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Abstract
We introduce a geometric model of shallow multiplicative exponential linear logic (MELL) using the
Hilbert scheme. Building on previous work interpretingmultiplicative linear logic (MLL) proofs as systems
of linear equations, we show that shallowMELL proofs can be modelled by locally projective schemes. The
key insight is that while MLL proofs correspond to equations between formulas, the exponential fragment
of shallow proofs corresponds to equations between these equations. We prove that the model is invari-
ant under cut-elimination by constructing explicit isomorphisms between the schemes associated with
proofs related by cut-reduction steps. A key technical tool is the interpretation of the exponential modality
using the Hilbert scheme, which parameterises closed subschemes of projective space. We demonstrate the
model through detailed examples, including an analysis of Church numerals that reveals how the Hilbert
scheme captures the geometric content of promoted formulas. This work establishes new connections
between proof theory and algebraic geometry, suggesting broader relationships between computation and
scheme theory.

Keywords: Linear logic; Hilbert scheme; semantics

1. Introduction
Linear logic (Girard 1987) can be viewed as a language of constructions in the operators

⊕,⊗,�, ! .
Most of these have meanings that are familiar from tensor algebra: ⊕ has the semantics of “direct
sum,” ⊗ is “tensor product” and � is “space of linear maps.” The exception is the exponential
! which has the semantics of a cofree coalgebra (Hyland and Schalk 2003; Murfet 2014, 2015).
The upshot is that linear logic gives a formal language for constructions in a canonical nonlinear
extension of tensor algebra. While these operators are familiar to mathematicians, the fact that the
structural maps associated to their universal properties can be used to encode algorithms is less
familiar, and quite remarkable. This is a variant on the Curry–Howard–Lambek correspondence
(Howard 1980; Lambek and Scott 1988) and a consequence of the fact that proofs in intuitionistic
linear logic can be interpreted as algorithms.

In particular, this means that we can translate algorithms into any category of mathematical
objects where ⊕,⊗,�, ! can be interpreted. While the class of algorithms that can be encoded in
(first-order, intuitionistic) linear logic is limited, it does include the execution of a Turingmachine
for a finite number of steps (Girard 1994; Clift and Murfet 2020) and the interpretation of linear
logic in vector spaces (Murfet 2015) has been used tomake connections between Turingmachines,
the Ehrhard–Regnier derivative (Ehrhard and Regnier 2003) and statistical learning theory (Clift
and Murfet 2019; Clift et al. 2021).
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2 D. Murfet and W.A. Troiani

In this paper, we continue a project initiated in Murfet and Troiani (2022), which aims to find
new interpretations of linear logic using algebraic geometry. At a conceptual level, the motivation
is the simple idea that the structure of a proof lies in the pattern of repeated occurrences of some
atomic degrees of freedom, which are somewhat implicit in sequent calculus or proof net presenta-
tions, but which are made explicit as “variables” in presentations like the lambda calculus (Murfet
and Troiani 2020). We can think of such a pattern as constructed from a set of atoms x, y, z,w, . . .
by a set of equations x= y, y= z, z =w, . . . and in that case, why not model these equations by an
ideal (x− y, y− z, z −w, . . . ) and then by a scheme? In this perspective, the role of sequents in a
proof tree (or edges in a proof net) is to introduce the atomic degrees of freedom x, y, z,w, . . . and
the role of deduction rules is to bind these atoms to each other by equations (Murfet and Troiani
2022), which determine a geometric object.

This idea is already mildly interesting in the case of multiplicative linear logic (MLL) proofs
(those involving only ⊗,�) but the really interesting question is: what kind of equations, and
thus geometry, represent the deduction rules in linear logic associated to the exponential?

In this paper, we give an answer to this question for a set of proof nets π which we call shallow,
for linear logic with the connectives ⊗,�, ! (known as MELL), using the Hilbert scheme, which
is the new ingredient necessary to interpret the exponential connective. To each shallow proof π ,
we associate a closed immersion

X(π)−→ S(π) (1)

of schemes (Definition 3.0.6). Schemes are how we think about sets of solutions of polynomial
equations inmodern algebraic geometry. Here S(π), which we refer to as the ambient scheme of π ,
is a disjoint union of projective spaces Pn

k over the base field k for various n. The ambient scheme
depends only on the formulas labelling the edges of the proof net (or equivalently the formulas
appearing in sequents in the proof tree, if we think in terms of sequent calculus), whereas the
full structure of π is reflected in the closed subscheme X(π). As a closed subscheme of a locally
projective scheme, X(π) is itself locally projective. In the conceptual picture introduced above,
S(π) introduces the atomic degrees of freedom (the coordinates in the projective spaces) and
X(π) says how the structure of π dictates that these degrees of freedom should be related to one
another so that the geometry reflects the proof.

Our main theorem (Theorem 3.1.3) says that the locally projective pair (1) is an invariant of
proof nets, in the sense that we associate to any cut-reduction step γ : π −→ π ′ a commutative
diagram

S(π)
Sγ

S(π′)

X(π) ≅ X(π′)

(2)

in the category of schemes, where the bottom row is an isomorphism. This is the sense in which
we mean that our construction is an interpretation of a (fragment of) linear logic. We expect
that these ideas extend to arbitrary proof nets, but since this seems to require more sophisti-
cated algebraic geometry, we feel it is worthwhile presenting the simple fragment separately (see
Section 4).

While understanding the details about Hilbert schemes in this paper requires some nontrivial
background in algebraic geometry, the geometry that is associated to the deduction rules involv-
ing exponentials is ultimately an expression of a simple idea. Promoting multiplicative proofs,
which geometrically are interpreted by linear polynomials x− y, y− z, z −w, . . ., introduces
additional atomic degrees of freedom θ , φ,ψ , . . ., which we can think of as parametrising a space
of equations

x− θy− φz, y−ψw− κt, . . . (3)
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in the sense that the point θ = 1, φ = 0,ψ = 1, κ = 0 in this parameter space stands for the system
of equations x= y, y=w, while the point θ = 0, φ = 1,ψ = 1, κ = 0 stands for x= z, y=w. The
deduction rules, like the contraction rule, which operate on exponentiated formulas, introduce
equations between these parameters such as θ =ψ , which bind the identity of some equations to
that of other equations (see Remark 3.2.1). In this way, our interpretation of shallow proof nets
in locally projective pairs of schemes realises the exponential as having the semantics of a space
of proofs and the geometric content of the deduction rules involving exponentiated formulas as
equations between equations.

2. Shallow proofs and the Hilbert scheme
Proofs in MLL can be modelled by systems of linear equations between occurrences of formulas,
and computation of a programme is in turn modelled by the elimination of variables appearing in
these systems (Murfet and Troiani 2022). This paper proves that shallow proofs (Definition 2.0.2)
can be modelled by locally projective schemes. Algebraically, these locally projective schemes
describe equations between formulas along with equations between these equations, as made
precise in Remark 3.2.1.

Definition 2.0.1. Let A be a formula. We define the depth of A, Depth (A), by induction on the
structure of A as follows:

• If A is atomic, then Depth (A)= 0.
• If A=A1 �A2, where� ∈ {⊗, &}, then Depth (A)=max{Depth (A1), Depth (A2)}.
• If A= ¬A′, then Depth (A)=Depth (A′).
• If A=�A′, where� ∈ {!, ?}, then Depth (A)=Depth (A′)+ 1.

