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A general spectral bound for the sizes of some vertex subsets, which are mutually at a
given minimum distance in a graph, is derived. This unifies and improves some previous
results. Some applications to the study of certain metric parameters of the graph are then
discussed.

1. Preliminaries

Let I' = (V, E) be a (finite and simple) connected graph on n := |V vertices. The distance
between two vertices u, v € V' is denoted by dist(u,v); and the distance between two
vertex subsets Uy, U, = V is defined as
dist(Uy, Up) := uelrjllliguz{dlst(u, v)}.

The notation U is used to denote the complement of the set U in V. Let 4 = A(I') be
the adjacency matrix of I', with elements a,, = 1 if u ~ v, that is, uwv € E, and a,, =0
otherwise. Its eigenvalues are denoted by 1; > 4, > -+ > 4, including multiplicities. Since
I' is supposed to be connected and nontrivial (n > 1), the Perron—Frobenius theorem
ensures that A; is simple, positive (in fact, it coincides with the spectral radius r(A)),
and with positive eigenvector v. Moreover, 4, < 0. Here we suppose that v is normalized
in such a way that its minimum entry is 1. In particular, when I' is regular, such an
eigenvector is just the all-1 vector, here represented by j. When we are interested in the
set of distinct eigenvalues, we denote it by

evl=evd ={0y> 0> >0,

(note that 8y = 4y and 6; = 4,). From the positive eigenvector v, we consider the map
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p 2V > R" defined by pU =3, vue, for any U # 0, where e, represents the uth
canonical (column) vector, and p@ := 0. Note that, with pu := p{u}, we have |pu| = v,,
so that we can see p as a function that assigns weights to the vertices of I', and ‘regularize’
the graph since v—lusz v, = 6y for any vertex u. Accordingly, for any vertex subset
U < V, we will refer to the square norm w := ||pU||*> as the weight of U. This approach
has been used in recent work to extend some algebraic results from regular graphs to
general graphs. See, for example, [8, 10, 11].

As above, let T' be a graph withev[ ={6y>0; > --- >0,}. The alternating polyno-
mials, introduced in [10], can be thought of as the discrete version of the Chebyshev
polynomials. For any integer 0 < k < d—1, the k-alternating polynomial Py, is the
(unique) polynomial of degree k satisfying

Py.(0o) =pgﬁ§f§]{p(9o) lplle < 13, (L.1)

where ||plo = maxigicq |p(0;)|. Thus, we obviously have Py = 1. Otherwise, for k > 1, it
was proved in [10] that the k-alternating polynomial is characterized by taking k + 1
alternating values +1 at evI\ {0}, with Pi(0;) = 1 and Py(0,) = (—1)*. Moreover,

1 < Py(6) < P2(09) < -+ < Pyg—1(6o). (1.2)

In particular, for the values k=1 and k=d — 1, the above characterization gives P,

2(;)‘1:(& + 1, and the (d — 1)-alternating polynomial is defined by P, {(6;) = (—1)"!, 1<

i < d. Thus, using Lagrange interpolation in the second case, we get

d
Op— 0 T
Ol L Pl = 2 (13)

Pi(0p) =2
1(6o) o, o, 1 27

where the 7;s are the moment-like parameters defined by

d
mo= [] 10:=0;), 0<i<ad
j=0.j#i
In general, it was shown in [10] that the k-alternating polynomial P, can be found by
solving a simple linear programming problem. Some particular cases of these polynomials
were used by van Dam and Haemers [5, 4] in the same context. In fact, they constitute a
standard tool in the theory of uniform approximations of continuous functions.

The Kronecker product of two matrices 4 = (a;;) and B, denoted by 4 ® B, is obtained
by replacing each entry a;; with the matrix a;;B, for all i and j. If v and v are eigenvectors
of A and B, with corresponding eigenvalues 4 and p, respectively, then u ® v (seeing u
and v as matrices) is an eigenvector of 4 ® B, with eigenvalue Au.

We finally recall that the spectral radii of two (nonnegative) matrices 4 and B such
that 4 > B (which means that 4 — B is componentwise nonnegative) coincide with their
respective maximum eigenvalues and satisfy r(A4) > r(B).

