_2).

The proof of the proposition is contained within the proof of Lemma 3, since
fo%(0) € f°5(Cs,.,-2) C Cs,,1-3\ Cs,1-2- O

From now on, all Fibonacci maps we will consider will be real symmetric Fibonacci
maps. In particular, the critical point is zero. We now come back to the renormalization of
Fibonacci maps.

Definition 15.We can define a renormalization operaitf, 1), on the set of Fibonacci
maps, by
Rey(f) = alo goa,

whereg is the canonical renormalization ¢f and wherex(z) = g(0) - z = £°%(0) - z.

The mapR2,1)(f) is normalized so that its critical value is one. The renormalization
operator can be projected to the space of germs of Fibonacci maps. We will keep the letter
R(2,1) to denote the projection.

The results obtained by van Strien and Nowicki BN] can be reformulated in the
following way.
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THEOREM3. (Cf. [SN, Theorem 7.1])

e Assumefi : UU UL — viand f, : U2 U UL — V; are two real symmetric
Fibonacci maps of even degrée- 4, such thatf(0)- fl"z(O) and f2(0)- f2"2(0) have
the same sign. Then, there exists a quasi-conformal homeomorpghisvh — V>
which conjugates the Fibonacci mapsand f>. Moreover, there exists a constant
¢ > 0 such thaty is C1t¢ at zero.

° For every even integet > 4, the renormalization operatoR 2 1) has a unique
cycle{[ f1], [ f2]} of order two, wherg f1] and[ f2] are two germs of real symmetric
Fibonacci maps of degree If f : U°U Ul — V is a real symmetric Fibonacci
map of even degreé > 4, then the sequencﬁ;’é’!l)([f]) converges to the cycle

{{/1], [f21}.

Proof. The proof given by van Strien and Nowicky consists in first obtainingagaiori
bounds which show that the closure of the post-critical set is a Cantor set with bounded
geometry. If f1(0) - ffZ(O) and f>2(0) - f2°2(0) have the same sign, then the ordering
of the critical orbit on the real axis is the same, so that two maps are quasi-symmetrically
conjugate along their critical orbit. Then, applying a pullback argument due to Sullivan and
described indiMvS], van Strien and Nowicky show that this quasi-symmetric conjugacy
can be promoted to a quasi-conformal conjugacy between the two Fibonacci maps.

To prove that the conjugacy &'+¢ at zero, they use renormalization techniques, and
the theory of towers introduced by McMullen iIMEM2]. They show the convergence of
renormalizations to a cycle of order two at the same time. |

Let us now improve this result in the following way.

THEOREMA. For every even integetr > 4, let f; : U,Q U Ul.l — Vi, i = 1,2, be the two
real symmetric Fibonacci maps of degeeormalized so that; = Oand f; (w;) = 1, and
satisfyingR 2,1y ([ f1]) = [f2]1 andR2,1y([ f2]) = [ f1]. Then, there exists a neighborhood
U of 0 and a neighborhood’ of 1 such that:

e filynye = felynygs @nd

*  Nilynur =~ felynu

Proof. To prove this theorem, let us define a flipping operator which to a Fibonaccifmap
associates the new mgp: U° U U — V defined byf|U° = f and f|Ut = —f.

LEMMA 4. If f: UUU! — V is areal symmetric Fibonacci map, th¢n: U°U UL —
V is still a Fibonacci map.

Proof. The fact f is still an L-map is not obvious. We must first show that the orbit of

o = 0 stays inU% U U1, and then show that the genealogical properties are satisfied.
We definew, to be thenth iterate of the critical pointw, = f°"(w). Let us show by
induction that for any: > 0, @, = " (») = Fw, if w, € U° andd, = w, if w, € UL
Indeed, we have already mentioned in the previous proof that the difference between two
consecutive returns of the critical orbit & is at most 2. This implies thatif,_; € U1,

thenw, € U°. Hence, assuming the induction property holdsier 1, we see that:

o ifw,_1€U°thend, = f(tw,—1) = w, € UPU UL and

° if wp_1 € UL, thend, = — f(wp—1) = —wn € UL
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This shows that the induction property is true fiorMoreover, the critical pieces of the
puzzle of f are exactly the piecas,, and f°K(C,) is either f°¥(C,) or — f°¥(C,,). Thus,
the genealogies of and f are exactly the same. Heng@js a Fibonacci map. |

