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In this paper we study the diameter of the random graph G(n,p), i.e., the largest finite
distance between two vertices, for a wide range of functions p = p(n). For p = 1/n with
A > 1 constant we give a simple proof of an essentially best possible result, with an Op(1)
additive correction term. Using similar techniques, we establish two-point concentration in
the case that np — co. For p = (1 + ¢)/n with ¢ — 0, we obtain a corresponding result that
applies all the way down to the scaling window of the phase transition, with an O(1/¢)
additive correction term whose (appropriately scaled) limiting distribution we describe.
Combined with earlier results, our new results complete the determination of the diameter
of the random graph G(n,p) to an accuracy of the order of its standard deviation (or
better), for all functions p = p(n). Throughout we use branching process methods, rather
than the more common approach of separate analysis of the 2-core and the trees attached
to 1t.

1. Introduction and main results

Throughout, we write diam(G) for the diameter of a graph G, meaning the largest graph
distance d(x, y) between two vertices x and y in the same component of G:

diam(G) = max{d(x,y) : x,y € V(G), d(x,y) < o0},

where, as usual, V(G) denotes the vertex set of G. In this paper we shall study the diameter
of the random graph G(n,p) with vertex set [n] = {1,2,...,n}, where each possible edge
is present with probability p = p(n), independently of the others. For certain functions
p = p(n), tight bounds on the diameter of G(n, p) are known; our main aim is to prove such
bounds for all remaining functions. In particular, in the special case p = A/n with A > 1
constant we shall determine the diameter up to an additive error term that is bounded
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in probability, where earlier results achieved only o(logn). A secondary aim is to present
a particularly simple proof in this case. All our results apply just as well to G(n,m); in
the range of parameters we consider there is essentially no difference between the models.
More precisely, although the results for one model do not obviously transfer to the other,
the proofs for G(n,m) are essentially the same.

We treat three ranges of p = p(n) separately: p = 2/n with A > 1 constant, np — oo but
with an upper bound on the growth rate that extends well into the range covered by
classical results, and finally p = (1 +¢)/n with &(n) — 0 but &’n — oo. In each case, our
analysis investigates the neighbourhoods of vertices, and has three components or phases:
‘early growth’ — we study the distribution of the number of vertices at distance ¢ from a
given vertex v when t is small; ‘regular growth’ in the middle — we show that the number
of vertices at distance t is very likely to grow regularly once the neighbourhoods have
become ‘moderately large’; ‘meeting up’ — we show that the distance between two vertices
is almost determined by the times their respective neighbourhoods take to become ‘large’.
This is eventually translated into a result on the diameter.

Our overall plan is made possible by the very accurate information we obtain on the
first phase (early growth). The main approach for this is to compare the neighbourhoods
of a vertex of G(n,A/n) with the standard Poisson Galton—Watson branching process
X) = (X¢)i»0; this starts with a single particle in generation 0, and each particle in
generation ¢ has a Poisson Po(4) number of children in the next generation, independently
of the other particles and of the history.

A particle in the process X, survives if it has descendants in all later generations;
the process survives if the initial particle survives. If 1 > 1, then the survival probability
s = P(Vt : |X;] > 0) is the unique positive solution to

l—s=e", (1.1)

Since particles in generation 1 survive independently of each other, the number of such
particles that survive has a Po(sA) distribution, the number that die has a Po((1 — s)4)
distribution, and these numbers are independent. It follows that conditioning on the
process dying, we obtain again a Poisson Galton-Watson process X;, = (X[ );>0, with the
‘dual’ parameter

e = A(1 —5), (1.2)
which may also be characterized as the solution A« < 1 to
Jne = et (1.3)

This parameter is crucial to understanding the diameter of G(n, A/n). For this and other
basic branching process results, see, for example, Athreya and Ney [3].

Throughout the paper we use standard notation for probabilistic asymptotics as in [28].
In particular, X, = op(f(n)) means X,/f(n) converges to 0 in probability, and X, =
Op(f(n)) means X, /f(n) is bounded in probability.

Our first aim is to give a proof of a tight estimate for the diameter of G(n,1/n) when
A>1 is constant as n — oo that is simpler than our result for the general case, and
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also compares favourably with the existing proofs of much weaker bounds for the more
general models discussed below.

Theorem 1.1. Let 2 > 1 be fixed, and let j. < 1 satisfy ixe™* = Je~*. Then

. logn logn
diam(G(n, /n)) = 1o§ 7 2iog (f Ty O (1.4)

As usual, we say that an event holds with high probability, or w.h.p., if its probability
tends to 1 as n — oo. Theorem 1.1 simply says that, for any K = K(n) — oo, the diameter
is w.h.p. within K of the sum of the first two terms on the right of (1.4).

The proof of Theorem 1.1 is fairly simple, and will be given in Section 2.

Turning to the case 4 = A(n) — oo, we obtain the following result, proved in Section 3
using essentially the same method, although there are various additional complications.

Theorem 1.2. Let /. = i(n) satisfy 2 — oo and i < n'/1%% and let i« < 1 satisfy Jxe™™ =
Je~*. Then diam(G(n, A/n)) is two-point concentrated: there exists a function f(n, 1) satis-
Jying
logn logn
A) = 2

1 2) = 1567+ 2 loa(l/i)
such that w.h.p. diam(G(n, 1/n)) € {f(n, A), f(n, A) + 1}. Furthermore, for any ¢ > 0 and any
function A such that, for large n, neither logn/log(1/2«) nor logn/log X is within ¢ of an
integer, we have

+0(1)

. _|logn logn
diam(G(n, A/n)) = Log ;L—‘ +2 Log(l/ﬂ*)J +1 (1.5)

w.h.p.

Bruce Reed has independently announced a related result, in joint work with Nikolaos
Fountoulakis; the details are still to appear. We believe that the methods used are quite
different.

The main interest of Theorem 1.2 is when A tends to infinity fairly slowly; if A grows
significantly faster than logn, then the situation is much simpler, and much more precise
results are known. Indeed, when 4/(logn)® — o, Bollobas [6] showed concentration of the
diameter on at most two values, and found the asymptotic probability of each value. In
the light of this result we would lose nothing by assuming that 4 < (logn)*, say; however,
the bound 4 < n'/1%% turns out to be enough for our arguments.

The bulk of the paper is devoted to the case of expected degree tending to 1, where we
prove the following result.

Theorem 1.3. Let ¢ = &(n) satisfy 0 < ¢ < 1/10 and &’n — 0. Set A = A(n) = 1 + ¢, and let

Jx < 1 satisfy ixe™™ = Je~*. Then

log(&*n) 5 log(&’n)
log A log(1/A+)

diam(G(n, 1/n)) = +0,(1/e). (1.6)
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Our method in fact gives a description of the limiting distribution of the final correction
term (after rescaling); see Theorem 5.1.

A weaker form of Theorem 1.3 has been obtained independently by Ding, Kim,
Lubetzky and Peres [19, 20]; see the remark below.

In the rest of this section we briefly discuss the results above and their relationship to
earlier work.

Theorem 1.1 is best possible in the following sense: it is not hard to see that the diameter
cannot be concentrated on a set of values with bounded size as n — co. Indeed, given any
(labelled) graph G with diameter d and at least two isolated vertices, let G’ be constructed
from G by taking a path P of length d joining two vertices at maximal distance in G, and
adding an edge joining each end of P to an isolated vertex. Each graph G’ constructed
in this way contains a unique pair of vertices at maximal distance d + 2, and G may be
recovered uniquely from G’ by deleting the (unique) edges incident with these vertices.
Restricting our attention to graphs G with ®(n) isolated vertices, the relation (G, G’) is
thus 1 to ®(n?). Since the probability of G’ in the model G(n, p), p = A/n, is equal to the
probability of G multiplied by p?/(1 — p)> = ©(1/n?), it follows easily that for any d we
have

P(diam(G(n, 2/n)) = d +2) > O(1)P(diam(G(n, 2/n)) = d) — o(1);

the o(1) term comes from the possibility that G(n,i/n) has fewer than ®(n) isolated
vertices. It follows that diam(G(n, A/n)) cannot be concentrated on a finite set of values.
In fact, our methods allow us to obtain the limiting distribution of the Op(1) correction
term in (1.4), although this is rather complicated to describe; we return to this briefly in
Section 5.

A much weaker form of Theorem 1.1, with a o(logn) correction term, is a special case
of a result of Fernholz and Ramachandran [23] for random graphs with a given degree
sequence, and also of a result of Bollobas, Janson and Riordan [11, Section 14.2] for
inhomogeneous random graphs with a finite number of vertex types. We shall follow the
ideas of [11] to some extent, although the present simpler context allows us to take things
much further, obtaining a much more precise result. Earlier, Chung and Lu [16] also
studied diam(G(n, A/n)), A > 1 constant, but their results were not strong enough to give
the correct asymptotic form. Indeed, they conjectured that, under suitable conditions, the
diameter is approximately logn/log 4, as one might initially expect.

For the subcritical case, which is much simpler, Luczak [32] proved very precise results:
he showed, for example, that if ¢ — 0 and &’n — oo, then the subcritical random graph
G = G(n, (1 — &)/n) satisfies

log(2¢%n) + Op(1) |

diam(G) = “logi—z)

(1.7)

see his Theorem 11(iii), and note that the exponent 2 instead of 3 appearing there is
a typographical error. (He also proved a simple formula for the limiting distribution of
the Op(1) term, the probability that it exceeds a constant p tends to 1 —exp(—e™) as
n — oo; the limiting distribution in the present supercritical case turns out to be much
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more complicated.) Luczak’s results are effectively the last word on the subcritical case,
which we shall not discuss further.

Returning to constant A > 1, the lack of concentration on a finite number of points
contrasts with the case of random d-regular graphs studied by Bollobas and Fernandez
de la Vega [10], who established concentration on a small set of values in this case.
Sanwalani and Wormald [38] have recently shown two-point concentration. (More
precisely, they prove one-point concentration for almost all n, and for the remaining
n find the probabilities of the two likely values within o(1).) Note that the diameter in
this case is simply log(nlogn)/log(d — 1) + Op(1) for d > 3; as we shall see, the behaviour
of the two models for this question is very different. Usually, G(n, A/n) is much simpler
to study than a random regular graph, but here there are additional complications
corresponding to the 2logn/log(1/4«) term in (1.4).

Let us briefly mention a few related results for other random graph models. Perhaps
the earliest results in this area are those of Burtin [14, 15] and Bollobas [6]. Turning
to results determining the asymptotic diameter when the average degree is constant,
one of the first is the result of Bollobas and Fernandez de la Vega [10] for d-regular
random graphs mentioned above; another is that of Bollobas and Chung [9], finding
the asymptotic diameter of a cycle plus a random matching, which is again logarithmic.
Later it was shown by ‘small subgraph conditioning’ (see [39]) that for such graphs any
w.h.p. statements are essentially the same as for the uniform model of random 3-regular
graphs. The same goes for a variety of other random regular graphs constructed by
superposing random regular graphs of various types. For a rather different model, namely
a precise version of the Barabasi-Albert ‘growth with preferential attachment’ model,
Bollobas and Riordan [12] obtained a (slightly) sublogarithmic diameter, contradicting
the logarithmic diameter suggested by Barabasi, Albert and Jeong [2, 4] (on the basis of
computer experiments) and Newman, Strogatz and Watts [35] (on the basis of heuristics).

More recently, related results, often concerning the ‘typical’ distance between vertices,
rather than the diameter, have been proved by many people, for various models. A few
examples are the results of Chung and Lu [17, 18], and van den Esker, van der Hofstad,
Hooghiemstra, van Mieghem and Znamenski [22, 25, 26]; for a discussion of related work
see [25], for example.

The formula (1.4) is not hard to understand intuitively: typically, the size of the d-
neighbourhood of a vertex (the set of vertices at distance d) grows by a factor of 4
at each step (i.e, as d is increased by one). Starting from two typical vertices, taking
log(\/ﬁ)/ log 4 steps from each, the neighbourhoods reach size about \/ﬁ; at around
this point the neighbourhoods are likely to overlap, so the typical distance between
vertices is logn/logA. The second term in (1.4) comes from exceptional vertices whose
neighbourhoods take some time to start expanding, or, equivalently, from the few very
longest trees attached to (typical vertices of) the 2-core of G(n, A/n), the maximal subgraph
with no vertices of degree 0 or 1. It is well known that the trees hanging off the 2-core of
G(n, 2/n) have roughly the distribution of the branching process X, ; hence, some of these
trees will have height roughly logn/log(1/4«), and it turns out that the diameter arises
by considering two trees of (almost) maximal height attached to vertices in the 2-core at
(almost) typical distance.
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Although we shall use the 2-core viewpoint later, its use has an intrinsic difficulty
caused by the significant variation in the distances between vertices in the 2-core. One
can view the variation in the distance between two random vertices of G = G(n, A/n) as
coming from three sources: (i) variation in the distances to the 2-core, (ii) variation in
the times the neighbourhoods in the 2-core take to start expanding, and (iii) variation in
the time the neighbourhoods of the two vertices take to join up once they have reached
a certain size. An advantage of our approach is that it seamlessly integrates (i) and (ii),
by looking simply at neighbourhood growth in the whole graph G. Taking this viewpoint,
the dual parameter . arises as follows: let X;” = X, be the set of particles of X; that
survive (have descendants in all future generations). Then X contains the initial particle
with probability s, and is empty otherwise. Moreover, conditioning on a particle being
in X;" is exactly the same as conditioning on at least one its children surviving, so
the number of surviving children then has the distribution Z = Z, of a Po(s1) random
variable conditioned to be at least 1. Hence, (X;") is again a Galton-Watson branching
process, but now with offspring distribution Z, and X either empty or, with probability
s, consisting of a single particle. Note that

sie™ o SsML—s)

Pz =1= 1 — e s

Ao, (1.8)
using (1.1) and (1.2). Hence, the probability that X, consists of a single particle, given
that the whole process survives, is exactly .. Roughly speaking, this event corresponds
to the branching process staying ‘thin’ for ¢t generations, i.e., the neighbourhood growth
process taking time ¢ to ‘get going’. In the next section we shall prove a more precise
version of this statement.

Turning to Theorem 1.3, the form of the diameter here differs from what one might
expect in the presence of the factors ¢ inside the logarithms in the numerators. Very
loosely speaking, these factors turn out to be related to the fact that the branching
process survives with probability O(¢), and then usually has size ®(1/¢) larger than its
unconditional expected size, as well as to the fact that, roughly speaking, it takes on the
order of 1/¢ generations for anything much to happen; we shall return to this at various
points. An alternative way of thinking about these factors is that the ‘interesting’ structure
of G(n,p) is captured by the kernel, the graph obtained from the 2-core by suppressing
vertices of degree 2. The results of Luczak [31] or alternatively Pittel and Wormald [36]
imply in particular that the number of vertices in the kernel is asymptotically 8&3n/6.

Remark. In the first draft of this paper, we obtained a slightly weaker form of
Theorem 1.3, giving the same conclusion but requiring an additional assumption, that &*n
grows at least as fast as an explicit extremely slowly growing function of n (essentially
log’n, i.e., the minimum k such that the kth iterated logarithm of n is less than 1). This is
a less restrictive assumption than what is common in related contexts, that ¢’ is at least
some power of logn. Since then, Ding, Kim, Lubetzky and Peres [19, 20] have obtained
a form of Theorem 1.3 with a larger error term (a multiplicative factor of 14 o(1)),
valid whenever ¢’n — oo and ¢ — 0; under these assumptions, log 2 ~ ¢ and log(1//«) ~ &,
so the diameter is (3 +0p(1))10g(83n)/8. Their approach, based around the 2-core and
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kernel, is very different to ours. Seeing this paper stimulated us to remove the unnecessary
restriction on ¢; it turned out that one simple observation (Lemma 4.28 below) was the
main missing ingredient. Using this lemma, it became possible to simplify some of our
original arguments and, with a little further technical work, to extend them to the entire
weakly supercritical range.

We remark also that Luczak and Seierstad [33] have obtained a ‘process version’ of
Theorem 1.3. This gives much weaker bounds on the diameter, differing by a constant
factor, but can be applied to the random graph process to show (roughly speaking) that
w.h.p. these bounds hold simultaneously for the entire range of densities considered in
Theorem 1.3.

In Theorem 1.3, the condition ¢ < 1/10 is imposed simply for convenience; this may be
weakened to ¢ = O(1) without problems. However, for ¢ = O(1) bounded away from zero
one can instead apply Theorem 1.1: it is not hard to check that the constants implicit in
the correction term vary smoothly with 4, and so are bounded over any compact set of
¢ > 0. For this reason, in proving Theorem 1.3 we may assume that ¢ — 0 as n — o0; we
shall do this whenever it is convenient.

On the other hand, the condition en'/3 — oo is almost certainly necessary for our method
to give non-trivial information. If en'/3 is bounded, then we are inside the ‘window’ of
the phase transition, so G(n, (1 + ¢)/n) is qualitatively similar in behaviour to G(n, 1/n),
and the behaviour of the diameter is much more complicated than outside the window.
For one thing, there is no longer a unique ‘giant’ component that is much larger than all
other components. Also, the 2-core of each non-tree component contains only a bounded
number of cycles; to study the distribution of the diameter accurately, one needs to study
the distribution of the lengths of these cycles, which is very different from the situation
with supercritical graphs. Nachmias and Peres [34] showed that inside the window the
diameter of the largest component is O,(n!/?), with a corresponding lower bound; more
recently, Addario-Berry, Broutin and Goldschmidt [1] have established convergence in
distribution of the rescaled diameter, and given a (rather complicated) description of the
limit in terms of continuum random trees.

Finally, as in Theorem 1.1, the O,(1/¢) correction term in Theorem 1.3 is in some sense
best possible. As noted earlier, our method gives a description of the limiting distribution
of this correction term; see Section 5.

In summary, the results of Luczak [32] (below the critical window), Addario-Berry,
Broutin and Goldschmidt [1] (inside the window), Theorem 1.3 (above but average degree
tending to 1), Theorem 1.1 (constant average degree), Theorem 1.2 (average degree tending
to infinity slowly) and Bollobas [6] (average degree tending to infinity quickly) together
establish tight bounds on the diameter of G(n,p) throughout the entire range of the
parameters.

2. The case p = A/n, 4 > 1 constant

In this section we shall prove Theorem 1.1. We start by recalling a basic fact about
branching processes.
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From standard branching process results (see, for example, Athreya and Ney [3]),
the martingale |X,|/A" converges almost surely to a random variable Y =Y, whose
distribution (which depends on 1) is continuous except for mass 1 — s at 0, with strictly
positive density on R*. Furthermore, Y = 0 coincides (except possibly on a set of measure
zero) with the event that the branching process dies out. Since almost sure convergence
implies convergence in probability, a trivial consequence of this is that, for A > 1 and
0 < ¢ < ¢y all fixed,

inf Pey2 < 1Xi| < ) >0, (2.1)

where the infimum is over all ¢ > 1 such that the interval [c1A', ¢;A'] contains an integer.
The following result indicates that unusually small populations in a given generation are
typically due (at least, with a significant probability) to a branching process that stays
essentially non-branching (with only small ‘side branches’) until a point where it branches
at a typical rate.

Lemma 2.1. Let A > 1 be fixed. There are constants c¢,C > 0 such that for every w > 2
and t > 1 we have

emin{2,", 1} <P(0 < X <o) < CAT, (2.2)

where t; = |logw/log 2].

Proof. The lemma is essentially a statement about the asymptotics of Y near O; this
statement follows, for example, from a result of Harris [24]. However, translating back to
a statement about X, rather than Y would introduce an extra error term, corresponding
to the probability that X, /A’ still differs from Y by more than a constant factor when X,
first exceeds w, so we shall give a direct proof.

We start by proving the upper bound. Conditioned on X, = (X,);>o dying out, an
event of probability 1 —s, this process has the distribution of the subcritical process
X = (X;)i>0. Hence,

P(1X: > 0,3 : Xy =0) = (1 —)P(X; | > 0) < (1 — ) E(X; |) = (1 —s)2..
Let p; = P(|X,| > 0). Then
pi=s+P(1X,| > 0,30 : Xy = 0) =5+ O(2). (2.3)

Let us note for later that the implicit constant is independent of A; indeed, it may be
taken to be 1.

We may partition X, the set of children of the initial particle, into two sets: the set
S consisting of those that have descendants t — 1 generations later (i.e., in X;), and the
set X1\ S of those that do not. Since the probability that a particle in X; has one or
more descendants in X; is p;_q, the size of S has a Poisson distribution with mean Ap;_i.
Let us condition on |X;| > 0. Then the conditional distribution of |S| is that of a Poisson
distribution with mean Ap,_; conditioned on being at least 1, and we have

Api—1e Pt _ Jse™ s

e T 1o e—/ls(l + 02N = 2 + 001,

P(IS|=1]|X,|>0) =
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using (2.3) and (1.8). Note for later use that the implicit constant is independent of 4
provided 4 > 1 and 4 is bounded away from 1.
Let r, =P(|X{| < o | |X;| > 0). If |X;| < w, then every particle in S has fewer than w
descendants in X;. Hence,
re <P(IS] = 11X, > 0)rmy +B(IS| > 1] |X,| > 0)r7

= (A + O 1 + (1 = e 4+ O,

= r_1(Ax + (1 = A)ri_1) + O(AAr_y). (2.4)
Setting r; = r;/A} and recalling that 1 is constant, we thus have

1— 2«

Ak

rp <y + Fe1t_; + O(r—1). (2.5)

Using only the trivial inequality P(0 < |X;| < w1) < P(0 < |X;] < w) for w; < w, the
upper bound in (2.2) for w at least some constant wg implies the same bound, with
a different constant, for all w > 2. Thus we may assume that w is at least some large
constant wy, and hence that t; is large. We may also assume t > t;. By (2.1) we have
P(| X, | > w) = co for some constant ¢y > 0. Hence r,, < 1 —¢p is bounded away from 1.
Choosing wq large enough, so A% < 24 is small, the error term in (2.4) can be assumed
arbitrarily small relative to r,_;. Using (2.4), and noting that for ¢t > t; we have A« +
(1 —Zx)r—1 < A« + (1 — A+)(1 — ¢p) < 1, it then follows that r, decreases exponentially as
t increases from tq, i.e., that there is a ¢; > 0 (depending only on /, not on w) such that
Fr 4+t < e . Hence, Zt% r, is bounded (independently of w). Using (2.5), it follows that
there is a constant Cy such that for r > t; we have r; < Co(rg1 + 1). In other words,

re < Coli 1y, 4 Codle < Co(1+ 240251 < 2Cei" = 0(5™).
Since
PO <X/ <o) <P(X]<ol|X]>0)=r,

this completes the proof of the upper bound.

Turning to the lower bound, this is essentially trivial if t < ¢1: in this case, P(0 < | X;| <
) is bounded away from O by (2.1). We may thus assume that ¢ > t;. We shall prove
the lower bound by considering the following much more specific event E: the event that

|X;", | =1, that the unique particle v of X;", has between 1 and w — 1 descendants in
X:, and that no other particles of X, , have descendants in X;. Clearly, if E holds then
0 < X¢| < o.

Recalling that X = (X;") is the set of particles whose descendants survive forever, any
such particle always has at least one child by definition, and, by (1.8), has exactly one
child with probability A«. Thus

P(X;E, | = 1) = s, (2.6)

Given that | X, .,/ =1, the number N, of descendants in X, of the unique particle v in
X ., has the distribution of |X;,| conditioned on the whole process surviving. From (2.1),
the (unconditional) probability that |X,,| is between /2 and w — 1, say, is bounded away
from zero, and the conditional probability that X, survives given this event is at least s.
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Thus

P(N, <o | X, |=1) =P(X,| <o |Vt :[X,|>0)
> P(X,| <0,V X[ >0) >0,

for some positive constant c;.

It remains to exclude descendants in X, of other particles in X;_,,. By definition, these
particles do not survive. We may construct X; as follows. First construct X7 = (X;");>0.
Then add in the particles that die: for each particle in each set X', we must add an
independent copy of X, rooted at this particle.

Given that |th[1\ =1, we have | X;F| = 1 for all r < t — t;. The probability that the copy
of X,, started at time r survives to time ¢ is P(|X,_,| > 0) < A" Since the different copies
are independent, the probability that all die before time ¢ is at least [[,o, , (1 —4").
Now A < 1,50 Y., A" =0(4!) = 0(1), and [, (1 = A") > c3, for some ¢; > 0
depending only on A. Hence,

IP’(O <X < a)) > A eaes = QULT),

completing the proof of the lemma. L]

The above lemma tells us virtually all we need to know about the branching process for
the ‘early growth’ part of the proof of Theorem 1.1. The next ingredient for this phase is
a lemma connecting the growth of neighbourhoods in the graph to the branching process.
The branching process model is most relevant if the growing neighbourhood of a vertex
remains a tree. To be sure, almost all vertices do not lic on or near a short cycle. However,
we cannot simply ignore the exceptional vertices, since a result about the diameter makes
a statement about all vertices, not just almost all. So we must be a little careful.

We deal with the problem of non-tree neighbourhoods as follows. Given a vertex x of
a graph G, let I';(x) be the set of vertices at graph distance ¢ from x. Let G,(x) be the
subgraph of G induced by U, I'v(x), regarded as a rooted graph with root x. We shall
explore the neighbourhoods I';(x) in the following essentially standard way. Fix once and
for all an order on V(G). Having found I';(x) (starting with ¢t = 0), go through the vertices
of I';(x) one by one in the predetermined order. For each vertex v we expose all edges from
v to vertices not yet reached in the exploration; this means we test each potential edge to
an as yet unreached vertex for its presence; any edges detected are called ‘uncovered’. If
we uncover an edge vw, we add w to I';1;(x). Of course this process correctly identifies the
sets I';(x). However, it only uncovers certain edges: let Gogt(x) denote the graph formed
by the edges uncovered in our tests exploring up to I';(x). Then Gogt(x) is a tree: it is a
spanning tree in the graph G¢(x).

In the following results, X<, denotes the union of generations 0 to t of the branching
process X,, regarded as a rooted tree with root the initial particle, and = denotes
isomorphism of rooted trees.

Lemma 2.2. Let /. > 0 be fixed. For any rooted tree T with |T| < n/2 we have

P62 () 2 T) = TR (x, = T)
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and
P(Gei(x) = T) = 2ITFMP(X, = T),

where the implicit constants depend only on A.

Proof. This is well known and easy to prove. The first statement follows from the
natural step-by-step coupling between Gogt(x) and the branching process, where each step
investigates the children (of a vertex or a particle, respectively). Suppose we have reached
r — a vertices in total so far. Then the probabilities of finding a vertices in the next step
are p; = ("77)(2/n)*(1 — 2/n)"" and p, = ¢7*2%/a! in the two models. The ratio of these
probabilities is

P1/P2 =(m—r+ a)(a)n’“(l _ lﬂu/l’l)irei(l _ ;L/n)n _ eO(ar/nJrr)./nJr}?/n),

where x) = x(x —1)---(x —a+1). The sum of ar or r over all vertices in the tree is
trivially at most | T|?, so it follows that

P(G%t(x) = T)

— 2 2 2
P(X<, = T) = exp(O( T2 /n+ AT /n+ 22|T|/n)). 2.7)

Since / is fixed, this proves the first statement.

If G¢i(x) =T, then G(x) is a tree, so G%t(x) = G¢(x). Hence Ggi(x) = T implies
Gogt(x) = T. Given that G0<[ = T, the probability that none of the untested edges between
the |T| vertices found is also present is again ¢?(7”/". So the second statement follows
from the first. |

Using Lemmas 2.1 and 2.2, we can study the initial rate of growth of the neighbourhoods
of the vertices of G(n,A1/n). The first step is to show that these neighbourhoods cannot
stay small but non-empty for too long. The basic picture is that after about

t; = [logw/log 4| (2.8)

steps, we expect a typical vertex neighbourhood to expand to size approximately w. It is
very unlikely that there are any vertices in the graph whose neighbourhoods expand to
some reasonable size, say around logn, and then fail to expand to size @ in roughly the
expected time from that point. However, some unusual vertices take up to

to = |logn/log(1/4x)] (2.9)

steps before their neighbourhoods expand significantly, and so take this many more steps
than usual to reach size roughly w.

We argue this more precisely as follows.

Set w = (logn)®, say, and define t, and t; as above. Let K = K (n) tend to infinity slowly
(for instance, slower than loglogn).

For each vertex x, let By(x) be the ‘bad’ event that 1 < |I'y(x)] < w holds for all
0 <t <t=ty+t; + K. Theevent Bi(x) is a disjoint union of events of the form G%Z =T,
where each tree T has size at most tw = 0(\/ﬁ). Also, the corresponding union of the
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events X<, = T is the event that 0 < |X,| < w holds for all ¢ < . Hence, by Lemma 2.2,
P(Bi(x)) ~P(V' <t:0 < |Xy| < w) < IE”(O <X < w) = 020t (2.10)

where the last step is from Lemma 2.1.
Let By be the event that By(x) holds for some x. Then

P(By) < nP(By(x)) = 0(nA2™) = 0(4K) = o(1). (2.11)

We now move on to the ‘regular growth” part of the proof. That is, our next aim is to
show that once the neighbourhoods of a vertex x reach size w, with very high probability
they then grow at a predictable rate until they reach size comparable with n. We shall
use the following convenient form of the Chernoff bounds on the binomial distribution;
see [27], for example.

Lemma 2.3. Let Y have a binomial distribution with parameters n and p. If 0 < 6 < 1 then

P(|Y —np| > dnp) < 2e7 /3, O

Let 0 <6 < 1/1000 be an arbitrary (small) constant. Let us say that a vertex x has
regular large neighbourhoods if one of the following holds: either |I';(x)| < w for all ¢, or,
setting t~ = min{t : |[[(x)| > w} and t* =t~ + log(n*/*/w)/ log 1, we have

(1=0)A" L ()] < Telx)] < (148)27 - (x)]

for t= <t < t*. In other words, the neighbourhoods grow by almost exactly a factor of 1
at each step from just before the first time they reach size @ until they reach size around
n3/4. Note that since we start from the last ‘small’ neighbourhood I',~_;(x), the growth
condition above certainly implies that

1—90 < \F[(x)J
1+0 WAt

< A(1496) (2.12)

holds for t— <t <™.

Let By(x) be the ‘bad’ event that a given vertex x of G(n,//n) fails to have regular
large neighbourhoods, and B, = | J, Ba(x) the global bad event that not all vertices have
regular large neighbourhoods.

Lemma 24. For each fixed vertex x of G(n,\/n) we have P(B,(x)) = o(n™"). Thus P(B,) =
o(1).