A brief sketch of the contents of the paper follows. Our main result is in Section 2,
where we derive a new bound for the weights (or sizes) of some vertex subsets, which are
mutually at a given minimum distance in a graph, in terms of its distinct eigenvalues. This
result unifies and improves a number of similar bounds recently given in the literature by
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different authors; see [3, 4, 5, 7, 8, 9, 14]. Some applications of such a result are discussed
in Section 3.

2. A general bound for distant subsets

In this section we derive our main result. As stated above, this can be thought of as
a spectral bound for the weights of some vertex subsets that are at a given minimum
distance from each other.

Theorem 2.1. Let I" be a graph on n vertices, with eigenvalues evI” = {0y > 01 > -+ > 04}.
For a given graph G with vertices 1,2,...,N, and eigenvalues ev G = {no > 11 > - > 1.},
assume that there exist some vertex subsets Uy, U,,...,Un of T such that dist(U;, U;) >k
for some integer k > 1 and any vertices i, j adjacent in G. Let p be a polynomial of degree

k such that p(6g) > 0. Then, for any given positive reals oy, 0d,...,uy, we have
0 N 2 27112
POy T AoVl o)
| min np(0)| >ivj 200 pUil 2 pU |

where minnp(0) := min{np(0) :n € evG,0 € evI \ {0p}}.

Proof. Let us consider an orthonormal basis of the vector space /%(V(G)) = RV consisting
of eigenvectors of A(G), say ¢, := (¢1,,...,Pn-)", with corresponding eigenvalues u,,
1 <r < N. Then, if ® := (¢;) denotes the matrix with such vectors as its columns, we
have ® ! = ®" and A(G) = ®DM®", where M := diag(uy, 1o, . .., uy). Hence,

N
)I] Z ¢u (M lsd)/s Z d)irqur,ur' (22)
r=1

rs=1

Now, let us consider the vector space spanned by the eigenvectors of the Kronecker
product K := A(G) ® p(A(I")), which is isomorphic to R" x --- x R" (N factors). In such a
space we take the ‘a-weight characteristic vector’ of the set (1, U;) U--- U (N, Uy), namely
f = (a1pUiloapU,| - - - lanpUy), or ‘concatenation’ of the vectors a1 pUy,...,anypUy, with
o= (ag,0,...05) € RJX; and consider its spectral decomposition:

f=

r

1
WZ“IHPUWZ‘I%%@V-FZ

N
<f¢¢' |2>"”®"“_Zzww|fgb o vtz
— r r=1 i=1

1

o || pU;
ZZ illp 2:” @V 4z,
2]

wherez € (¢, ®v,...,py ®V)T=(e; ®v,...,ex ®v) =y’ x -+ x v and, since DD =1,
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we have used that Zﬁil ¢ir¢j- = 6;j. Hence, by taking norms, we get

2| pUi*
21> = 11> — Z T H; lei ® v

i=1
N

> otlpUil* — e sz o pUi*
i=1

N
1 _
o 2 H Ui IpUil
i=1

since [[v|* — [[pUill* = llpUi|*.
On the other hand, since there is no path of length k = dgrp between (the vertices of)
the subsets U; and U}, provided that i ~ j in G, we have

0 = (Kf.f)
Al IpUi|2 algnl IpUi|2

= (D> i e K(¢p, ©v)+ Kz, > 2 oVt
r=1 i=1 r=1 i=1

N N 2
- ﬁ Z (Z “i¢ir|PUi|2> 1p(00) + ([A(G) ® p(A(T))]z,z)
r=1

i=1

p(0o) .
> vaz ZZ“%HPUH loU;1° Z¢>,r¢>,rur + [minnp(0)]]z]>
i=1 j=1
_ p(bo) 5 U loU 12 ' 01N PR
= W 2= 221eUilIpU; I + [minnp(6) |—§j pUil 1o T
i~j 1

because of (2.2). Note that, since p(0y) > 0 and o; > 0 for any 1 <i < N, for the above
inequality to hold, we must have minnp(0) < 0. Consequently, the claimed inequality (2.1)
follows. O

To optimize the above result we now have a double task.