LEMMA 5. If f : U°U U — V is a real symmetric Fibonacci map, then the flipping
operator and the renormalization operator commute:

Ry fD) = Ry fD.
Proof. We have seen that the central branch of the canonical renormalizatfas ¢f o fo,
where fo = f|y 0 and f1 = f|,1. The other branch ig;. Hence,ﬁ(z,l)([f]) has central
branch Yaf1 o fo(az) and outer branch-1/« f1(az), wherea = £°2(0).

On the other hand, the canonical renormalizationfafias central branchk- f1 o fo
and outer branch- f1, and f°2(0) = —f°%(0) = —a. Hence,R.1)([f]) has central
branch—1/a[— f1 o fo(—az)] = 1/af1 o fo(az) and outer branch-1/a[— fi(—az)] =
—[—1/af1(@z)]. O

We now claim that if{[ f1], [ f2]} is the cycle of order two of real symmetric germs
of Fibonacci maps of degregwhich is invariant byR 1), then we necessarily have
[f2] = [fi]. Indeed, observe thdf f1], [ f-1} is a cycle of order two of real symmetric
Fibonacci maps of degreewhich is invariant byR2,1y. By uniqueness of such a cycle
(see Theorem 3), we havef1l, [/21} = {[/1]. [f2]}, and sincd f1] # [f1], we have
[f2] = [f1].

This shows thag: and 2 coincide in a neighborhood & (1) NU? = K (f2)NU2, and
f1 and— f> coincide in a neighborhood & (f1) N Ul1 = K(f2) N Ug, which concludes
the proof of Theorem A. m|

We will now show that iff : U° U U! — V is a real symmetric Fibonacci map such
thatR2.1)([f1) = [f], then the restrictiorfo = £|,0 of f to U° satisfies the following
system of equations, which we will call the Cvitanoviibonacci equation:

1
f@) = —Ff(af(OtZ)), O<a<l,
f(O)=1 and
f(z) = F(zY, with F/(0) # 0 and¢ > 4 even.
Indeed, letfy = f|UL. Then, writing dowrR 2.1)([ 1) = [ f] gives
fo(z) = =1/ fo(afoez)), and
f1(2) = =1/afo(az).
Indeed, we have seen that the central brandR@fy) ([ f]) is 1/« f1 0 fo(az) and the outer

branchis Jafi(az). AsR@.1)([f1) = [f], we get
1
fo(z) = Efl o fo(az)
and 1
@ = —Efo(ocz)

for all z in the Julia setk (f), which enables us to conclude, replacifigin the first
equation.
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4.3. Solutions of the Cvitanof4-Fibonacci equation. We will now study the geometry
of the solutions of the CvitanowFibonacci equation. In particular, we will study the
domain of analyticity of such solutions.

Definition 16.Let f and g be two holomorphic functions defined on open connected
domains ofC: Uy andU,. We sayg is an analytic extension of if g is equal tof
on some non-empty open set. Moreover, if all such analytic extensions are restrictions of a
single map

f ‘W — C,
we will say thatf is the maximal analytic extension ¢f

THEOREM B. For every even integet > 4, let f be the solution of the Cvitand#
Fibonacci equation in degreg and setf,(z) = f(az) and f,2(z) = f(@?2).

Then, there exist domaing, c C andW,. C C containing0 such thatf, : W, —
Ja(We) and f,2 : W2 — f,2(W,2) are polynomial-like mappings of degrée Besides,
Jo @ Wy — fo(W,) has an attracting cycle of orde2 and f,> : W2 — f,2(W,2)
has an attracting fixed point. In particular, the Julia sétf,) is quasi-conformally
homeomorphic to the Julia sé{(z — z¢ — 1) and the Julia sell (f,2) is a quasi-circle.