Definition 2.0.2. A formula A is linear if Depth (A)= 0 and is shallow if Depth (A)≤ 1. A proof
π is linear if all its formulas are.

Definition 2.0.3. A proof π is pre-nearly linear if the following hold:

• All conclusions to all Axiom-links are atomic.
• The conclusions of π are of the following form: ?A1, . . . , ?An, B (where we allow for the
possibility that n= 0), with A1, . . . ,An, B linear.

• All edges of π are labelled by shallow formulas.
• There are no Weakening-links and there are no Promotion-links in π .

The linear part of a pre-nearly linear proof net π is given by removing all Dereliction-links
from π along with everything beneath these Dereliction-links and attaching the premises of these
Dereliction-links to Conclusion-links.

A proof net π is nearly linear if it is pre-nearly linear and all persistent paths of the linear part
of π go through B.

Definition 2.0.4. A proof is shallow if it satisfies the following:

• All of its edges are labelled by shallow formulas.
• There are no nested boxes.
• The interior of all boxes is nearly linear proof nets.
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4 D. Murfet and W.A. Troiani

Example 2.0.5. Let X be atomic. The following proof net is shallow:
● ● ● ●

Ax Ax

Der Der

● Pax Prom ● ● Pax Prom ●

Conc Cut Conc

¬X

X

¬X

X

?¬X ?¬X

?¬X

!X ?¬X

!X

(4)

The following proof net is not shallow even though all of its formulas are:

● ●

● ●

Ax

Der Ax

● Pax Prom ● Der

Cut

● Pax Prom ●

Conc Conc

¬X

X

?¬X
¬X

X

?¬X !X ?¬X

?¬X !X

It is cut-equivalent to the following proof net, which is shallow:

● ●

Ax Ax

Der Cut

● Pax Prom ●

Conc Conc

¬X
X ¬X

X

?¬X

?¬X !X
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The following is not shallow because the linear part of the interior of the box fails to satisfy the
property that all the persistent paths go through the premise of the Promotion-link:

● ●

Ax Ax

Der

Der

● Pax Pax Prom ●

Conc Conc Conc

¬X
X ¬X

X

?¬X

X ¬X

?(X ¬X)

?¬X ?(X ¬X) !X

Remark 2.0.6. The Prom / Pax-reduction step involves nesting a box within another, and so nec-
essarily involves proof nets which are not shallow. As a result, we do not consider this reduction
step in this paper. In fact, it is possible to have a shallow proof net whose cut-elimination pro-
cess necessarily involves a proof net which is not shallow (Example 4 is such a proof net). Thus,
strong normalisation does not hold for the class of shallow proof nets. However, we do obtain
normalisation for many algorithms of interest, for instance addition of Church numerals admits
normalisation where all proof nets involved are shallow proof nets.

In Section 4, we give a research proposal for extending this model to all of MELL using a more
general version of the Hilbert scheme.

2.1 The projective schemes associated to the algebraic model
In Murfet and Troiani (2022), we associated a coordinate ring Rπ to every MLL proof net π ,
defined as a quotient Rπ = Pπ/Iπ , where Pπ is a polynomial ring and Iπ is an ideal. While this
algebraic construction is suitable for MLL proof nets, it is more natural to consider the associated
schemes for shallow proofs. This shift in perspective is particularly helpful when working with the
Hilbert scheme, as the Hilbert scheme lacks a straightforward algebraic counterpart.

In this section, we give an introduction to theHilbert scheme, and in particular does not involve
any novel content whatsoever.

2.2 The Hilbert functor
The construction of the Hilbert scheme begins with the Hilbert functor. Recall that for R a ring,
M an R-module, and k> 0 an integer, M is locally free of rank k if there exists n> 0 and ele-
ments f1, . . . , fn ∈ R such that for all i= 1, . . . , n, Mfi is a free Rfi-module of rank k. If T is a
graded k-algebra, and h : N −→ N is a function, then the Hilbert functor of T with respect to h is
a functor Hh

T : k −Alg−→ Set, where Set is the category of sets and functions. This functor maps
a k-algebra R to the following set, where R⊗ T denotes

⊕
d≥0 R⊗ Ta:

Hh
T(R)= {I ⊆ R⊗ T | I is homogeneous and ∀d ≥ 0,

(R⊗ Td)/Id is a locally free R-module
of rank h(d)}.
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It was first proved by Grothendieck (1961) that there exists a schemeHh
T representing this functor.

That is, there is a natural isomorphism for each R ∈ k −Alg:

Hh
T(R)∼=HomSchk

(
Spec R,Hh

T
)

(5)

where Schk is the category of schemes X −→ Spec k over Spec k and morphisms of schemes com-
muting over Spec k. We provide a detailed definition of this scheme in Section 2.3.2, and its
construction has been reproduced in Troiani (2024, Appendix D.6). This particular version of
the Hilbert scheme along with its construction was first written down in Haiman and Sturmfels
(2002).

2.3 Properties of the Hilbert scheme
Section 3 differs from the original Geometry of Interaction paper (Girard 1989), where rather
than interpreting exponentials using the Hilbert scheme, Girard interpreted exponentials using the
Hilbert hotel. To understand the geometry of our model, one need not first acquire a knowledge
of the Hilbert scheme’s construction, but one must understand some of its properties. We have
organised this paper so that the minimal theory of the Hilbert scheme required to understand
our model is presented, and then the algebraic geometry involving the construction of the Hilbert
scheme can be found in Troiani (2024).

2.3.1 The Grassmann scheme
Definition 2.3.1. Let X be a scheme.We denote the following functor by hX ,which acts on objects as

hX : k −Alg−→ Set
R 
−→HomSchk

(Spec R, X)
and which maps a homomorphism of k-algebras f : R−→ T to the composition map

f̂ ◦ (−) :Hom (Spec R, X)−→Hom (Spec T, X)

g 
−→ f̂ ◦ g
where f̂ : Spec T −→ Spec R is induced by f .

Definition 2.3.2. If F : k −Alg−→ Set is a functor and there exists a scheme X such that F ∼= hX ,
then F is representable and is represented by X.

Let R be a k-algebra. Let n> 0, 0< k< n, and define the following set:

Gk
n(R)= {L⊆ Rn | L is an R submodule, and

Rn/L is a locally free R-module of rank k}.
Given an element L ∈Gk

n(R) and a k-algebra homomorphism φ : R−→ S, we can tensor the short
exact sequence

0 L R n R n L 0 (6)
by S over R and obtain a new short exact sequence, which is isomorphic to the following:

0 S ⊗R L S n S n S ⊗R L ) 0.

It follows that Sn/(S⊗k L) is locally free of rank k if Rn/L is. Thus we have a well defined map
Gk
n(R)−→Gk

n(S) : L 
−→ S⊗R L, which is denoted Gk
n(φ). This extends Gk

n to a functor.
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Definition 2.3.3. The functor Gk
n : k −Alg−→ Set is the Grassmann Functor.

Example 2.3.4. Consider theC-algebraC2. Then, for anyC-algebra R, we have R⊗C C2 ∼= R2. Let
e1, e2 be the standard R-basis for R2 and consider a short exact sequence

0 SpanR {e1 − e2} R 2 R 0

then SpanR{e1 − e2} ∈G1
2(R).