(a) First, we must choose the constants a,..., oy in order to minimize the upper bound on
the right-hand side of inequality (2.1), which can be seen as a multivariable function
Y(ag,...,an);

(b) Second, we must find the polynomial p which maximizes the quotient on the left-hand
side of the same inequality.

Let us proceed with the study of each problem in turn.

(a) With the new variables f; := ;| pU;| | pUi|, the function ¥ to be minimized becomes

Z]LB? (B, B)
W(Bi.... fx) = =1 _ |
S NPTV NT ¥ T)
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where B is a kind of weighted adjacency matrix of G, defined as

UilllpU,; . .
(B);j = M ifi~j and (B);j =0 otherwise.
lpUillpUjll

But, from Rayleigh’s principle, we know that (B, BB)/(B,B) takes its maximum at the
spectral radius r(B) of such a matrix. Consequently, we conclude that ¥, = r(B)~!

(b) From the left-hand expression of (2.1) notice that the polynomial p can be chosen up
to a multiplicative constant. Then, assuming that such a constant is fixed in such a way
that minnp(0) > —1, we are looking for the polynomial p which attains maximum value
at 0y, that is,

o) = 0o) 0) > —1 23
p(o) max, {4(0o) : minng(0) } (2.3)
But

minng(0) = mln{no lrgilgd{q(&)}, Ne lrgl%{q(@i)}} > —1
leads to

p(bo) = max {q (00) : —1/n0 < q(0;) < —1/n.; 1 <i<d}.

q€R[x]

Alternatively, writing the above ¢ in terms of a polynomial P with norm

- N <1
[P oo gfgaz'p(g’)'

namely

_ M= Nep no + Ne
—210ne —2none”

=

we obtain the condition

p(0o) = nax {q(eo 1Pl <1}
Hence, since g(6y) attains its maximum whenever P(8y) does, the above condition leads
to taking, as the best choice for P, the k-alternating polynomial P; defined in Section 1.

Thus, from the above discussion, the ‘optimal version’ of Theorem 2.1 turns out to be
as follows.

Theorem 2.2. Let I' and G be graphs as above. Let Py be the k-alternating polynomial of T'.
Assume that there exist some vertex subsets Uy, U, ..., Uy of T such that dist(U;, U;) > k
for any i ~ j in G. Let B be the weighted adjacency matrix of G, with spectral radius

r(B). Then,
—21oNe no + e
Pi(0) < — 2.4)
00 S G =0r B~ o= (
or
_2;70’16’
r(B) < ) (2.5)

(10 — ne)Pr(0o) + (no + 1)
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Since we are free to choose the constants oy,c,,... we can also obtain suboptimal
inequalities. For instance, assuming that B has nearly constant row sums, a good strategy
would be to impose that f/; = -+ = f, which corresponds to

a1 lpUillllpUill = -+ = an[pUn | 1pUn|.

(This is optimal, for example, when G = K,.) Moreover, since ¥ is also invariant under
multiplication of all its variables o; by a constant, we can take o; = (| pU|l[lpU; /)7,
whence we get o; = (| pU;||pUil|)~! for any 1 <i < N, and then

Z lpUillllpUjll
— llpUilllp Ul

With such a value, Theorem 2.1 becomes

—1
— Uil |pU;
Pu(0y) < nofle Z IpUillllpUj || _ NMotne (2.6)
Mo — "e o~ [raeaiiraen| no — He
or
Uil |pU; —N
Z lpUillpU;ll < noMe 27)

lpUillllpU;ll (10 — ne)Pi(Bo) + (no + ne)

If T is regular, the above results are given in terms of the cardinalities of the vertex
subsets. Indeed, in this case, we know that v = j and hence |pU;| = +/|Uil, llpUil =
v/n —|U;| for any vertex subset U;. Thus, for instance, (2.6) becomes

-1

U \UillUj] Mo + e
P.(6) < ——— — . 2.8
e (Z\/n—wun—w]n) 1. 28

When we study nonregular graphs, but still want to consider the cardinalities of the
vertex subsets, rather than their weights, we can use the Laplacian matrix. The Laplacian
matrix of a graph is defined as L=L(I") := D — A('), where D =diag(dy, ds,...,9,) and
0; denotes the degree of the ith vertex (see, for example, [15]). It turns out that L has
eigenvalues evL = {0y =0 < 0; < --- < 0,4} (they are usually enumerated in increasing
order) and the eigenvalue 0 has eigenvector j. As when using the adjacency matrix,
the Laplacian matrix satisfies (p(L)).,, = 0 for any vertices u, v at distance greater than
k and any polynomial p of degree k. Thus, working now with the Kronecker product
K = A(G) ® p(L(I")), we get the analogue of Theorem 2.1.