Finally, the domain of analyticity of is the quasi-dis@ bounded by the quasi-circle

ol (f,2).

Remark.The functionsf, andf,- are not conjugated tf. As we will see, their dynamical
behavior is really different.

Proof of Theorem BThe mapf, is a solution of the universal equation we introduced in
the preceding section far= «? andv = 1/2:

1
fa(Z) = _Xfa(fa()\UZ))o

We will use the notations of the preceding section, indexing all the sets with thedetter
We have seen that there exists a bounded doairC C such thatf, : W, — C,2 =
C( - 1/a?, 1/ is a ramified covering.

Let us now show that the interpretation of the universal equation in terms of a
linearization equation enables us to prove the following lemma.

LEMMA 6. (See Figure 1The maps
Jao Wy = Cp2 and f2: W =Wy/a — Cp
are DH-maps with attracting cycles.

Proof. By definition of W, the mappingf, is a ramified covering map frow, to C,2
with only one critical point of degreéin 0. Hence, the may,. is a ramified covering
from W,z to C,2. Moreover, as the degree is even,

Wo NR = [—xo/a, xo/a] C1— 1/, 1/al,

with f,(x0) = 0. The inclusion is given by the relative position of points obtained from
Figure 4. Hencef, and f,. are both polynomial-like maps. We will show that they are

https://doi.org/10.1017/50143385700000705 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000705

1308 X. Buff

DH-maps, i.e. that the critical point does not escape. To do this, it is enough to show that
f« has an attracting cycle of period two, afjg has an attracting fixed point. These cycles
must attract the critical point.

We can rewrite the CvitanogtFibonacci equation using the functiofis and f,2 in
two different ways:

1
fa(Z) = _;fd(faz(z))s

1 2
fa2(2) = =5 fu(fa(=a"2)).

The first equation tells us th&}, linearizesf,z in a neighborhood afo:

f.2

X0 —2 > x0

L

0 o 0

Hencef,. has an attracting fixed pointg, of multiplier «®.

The second equation tells (s o f, is conjugated by — —a?z to f,2. Hence,f, o fy
has an attracting fixed pointa?xq < 0. Sincef, (—a?xp) > 0, f, has a cycle of period
two: {—axo, fu(—ax0)}. 0

We have just shown thaf,. is a DH-map with an attracting fixed point. It follows
immediately that the attracting basi, of fyzisa quaS| dISk Moreover, ag, is the
linearizer of 2, it has a maximal analytic extensuqﬁ Wa — C. To conclude the
proof, just remember that(z) = f,(z/«), and defingV = aWa. O

Remark.The basin of attraction of the DH- m@gz : W2 — C,2 being W/oe and f,2

being conjugate tg‘oj’2 by the scaling map — —a?z, we see that the immediate basin of
the DH-mapf, : W, — C,2 has two connected components, the one containing 0 being
aW, the other one being, (aW).

Before going further, let us observe some consequences of this theorem. The following
lemma will be useful in the construction of a particular Fibonacci map (see Theorem C).

LEMMA 7. The mappingf, : W — W, is a DH-map representing the same germ as
Jo: Wy = Ca.

Proof. SinceW, is by definition the basin of attraction of the DH-m#p : W,2 — C,z,
we see that the mafj,- : Wa — Wa isa ram|f|ed covering, ramified only at zero. Hence,
the same property holds for the mgp: W — W,.

Let us now show tha/ is relatively compact W ThIS is an immediate consequence
of the following inclusion of sets (see Figure 10}/ C WeW, = W/a. The first
inclusion is obvious becausg is analytic onW, which has to be inside the domain of
analyticity W of f. To show the second inclusion, note that the magp: W2 — Cy2is
a DH-map. Hence, its filled-in Julia set, i.e. the closurd¥gt is contained inv, .