Let {e1, . . . , en} be the standard basis vectors for Rn and B= {ei1 , . . . , eik} ⊆ {e1, . . . , en} be
a size k subset with i1 < . . . < ik. Among the elements of Gk

n(R) are the modules L ∈Gk
n(R)

such that Rn/L has basis {[ei1 ]L, . . . , [eik]L}, where for i1, . . . , ik the notation [eij]L denotes the
image of ei ∈ Rn under the standard quotient map Rn −→ Rn/L. We will denote by [B]L the set
{[ei1 ]L, . . . , [eik]L}.
Definition 2.3.5. Define the following subset

Gk
n\B(R) := {L ∈Gk

n(R) | Rn/L is free with R-basis [B]L} ⊆Gk
n(R). (7)

This extends to a full subfunctor of Gk
n.

Lemma 2.3.6. The functor Gk
n\B is represented by

Spec k
[{

zji | 1≤ i≤ k, 1≤ j≤ n− k
}]

. (8)

Proof. Fix a k-algebra R. If L ∈Gk
n\B, then for each em �∈ B we have

[em]=
k∑

i=1
α
j
i[eij] (9)

for some coefficients {αji}1≤i≤k,1≤j≤n−k ⊆ R. The data of these coefficients are equivalent to the
data of a k-algebra morphism

k
[{
zji
}]−→ R (10)

which in turn is equivalent to the data of a morphism Spec R−→ Spec k[{zji}]. �

Proposition 2.3.7. For all n> k> 0, the functor Gk
n is represented by a closed subscheme of P(

n
k)−1.

Proof. The representing scheme can be constructed by gluing together the schemes 8 ranging
over all B, see Troiani (2024, Appendix D.5). �

Definition 2.3.8. We denote the projective scheme representing the functor Gk
n by Gk

n. This is the
Grassmann scheme.

2.3.2 The Hilbert scheme
We follow Haiman and Sturmfels (2002).

Definition 2.3.9. A graded k-module with operators is a pair (T, F) consisting of a graded
k-module

T =
⊕
d∈N

Td (11)
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8 D. Murfet and W.A. Troiani

and a family of operators

F =
⋃
d,e∈N

Fd,e (12)

where for all d, e ∈ N, Fd,e ⊆Hom (Td, Te).

Definition 2.3.10. Let (T, F) be a graded k-module with operators. A graded submodule

L=
⊕
d∈N

Ld ⊆ T (13)

is an F-submodule if Fd,e(Ld)⊆ Le for all d, e ∈ N.

Example 2.3.11. If T is a graded k-algebra, then for a, b ∈ N, define:

Fa,b =
{
The set of multiplications by monomials of degree e− d, d ≥ e
∅, d< e

(14)

then any homogeneous ideal is a homogeneous F-module, where F = {Fd,e}d,e∈N.

Definition 2.3.12. If (T, F) is a graded k-module with operators and D⊆ N is a subset of the
degrees, we denote by (TD, FD) the graded k-module with operators, where

TD =
⊕
d∈D

Td, FD = {Fd,e ∈ F | d, e ∈D } . (15)

Let R be a commutative k-algebra. Notice that if (T, F) is a graded k-module with operators,
then so is

R⊗ T :=
⊕
d∈N

R⊗ Td (16)

when paired with the operators F̂ = {idR ⊗Fd,e}d,e∈N. Given a function h : N −→ N, we define the
set

Hh
T(R)= {F − submodules L⊆ R⊗ T | ∀d ∈ N, (R⊗ Td)/Ld is

locally free of rank h(d)}.
Let φ : R−→ S be a k-algebra homomorphism and let f1, . . . , fn ∈ R be a set of elements generating
the unit ideal. Then for any d ∈ N and any i= 1, . . . , n, there is a short exact sequence

0 (L d)f i (R ⊗ Td)f i (R ⊗ Td L d)f i 0. (17)

By tensoring with S over R, we obtain a similar short exact sequence. The function Hh
T(R)−→

Hh
T(S), L−→ S⊗ L is denoted Hh

T(φ). It is easy to see that H
h
T : k −Alg−→ Set is a functor.

Definition 2.3.13. The functor Hh
T is theHilbert functor.

Definition 2.3.14. Let D⊆ N. The restriction is the following natural transformation ResTD :
Hh
T −→Hh

TD which maps an element L ∈Hh
T(R) to the restriction LD =⊕

d∈D Ld.

Theorem 2.3.15. Let (T, F) be a graded k-module with operators. Let h : N −→ N be a function
such that

∑
d∈N h(d)<∞. Suppose M ⊆N ⊆ T are homogeneous k-submodules satisfying:
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• N is a finitely generated k-module.
• N generates T as an F-module.
• For every field K ∈ k −Alg and every L ∈Hh

T(K),M generates (K ⊗ T)/L as a K-module.
• There is a subset G⊆ F so that G is the closure of F under composition and G is such that
GM ⊆N.

Then Hh
T is represented by a quasiprojective scheme Hh

T .

Proof. See Haiman and Sturmfels (2002, Theorem 2.2). We also reproduced this proof in Troiani
(2024, Section D.6). �

Theorem 2.3.15 only holds when h is such that
∑

d∈N h(d)<∞ because we construct Hh
T as a

subscheme of Gr
n for some r>

∑
d∈N h(d). We wish to apply Theorem 2.3.15 in the setting where

h is the Hilbert function (recalled in Definition 2.3.16) of a homogeneous ideal of k[x0, . . . , xn]
(given with respect to the standard grading). This function in general is not of finite support. To
mitigate this, we follow Haiman and Sturmfels (2002) and construct a subset D⊆ N to exhibit the
Hilbert functor Hh

T as a subfunctor of Hh
TD . We then relate to this a closed immersion of schemes

Hh
T −→Hh

TD .

Definition 2.3.16. Let S be a graded k-algebra and I ⊆ S a homogeneous ideal. The Hilbert
function of I is the function

N −→ N

n 
−→ dimk (Sn/In).

Proposition 2.3.17. Let d> 0, c> 0. There exists a unique expression

c=
(
kd
d

)
+
(
kd−1
d − 1

)
+ · · · +

(
kδ
δ

)
(18)

where kd > kd−1 > · · ·> kδ ≥ δ > 0.

Proof. We proceed by induction on c.
Say c= 1. Then for any d> 0

1=
(
d
d

)
. (19)

Since for all a> d we have
(a
d
)
> 1, it is clear that (19) is the unique such expression.

Say c> 1. First, we prove existence of such an expression. Let kd denote the largest integer such
that

c≥
(
kd
d

)
. (20)

If (20) holds to equality, then we are done, so assume c− (kd
d
)
> 0 which by the inductive

hypothesis implies there exists unique kd−1 > · · ·> kδ > 0 such that

c−
(
kd
d

)
=
(
kd−1
d − 1

)
+ · · · +

(
kδ
δ

)
. (21)

We must show that kd > kd−1. Suppose to the contrary that kd ≤ kd−1. Then(
kd

d − 1

)
≤
(
kd−1
d − 1

)
(22)
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and so, using (21), we have

c≥
(
kd−1
d − 1

)
+
(
kd
d

)
≥
(

kd
d − 1

)
+
(
kd
d

)
=
(
kd + 1

d

)
(23)

which contradicts maximality of kd.
Now we prove uniqueness. Assume there were two expressions:

c=
(
kd
d

)
+
(
kd−1
d − 1

)
+ · · · +

(
kδ
δ

)

c=
(
k′
d
d

)
+
( k′

d−1
d − 1

)
+ · · · +

(
k′
δ′
δ′

)

with kd > kd−1 > · · ·> kδ > 0, k′
d > k′

d−1 > · · ·> k′
δ′ > 0. Let s≤ d be the greatest integer such

that ks �= k′
s. By considering c−∑d

i=s
(ki
i
)
in place of c, we may assume s= d.