Theorem 2.3. Let I be a graph on n vertices, with Laplacian eigenvalues ev L = {0 < 0; <
- < 04}. For a given graph G with vertices 1,2,...,N, and eigenvalues ev G = {5y > n >
“ > 1.}, assume that there exist some vertex subsets Uy, U,, ..., Uy such that dist(U;, U;) >
k for some integer k > 1 and any i, j adjacent in G. Let p be a polynomial of degree k such
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that p(0) > 0. Then, for any given positive reals oy,d,...,0y, we have
N 21U (n— U
20y S~ U 09)
[ min np(0) >, 220, U U]
where min#np(0) := min{np(6) : n € evG, 0 € ev L\{0}}. ]

As before, the best choice for p is given by (2.3), where the k-alternating polynomial
P, must now be understood as the polynomial with maxcicq [|[Px(0i)]s < 1 that attains
maximum value at 0y = 0, that is, on the left of the other eigenvalues.

Similar results can be obtained by using other matrices, such as the Laplace operator
L:=D7"2LD™Y? employed by Chung, Delorme and Solé in [3]. (In fact, this can be
seen as a kind of normalized Laplacian matrix.) In this case, we have ev L = {0y =0 <
0y < -+ <0, <2} and the eigenvalue 0 has eigenvector D'?j. So the ‘weight’ of a vertex
subset U; turns out now to be volU; ==} .y, di.

3. Some applications

The above results generalize and unify a number of theorems previously offered in the
literature to study some parameters of a graph from its spectrum. Most such theorems
come from the following simplified version of Theorem 2.2.

Theorem 3.1. Let I' and G be graphs as above. Let Py be the k-alternating polynomial of T'.
Assume that there exist some vertex subsets Uy, U, ..., Uy of T such that dist(U;, U;) > k
for any i ~ j in G; and weights | pU;|*> > w for any 1 i< N and w € RT. Then,
1o 2||v|?

1— 2 <

ne S w00 1 1) 31)

Proof. From the hypothesis on the weights, we have that B > —A(G), and hence

HVH2

w w

r(B) > T r(A(G)) = Ho-
vl

v —w

Then, the result is a consequence of (25). ]

A particular case of this result, when each subset U; consists of a single vertex with
constant weight w, was derived in [8], together with some applications, such as a bound
for the multiplicity of a certain eigenvalue of a distance-regular graph.

Perhaps the most interesting case of the above results is when all vertex subsets are
mutually at distance greater than k. In this case, we say that the subsets are k-independent,
a concept that generalizes the standard notion of independence (see [6, 7, 9]). Of course,
such a situation corresponds to taking G as the complete graph on N vertices, Ky, with

eigenvalues 7o = N — 1 and 5, = —1. In particular, (2.7) and (3.1), respectively, become
i ; N-—1
5 leUlleUyl _NW -1 a2
lpUilllpUsll ~ NPi(6o) + N —2

1<i<j<N
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and

2
N AP
W(P(00) + 1)

(3.3)

Now we will give some examples of applications of these results. We begin by deriving an
upper bound for an independence-like number concerning vertex subsets, whose definition
follows. For any integer k > 0 and any weight w € R, w > 1, the (w, k)-independence number
%, is the maximum number of k-independent subsets U = V with weight [[pU|? > w. As
in the standard notion of independence, it is assumed that every subset U is k-independent
from itself, so that o > 1. Then (3.3) gives the following result, which could have some
relevance in coding theory.