This concludes the proof of the lemma, since any polynomial-like restriction of a DH-
map represents the same germ. O
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FIGURE10. We haveW c W & Wy = W/a.

Definition 17.Fork > —1, we defineD;, andD,’( to be the sets
={zeWo | [ eW) and D, ={zeW| f V) ew).

We can now prove the following geometric result, which will be used in the proofs of
Theorems C and D.

LEMMA 8. For anyk > —1, the setsD, andD, are quasi-disks. We have the inclusions
Dy €Dis1 € Wy and K(fy) C Dy,q1 € Dy.

Besides, the mapping42 : Diy1 — Dy and f, : D,’(Jrl — D, are ramified coverings,
ramified only at zero.

Furthermore, the closure of the sBy—respectivelyD;,—converges, for the Hausdorff
topology on compact subsetskf, to the filled-in Julia seK (f,2)—respectivelX ( fo)—
ask tends to infinity.

Proof. The statement for the set®, is an immediate consequence of the fact that
fo : W - Wa is a DH-map whose Julia set §(f,), combined with the fact that
D = [fal g1~ D (W),

Proving the statement for the sé® is of the same order of difficulty. Indeed, the set
W = D_4 is contained in the basin of attraction fifz, i.e. W,. Moreover,

Di = [fel iy, 170 (W).

Finally, faz(W) = fa(aW), and since the immediate basin of the DH-map W — Wa
isaW U fo(aW), we see thaf,.(W) C W. O
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FIGURE 11. The Fibonacci map.

4.4. Construction of a Fibonacci map.We will now prove that any solution of the
Cvitanovic—Fibonacci equation gives rise to a cycle of order two of Fibonacci maps which
is invariant under renormalization.

THEOREMC. (See Figure 11§5iven any solutiory of the Cvitanovi—Fibonacci equation,
there exists a Fibonacci map : ¢/° U 41 — V such thatp and f coincide onU° and
such thatR?Z ;) (¢]) = [¢].

Proof. We first need to define the map We define)’ to be the domairV. The domain
Uy is defined to be equal ta®Dy (defined in Definition 17). Combining Lemmas 1
and 7, we see that the mappinfg : W W,isa DH-map having a cycle of period 2:
{—a’x0, fa(—azxo)}. The immediate basin of this cycle has two connected components.
The one containing O isW . We defind/? to be the other connected component. Itis clear
that?/%, 141, andV are quasi-disks.

We claim that the map : 4/° Ui — V, defined by

@ly0(z) = f(2),
Pa(d) = = f@2),

is a Fibonacci map, and that the gefg is a fixed point ofﬁ(z,l).

Step 1.Let us first show tha© andu/1 are disjoint and contained iA. Lemma 8 says that
Do = uo/a is compactly contained i, = W /. Hence, the cIosure o1 is contained

in «W. Since the immediate basin of the DH MAp: W — Wa isaW U Ul, we see that
U0 andi/* are disjoint and contained M = W (see Figure 12).
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FIGURE12. 140 andi/! are quasi-disks relatively compact¥hand their closures are disjoint.

Step 2.The map¢ : U° — V is a ramified covering, ramified only at zero and the map
¢ : Ut — Vis an isomorphism. Indeed, Lemma 8 states that: Do — D_1is

a ramified covering ramified only at zero. Usiffgz(z) = f(a?z), Do = Up/a? and

D_1 =Y, the flrst statement is proved. Using again that the immediate basin of the DH-
map fy : W — Wy isaW Ll and that the critical point of this DH-map is contained

in aW, we see thatf, : U* — aW is an isomorphism, which immediately implies the
second statement, singg 1 = fo/o.