Assume without loss of generality that k′
d < kd. Since k′

d is an integer, we have k′
d ≤ kd − 1. By

the inductive hypothesis, the expression

c−
(
k′
d
d

)
=
( k′

d−1
d − 1

)
+ · · · +

(
k′
δ′
δ′

)
(24)

is the unique such, and so k′
d−1 is the maximal integer such that

c−
(
k′
d
d

)
≥
( k′

d−1
d − 1

)
. (25)

Since kd > k′
d, we have:

c−
(
k′
d
d

)
> c−

(
kd
d

)
=
(
kd − 1
d − 1

)
+ · · · +

(
kδ
δ

)
≥
(
kd − 1
d − 1

)
(26)

and so kd − 1≤ k′
d−1. Thus, k

′
d ≤ k′

d−1, which is a contradiction. �

Definition 2.3.18. The d-binomial expansion of c is the unique expansion given by (18). The
dthMacaulay difference set of c,Md(c) is defined as the tuple

Md(c)= (kd − d, dd−1 − (d − 1), . . . , kδ − δ). (27)

We note that the data of the d-binomial expansion of c are equivalent to that of the dth
Macaulay difference set of c.

Example 2.3.19. The following is the 4-binomial expansion of 27:

27=
(
6
4

)
+
(
5
3

)
+
(
2
2

)
+
(
1
1

)
. (28)

The 4th Macaulay difference set of 27 is (2, 2, 0, 0).

Definition 2.3.20. Let c> 0, d> 0, and let kd > kd−1 > · · ·> kδ ≥ δ > 0 be the integers involved
in the d-binomial expansion of c as in Proposition 2.3.17. Define the following natural number:

c〈d〉 =
(
kd + 1
d + 1

)
+
(
kd−1 + 1

d

)
+ · · · +

(
kδ + 1
δ + 1

)
. (29)

Remark 2.3.21. The dth Macaulay difference set of c and the (d + 1)th Macaulay difference set of
c〈d〉 are equal.
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Proposition 2.3.22. Fix n> 0 and a homogeneous ideal I ⊆ k[x0, . . . , xn]. Let h be the Hilbert
function of I. There exists an integer j such that for all d ≥ j we have

h(d + 1)= h(d)〈d〉. (30)

Proof. See Ahn et al. (2009, Section 2). �

Corollary 2.3.23. Let I ⊆ k[x0, . . . , xn] be homogeneous with Hilbert function h. Let j be the integer
such that for all d ≥ j we have (30). Then for all d ≥ j, the dth Macaulay difference set of h(d) is equal
to the jth Macaulay difference set of h(j).

Proof. For d ≥ j, we have

Md+1(h(d + 1))=Md+1(h(d)〈d〉)=Md(h(d)) (31)

where the first equality holds by Proposition 2.3.22 and the second by Remark 2.3.21. �

Definition 2.3.24. Let I ⊆ k[x0, . . . , xn] be a homogeneous ideal. The Gotzmann number G(I) of
I ⊆ k[x0, . . . , xn] is the number of elements in the eventually constant dth Macaulay difference set
of h(d).

Example 2.3.25. Consider the Segre embedding (see Corollary (Troiani 2024, Corollary 3.7)
for a reminder) Seg : P1 × P1 −→ P3 and the canonical closed immersion of the diagonal
ι :�−→ P1 × P1. Since these are both closed immersions, so is their composite Seg ι :�−→ P3.
The image of this closed immersion corresponds uniquely to a saturated homogeneous ideal
I ⊆ S= k[Z00, Z01, Z10, Z11]. This ideal I is

I = (Z01 − Z10, Z00Z11 − Z01Z10). (32)

We calculate the Gotzmann number of I ⊆ S. First, we calculate the Hilbert function. We can
calculate the Hilbert function of I ⊆ S directly using a minimal free graded resolution of S/I. Let
f = Z01 − Z10, g = Z00Z11 − Z01Z10. Then we have the following minimal graded free resolution,
where for d> 0 the notation S(d) denotes the graded k-algebra S with degree shifted by d:

0 S (−3) S (−1) ⊕ S (−2) S S I 0.

⎛
⎜
⎝

g

−f

⎞
⎟
⎠ f g

Thus for any d ≥ 0:
0= dim S(−3)d − dim S(−1)d − dim S(−2)d + dim Sd − dim (S/I)d

= dim Sd−3 − dim Sd−1 − dim Sd−2 + dim Sd − dim (S/I)d.
In general, if S′ = k[x1, . . . , xn], then the dimension of S′

d is the number of monomials in n
variables of degree d. This number is

dim S′
d =

(
n+ d − 1

d

)
. (33)

Here, n= 4, so:

dim (S/I)d =
(

d
d − 3

)
−
(
d + 2
d − 1

)
−
(
d + 1
d − 2

)
+
(
d + 3
d

)
(34)

which is equal to 2d + 1. So, the Hilbert function of I is h : N −→ N, h(d)= 2d + 1. Notice that

2d + 1=
(
d + 1
d

)
+
(

d
d − 1

)
. (35)

https://doi.org/10.1017/S0960129526100450 Published online by Cambridge University Press

https://doi.org/10.1017/S0960129526100450


12 D. Murfet and W.A. Troiani

By uniqueness of such expressions (Proposition 2.3.17), it follows that the Macaulay difference set
is (1, 1) and the Gotzmann number G(I) of I is 2.

Definition 2.3.26. Let D⊆ N.We say that D is supportive if the canonical morphism Hh
S −→Hh

SD
is a closed immersion. It is very supportive if Hh

S −→Hh
SD is an isomorphism (see Haiman and

Sturmfels (2002, Corollary 3.4)).

For the remainder of this Section, let S= k[x0, . . . , xn] for some fixed n> 0.

Proposition 2.3.27. Let I ⊆ S be a homogeneous ideal with Hilbert function h. Let G(I) denote the
Gotzmann number of I ⊆ S. Then the set {G(I)} is supportive and the set {G(I),G(I)+ 1} is very
supportive.

Proof. See Haiman and Sturmfels (2002, Proposition 4.2). �

Corollary 2.3.28. Let I ⊆ S be a homogeneous ideal with Hilbert function h. Let G(I) denote the
Gotzmann number of I ⊆ S and let D= {G(I)}. Denote by r, s the following integers

r =
(
n+G(I)− 1

G(I)

)
, s=

(
r

h(G(I))

)
. (36)

Then there exists a sequence of closed immersions

Hh
S −→Hh

SD −→Gh(G(I))
r −→ Ps−1. (37)

In particular, Hh
S is projective.

In Section 3, we will need to fixed a choice of closed immersion of the Hilbert scheme Hh
S into

projective space Ps−1, for each polynomial ring S= k[x0, . . . , xn] and Hilbert function h : N −→
N, where s is as defined in Corollary 2.3.28. We fix once and for all such a choice and refer to this
as the Grothendieck immersion.

Remark 2.3.29. We only consider shallow proofs in this paper, for which the details of the immer-
sion (37) are not necessary, though we will use that Hh

S is projective. In order to extend the model
of Section 3 to all of MELL, it seems necessary to prove certain properties of at least one of the sets
of equations which define an ideal I such that Proj (S/I)∼=Hh

S .