Proof. This is well known (cf. Janson, Luczak and Rucinski [28, Section 5.2]), and
essentially trivial from the Chernoff bounds (or Hoeffding’s inequality); we nevertheless
give the details. We explore the successive neighbourhoods of x in G(n,A/n) in the
usual way, writing a, for |I';(x)|. Conditional on ag,a,...,a; the distribution of a,.; is
binomial with parameters n —m and p =1— (1 — A/n)%, where m = ZKI ap and p is the
probability that one of the undiscovered vertices is adjacent to at least one member of
I',(x). Assuming that m = O(n*/*), say, we have E(a,41 | do,...,a;) = la,(1 + O(n="/%)). Tt
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then follows from Lemma 2.3 that, conditional on ay,...,a,, if @, > »/(1001) then we have

“

using @ = (logn)®. Similarly, if ¢, < w/(1004) then P(a,1; > w) < n

Let t— be the first t with a, > w, if such a t exists. We have already shown above that
the probability that 0 < a; < @ holds for all t up to to +t; + K = O(logn) is o(n™"'), so
with probability 1 — o(n~') either ¢~ is undefined, in which case there is nothing to prove,
or t~ = O(logn), in which case we have so far uncovered O(t~®) = o(n*/*) vertices. From
the estimates above, with very high probability a,-—; > »/(1004), and, from this point on,
the ratios a,,1/a, are within a factor 1 + O((logn)~2) of 1 until a, first exceeds n*/*. It
follows that x has regular large neighbourhoods with probability 1 — o(n™!), as claimed.

O

e -2 > % — efQ((logn)*“a,) — 0(1’17100),
a (logn)

—100

Note that we took w as large as (logn)® just to simplify the estimates. If we are a little
more careful, a large constant times logn will in fact do: significant deviations in the ratio
a;+1/a, are only likely near the beginning, so we can bound these ratios above and below
by sequences approaching 1 geometrically with high enough probability.

We now move on to the third phase of the proof, where we consider the meeting
up of neighbourhoods of different vertices and hence the distance between them. This
still involves a careful look at the early development of neighbourhoods, since, from the
second phase of the proof, we know that vertices with large close neighbourhoods will
have large distant neighbourhoods. We treat the upper and lower bounds in Theorem 1.1
separately.

2.1. Upper bound
As above, set w = (logn)®, say, and let K = K (n) tend to infinity slowly.

For x € V(G) let t,(x) = min{t : |[',(x)| = w}, if this minimum exists; otherwise ¢, (x)
is undefined. Note that if the event By defined above does not hold, then whenever ¢,(x)
is defined, we have f,(x) <ty +t; + K.

Set

t» = |log(n/w?)/log 2],

and, for x,y € V(G), let E,,;; be the event that t,(x) =to +t; — i, tu(y) = to +t1 — J,
and d(x,y) > ty(x) + i+ t,(y) + j+ t2 + 3K + ¢ all hold, where ¢y > 2 is some constant.
Our next aim is to bound the probability of the event E, ,;; for given vertices x and y
and given i,j > —K.
Recall that B, is the event that not all vertices have regular large neighbourhoods. We
claim that there is some ¢ > 0 (depending only on Z) such that
P(Exyij \ Ba) < A0 e 4o(n!0)
=0 (n—Z;L*—i—je—CPKH*-f) 4 O(n—IOO). (213)

First, arguing as in the proof of (2.10), using Lemma 2.1 and a version of Lemma 2.2
where we start with two vertices and compare with two copies of the branching process,
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we see that
IP’(tw(x) =to+t1 —i ty(y) =to+t1 — j, d(x, y) > te,(x) + tw(y)) = O(/li‘)*i/liofj).

Exploring the neighbourhoods of x and y in the obvious way, suppose we find that
to(X)=to+t; — i, tu,(y) =to+1t; — j, and d(x,y) > t,(x) + t,(y), ie, our explorations
have not yet met. Set / = [(t2 + 3K + i+ j)/2]. Suppose for the moment that / < /o =
log(n**/w)/ log /. Continuing the exploration of the two neighbourhoods a further # steps
in each case, we may assume that with respect to the neighbourhoods of x and y that
have been revealed so far, the regular large neighbourhood condition has not yet been
violated. (If it has been, the event B, must hold, and we are bounding the probability of
an event contained in the complement of B,.) Then

min{|Ty, v+, [Ty 40} = 0990 = Q(«/ni3K+i+i),

It may be that d(x,y) < t,(x) + ¢ + t,(y) + Z, in which case we are done. Otherwise, the
edges between I'; (v4/(x) and I'y (,)+,(y) have not yet been tested, so the chance that no
such edge is present is

(1 = A/n) Tt N W ¢ o= /m@UAREH) i
for some constant ¢ > 0. Multiplying by the O(Aio_iﬂvi"_j ) bound obtained above gives
(2.13) in this case.

If / > £y, the argument is similar; this time, assuming B, does not hold only allows us
to control the sizes of the neighbourhoods for 7y < ¢ steps beyond ¢,(x) and t,(y). But
by this time they reach size at least n*/%/2, and the probability that they do not join is at
most e~ (/14 — o(y=100),

Let B be the event that

i 1 1 logn—21
dlam(G)>2t0+2[1+[2+3K+10>2ng+2 ogn n ogn Aogw+3K
log4 ~ “log(1//+) log A
logn  , logn | .

" log2 " “log(1/7)

Our aim is to prove that with K — oo arbitrarily slowly, we have P(B) = o(1); in order to
do so, it suffices to show that P(B \ (B; U B,)) = o(1).

Suppose that B holds but B; U B, does not, and let x and y be vertices at maximum
distance. Since B; does not hold, and d(x, y) is so large, exploring successive neighbour-
hoods of x and y, these neighbourhoods both reach size at least w before they meet.
Hence E.,;; holds for some i and j. Since B; does not hold, E.,;; can only hold if
i, j > —K. Hence, using (2.13),

P(B\(BiUB))< Y > P(Eqyu;\B)

Lj>—K xyeV(G)
L _ —j—1] _)3K+it+j
<o) +n? g n 20 (A e ),

iLjz—K

https://doi.org/10.1017/50963548310000325 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548310000325

The Diameter of Sparse Random Graphs 849

which is o(1) since

ST+ 2K + 1) = 07 ) = o(1).

r>—2K

This completes the proof of the upper bound.

Remark. Note that one cannot prove the upper bound directly by the first moment
method; a separate argument excluding very long thin neighbourhoods (bounding the
probability of B;) is needed. Indeed, it is not too hard to show that the estimates
above are essentially tight. Thus, if for some r > K there happens to be a vertex x
with t,(x) = to + t; + r, say, an event of probability around A}, then x will be at distance
roughly d = 2ty + 2t; + t» + K from many of the roughly (1/4.) K vertices y with t,,(y) =
to + t; —r + K. Since there are ®(logn) possible values of r, the expected number of pairs
of vertices at distance d will tend to infinity if K — oo slowly enough.

2.2. Lower bound

The idea of the lower bound is simple. Let S be the set of vertices x with #,(x) >
to + t; — K. Then, from the arguments in the previous section, the expected size of S is
roughly (1/4+)X, which tends to infinity. We would like to show that |S| is large with high
probability using the second moment method. Since two vertices in S are likely to be far
apart, the result will follow. There are two problems. A minor one is that the events that
different vertices lie in S are not that close to independent: vertices in S will usually be
located in trees attached to the 2-core, and S roughly corresponds to the set of vertices
at least a certain distance from the 2-core. Although most trees attached to the 2-core
will contain no such vertices, it turns out that, on average, each tree contributing one or
more such vertices contributes some constant number larger than 1, so |S| is not well
approximated by a Poisson distribution. A more serious, related, problem is that to find
vertices at large distance we need to find vertices in § whose short-range neighbourhoods
do not overlap, i.e., vertices coming from different trees. We solve both these problems by
looking for vertices x € S satisfying an additional condition, the strong wedge condition,
that usually corresponds to x being the unique vertex in its tree at maximal distance from
the 2-core.

Note that as we are now looking for a lower bound on the diameter, we do not need
to consider all promising pairs of vertices for our candidate vertices at large distance. We
may thus impose additional conditions as convenient, and our result will still be sharp
enough as long as these conditions are likely enough to be satisfied. One such condition
is that the neighbourhoods are trees up to a suitable distance.

Let x € V(G), and suppose that G¢(x) is a tree for some ¢t > 0. The weak/strong wedge
condition holds from x to x; € I'y(x) if, for every z # x in the graph G¢(x), the distance
from z to the closest vertex y on the unique path from x to x, is at most/strictly less
than the distance from x to y. Note that either condition implies that the degree of x in
G must be 1. In this section we shall always work with the strong wedge condition; the
weak wedge condition will play a role in Section 4.
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Let tx denote tp — K, where K = K(n) — oo arbitrarily slowly, in particular with
K < loglogn, and let W be the event that G, (x) is a tree with the following properties:
there is a unique vertex x, at distance tx from x, and the strong wedge condition holds
from x to x,. Let W, be the event that W2 holds and G (x) contains fewer than w/2
vertices, where @ = (logn)® as before.

Note for later that if W, (or W?) holds, then the tree G (x) consists of an x—x,
path P, of length tx with a (possibly empty) set of trees attached to each interior vertex,
the height of each tree being strictly less than the distance to the nearest end-vertex of
P.. (Thus W? is a sort of ‘diamond’ condition. We will use a precise version of this
terminology in the next section.) It follows that the diameter of G¢, (x) is tk, and that x
and x; are the unique pair of vertices of G¢, (x) at this distance.

Let W° and W be the branching process events corresponding to W? and W,, so W°
is the branching process version of our diamond condition. The event that W holds is
a disjoint union of events that X<, is one of certain trees with at most w/2 = o(n'/?)
vertices, so by Lemma 2.2 we have P(W,) ~ P(W).

Once the branching process reaches size (logn)*, it is very unlikely ever to shrink
down to size 1, and in fact the probability that W° holds but one of the first tx = to — K
generations has size at least (log n)* is o(n~'%°). (This follows from the proof of Lemma 2.4,
but is much simpler.) Assuming this does not happen, the sum of sizes of the first tg) — K
generations is at most fo(logn)* = O(log® n). It follows that P(W°\ W) = o(n~'%), so

P(W) =P(W°) + o(n™1%). (2.14)

To calculate P(W?), consider the event W', that W° holds and the unique particle in
generation ty — K survives. Note that

P(W') = sP(W?). (2.15)

If W’ holds, then |X;7| =1 for t = to — K and hence for t =0,1,...,t, — K, an event of
probability sA?~%. Conversely, constructing X, as before by starting from X* and adding
in independent copies of X,, = (X, ) started at each particle, W’ holds if and only if
X x| =1and, for 0 <t <to—K, the copy of X,, started at the unique particle of X;"
dies within min{max{z,1},t) — K —t} generations: dying within t, — K —t generations
ensures that | X, _x|= |X,J0’_K\ =1, and, for ¢t > 0, dying within ¢ generations ensures
that the strong wedge condition holds. Let d; = P(|X; | = 0) be the probability that the
subcritical process X, dies within ¢ generations. Then we have

to—K—1

P(W,):S/li()inl H dmin{t,to—K—t}

t=1

= s i3 -,y 1]-x) 205 (2.16)

where the exponent 6 of the last factor is 1 or 2 depending on the parity of 1o — K. As
we shall see, the later factors in the product are essentially irrelevant. Indeed,

1 —d, = B(X;| > 0) <E(X, ) = 2, (2.17)
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so 1 —2% <d; <1, and —logd;, = O(A,). Since ), A, is convergent, we thus have [[,d; =
O(1), so P(W') = ©(227X) and, using (2.14) and (2.15),

P(W) =P(W°) + o(n™') = s7IP(W') + o(n™'%) = @10 F),

Since 42 is of order 1/n and K — oo, it follows that nP(W) — oo, and hence nP(W,) — .
Recalling that t; = |logw/logl], set t =tx =ty —K, let W be the event that
Wy holds, |Tii,(x)] = o, and |V(Ggy,(x))] < w? If W, holds, then exploring the
neighbourhoods of x to distance ¢t we have by definition reached at most w/2 vertices.
Using (2.1), it is easy to show that (W} | Wy) = @(1), so P(W) = O(P(W,)).
Let N be the number of vertices x for which W holds, so

E(N) = nP(W7) = OnP(W,)) — .

We shall use the second moment method to show that N is concentrated about its mean.
The argument is slightly more complicated than one might expect (or hope for); while
one can give simpler arguments that are very plausible, we have so far failed to turn such
an argument into a rigorous proof. In fact, the argument we do present deals with all
issues of possible dependence with very little calculation.

Suppose that x and y are distinct vertices and that W7 and W;r both hold. Then W,
and W, also hold. Our immediate aim is to show that the subgraphs G¢;(x) and G(y)
must be edge-disjoint, i.e., they can meet only if x, = y,, and then only at this one vertex.
We shall write W, * W, for the event that W, and W, hold, and G(x) and G¢(y) are
edge-disjoint. In other words Wy * W, = W, N W, N {d(x,y) > 2t}. We define W *x W'
similarly, so W * W =W nW7Fn{dx,y)>2t+2t;}. (One must be careful here:
when W, holds, G¢(x) is not a certificate for this event in the sense of the van den
Berg—Kesten box product [5], i.e., specifying that this particular subgraph is present as
an induced subgraph does not guarantee that W, holds. To guarantee W,, one must also
certify that various edges are absent, from G, to vertices outside G, ; such certificates
for W, and W, can never be disjoint, so we cannot simply apply Reimer’s theorem [37]
to bound P(W, * W,).)

Still assuming that x and y are distinct vertices such that W and W;’ both hold,
suppose first that y lies strictly inside Gg(x), i.e., that y € V(Gg(x))\{x2}. As noted
earlier, since W, holds, G¢(x) has diameter ¢, and this diameter is realized uniquely by
x and x,. Thus the vertex y,, which is at distance ¢t from y, must lie outside G¢,(x). But
then the unique y-y, path P, passes through x,. Considering the vertex z where P, first
meets Py, the strong wedge condition for x gives d(y,z) < d(x,z). But the strong wedge
condition for y gives d(x,z) < d(y, z), a contradiction.

We may thus assume that y lies outside V(G¢(x))\{x2}. Suppose now that y, also
lies outside this set, and that y, # x,. Since x, is a cut-vertex, it follows that all of P,
is outside V(G (x)\{x2}. If G (x) and G¢(y) meet, then, since x, is a cut-vertex, x»
must be a vertex of G¢,(y). Furthermore, since G¢,(y) consists of y, plus a component of
G\{)2}, all of G¢(x) lies in G¢,(y)\{y2}. In particular x € G<,(y)\{)2} and we obtain a
contradiction as above.

If x, =y, then each of G¢/(x) and G,(y) is formed by x, together with a tree
component of G — x,. Since each of x and y is the unique vertex at maximal distance
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from x; = y, within its tree, and x # y, these components are different, and so disjoint,
so W, * W, holds.

We may thus assume that, if W n W;f holds but W, x W, fails, then y lies outside
V(G (x))\{x2} but y, is inside. It is easy to check that in this case G¢,(x)U Gg(y)
forms a component of G (and actually y, must lie on the path from x to x,). Since W
holds, this component (the component of G containing x) has size at least [I';1, (x)| > w;
however, W, N W, also holds, so it has size less than 2w/2, a contradiction.

We have just shown that if W1 N W;f holds, then so does W, * W,. It follows that
either W * W holds, or d(x2,y2) < 2t;, implying d(x,y) < 2(to — K + ;). Thus, for the
second moment,

ENz—Esz:ZP(W;ij)
X y#EX
=D D B W0 (Wex W)
X y?éx
<Y D PWE* W+ P(We* Wy n{d(x,y) < 2t — K +11)}).
X y#EX

For the first term, we have P(W{ * W) ~ P(W)P(W,1), since testing the event W
uses up at most w? vertices, which does not affect the probability of W}T significantly.
(Alternatively, as before we may use Lemma 2.2 and a version of this lemma where we
start at two vertices.)

To handle the second term, we use the following inequality, which we shall prove in a
moment:

P(Wy*x W, N {d(x,y) < 2(to —K) + 3 —K'}) = o(n™?), (2.18)

where K’ = 3K log(1/4+)/log /A and t; = logn/log A. Assuming this, using the fact that
2ty < t3 — K’ for large n if K tends to infinity sufficiently slowly, we have EN? <
EN + (1 +o(1))(EN)?> + n?o(n~?). Since EN — oo, it follows that EN? ~ (E N)?, so by
Chebyshev’s inequality N is concentrated about its mean, and in particular, N > 2 w.h.p.

Set d =2(tg —K)+t; —K’, so d=1logn/logl+2logn/log(l/4«) — O(K). With K
tending to infinity arbitrarily slowly, our aim in this subsection is to prove that diam(G) > d
holds w.h.p.

Let M be the number of pairs of distinct vertices x, y for which W, *x W, N {d(x,y) < d}
holds. Using (2.18) again, we have EM = o(1), so M =0 w.h.p. Thus, w.h.p., we have
N >2 and M =0. Then there are distinct vertices x, y for which W7 and W hold.
As shown above, it then follows that W, * W, holds. Since M = 0, we have d(x,y) > d.
From the classical results of Erdés and Rényi [21], there is some constant 4 > 0 such
that w.h.p. exactly one component of G, the ‘giant’ component, contains more than 4 logn
vertices. Since (for n large) W7 implies that x is in a component with at least w > Alogn
vertices, w.h.p. any pair x, y satisfying the conditions above lies in the giant component,
so d < d(x,y) < oo, and diam(G) > d, as required.

It remains only to prove (2.18). To do so, we explore the neighbourhoods of a given
pair x, y of vertices as usual, to test whether W, *x W, holds. If so, the possible edges
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between the remaining vertices, including x, and y,, have not yet been tested, so each is
present with its original unconditional probability. Hence, given W, * W,, summing over
all possible paths we see that the probability that d(x,,y,) < ¢ is at most

S oGy =" A =00 /n)

%% <t
and
P(Wy* W, N {d(x,y) < 2(to — K) + t5 — K')}) = B(W)P(W,)0(25 75 /n)
=0 (27K
= 0(1/n*)(1/ 7)) 7K
= 0(1/m)(1/4x) 7K = o(n™),

as required.
Combining the lower bound on the diameter we have just proved, and the upper bound
proved in Section 2.1, we obtain Theorem 1.1.

3. Average degree tending to infinity

In this section we shall prove Theorem 1.2. Throughout, when we consider G(n, 1/n) we
assume that A = A(n) — oo with 2 < n!'/1%%° For convenience, we always assume that / is
larger than some absolute constant Ay, chosen so that the various statements ‘provided A4
is large enough’ in what follows hold for 4 > 4y. With /4 tending to infinity, some aspects
of the proof become easier than the A constant case, whilst some become more difficult.

We retain the same basic plan of attack as for the case of A constant. One of the main
problems is that we cannot simply work with the time that the neighbourhoods of a vertex
take to reach a certain size w, since the first neighbourhood larger than this may have size
anywhere from o to around Aw; this difference is too big for our later arguments. Instead
we will look at the size of the neighbourhoods at a specific time. We could consider sizes in
certain ranges, but it turns out that we can simply consider individual sizes, bounding the
probability that a certain neighbourhood has exactly a certain size r. Roughly speaking,
as in the previous section, the probability that the neighbourhoods of a vertex take a
generations longer than usual to reach (or exceed) some given size turns out to be around
¢, where J« < 1 is the dual branching process parameter, defined by J.e % = Jle~*. This
event corresponds to the (later) neighbourhoods being a factor of A% smaller than usual.
So we study for real parameters a the probability that the neighbourhoods are 1* smaller
than usual, expressing this probability as a power of Zx.

Throughout this section it will be useful to bear in mind the asymptotic formula

S = e+ 000%™, (3.1)
which follows easily from A« = Je™* and A« < 1. Note in particular that i« is

asymptotically smaller than any constant negative power of /.

3.1. Branching process preliminaries
We first give some lemmas describing the growth behaviour of the branching process.
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Lemma 3.1. Suppose 1 > 10 and 0 < o < 1/2. Given that |X,| =k
at least 1 — e~ e have | X/ (ATk) € [1 — 0,14 6] for all t >
absolute constant.

> 1, with probability
r, where ¢ >0 is an

Proof. We may assume without loss of generality that r = 0. For t > 0, let p, = | X1/
(Z1X:), and let E, be the event that [p, — 1| > §/3""!; it suffices to prove that P(|J, E;) <
e’ Let F, be the event that E, holds but no E; holds, s < t, so P(J, E;) = 3. P(F;). If no
E; holds for s < t, then |X;| > k' [[,_,(1 — 6/3%*!) > kA'/10. Turning to | X1, conditional
on |X;|, by Lemma 2.3 the probability that p; lies outside [1 —&/3/F!, 1 +6/3F1] is at
most 2exp(—cod297'1|X,|), for some ¢y > 0. Hence P(F;) < 2exp(—cod>9~'2"*1k/10), and
the result follows by summing this rapidly decreasing sequence. L]

For 0 < a<1 define g(a) =g(4a) by 189 =P(Z < 179), where Z has a Poisson
distribution with mean A. Thus 4¢“ is the probability that Z is smaller than its mean
by a factor of A% or more. Note that g(a) is (weakly) increasing in a. Also, as A — oo
we have P(Z < 1) » 1/2 and A» — 0, so g(0) = o(1). A simple calculation shows that
g(a) =1 —o(1) for any fixed 0 < a < 1. Also, using (3.1) we have P(Z < 1) = (1 + A)e * =
Jxe™™(1 4+ 1/2) > J« for large enough /, and so

0< gla)<1 (3.2)

forall0<a< 1.
Extend g to the real line by defining g(x) = [x] + g(x — [x]); this gives an increasing
function which, from (3.2), satisfies

[x] <g(x) < [x]+1 (3.3)

for all x. It is straightforward to check that for any constant b > 3, say, if n is large
enough then

ﬁ(a_log b/log 1) > b/t 5@ (3.4)

holds for all a. Indeed, if m < a—1logh/logi, a <m—+1 for some integer m, then (3.4)
decodes to a statement of the form P(Z < bk) > AP/4P(Z < k), where 1 < k < A/b; the
inequality is easily verified by considering, for example, the ranges k > A/(10b), ﬁ <
k < A/(10b), and 1 <k < ﬂ On the other hand, if a —logb/logi <m < a then it
decodes to A7'P(Z < kb/2) > 2P/4P(Z < k), with k < 1 and bk > A; this is easily verified
by considering the cases k > 0.94 and k < 0.94, say.

We next give an analogue of the upper bound in Lemma 2.1; note that we do not
round t; to an integer.

Lemma 3.2. Suppose that w > 4 and that t > 0 is an integer. Then for A at least some
absolute constant, setting t; = logw/log A we have

P(0 < X, < w/2) < 32547,
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Proof. Note first that if t < t1, then g(t —t;) < 0 by (3.3), so the result holds trivially.
We may thus assume that ¢ > 1, so t > [t;].

Case 1: t > [t1] + 1.

Similar to the proof of Lemma 2.1, set r, = P(|X;| < w/2 | |X;| > 0). Then it suffices to
show that r, < 328", We shall show in a moment that if t = [ti] + 1, then

P(0 < X, < w/2) < 1L.LS, (3.5)

Suppose for the moment that this holds. Then by monotonicity of g and the fact that
2(1) > 1, and since P(|X,| > 0) ~ 1, for such t we have r, < 1.2« if 4 is at least some
(absolute) constant.

As noted in the proof of Lemma 2.1, the implicit constant in all O(-) notation leading
to (2.4) may be taken to be absolute when 4 > 1 is bounded away from 1, so this bound
applies with A growing as a function of n. In particular, from (2.4), we have for arbitrary
t>1

Fe <1t (Ax + 1oy + O(i)vi)) =11 (Ax + 1oy + O(ii_l))’ (3.6)

using A4« = o(1) for the last step, which follows from (3.1).

We may iterate (3.6), with A« sufficiently small in the following (as /4 can be assumed
large). Beginning with t = [t;] + 1, when r; < 1.2/« from (3.5) and hence r,,; < 2.742 from
(3.6), we see that r, decreases extremely rapidly: r, < 3A«r,_; for ¢ > [t1] + 1. Feeding the
resulting bound rp, 144 < (34)5, k > 1, back into (3.6), it follows that for t > [t;] + 1 we
have r; <r_12x(1 + &), where the first error term ef;14» is at most 1.3 and later ones
decrease extremely rapidly. Since [],(1 + &) < 2.4 for A large enough, the result for Case 1
now follows from (3.5).

It remains to prove (3.5). Assuming now that t = [t;] + 1, put a =1t —t; — 1, so that
0 < a < 1. We claim that

P(0 < |Xo| < 2179) ~ 278 (3.7)
and that
P(IXa] > 2179 X, < /2) = o(4 ). (3.8)

Since 1+ g(a) = g(t — t1), these imply (3.5).
Note that P(|X;| = 1) = Ae~* ~ A, and the probability that subsequently |X,| < 2!~ is
289 by definition of g. Thus,

P(1X1] = 1, [Xa] < 2'7) ~ 475

On the other hand, conditioning on |X;| = k > 2, the conditional distribution of |X>| is
Poisson Po(k/). Since a > 0, we may assume that A= < kA/2, and it follows that there
is an absolute constant ¢, > 0 such that for all k > 2, P(|1X,| < A% | |X;| = k) < e~k

Fixing ko > 3/c,, we have
P(IX1] > ko, | X2 < 2'7) < P(IXa| < A" 1X1| > ko)

<
< et =0(23) = o(uTH).
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Turning to 2 < k < ko, we have P(|X;| = k) = 0(2*1J4). Suppose firstly that g(a) < c»
as defined above. Then P((2 < [X1] < ko) A |X5| < 2179) < O(MRo—1Ja)e2 = ju 2ot =
0(21T89) So we may assume that g(a) > ¢,. Then, noting that for |X5| < 21 to hold,
each particle in X; must have at most '~ children, we have

PX1| =k, [Xa] < 217) = 011 245) = o151,

since A48 = j8@=) — 5(1). Putting the pieces together, we have established (3.7).

The proof of (3.8) is similar. Condition on |X,| = k, where k > A'~%. In the event that
|X:| < w/2, the average number of descendants in X, of a particle in X, is less than
/(2217%). However, we know that any one such particle expects A2 = 14~ = ¢y /11 —¢
such descendants, and applying Lemma 3.1, we see that P(1X,| < w/2 | |X5| = k) < e
for some c¢3 > 0. Arguing as for the proof of (3.7), there exists k; such that P(|X;| < w/2 |
1Xa| > ki) = o(275).

We are left with showing (3.8) in the case that A% < | X| < k;, which requires | X,| >
since a < 1. It is easy to see that P(|Xs| < ki) = ©@(1k1-122) = 127°). Conditional upon
this, for | X;| < w/2 to hold at least one particle in X, must have at most half its expected
number of descendants in X;. By Lemma 3.1 and the union bound, the conditional
probability of this is at most kje™%* = o(i?/ 2). Hence

P(1Xa| < k)P(1X,| < /2| 217 < |Xa| < ki) = o2 ") = 0(22)
and we have (3.8) since 1 + g(a) < 2
Case 2:t = [t;].

In this case, setting a = t — t; € [0, 1), we have P(0 < |X;| < 217%) < 24 by definition of
g. Using this in place of (3.7), it suffices to show that P(|1X | > A7, |X;| < /2) = 0(28“));
the proof is identical to that of (3.8), apart from the notation. L]

We next turn to the analogue of the lower bound in Lemma 2.1; as there, we bound
the probability of a rather specific event involving extra conditions that will be needed in
our lower bound on the diameter.

We say that the branching process (X;) satisfies the diamond condition to generation r if
|X{| = 1, there is a unique particle x, in X,, and the chain x¢x; - - x, of ancestors of x, is
such that any ‘side branches’ starting from x; die within min{i,» — i} further generations.
For r = 0 we interpret the diamond condition to hold vacuously.

Lemma 3.3. Let t' > 0 be an integer, and 0 < a < 1 a real number. Let Fy be the event
that | Xy| = 1 and the diamond condition holds to generation t', and let Fy be the event that
|Xy41| < A% Then, as /. — oo we have

P(Fy N Fy) ~ 280F9,

uniformly in t' and a. Furthermore, provided A is at least some absolute constant, then for
any w > A and t >ty = logw/log A there is a p with w/3 < p < 2w such that

P(FonFin{IX,| = p}) = 2" /GBlw),
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where Fy and Fy are defined as above with t' and a the integer and fractional parts of t — ty,
respectively.

Note that t; is not rounded to an integer. Essentially, the lemma says that the probability
that X, survives but (after some time) is a factor A* smaller than it should be is around
2™ The second statement shows that there is some specific size in a suitable range such
that the probability of hitting exactly this size is not much smaller.

Proof. The event Fy is exactly the event W° referred to in (2.14), but with to — K
replaced by ¢'. Using (2.15) to translate (2.16) back in terms of W, we have 1L > P(F,) >
Ad\d2d3d} - - -, where d; = P(|X;| = 0) is at least 1 — /% from (2.17). As A« — O, it follows
that P(Fy) ~ L.

Conditioning on Fj says nothing about the descendants of the unique particle z in X,
so if Z is Poisson with mean A then

P(F, | Fo) =P(Z < )Ll—a) _ )é(a),

= 7879 this proves the first

where the last step is the definition of g(a). Since A% A5
statement.

Turning to the second statement, suppose that w > /1 and t > t; =logw/log . Let
t'=|t—t;] and a=t—t; —t. Let F| be the event that |X,{| = [A7¢]. Noting that
x = |A'7¢] is the most likely value x of Z with x < A7 arguing as above we have
P(F] | Fo) > 789 /J, and hence P(Fy N F}) > 45" /(22), provided 1 is large enough.

Noting that t —¢ >1t; > 1, let F, be the event that the ratio |X;|/(A" ' X,,4]) is
between 9/10 and 11/10. Then by Lemma 3.1 we have P(F, | Fo N Fj) — 1, so

P(Fo N Fj N Fy) = 25779 /(32).

Noting that A'=eji—1'—1 = ji=(+a) — ji=(—t) — )t — ¢y and that [A17¢] > A17%/2, if Fon
F{ N F, holds then so does the event E, = Fy N F; N {|X,| = p} for some p between 9w /20
and 11w/10. So there is some p in this range for which P(E,) > 15([7”)/(3260), as required.

|

We also need an analogue of Lemma 2.2 without the assumption that A is fixed.

Lemma 34. Let A = A(n) satisfy 2 < n'/1°. Then the estimates
P(G<(x) = T) ~P(GL(x) = T) ~P(X<, =T)
hold uniformly over rooted trees T with |T| < n*>, where t is the height of T.
Proof. The proof is essentially identical to that of Lemma 2.2. Indeed, the estimate (2.7)
is valid assuming only that |T|, A < n/2, say; under our present assumptions this estimate

is exp(O(n~1/° + n=1/10 4+ n=2/5)) = 1 + o(1). As before, the result for G¢,(x) follows, now
noting that the expected number of untested edges present is O(A|T|*/n) = o(1). U]
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3.2. Neighbourhoods in the graph and how they meet

Our immediate plan is to examine those vertices for which the breadth-first search
procedure takes an unusually long time to reach a ‘large’ number of vertices. For
convenience we choose ‘large’ to mean around 1!°; since we assume A < n!/10%0 say,
219 is much less than n'/4. We do not attempt to optimize the power of n giving the upper
bound on A. We first work towards a lemma that gives asymptotically the probability that
two neighbourhoods of size at least 1°/4 have a certain distance between them. This will
be needed in particular later, when we make variance calculations in using the second
moment method.

As in Section 2, set

to = |logn/log(1/Ax)].