Step 3.We now need to show that the critical orbit does not escapef®mi/*. For this
purpose, we will prove a result that will be used again later, in the study of the shape of
puzzle pieces. In the following lemmia;] denotes the integer part of

LEMMA 9. For anyk > 0, $°5 is well defined o 2D, and ¢°5%*+1 is well defined
ona?+2W. Moreover,

¢°52k : a2k+2Dk — OIZka—l and ¢°SZk+1 ca2 2w s %W

are ramified coverings ramified only at zero. In both cases, the itgrztecoincides with
the map

2> (=D)le+D 20 ¢ (%) _
o

Proof. We first claim that this property holds fér= 0. Indeed, it says that

o ¢ is well defined orw?Dg = U°, and¢ : «?Dg = U° — D_1 = V is a ramified
covering ramified only at zero which coincides with

#°2 is well defined ore®W, and¢°? : «2W — W is a ramified covering ramified
only at zero which coincides with o f (z /).
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The first point is obvious (by definition ap). The second point requires some
argumentatlon To prove this, remember that the immediate basin of the DHAmap
W — W, isaW uUl. Hence,f, : «W — U is a ramified covering, ramified only at
zero, so that

$(@W) = f(@*W) = fulaW) =

ande¢ : «?W — Ul is a ramified covering, ramified only at zero. Post-composing with the
isomorphismp : 41 — V = W, we are done. Indeed, we see that : «2W — Wis a
ramified covering ramified only at O which coincides with

> ff ) = [—a—lzf (of (aé))} = —af (z/0).

Let us now assume that the property holds for some integet > 0. We need to show
that it holds fork. Remember thaD;, ¢ W/a. Hence, using the induction property at
levelk — 1, we see thap°Sz-1 is well defined oe? 12D, c a2 ~1W c «% W. Besides,

s 42 1, [@*TDy -1, 3
¢TF ¥ D) =™ T f 1 )= f @ Dy).
SinceaDy C aW, we have

Hence, the induction property at level— 1 shows thatp°S%-2 is well defined on
¢°5%-1(¢%+2Dy) and coincides with(—1)[(—D/2lg2k=1 £(7 /4%=1) " This shows that
¢°52% = §poSu-2 5 poS%-1 js well defined orv®+2D; and coincides with

(—1)[(2’<—1>/21a2k—2f[ 1 <( 1)1(20)/2) %~ 1f( : 1))}
=1

o 3o
= (—1)l&+D/22% ¢ (%) .
o

In particular, we can write the following diagram:

sz PE
otkt Dy — > a“Dy_1

z»—>z/a2"+2l Tzw(l)[@k“)/zlazj‘z

)
Since f,> : Dr — Di—1 is a ramified covering, ramified only at zero, we see that
¢5% - «%+2D, 5 %Dy _1 is a ramified covering, ramified only at zero.

The same analysis can be performedf#é#+1 = ¢5%-1 o ¢52 and yields the diagram

~ %%
2k+2W - (XZkW

ZHZ/O{ZI{+3‘L TZ,_)(_]_)[(ZIC-%—Z)/Z]O[ZA’-%JZ

2 fy2 ~
Wy ——— Wy

We leave this analysis to the reader. |
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Since, for anyk > 0, ¢ is well defined in a neighborhood of zero, we have proved
that the critical orbit never escapes fréfl U /1. In particular, we have proved that the
mappingg : U° U — Vis an L-map.

Step 4.Let us now prove that this L-map is a Fibonacci map. We will show ¢iét(0)
belongs to the critical piece of depfh, 1 — 3 but not to the critical piece of dep#)+1 —2
(this corresponds to the Branner—Hubbard definition of Fibonacci maps).

LEMMA 10. For anyk > O, the critical piece of deptliy, — 2 is equal toa? W, and the
critical piece of depttsy 1 — 2 is equal toa®+2Dy. For anyn > 0, the critical piece of
depthS, ;1 — 3is equal toa"D;,_;.

Proof. Once more, this is proved by induction. Let us first do it for pieces of deépth 2
andSa+1 — 2. Fork = 0 observe that the critical piece of deffih— 2 = —1is W and
the critical piece of deptli; — 2 = 0 isa?Dg. This is clear by definition. Then, Lemma 9
shows that we have the following ramified coverings:

N ¢S%+1 N
062k+2W - OéZkW

$°52%+2

012k+4Dk+1 a2k+2Dk

which shows that if the critical piece of depsh, — 2 (respectivelySor+1 — 2) is aZ W
(respectivelyr®+2D;), thenaZ+2W (respectivelyw2k+D+2D, . 1) is the critical piece of
depthSy, — 2+ Sort1 = Saky2 — 2 (respectivel\Soi+1 — 2+ Sok42 = So43 — 2).