3. Exponentials
Definition 3.0.1. Let H denote the set of all Hilbert functions h : N −→ N.

Definition 3.0.2. Let A be a shallow formula. The scheme of A, S(A), is defined inductively to be a
disjoint union of projective spaces as follows:

• Say A= (X, x) is atomic. Then S(A)= P1.
• Say A=A1 ⊗A2 and S(A1)=∐

i∈I Pri , S(A2)=∐
j∈J Psj . Recall that for each pair (i, j) ∈

I × J, there is the Segre embedding: Pri × Psj −→ P(ri+1)(sj+1)−1, see Troiani (2024, Corollary
3.7) for a reminder. Define

S(A)=
∐
i∈I

∐
j∈J

P(ri+1)(sj+1)−1. (38)
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• Say A=!B with A linear. Recall that for each h ∈H, we have the Grothendieck immersion
Hh
S −→ Psh , for some integer sh. Define

S(A)=
∐
h∈H

Psh . (39)

Definition 3.0.3. Let e be an edge in a proof net. We denote by Ae the formula labelling e.

Definition 3.0.4. The ambient scheme of π , denoted S(π), is the product of all schemes of formulas
ranging over all edges e in π . That is, let Eπ denote the set of edges of π then

S(π)=
∏
e∈Eπ

S(Ae). (40)

We now define for each shallow proof π an associated scheme X(π), along with a morphism
of schemes ιπ : X(π)−→ S(π) which when restricted to any connected component of X(π) is a
closed immersion. The scheme X(π) will be defined by associating to each link l of π a set of edges
Ll of π and a locally closed subscheme X(l) of

∏
e∈Ll

S(Ae).

Definition 3.0.5. For every pair of formulas A, B, write S(A)=∐
i∈I Pri , S(B)=∐

j∈J Psj and fix
an isomorphism

φM : S(A)× S(B)−→
∐
i∈I

∐
j∈J

(Pri × Psj). (41)

For any Hilbert function h ∈H, let sh > 0 be such that S(?A)=∐
h∈H Psh , fix an isomorphism

φD : S(?A)× S(A)−→
∐
h∈H

(
Psh × S(A)

)
. (42)

For every sequence i= 1, . . . , n, every set of formulas ?A1, . . . , ?An, with S(?Ai)=∐
hi∈H Pshi ,

and every linear formula B, we fix an isomorphism

φP1 :
n∏

i=1
S(?Ai)× S(B)−→

∐
h∈Hn

( n∏
i=1

Pshi × S(B)

)
. (43)

For S(!B)=∐
h∈H Psh , we fix an isomorphism

φP2 :
n∏

i=1
S(?Ai)× S(!B)−→

∐
h∈Hn

∐
h∈H

( n∏
i=1

Pshi × Psh

)
. (44)

TheM, D, P stand, respectively, for “Multiplicative,” “Dereliction,” and “Promotion.”
Let l be a link of a shallow proof net π . If l is not a Promotion-link, then let Ll denote the set of

edges incident to l. If l is a Promotion-link, then let Ll denote the set of edges, which are conclusions to
the Promotion-link and all associated Pax-links. We define a closed subscheme X(l) of

∏
e∈Ll

S(Ae)
along with a morphism

ιl : X(l)−→
∏
e∈Ll

S(Ae). (45)

Conclusion-link
...

c

A
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We define X(l) to be the full subscheme S(A) of S(A) and take ιl to be the identity morphism
ιl : X(l)= S(A)−→ S(A). (46)

Axiom- or Cut-link.
Ax

...
...

...
... Cut

¬A A

¬A A

In both cases, we use the fact that S(¬A)= S(A). We define X(l) to be the diagonal �S(A) and
define ιl to be the canonical morphism

ιl : X(l)=�S(A) −→ S(¬A)× S(A). (47)

Tensor- or Par-link.
...

...
...

...

⊗

...
...

A B

A⊗B

A B

A B

Let � ∈ {⊗, &}. Write S(A)=∐
i∈I Pri , S(B)=∐

j∈J Psj . For each pair (i, j) ∈ I × J, there exists
the Segre embedding

Pri × Psj −→ P(ri+1)(sj+1)−1. (48)

We compose with the canonical inclusion morphism to obtain

Pri × Psj −→
∐
i∈I

∐
j∈J

P(ri+1)(sj+1)−1 = S(A� B). (49)

By the universal property of the coproduct, this induces a morphism∐
i∈I

∐
j∈J

Pri × Psj −→ S(A� B) (50)

which we pre-compose with φ−1
M to obtain

f : S(A)× S(B)−→ S(A� B). (51)

We take the graph �f of f to be X(l) and the canonical inclusion to be ιl:
ιl : X(l)= �f −→ S(A)× S(B)× S(A� B). (52)

Dereliction-link.
...

?

...

A

?A
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We have assumed that π is shallow and so A is linear. Thus if m denotes the number of unori-
ented atoms of A, then S(A)= P2m−1. Let S denote the graded k-algebra k[x0, . . . , x2m−1]. For each
h ∈H, there exists an integer sh such that S(?A)=∐

h∈H Psh . Fix h ∈H. Let U = Spec R denote an
open affine of the Hilbert scheme Hh

S ⊆ Prs , and consider the bijection

ψ :Hh
S (R)∼=HomSchk

(U,Hh
S ) (53)

coming from representability of the functor Hh
S (Theorem 2.3.15).

Associated to the inclusion U −→Hh
S is an element I ∈Hh

S (R). This is a homogeneous ideal of
R⊗ S with Hilbert function h. This in turn corresponds to a closed immersion

UU = Proj ((R⊗ S)/I)−→ Proj (R⊗ S)∼= Spec R× S(A). (54)

By gluing along all open affines U ⊆Hh
S , we obtain a closed subscheme

ι : Uh −→Hh
S × S(A). (55)

We post-compose with the product of the Grothendieck embedding Hh
S −→ Psh and the identity

id : S(A)−→ S(A):
Uh −→ Psh × S(A). (56)

We post-compose with the canonical inclusion:

Uh −→
∐
h∈H

(
Psh × S(A)

)
. (57)

We post-compose with φ−1
D :

Uh −→ S(?A)× S(A). (58)

We take X(l) to be
∐

h∈H Uh. By the universal property of the coproduct, this induces a morphism,
which we take to be ιl:

ιl : X(l)=
∐
h∈H

Uh −→ S(?A)× S(A). (59)

Promotion-link.

● ●

...
...

...

● Pax . . . Pax Prom ●

...
...

...