For r > 1, let S, be the set of vertices x in the random graph with I ;10(x)] = r.
Lemmas 3.3 and 3.2, in conjunction with Lemma 3.4, give some information on the
expected size of S,, or, more precisely, on the size of unions of such sets over r in suitable
ranges, though (as will be apparent in the argument below) the upper and lower bounds
given by the lemmas can differ by a factor of A or more.
We first consider the branching process. For r > 4, setting w = 3r > 2r in Lemma 3.2
gives

PO < |X,| < r) < 378U leeln/log ) (3.9)

Although we shall not use it, let us note that in the other direction, with o constant and

A large enough, applying Lemma 3.3 with w = %ocr and then Lemma 3.1 gives

1 — or A
PO < |X,| < ar) > Eﬂﬁ” log(or/2)/ log 2). (3.10)

provided the argument of g is greater than 0.

We will transfer the bounds above to the random graph using Lemma 3.4, which shows
that the corresponding random graph and branching process events have asymptotically
the same probability, provided there are not too many vertices close to x, so that the trees
used in applying Lemma 3.4 are not too large. First, define I'¢;(x) = U;‘=o I(x).

Let B; be the (‘bad’) set of vertices x such that [I'¢;110(x)| > n'/4. From (3.1) we have
log(1/4+) ~ 2, which is much larger than log, so A0t10 = po10 < pl/8 §f y is large
enough. For fixed k > 1, the number of unlabelled rooted trees of height ¢ with exactly
k (non-root) leaves, all at distance t from the root, can be estimated by adding paths to
leaves one at a time, giving the crude upper bound O(1)(t + 1)*~!. It is thus easily seen
that for fixed k we have E [T, (x)[* < O(1)(t + 1)*=12%. With t = to + 10 = O(logn) and
k = 20, this gives E [T </ 110(x)|?° < (logn)°Mn?3 = o(n®). Thus Markov’s inequality gives

E|[Bi| < nP(|T<ipr10(x)* = n’) = o(n™"). (3.11)
A similar calculation shows that
P(BY) = o(n™?), (3.12)

where B is the branching process event corresponding to Bj.
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Define 1, to be the expected number of vertices x in S, \ B;. Applying Lemma 3.4 to
each relevant tree, which has at most n'/# vertices by definition, and summing over x, we
have g, < (14 o(1))nP(|X;y410] = 7), so by (3.9) we have

ﬁr < n(3 + 0(1))i§(t0+10—]0g(3r)/log/l)
< (3 + o(1)) 5 oeBr)/ Tog (3.13)

using (3.3).
We can similarly see easily that the union of the sets S, \ By over all r < °/4 is w.h.p.
empty: setting w = 4°/2 in Lemma 3.2 gives

P(0 < |Xyi10l < 2°/4) < 32510t Floe2/loe?)

< 3 sllog2/1og )

X n * b
which is 3n~'P(Po(1) < 4/2) = o(1/n). Hence, using Lemma 3.4 again, Zr</19/4 - =o(1).
Since E |B;| = o(1), it follows that

U s=90 whp (3.14)

1<r <9 /4

Thus, we are interested in S, for r > 7°/4.

An annoying feature of the present situation is that with some small probability, the size
of T';y(x) can ‘misbehave’ for i > ty 4+ 10. Although there are w.h.p. no vertices for which
this happens to a signiﬁcant extent, we need to treat these vertices separately. Define
/(r) = max{0, [log(2(log® n)/r)/log A1}, so #(r) > 0 is minimal subject to r2’" > 2log®n.
Let B, be the set of ‘bad’ vertices x with the property that |T'y110(x)| > 4°/4, and the
‘ratio error’

I t+10+i ()]
A1 1ﬂt(,+10(x)|

has absolute value at least A=2 for some 0 < i < /(r). We write Vo = V \ (B; U B,) for the
set of ‘good’ vertices.

—1 (3.15)

Lemma 3.5.

(@) E|By| = o(1).

(b) Conditional on two vertices x and y being in S,, N Vy and S,, N Vy respectively, where
/4 <r<n'* (i=1 and 2), and additionally conditional on d(x,y) > 2ty + 20 +
£(r1) + £(r2), we have

ryr —2 i
P(d 2t0 + 20+ k) = ——1 o4 A
P(d(x,y) > 2tg+ 20 + k) = ep( (14 E >+o(n

for all k > /(ry) + £(r2), where the constant implicit in the O(-) terms is uniform over all
such ry, r, and k.

Proof. As in the proof of Lemma 2.4, we explore the successive neighbourhoods of a
vertex. If a, denotes |I';(x)|, then conditional on the part of the graph explored up to this
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point, and assuming that it contains at most n>/? vertices, a4 is distributed as binomial
with parameters n — O(n*/?) and p = (1a,/n)(1 + O(Za,/n)). The mean is Za,(1 + O(n~'/%)),
so by Lemma 2.3 (a Chernoff bound) we have

Plai1 — Aa;| < (Aa)/*) = 1 — e W), (3.16)

To prove (a), in view of (3.11) we only need to show that E|B;\ Bi| = o(1). First
explore the successive neighbourhoods of any vertex x up to I'y410(x). If the cardinality
of this set, a;,110, is less than 1°/4 or greater than 21og® n, or if [Ty s10(x)| > n'/4, then
x is certainly not in B, \ B;. Condition on the exploration so far, assuming that none of
these events hold, and that a,,.19 =7, so 2°/4 <r < 21og® n. Next, continue exploring a
further Z(r) steps. Provided the event in the left side of (3.16) holds at each exploration
step, the ‘relative error’ |a,41/Aa; — 1] is at most (Aa;)~'/*. In this case,

T 1‘ < 20410,
v a[0+10

which is less than 472 since a,y119 > 4°/4. This implies x ¢ B,. On the other hand, the
probability that the event in the left side of (3.16) fails to hold for at least one of the

relevant ¢ is at most e~®") which is A?(\/m) since A« > e~*. The expected number
of vertices x & By with 10 = r is O(25 €3/ 1°8%) 1y (3.13). Multiplying these bounds
together and summing over r > 1°/4 gives o(1), that is, E|B, \ B;| = o(1), as required.

We turn to (b). Let 2°/4 < r; < n'/* (i = 1 and 2). Take any vertices x and y, and explore
the successive neighbourhoods of each up to distance ty + 10 4 Z(r;) and to 4+ 10 + Z(r;)
respectively. At this point, it is revealed whether these neighbourhoods are all disjoint,
which is equivalent to d(x,y) > 2ty + 20+ /(r1) + /(r2), and also (recalling that V=
V '\ (B1 U By)) whether x € V;, and y € V,. Condition on the event that all three of these
hold. It follows from x ¢ B, that |y 4104i(x)| = ri(1 4+ O0(472))A" for 0 < i< /(ry), and
similarly for y.

We next explore the further neighbourhoods of x and y, each time choosing the smaller
of the two for further exposure, until one of them has reached cardinality at least n’/3
until they meet, whichever happens first. Note that for all r we have rA’") > 21log®n by
the definition of /. Since x ¢ B,, using the ‘error ratio’ property in the definition of B, (see
(3.15)) it follows that |I'y 1 10+4s()(x)| = log® n, and similarly for y. So, by applying (3.16)
and conditioning on non-failure at each step, we conclude that with probability at least
1 —o(n™3), at each step

, or

Cip 1045 (¥)| = 1A (1 4+ 0(A72)),

and similarly for y. So we may assume this is the case each time. From this, when the sum
of the two distances is 2ty + 20 + k — 1, the product of the sizes of the neighbourhoods is
r1r2 25711 4+ 0(272)), and hence the probability of not joining in the next step is

exp(—rir AN (1 + 0(A72)i/n).

The result follows, as long as the probability that they do not meet by the time that one
of the neighbourhoods has reached size n’/° is bounded above by o(n~3). This must be
the case since on the previous step, the neighbourhood that was extended must have had
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size at least n*/° /(1 + o(1)), so the product of sizes on the previous step must have been
at least n%3/7%(1 + o(1)) which is at least n''/10 as 2 < n'/19%_ Thus the probability of not
joining on the last step was at most exp(—An!/1°(1 4 o(1)) = o(n™3). O

We now turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. Recall that 1 = A(n) is some given function of n satisfying
J.— oo and A < n!/19%0 All limits are as n — oo, or, equivalently, as A — oo. As usual, all
inequalities we claim are required to hold only if n (or 1) is sufficiently large.

Our first aim is to estimate the probability of the event that is conditioned on in
Lemma 3.5(b). Let P, denote the probability that a given vertex is in Vo N S, and 13”,,2 the
probability that a given pair of distinct vertices x and y satisfy x € Vo N S,,, y € VoN S,
and d(x,y) > 2to + 20+ /(r1) + /(r2). Note that x € VyN S, if and only if the set of
vertices at distance at most ty + 10 + /(r1) from x forms one of a specific set of graphs
with fewer than n!/4 + O(i(logn)®) = o(n'/3) vertices, and P, ,, counts configurations in
which the explorations from x and y are disjoint. Since each exploration ‘uses up’ o(n'/3)
vertices, it is easy to see (for example using a version of Lemma 3.4 starting with two
vertices) that

P

12

~ P, P, (3.17)

For any r, let 7i, denote nP,, the expected size of Vo N S, ; recall that i, = E|S, \ By, so
1 = I + o(1) by Lemma 3.5(a). Also, for integer k > 1 define fi(ry, 2, k) to be the expected
number of ordered pairs (x,y) of vertices with x € VoNS,,, y € VyNS,,, and d(x,y) >
2(to + 10) + k. Since Vo = V w.h.p., the number of such pairs essentially determines the
diameter. From the above observations and Lemma 3.5(b),

Wri,r2, k) ~ Ty iy (GXP <—V1V2 +0(? Z 2 /”) +o(n )>, (3.18)

provided k > /(r1) + /(r;) and r; and r; satisfy the constraints of Lemma 3.5. Note that
we shall consider values of k that are at least logn/log 2 — 30, which is larger than 2/(r)
for any r > 0.

Define u, = nP(| X410/ = r), which we shall analyse using Lemmas 3.3 and 3.2. We
claim that

Hr < fir < (1 4+ 0(1)); (3.19)

indeed, the first inequality holds by definition. If r > n'/* then 1, = 0; otherwise the
second inequality follows from Lemma 3.4, summing over the possible neighbourhoods of
x. In the other direction, although we shall not need these bounds, note that for r < n'/*
we have

> w(140(1)) + o(1),

since U, > @, + o(1) by Lemma 3.5(a), and n. > p(1 4+ o(1)) + o(1) from Lemma 3.4,
together with (3.12).
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We next show that vertices in sets Vo N S, with » > 213! will not determine the diameter
of the graph, for the reason that they join too quickly to all vertices under consideration:
we claim that w.h.p. all such vertices have distance at most logn/log 4 + 2ty — 0.05 from
all other vertices; we will see later that w.h.p. the diameter is greater than this. To establish
this claim, without loss of generality consider only r; > A'*! and r, > 7°/4. Note that
the conditions on the r; in Lemma 3.5(b) are so restrictive because it aims for a fairly
accurate asymptotic estimate. In this case we only need to observe that if x € VN S, for
r=ry or rp, by definition of B, | 110+i(x)| ~ A'r until the neighbourhoods reach size
at least (logn)® (which they may do at i = 0), and for larger neighbourhoods up to size
n?/3, (3.16) provides the same relation with probability at least 1 — ¢=20°8'n) = 1 — o(n=5).
Summing over all O(n?) pairs of vertices x and y gives

1i(r1, 72, k) < Ty, iy, exp(—(1 4 0(1))rira 2 /n) + o(n™), (3.20)

similar to (3.18) but without the same restrictions on r; and r,. For k = |logn/log 1 —
20.05] we have riri%/n > (r1/231)(4r,/7°)21%%. Now (3.19) and (3.13), together with
Jo = e (see (3.1)), give

I = 0(1)exp((1 + o(1))A(log(3r)/ log 2 — 8)).

Summing the resulting bound on 7i(r{, 5, k) over all r; > 2! and r, > 2°/4 gives o(1), as
required to establish the claim. (The key observation is that when ry and r, take their
minimum values, we have 1, i, = exp(O(2)), while the exponential factor in (3.20) is at
most exp(—A'%). When r; and r, increase, so does iy, lr,, but the exponential factor
decreases more than fast enough to compensate.)

Recalling (3.14), let R be the set of indices r, 1°/4 < r < 231, for which 7, > A~ 14
Then, by the union bound, the expected number of vertices in all sets VNS, with r in
this range but not in R is o(1), i.e., there are w.h.p. no such vertices. Since Vy = V w.h.p.,
using the observation above about sets S, with r > A'*! and (3.14), we have shown that

diam(G) = ( I}’l.’;lGXRZ max{d(x,y) :x € VoNS,,y € VoNS,} whp. (3.21)
1,

It only remains to examine r; and r, in R. Note that if r € R then r < A'*!, so from (3.13)

and (3.19) we have

o < 278 < e, (3.22)

Let ko(r1,72) denote the maximum k such that 7i(ry, 72, k) > 2727, (This number ko depends
on n.) Then Ji(ri, 72, ko(r1,72) + 1) < 2727, Let kmax be the maximum value of ko over all
pairs (r,r;) in R%. From (3.20), (3.22) and the definition of R, it is easy to check that
kmax = logn/log 2+ O(1). Setting f(n, 1) = 2(to + 10) + kmax, to prove the first part of
Theorem 1.2 we shall show that the diameter is w.h.p. either f(n,A) or f(n, 1) + 1. Since
|R?| = 0(4%%?), by the union bound, the expected number of pairs of vertices x and y
counted in (3.21) at distance greater than f(n,4) 4+ 1 is o(1). Thus diam(G) < f(n,4) + 1
holds w.h.p.

To see that the diameter is w.h.p. at least f(n, 1) = 2(to + 10) + kmax We shall look for
vertices at this distance in suitable sets S,,. Choose (r1,r2) in R? with ko(r1,72) = kmax. Note
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that 7i(r1, 72, kmax) > 42~27. That is, from (3.18),

Kmax

fir i €XP <—V172(1 +067)Y) m) + 0(f By /) > (1 + 0(1))777.

i=1
By definition 7i,, < n, and n! = 0(417%"), so

kmax
iry Tiry €XD (—Vlrz(l +00)Y ﬂf/n) > 77(1+ o(1)).
i=1
Using (3.22) for r = ry and r = ry, it follows that

Kmax

exp (—r1r2(1 +0(17%) Z /“Li/n) > 7812 5 13
i=1
if n is large enough. Taking logs and stopping the sum one step earlier, this gives
Kumax—1
—rira(1+0(27%) Y A/n>—13. (3.23)
i=1
Hence, by Lemma 3.5(b), vertices x and y whose (ty + 10)-neighbourhoods have sizes r;
and r, respectively have a significant (at least ¢34 0(1)) probability of being at distance
at least 2tp + 20 + knax. Although by design we expect a large number of pairs of such
vertices x and y, it is still possible that the expected number of possibilities for either x
or y goes to 0! Our strategy is to consider vertices with [Ty +10(-)| around 2000r;, say, and
show that this gives us many vertices x and y to work with. We also impose certain extra
conditions on their neighbourhoods needed later.
For i = 1,2, since r; is in R, we have 7i,, > A~!4. Now (3.19) shows that P(| X, ;10| = 1) =
. /n > (1 + o(1))A~1/n. By (3.9) it follows that

Jgliot10=togBri/logd) o (1 /3 4 (1))47 4 /. (3.24)
Let w; = 1000r; < 2'*. By (3.4) and (3.24) we have
jglott0-logen/logd) (1 /34 5(1))4250/3 714 1 > 740/, (3.25)

if / is large enough. For i = 1,2, applying Lemma 3.3 with w = w; and t =t + 10, there
is some p; with w;/3 < p; < 2w; such that the event Fo N Fy N {| X, +10] = p;} described in
Lemma 3.3 has probability 7; satisfying

mp > 8l rI0Tor a8 y3500) > 2%/ (Bnay) = 23 /n, (3.26)

using (3.25). Let E,,i(x) denote the event that x ¢ B; and the neighbourhoods of x
up to distance tp + 10 form a tree that, when viewed as a branching process, satisfies
the conditions Fy N Fy N {|X;y+10| = pi}. By (3.12) and Lemma 3.4, we have ]P’(Ep,,(x)) ~
7 + o(n™2). Since m; is much larger than n~2, it follows that P(E,,(x)) ~ m; > 12 /n.

Let E,,(x) be the event that Ep,,(x) holds and x € Vj, so the only additional condition
is that x ¢ B,. Let P; = P(E,,(x)). Since P(x € B,) = o(1/n), we have

Py ~ P(E,(x)) ~ m > 2% /n. (3.27)
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Note also for later that, writing ¢; and a; for the integer and fractional parts of
to + 10 —logw;/log A, and writing Fo(x) for the event that the neighbourhoods of x
satisfy the diamond condition to distance t; (corresponding to Fy in Lemma 3.3), then
starting from the first statement of Lemma 3.3 and arguing as above, we have

P(Fo(x) N {|Tys1(x)]  A174}) ~ poti0-loeer/loes)
Using the first inequality in (3.26) it follows that
Py > 17 BP(Fo(x) 0 T (0)] < A179)). (3.28)

In other words, once we have explored the neighbourhoods to the ‘branching vertex’ xo,
and found few neighbours in the next step, it is not that unlikely that E, (x) holds.

Given distinct vertices x and y, as in (3.17) the probability that E, (x) and E,,(y) hold
and d(x,y) > 2(to + 10) + 4(p1) + Z(p2) is (1 + o(1))P; P,. Furthermore, conditional on this
holding, then by a variant of Lemma 3.5 that simply includes extra conditions on the
neighbourhoods of a vertex up to distance ty + 10, the conditional probability P that
d(x,y) = 2(tp + 10) + kmax satisfies

kmax —1

p1p2 i -3
P = ——( 1 A ?). 3.29
exp< . (+o()); )+o(n ) (329)
Since p; < 2w; = 2000r;, using (3.23) shows that P > exp(—0(1)), so P = ©O(1).

Let us call an ordered pair (x,y) a regular far pair if E, (x) and E,,(y) hold, and
d(x,y) = 2(to + 10) + knayx, and let N denote the number of regular far pairs; our aim is
to show that N > 1 holds w.h.p. From (3.27) we have nP;,nP; > (1 + 0(1))4*> — o0, so

EN ~ n’P{P,P — o0.

Unfortunately, we cannot use the trick from Section 2.2 to complete the proof: this trick,
which allowed us to avoid considering the second moment of the number of pairs of
vertices at large distance, needed P ~ 1. This will in fact hold for almost all values of the
parameters in the present setting, but not all. Moreover, we now have less tolerance in
the final estimate of the diameter, and consequently less flexibility. Instead we apply the
second moment method directly to N. In the arguments that follow we shall avoid using
the fact that P = ®(1), using only

P>nt, (3.30)

say; this will be useful later.

Let M = E(N?) denote the expected number of pairs ((x, y),(z, w)) of regular far pairs;
our aim is to show that EM ~ (EN)> Note that the number of distinct vertices in
{x,y,z,w} may be 2, 3 or 4. The contribution to M from sets with 2 distinct vertices is
trivially at most 2EN = o((E N)?) (the factor 2 arises only if p; = p,). Let us leave aside
the case of 3 vertices, noting only that we expect the contribution from pairs with x = z,
say, to be asymptotically

nPi(nP2)’P? ~ (EN)*/(nP1) = o((EN)?),
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since nP; — oo. The argument for the case of 4 distinct vertices that we shall now give
adapts easily to show this.

Let My be the contribution to M arising from sets of 4 distinct vertices {x,y,z,w}
whose neighbourhoods up to distance ty + 10 4 /(p;) are all disjoint, where i =1 or 2
as appropriate. To estimate My, explore from four distinct vertices, and test whether
the relevant events E,(-) hold with the neighbourhoods disjoint. As in (3.17), this has
probability (1 + o(1))PP3. Our aim is to bound from above the conditional probability
that d(x, y),d(z, w) = 2(to + 10) 4 kpay, showing that it is at most (1 4 o(1))P2. Since none
of x, y, z, w is in B,, the neighbourhoods have already reached size at least log6 n. From
this point onwards, as before, we may assume they grow at almost exactly the expected
rate. Note that we may ignore events of conditional probability o(n='/1%) = o(P?), since
we have already conditioned on an event of probability (1 + o(1))P{P;.

Since we stop the explorations when the neighbourhoods are no larger than n’/°, say,
we may assume that any intersections between neighbourhoods are small, involving at
most a fraction n='/3 of the vertices in a neighbourhood. Such small intersections do
not materially affect the calculations in Lemma 3.5(b), so the conditional probability that
d(x,y),d(z,w) = 2(to + 10) + kpay is indeed (1 + o(1))P>.

It remains to deal with cases where some of the neighbourhoods meet within distance
to + 10 + /(p;) from the respective vertices. As above just after (3.25), let ¢; be the relevant
parameter ' in Lemma 3.3, where i =1 or 2 depending on which vertex we consider.
Note that to have the property E, (v), all our starting vertices v must have the property
that I';,(v) contains a unique vertex vo. Also, within the tree up to this point, v must be
the unique vertex at maximal distance from vy, so our ‘diamond’ condition holds. As in
Section 2.2, it follows that in a quadruple contributing to M, the neighbourhoods cannot
meet before the corresponding vertices vy, so the minimum possible distance between
starting vertices is t; +t;.

Returning to the random graph without conditioning, let us explore the neighbourhoods
of our 4 distinct vertices x, y, z, w out to distance t; — 1 in each case, assuming these
explorations are disjoint, and that there are no edges between the final sets (such an
edge would give distance t; +t; — 1). Furthermore, let us test for each of these vertices
v how many neighbours I';,_;(v) has in the remaining set U of ‘unused’ vertices, but not
which neighbours it has. If our quadruple is to contribute, in each case there must be
exactly one neighbour, vy. Now conditional on the information so far, the probability that
Xo = zo, say, is exactly 1/|U| ~ 1/n. If this happens, then going forwards, the remaining
calculations are exactly as if we had x = z in the beginning. Summing the corresponding
contributions to M, the total from cases with x # z but x¢o = zyp has an extra factor of
n from the choice of z (compared to the case x = z), but also an extra factor that is
asymptotic to 1/n as noted above. (There is also the extra factor of at most 1 from the
condition on the neighbourhoods of z up to distance t; — 1; we can ignore this.) In total,
the contribution here is at most that with x = z, which is o((E N)?) as noted above. (The
argument here is not circular; when considering here the three-vertex case, a collision of
this form reduces to the two-vertex case.)

So we may assume that xg, yo, zo and wy are distinct. Repeating the trick above, let
us first test how many neighbours each has among the unused vertices (not testing edges
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such as x(zg for now). For our quadruple to contribute, by definition of E,,i(-) the numbers
must be at most A'=% with i = 1,2 as appropriate. Since there are n— O(n'/*) unused
vertices, the probability of this happening is very close to P(Po(41) < A!=%). Using (3.28), it
follows that the probability that all our tests so far, for the relevant events E,,i(-), succeed
is at most A% P} P3. Hence, going forward, we may neglect any event of probability smaller
than n=1/4 = 0(17%!), say. So far we have revealed the numbers of neighbours, which were
all at most 4, but not which vertices they were. But the probability of a collision is
0(2%/n) = o(n~/#), which is negligible. Also, the probability of an edge between xo and
20, say, is O(A/n) = o(n~/*). Recall that any vertex in a pair counted in N, or a quadruple
in M or My, has the property E, for some i and is hence in Vo = V(G)\ (B U By).
Exploring further up to distance 10 + /(p;) steps from each vertex vy, where i =1 or 2 as
appropriate, assuming typical growth as we may, the probability that two neighbourhoods
meet, starting as they do with at most 4 neighbours of vy, is O(A20+/ (P40} /p) = o(n~1/4).
So we may assume this does not happen, and hence M — M, is negligible compared with
M.

In summary, it follows that M = E(N?) ~ n*P}P;P* ~ (EN)* — oo, so the second
moment method shows that N > 1 w.h.p. But then the diameter is at least 2(ty + 10) + kmax,
completing the proof of the first half of Theorem 1.2.

The second part of the theorem states that for ‘most’ values of n the diameter is almost
determined, and gives a formula. The general exact formula is a bit complicated if we
want to include all values of the parameters, even restricting to those for which the
diameter is almost determined. In formulating Theorem 1.2 we omitted some additional
problematic values of n, giving a much simpler formula. One way to explain the source of
the problematic cases is to observe that, although the difference between the upper and
lower bounds (3.9) and (3.10) is usually negligible, when the typical diameter is close to
jumping to the next integer, the fact that these bounds do not exactly match becomes
important.

Writing {x} for x — |x], in proving the second part of the theorem we may assume that

5¢ < {logn/logl} <1—3e,

Se < {logn/log(1/2+)} < 1—5g (3.31)

where ¢ is some positive constant, which we may take to be smaller than 1/10.

Let us first consider some values of r that, as it will turn out, in many cases (i.e., for
many values of n) typically determine the diameter of the random graph.

Define g, to be the infimum of g such that n=! > J0%8@ From the definition of g,
with /4 fixed and ¢ varying, 25’ jumps by a factor of at most A at each discontinuity.
(With X ~ Po(4), the ratios P(X < k + 1)/P(X < k) are between 1 and A, while the ratio
JZ'P(X < 1)/P(X < A) is asymptotically 1/P(X < ) ~ 2.) Thus, for large n,

n—l _ iioJrg(q")/f (332)

for some & = ¢(n) between 1 and A. We call n ‘normal’ if ¢, <& and g(g,) > 447°.
Taking logs in (3.32), since &= 42", while 1o = |[logn/log(1/4+)|, we have g(g) =
{logn/log(1/4«)} + o(1), so g(gn) = & > 44 if n is large. Since for any constant 0 < a < 1
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we have g(a) — 1, while g(g,) < 1 —¢, it follows that ¢, = o(1), so any (large enough) n
satisfying (3.31) is normal.

Putting t =ty + 10 and @ = A" such that t; = 10 — g, — log5/log A in Lemma 3.2, we
find

P(0 < | X1 10| < ;h10—qn/10) < 3}v§(to+qn+log5/log?-) _ 3iio+g(qn+10g5/10gi)’

which is at most 34078 /35/4 = o(n~1) by (3.4) and (3.32). Hence, arguing as for (3.14),
we only need to consider vertices in S, with r > A10-%/10.

Put b = |logn/log A+ 2q,| and ¢ = {logn/log A + 2q,}. Call n ‘standard’ if 3¢ < ¢ <
1 — 3e. Since ¢, < ¢ for normal n, any n satisfying (3.31) is standard.

As noted above, for normal n we only need to consider r; and r, at least A!0—4—o(l),
and for such cases (3.18) gives

fi(r1,r2.b —18) < (1 + o(1)) iy, exp(—20 720V bmIiTlonlloet 4 o(n73))
= (1 + (1)), fir, exp(—2>~4 71 + o(n”?).

For standard n the exponential above is at most exp(—A!T#=°()) 4 o(n~3). Hence for such
n the quantity 7i(ry, 72, b — 18) goes to 0 quickly unless 7i,, or %, is much bigger than e'*%,
say. From arguments as above, we know this forces r; and r, to be much larger than the
typical values of around 2'°, at least 2%, say, and then 7i(r, 7>, b — 18) is much smaller.
Using the argument that earlier permitted us to restrict parameters to the set R, such
cases can be neglected. Thus, w.h.p. there are no vertices in sets S,, N Vp, S, NV, that
have distance greater than 2(typ + 10) + b — 18, for any r; or r,. Hence the diameter is at
most 2to + b + 2 w.h.p. for any n satisfying (3.31) (or indeed, though we will not need it,
for any normal standard n).

Continuing with standard normal n, let @ = 2'°. Then using (3.32) and since g(q,) >
4/Af£, l:l — e/l+0(logi) and é — eO(logi)’

ig(to-‘rloflog w/log ) _ ;&0

— /“L:g((h)é/n

> exp(42'7* + O(log A))/n

> exp(3417%)/n.
Since the final bound is larger than 1%°/n if A is large enough, the bound (3.25) holds
with w; = w for i = 1,2. The calculations down to (3.28) go through as before, now with
p1 = p>=p and 21°/3 < p < 220 This time we have P; = P, ~ m; > exp(3A17%)A~2) /p,
using (3.26) and the bound above.

Writing N for the number of pairs of vertices with property E, at distance at least
2(to + 10) + b — 18, as before we have EN ~ (Pyn)*P, with

b—19

P =exp (—22(1 +o(1)) Z i’) +o(n™?)

i=1
in place of (3.29). Since p < 24! we have

IOg(l/P) < (4 + 0(1))120+h—19—10gn/10g1 ~ 4ll+2qn—¢ < 4/11—8
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for normal standard n. Since Pin > exp(34!~% — O(log 1)), we thus have EN — co. The
second moment argument goes through as before to show that wh.p. N > 1, so the
diameter is w.h.p. at least 2(to + 10) + b — 18. (Note that we still have (3.30) since (3.31)
forces A+« to be much larger than 1/n, and hence A = O(logn), so log(1/P) = o(logn).)
Hence, from the upper bound shown above, the diameter of the graph is, for normal
standard n, w.h.p. equal to

2ty + b+ 2 =2|logn/log(1//x)] + |logn/log A + 2q,| + 2.
Using (3.31) again, and recalling that g, < ¢, this is
2|logn/log(1/A+)] + |logn/log A| + 2,

which is in turn exactly the diameter claimed in (1.5), completing the proof of
Theorem 1.2. Ul

Remark. With hindsight, it is easy to explain intuitively why the diameter in the last
case treated above is given by (1.5). Indeed, with ty = |logn/log(1//«)], the probability
that a given vertex has |I';,(v)| = 1 is roughly 4, which is significantly larger than 1/n.
On the other hand, typically no vertices will have |I';,1(v)] = 1, or indeed |I';,+i(v)| much
smaller than A. So the diameter is likely to come from two of these ‘candidate’ vertices with
IT';,(v)] = 1. Each of these has a unique vertex at distance fo. Let us call such vertices active.
Any given pair of active vertices will usually be at distance d = [logn/log /| from each
other. However, there are usually many candidate vertices (at least A%, which is roughly
¢*), and hence (not necessarily, but usually) about the same number of active vertices.
The expected number of paths of length d joining two given active vertices is roughly
24 /n =211 so we might expect the probability that a given pair is at distance d + 1 to
be of order exp(—A!~/), where f is the fractional part of logn/log A. The probability of
no path of length d + 1 is roughly exp(—A>~/), which is much smaller than the reciprocal
of the number of pairs of candidate vertices. So we expect the diameter to be 2ty +d + 1
w.h.p., as we have shown.

4. Just above the critical point

In this section we shall prove Theorem 1.3, which is the analogue of Theorem 1.1 for
G(n, A/n), where now A = 1+ ¢ with ¢ = ¢(n) tending to zero at a suitable rate. Roughly
speaking, we shall simply repeat the arguments in Section 2 more carefully; however, there
are many additional complications that we shall contend with as we go. As mentioned in
the Introduction, we shall also prove a stronger result, describing the (normalized) limiting
distribution of the correction term; we postpone the somewhat unpleasant statement of
this result until Section 5.