Theorem 3.2. Let G be a graph with eigenvalues evG = {0y > 0; > --+ > 0,}, positive
eigenvector v, and k-alternating polynomials Py, 0 < k < d — 1. Then, given a real number
w > 1, the (w,k)-independence number satisfies the bound

2
w 2]vll

%S S PO0) £ 1) (34

U

Alternatively, we can also prove the above inequality by using (3.2). Indeed, if we
consider N = o)’ k-independent sets Uy, ..., Uy with |pUi|?> > w for any 1 <i < N, each
of the N(N — 1)/2 sum terms in (3.2) are bounded below by w/(||v|> — w), so giving

w < 2
[v]2—w = NPg(0p)+N—2

and, solving for N, the result follows.
If we take w := min;<;<y |pUi|? the above reasoning ensures that, among any N
k-independent sets, it must be some set with weight

2|lv|?
= N(P(0o) + 1)

The particular case of Theorem 3.2 where all subsets have equal weight w was proved
in [8]. Such a case is, in turn, a generalization of a bound for the k-independence number
oy, that is, the maximum number of vertices that are mutually at distance greater than k,
given in [7] for a regular graph:

o < 7271
s P(0)+1°

In that paper, this bound was used to give an eigenvalue characterization of antipodal
distance-regular graphs (among regular connected graphs).

A similar result can now be given for a general graph. Indeed, since every vertex u
has weight v3 > 1, we have oc,l > ox. Moreover, as vertices in distinct k-independent sets
are also k-independent, we also have o > oz,l. Hence, oy = oc,l and Theorem 3.2 has the
following corollary.
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Corollary 3.3. Let G be a graph as above. Then, its k-independence number satisfies the
bound

2|v|?

k X m (35)

O

A parameter closely related to the (w, k)-independence number is the (w, N )-diameter.
This is a measure of how far apart N vertex subsets with minimum weight w can be from
each other. More precisely, given an integer N > 2 and w € R, w > 1, the (w, N )-diameter
is defined by

Dy =, max | {Krlgi]%N dist(Us, Uj) : |pUil? = w,1 <i < N}. (3.6)
From this definition, we have that if w, > wy, then D)? < Dy'. In particular, the (1, N)-
diameter DY measures the largest pairwise minimum distance of a set of N vertices.
Hence, D}\, coincides with the N-diameter Dy considered by Chung, Delorme and Solé
[3], as a generalization of the standard diameter D, which would be D, (for some previous
results about the diameter, see [1, 2, 5, 9, 10, 13, 16].) More generally, if G is regular,
the (w, N)-diameter is the same as the parameter Dy, considered by Garriga and the
author in [9] to measure the largest pairwise minimum distance of a family of N subsets
with w vertices.

Theorem 3.4. Let I" be a graph as above. Then,

22
wN

Py(60) > 1= Dy <k (3.7
Proof. From the hypothesis and Theorem 3.2 we get « < N, whence the result
follows. 0]

The above results still hold if we replace P, by the Chebyshev polynomial T} ‘shifted’
from [—1,1] to [04,01], that is,

T, (x) == T (w)

01— 04

(since || T} [loo = | Pkllc =1 and Pi(0p) > T, (0p)). Then, since Ty(x) = cosh(k cosh™! x),
(3.7) yields

cosh™! (ZHVI\V —1)
w w
D} < | o ey |+ (38)
01—04

The case of regular graphs was proved in [8] by using eigenvalue interlacing. For the
same case, Kahale [14] showed that, if 31(= 0y), 3»,..., 3, represent the eigenvalues of the
graph with |3 > |%,| = -+ > |34/, then

DY < cosh™ (2 —1) e (3.9)
N cosh™ (91 /]9v1) ‘ '
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In fact, some slightly stronger results can be obtained from Theorem 2.1 in its version
in (2.6) and (3.2):
—1
UilllpU; N-2 o
5 leUlletyi)  minldis(U Uy} <
i#]

P(0 N—1 7 7
«(00) > (N — 1) 1pTillpT; ] N

1<i<j<N

Thus, if we define w := min;.;{|pU;l||pU;|}, the inverse of the sum is bounded above by
N
2 0 ’

2v]?
Nw

and hence

Pi(0) > -1= n_géin{dist(U,-, Uj)} <k.
i)
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