!B?A1 ?An

?A1 ?An B (60)

Let ζ denote the proof net in the interior of the box. That is, let ζ be the proof net given by the
interior of the box and replacing all Pax-links and the Promotion-link by Conclusion-links. Let Lζ
denote the set of links of ζ . For each link l ∈Lζ , the scheme X(l) is a subscheme of some product of
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schemes associated to some edges of ζ . Let Ecl denote the edges of ζ which are not in Ll, and let Ae
denote the formula labelling an edge e. Then there is a closed subscheme:∏

e∈Ecl
S(Ae)× X(l)−→ S(ζ ). (61)

We identify X(l) with this subscheme. The intersection of the subschemes associated to link l ∈Lζ
gives a subscheme X(ζ )=⋂

l∈Lζ X(l)−→ S(ζ ).
For each i= 1, . . . , n, let {shi}hi∈H denote the set of integers so that S(?Ai)=∐

hi∈H Pshi . We
fix an element h= (h1, . . . , hn) ∈Hn. For each i= 1, . . . , n, we let Ui = Spec Ri be an open affine
chart of Hhi

Si , where if mi denotes the number of unoriented atoms of (necessarily linear) Ai, then
Si = k[x0, . . . , x2mi−1]. Post-compose this with the inclusions Hhi

Si −→ Phsi , take the product with
id : S(B)−→ S(B) and take the product over all i= 1, . . . , n to obtain

n∏
i=1

Ui × S(B)−→
n∏
i=1

Phsi × S(B). (62)

We post-compose this with the canonical inclusion morphisms of the coproduct to obtain
n∏
i=1

Ui × S(B)−→
∐
h∈Hn

( n∏
i=1

Pshi × S(B)

)
(63)

which we post-compose with φ−1
P1 to obtain
n∏

i=1
Ui × S(B)−→

n∏
i=1

S(?Ai)× S(B). (64)

We prove in Lemma 3.0.10 below that composing ιζ : X(ζ )−→ S(ζ ) with the projection ρConc :
S(ζ )−→∏n

i=1 S(?Ai)× S(B) is a closed immersion

X(ζ) ∏
n
i=1 S(?Ai ) × S(B ).

ρConcι ζ (65)

We next consider the scheme Yh such that the following is a pullback diagram:

∏
n
i=1 Ui × S(B ) ∏

n
i=1 S(?Ai ) × S(B )

Yh X ζ

ρConcι ζ (66)

Let R=⊗n
i=1 Ri and fix a choice of isomorphism

δ :
n∏
i=1

Ui −→ Spec R. (67)

Let m denote the number of unoriented atoms of B and let S denote the graded k-module
k[x0, . . . , x2m−1]. Consider the closed immersion

Yh ∏
n
i=1 Ui × S(B ) Spec R × S(B ) = Proj (R ⊗ S ).

δ×id S(B)

There exists a homogeneous saturated ideal I ⊆ R⊗ S such that Proj ((R⊗ S)/I)∼= Yh. It follows
from the proof of Lemma 3.0.10 below that for all d ≥ 0, the R-module (R⊗ S/I)d is locally free of
rank h(d), where h is the Hilbert function of I ⊆ R⊗ S. Thus I ∈Hh

S (R). Since the Hilbert functor is
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represented by the scheme Hh
S , the ideal I corresponds to a morphism

Spec R−→Hh
S . (68)

We pre-compose this with δ to obtain
n∏
i=1

Ui −→Hh
S . (69)

This is a morphism depending on choices of open affines U1, . . . ,Un of Hh1
S1 , . . . ,H

hn
Sn , respectively.

By ranging over all such choices, we obtain a family of morphisms which we can glue to obtain the
following:

fh :
n∏

i=1
Hhi
Si −→Hh

S . (70)

We consider the graph of this:

�fh −→
n∏
i=1

Hhi
Si ×Hh

S . (71)

For each i= 1, . . . , n, there is the Grothendieck immersion Hhi
Si −→ Pshi . Similarly, for each h ∈H,

there is the Grothendieck immersion Hh
S −→ Psh for some sh.We post-compose with the product of

these to obtain

�fh −→
n∏

i=1
Pshi × Psh . (72)

We then post-compose with the canonical inclusion morphisms to obtain

�fh −→
∐
h∈Hn

∐
h∈H

( n∏
i=1

Phi × Psh

)
. (73)

Ranging over all h, we get a disjoint union, which we denote �f

�f =
∐
h∈Hn

�fh −→
∐
h∈Hn

∐
h∈H

( n∏
i=1

Phi × Psh

)
. (74)

We post-compose with φ−1
P2 .We take X(l) to be �f and take ιl to be:

ιl : X(l)= �f −→
n∏
i=1

S(?Ai)× S(!B). (75)

Weakening-link.

Weak

...

?A

We take the empty subscheme∅ for X(l) and the unique morphism∅−→ S(!A) for ιl:
ιl : X(l)=∅−→ S(?A). (76)
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Contraction-link.
...

...

Ctr

...

?A ?A

?A

Let �� be the graph of the diagonal� : S(?A)−→ S(?A)× S(?A).We take this to be X(l), and ιl
to be the canonical inclusion:

ιl : X(l)= �� −→ S(?A)× S(?A)× S(?A). (77)

Pax-link.
...

Pax

...

?A

?A

We define X(l) to be the diagonal�S(?A) and define ιl to be the canonical morphism:
ιl : X(l)=�S(?A) −→ S(?A)× S(?A). (78)

Definition 3.0.6. Let π be a proof net with set of links Lπ . For each link l ∈Lπ , the scheme X(l) is a
subscheme of some product of schemes associated to some edges of π associated with l. Let Ecl denote
the edges of π , which are not incident to l, and let Ae denote the formula labelling an edge e. Then
there is a closed subscheme ∏

e∈Ecl
S(Ae)× X(l)−→ S(π). (79)

We identify X(l) with this subscheme. The scheme associated to π is the intersection of all schemes
associated to the links:

X(π)=
⋂
l∈Lπ

X(l). (80)

To prove the prerequisite lemmas used in Definition 3.0.5, we will make use of the Cartesian
product, which is the algebraic equivalent to the product in the category of projective schemes.

Definition 3.0.7. Let S, T be graded k-algebras. We define their Cartesian product, denoted
S×k T, to be the following graded k-algebra: as a k-module it is the sum of the images of the k-
module morphisms Sd ×k Td −→ S⊗k T for all d ≥ 0. This is a k-subalgebra of S⊗k T, which is a
graded k-algebra with grading (S×k T)d ∼= Sd ⊗k Td for d ≥ 0.

Proposition 3.0.8. Let S, T be graded k-algebras, and suppose that S is generated by S1 as an
S0-algebra and that T is generated by T1 as a T0-algebra. Then Proj (S×k T)∼= Proj S× Proj T.
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Proof. See Hartshorne (1977, Exercise 5.11). �

Lemma 3.0.9. Let ζ be an MLL proof net with conclusions A1, . . . ,An. If ρConc : S(ζ )−→∏n
i=1 S(Ai) denotes the standard projection, then the composite

X(ζ) S(ζ) ∏
n
i=1 S(Ai )

ι ζ ρConc (81)
is a closed immersion.

Moreover, if mi is the number of unoriented atoms of Ai, S denotes the graded k-algebra
S= k[x0, . . . , x2m1−1]×k . . .×k k[x0, . . . , x2mn−1] (82)

and I ⊆ S is the unique saturated homogeneous ideal such that
Proj (S/I)∼= X(ζ ) (83)

then for all d ≥ 0, (S/I)d is locally free.

Proof. We prove the n= 1 case where ζ has a unique conclusion A=A1.
Since ζ is a proof net,m= 2m′ is even. The proof net ζ admitsm′ persistent paths which begin

with a positively oriented formula. We prove them′ = 1 case.
Let Z1, . . . , Zs denote the persistent path which begins with a positively oriented formula. For

each formula Bj in π , there is an integer tj ≥ 1 and a sequence of atoms Xj = X1
j , . . . , X

tj
j such that

the concatenationX1, . . . ,Xl of these sequences is the persistent path Z1, . . . , Zs, with s=
∑l

j=1 tj.
We have commutativity of the following diagram, where the diagonal arrow is a closed

immersion:

∏
l
j=1∏

tl
i=1 P

1
i ∏

l
j=1 S(Bj) = S(π)

∏
s−1
i=1 Δi,i+1 = X(π)

where P1
i denotes the copy of P1 pertaining to Zi.