Throughout this section we write A for 1+ ¢, always assuming that 0 <e¢ < 1/10,
and often that ¢ = ¢(n) — 0. As before, we write A« for the unique solution 4« <1 to

Jxe™ = Je™* s0

=1—¢c+ %82 — 383 +0(eh). (4.1)
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Sometimes it will be convenient to note that
le>1—¢ (4.2)

for all &> 0; this is easily seen using the fact that Z«e™* has positive derivative, and
(1 —e)e=179 < Je~*. As before we write s for the survival probability of the branching
process X;, so (from (1.1)), we have

s =2¢+ 0(). (4.3)
Note that as ¢ — 0 we have
log(1/2«) ~ ¢ ~ log A. (4.4)

The overall plan of the proof is as for the cases A constant and 4 — co. We shall treat
the second phase (regular growth) in Section 4.1 and the first phase, approximation by the
branching process, in Section 4.2. To be able to carry out the third phase, we still need to
study the distribution of the time the branching process takes to reach a large size. We do
this in Section 4.3, and prove various other branching process lemmas we shall need in
Section 4.4. In Section 4.5 we consider the typical distances in the 2-core. Finally, armed
with all these results, we prove the lower bound on the diameter in Section 4.6, and the
upper bound in Section 4.7; this turns out to be not as easy as one might expect, and
both proofs involve considerable re-examination of the first phase, the early growth of
the neighbourhoods.

One complication concerns the wedge condition used in Section 2; here this turns
out to have probability @(&), or ®(¢?) if we condition on the vertex being in the giant
component. In Section 2, we used a much stronger ‘diamond’ condition, that allowed us
to simply avoid dependence between the neighbourhoods of the vertices we considered.
Unfortunately, the diamond condition corresponds roughly to two wedge conditions, and
has probability (&) after conditioning on being in the giant component. When & — 0,
we cannot afford to give up a factor & in the number of vertices we consider to develop
neighbourhoods from in the third phase.

Except that Sections 4.3 and 4.4 belong together, Sections 4.1 to 4.4 may be read in
any order. We have chosen the present order as the first two subsections are relatively
simple, and may be seen as motivating the extensive branching process analysis that
follows.

Throughout we write A for &’n, and assume that A — co. In particular, we allow
ourselves to assume that A is ‘sufficiently large’ (i.e., larger than some implicit constant)
whenever this is convenient. As noted in the Introduction, in proving Theorem 1.3 we
may assume that ¢ — 0; correspondingly, we shall assume without comment that ¢ is
‘sufficiently small’ whenever convenient.

In what follows we shall use standard results about the component structure of G(n, p)
just above the phase transition; let us recall these here. We write C;(G) for the number of
vertices in the ith largest component of a graph G.
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Theorem 4.1. Let ) =1+ ¢, where ¢ = &(n) > 0 satisfies ¢ — 0 and A = &’n — o, and let
s = s(4) denote the survival probability of X,. Then

C1(G(n, 2/n)) = sn+ O0p(en/~/A), (4.5)
and
CaGn 1/ = o7 (1og A — EER o)),
where
d=Ii—1—logl=¢/2—2¢/3+0(. O

This result, which extends results of Bollobas [7, 8] by removing a logarithmic lower
bound on A from the conditions, is essentially due to Luczak [30]. Note, however, that
the actual formula for C, given in [30] is incorrect; see the discussion in Bollobas and
Riordan [13, Section 3.4], where a proof of the above result based on branching processes
is given.

Formally, by the giant component of G = G(n,A/n) we mean the component C; with
the most vertices (chosen according to any rule if there is a tie). Recalling from (4.3) that
s ~ 2¢, under the conditions of Theorem 4.1 we have

[Ci] = (24 o0p(1))en. (4.6)

4.1. Large neighbourhoods and meeting in the middle

In this subsection we show that w.h.p. once the neighbourhoods of a vertex become large,
they grow at the expected rate until they reach size ﬁ log A, say. Showing this is not quite
as simple as proving Lemma 2.4, since when ¢ is small, even when the neighbourhoods are
fairly large, the expected increase in size from one step to the next may still be smaller
than the standard deviation. Hence it may well happen that I';(x) is smaller than I';_;(x)
for some t. However, this is unlikely to happen for many consecutive t.

We shall start by proving a corresponding growth result for a Galton—Watson branching
process. It may well be that a similar result exists in the literature, but we have not found
it; the key point is the dependence of the bounds on the parameters of the branching
process. The general theme here and throughout this section is that the behaviour of the
branching process is only ‘regular’ once it reaches sizes larger than 1/¢, and that it is best
seen on time scales on the order of 1/¢, the typical time required for a constant factor
change in the size of a generation.

Given parameters 4 = 1 4 ¢ and n, consider a Galton—Watson branching process (Z;);>o
starting with a fixed number Ny of particles, in which each particle has a binomial number
of children in the next generation, with parameters n and u/n. Let N, = |Z,| denote the
number of particles in generation t.

Lemma 4.2. Let 0 <& <1 and n be given, and define (N;) as above, with pn=1+¢.
Writing o for Ny, the probability that

(1 = 9)Nou' < N; < (14 6)Nopt! (4.7)
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holds for all t > 0 is at least 1 — O(e“‘o‘sz‘“), where ¢y > 0 is an absolute constant, and the
implicit constant in the O(-) notation is absolute.

Proof. We may and shall assume that 6w > 100, say; otherwise, there is nothing to
prove.

We may construct (Z;) in small steps in the following standard way: let Ay, A4,,...
be independent binomial Bi(n, u/n) random variables. As we construct the process, we
number the particles in order of the time they are born; we start by numbering the
particles of Z, with 1,2,..., Ny in any order. To define (Z;), simply take A; to be the
number of children of the ith particle. Writing S; for >, _, Ny, we then have

N, =No+> (4 —1)=No+Bs,— S, (4.8)
i<S;
where B; =3, 4;.
Fort > —1/¢ set
5 [
51‘ = &7 #_5/4 dss

8 s=—1/¢

and set 9, = 0 if t < —1/e. Note that J, is an increasing function of ¢, with
0<4 < gi 1/(4e) <9,
8 logu

using (1 4 )1/ < /(%) = ¢1/4 and ¢/ logu = ¢/ log(1 +¢) < 1/log2.
The key property of d, is that if t > 0 and r =t — 1/¢, then

i, > (1= 1) Dt = oy, (49)

For t > 1, let E, be the event that N, > (1 + J§,)Nou' holds but Ny < (1 + 6,)Nop* for all
0 < s < t. Suppose that the upper bound in (4.7) fails for some ¢. Then N, > (1 + 6,)Nou'
for this t, and it follows that one of the events E; holds.

Suppose that E; holds for some ¢ > 0. Set r =t — 1 /¢, and, for convenience, set Ny =
1Ny for all negative integers s, so >, _, Ny = No/e. Then, with all sums starting at —oo
unless otherwise indicated,

Si+Nofe =2 Ne<) (1+0)u'No

s<0

s<t s<t

<D+ No+ Y (1431’ No
s<r r<s<t

=> (1+38)w’'No— Y (6 — 5, )1’ No
s<t s<r

- (EEAPECE ALY
< Mo ((1 S — (5 — 5,)‘”),
£ 4

since /I = (1 4+ e)lV/el < (14¢)/t <e< 4.
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For each fixed i, let f(i) = (1 + ¢)i denote the expectation of B; = 23:1 A;j. From the
above, we have

f(S:) =S + No = &S, + No = &(S; + No/e) < No(1 + ;) — No(d; — 6,)u' /4.
On the other hand, since E; holds we have N, > (1 + J;)u' Ny, so from (4.8) it follows that
Bs,— S+ No = N, > (1 + 6,)u' No.
Combining the two equations above, using (4.9), and recalling that Ny = w /e, we see that
Bs, — f(S;) > No(8, — 6, )1 /4 = No(sp"*/8)u' /4 = Swe™ 14 /32. (4.10)
On the other hand, from the bound on S; + Ny/¢ above we have, very crudely,

S, < %(1 + o) < 2we 2l (4.11)
From (4.10) and (4.11) it follows that Bs, — f(S;) > g(S;), where
g(i) = max{dwe 1 /32,4542 /60).

Let F; be the event that B; — f(i) = B; — E B; > g(i). We have shown that if one of the
events E; holds, then so does one of the events F;. At this point we could simply bound
the probability of the union of the F; by the sum of their probabilities, but as they are
highly dependent, this is rather inefficient.

Let T = [w/&?], noting that T > 100 (when ¢ is small enough) and T < 2w/e>. For
k=0,1,2,..., let G, be the event UkT<l<(k+1)T F;, so

w

1P><U Et) < P(U F,«) = IP(U Gk> < ZIP’(Gk).
=1 i>1 k>0 k=0
Finally, let G, be the event that By —E Bysoyr > g(kT). Let us estimate P(G) | G).
We test whether Gy, holds by examining each B; in turn, stopping at the first i > kT for
which F; holds. Suppose Gy does hold, and that we stop ati =1, so kT <i < (k+1)T.
Recalling that B; =5 i<iAjs where the A; are independent with distribution Bi(n, u/n),
we have not yet examined any A4;, j>i. Hence the conditional distribution of A =
Bierayr — Bi = 3 i< jck+ar Aj 18 just its unconditional distribution, which is binomial
with mean (1 +¢)((k+2)T — i) > T > 100. It is easy to check (for example from the
Berry—Esséen theorem) that this binomial distribution is well approximated by a normal
distribution, and in particular, A exceeds its mean with probability at least 1/3. But when
this happens,

B+t —EByiyr =By —EBy + A—EA > By —EB;y > g(i') > g(kT),

since we are assuming Fy holds, and g(-) is non-decreasing. Thus, given Gy, the event G,
holds with probability at least 1/3. Hence P(G}) > P(Gy)/3, so P(Gy) < 3P(G)).

Now Gj, is the event that Byr, a variable with binomial distribution with mean po =
(1 +6)2T < 4T < 8we 2, exceeds its mean by at least xo = dwe'/32. Since xo < o,
Lemma 2.3 applies, and we see that P(G}) < 2exp(—x3/(3u0)) < 2exp(—>w/24576).
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For k > 1, G| is the event that B(42)7, which has a binomial distribution with mean py =
(1+e)k+2)T < 12kwe™2, exceeds its mean by x; = g(kT) > g(kwe™?) > k3/*we15/60.
Since x; < i, by Lemma 2.3 we have P(G,) < 2exp(—cok!/?5%w) for some absolute
constant ¢y > 0. Hence, reducing ¢ if necessary,

]P’<U Er) <3 Z]}D(Gl’{) < 2870062(» + 2267%1‘]/25260 _ 0(67‘7052(“),
t k

k>1

recalling that §%w > 100. As noted above, if the upper bound in (4.7) fails, then some E,
holds, so we have proved that the upper bound holds with the required probability.

The argument for the lower bound is almost identical. Let E; be the event that N, <
(1 —d,)Nou" holds but N > (1 — d5)Nou® for all s < t. Changing signs in the argument
above, we see that if E; holds then the equivalent of (4.10) holds, namely

Bs, — f(S;) < —dwe 112432, (4.12)

The proof of (4.11) only assumed Ny < (1 4 d5)Nou® for s <t, which we now know
to be true with the required probability. If (4.11) does hold, then (4.12) implies that
B; — f(i) < —g(i) holds for some i. We may bound the probability of this event just as for
F; above, completing the proof. U]

Turning to the graph, Lemma 4.2 enables us to prove the required growth result. Our
choice of the parameters here is somewhat arbitrary, but will be useful later. Recall that
V(G) denotes the vertex set of a graph G, and I',(x) the set of vertices at graph distance
r from a vertex x.

Lemma 4.3. Let ¢ =¢(n) < 1 satisfy A = en—ooo Set A=1+¢ w=AY" and M =
jwen. For x € V(G(n,A/n)) and r > 0, let E,, be the event that

(1 =207 3)A ()] < Trae(x)] < (14 0732 ()|
holds for 0 <t < T =log(eM/w)/log . Then, for some absolute constant c,
P(Ev, |ITo(x); -, ITHX)]) = 1= 0 (exp(—cow'?)) = 1 —o(A™'?)

whenever /e < |Tw(x)| < 2w/¢ and Y, o, |T,(x)] < n?3.

In other words, once we reach size w/¢ in the neighbourhood exploration, provided we
have not so far used up too many vertices, the neighbourhoods grow at the expected rate
until they reach size approximately M. Note that if A = &*n > (logn)®, then the error
term in the form O(exp(—cow!/?)) is o(n='%), i.e., utterly negligible.

Proof. Condition on the result of the exploration up to step r, assuming that we find
between w /e and 2w /¢ vertices in the last generation and have seen at most n?/? vertices
so far. Let N, = |T'.4,(x)|. The (conditional) distribution of the process (N;);>o is very
similar to that of (N;): the only difference is that each vertex gives rise to a binomial
Bi(m, 2/n) number of children in the next generation, where m is the number of vertices
not seen so far.
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For the upper bound on the neighbourhood sizes, we simply note that m < n, so (Nj) is
stochastically dominated by (N;). The result thus follows immediately from Lemma 4.2.

For the lower bound, set n’ = n — 2n*3. Note that if the upper bound holds, which
it does with probability 1 — O(exp(—cow'/?)), then by time T we have used at most
n?/3 4+ 10M /e < 2n*/3 vertices, so we still have at least n’ left. For times ¢ by which
we have used up at most 2n?/? vertices, the process (N/) stochastically dominates a
process (N;) in which each particle has Bi(n',A/n) children. This binomial has mean
w=2In'/n=(14e¢)1—2n""3). Applying Lemma 4.2 again, it follows that with probability
1 — O(exp(—cow'/?)) we have |T (x)| > (1 — o V3 |T(x)| for 0 <t < T. Since T =
log(e2n'2w~1/2) / log 2 < log(A'/?)/(e/2) = e ' log A < n'/3/w, we have ' /2 >1—3/w
for t < T, so the lower bound follows. ]

Remark. Let us note that, while the various constants can certainly be improved,
Lemmas 4.2 and 4.3 are tight in several ways. Firstly, since the survival probability
of the branching process X, = (X;) is of order ¢, if we start from a neighbourhood T',(x)
of size a/e, the neighbourhood exploration process will die quickly with probability e=©(.
Hence, in order to make it very likely that the neighbourhoods grow at the right rate,
we certainly need |I',(x)| to be much larger than 1/e. In other words, neighbourhoods
are only ‘large’ over size w/e, for some w — co. Similarly, it can be seen that the form
exp(—Q(6°w)) of the error bound in Lemma 4.2 is best possible.

Finally, when ¢ is close to the lower end of the range we consider, we cannot extend
Lemma 4.3 to growth much beyond size ﬁ; shortly beyond this point, the number of
vertices ‘used up’ — which is larger than y/n/e = \/ﬁ/ ¢ since about 1/¢ generations are
roughly the same size \/? — is sufficient to slow the growth appreciably. Fortunately,
neighbourhoods of two different vertices are likely to join up when they have size around
\/Q, as we shall now see. The basic explanation for this is that the probability of the
\/TM vertices seen near one vertex being distinct from the \/rTs at a given distance from
the other vertex becomes small. (It is misleading to consider separately each of the \/TM
vertices ‘near’ one vertex being distinct from \/"78 vertices ‘near’ the other, since these
events do not have the required independence.) The fact that neighbourhoods typically
join up when they each have size \/871 explains one factor of ¢ in the first log in (1.6).

For x € V(G) and a > 0, let t,(x) denote the smallest r for which |I',(x)| > a, if such an
r exists; otherwise t,(x) is undefined. The following simple lemma captures the observation
that, for large a, we are unlikely to ‘overshoot’ our cutoff a by too much.

Lemma 4.4. Let . =1+ ¢ and fix an integer a, a vertex x and § > 0. Given that t,(x) is
defined, the probability that |I'; x)(x)| exceeds (1 +0)(1 +¢)a is e~ ywhere the implicit
constant is absolute.

Proof. The event that t,(x) is defined may be written as a disjoint union of events of the
form E = {t,(x) = t, |[T<,—1(x)| = m, [['—1(x)| = s}, where 0 < s < a. Let us condition on
one such event. Given that [I',_1(x)| = m and |I',_(x)| = s, the distribution of |I';(x)] is
binomial with parameters n — m and 1 — (1 — 1/n)* < sA/n. Hence, given E, the conditional

https://doi.org/10.1017/50963548310000325 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548310000325

The Diameter of Sparse Random Graphs 875

distribution of |T';(x)| is that of a binomial distribution with mean at most sA = (1 + &)s <
(1 4+ ¢)a conditioned to be at least a. It is easy to check that the probability that such a
distribution exceeds (1 + J)(1 + ¢)a is maximal when s is maximal, and is then (from the
Chernoff bounds) of the form e~ O

We now turn to the time neighbourhoods take to meet having reached some ‘reasonably
large’ size.

Lemma 4.5. Let ¢ =¢(n) and 2 =14¢ be such that ¢ - 0 and A = &n — 0. Set w =
A8 and t; = log(e’n/w?)/log A. Let x and y be two vertices of G(n, /n). Writing E for
the event that t,,(x) =11, t,/(y) = r2, and the graphs G, (x) and Gg,,(y) each contain

at most n*’3 vertices and are disjoint, we have

P(d(x,y) > r1 +r+ 1 +a| E) = e 1HOX L gm0y = o=(+oA 1 o(A=10) (4.13)
for any function a = a(n) > —t,/2, and
P(d(x,y) <ri+rm+t—K|E)=o(1)

whenever K = K (n) is such that eK — oo.

Proof. It suffices to prove the first statement: since logd = 0O(¢), if ¢éK — oo then
K log 2 — o0, s0 47K — 0, and the second statement follows immediately from the first. In
proving (4.13), we may assume that a < amax = logw/(2logl): otherwise, 1 > w'/?, and
the additive error term in (4.13), which is independent of a, dominates the main term.

We explore the neighbourhoods of x and y in the usual way, initially stopping each
exploration when we first reach a neighbourhood of size greater than w/e. At this point,
the conditions of the theorem allow us to assume that we have used up at most n>/>
vertices in each exploration, and that the explorations, having taken ry steps from x and r;
steps from y, have not met. By Lemma 4.4, with conditional probability at least 1 — =¥«
the last generation in each exploration has size at most (1 + ,/e)w/e ~ w/e.

We now continue both explorations. At the start of step i, i =0,1,2,..., we have
explored the neighbourhoods of x out to distance r; + [i/2] and those of y out to distance
2+ |i/2]. During step i, we first test whether any of the I, 4 i/21()|| Tyt (i/2) (V)| ‘cross-
edges’ between these two neighbourhoods is present. If so, d(x,y) =r; +r+i+ 1, and
we stop. Otherwise, we uncover the next neighbourhood of either x or y as appropriate
and continue, stopping if we have found no cross-edge by step t» + a, in which case
dx,y)>r+rn+tH+a

After t, + amax steps as above, each extending either x’s or y’s neighbourhood, the
typical size of the neighbourhood of x or y reached is (w/e)A2tm)/2 = !4 Jen. In
particular, this size is much less than the quantity M defined in Lemma 4.3. Hence, by
Lemma 4.3, we may assume that

Tt (x| ~ AT (x| ~ Moo e

for k =1,2 and all j < (3 4+ dmax)/2, Where x; = x and x; = y. Furthermore, the error
terms, which are factors of the form (1 + O(,/z) + O(w~'/?)), are uniform in j.
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It follows that at step i we test (1 + o(1))A(w/e)* potential cross-edges, and that by any
step i > t/2 we have tested in total

i
(L+0(1)> M(w/e) ~ (w/e) Z Mo~ (wfeye 0
Jj=0 J=—©

potential cross-edges. (The bound i > t,/2 is used for convenience only, to allow us to
approximate the sum from j = 0 by the sum from j = —c0.)

Since each cross-edge tested is present with its original unconditional probability of
A/n ~ 1/n, it follows that up to a O(e*"owl/f’) error term (from the conclusion of Lemma 4.3
not holding, etc.), the probability that the explorations do not meet by step t, + a is

Psa=(1— )./n)(1+0(1))(028*32’2+”.
Since
log(1/psa) ~ (1/m)a?e302)4 = )9,

the proof is complete. L]

Roughly speaking, Lemma 4.5 tells us that once the neighbourhoods of two vertices
reach a decent size, w/¢, then w.h.p. these neighbourhoods then meet within O(1/¢) steps
of ‘when they should’, which is after an extra ¢, steps. To study the diameter of G(n, 1/n),
we shall need the full strength of the bound actually proved. Note that there is variation
of order 1/¢ in the actual time taken to meet, as may be seen from (4.13), where any

= 0(1/¢) gives a probability bounded away from 0 and 1.

In the light of Lemma 4.5, as in the case of /1 constant or 1 — oo, the key to
understanding the diameter of G(n,A/n) is understanding the distribution of the time
taken until the neighbourhoods of a vertex reach a reasonable size (in this case w/¢); this
will be our aim in the next few subsections. We shall take o = w(n) = A/, but there is
in fact a wide flexibility in the choice of the function w = w(n): the requirements in what
follows are that w is at least a certain power of log A, and at most a certain power of A.
If A is large enough to allow w/logn — oo, then many arguments simplify; we shall not
assume this, however.

In the remainder of this section we explain why Lemma 4.5 already gives us the typical
distance between vertices in the giant component, if A = &n is at least (logn)®, say.
Indeed, the neighbourhoods of a random vertex of G = G(n, ./n) behave much like the
branching process X; = (X;);>0, at least to start with. Roughly speaking, a vertex is in the
giant component if and only if the corresponding branching process survives, which it does
with probability s ~ 2&e. So we will be interested in the expected size of |X;| conditioned
on the process surviving.

Lemma 4.6. Let S be the event that X, survives. Then

A—(1—s)AL
E(X,| §) = %

which is asymptotically 1'/s ~ 2'/(2¢) if e = 0 and &t — oo.
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Proof. Writing 1, for the indicator function of an event A, we have
E(1X:[1s) = E(1X;|) = E(|Xi[1sc) = 2 = (1 = ) E(|X;| | §°) = 2' — (1 = 5)/5,

since the distribution of X; conditioned on &€ is that of X,,. The result follows. ]

It is not hard to see that the ‘typical’ size of |X;| given S is of the same order
as the expected size; we shall give some precise results on this later. Hence, for most
vertices in the giant component, their neighbourhoods take time logw/log A to reach
size w/e, so the typical distance is 2logw/log A+ t, = log(e’n)/log .. More precisely,
one can check that the distance between two random vertices of the giant component is
log(¢n)/ log /. + O,(1/¢); we shall not give the details. The rest of the proof of Theorem 1.3
essentially shows that the other term in the formula in that theorem accounts for vertices
whose neighbourhoods take an abnormally long time to start growing large.

4.2. Branching process to graph

At some point, we need to compare the probabilities of events defined in terms of our
random graph G = G(n, 4/n) with events in the branching process. It turns out that we
have to consider events involving trees of height ®(log A/log 1) = (¢~ log A), recalling
that A = &’n, with (it will turn out) up to around 1/¢ vertices at each distance from the
root. For this reason, we need to consider trees with at least ®(¢~2) vertices. If ¢ is smaller
than n~!/4, then we cannot simply extend Lemma 2.2 to cover such trees using the same
proof, since the error terms |T|*>/n would be too large.

Fortunately, it is easy to prove a result that applies for the trees we need. Although this
is in some sense a coupling result, the obvious coupling between Gogt(x) and X, fails here.
This obvious coupling is based on the fact that a Po(4) and a Po(A(1 — ¢)) distribution
can naturally be coupled to agree with probability at least 1 — Ad. In fact, much better
couplings are possible. Recall that X<, denotes the first t generations of X;, seen as a
rooted tree.

Lemma 4.7. Let 1 =1+¢, where ¢ =¢(n) = O(1). Let d(n) be any function with 6 >0
and 6 - 0 as n— oo, Let t =t(n) > 0 and let T = T(n) be a rooted tree of height t with
e|T|? < dn, each generation of size at most n'/>, and |T| < on*3. Then

P(GL(x)=T) ~P(X<, =T)
and

P(G<(x)=T) ~P(Xg, =T),
where the asymptotics is uniform over all such sequences T (n).
Proof. Rather than couple, we simply calculate directly; it is convenient to order the
vertices first. When constructing X, starting from Xy, let us number the particles 1,2,3,...
in the order they appear, so the initial particle is particle 1, and test particles in numerical

order to see how many children they have. We number the vertices uncovered in the
neighbourhood exploration process by which we find Gogt(x) analogously, this time using
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any (deterministic or random) rule to decide in which order to number the children of a
vertex.

For each numbering T* of T that can arise in such an exploration, let E{(T*) be the
event that X, is isomorphic to T* with the labels matching. Then {X<r = T} is the
disjoint union of the events E{(T”), where T* runs over all numberings of T'; note that
these events are equiprobable. Similarly, let E;(T™*) be the event that Gogt(x) =~ T* with
labels matching, so {Gog[(x) = T} is the disjoint union of the E>(T™). Fix one particular
numbering T~. Since the probabilities of E{(T*) and E,(T*) do not depend on the
numbering, it suffices to show that P(E{(T™)) ~ P(E»(T™)).

Let r be the number of vertices of T at distance ¢ from the root, and m = | T| the total
number of vertices. For 1 <i < m—r, let d; denote the number of children in T of the
ith vertex. Now E(T7) is simply the event that for i = 1,...,m — r, the ith particle of the
branching process has exactly d; children. Thus,

Similarly, E»(T”) is the event that for every i, when exploring the neighbours of the ith
vertex reached, we find exactly d; new neighbours. Let u; = 1+ > j<i d; denote the number
of vertices already ‘used’ (reached) at the point that we look for new neighbours of the
ith vertex. Then
m—r
* . (n n—U;—
P(Ex(T™)) = [ [ P(Bi(n — ui, i/n) = d;) H d , SO i1 — Ay

i=1

Hence,

P(EQ(T ml—[r (n—u; ) (1— /l/n)"_ul_di |

= BE(TY) =
Since n—u; > n/2 and d; is bounded by n!/3, we have n—u; — j = (n — u;)e®"" for
0<j<d,so
oy )i
log((n T )(d)> g((n dl_ll) >+0(n2/3di)
ndi ndi

U id; id;

/) + O dy) = =

+ 0?34y,

using u; < |T| < #?/3 in the last step. Also,

(n—u; — dj) log(1 — 2/n) = (n — w; — d;)(—2/n+ O(1/n%))
= —J4ul/n+0(di/n) + O(n").

Hence,

m—r )\,—di m—r
logp = Z(u,« —+ o(n~3d)) +o(n™) ) =o(1) + Zu, ,

i=1

using 3, d; = m— 1 = o(n*?3).
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2

Now Z = 1+¢, and > u; < m?. By assumption em?> = o(n), so

m—r m—r m—r
1— 1 di

di
10gp:0(1)—|— E u; =0(1)+ E ui;— ui;.
i=1

i=1 i=1

n

We can rewrite the final sum as ) " > ui/n, where j runs over the children of i. Each
j in the range 2 up to m appears exactly once in the double sum, so the sum is equal to
Z;”:z uj/n, where j' is the parent of j. For any vertex j, the vertex j’ is in the generation
before j, so u; —uj is at most twice the maximum number of vertices in a generation. We

have assumed this maximum is at most n'/3, so [u; — u;| < 2n'/3. Hence,
m—r u m u
i 7
logp =o(1) + E - — —
sy Lap
i=1 i=2
u m—r u u m u
1 P — Uy i
=o(l)+ —+ E - E —
no < n , n
i=2 i=m—r+1

=o(1)+ o(1)+ Y _0(n>7) = 0(rm/n) = o(1) + O(rm/n) = o(1),

and the first statement follows.
For the second, it suffices to prove that P(G</(x) =T | G,(x) = T) ~ 1. But this is
immediate since there are at most 2n'/3|T| = o(n) extra edges that we must test. U]

For any fixed k, Lemma 4.7 extends to k starting vertices and k trees, with virtually the
same proof.

Lemma 4.8. Fix k> 2. Let A=1+4¢, where ¢ =¢(n) = 0O(1). Let 6(n) be any function
with >0 and 6 - 0 as n — . Let Ty,..., Ty be rooted trees, with e|Tj|* < dn, each
generation of T; of size at most n'/3, and |T;| < on*/3. Given distinct vertices xi, ..., X
of G=G(n,A/n), let E = E(x1,...,xx, T1,..., T) denote the event that G, (x;) = T; for
1 <i<k, and d(x;,x;) > t;+t; for 1 <i< j<k, where t; is the height of T. Then

k
P(E) ~ [[P(X<, = T0),
i=1

where the asymptotics is uniform over all choices of Ty,..., Ty. U]

In other words, the event that the t;-neighbourhood of each x; is isomorphic to T;,
and these neighbourhoods are disjoint, has asymptotically the probability suggested by
independent branching processes. One can prove Lemma 4.8 by adapting the proof of
Lemma 4.7 in the obvious ways. Alternatively, it follows from Lemma 4.7 by simple
calculations.

4.3. Slow initial growth: the branching process

In this subsection we study the probability that the branching process X, survives, but
takes much longer than usual to reach generations of some large size. One might expect
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the results we need to be in the branching process literature, and perhaps they are.
However, we have not found them. The key point is that here A is variable, tending down
to 1 from above, so results for fixed 1 are not of much use. Furthermore, although there
is a natural scaling limit as 4 — 1 from above (described below), results about this limit
are not directly applicable either: we wish to consider events of probability around 1/n,
and this probability tends to 0 as 4 — 1. In other words, we need explicit bounds on the
rate of convergence of some properties of the branching process as 4 — 1. Fortunately,
as is often the case, the branching process results we need are not hard to prove directly.

With 2 =1+ ¢ > 1 fixed for the moment, let X, = (X,);>0 and X = (X;");>0 be defined
as before, so X;" = X, is the set of particles in X, which have descendants in all future
generations. Recall that X is again a Galton-Watson branching process, with | X | =1
or 0 depending on whether X, survives, and with offspring distribution Z,. Here, as
before, Z,; denotes the distribution of a Poisson Po(s/) random variable conditioned to
be at least 1, where s = s(4) is the probability that X, survives forever.

From standard results (see Athreya and Ney [3], for example), we have |X,|/2f — Y =
Y, as., and |X;'|/A' > YT =Y," as., for some random variables Y, and Y,". Our first
(standard, trivial) observation is that Y, and Y," coincide up to a constant factor.

Lemma 4.9. We have Y,;" = sY, a.s.

Proof. Fix 6 >0, and let N = N(0) be a suitably chosen large integer. From standard
results, with probability 1, either X, dies out, or there is some minimal ¢ with |X,| > N.
Choosing N large enough, at this time ¢ the inequalities ||X,|/A' — Y| < J and || X;"|/A —
Y *| < 6 hold with probability at least 1 — . But ¢ is a stopping time, so given ¢ and
| X;|, each particle in X, survives independently with probability s, and from the Chernoff
bounds, provided N was chosen large enough, the ratio between |X,"| and |X,| is within
a factor 1 £+ 6 of s with probability at least 1 — §.