To prove the result for the pieces of degth— 3, observe that for = 0 the critical
piece of depths; — 3 = —1isD] = W. Then, assume that the critical piece of depth
Sp+1 — 3 is equal toa"D; ;. If nis odd, i.e.n = 2k + 1, then we can argue that
"D, c oW = oZ+2W. Hence, Lemma 9 shows that is well defined on
o"*1D/ and we have

e ¢0Sn i~
an+lD’/1 C Oln+1W 5 anD;z—l ca® lW
ZHZ/“"Hl TZH(D[(”“)/Z]O("Z

D, cW D, C W

a

This shows that if: is odd, thenp°S" : «"*1D] — «"D! | is a ramified covering, so
thata”“D,’l is the critical piece of deptly,, 1 — 3+ S, = S,+2 — 3. To treat the case
whenn is even, we will use the same argument. However, this requires first proving that
a1}, a® 2Dy, i.e. we need to prove the following sub-lemma.

SuB-LEMMA. For anyk > 0, D;, C aDx.

Proof of the Sub-lemmalhis property holds fok = 0. Indeed, we already mentioned that
Dy = aDo. Let us now assume that it holds for some inteiger 0. Since, by definition,
Dy, » C W, we haveDy, . ,/a C W, and

fa2 (D yp/) = fu(Doy ) = Dayyy.-
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Moreover, Lemma 8 shows th@l’zkH € Dy, Hence
fu2(Dy o) C Dy,
and by definition oDy 41 we see thaD’2k+2/a C Di41. O

We now return to the proof of our lemma. When= 2k is even, Lemma 9 shows that
¢ is well defined or"+1D; and we have

¢0Sn
"D c 2Dy ——= "D, C a?*Dy_q

ZHZ/MHll TZH(_:I_)[(rz-¢—1)/2]0[nZ
/
Di/'l C aDx 41%) Dn—l C Di-1
This concludes the proof of the lemma. O

To conclude the proof of step 4, observe that Lemma 9 implies that
¢°Sn 0) = (—1)[("+1)/2](x"f(0) — (—1)[("+1)/2](x".

Hence, to prove tha°S (0) belongs to the critical piece of depsh,.1 — 3 but not to the
critical piece of deptl$, 1 — 2, we need to show that for all> 0,a" € "D, _,, for all

even integera > 0,a" ¢ a”*ZDn/z, and for all odd integers > 0,a" ¢ a"1W. Since

for all even integera > 0, we havea”+2Dn/2 - a"*lﬁl, it is sufficient to prove that
1eD, ;\ aW. This is clear since 1 is containeddft. Indeed 4! K(fe) CD,_q,
andi/! naW = ¢, since they are the two connected components of the immediate basin
of attraction of the DH-magf, : W — W,,.

Step 5.We finally show thaﬂi(z,l)([qb]) = [¢]. The canonical renormalization of
¢:UUUL - Visy U uUL — V1, where:
e Viisequal td/°

UY is the critical piece of depth 2 S35 — 3, i.e.a?Dy;

L{ll is the piece of depth 1 that contaip®(w) = —«;

Vlye(@) = ¢°2(2) = —af (z/a); and

Viyp () = ¢() = f(2).
Hence the central branch ﬁ(z,l)(qS) coincides with—1/o[—af (—az/a®)] = f and
the outer branch oﬁ(z,l)([qS]) coincides with Yo[ f(—az)] = 1/af(az). Since the
two branches of the Fibonacci ma&z,l)(qS) and ¢ coincide, and since the range of
73(2,1)([¢]) is contained in the range g¢f—indeed,V1/a = aDg C W = V—we see that
73(2,1) (¢) is arestriction ofp. Thus, we only need to prove that there are no poinis @f)
in V' \ V1. This immediately follows from the following inclusion of sets:

K(¢) cUUU € K(fy) C D)y =aDo=V1. O

COROLLARY. For every even integef > 4, there exists a unique € 0, 1[ such that the
CvitanovE—Fibonacci equation has a solution, and this solution is itself unique.
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Proof. For every even integér> 4, we have seen that there exists a real nurabet0, 1[

such that the Cvitanog#Fibonacci equation has a solution. This solution was obtained as
a limit of renormalizations. Now, if there was another possible value of another
solution, then the renormalization operaf®g, 1, would have at least two cycles of order
two of real Fibonacci maps of degréeBut this contradicts Theorem 3. a

4.5. Shape of the Fibonacci puzzle piece3o conclude our study of Fibonacci maps,
we will show the following geometric result describing the shape of some Fibonacci critical
puzzle pieces.

THEOREMD. Let:
° S be the Fibonacci numbers defined$iyy= 1, S1 = 2, andSi+1 = Sk + Sk—1;
. ¢ > 4 be an even integer;
° F : U%U U — V be areal symmetric Fibonacci map of degreaormalized so
that the critical point isw = 0;
Cy be the critical puzzle piece of depith
f be the solution of the Cvitan@#Fibonacci equation in degrefe
a €10, 1[ be the constant defined by the Cvitardeibonacci equation; and
ot Wo = fa(Wy)and f2 : W2 — f,2(W,2) be the polynomial-like mappings
defined in Theorem B.
Then, there exists a constant~ 0 such that:
. the sequence of rescaled puzzle pieggs**1)Cs, 2 converges for the Hausdorff
topology to the filled-in Julia sek ( f,,2); and
. the sequence of rescaled puzzle pigagea*—1)Cs, _3 converges to the filled-in Julia
setK (fy).

Let us mention that a similar result has already been proved by Lyubict for
Fibonacci maps in degree two. He proved the convergence in shape of some puzzle pieces
to the Julia set of — 72 — 1.

Proof. We will first show that the theorem holds for the Fibonacci mpag/® U 41 — V
constructed in Theorem C. Since the critical pieceg of/° U /1 — V are the same as
the critical pieces op, the statement also holds fgr We will then use Theorem 3 which
says that there exists a quasiconformal homeomorptiisn¥ — ) which conjugate#
to eitherg or ¢. The fact that this conjugacy 811 at zero will enable us conclude the
proof of Theorem D.

The statement for the Fibonacci map 2/° U 41 — V constructed in Theorem C is
an immediate consequence of Lemmas 8 and 10. Indeed, let u%, ¢b# critical puzzle
piece of depth for this Fibonacci map. Then, Lemma 10 says that

2k+11r 2k+2 —1gy
Csp—2=u 1w, Cspyy1—2=0 2D, and Cs,—3=0a"""D,_,.

Then,ng,{,z/ozz"Jrl is constantly equal to the closure®df, which is preciselyk (f,2), and
Lemma 8 shows thals,, ,,—2/a?*2? = Dy converges tX ( f,2) wherea<s, _3/a" 1 =
D, _, converges tK (fu).
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Theorem 3 says that there exists a quasiconformal homeomorphismV — V
which conjugates to either¢ or ¢. Without loss of generality, we may assume that
F is conjugate t@. Sincey is C1*¢ at 0, we have

¥(2) = Az + O0(z|"),
for some real number £ 0. Observe that

k114¢
L @t =gy 20AD
o o
converges uniformly on every compact subsef phsk tends to infinity, to the scaling map
z + Az. Besides, it send€’, _»/a*t1—respectivelyCs, _3/a*1—to Cs, _o/aFt1—
respectivelyCs,—3/af~L. In particular, the compact sei€s, /a1 andCs,—p/a**+1
have the same limit. This is also true for the compact €t _3/a* 1 andCs, _3/a* 2.
Hence, the theorem is proved. m|
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