Now consider the following commutative diagram, where the left and middle vertical arrows
are induced by the right-most vertical arrow ρconc:

∏
s−1
i=1 Δi,i+1 = X(ζ) ∏

l
j=1∏

tl
i=1 P

1 ∏
l
j=1 S(Bj) = S(ζ)

Δ1,s P
1
1 × P

1
s P

3 = S(A)

ρconc

Seg

(84)

The first claim follows from the observation that the left-most vertical morphism in (84) is an
isomorphism, and the bottom horizontal morphisms are closed immersions.

We have computed X(ζ ) as�1,s −→ P3, so we can write down generators for I explicitly:
I = (Z00Z11 − Z01Z10, Z01 − Z10)⊆ k[Z00, Z01, Z10, Z11]. (85)

For each d ≥ 0, the module (k[Z00, Z01, Z10, Z11]/I)d is a free k-module. �

The following lemma is used in Definition 3.0.4, in the Promotion-link clause. There, we used
the fact that the interior of a box inside a shallow proof net corresponds to an ideal of the right
from to induce a morphism into the projective scheme representing the Hilbert scheme. Since
we only consider shallow proofs, we do not allow for Weakening-links to appear inside boxes
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(as nested boxes are forbidden), so we may assume in the following lemma that ζ admits no
Weakening-links.

Lemma 3.0.10. Let ζ be a nearly linear proof with conclusions ?A1, . . . , ?An, B. For each i=
1, . . . , n, let {shi}hi∈H denote the set of integers so that S(?Ai)=∐

hi∈H Pshi . Let h= (h1, . . . , hn)
be an element of Hn. Let ρConc : S(ζ )−→∏n

i=1 S(?Ai)× S(B) denote the standard projection.
Consider the following pullback diagram:

X(ζ) S(ζ) ∏
n
i=1 S(?Ai) × S(B)

∐ ∈Hn ∏
n
i=1(P

shi × S(B))

X(ζ) ∩∏
n
i=1(P

shi × S(B)) ∏
n
i=1(P

shi × S(B))

ιζ ρConc

φ−1
P1

ι

where ιh is the standard inclusion and φ−1
P1 is the isomorphism of (43). Then the composite

X(ζ) ∩∏n
i=1(P

s h i × S(B )) ∏
n
i=1(P

s h i × S(B )) ∐h ∈Hn ∏
n
i=1(P

s h i × S(B )) ∏
n
i=1 S(?Ai ) × S(B )ι h φ−1P 1

is a closed immersion. Moreover, if m denotes the number of unoriented atoms in B and S denotes
the graded k-algebra

S= k[x0, . . . , xsh1 ]×k . . .×k k[x0, . . . , xshn ]×k k[x0, . . . , xm] (86)

and I the unique saturated homogeneous ideal such that
Proj (S/I)∼= X(ζ ) (87)

then for all d ≥ 0, (S/I)d is locally free.

Proof. Contraction-links trivially introduce isomorphisms, which may be ignored, and so we
assume that ζ is Contraction-free. Thus, ζ is of the following form:

ζ ′

Der . . . Der

Conc Conc Conc

B

?A 1 ?A n

where ζ ′ is the linear part (Definition 2.0.3) of the nearly linear proof ζ .
By Lemma 3.0.9, we have that the canonical projection

X(ζ ′)−→
n∏
i=1

S(Ai)× S(B) (88)

is a closed immersion. For each i= 1, . . . , n, let Uhi −→ Pshi × S(Ai) be the closed immersion of
the universal closed subscheme as given in (56). Then

n
i=1 Uh i

∩X(ζ ′) ∩ n
i=1(P

s h i × S(B)) n
i=1(P

s h i × S(Ai ) × S(B))∏∏∏

is a closed immersion (being the pullback of two closed immersions).
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Each Ai as well as B is linear. Let m1, . . . ,mn,m, respectively, denote the number of unori-
ented atoms of A1, . . . ,An, B. Let f : N −→ N denote the function given by the equation f (n) 
−→
2n − 1, then

S(Ai)= Pf (mi), S(B)= Pf (m). (89)
The integer

∑n
i=1 mi +m is the number of unoriented atoms in the conclusions of a MLL proof

net, and thus is necessarily even. Let p denote half this number. We saw in the proof of Lemma
3.0.9 that there is a factorisation:

X(ζ ′) ∩∏
n
i=1(S(Ai ) × S(B )) ∏

n
i=1(S(Ai ) × S(B ))

(P1)p

This implies that there exists the following factorisation:
∏

n
i=1 Uh i

∩X(ζ ′) ∩∏
n
i=1(P

s h i × S(B )) ∏
n
i=1(P

s h i × S(Ai ) × S(B ))

∏
n
i=1 Uh i

× S(B ) ∩ ∏
n
i=1 P

s h j × (P1)p

We have assumed that ζ is shallow, and so all persistent paths of ζ ′ go through B. This implies
that (P1)p −→∏n

i=1 S(Ai)× S(B) can be realised as a closed subscheme of S(B). We thus have
the following factorisation:

(P1)p ∏
n
i=1 S(Ai ) × S(B )

S(B )

Projection

where the diagonal arrow is a closed immersion. This implies the existence of the following
factorisation:

∏
n
i=1(P

s h i × S(Ai ) × S(B )) ∏
n
i=1(P

s h i × S(B ))

∏
n
i=1 Uh i

∩ (P1)p

ρ

α

where ρ is a product of projections and α is a closed immersion.
The final claim follows from the fact that

∏n
i=1 Uhi ∩ (P1)p −→∏n

i=1 S(?Ai)× S(B) is an
intersection of closed subschemes of the right form. �

Remark 3.0.11. We remark that Lemma 3.0.10 is themain hurdle in extending ourmodel beyond
shallow proofs and to all MELL proofs. We commented on this already in Remark 2.3.29 and we
will again in Section 4.

3.1 Invariance under cut-elimination
Now that we have defined the locally closed subscheme X(π) of S(π) to each shallow proof net π ,
we nowmove onto considering how the schemesX(π) andX(π ′) are related ifπ ′ is a shallow proof
net obtained from π via single step cut-reduction. The main result of this paper is Theorem 3.1.3,
which extends (Murfet and Troiani 2022, Proposition 4.6).

Definition 3.1.1. For each reduction γ : π −→ π ′, we define a closed subscheme Y(π ′)⊆ S(π ′)
and a pair of morphisms of schemes Sγ : S(π)−→ S(π ′), Tγ : Y(π ′)−→ S(π).
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Let γ : π −→ π ′ be a reduction. Let Eπ denote the set of edges of π , and Eπ ′ that of π ′.
γ : π −→ π ′is an Ax /Cut-reduction. We set Y(π ′)= S(π ′). Consider the following reduction

where the labels a, b, c, d are artificial:
Ax

...

... Cut

A b

¬A c

¬A a
γ

...

...

¬A d (90)

For the edge e of π ′ labelled ¬Ad in (90), let ρe denote the projection ρe : S(π)−→ S(¬Ac). For
every edge e of π ′ which is not displayed in (90), there is a corresponding edge e′ of π . For these,
set ρe to be the projection ρe : S(π)−→ S(Ae′).We define Sγ : S(π)−→ S(π ′) to be the morphism
induced by the universal property of the product and the set {ρe}e∈Eπ ′ .