Hence, with probability at least 1 — 36 either Y,;" =Y, =0, or Y, = (14 0(3))sY, +
0(0). The result follows by letting 6 — 0. L]

Our ultimate aim is to estimate P(0 < |X,| < w) in the range of parameters where this
probability is very small (around 1/(¢?n), it will turn out). Essentially, this reduces to
estimating the lower tail of Y ; in the light of Lemma 4.9, we may study Y * instead. This
turns out to be easier, since (X;") is in some sense ‘better behaved’ than (X,) when ¢ — 0.

When studying X} = (X;") it makes sense to condition on the event that X is non-
empty, i.e., that X, survives. Let us write Xt = ()~(,Jr )i>o for the conditioned process, i.e.,
a Galton—Watson process with offspring distribution Z; started with a single particle.
Let Y+ denote lim,_,.. |X,"|/A!, which exists a.s. Thus ¥+ is simply Y conditioned on
Y+ >0, up to a set of measure 0. By standard results, ¥ * is a continuous random variable
with strictly positive density on (0, c0).

It turns out that we will need both upper and lower tail bounds on Y+ = f’f. The
dependence of these bounds on ¢ = A — 1 is very important. We start with the upper tail.
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Lemma 4.10. There is an absolute constant ¢ > 0 such that, for any 1 < 1 <2 and any
x > 0, we have IP’(Y’;“ > x) < 2e

Proof. Recall that Z; denotes a Poisson distribution with mean sA conditioned to be at
least 1, where s = s(1) is the positive solution to 1 —s = e, Set

(exu _ 1) —SA e(x—l)s}. _ e—S/l

£1(x) = E(:Z Z K (sA)Fe _ e

k(1 —e%) S S
k>1

Note that f,;(1) = 1, and, expanding about x = 1, we have

fix)=1+Ax—1)+ %(x —1P 4 =14 AUx— 1)+ 0(si>(x — 1)%),

provided sA(x — 1) is bounded. More precisely, recalling that s ~ 2¢ as 4 — 1, and that
A < 2,1t is easy to check that if 0 < x < 2, say, then we have

fi(x) <1+ A(x—1)+ Cre(x — 1)? (4.14)

for some absolute constant C;, which we shall take to be at least 1.
Suppressing the dependence on / in the notation, for ¢ > 0 let g,(0) = E(e/%1/*) — 1.
Since |X(T| is always 1, we have go(0) = ¢’ — 1 = 0 + 0(0?) for 0 bounded; in particular,

g0(0) < 0+ 6 (4.15)

ifo<1

Given N =|X |, the conditional distribution of X . +1| is simply the sum of N
independent copies of |X,", so

gi1(0) = E(E(" X4 | N)) — 1 = E(B("%/#Y) —1
=E((1+g(0/)") = 1 = f1(1 + g(0/2) — 1,

since N = |X{"| ~ Z;. With 0 and ¢ fixed, set y, = g,(0/2""), so y, = g.(0), yo = go(0/ 1)),
and y.41 = f,(1+y,)—1for 0 <r <t—1. From (4.14), if y, < 1, then

Yr41 < /“yr + C18yr /“,V)(l + Cleyr) (416)
Suppose 6 < 1/(100Cy) < 1/100. Then we claim that
v <20/277 (4.17)

holds for r =0,1,...,t. This is certainly true for r = 0, since yo = go(6/A") < (6/A)(1 +
0/ < 20/ If (4.17) holds for r =0,1,...,s — 1, then in particular y, < 1 for r <, so
from (4.15) and (4.16) we have

r 9 S 0 0
= %o H da < (140722 [+ Creyo) < W““’(,p + Clszyr)

r<s r<s r<s

Using (4.17) for r <s, we have 3 _ y, <D 0c, ¢, 20/277 <203°,50A7" =20(1 +¢)/e.
Since 0 < 1/(100Cy), (4.17) for r = s follows, completing the proof of (4.17) by induction.

Setting r = t in (4.17), we have in particular that y, = g,(0) < 1/(50C;) < 1 for 0 < 0y =
1/(100C). Hence the moment generating functions E(e?X/*') are uniformly bounded by
2forall 1 <A< 2and all 0 <0,
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With 4 fixed, we have |X,;"|/A' — YT a.s. By Fatou’s lemma, it follows that

E(e"7") < liminf E(e"% /%) = liminf g,(0) < 2.
t—o0 t—00

Applying Markov’s inequality, it follows that for any x we have P(Y* > x) < 2¢e~ %,
completing the proof of the lemma. L]

Our main application of the upper tail bound above is to show that the sum of many
independent copies of ¥ * is tightly concentrated.

Lemma 4.11. Let ¢, A and 6 be positive constants. There is a constant o = o(c, A,0) > 0
such that, if Z is any random variable satisfying the tail bound P(|Z —EZ| > x) < Ae ™
for all x >0, and S, is the sum of n independent copies of Z, then

]P’(|S,,/n —EZ| > 5) Le ™

for all n > 1.

Proof. For |0| < ¢, let ¢(0) = E(e?“—#~9)) where u = E Z; the tail bound on Z implies
that ¢(0) is finite. Then ¢(0) = 1, ¢’(0) = —J, and

¢//(9) = E((Z —u— 5)260(27”75))’

which is bounded by a constant due to the tail bound. Hence there are positive constants
¢’ (which we may take smaller than ¢/§) and ¢’ such that ¢(0) < 1 —¢'6> when 0 = ¢'§.
Now with Zy,...,Z, independent copies of Z and S, = > Z;, we have

P(S, = n(p+9)) < [ 95 o= 0ut-d)n
=K eZ[ 0(Zi—p—9)

= ¢(0)" by independence of the Z;

<(1—co%) < e,

An exponential upper bound on P(S,<n(u—J)) is obtained by treating (25(9)=
E(e%#—0=2)) similarly. O

Using Lemma 4.11 it is easy to show that up to an error probability that is exponentially
small in o, the martingale |X,"|/2' has essentially converged to its (almost sure) limit ¥+
by the time that |X;| first reaches size w. As before, it is crucial that the concentration
we obtain is uniform in 1 as 4 \ 1.

Lemma 4.12. Let 0<d <1, 1<2<2and o > 1 be given, let t,, = min{t : | X;"| > o},
whenever this is defined, and let E be the event that |X;"| /! is within a factor 1+ of Y+
for allt > t,.

Then t,, is defined with probability 1, and P(E) =1 — e~ ) where the implicit constant
depends on 6 but not on A.
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Proof. The sequence |X, | is non-decreasing, and increases with probability bounded
away from zero (at least P(Z; > 1)) at each step, so X, — oo a.s., and ¢, is indeed defined
with probability 1.

Let A be the event

A={(1=6/10)X]|/2 < YT < (1+68/10)X;"|/2"}.
Our first aim is to show that A4 is very likely to hold. Let us condition on the event ¢, = t,
where ¢t > 0, and also on | X;"|. Since ¢, is a stopping time, given that t,, = t and |X,"| = m,
the descendants of the m > w particles in X;" form independent copies of the original
process. Let ny; denote the number of descendants in generation ¢’ of the ith particle in
X;F. Then for each i we have n,;/2"~" — Y;© a.s., where the ¥, are independent and have
the distribution of Y *. It follows that Y+ =", ¥,* /% as.
Now Y * has mean 1, and m > w. Applying Lemmas 4.10 and 4.11, we see that

1m~
P(|=) VT —1]>6/10) =@M =@
(55 -]z 0m0) ==

so P(4) = 1 — e @),

Let B_ be the event that ¢,, is defined, and there is some ¢ > t,, for which |X;"|/|X;"| <
(1—=10/2)2  If B_ holds, let t; be the first such time. Then ¢; (which is not always
defined) is again a stopping time so, arguing as above, given that ¢; =t and \f(;]” | = m, we
have Y+ =31 ¥,*/1, where the ¥,© are iid. with the distribution of Y*. This also
holds if we condition on the entire history up to time ¢, and in particular on ¢, and
r=X"|.

By definition of B_ we have m < mg = (1 —0/2)A""r, so recalling that the 171* are
independent copies of ¥+,

m [mo]
]P><Z Yr>0+6 /10)m0) < IP’(Z Y>>0+ /10)m0> = ¢ m) — =),
i=1 i=1

using Lemma 4.11 and the fact that Aoy > r > w for the last step. If B_ and A4 both
hold, then the event appearing on the left above also holds, so we have shown that
P(A | B_) = e ). Hence, (AN B_) <P(A | B_) = e ),

Define By to be the event that there is some ¢ > t, for which [X;|/|X;"|> 1+
§/2)2 A similar but simpler argument shows that P(4 N By) = ¢ ). Hence with
probability 1 — e~®) the event 4 holds, while neither B_ nor B, does, and the lemma
follows. L]

Returning to the original branching process X, = (X;), recall that this survives with
probability s = s(1) = O(¢), where 4 =1+ ¢ Recall also that X,;/A" — Y a.s., where by
standard results E(Y ) = 1, and Y = 0 if and only if the process dies out, so P(Y # 0) = s.
Also, recalling that Y * has the distribution of Y+ conditioned on Y+ > 0, Lemma 4.9
implies that the distribution of sY given that Y # 0 is exactly the distribution of Y *.

The next lemma will be similar to Lemma 4.12, but concerning X, = (X,). This will lead
us to consider the sum Sy of N independent copies Y; of Y, for w large and N > w/e. Given
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0 < § < 1, from concentration of the binomial distribution, with probability 1 — e=®) the
number M of i with Y; # 0 is within a factor 1 £ of its mean sN = Q(w). Conditional
on M, the variable sSy is the sum of M independent copies of sY each conditioned to
be positive, or equivalently of M independent copies of ¥+, so by Lemma 4.11, with
probability 1 — e™*M) this sum is within a factor 146 of its mean M. It follows that
with probability 1 — e *“) we have |Sy/N — 1] < 36, say. Using this fact in place of
concentration of the sum of o copies of ¥ *, the proof of Lemma 4.12 gives the following
result, which is more or less a sharpening of Lemma 4.6. Recall that Y = lim,_,., | X,|/A".

Lemma 4.13. Let 6 >0, 1 <A<2 and w > 1 be given, and set ¢ = /i— 1. Let t,,, =
min{t : |X;| > w/e}, whenever this is defined, let S,, be the event that t,, is defined, let
E c S, be the event that |X,|/A" is within a factor 1+ of Y for all t >t and let
S = {Vt : |X,| > 0} be the event that the process survives.

Then P(E | S,)) =1 —e ) where the implicit constant depends on & but not on J.
Furthermore, P(S | S,,)) = 1 — e ) and P(S,, \ E) = O(ee™ ),

Proof. The first statement follows by modifying the proof of Lemma 4.12 as described
above. The second is an immediate consequence (and also easy to verify directly). It
implies in particular that P(S)/P(S,,) is bounded below, so P(S,,) = O(P(S)) = O(¢). The
final statement then follows from the first. L]

Lemma 4.13 tells us that for o large enough, the probability that the branching process
takes much longer than expected to reach size w/¢ is essentially determined by the tail
of the distribution of Y =Y, near 0. Lemma 4.12 will be useful in studying this tail
indirectly.

Writing R for the set of non-negative reals, let ()),),cr+ be a standard Yule process.
Thus ) consists of a single particle, and each particle in the process survives forever and
gives rise to children according to a Poisson process with rate 1, independently of the
other particles and of the history. Note that |)}| is a (random) non-decreasing function of
t, and that E(])]) = €. It is well known that lim,_,., |);|/¢" exists with probability 1 (see,
for example, [3, Section I11.7]); we denote this (random) limit by W.

It is not hard to see that as A decreases to 1, the suitably rescaled process %f converges
in some sense to (). All we shall need is a very weak result of this form.

Lemma 4.14. Let T > 0 be fixed. As A =1+ ¢ tends to 1 from above, the distribution of
\XEFT/SH converges to that of |Yr|.

Proof. We take snapshots of ());) at times separated by e, i.e., consider Y, = V., n =
0,1,...,T. Each particle x in Y, always survives to Y,,;, has no children in Y,.; with
probability P(Po(c) = 0) = e* = 1 — ¢+ O(¢?), and has exactly one child in Y,;; with
probability P(Po(e) = 1) = ¢ + O(¢?). Furthermore, the probability that this child (if it
exists) has children of its own by time (n + 1)¢ is O(e). Hence, the number Z’ of descendants
of x in Y,4; is 1 with probability 1 — & + O(&?), two with probability ¢ + O(¢?) and three
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or more with probability O(¢?). Hence Z’ and Z;, the offspring distribution in X7, can be
coupled to agree with probability 1 — O(&?).

Using the independence properties of X7 and of ()),), it follows that these processes
can be coupled so that the event E = {|X;/| = |Y,|,n=0,1,...,| T /e]} fails to hold with
probability at most

0() Y E(V)=06) Y e = 0(e).

n<T/e n<T/e

Since V;|1/;) = Yr with probability 1 — O(e), the result follows. |
Corollary 4.15. As 2 =1+ ¢ tends to 1 from above, f’;” converges in distribution to W.

Proof. Fix ¢ > 0. It suffices to show that for ¢ sufficiently small we can couple f’f and
W so that they agree within a factor of 1 + O(d) with probability 1 — O(9).

Let w be a constant to be chosen below, depending on 4 but not on ¢. Since |V,| — o
with probability 1, there is some T such that P(|Vr| < w) < 6. From Lemma 4.14, if ¢ is
sufficiently small, then we may couple .’%f and ();) so that with probability at least 1 — ¢
we have |Vr| = |X T/sJ| Then with probability at least 1 — 26 we have | Y| = |)~(E“T/6J\ > w

Let n=|T/¢]. Applying Lemma 4.12, it follows that if w is chosen large enough
(depending only on 0, not on &), then with probability at least 1 — 36 the limit 17;_*'
within a factor 1 + 6 of | X;F|/4". A similar result holds for ();). (Indeed, since |V;|/e' — W
a.s., there must be some constant T’ such that with probability 1 — o6 we have |),|/ée'
within a factor 1 406 of W for all t > T’.) In particular, if w is large enough, then with
probability 1 — & the ratio |Yr|/e” is within a factor of (1 + &) of W.

Putting the pieces together, and noting that 2" = (1 + ¢)l7/¢l = T 4 0(¢), for & small
enough the quantities Y;", |X;[|/2", |X;F|/eT, |Vr|/eT and W agree up to factors of
1 4+ O(0) with probability 1 — O(d), completing the proof. U]

It is well known, and not hard to check, that the (positive) random variable W
associated to the Yule process has an exponential distribution with mean 1; this is an
exercise in [3], for example. In particular,

PW<x)=1—e¢>~x (4.18)

as x — 0 from above. We are now ready to prove our bound on the lower tail of f’;“.
Theorem 4.16. Let A =1+¢. As ¢ and x tend to 0 from above we have

]Py(?;r < x) ~ xlog(l//l*)/logi'

Note that we make no assumption on the relative rates at which ¢ and x tend to zero.
With x fixed, the result would be immediate from (4.18) and Corollary 4.15.

Proof. Let 6 > 0 be given. We must show that there are constants xo = x¢(J) and ¢ =

e0(d) such that for all 0 < & < ¢y and 0 < x < xo we have P(Y;" < x) = 00 xloal/4)/log .
where the implicit constant is absolute.
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By (4.18), there is an x; > 0 such that for all x < x; we have
0 LP(W < x)/x < €. (4.19)

Fix such an xj, and set xo = min{xy,d}.
Trivially, for (1 —d)x¢ < x < Xo and any A, we have

P(Y;" < (1—=0)x0) <P(Y;" <x) <P(Y;" < xp).

As ¢ — 0, from Corollary 4.15, for any constant a we have ]P’(f’f <a) - P(W < a).
Applying this with a = x¢ and a = (1 — d)xy, it follows that there is an & such that

e_(SIP’(W < (1—=0)x0) < P(Y;" <x)<e SP(W < xo) (4.20)
for all ¢ < g and all x in the interval I = [(1 — §)x¢, Xo]. We may and shall assume that
& < 1/10, say. Since log(1/4+)/logi — 1 as ¢ —> 0 (see (4.4)), reducing & if necessary,
we have xlogll/4)/logZ — o0@)x yniformly in x € I and ¢ < &. Using (4.19) and (4.20), it
follows that

P(f/):# < X) — eO(é)xlog(l/l*)/logi (421)

for all x € I and ¢ < gy, where the implicit constant is absolute.

At this point we return to the definition of f’f in terms of (X;"). Recall that Z = Z; is a
Poisson distribution with parameter sA conditioned on being non-zero, and that E(Z) = /4
and P(Z = 1) = Z«. Now f’;’ has the distribution of the sum of Z independent copies
Yi,..., Yz of Y;*/J. Hence, for any x,

PYF<x)>PZ=1,Y,"<x)=P(Z = 1)P(Y; < x) = LP(Y;} <ix).

Given any x < X, there is some non-negative integer r such that x’ = xA" lies in I. From
the inequality above it follows that IP’(?; <Xx) 2 MIP’(?[L < x'). Applying (4.21) to bound
the second probability, and noting that 2, = exp((—r)log(1/+)) = exp(log(1/Ax)log(x/x")/
log /), it follows that

P(?)L+ < X) > (x/x/)log(l//h)/logAeO((S)(x/)log(l/i.)/logxl — eO(é)xlog(l/L)/logi’

completing the proof of the lower bound.
For the upper bound we use the inequality

BY, <) =PFZ =17 <x)+P(Z>
<SP(Z = DP(Yi <x) +PB(Z >
<SP(Z = DRV < ix) +P(Z

11—«

A

2, Y x)
2)P(Y; + Y2 < x)
> 2)P(Y;" < ix)?

l

=AMW§M(H— (igmo

Given x < xg, as before there is a non-negative integer r such that x’ = x1" € I. For
0<i<rletx;=x/,s0x)=x"and x, = x. Let p; = P(Y;" < x;), so

Pirt < Axpi(1+ A1 — Aa)pi)
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and hence, by induction,

pi < Apo [J(1 + (" = D)pj) < Aipo exp( —1) Zp,) (4.22)

Jj<i j<i

Now pg =IE”(1~’;r < x') and x' €1, so, recalling that xo < J, we have pg = O(J). Thus
po < 1/10, say, if we assume ¢ is small, which we may. It follows by induction on i that

< 22ipg < AL/5. Indeed, if this holds for j < i, then the term inside the exponential in
(4.22) is at most

S DY A< =Y A5 =011 5<1/4,
j<i Jj=0

and e'/* <2. Plugging p; < 22[po back into (4.22), we see that p; < 2ipoexp(3po) =
JLpoe®®). Calculating as for the lower bound as above, this establishes the required upper
bound. U]

Remark. The method used above shows that for A and x bounded above, IP’()N’;r < X) is
within a factor C of x'°&1/4)/logZ where C depends only on the bounds we assume on
A and x. For A constant and x — 0, this is a standard result. Perhaps surprisingly, the
conclusion of Theorem 4.16 does not hold in this case: as pointed out to us by Svante
Janson, the limiting behaviour of P(Y;F < x)/x!o8l/#)/leg4 a5 x — 0 is oscillatory. One
period corresponds to changing x by a factor of /4, and the tail probability by a factor of
1/ 2.

In the light of Lemma 4.9 and the fact that 17;“ is just Y, conditioned on being
non-zero, an event of probability s = s(41) ~ 2¢ by (4.3), Theorem 4.16 has the following
corollary.

Corollary 4.17. Let 2 =1+¢. As ¢ and x tend to O from above we have

P(0 < Y; < x/e) ~ dex'o8l/A)/log

Proof. Let s = s(4) denote the survival probability of X;. Then

P(0<Y;<x/e) =P(0<Y," <sx/e)
=P(Y;" > 0)P(Y," <sx/e| Y;F >0) =sP(¥V;" <sx/e),

where the first step is from Lemma 4.9 and the rest are from the definitions. Applying
Theorem 4.16, and using once again s ~ 2¢ and log(1/4«)/log A ~ 1, it follows that

P(0 < Y; < x/¢) ~ s(sx/¢g)loel/#)/log’
~ 28((2 + 0(1))x)log(l/b)/log/l N 48X10g(1/i*)/10g)“,

as claimed. ]
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In turn, Corollary 4.17 and Lemma 4.13 will give us the required estimate on the
probability that the branching process X, = (X;);>o takes a long time to begin to have a
large population.

Before turning to our tail bound, let us make a simple observation; the proof is
analogous to, but simpler than, that of Lemma 4.4, so we omit it.

Lemma 4.18. Let A=1+¢ M >1and 6 >0, and let tyy = min{t : |X,| > M}, whenever
this is defined. Given that ty is defined, the probability that |X,, | exceeds (1 + 6)(1 4+ e)M

is e_Q(‘SzM), where the implicit constant is absolute. ]

In the following result, ./, denotes min{t : |X;| > w/e}, whenever this is defined.
Theorem 4.19. Let A =1+ ¢, and suppose that ¢ = &(n) — 0, ® = w(n) — oo, and t = t(n)

satisfy t < 100logw/log A and et — oo. Then, with t; = logw/ log A, we have

P(ty,) > t1 + 1) ~ 4eis,

PO <I|X,| <w/e,0<r <ty +1) ~4ell,

PO < |Xi4e| < w/e) ~ 4ell,

P((X,) survives and 0 < |X; 1| < w/e) ~ 4e/i.

Proof. We first show for any fixed 6 > 0 we have

P(ty). > ti +t) = (1 + 0(5))del + O(ee ), (4.23)

PO < |X,| <w/e,0<r <ty +1t) =(1+0(5)del + O(ce™ ), (4.24)

P(0 < [Xy+e < 0/e) = (1 + 0(5))4ell + O(ee™ ), (4.25)

P((X,) survives and 0 < |X;, 1| < w/e) = (1 + O(3))4elk + O(ee™ ). (4.26)

Note that the events considered in (4.23) and (4.24) are not quite the same: by the event
A= {t,), >t +t} we mean the event that ¢, is defined and greater than ¢; +¢; this
certainly implies the event considered in (4.24), but the latter may also hold with T = ¢,
undefined. Let S be the event that the process survives, noting that

P(S | {t,. is defined}) > 1 — (1 — 5)*/* = 1 — ), (4.27)

In particular, for large n this conditional probability is at least 1/2, so the probability that
T is defined is at most 2s = O(e).

Let By be the ‘bad’ event that T =t¢,,, is defined and there is an » > T with |X |/ A
outside the interval (14 6)Y;. By Lemma 4.13, we have P(B; | T defined) = ¢~®), so
P(B;) = O(ce ). Let B, be the event that T is defined and |X7| > (1 +d)w/e. If
¢ is small enough, which we may assume, then (1+6)> (1 +¢)(1+0/2), and from
Lemma 4.18 we have P(B,) = e~ @/9) = O(ge=A®)),

Suppose that By does not hold. Then if t,, . is defined, the process survives. Thus, off By,
the event that T is defined coincides with S and hence with the event Y, > 0. Moreover, off
B U B,, whenever Y; >0 we have Y; = (1 +0(8))|X7|/AT = (1 + 0(8))(w/e)/AT. Thus,
off By U B,, for all sufficiently large constants a, b > 0,
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(D) Y, > 1 +ad)(w/e)/ AT = (14 ad)/(el) implies T < t; + ¢, and
(i)0 < Y, < (1 —05)/(el') implies T > t; +t.
Since ¢t — o0 we have 1/4' — 0. Thus, using Corollary 4.17 to bound the probabilities of
the events on the left in (i) and (ii) above, and recalling that P(B; U B,) = O(ee™ %)), we
obtain the bound (4.23).

To deduce (4.24), it suffices to show that the probability that the indicated event holds
but T is undefined is o(eA). Recall that up to probability O events, if S holds, then T is
defined. So it suffices to bound the probability that |X;,4,| > 0 but S does not hold. Now

P(1X¢, 4| > 0, 8%) = P(S)P(| X, 44| > 0| S%) = (1 —9)P(| X, | > 0) ~ P(X, | >0),

where (X,") is the process conditioned on dying out, which has the distribution of X,,.
As we shall see shortly (see Lemma 4.21), P(| X, | > 0) = O(e4%) as ¢ > 0 and a — oo with
a=Q(1/¢). Since log A = O(¢), we have t1 +t > t; = Q(1/¢), so

P(1X; 44 > 0, 8%) = Ol ™) = O(edl(1 /)08 #)/1ogy — ()t ),

using log(1/4«)/log A ~ 1 (see (4.4)) and w — oo for the last step. So (4.24) follows.

To see that (4.25) holds, note that we may extend the implication (i) above to imply
| Xt 4] > w/e. Also (ii) can trivially be extended to imply |X; 1| < w/e. Again applying
Corollary 4.17 gives (4.25). Now (4.26) also follows since survival coincides with Y, > 0.

To deduce that the various statements in the theorem hold, observe that under the
assumptions given on ¢ o and t but with § > 0 fixed, we have A% = » %0, while any
function that is e~®) decreases faster than any power of w, so the probabilities in (4.23)—
(4.26) are all asymptotically (1 + O(d))4¢eAL. Since 6 > 0 is arbitrary, the same conclusion
follows for 6 — 0 slowly enough. U]

Theorem 4.19 is the analogue of Lemma 2.1, giving (in the relevant range) the
distribution of the time the branching process takes to grow to a certain size. It will
turn out, however, that we need several further results about the branching process.

4.4. Further branching process lemmas

Theorem 4.19 gives good bounds on the probability that the branching process grows
more slowly than expected. It will turn out that we also need a bound on the probability
that it grows faster. Such a bound is immediate from Lemmas 4.9, 4.10 and 4.13. However
(to handle the case where &3n grows slowly), when et is small we shall need a bound that
is stronger than the one obtained this way. This is easy to obtain directly using moment
generating functions as in the proof of Lemma 4.10. Note that we study (|X;|) here rather
than (|X;")).

Lemma 4.20. Suppose that 0 < & < 1/10 and et < 1/10. Then, for all N > 20t we have

P(X,| > N) <t le N/,

Proof. Let m,(0) = E e/ be the moment generating function of |X,|, so no(0) = e’ <
1420 for 0 < 1/2. We have

my41(0) = E(m(0)X1) = e/ O <14 2(m,(0) — 1) 4+ 227 (m,(0) — 1)?
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as long as A(m,(0) — 1) < 3/2. Let g, = m,(1/(20t)) — 1, noting that go < 2/(20t) = 1/(10¢).
Then, as long as g, < 2/5, we have
gri1 < Agr +227¢7 < g1 + &+ 3g,) < grexple + 3g,).
We claim that for » < t < ¢7'/10 we have
2 < go exp(sr +3 Zgi) < g exp(l/lO + 3/10) < 2go < 1/(10¢).
i<r
The proof is by induction using the final bound g; < 1/(10¢) for i <r to establish the
second inequality. Hence,

E(e\x,\/(ZOz)) =1+4+g <1+ 1/(101).

Applying Markov’s inequality to e/ — 1 which is always non-negative, it follows
that
1 1 1
P(X,| > N) < — (N0 _ )7' < L =N/con
(X > N) < 1, (¢ ) <5
whenever N > 20t, as required. ]

We next turn to various events associated to the subcritical branching process X;, =
(X;). We start by estimating the probability that the process survives to time ¢, as well
as a derived quantity associated to the wedge condition. If our aim is just to prove
Theorem 1.3, then a considerably simpler form of the following lemma will do. However,
we shall prove a more precise result, which is also useful when it comes to studying the
distribution.

Lemma 4.21. Let ¢ — 0 and set s, = s,(¢) = P(|X[| > 0). Then for t = o(1/¢) we have s; ~
2/t, while for t > &%/ we have s, ~ =~. In particular, if t = Q(1/e), then s, = ©(e},),
and if et — oo, then s; ~ 2e/k. Furthermore,

0

LI =50~ 90e?

t=1

for some constant yy > 0.

Proof. Let 3, be the probability that a critical Poisson Galton—Watson branching process
survives to time t, so 5 = 1 and 3.+ = 1 —exp(—73;). It is well known (see [29] or [3,
Section 1.9, Theorem 1]) that 35, ~ 2/t as t — oo, and indeed one can check that

=214+ 0@17?). (4.28)
Moreover, t5; approaches 2 from below. Clearly, s; < 3;, so we have
S <5 <2/t (4.29)

foralle >0and t > 1.
On the other hand, we may construct X,, by first constructing a critical process, and
then deleting each edge of the resulting tree with probability 1 — A« ~ ¢, independently of
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all other edges. If the critical process survives to time ¢, then there is at least one path of
length ¢ witnessing this, and it follows that s; > 5,(1 — A«)' =5,(1 — O(et)). If t = o(1/¢),
then (1 —/x)' ~ 1, so s; ~ 3, and the first statement of the lemma follows. Note also for
later that

s =5, — O0(et)3; =5, — O(e). (4.30)

For larger t we use the following iterative formula, obtained by considering the number
of particles in X; with descendants in generation ¢ 4 1:

Sit1 = P(Po(Aasy) > 0) = 1 — e = Jus, — A3s2/2 + O(s}),

where, since A+« < 1 and s; < 1, the implicit constant is absolute. Note also that s,11 < AxS;.
Rewriting the formula above,

Si+1 = Axs xp(—2xsi/2 + O(s7)). (4.31)
We now simply ‘guess’ an approximate form for s, (obtained by solving a differential
equation, although things are not quite that simple): for t > 1, set
2(1 — As) 2¢
(At —=1) At —1
Since a > 0 implies (14 a)' —1 > at, we have r, <ry/t =2/t for all t. In particular,

< 1/2 for t > 4. Also,

)»*rt }v*(}b:l_l — 1) j.:t — A 1— s
= — = — = 1 + —
Fei Axt—1 Axt—1 Axt—1

ry =

= 1 —I—/l*rz/Z.

In particular, r,; < A«r. Furthermore, for t > 4, which implies r, < 1/2, we have
Frat = dary (14 Zar/2) 7 = Juryexp(—Aare /2 + O(17)). (4.32)

Using (4.31) and (4.32), it is now not hard to show that s; and r, remain close for all
large t. Set T = |¢*/3|, noting that T — oo and T = o(1/¢). Note that

BT =1/2)T =1 4+e4+0E)T =14 Te+0(T? + Te?) = 1 + Te(1 + 0(£1?)),
o)
rr.st = (1+0("?)2/T, (4.33)
using (4.28) and (4.30) for s7.
Let p; = s;/r; — 1, noting that p; = O(¢'/?). Then, from (4.31) and (4.32),
L4 pip1 = (1+ po) exp(—uls; — 1) /2 + 007 +57))
= (1 + p) exp(—Jupire/2 + O(r} + s7)).

Since r; and s; are bounded, we have exp(O(r? +s,2)) M(r? +s?) for some absolute
constant M. For ¢ small and t > T we have r; < rr < 1/10, say. It follows that whatever
the sign of p;, the exp(—Axp;r;/2) term ‘pulls (1 + p,) towards 1’ without overshooting,
and hence that

lpest] < lpd + (L + [p )M (] + 57).
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Using 1, < A5 Try and s, < A5 Tsy, it follows that

o <lprl+2M > B+ 5h),
0<s<t—T

provided |ps| <1 for T <s<t. Since rj ~ st ~ (4/T)? = O(*?), while Y4 =
0(1/¢), it follows easily that |p,| does remain bounded by 1, and in fact that |p,| = O(&'/?)
uniformly in t > T. In particular, s, ~ r, for t > T, proving the second statement of the
lemma. The next two statements follow.

Finally, we turn to the estimate on Hz>1(1 —5;). From (4.28) we see that Y |5, —2/t| =
>, 0(t7?) is bounded. It follows that Z[>3log(i) converges; let us write ¢ for the

1-2/t
value of this sum, which does not involve & Since T — oo, the sum truncated at T

converges to ¢ as ¢ — 0. Hence, from (4.30),

[T —s)=][0—=53+0G) =" [[(1-5)

t<T t<T t<T

~(1=5)(1=8)e [T 1=2/t) ~ T,

3<t<T

for some constant yy > 0. On the other hand, comparison with an integral shows that

> r=—2log(eT) + O(eT) = —2log(eT) + o(1).

>T

We have already seen that . ¢ r2 = o(1), and the same for s, so, using the bound on
|p¢| established above, it follows that

IOgH(l_Sr—Ol)—Zst—o —(1+0( 1/3)271

t>T t>T t>T
= 2log(eT) + o(1) + O(s'* log(sT)) = 21og(eT) + o(1).

Thus [T, (1 —s1) ~ 70T 2(eT)* = yo¢’, as claimed. O

The final statement of Lemma 4.21 shows that if we start one copy of X,, at each
time t > 1, the probablllty that for every t the tth copy dies within ¢t generations is
asymptotically yoe’.

Remark. Constructing X; first by constructing X}, and then adding the subcritical trees,
we see that p, = [[;_,;(1 —s,) is exactly the probablllty that |X,| = 1 given that |XF| = 1.
We have
P(IX,|=1]1X1=1) =P(X | =1]X,| = 1)P(X,| = )/P(X]| = 1)
= sP(X,| = 1)/P(X,"| = 1) = sP(|X,| = 1)/(s4) = P(1X,| = 1)/ 2%
So the final statement of Lemma 4.21 is equivalent to the statement that for large r,

P(|X,| = 1) ~ y9e2/; for some constant 7o, which can presumably be seen more directly
somehow.
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Before turning to our next real lemma, let us get a simple observation out of the
way. Trivially, E(|X;"|) = A,; a simple inductive calculation gives the standard formula
E(IX; %) = AL(1 4+ Ax + -+ + AL). Since A« > 1 — ¢ (see (4.2)), this gives E(| X, |?) < ¢~ 12%,
so Var(|X;|) < e /(E|X,|)>. If we start X;, with N > 10/¢ particles in generation 0, and
r < 1/e, then the size of generation r has expectation u > N(1 —¢)'/¢ > N/3, and, using
independence of the offspring of different particles, variance at most ¢! y>/N < u?/10. It
follows by Chebyshev’s inequality that

P(IX; | >N/6|1Xg|=N)>1/2 (4.34)

whenever N > 10/e and r < 1/e.

Let (D;);>0 denote the union of countably many independent copies of X;,, where the
ith process starts with a single particle in generation i. Thus |Dy| = 1, while given |D,|, the
distribution of |D,;| has the form 1 4 Po(Z«|D;|).

Lemma 4.22. Let 0 <& < 1/10 be given, and define A=1+¢ and A = A(1 —s(1)) as
usual. For @ > 20 and t >0 we have P(ID,| > w/¢) = e ) where the implied constant
is absolute. Furthermore, for T > 1/¢,

P(3t:0 <t < T, (D] > wfe) = O(zTe ),

Proof. Let f,(x) = Ex/”! be the probability generating function of |D,|. Then fo(x) = x,
while from the relationship between D,,; and D, above we have

fer1(x) = xfi(e7)

for all t > 0 and all x. Fix t > 0 and let xo = 1 4+¢/10, say. Inductively defining x, by
Xry1 = e~ > 1 note that

t o0
filxo) = [T < [ - (4.35)
r=0 r=0
We claim that for every r we have
x <14+ (1 —¢/3)¢/10, (4.36)

say. This certainly holds for r = 0. Suppose then that (4.36) holds for some particular r.
Since A« < (1 —¢/2), it follows that x,; < exp((1 —¢&/2)(1 —¢/3)"¢/10). Using exp(y) <
1 +y+y? for y < 1, we thus have

Xep1 S T+(1—g/2)(1 —¢/3)e/10 4+ (1 —&/3)"¢?/100 < 1 4+ (1 —g/3)FLe/10,
and (4.36) follows by induction.

Combining (4.35) and (4.36) we have, crudely, log(f:(xo)) <2>_.(1 —¢/3)"¢/10 = 6/10,
so fi(xo) € 2. Recalling that xo = 1+ ¢/10, we thus have P(|D;| > w/¢) < f[(xo)/xw/L <
2¢7%) and the first statement of the lemma follows, for all w > 2, say.

For the second statement, suppose now that @ > 20. Using (4.34), and simply ignoring

the one new particle added in each generation, for 0 < r < 1/e, conditional on |D,| =
N > 10/e, the probability that D, > N/6 is at least 1/2. Let k = |1/¢|. Examining D,,
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D;.1,..., one by one, stopping the first time any of these sets has size more than w/e, it
follows that

P(|Deskl > w/(6e) | I 1t < <t+k, |Dy| > w/e) >1/2,
SO
P(3 :t <t <t+4k Dyl > w/e) <2P(IDgr| = w/(68)) = o),

using the first part for the final bound. Summing over 0 <t < T in steps of k = |[1/¢],
the second statement follows. L]

Next we shall show that conditioning X;, to survive to (at least) a certain time does
not increase its expected total size too much.

Lemma 4.23. Suppose that ¢ > 0 and t > 1. Let N denote the total number of particles in
X,.. Then E(N | X7 #0) < (t+1)/e.

Proof. We shall use repeatedly the observation that for any u, the distribution of a
Poisson Po(u) random variable conditioned to be at least 1 is stochastically dominated by
1 + Po(u). (This may be seen by considering the first point, if any, of a Poisson process in
an interval.)

We may view the first generation of X,, as the union of two sets: the set S; consisting
of those children of the root that survive to time ¢, and the set S, of those that do
not. The full process is then obtained by taking a copy of the process conditioned to
survive for t — 1 generations for each particle in Si, and a copy conditioned to die within
t — 1 generations for each in S;. The sets S; and S, have independent Poisson sizes.
Conditioning on X;” being non-empty is equivalent to conditioning on |S;| > 1. Let us
instead simply add a new particle to S;. By the observation at the start of the proof,
this gives a process whose distribution dominates that of X,,. Our new process consists
exactly of the standard process X,,, together with a copy of X, conditioned to survive at
least t — 1 generations started at time 1.

Applying the same procedure to the new copy (i.e., to the children of the extra particle
in Sy, but not to those of the other particles in S;), and continuing, it follows that the
distribution of X;, conditioned to survive to time t is dominated by the distribution of
the union of t 4+ 1 copies of X,,, one started at each time r, 0 < r < t. This has expected
total size (t + 1)/(1 — /x) < (t + 1)/e. L]

Finally, we observe that if we condition on X; surviving, this process quickly realizes
its conditional expected size, which by Lemma 4.6 is a factor (1 + o(1))/s ~ 1/(2¢) larger
than the unconditioned size.

Lemma 4.24. Let 2= 1+¢, where ¢ = ¢(n) — 0. Let w(n) and '(n) satisfy o' — oo and
w/w' — o0, and set t; = [logw/log 2]. Then P(1X,,| > o'/e | (X,) survives) — 1 asn — oo.
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Proof. This is a simple consequence of Lemma 4.13 together with (a weak form of) our
tail bound on the (a.s. defined) limit Y = lim,_,,, |X;|/A". Starting with the tail bound, set
x =2’ /w = o(1). From Corollary 4.17 we have

[P(O <Y < X/S) ~ 48x10g(1//l*)/10g). — 0(8),

since log(1/4«)/logZ ~ 1. Recalling that Y > 0 if and only if the process survives, it
follows that P(Y < x/e | (X;) survives) = o(1).

Conditional on survival, there is some generation with size at least w’/e with
probability 1. By Lemma 4.13, with probability 1 — o(1) the first such generation occurs
at time log(w'/e)/logl —log Y /log 2 + O(1/¢). By the tail bound on Y above, this is less
than t; with probability 1 4+ o(1). Moreover, with probability 1 — o(1), from this point on
|X,| is within a factor 2, say, of 2'Y. At time ¢, /'Y > 2w'/e unless Y < 2¢7'w'/w = x/e,
an event of probability o(1). U]

4.5. Typical distances in the 2-core

We are now almost ready to prove our lower bound on the diameter of G(n, p). It turns
out that we need a result concerning typical distances in the 2-core. Unfortunately, this
does not seem to follow easily from any published results, and our proof is a little painful.
We first need a result that essentially bounds the kth moment of the size of the giant
component.

Let G = G(n, A/n). We say that a k-tuple (xi,...,x;) of not necessarily distinct vertices
of G is useful if, for each i, either x; is in a component of G containing a cycle, or it
is joined by a path in G to some other x;. It turns out that almost all useful k-tuples
arise as they should, i.e., from vertices in the giant component. Recall that if N is the
number of vertices in the giant component of G(n, A/n), then N = (2 4 0p(1))en; see (4.6).
An immediate consequence is that EN > (2 —o(1))en. (In fact, it is well known that
EN ~ 2¢n.)

Lemma 4.25. Let 1 =1+ ¢, where ¢ = ¢(n) > 0 satisfies ¢ > 0 and A = &n — oo, and let
k > 1 be fixed. Then the expected number of useful k-tuples in G(n,1/n) is (1 + o(1))(2en)~.

Proof. The lower bound is immediate, since the number of useful k-tuples is at least
the kth power of the number N of vertices in the largest component of G, and E N* >
ENY > (2 —o(1))en)",

Let v = (n) tend to infinity very slowly.

We first get a simple observation out of the way. Let us say that a k-tuple of vertices
is close if each xj, j > 1, is within distance /¢ of x; in G. Let C; denote the number
of close k-tuples. Set t = |p/e|. Then ECy = nE(|G<,(x)|*""), where x = x; is any fixed
vertex of G. Now |G« (x)| is stochastically dominated by |X¢,|, the union of the first ¢
generations of X;. (We are simplifying slightly here: a binomial Bi(n, p) is dominated by
a Poisson with mean —nlog(1 — p) = np + O(np?), so we should consider the branching
process with a parameter slightly larger than 4; the difference is negligible.) It is easy to
check (for example by calculating inductively) that with r fixed, E [X<,|" = O(*~12") =
O(p¥~leve= =) = 0(e~> D), where we write f = O(g) if f is bounded by a function
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of y times g. It follows that
E Cy = O(ne=*3) = o(n"), (4.37)

provided y grows slowly enough, since £ 3n*~! — 0.

Turning to useful k-tuples, we shall proceed by induction on k. Let Uy denote the
number of k-tuples of distinct vertices that are useful. Since en — oo, it suffices to prove
that E Uy ~ (2en). We may then bound the total number of useful k-tuples in terms of
Ui,...,Us.

From now on we insist that xi,...,x; are distinct. Let us say that a useful k-tuple
is reducible if it contains a non-empty subset S which forms a close r-tuple within a
component of G containing none of the remaining x;. If this holds, then there is some
set of edges present witnessing that S is a close r-tuple, and a disjoint set witnessing the
event that the remaining set S° is useful. (We may have k —r = 0; a O-tuple is always
useful.) By the van den Berg—Kesten inequality [5], the probability of this event is at most
the probability that S is close times the probability that S is useful. Using (4.37) and the
induction hypothesis, this probability is o(¢")0(e*™") = o(¢X). Summing over r and over the
(%) sets S, we see that the expected number of reducible useful k-tuples is o(n¥).

Finally, we estimate the number of irreducible useful k-tuples. To do so, let us pick
X1,...,X; one by one; we do not fix them in advance. Each x; is chosen uniformly from
the remaining n — i + 1 vertices.

Having chosen x;, let us explore its neighbourhoods as follows. First, if x; itself is in the
set R of vertices previously reached by such explorations, we do not explore at all, and
declare x; to be ‘atypical for reason 1°. Otherwise, we explore the neighbourhoods of x; as
usual, except that we do not (for the moment) test for edges to R. Also, we stop as soon
as either (i) we reach generation y /¢, or (ii) we find y /¢ vertices in one generation t. (We
then stop part way through this generation.) Let I'; denote the set of vertices reached.
Our next step is to test all edges from I'; to R; if such an edge is present, x; is ‘atypical for
reason 2. We then test for non-tree edges within I';, i.e., for edges between two vertices
in I'; at distance ¢ from x;, or for ‘redundant’ edges between vertices at distances ¢ and
t + 1. If we find such a non-tree edge, then Xx; is ‘atypical for reason 3. Finally, if we have
not yet labelled x; as atypical, then we label x; as ‘good’ if condition (i) or (ii) held, and
‘bad’ otherwise, i.e., if we ran out of vertices to explore.

Note that if any x; is bad, then I’} is its entire component, this component is a tree, and
every vertex of this tree is within distance /¢ of x;. If (x1,...,x;) is useful and some x; is
bad, then it follows that at least one later x; lies in I';, so (xy,..., xx) is reducible. Thus we
may bound the expected number of irreducible useful k-tuples by n* times the probability
that no x; is bad. We do this by showing that the conditional probability that x; is atypical
or good given xi,...,x;_; and the associated explorations is at most (1 + o(1))2e.

The definition of the exploration ensures that each I'; contains at most y?/&* vertices,
s0 |R| < k22 and the probability that x; is atypical for reason 1 is O(¢2n!) = o(e).
Suppose this does not happen. Then |I'] is stochastically dominated by |X,,:|, which
has expectation Y-, A" = O(e7'2V/%) = O(e7"). At the end of the previous exploration,
we have already uncovered all edges incident with all vertices of each I';, j < i, except
(possibly) for vertices in the last two generations. (Two because we may have stopped part
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way through a generation.) There are at most 2ypk /¢ = 5(8*1) such vertices in total. Hence,
given I';, the conditional probability that x; is atypical for reason 2 is at most |I" ,~|5(sf1 /n),
so the unconditional probability is at most O(E |Tj[e~! /n) = O(¢2n~') = o(¢).

Similarly, given I, the conditional probability that x; is atypical for reason 3 is at
most |I';|(2y/e)A/n, since for each vertex we have to test edges to the at most 2y /¢ other
vertices in the same generation or the previous generation. Hence the probability that x;
is atypical for this reason is also o(e).

Finally, the exploration leading to I'; is dominated by X, so the probability that x; is
good is bounded by the probability that the branching process X either reaches size /e,
or lasts for at least /¢ generations. It is easy to check that the probability of this event
is (14 o0(1))s ~ 2¢; indeed, from Lemma 4.13 (say), the event that X, reaches size /e
coincides up to probability o(¢) with the event that X, survives, and Lemma 4.21 and the
fact that X, conditioned on dying is (X;) show that the events that X, survives for y/¢
generations and that it survives forever agree up to probability o(e). U]

Lemma 4.26. Let ) =1+ ¢, where ¢ = e(n) > 0 satisfies ¢ — 0 and A = &’n — oo, and let
C denote the 2-core of G = G(n,A/n). Then N = |C]| satisfies

E(N*) ~ (22n)* (4.38)
for each fixed k. Furthermore, if d =logA/log A — w/e with v = w(n) — oo, then
E M = o(e*n"), (4.39)

where M((ik) is the number of k-tuples of vertices of C some pair of which are within distance
d.

One might expect the first statement to be known. Indeed, Pittel and Wormald [36]
have shown that the distribution of the size of the 2-core is asymptotically normal, with
mean (2 + o(1))e?n and variance (12 + o(1))en = o(¢*n?). Unfortunately, convergence in
distribution does not imply convergence of the relevant moments, so we cannot simply
deduce (4.38). We shall prove (4.38) using Lemma 4.25; it is then easy to deduce (4.39).

Proof. Fix k distinct vertices xi,...,x;, and let A be the event that xi,...,x; are all in
the 2-core. It suffices to show that P(4) < (1 + o(1))(2e%)~.

Let G' = G — {x1,...,xx}, so G’ has the distribution of G(n', /' /n") where n’ = n —k and
A —1~2—1. Let U, denote the number of useful r-tuples of not necessarily distinct
vertices of G’. By Lemma 4.25, we have

EU, < (14 0(1))(2en)" (4.40)

for any fixed r.

Suppose that A holds, and let E be a minimal set of edges witnessing 4. Note that
every vertex of S = {xi,...,xx} meets at least two edges of E. Also, since a vertex is in
the 2-core if and only if it is on a cycle or on a path joining two cycles, E may be written
as the union of k graphs with maximum degree at most 3, so at most 3k> edges of E
meet S.

https://doi.org/10.1017/50963548310000325 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548310000325

898 0. Riordan and N. Wormald

Let Ey, E; and E; denote respectively the sets of edges of E with both ends in S, one
end in S, and neither end in S. List the edges of E; as a;b;, 1 <i < r < 3k?, where each g;
is in S and each b; in G’. From the minimality of E, each b; is either joined to some other
b; by a path in E, (which may have length O if b; = b;), or is joined by a path in E; to a
cycle in E,. (Otherwise, removing pendant edges from E, we obtain a smaller witness to
A.) It follows that the r-tuple (by,...,b,) is useful in the graph G'. Let t = |Ey|.

Suppose first that t =0 and |E;| = 2k. (More precisely, suppose there is a (minimal)
witness E with these properties.) Since each x; meets at least two edges of Eq, it meets
exactly two. Hence there is a 2k-tuple (by,...,by) that is useful in G’, with x; joined to
by;_1 and by;. But from (4.40) and the independence of G’ and the edges between S and G,
the expected number of such 2k-tuples is at most (1 + o(1))(2en)*(4/n)* ~ 2%¢% . Since
the 2k-tuple is ordered, whenever there is one there are at least 2¢ (swapping b; and
by, etc.), so the probability that a witness E exists with t =0 and |E{| = 2k is at most
(14 o(1))2&%).

It remains to show that the probability that there is a witness E with t > 0 or t = 0 and
|E1| > 2k is o(¢*), for which we simply bound the expected number of such witnesses.
Since each vertex of S meets at least two edges of E;, we have r = |E{| > 2k — 2t, while,
as noted above, r < 3k?. Hence, setting A =0if t >0 and A = 1 if t = 0, the expectation
is bounded by

(g) K\ ! 3k2
> (5) em X wEvIGH,
t=0 r=2k—2t+A

since there are most (’;) choices for each of the t edges inside S, and, given r, at most k"
possibilities for which of the x; each a; is. (Some b; may coincide, but we do not care.)
By (4.40), each term in the sum may be bounded by a constant times

n2en)n™" = O ~'e") = O(n~ P2,

For t = 0 this is O(¢%*!) = 0(¢*). For t > 1, since &”n — oo, the final bound is o(e?). It
follows that P(4) ~ (2¢2)¥, completing the proof of (4.38).

Finally, as noted above, it is relatively easy to deduce (4.39) from (4.38). Let M be the
number of k-tuples of vertices of C in which every pair is at distance larger than d. Then
it suffices to show that EM > (1 + o(1))(2¢>n)X. In proving such a lower bound, we may
consider k-tuples with additional properties that make the analysis easier.

Let v = p(n) = o(w) tend to infinity very slowly, let E be the branching process event
that at least two particles in generation 1 survive to generation t = y /e, that these particles
each have at least /¢ descendants in X,, and that |X,| < !0 11¥/¢ = O0We~1 for
0 < ¢/ < t. Recalling that, conditioned on survival, the branching process typically has size
of order ¢ 711" in generations ¢’ where t' is significantly larger than 1/¢ (see Lemmas 4.24
and 4.13), it is easy to check that P(E) ~ s?/2 ~ 2¢2, the asymptotic probability that two
particles in generation 1 survive. Also, Lemma 4.7 applies to all trees consistent with E.

Given distinct vertices xi,...,x; of G, let E; be the event that for every i the ¢-
neighbourhood of x; has the property corresponding to E, and these t-neighbourhoods are
disjoint. Also, let E; be the event that E; holds, every x; is in the 2-core, and d(x;, x;) > d for
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all i and j. By Lemma 4.8 we have P(E}) ~ P(E)* ~ (2¢?)F. Since EM > (1 + o(1))n*P(Ey),
it thus suffices to show that P(Ey | E;) =1 — o(1).

But after testing whether E; holds, we have not looked at any edges outside the relevant
neighbourhoods. The expected number of paths of length at most d joining one pair of
vertices in the last generation of these neighbourhoods is bounded by

Z n=l(i/n) =n7! Zli ~ ¢ 124,

1<i<d i<d

ere are at mos e’ We™2 pairs to consider, so the probability of finding any suc
Th t most (5)e®®e2 pairs t d the probability of finding any such
path is at most

OW) =3 =1,d _ L0 A—1 A 1—0/e — ,0() ,—(1+o())w _ o(1).

Also, since for each of xi,...,x; we have two neighbours with many (at least y/¢)
descendants in generation ¢, given E it is very likely that these neighbourhoods continue
to expand and eventually meet, so w.h.p. each x; is in C. Thus P(E; | E}) = 1 —o(1), as
required. U]

In fact, one can easily bound the expected number of pairs of vertices of C at distance
significantly larger than log A/log Z, noting that all but at most o(¢*n?) such pairs also
have the property E’. Using Lemma 4.5 it is then easy to extend the argument above to
show that if x and y are chosen uniformly at random from C, then

d(x,y) = log A/ log i + 0,(1/z).

Furthermore, one can obtain the limiting distribution of the correction term without too
much difficulty. We omit the details as this is not our focus, and Lemma 4.26 is all we
shall need to know about the 2-core.

With the simple preliminaries of the last few subsections behind us, we are now ready
to begin the proof of Theorem 1.3.

4.6. The lower bound on the diameter

In this section we shall prove the lower bound on the diameter in Theorem 1.3. As
noted in Section 1, we may assume that ¢ — 0. The argument we present will be rather
complicated. It is difficult to explain why this is the case, other than to say that we have
tried many promising simple approaches, and while several are extremely plausible, we
could not make the details rigorous. Of course, a much simpler proof may nevertheless
exist.

We must show that with high probability vertices x and y at large distance exist. In doing
so we may focus on vertices x and y whose neighbourhoods satisfy certain restrictions,
although if we are too restrictive, we will not get a good bound. Before turning to the
graph, let us describe the corresponding restrictions on the branching process. Overall, our
aim is to consider the event that a certain ‘wedge’ condition holds, and ¢, > t, for t near
to + t;, but to make our arguments work we need some additional technical conditions.
We start by insisting that the process (X;") consisting of those particles with infinitely
many descendants has size 1 for a large number of generations, then bifurcates, and the
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non-surviving descendants of all the particles up to this point have died out before very
long, in a way to be made precise. This condition will include an analogue of the weak
wedge condition described in Section 2.2.

For the rest of this section let & = g(n) > 0 satisfy ¢ — 0 and A = &’n — oo. Set

w = AVS,
and let
t; = |logw/log ]
and

to = Llog(e’n)/ log(1/2)],

as before. (The rounding to integers will always be irrelevant in calculations.) Later, we
shall also consider

t» = log(e’n/w?)/ log i

For r,q =0(1/¢), set To=to+r and T;=ty+t; +q. Recalling from (4.4) that
log /,1og(1//«) ~ &, note that To, T; = O(¢~'log A). We shall assume that |r| < to/2 and
that |r], |g| < t;/10; these conditions hold for n sufficiently large.

Let A=A, be the event that | X7, | = 1 and |X7, ;| = 2. Then P(4) = sP(Z, = 1)"P(Z, =
2), where, as before, Z; is a Poisson with mean s/ conditioned to be at least 1. From (1.8)
we have P(Z; = 1) = A«, while from the definition of Z, we have P(Z;, =2)/P(Z, =1) =
(sA)/2 ~ &. Hence,

P(A) ~ 2eAl060 ~ 262710 ~ 26710710 = ©(s7 ). (4.41)

When A holds, let x; denote the unique particle in X;" for 0 <i < Ty, and let y,)’ be the
two particles in X7, ;.
Let B = B, be the event that A = A4, holds, and the following conditions are satisfied.

(1) (The strong wedge condition) x¢ has no children other than x; and, for 1 <i < Ty, no
children of x; other than x;,; or y,y’ have descendants in generation 2i.

(ii) No particles in Xp,4; other than y and )’ have descendants in Xr;, where T =
to + [t1/2].

Note that To < T| < Ty. Also, since T{ — To = |t1|/2 —r = t1/2 + O(e7!), we have &(T| —
Toy) — oo. For the moment we could simply write T; in place of Tj in condition (ii), but
for the distribution result in Section 5 it is convenient that T; does not depend on q.
Unfortunately, it takes some effort to examine the effect that condition (i) has upon the
distribution of ¢,,/;, the time the branching process takes to reach size w/e. (Condition (ii)
presents no problems.) Constructing X, from X} by adding independent copies of the
subcritical process X,, starting at each particle, condition (i) says that for i < T, the
subcritical process started at x; dies by time max{i, 1} (measured from its starting time),
and condition (ii) that for i < T the process started from x; dies by time T| — i. Writing
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d; =1—s5,=P(|X| =0) for the probability that X, dies by time ¢, we thus have

To
P(B | A) = d, Hdmin{i,Tl’—i}a
=1

SO
min{To,Tl’/Z‘
| P(B | A) > dIHd H d;. (4.42)
i=1 i=1 i=T|{—

By Lemma 4.21, as ¢i — oo we have s; ~ 2¢li, and so log(1 —s;) ~ —2¢k. Since &(T| —
Ty) — oo, it follows that

3 logl—s)~—2 > A =0(T) =o(1),

i>T|—To i>T|—To

Hence, H@T{_To d; ~ 1. Similarly, since ¢ min{Ty, T|/2} = ¢T|/2 — oo, we conclude that
Hgmin{Tole,/z} d; ~ 1. From (4.42) it then follows that

T[/2
P(B | A) ~di [] d ~d1Hd ~ d1pog® = e M0e” ~ poe 2, (4.43)
i=1 i=1
using Lemma 4.21 to estimate the infinite product.

Let C be the event that A holds, and the particles y and y’ each have at least w'/e
descendants in X7,, where o’ = /o = A'/!2. (Later we shall need to know that vertices
corresponding to y and y’ have many ‘descendants’ at distance T from xg; this will ensure
that xr, is in the 2-core.) By Lemma 4.24, applied with T} — (To+1)=t; +q—r—1=
t1 + O(1/e) in place of ty, i.e., with 217971 = @(w) in place of w, we have

P(C | A) =1 —o(1).

We would like to impose the condition that |X;| < w/e for 0 <t < Ty; however, for
technical reasons we must consider the descendants of xr, separately from the remaining
particles.

Let D be the event that A holds, and between them the particles y and y’ have fewer
than (o — 2w')/e descendants in each set X,, Top + 1 <t < Ty, noting that w — 20’ ~ w.
Conditioning on A, the trees of descendants of the two particles y, y' form independent
copies of X, each conditioned on the event that it survives. By Lemma 4.13, w.h.p. as
soon as the number of descendants of y in X714, is large compared to ¢!, it then
remains close to Y /’, where ¥ has the distribution of Y = Y, conditioned to be positive.
Let Y, have the distribution of the sum of two independent copies of Y, each conditioned
to be positive. Then it follows that

P(D; | A) = o(1) + P(¥221 107! < (w — 20') f¢).
Now AT1=To—1 = jtitq—r—1 — ¢, )a=+0() L 797" and w — 20’ ~ @, SO

P(D; | A) = o(1) + P(¥> < (L 4+ 0(1))A""/e) = o(1) + P(s¥> < (2 + o(1))e"" ™),
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recalling that s ~ 2¢ and noting that, since &(r — ¢q) is bounded and 1 =1+ ¢, we have
A1 ~exp(e(r — q)). In a moment we shall sum over r; we can evaluate the sum of
the corresponding terms above by relating it to a certain disjoint union of events and
using Theorem 4.19. While this is aesthetically pleasing, we in fact know the asymptotic
distribution of ¥,, so we shall just use it.

Recall from Lemma 4.9 and Corollary 4.15 that sY conditioned on Y >0 has
the distribution of Y+ = ¥,", which converges in distribution to an exponential with
parameter 1 as ¢ — 0. It follows that s¥, converges in distribution to the sum of
two independent such exponentials, which has distribution function W¥(x) = fy’;o e V(1 —
e~ )dy =1 —(x + 1)e™™. Thus

P(D; | A) = ¥(2¢" ) + o(1),

where 1’ = ¢r and ¢’ = eq and we use uniform continuity to remove the (1 + o(1)) factor
in the argument of V.

Since ' — ¢’ = ©(1), we thus have P(D; | A) = ©(1), and hence the above equation can
be written as P(D; | A) ~ W(2¢ ). Since P(C | A) = 1 — o(1), it follows that P(C N D |
A) ~¥(2¢" 7). Given A, the events B and C N D; are independent, so

P(CND; | AN B) ~ P2 7). (4.44)

Turning to particles other than the descendants of y, )/, first let D] be the event that A
holds and, for Ty < t < Ty, the set X, contains at most w'/¢ particles that are descendants
of x1, but not of y or y'. Given 4 N B, these particles form a copy of X, starting at xr,
and conditioned to die within T| — Ty generations. This process may be viewed as X,
conditioned to die by a certain time, so its distribution is dominated by that of X,,. Since
the total expected size of X;, is O(¢7"), it follows that P((D})° | 4 N B) = o(1).

Let D, be the event that 4 holds and, for 0 <t < T}, the set X; contains at most
o'/e particles that are not descendants of x7,. Given AN B, the tree of particles that
are not descendants of xg, has the distribution of one copy of X, started at each time
t, 0 <t < Ty, conditioned on the various copies of X;, dying by various times. This
distribution is dominated by that studied in Lemma 4.22, so by Lemma 4.22 we have
P(DS | AN B) = 0(eT1e~ X)) = o(1), recalling that T} = O(¢ ' log A).

Let D = Dy N D} N D,. Since P((D})° U DS | AN B) = o(1), from (4.44), we have

P(CND;ND, | ANB) ~¥(2e ) (4.45)
and
P(CND | ANB)~ Y2 ).

Note for later that if D holds, then |X;| < w/e for t < T;.
Finally, setting E,, = AN B N CND, and recalling (4.41) and (4.43), we have

P(E.q) ~ 26 ' My PV (2e ) ~ 2p0e ee T W(2¢ 1) /n.

Since this estimate holds uniformly in r, g with r,q = O(1/¢), it also holds uniformly in r, q
with |q|,|r] < 2M /e, say, for some function M = M(n) tending to infinity. For |gq| < M /e,
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let Eg = U sy e<r<omye Erg- For fixed g, the events E, , are disjoint, so we have

P(E,) ~ 2p0e ten! Z (e )
—2M /e<r<2M/e
= 2p0e tente 7 Z e (201,
—2M [e—q<r—q<2M/e—q

The sum above simplifies considerably, since it corresponds to splitting a single event
according to the time that (X;") first subdivides. Rather than using this observation, we
simply calculate. Since W(x) = O(1) as x — oo and W¥(x) = O(x?) as x — 0, the sum above
has exponentially decaying tails. Recalling that ' and ¢’ simply denote &r and egq, it
follows easily that

o0
P(E,) ~ 2yoe_1n_le_sq/ e *W(2e%)dx.

—0o0

A simple computation shows that the integral evaluates to 2, so
P(E,) ~ 4poe'ne™ ~ dyge ' n7 104,

uniformly in |q| < M /e, provided M = M(n) tends to infinity sufficiently slowly.

Note that the event E, requires that y,y’ € X7, ., an event depending on an infinite
number of generations of the process X,. To work with the graph, we seek an event
depending on a finite number of generations of X,. Let F, be the event corresponding
to E, but depending only on the first Ty = to + t; + q generations. More precisely, F,
is the event that there are exactly two particles, y and )’, say, in some generation
To+1=ty+r—+1,—-2M/e <r < 2M /e, with descendants in generation T| = to + |#1/2],
each of these particles has at least @’/e descendants in Xr,, y and y’ have a common
parent xr,, the equivalent of the strong wedge condition (i) holds, and D = D; N D] N D,
holds. From the strong wedge condition, if F, holds then, in the tree obtained from X;
by deleting all descendants of xr,, the initial particle is the unique particle at maximum
distance from xr,.

If E; holds, then so does F,. Furthermore, P(E, | F;) = 1+ o(1), since for each of y
and y/, the probability that none of its at least @’/¢ descendants in generation T; goes on
to survive forever is O((1 — s)®/¥) = o(1). Hence,

P(F,) ~ P(E,) ~ 4ppe'n~' 2L

Let T be a tree of height t = T; consistent with F,. Then t = O(¢~'log A), while, since
D holds, each generation contains at most we~! = wA~!/3n!/3 = o(n'/3) vertices. Also, the
total size |T'| of T is

O(we2log A) = O(wA~*3n* P log A) = o(n??), (4.46)

and ¢ T|? = O(w?e 3 log?> A) = O(w*A'nlog?> A) = o(n). Lemma 4.7 applies to all such
trees, telling us that

[1e

P(Ge(x) = T) ~P(GL(x) = T) ~P(X¢, = T).
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Let F,(x) denote the event that G¢r,(x) is a tree satisfying the property F,, where
Ty = to + t; + q. Summing over all such trees, we see that

P(Fy(x)) ~ P(Fy) ~ 4yoe”'n~" 24 (4.47)

uniformly in ¢ such that |eq| < M, for some M — co.
Let go be chosen so that eqo tends to minus infinity very slowly, and let F(x) = Fy,(x).
Let N be the number of vertices x for which F(x) holds; then

EN = nP(F,(x)) ~ 4p0e 1% — co.

We are now almost finished: it remains to use a second moment argument to show that N
is w.h.p. large, and then to bound the probability that two vertices satisfying the relevant
condition are close.

Given distinct vertices x and y of G = G(n,1/n), let A(x,y) be the event that F(x)
and F(y) both hold, with the trees ‘witnessing’ this being disjoint. For trees T; and T,
consistent with F,,, by Lemma 4.8 the probability that the relevant neighbourhoods of x
and y are disjoint and isomorphic to T; and T, respectively is asymptotically the product
of the individual probabilities. It follows easily that

P(A(x, ) ~ B(F(x))P(F(y)) = P(F(x)). (4.48)

At this point, it seems that there should be a simple argument involving ‘pulling the
trees off the 2-core and reattaching them randomly’. However, once again, we did not
manage to make such an argument precise in a simple way.

Our next aim is to show that it is very unlikely that F(x) and F(y) hold and the trees
witnessing these events overlap. Recall that if F(x) holds, then there is a unique “first’ vertex
in the neighbourhoods of x with two children with descendants in generation tg + t; + ¢o.
Let x’ denote this vertex. Since the two children of x’ each have at least w'/e = A/ /¢
descendants in generation to + t; + qo, with probability at least 1 — o(A~!%), say, their
neighbourhoods continue to grow, and eventually meet, in which case x’ is in the 2-core.
Let F(x) be the event that F(x) holds and x' is in the 2-core, so P(F(x)) ~ P(F(x)). Also,
let By be the ‘global bad event’ that there is some vertex x such that F(x) holds but x’ is
not in the 2-core. Then

P(B;) < nP(F(x))o(A™1%) = 022 A1) = o(1), (4.49)

assuming, as we may, that gy > —loglog A, say.

Similarly, if F(x) and F(y) hold, then it is very likely that x and y are in the same
component. Writing 3, for the event that there are x and y in different components such
that F(x) and F(y) hold, we have

P(B5) = o(1). (4.50)

For our second moment bound, we will study N, the number of vertices x such that
F(x) holds. Note that w.h.p. N is equal to N, since B; has probability o(1). Also,

EN = nP(F(x)) ~ nP(F(x)) = EN ~ 4ype ' 1% — 0.
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Let A (x,y) denote the event that F(x) and F(y) hold, with the trees witnessing F(x)
and F(y) disjoint. If A (x,y) holds, then so does A(x,y). On the other hand, continuing
to explore as before, we see that given A(x,y), the vertices x’ and y" are very likely to be
in the 2-core, so

P(A (x,)) ~ P(A(x, 7)) ~ P(F(x))* ~ P(F(x))". (4.51)

It remains to consider the case of overlapping trees.

We defined F(x) in such a way that if F(x) holds, then x’ together with the component
of G — X’ containing x forms a tree, in which x is the unique vertex at maximal distance
from x'. If F(x) holds, so x’ is in the 2-core, then x is the unique vertex of this tree
at maximal distance from the 2-core. Let T, denote this tree, or, in general, the tree
component containing x if we delete from G all edges lying in the 2-core. If F(x) and F(y)
both hold, then from this uniqueness property, the trees T, and T, are disjoint, except
possibly at x" and y’: they are two distinct trees attached to the 2-core.

Let B(x,y) be the event that F(x) N F(y) holds and the trees T\ and T, are disjoint
(except possibly at x’ and )’), but the trees witnessing F(x) and F(y) overlap. From the
remarks above, for x # y,

F(x) N I:"(y) =4 (x,y)U B(x, y). (4.52)

To bound P(B(x,y)), we first test whether F(x) (not F(x)) holds, in a way that first
uncovers the tree Ty. Roughly speaking, we would like to show that the number of trees
Ty hanging off the 2-core is well-behaved (i.e., its second moment is not too large). Then
we could say that the attachment points to the 2-core are uniformly distributed, so it is
unlikely that there are two trees attached to close points. The problem is that we need
independence to get the second moment bound, and we do not have this, as we can not
tell in advance when we have reached the 2-core and should stop exploring the tree from
x. To get around this, we choose a stopping vertex in advance.

Given distinct vertices x and X, let F(x;X) be the event that F(x) holds, with the
division vertex x’ equal to X. Note that F(x) is the disjoint union of the events F(x;X),
X € V(G)\ {x}, all of which are equally likely. Thus

P(F(x;X)) = (n — 1) 'P(F(x)) ~ n"'P(F(x)). (4.53)

Let T'(x;X) be the event that X together with the component of G — X containing x forms
a tree consistent with F(x;X). In other words, T'(x;X) is the event that the part of G that
we can reach from x if we do not allow ourselves to pass through X is one of a certain
set of trees. Note that we do not insist that X is in fact in the 2-core, and that if F(x;X)
holds then T'(x;X) must hold.

Crucially, we may test whether T'(x;X) holds by exploring the neighbourhoods of x in
the usual way, except that if we reach X at some point, we do not test for edges from X
to unseen vertices. (Since we require the relevant neighbourhood to be a tree, we do test
for edges between all pairs of reached vertices.) Also, given T(x;X), we may test whether
F(x;X) holds by continuing to explore from Xx; roughly speaking, the property required
of this further exploration is captured by C N D; N D} above (this was the reason for
‘splitting off” D} from D,), and has probability essentially ©(s?).
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More precisely, suppose that T'(x;X) holds and let us condition on the particular tree
T, revealed by the exploration so far. Let V' = V(G) \ V(Ty) U {X}. Then we have not yet
examined any edges inside V', and the only edges outside V' are those of T. Since T
is required to be consistent with F(x;X), we know that d(x, xg) = to + r for some r with
[r| < 2M /e, and, from (4.46), that T contains o(n*?) vertices.

Now (recalling that F(x) = F,,(x)), the event F(x;X) holds if and only if the following
conditions are satisfied as we explore a further t = Ty — (9 +r) = t; + qo — r steps from
X in G[V']: (i) the graph we uncover is a tree, (ii) there are exactly two vertices (y and y’)
in I'i(X) with ‘descendants’ in I'r;_(,1,(X), where T{ = to + [£1/2], (iii) these two vertices
each have at least w’/¢ descendants in I';(X), (iv) between them, y and y’ have at most
(w —2w")/e descendants in each I'y (%), ¢’ < t, and (v) the neighbours of X other than y and
y' have in total at most w’/¢ neighbours in each of these sets. Indeed, (i) and (ii) together
with the fact that T, is consistent with F(x;X) ensure that the event corresponding to
AN BN D, in the definition of F = F,; holds, (iii) ensures that C holds, (iv) that D holds,
and (v) D}.

Arguing as for (4.47), we can approximate the probability of these conditions holding
by that of the corresponding branching process event (the conditions ensure that only
o(n?*/3) vertices are involved in total). Then we may consider the infinite version of the
branching process event, differing only in that we assume that y and y’ are in X;". Now
we require that |X;7| = 2; since | X | ~ Po(sA), this has probability ®(¢?). Given this, in
the branching process the remaining conditions corresponding to (iii), (iv) and (v) are
exactly the conditions C, D and D) considered earlier, except that now X plays the role
of the initial particle x¢, and all generation numbers are offset by ¢y + r. In particular, the
conditional probability of these events is exactly the probability P(C N Dy N D} | AN B)
evaluated in (4.45), with ¥’ = er and ¢’ = &qq.

Let y = y(n) be a function tending to infinity arbitrarily slowly (more slowly than the
reciprocal of the implicit function in the o(-) notation in (4.39)), and let us write f = (:)(g)
if f/g =%, Taking M(n) to tend to infinity sufficiently slowly, from the comments
above and (4.45), we see that

P(F(x;X) | T(x;%)) = O(s)
whenever T (x;X) holds. From (4.53) it follows that for all X # x we have

P(T(x;X)) = O (e 20 'P(F(x))) = O 2n72),

recalling (from (4.47)) that P(F(x)) = @(n~' L) = O(n1).

Given x # y and X, y, let B'(x, y, X, ) be the event that T(x,X) N T(y, y) holds, with the
trees Ty and T), edge-disjoint. Note that if this event holds, then X, 7 ¢ {x,y}. We may test
whether B'(x, y, X, y) holds by exploring from x and y respectively (with the explorations
modified at X and y), and the two explorations cannot ‘help’ each other. Arguing as for
(4.48) above, using Lemma 4.8, it follows that

P(B'(x,y,%,7)) ~ P(T(x, R)P(T(y,7)) = O *n*)

for all X, y ¢ {x,y}; the probability is 0 if X or y € {x, y}.
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Fix vertices x # y, and let x and y be chosen independently and uniformly at random
from V(G). Note that

P(B'(x,y,%,y)) = O *n™*). (4.54)

Let us condition on B'(x,y,x,y). Moreover, we condition on V. = V(Ty)\ {x}, on
Vy, = V(Ty) \ {y} and on the structure of the trees T and T, but not on x and y. Given
this information, x and y are independent and uniform from V' =V(G)\ (V UV,).
Indeed, the given information says that certain trees Ty and T are attached to x,y € V.
Each tree is equally likely to be attached to any vertex of V7, so, given this, the attachment
vertices are uniform on V.

The event we have conditioned on does not depend on the edges in V’. Hence, the
conditional distribution of G[V'] is that of G' = G(n',./n), where n' =n—|T|+1—
|Ty| + 1. From the definition of F,,, we have |Tl|,|T,| = o(n*/?), so n’ = n — o(n*?). The
edge probabilities in G’ are thus A'/n’, where

N=w'/n=0+e)n—om*))/n=14+c—on'"3)=1+¢,

with ¢ ~ e.
Let B'(x, y) be the event that B(x, y) holds, and x = X/, y = y/, so

P(B'(x,y)) = n 2P(B(x, y)). (4.55)

If B'(x,y) holds, then so does B'(x,y,X,y). Furthermore, x and y must be in the 2-core
of G, which is the same as the 2-core U of G'. Also, x and y must be close, i.e., within
distance d = 2t; +4M(n)/e ~ 2t;.

From the remarks above, we may bound P(E’(x, y) | B'(x,y,X, y)) by the conditional
probability (given the trees Ty, T, etc., but not x, y) that x and y are close in U, and
hence by

G| P EMy(G') ~ n 2 E My(G),

where M;(G’) is the number of close pairs in U, and the expectation is over the random
graph G'.

Now G’ has the distribution of G(n',A'/n’), with ' =1+ ¢ and ¢ ~ ¢. Also, d ~ 2t; ~
2logw/e = log(e3n)/(3e) ~ 37 log((¢)*n’)/¢’. By Lemma 4.26, we thus have E M,(G') =
o(e*n?). Taking our slowly growing function y(n) small enough, the expectation is smaller
than ¢*n® by at least a factor eV, say. It follows that

P(B'(x,y) | B'(x,y,x,y)) < O(&'e™).

Using (4.54) it follows that P(B/(x, y)) = O(n*¢™%) = o(n*), and hence, from (4.55), we
have

P(B(x,y)) = o(n?). (4.56)

It follows that w.h.p. there are no pairs (x,y) for which B(x,y) holds. Recalling (4.49),
(4.50) and (4.52), and noting that A (x, y) trivially implies A(x, y), we see that w.h.p. every
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pair of vertices x # y for which F(x) N F(y) holds has the properties
d(x,y) <oo and A(x,y). (4.57)

Using (4.51), (4.52) and (4.56), and recalling that N denotes the number of vertices x
such that F(x) holds, we have

E(N =33 (P (x.) + P(B(x.)) = (1 + o(1)EN ) + o(1).

X y#EX

Since EN — oo, it follows that E N ’ e (E N )2, and hence that N is concentrated about
its mean. Since EN ~EN, and N and N are w.h.p. equal, we thus have N concentrated
about its mean also, where N is the number of x such that F(x) holds.

Finally, the end of the proof is as in Section 2.2. Set t, = log(¢’n/w?)/log /, let K& — oo
very slowly, let N be the number of vertices x for which F(x) holds, and let M be the
number of pairs x, y for which A(x,y) holds (i.e., F(x) and F(y) hold disjointly) but
d(x,y) < d, where

log(e’n) logew  log(e’n/w?)

O(1)+2q0—K
og(1/4x) log 7 log / +0() + 240

d=2(lo+t1+Q0)+l2—K=2l

log(&’n) log(&’n)
= 2 O(1)+2¢g0 — K
logi T Zog(l/i,) T OM T2
Given that F(x) and F(y) hold disjointly, the (ty + t; 4+ go)-neighbourhoods of x and y
each contain at most w/¢ vertices. Exploring from x and y in the obvious way, the rest of
the graph is ‘unseen’, and the expected number of paths of length at most r, — K joining

one neighbourhood to the other is at most
(w/e) Z (A = wle2n! Z 7k
k<t,—K k<t,—K

= 0(0?e3n~ 122Ky = 027Ky = o(1).

(Here it is important that we work with F(x) and not F(x).) Hence, the conditional
probability that d(x,y) <d is o(1), so EM = o(n(n— 1)P(A(x,y))) = o((EN)?), using
(4.48). 1t follows that w.h.p. there are at least EN/2 > 2 vertices x for which F(x)
holds, but at most (E N)?/5 pairs of vertices with A(x,y) holding but d(x, y) < d. Using
(4.57), it follows that diam(G) < d w.h.p. Recalling that both —go¢ > 0 and K¢ may be
taken to tend to infinity arbitrarily slowly, this completes the proof of the lower bound in
Theorem 1.3.

4.7. The upper bound
Throughout we fix a function ¢ = &(n) > 0 satisfying ¢ — 0 and &’n — o0. As before we
shall often write A for &’n, and set

w = A,

As before, let to = log(e’n)/log(1//4), t; = logw/log A, and t, = log(e’n/w?)/log A; we
ignore rounding to integers, which makes no essential difference in our calculations.
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Let K = K(n) be such that K¢ — oo, and let
do = log(e’n)/ log 2 + 2log(e’n)/ log(1/ /) = 2t + 2t; + ta, (4.58)

so our aim is to prove that diam(G) < do + K holds w.h.p., and we may assume if we like
that K¢ grows more slowly than any given function of n tending to infinity. The basic idea
is simply to estimate the expected number of pairs x, y with d(x,y) > dy + K. However,
the calculations in the previous sections imply that on its own, this will not work; the
expectation turns out to be roughly ¢~ if K& grows slowly. The reason is that, given that
a tree hanging off the 2-core has height at least h, the expected number of vertices it
contains at distance at least h from the 2-core is of order £2.

To get around this, we need to impose a version of the wedge condition; we should
like to consider only vertices x that are at maximal distance from the 2-core in their
tree. (Note that we cannot insist that x is the unique vertex at this distance in its tree,
as we did before.) This suggests the weak wedge condition: roughly speaking, we should
like any ‘side branches’ starting from I';(x) to have height at most ¢, one more than the
height allowed in the strong wedge condition. This is all very well if the neighbourhoods
of x out to the relevant distance form a tree, but in the upper bound we must consider
all vertices x, so we must modify the condition. Unfortunately, most of the work in this
section will be needed to show that we can rule out various unlikely cases (such as the
diameter coming from a pair x, y, where x is close to a short cycle).

Suppose that x and y are a pair of vertices at maximal distance, pick any t < d(x, y),
and consider any shortest path P from x to y. Then, tracing P backwards from y to x,
we first meet G¢,(x) at some vertex v; € I';(x). Since P is shortest, d(v;, y) = d(x,y) — t, s0
continuing from v, to x along the unique path in Gogl(x) joining these vertices, we find
another shortest path P’ from x to y that starts with vovjv; - v, a path in Gogt(x). We
shall split the tree G%t(x) into the trunk T, consisting of all vertices with descendants in
I';(x), plus one side branch B, for each v € T. Here B, consists of v together with all its
descendants in Gogt(x) that are not descendants of another trunk vertex. (This corresponds
roughly to the decomposition of X; into X together with independent copies of X, ; the
difference is that we only consider finitely many generations, as we must in the graph.)

Of course each v; is a trunk vertex. The key observation is that for 0 < i < ¢, the side
branch B, is either short, i.e., has height at most i, or is reattached, i.e., B,, — v; meets an
edge of G¢(x)\ G%Z(x). Otherwise, let w be a vertex of B,, at maximum distance from v;
in B,,. Since By, is not reattached, any path from w to y must pass via v;. Since B,, is not
short, the total length of such a path exceeds d(x, y), contradicting the assumption that x
and y are at maximum distance.

Given 1 < d < t and a vertex x, let S denote the set of vertices of I'y(x) that have one or
more descendants in I';(x), in the tree Go@(x). We say that x is (d, t)-acceptable if there is a
vertex v € S such that every side branch in Go@(x) of the path x = vgvy - - - vy = v is either
short or reattached. From the observation above, if x and y are at maximal distance, then
x and y must be (d, t)-acceptable for any 1 < d <t < d(x,y).

Set h = ¢~ 'loglog A, say. (Here ¢! times any sufficiently slowly growing function will
do.) For t > h, let A, = A,(x) be the event that x is (h, t)-acceptable, and let B, = B,(x) be

https://doi.org/10.1017/50963548310000325 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548310000325

910 0. Riordan and N. Wormald

the event that 0 < |I',(x)] < w/e holds for 0 < r < t. The following lemma will play a key
role in our estimates.

Lemma 4.27. Under the assumptions of Theorem 1.3 we have
P(A4, N B;) < (1 4+ o(1))4ypee i (4.59)

uniformly in all t in the range t; +3h <t < 10e~!log A, where yo > 0 is the constant ap-
pearing in Lemma 4.21.

Recall that, by the second part of Theorem 4.19, in the branching process X; we have
PO<|X/| <w/e,r=0-1) ~4ei" (4.60)

for any t < 10e7!'log A such that &(t —t;) — oo; by Lemma 4.7, this carries over to the
graph. Thus Lemma 4.27 says essentially that the conditional probability that our modified
wedge condition holds is asymptotically yoe>. We postpone the proof of the lemma for
the moment.

Unfortunately, to handle the case when A = &’n grows slowly, it turns out that we need
two further lemmas. The first is a very simple observation; once one thinks of the lemma,
it is very easy to prove. We thought of it after seeing the preprint of Ding, Kim, Lubetzky
and Peres [20].

Lemma 4.28. Let L = L(n) be any function satisfying L = o(1/¢). Then, under the condi-
tions of Theorem 1.3, w.h.p. the giant component of G(n,./n) contains no cycle of length at
most L.

Proof. Fix 3 </ < L and a sequence vy,...,v, of distinct vertices of G = G(n, A/n). Let E
be the event that this sequence forms a cycle, i.e., that the edges vvy, vyvs,...,v01 are all
present, so P(E) = 1/ /n’ ~ n’. Let F be the event that E holds and this cycle is in the giant
component. First testing whether E holds, and then exploring outwards from this cycle,
by comparison with the branching process as usual we see that P(F | E) = O(/s) = O(&/),
with the implicit constant universal. Hence P(F) = O(e/n~’). Summing over all at most
n’ sequences, and dividing by 2/ to avoid overcounting, the expected number of /-cycles
in the giant component is thus O(¢). Finally summing over / < L and using Markov’s
inequality gives the result. Ll

Lemma 4.29. Let yp = w(n) be some function of n tending to infinity slowly, with v =
O(AY3) and vy = o(e7V/19). Let A*(x) denote the event that twse(x) is defined, x is (d,t)-
acceptable for all 1 <d <t <t,(x), and Gg(x) is a tree for t =min{t,,(x),e"'/p}.
Under the assumptions of Theorem 1.3 we have

P(A*(x)) = 0(£p®) = O(’A).

(It is likely that the probability estimated above is O(¢?), at least if the quantity ¢!/
in the definition of ¢ is replaced by a small constant times ¢!, but even a bound such as
O(A'¢%) would be more than enough for us here.)
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Assuming Lemmas 4.27 and 4.29 for the moment, it is not hard to complete the proof
of Theorem 1.3, calculating as in Section 2, by summing the expected number of pairs x,
y with t,,/, in certain ranges and both having acceptable neighbourhoods.

Proof of Theorem 1.3. Let dy be defined by (4.58), and let K = K(n) be such that
Ke— o0 and K < ¢ 'loglogA, say. Our aim is to show that w.h.p. there is no pair
(x,y) of vertices in the same component with d(x,y) > do + K. In the light of Luczak’s
bound (1.7) from [32], and a standard duality argument, we need only consider the giant
component. (In fact, Luczak and Seierstad [33] have shown that in the random graph
process, w.h.p., for all densities in the range considered here, the diameter is realized by
the giant component.)

Let us say that a vertex x is tree-like if G¢,1,,,(x) is a tree. By Lemma 4.28, w.h.p. every
vertex in the giant component is tree-like, so it suffices to consider pairs (x,y) in which
both x and y have this property.

As noted above, in any pair (x,y) at maximal distance greater than dy, both x and y
must be (d, t)-acceptable for any d < t < dy. Set

[+=l0+t1+K/3,

noting that t* < dy/2 and t* > h =¢"'loglog A. By Lemma 4.27, for any vertex x we
have

P(A,+(x) N B (x)) < (44 o(1))poe® 2t = = 025y = o(n 1),

so w.h.p. there is no vertex for which this event holds. Let A’(x) be the event that ¢, /,(x)
is defined and at most 7, and 4*(x) holds, where 4*(x) is defined in Lemma 4.29. Let us
call (x,y) a regular far pair if d(x,y) > dy + K, and the events A’(x) and A’(y) hold. Then
from the comments above it suffices to prove that w.h.p. there are no regular far pairs.
We may test whether A’(x) holds by uncovering successive neighbourhoods of x,
stopping at the first (if there is one) with at least w/e vertices, and then testing for
acceptability and the tree condition, or stopping after ¢t steps if there is no such
neighbourhood (in which case A’(x) does not hold). By definition, each neighbourhood
other than the last has at most w/¢ vertices. By Lemma 4.4, the probability that we
find more than 2w/e vertices in the last neighbourhood is at most exp(—Q(w/¢)) =
exp(—Q(e1/2n'/%)) = o(n~1%). Ignoring this event, testing A’(x) involves uncovering

O(tTw/e) = O(wlog A/e?) = O(A3e72) = O(AVPA3n?3) = o(n?/?)
vertices. Also, we uncover O(w/¢) = o(n'/3) vertices in each generation. Noting that
e(tTw/e)’ = O(APe73) = 0(nA™'3) = o(n),

Lemmas 4.7 and 4.8 apply to the corresponding trees. By Lemma 4.8 it follows that for x
and y distinct,

]P)(A,(X) N A/(J}) N {d(x, y) > tw/z:(x) + [w/zz(y)})
= (14 o(1))P(A'(x))B(A'(y)) + o(n~'™) = O(A25), (461)

using P(A4'(x)) < P(A"(x)) and Lemma 4.29 for the final bound. (In fact, we have glossed
over something here: using Lemma 4.8 shows that the events that the explorations from
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x and y give certain trees consistent with A’(x) and A'(y) are asymptotically independent.
However, the events A’(z), z = x, y, depend not just on the trees, but also on any additional
edges between the trees’ vertices. Since these are present independently with probability
A/n, asymptotic independence of the trees gives asymptotic independence of the entire
neighbourhoods.)

Suppose we have explored the neighbourhoods of x and y and found that the event
described above holds, i.e., A'(x) and A’(y) hold disjointly. Then Lemma 4.5 applies, and
the conditional probability that the explorations do not meet within t, + 2¢~!loglog A
further steps is exp(—(1 + o(1))(log A)***1) + O(A™1%) = O(A™'°). Summing over choices
for x and y, we see that the expected number of regular far pairs with d(x,y) > t,,/:(x) +
to(y) + 12+ 267 loglog A is O(n?A%eSA™1%) = O(A~°) = o(1). Hence, w.h.p. there are no
such pairs.

Set

t~=to+t; — 2 loglog A,
noting that w.h.p. every vertex x in a regular far pair satisfies
twse(x) = do + K — (tr +2¢ ' loglog A) — t* > to + t; — 2¢ ' loglogA = . (4.62)

This value is large enough that Lemma 4.27 applies.

(Let us remark that if A > (logn)®, say, then the argument above simplifies: we may
replace 2¢7'loglog A by 2¢!'loglogn, and the error probability given by Lemma 4.5
is then o(n~'%) (using the middle expression in (4.13)), so there is no need to check
acceptability to conclude the equivalent of (4.62). In particular, there is no need for
Lemma 4.29 in this case at all.)

For distinct vertices x and y and integers t— < t,¢' < ¢, let

Ex,y,t,t’ = A[t](x) N {tu)/s(x) = t} N A[t’](y) N {tw/e(y) = t/} N {d(x, y) > dO + K})

where [t] denotes the largest multiple of |1/¢] that is strictly smaller than ¢. From the
comments above, to prove that diam(G) < dy + K holds w.h.p. it suffices to prove that
w.h.p. none of the events E,,,, holds. (Here we may impose whatever acceptability
conditions we like: the reason for choosing exactly Aj(x) will become clear in a moment.)

Using Lemma 4.8 as above, the probability that E; = Ap(x) N {t,.(x) =t} and E, =
Ap(y) N {te(v) = '} hold with disjoint witnesses is asymptotically P(E;)P(E;). Noting
that dy + K —t —t' —t, is within 567" loglog A = o(t,) of 0 and is hence at least —t,/2,
given that E; and E; hold disjointly, Lemma 4.5 tells us that the probability that
d(x,y) > do + K is exp(—(1 + o(1))idotK—1=r'—12y L O(A~10),

Let U = U, 4y - <ir<i+ Exper- Then, writing 4 < B for A < (14 o(1))B,

tt ot

PU) S Y Y P(Ap(x) 0 {te(x) = 1)) P(Ap)(x) N {Lo/:(x) = 1))

t=t=— t'=t—

(exp(—(1 + o(1)) 20 K=1=/=12) 4 O(A=10)).
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Grouping the sums into blocks of size k = |1/¢], and noting that if r is a multiple of k
then

r+k

Z IP(A[[](X) N {tw/a(x) = [}) = ]P)(Ar(x) N {V < tru/s(x) <r+ k}) < P(Al(x) N Br(x))»
t=r+1

we have

PU)S* Y > P(Ax) N B(x)P(Ar (x) N By (x))

—k<t<tt =k <tt

(exp(—(l +0(1))/~Ldo+K—t—t’—t2—2k) —{-0(/\_10)),

where primes denote sums that run over multiples of k. From Lemma 4.27 we thus have

!
P(U) $n* Y 16730757 72 (exp(—(1 + o(1)) A tR—=r=072k) 4 o(A~17)),

tt

= o(l) +n’ Z 167365257 21 exp (—(1 + o(1))ado K-t =2k

tt

since there are at most (¢t*)? = O((log A)?) terms in the double sum (which has the same
limits as before), so the contribution of the O(A™'°) term can be bounded by

16n*72e%(log A)*O(A™1%) = O(A B (log A)*) = o(1).

Taking the final term in the sums above, we have ¢ and ¢’ at least ™ — k, so the exponent
of /. above is at least dy + K —2tT — t, — 4k = K /3 — 4k, which is at least K/4 if n is
large. Hence the exponential term above is always at most exp(—AX/4/2), say. Taking the
final term in the sum, the corresponding A" term is at most

12t+72k7211 _ 92t0+2K /3-2k
* = Ax

pi )20

—6, -2
<A =¢"n".

As t+t' decreases from its maximum possible value in steps of k, the exponent of A in
the exponential increases by k ~ 1/¢ ~ 1/log/, so the ™ term increases by a factor that
is asymptotically e and certainly at least 2. The ;" term increases by a factor of 1;¥ which
is asymptotically e and certainly at most 3. Also, after r steps, there are at most r + 1
ways of realizing a given sum ¢+ ¢'. It follows that

o0
P(U) < o(1) + > 1675(r + 1)3 exp(—25/*2771),
r=0

say. Since /X/4 — oo, the exponential term in the final sum decreases extremely rapidly,
and the whole sum is dominated by its first term, which is o(1). This completes the proof
of Theorem 1.3, assuming Lemmas 4.27 and 4.29. U]

Let us note for later, when we come to consider the distribution of the diameter, that if
we modify the definition of E, ,,, by replacing d(x,y) > do + K by d(x,y) = dy — K, then
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we obtain
o0
P(U) < Z 16))5(}" + 1)3" exp(_)LK/“—ZKZ/'—I).
r=0

Indeed, everything is as before except that the exponent of A has decreased by 2K. Now this
new sum is large, but the contribution from terms with r > log(13X)/log2 ~ 3K¢/log?2 is
still small. Hence, the sum from terms in which one of ¢, is smaller than ™ by more than
3|1/¢e]Ke/log2 ~ 3K /log2 < 5K is small. Since diam(G) > dy — K w.h.p., it follows that
w.h.p. the diameter is realized by vertices x and y which form a regular far pair in which
each vertex z has to + t; — 5K < t,,(z) <t" =19+ t; + K/3. Since K& may be taken to
tend to infinity arbitrarily slowly, this says that for a given error probability, it suffices to
consider regular far pairs in which the vertices satisfy

tw/z:(z) =to+h + 0(1/‘5) (463)

It remains to prove Lemmas 4.27 and 4.29.

Proof of Lemma 4.27. Recall that t; + 3h <t < 10e"'log A, and h = ¢ ' loglog A < t/2.
Let 4 = A(x) denote the event that x is (h, t)-acceptable, and B, = B,(x) the event that
0 < | (x)| < w/e holds for 0 < r < t. Our aim is to bound the probability of 4 N B;; note
that this event depends only on G;(x).

To avoid dependence, we would like to work with the branching process rather than
the graph, but we cannot assume that the relevant neighbourhoods of x are trees. So
let us model the pair (Gogt(x), G« (x)) by a pair (T*,G") as follows: first construct the
branching process (X,)ogr<i» keeping track of the order in which the particles are born,
as in the proof of Lemma 4.7. Let T* be the corresponding labelled rooted tree of height
at most t. Given T*, i.e. given (X,), form G* by starting with T* and adding each
of the following ‘potential extra edges’ independently with probability A/n: all possible
edges within X, and, for each v € X,, all possible edges from v to children (in X,;{) of
earlier particles v € X,. The potential extra edges correspond to edges that would not
have been tested in the graph exploration, so the conditional distribution of G* given T*
is the same as that of G¢.(x) given Gogt(x) (with an order on the vertices). If (T, Go)
is any possible value of (Gogl(x),ng(x)) consistent with 4 N B, then since B; holds, Ty
is a tree to which Lemma 4.7 applies. So IP’(G%[(X) =~ Ty) ~ P(T* = Tp). It follows that
P(G<(x) = Go) ~ P(G* = Gy). Hence, P((T*,G*) € AN B,) is asymptotically equal to the
probability that (Gogl(x), G<(x)) € AN B,. From now on we consider the model (T*, G*),
forgetting about the graph G(n, A/n).

For technical reasons we modify G* slightly as follows: recalling that each set X, comes
with an order, we only test for possible extra edges vw when both end-vertices are among
the first w/e vertices in the relevant set(s) X,. This does not affect the probability of
AN B, since when B, holds (which is determined by T*), the distribution of G* given T*
is unchanged.

Let S be the set of particles in Xj with descendants in X;. To achieve independence
between A and B,, let us weaken B = B, to B’ = BJ, the condition that for every v € S,
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the number of descendants of v in each X,, h < r < t, is at most w/¢. Our aim is to bound
P(A N B) by P(A N B'); to evaluate the latter we estimate IP(B’) and P(4 | B).
Our first aim is to show that

P(B') ~ P(B) = py ~ 4eii", (4.64)

where the final estimate is from (4.60). Note that P(B’ | |S| = s) = p®, where p is the (un-
conditional) probability that 0 < |X,| < w/¢ holds for 0 < r < t — h. From Theorem 4.19,
we have p ~ 4e2"1 ~ poash. Also, since ¢ > ) + 3h, we have p < (1 + o(1))42". Since
eh — oo it follows that p? < (14 o(1))2po = o(po).

Since B = B’, we have

P(BN{IS| >2}) <P(B'N{S| > 2}) <P(B'| {IS| > 2}) < p* = o(B(B)).

Recalling that if B or B’ holds then |S| > 1, to show that P(B’) ~ IP(B) it suffices to show
that P(BN{|S| =1}) ~P(B'N{|S| =1}) =p. Let B” be a strengthened version of B’,
where we replace the upper bound w/¢ by w'/e, with @ = (1 — 1/log A)w ~ w. Applying
Theorem 4.19 again with this new value of ', we find that P(B” | |S| =1) ~ p. But
given that |S| = 1 and B” holds, B certainly holds as long as the tree T formed by the
descendants of the root that are not descendants of the unique particle in S contains at
most w/(elog A) > A/19/¢ particles in each generation.

The distribution of T is dominated by that of the tree T’ formed by starting one copy
of X,, in each generation 0 < t < h. (In T these copies are conditioned to die by a specific
time.) The first h — 1 generations of T’ have exactly the distribution of the process (D;)
studied in Lemma 4.22. Hence, by the second part of that lemma, the probability that
one of the first h generations of T exceeds size A/2/¢ is O(che ¥A"™)) = o(1). From
generation h onwards, the tree T evolves as a subcritical branching process, and from a
standard martingale argument the probability that any later generation exceeds the size
of generation h by a factor of A/?% is at most 1/AY?° = o(1). Thus we do indeed have
P(B | B"N{|S| =1}) ~ 1, and it follows that P(B’) ~ P(B), as claimed.

Recalling that p?> = o(P(B)) and hence p*> = o(P(B')), for r > 2 we have

P(S| =r|B) <P(B'| S| =r)/P(B') = o(p' ).
Summing, it follows that
E(|S| | B') ~ 1. (4.65)
We claim that (in the modified G* model)
P(A| B 0 {IS| = N}) < (1+o(1))yoNe. (4.66)

Using P(A | B') = > o P(IS| =N | B)P(A | B’ N {IS| = N}), and (4.65) and (4.64), the
required bound (4.59) on P(4A N B) < P(4 N B’) then follows.

It remains only to prove (4.66). Recall that we are working with the model (T*, G*). Let
us construct T (which is simply the first t generations of X;) by decomposing it into the
trunk and side branches exactly as in the graph. Thus the trunk consists of the subtree
T’ of T consisting of all particles with descendants in X;. Then T* may be formed by
adding for each v in generation r, 0 < r <t, of T’ a copy W, of the process (X, )o<r<i—r
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conditioned on X, , being empty. We may think of W, as the subcritical process X,
conditioned on dying out by time t — r.

Now whether B’ holds is determined by T' together with the trees W, for vertices v in
sets X, r > h. Let us condition on T’ and these trees W, ; the only remaining randomness
is in the W, forv e X,, r < h.

Let v be one of the N =|S| vertices in S, and let x = vovy - -v;, = v be the path to
v. Let Wy =W, for 0 <i<h—1. Let A, be the event that every W; is either short or,
when we come to G, reattached. Note that 4 holds if and only if one of the events A,
holds, so it suffices to prove that the conditional probability of A4, is (1 + o(1))yoe>. Since
the different W,, are independent given T’, the conditional distribution of each W; (given
T’ and the W,,, w € X,, r > h) is just the unconditioned distribution. Writing, as before,
si =P(]X;| > 0) and d; = 1 —s;, the probability that W; is tall (not short) is just

pi =P(IXis1] >0 [X,—i| = 0) =P(IX;74| > 0] |X;2;| = 0)

di_i — d; 1 — S
= S S T — O(sie) = Siv1 — O(sn), (4.67)
di_i 1—s

since t > 2h and i < h.
Now h > 1/e, so (by Lemma 4.21) s, = O(eA"). Let w be the number of tall W;. Then
from the estimate above and Lemma 4.21,

h—1 h 0
P(w = 0) = [ J(1 = pi) = exp(0(he)) [ J(1 = s0) ~ TJ(1 = s0) ~ y0e”,
i=0 i=1 i=1

since A} = exp(—(1 + o(1))eh) and eh — oo, so hed = o(1). It thus suffices to show that
P(4,) < (14 o(1))P(w = 0); then (4.66) follows by the union bound. In other words, we
must show that 4, N {w > 0} is much less likely than w = 0.

Let I be any subset of {0,1,2,. — 1} with |I] > 1, and let us condition on precisely
the corresponding trees W; :i € I belng tall. Let M;, i € I, be the number of vertices in
each tall tree W;, noting that these numbers are conditionally independent. Given that
a particular W; is tall, its average size is at most that of X;, conditioned to survive to
height i + 1 (we also condition on dying out by height t —i). By Lemma 4.23 this is at
most (i +2)/e.

Let us now go through the tall trees in order, checking to see whether each is reattached.
(We will be forced to skip some; see below.) Due to the way we modified G*, when
checking if W; is reattached, for each vertex u of W; with u € X, we need only check
for edges of G*\ T* between u and up to w/e vertices in each of X, i, X, and X,,.
For each u, the probability of finding such an edge is at most p = 3(w/e)A/n < dwe™'n~ 1.
The probability that the tall tree W; reattaches is thus at most E(M;p) = E(M;)p <
(i+2)e'p <4(i+2)we2n 1.

When testing whether the first tall tree does reattach, we stop if we find one edge
witnessing this. This edge may ‘spoil’ a later tall W; by going to a vertex of that W;. For
J =1, let E; be the event that the tall trees W; : j € J are reattached by |J| edges each
with one end in the appropriate W; and the other outside | J,., W;. Given all the trees,

ieJ
the conditional probability of E; is at most [] jes Mjp. Since conditioning only on which
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trees are tall but not their sizes, the M; are independent, it follows that

4 + 2)w
P(E <) | .
Es 1D <],
jeJ
If all W;:iel are reattached, then the testing algorithm above shows that E; must
hold for some J containing at least half of the first k elements of I for every k < ||,
corresponding to the fact that we test trees in order, and each spoils at most one later

one. Hence,

4(j + 2)w
P D<Y [ =05
J jeJ
with the sum restricted as above.

Suppose that [I| =2k — 1 or |I| = 2k, and list the elements of I as iy, iy,... in order.
There are at most 4% terms in the sum, and the largest has J = {i1, i3, s, ..., I2k—1}, SO given
I, the probability of reattachment is at most

16(i; +2)w 16(i5 + 2)w o 16(ix—1 + 2)w
&2n &2n &2n

Now the probability that the tall trees are exactly those indexed by I is

pi 10
P(w = 0) H3p,\ w=0)Hi+—2,
icl

say, noting that p; < s;1; and using the crude upper bound 3/(i 4+ 2) for s;;1. Summing
over I with |I| > 1, we find that

P(4, N {w > 0})
10 10 16(i +2)w 16(; + 2o
=0 o .
)Z Z it +2i+2 &n &2n

r>21 0<ip<ip<-<iy<h

The sum over even r, say r = 2k, may be crudely bounded by > 7, Sk, where

10 10 16(a+2)w 1600 w ]

= X 5 < 1 .

S= 2 iiabrn an S 2 lppagy S 1000k
0<a<b<h b<h

Since h < ¢ 'loglogA, we have S = o(1). Bounding the sum over odd r similarly, it
follows that P(4, N {w > 0}) = o(P(w = 0)), as required. O

Finally, we prove Lemma 4.29.

Proof of Lemma 4.29. Throughout this proof, let K = [log(1/¢)] and, for 1 <k <K,
let t, = ¢~ !/(ky). (We ignore the irrelevant rounding to integers, noting that tx — 00.)
For 2 <k < K let Ei(x) denote the event that t; < t,/,(x) < tx_{, the neighbourhoods
of x to distance t,/,(x) form a tree, and x is (tx/2,tx)-acceptable. Let E;(x) denote the
event that B, holds (i.e., 0 < |[I'i(x)] < w/e for 0 <t < t1), that G¢,,(x) is a tree, and x
is (t1/2,t1)-acceptable. Finally, let E,(x) denote the event that ¢,/ (x) < tx. Splitting into
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cases according to the value of t,/(x), we see that if 4%(x) holds, then so does one of the
events Ei(x), E,(x) or Ex(x), 2 <k <K.

Let us start with a simple branching process observation related to that in Lemma 4.22,
writing t,,/, for min{t : |X;| > w/¢}, as before, whenever this is defined. Suppose we have
chosen some t > 1 in advance. If we explore the branching process step by step and find
a generation X,, r < t, with size at least w/e, then it is easy to see that the conditional
probability that |X;| > w/e is at least 1/10, say. Thus P(|X,| > w/e) > P(t,,, < t)/10, and
hence

P(t,. < 1) < 10P(1X,| > w/¢). (4.68)
Using this observation and Lemma 4.20, we see that
Plto; < tx) < 10" e &2 = 1015 eV = o(e?),

since wyp — oo while K > log(1/¢). Comparing the graph and branching process as usual,
it follows that P(E..(x)) = o(&®).

Turning to Ei(x) for 1 <k < K, note that we may test whether this event holds by
exploring at most t; = O(1/¢) steps from x, stopping if we reach a neighbourhood of size
/e, and then checking that the neighbourhoods so far form a tree, and satisfy the relevant
acceptability conditions. Arguing as above (4.61), Lemma 4.7 thus gives P(Ei(x)) =
(1 4+ o(1))P(Ey) + O(n~'°), where Ej is the branching process event corresponding to
Ej(x). It thus suffices to show that

K
> P(E) = 0(&y®). (4.69)
k=1

This statement involves only the branching process X,, so from now on we work with
this rather than the graph.

Let Aj denote the event that the branching process satisfies the condition corresponding
to (x/2,tx)-acceptability. To simplify the arguments, for 2 < k < K let E; be the event
that 4 holds and |X,,_,| > w/e. Only the second condition involves generations beyond
tx, so arguing as for (4.68) we have P(E, | Ex) > 1/10, and hence P(Ex) < 10P(E}). Also,
let E| be the event that A; holds and |X,,| > 0. Then E{ > E;. Hence

P(Ex) < 10P(E}) (4.70)

forall 1 <k <K.

For k < 2 let Ly be the event that |X,_,| > w/e; let L; be the event that | X, | > 0, so
E; = A; N L. As before, let T be the trunk of X; defined up to generation t;, so T is
the random tree consisting of all particles with descendants in X, . If we condition on the
first t, generations of X;, then the conditional probability of L, depends only on |X, |.
Since knowing the trunk T determines | X, |, we thus have

P(E) = P(Ac N L) = Y BT = TP | T = T)P(Ly | T = T'),
z

where the sum runs over all possible trunks T’. Note that we may assume T’ is non-empty,
ie, |Xy| >0, as otherwise Ly cannot hold.
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As before, given the trunk, we may reconstruct X¢, by adding independent random
branches to each trunk vertex, with each branch a copy of X,, conditioned to die by
(absolute, not relative) time f;. Let S be the set of trunk vertices in generation t;/,, and
N =|S| the number of such vertices, so N is random but depends only on T. Since
we are considering the branching process, which is by definition a tree, the acceptability
condition A4 holds if and only if some v € S has the property that the side branch started
at each v; has height at most i for all 0 < i < t/2, where vov(v; - - v, /2 = v is the chain of
ancestors of v. For a given v, the probability of this event is exactly Hf;/()z (1 — p;), where
pi 1s given by (4.67) with t = t;, and h replaced by /2. (The argument is as for (4.67).) It
follows easily from the estimates in Lemma 4.21 that s, ,» = O(t;') and that

12 tx/2
[T =p) =00 ]]1—5) =0
i=0 i=1

So far we have considered a single v € S; by the union bound it follows that P(4, | T =
T') < Ct;2N(T') for some absolute constant C. Hence,

P(E;) < Ct> > (T = T)N(T)B(Ly | T = T'). (4.71)

T

Let ng = no(k) = (kyp)>. Let . and g denote respectively the contributions to the sum
in (4.71) from trunks T’ with N(T') < no and N(T') > ny, so P(E}) < w; + ;. Trivially,
we have

pe <Ct’ng Y B(T = THP(Li | T = T') = Cti*noP(Ly). (4.72)
T/

For k =1 we have P(L;) = P(]X,,| > 0). Writing S for the event that the whole process
survives, we have

P(X >0)=s+(1—9s)P(X,| >0]S)=s+1—s)P(X,|>0).
By Lemma 4.21, it follows that for t = o(1/¢) we have
P(|1X;| > 0) ~ 2/t. (4.73)
In particular, P(L;) = O(1/ty), so from (4.72)
1w = 07" n) = (¥ ’y°) = 0(Fp°),
For k > 2, from Lemma 4.20 we have
P(Li) = P(1X,,_,| > w/e) < e v/,

so, from (4.72), w < 10Ct; 2noti e @ *=D/20 Recalling that t, =¢!/(pk) and nyg =
no(k) = k>y?, it follows that

K

Z'“k_ < Z 10CE3 kS S evolk—1)/20,
k=2 k>2
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Since @ and 1 are large for n large, the first term dominates, and this sum is o(e?).
Together with the bound for u; above, this gives

K

> =0y (4.74)
k=1
It remains to bound . Noting that N(N — 1) > ngN whenever N > ng, and that
P(L, | T =T') <1, from (4.71) we have

PO (T = Ting'N(T')(N(T') — 1) = Ci>ng ' E(N(N — 1)),
T/

where the final expectation is unconditional. Given X, /,, each particle in this generation
survives to generation t; independently with probability p = P(|X,, »| > 0) = O(Ik_I), from
(4.73). Hence

E(N(N —1)) = pPE(1X,, 2l(1 Xy, 2l = 1)) = O E(1Xy, 2|(1Xy, 2l = 1))

A simple inductive formula, or a tree counting argument, gives E(|X|(|X,| — 1)) = (4 +
A4+ 2 <% With ¢ = 1,/2 < 1/, this is O(ty), so E(N(N — 1)) = O(t;!). Hence,

=0t ngt) = 0 (k3 (ky) ) = 0(2k2).

Thus Yf, i = 0(¢%). Recalling that P(E}) < g + 1, and using (4.74) and (4.70), this
establishes (4.69). As noted earlier, the lemma follows. ]

Remark. As noted earlier, in the first draft of this paper we needed the condition A >
ellog’n* The changes that allowed us to eliminate this are the introduction of Lemma 4.28
(making checking for acceptability in the case when t,,(x) = o(1/¢) much simpler),
the modification of Lemma 4.29 to include the tree condition, and the new proof of
Lemma 4.29 above.

5. The distribution of the correction term

In this section we shall describe the limiting distribution of the correction term in
Theorem 1.3 and, very briefly, that in Theorem 1.1. Surprisingly, although Theorem 1.3
is much harder to prove than Theorem 1.1, the study of the correction term is much
easier in the former case. Indeed, with p = A/n and A constant, even the description of the
correction term is rather complicated. Let us start with the simpler case, assuming that
A=1+4¢ with ¢ = ¢(n) — 0. It turns out that, given the results of the previous section,
not much extra work is needed to obtain the distribution. Essentially, only one natural
extra idea is needed. Since the formal details would take some time to write out, we shall
only sketch the arguments.

In Section 4.6, we obtained a lower bound on the diameter by considering vertices x
with a certain property F = F,, ¢ = qo, depending on the t = ty + t; + g neighbourhoods,
where |qe| < M was essentially bounded. (We shall repeatedly use the observation that
if some probability is o(1) uniformly in |g¢] < M for any constant M, then it is o(1)
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uniformly in |ge| < M if M = M(n) tends to infinity slowly enough. It is often easier to
think of M as constant, although in the end we need M — 0.)

One aspect of this property F,, or rather of the related property F,, was that in the tree
T, containing x and attached to the 2-core, x is the unique vertex at maximal distance
from the 2-core. It turns out that a positive fraction of the trees attached to the 2-core
have more than one vertex at maximal distance, and to obtain a precise result we must
also consider such trees. But we must only count each tree once. The solution is very
natural: we consider an auxiliary random order < on V(G), and consider only vertices x
such that, writing S, for the set of vertices of T, at maximal distance from the 2-core, x
is the first vertex of Sy in the order <.

More precisely, we modify the definition of the branching process events E, and F,, by
weakening the ‘strong wedge condition’ B(i) on p. 900: instead of insisting that the ‘side
branch’ starting at generation i dies within i generations, we insist that it dies within i 4 1
generations (this is the weak wedge condition), and also, writing S; for the set of particles
in the ith generation of the ith side branch, letting S be the union of the sets S; together
with the initial particle, and taking a random order on S, we insist that the initial particle
comes first in this order; we call this the medium wedge condition.

We showed that the probability of the strong wedge condition was asymptotically

o0
di [ [ di ~ dinos® ~ e 908,
i=1
where d; = P(|X;| = 0) = 1 —s; is the probability that the subcritical process dies by time
i. Similarly, the probability of the weak wedge condition is asymptotically T[], di ~ yoe’.

If we condition on the weak wedge condition, then the distribution of S depends on e.

However, the conditional probability that S; is non-empty is bounded by

]P’(\Xﬂ >0 X5l :0) =1—]P’(\Xf| =0 Xl =0)

1 di  Si—Sip1

din  T—sip1 ST

From (4.29) we have s; < 2/i for all i > 1, so >_; P(S; # 0) converges uniformly as ¢ — 0.
Hence, for any M(n) — oo, the probability that any S;, i > M, is non-empty tends to 0.
For fixed i, the distribution of S; converges as ¢ — 0, in fact, to the distribution of the size
of the ith generation of the exactly critical process X; given that the (i 4+ 1)st generation
is empty. It follows that, in the branching process, |S| converges in distribution to some
random variable R not depending on &. Modifying the arguments in Section 4.6, we find
that when we replace the strong wedge condition by the medium wedge condition, in
place of (4.47) we obtain the estimate

P(F,(x)) ~ P(F,) ~ dpin~"' 24 (5.1)

uniformly in |q| < M /e, where y; = E(1/R)yg, and 7 is the constant in Lemma 4.21.
Turning to the upper bound, after much work mostly involving ruling out pathological
cases, we showed in Section 4.7 that for any function M(n) tending to infinity, w.h.p.
any vertex x that is part of a pair (x, y) at maximal distance satisfies the property B*(x),
that [t,,/,(x) —to — t1| < M /e, (see (4.63)) together with a certain unpleasant ‘acceptability’

https://doi.org/10.1017/50963548310000325 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548310000325

922 0. Riordan and N. Wormald

condition A*(x). Moreover, Lemma 4.27 shows that the expected number of such vertices
is bounded by some function of M. Thinking of M as constant for the moment, this
expectation is bounded. Now, given that a vertex has property B, it is likely that its
relevant neighbourhood (up to ¢,,,) is a tree. (The expected number of edges within sets
I'(x) is bounded by & = in~'t,,.(“/*) = O(w*(log A)e*n~") = O(A=*log A) = o(1); a
similar bound holds for the expected number of ‘redundant’ edges between consecutive
I';(x).) We had to consider the non-tree case, because 6 may go to zero only slowly, but after
reducing to vertices satisfying B”, it is easy to check from the proof of Lemma 4.27 that
the probability that 4" N B* holds and the neighbourhood is not a tree is o(P(A* N B™)). It
follows that (if M increases slowly enough), the expected number of vertices with 4* N B*
holding and the neighbourhood not a tree is o(1).

When considering tree neighbourhoods, acceptability becomes a much simpler condi-
tion, closely related to the weak wedge condition. So far we have considered any vertex x
in a pair (x, y) at maximal distance. Since we are only interested in the existence of a pair
at a certain distance, we may restrict our attention to those x that are first in their tree T
in our auxiliary random order. For vertices satisfying A* N B*, the conditional probability
of this extra condition is asymptotically E(1/R), as above. Putting the pieces together,
we find that w.h.p. the diameter is realized by some pair of vertices each of which
satisfies a certain condition F; depending on its ¢ = o + t; + ¢ neighbourhood, where
again |ge| < M. This condition is that G¢(x) is a tree, and the event A; N B, considered
in Lemma 4.27 modified to the medium wedge condition holds. Also, modifying the proof
of this lemma as indicated above, the probability that a vertex satisfies this condition is

P(F)(x)) ~ E(1/R)4yoe’ 2" ~ dp12dn".

Now the precise details of F,(x) and Fj(x) are rather different. However, the definitions
are such that F,(x) implies Fj(x). (Firstly, in defining F,(x) we insisted that G.(x) is
a tree. Secondly, via the condition D = D; N D] N D,, we ensured that |I'y(x)| < w/e for
0 <t < t. Thirdly, via A we ensured that for all ¢ up to to —r >ty — 2M /¢, which is
much larger than h, there is a unique particle in each generation ¢’ with descendants in
I';(x). Finally, we imposed the (there strong, but now medium) wedge condition on all the
side branches starting up to time (at least) to — 2M /e. This implies the (modified) form of
(h, t)-acceptability in Fy.)

Since P(F(x)) ~ P(Fy(x)), and the expected number of vertices with Fy(x) is (for M
fixed) ©(1), it follows that for each g, w.h.p. every vertex with property F;(x) also has F(x).
We shall essentially consider only a bounded number of values of ¢ (again, a number that
tends to infinity arbitrarily slowly), so this holds w.h.p. for all such values. Thus, w.h.p.,
the diameter is equal to the maximum distance between vertices with property F,(x) for
suitable g. This also applies if M — oo slowly enough. We may thus forget about Fy(x).

Now the condition F,(x) says that the (medium) wedge condition holds, that #(x) =
tw/e(X) > to +t; + ¢, and that certain other technical conditions hold. We shall need to
know a little more, namely roughly how large #(x) is. From the remarks above, we may
ignore x with #(x) > to 4+ t; + M/e. For —M? <i < M?, let g¢; = i/(Me). Let us say that
x is of type i if Fy(x)\ Fy,, (x) holds; this corresponds roughly to the wedge condition
plus ¢; < t(x) —to —t; < ¢i+1- Let N; be the number of type i vertices. With M constant,
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applying (5.1) twice shows that E N; is asymptotically what it should be, and as usual this
extends to M — oo slowly enough, in which case

EN; ~ dy1e™ /M,

since A1 = (1 — &+ 0(£?))? ~ e~ if qe does not grow too fast.

Let us say that x is plausible if it is of type i for some —M? < i < M?. From the
comments above, w.h.p. the diameter is realized by a pair of plausible vertices.

Now, the precise technical conditions in the definition of type i vertices are as in
Section 4.6; as there, these allow us to calculate second moments, and indeed rth moments
for any fixed r. More precisely, given a sequence i = (iy,...,I), let us say that a sequence
(x1,...,x,) of distinct vertices is an r-tuple of type i if each x; is of type i;. Such an r-tuple
is good if the relevant trees witnessing this are disjoint, and bad otherwise. Arguing as in
Section 4.6, the expected number of good r-tuples of type i is what it should be, namely
(14 0(1)) H;=1 E N;, (which is ©(1) if M is fixed), and the expected number of bad r-tuples
is o(1). This shows that all fixed mixed moments of the sequence (N_,2,..., Ns2) converge
to what we expect, and thus that (for M fixed) the sequence (N;) converges in distribution
to a sequence of independent Poisson random variables.

Turning to the diameter, let P be the number of unordered pairs (x,y) of plausible
vertices with d(x,y) > d = dy + ce~!, where ¢ is constant. We aim to understand P(P > 0)
by evaluating the factorial moments Ey(P) = E(P(P —1)...(P —k 4+ 1)). Now Ei(P) is
the expected number of k-tuples of distinct pairs with the relevant property. It may be
that several pairs involve the same vertex; in general we can write [E(P) as a sum over
integers r < 2k and graphs H on {1,2,...,r} with k edges of the expectation of the number
of r-tuples of plausible vertices in which certain specified pairs are at distance at least
d and the others are not. We evaluate this by summing over the types of the relevant
vertices. Thus we must evaluate the expected number of r-tuples (xi,...,x,) of type i in
which k specified pairs are at distance at least d and the others are not.

Since there are o(1) bad r-tuples, we consider only good r-tuples. Finally, we test
whether a particular sequence (xi,...,X,) has the required property by exploring the
neighbourhoods of each x; out to the relevant distance (o + t1 + g;;). By Lemma 4.8, the
probability that the explorations are disjoint and each x; is of the right type is ‘what it
should be’, namely n™" times the expected number of good r-tuples of type i. Suppose this
happens. Then we have not so far tested any edges outside these neighbourhoods.

Continuing to explore, the neighbourhoods grow at the expected rate w.h.p. We explore
ty/2 — O(1/¢) further steps, by which time the neighbourhoods have size ®(\/ﬁ). (Recall
that this is the size at which they typically meet.) By this time, there are very few (in
expectation O(1)) vertices in two or more neighbourhoods, and w.h.p. none in three or
more. It follows that the times at which different pairs of neighbourhoods meet are
essentially independent, with distribution given by Lemma 4.5. This allows us to calculate
E«(P), and hence P(diam(G(n, A/n)) > d) ~ P(P > 0).

Rather than give any further details, let us describe the limiting distribution we obtain.
It should then be clear that all expectations being ‘what they should be’ corresponds to
convergence to the corresponding values for this limiting distribution.
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Let P be a Poisson process on R with density function f(x) = 4y,e™~. Note that

f(x)dx' = f(x) <o
xX'>x

for any x, so with probability 1 we may list the points of P as zi,zj,... in decreasing
order. For each 1 <i < j, let Tj; be a random variable with P(T;; > x) = exp(—e*), with
these variables independent of each other and of P. Finally, let D = sup{z; + z; + Tj;}. It
is not hard to check that with probability 1 D is finite, and the supremum is attained.
Indeed, as M — oo, the probability that it is attained by some i, j with z,z; > —M tends
to 1.

Theorem 5.1. Let ¢ = &(n) > 0 satisfy ¢ — 0 and &n — oo, and let . =1+¢. For any

constant ¢ we have

log(e’n) log(¢°n)
log A log(1/ A«

]P’(diam(G(n, A/n)) = ) + c/s) —P(D > c¢)

as n — oo. ]

In other words, the O,(1/¢) correction term in (1.6) converges in distribution to D (after
multiplication by ¢).

We have proved Theorem 5.1 in outline above. There are a few further technical details
(such as checking that the relevant sequences of moments do not grow too fast, so
convergence of all fixed moments gives convergence in distribution), but we shall not
describe these any further.

The description of the random variable D is somewhat complicated; however, it seems
rather unlikely that this random variable will have a simpler description. Given this
description, the branching process approach taken here seems with hindsight very natural:
the description of D more or less forces us to consider the (exponentially distributed)
times that the vertices take for their neighbourhoods to reach certain very large sizes, and
then the time they take to meet after this.

Finally, let us comment very briefly on the case p = 1/n, 1 constant. It is not that
the proof is any harder in this case (it is much easier), but the result is much harder
to describe. Again we consider vertices satisfying the medium wedge condition (which
now has probability bounded away from 0), and, taking » = (logn)®, say, we study the
distribution of t,(x) for such x, in the range where P(t,(x) > to) is of order 1/n. From
Lemma 2.1 it is very easy to check that when t,(x) is very large, this is almost always
because for many generations there is only one neighbour whose descendants do not die
quickly, and we easily find asymptotic independence of the event {t,(x) > o} and the
wedge condition.

Approximating by a branching process, it is easy to prove an equivalent of Theorem 4.19,
showing that the distribution of ¢,,(x) may be described (as in the 4 — 1 case) by the tail of
Y =Y, near 0. But now the first complication appears: this random variable no longer has
a nice power-law tail, but asymptotically follows a power law multiplied by a function that
oscillates periodically within a constant factor. Also, when we explore neighbourhoods
and reach size w, the current neighbourhood may have any size between w and Aw; this
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constant factor affects the probability of joining up with another neighbourhood within a
certain time. In the end it turns out that the distribution depends on the fractional parts
of both logn/log A and logn/log A+, as indeed it must from the form of (1.4). We omit
the details, as a precise statement of the result would be rather lengthy.
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