For the edges e of π displayed in (90) labelled ¬Aa,Ab,¬Ac, let τe denote the projection
S(π ′)−→ S(¬Ad). For every edge e of π which is not displayed in (91), there is a corresponding edge
e′ of π ′. For these set τe to be the projection τe : S(π ′)−→ S(Ae′). We define Tγ : S(π ′)−→ S(π)
to be the morphism induced by the universal property of the product and the set {τe}e∈Eπ .
γ : π −→ π ′is a⊗/ &-reduction.We set Y(π ′)= S(π ′). Consider the following reduction where

the labels are artificial:
...

...
...

...

⊗

Cut

γ

...
...

...
...

Cut

Cut

Aa Bb ¬Bc ¬Ad

(A⊗B)f (¬B ¬A)g

Aj

Bh ¬Bi

¬Ak

(91)

For the edges of π ′ displayed in (91), define a morphism ρe to be a projection according to the
following table:

Edge label ρe

Bh S(π )−→ S(Bb)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

¬Bi S(π )−→ S(¬Bc)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Aj S(π )−→ S(Aa)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

¬Ak S(π )−→ S(¬Ad)
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For every edge e of π ′ which is not displayed in (91), there is a corresponding edge e′ of π .
For these, set ρe to be the projection S(π)−→ S(Ae′). We define Sγ : S(π)−→ S(π ′) to be the
morphism induced by the universal property of the product and the set {ρe}e∈Eπ ′ .

For the following edges of π displayed in (91), define a morphism τe to be a projection according
to the following table:

Edge label τe

Aa S(π ′)−→ S(Aj)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Bb S(π ′)−→ S(Bh)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

¬Bc S(π ′)−→ S(¬Bi)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

¬Ad S(π ′)−→ S(¬Ak)

For the edge e labelled (A⊗ B)f , say S(A)=∐
i∈I Pri , S(B)=∐

j∈J Psj . For each pair (i, j) ∈ I × J,
we consider the Segre embedding

Seg : Pri × Psj −→ P(ri+1)(sj+1)−1. (92)
We post-compose this with the canonical inclusion to obtain

Pri × Psj −→
∐
i∈I

∐
j∈J

P(ri+1)(sj+1)−1 = S(A⊗ B). (93)

By the universal property of the coproduct, we obtain∐
i∈I

∐
j∈J

Pri × Psj −→ S(A⊗ B) (94)

which we pre-compose with φM of Definition 3.0.4 to obtain
S(A)× S(B)−→ S(A⊗ B). (95)

We set this to be τe. We define τe similarly when e is the edge labelleing (¬B &¬A)g . We define
Tγ : S(π ′)−→ S(π) to be the morphism induced by the universal property of the product and the
set {τe}e∈Eπ .
γ : π −→ π ′is a !/?-reduction. Consider the following reduction:

● ●

...
...

...

? ● Prom Pax ●

Cut c

...
...

...

Cut c

?Bc

?Bg

Ab

!Af?¬Ad

¬Aa

?Bj

Ai¬Ah

(96)
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Say S(?Bg)=∐
h∈H Psh . Then there exists a graded k-algebra S, such that for each Hilbert func-

tion h ∈H, there is a fixed choice of closed immersion Hh
S −→ Psh . We set Y(π ′)=∐

h∈H Hhs
S ∩

S(π ′).
For the edges e of π ′ displayed in (91), define a morphism ρe to be a projection according to the

following table:

Edge label ρe

¬Ah S(π )−→ S(¬Aa)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ai S(π )−→ S(Ab)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bj S(π )−→ S(?Bc)

For every edge e of π ′ which is not displayed in (96), there is a corresponding edge e′ of π .
For these, we set ρe to be the projection S(π)−→ S(Ae′). We define Sγ : S(π)−→ S(π ′) to be the
morphism given by the universal property of the product and the set {ρe}e∈Eπ ′ .

For the following edges e of π displayed in (96), we define a morphism τe to be a projection
according to the following table:

Edge label τe

¬Aa S(π ′)−→ S(¬Ah)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ab S(π ′)−→ S(Ai)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bc S(π ′)−→ S(?Bj)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bg S(π ′)−→ S(?Bj)

Let ζ denote the proof net in the interior of the displayed box. We have already seen in
Definition 3.0.4 that if S(!A)=∐

h∈H Psh and if we are given an element h1 ∈H, we can construct
graded k-algebras S1, S along with a morphism

f :Hh1
S1 −→Hh

S (97)

as in (70).We post-compose with the canonical inclusion to obtain

Hh1
S1 −→

∐
h∈H

Hh
S

∼= S(!A). (98)

By the universal property of the disjoint union, we obtain∐
h1∈H

Hh1
S1 −→ S(!A) (99)
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which we pre-compose with (φP2 |∐
h1∈H Hh1

S1
)−1, which is the inverse of a restriction of φP2 of

Definition 3.0.4 in order to obtain∐
h1∈H

Hh1
S1 ∩ (S(?Bj)× S(Ai))−→ S(!A). (100)

We take τe, for e the edges labelled !Af , ?¬Ad, to be the result of pre-composing this with (the
restriction of) the projection S(π ′)−→ S(?Bj)× S(Ai):

τe : Y(π ′)−→ S(!A). (101)

We define Tγ : Y(π ′)−→ S(π) to be the morphism induced by the universal property of the product
and the set {τe}e∈Eπ .
γ : π −→ π ′is aWeak /!-reduction.

● ●

...
...

Weak ● Prom Pax ●

Cut
...

Weak

...

?¬Aa !Ab

Ac ?Bd

?Bf

?Bg

(102)

Let ∅g −→ S(?Bg) denote the empty subscheme. We set Y(π ′)=∅g ∩ S(π ′).
For the edge e of (102) labelled ?Bg , define ρe to be the projection ρe : S(π)−→ S(?Bf ). For every

edge e of π ′ which is not displayed in (96), there is a corresponding edge e′ of π . For these, we set ρe
to be the projection S(π)−→ S(Ae′). We define Sγ : S(π)−→ S(π ′) to be the morphism induced
by the universal property of the product and the set {ρe}e∈Eπ ′ .

Let ζ denote the proof inside the box. The empty scheme∅g is the initial object in the category of
schemes over k. For each edge e of ζ , we define τe to be the unique morphism τe :∅g −→ S(Ae). If
e is labelled ?¬Aa or !Ab, we similarly define τe to be the unique morphism τe :∅g −→ S(Ae). For
every edge e of π which is not displayed in (102), there is a corresponding edge e′ of π ′. For these, we
set τe to be the projection τe : S(π ′)−→ S(Ae′).We define Tγ : Y(π ′)−→ S(π) to be the morphism
induced by the universal property of the product and the set {τe}e∈Eπ .
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γ : π −→ π ′is a Ctr /!-reduction. Set Y(π ′)= S(π ′).
● ●

...
...

...
...

Ctr ● Prom Pax ●

Cut
...

● ● ● ●

...
...

...
...

... ● Prom Pax ●
... ● Prom Pax ●

Cut Cut

Ctr

...

!Ag

Ac

Ai Ak

!An !Aq

?Bd

?Bh

?Bj ?Bl

?Bo

?Br

?Bs

?¬Am ?¬Ap

?¬Af

?¬Aa ?¬Ab

(103)

For the edges e of π ′ displayed in (103), define a morphism ρe to be a projection according to the
following table:

Edge label ρe

?¬Am S(π )−→ S(?Ag)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

!An S(π )−→ S(!Ag)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ai S(π )−→ S(Ac)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bj S(π )−→ S(?Bd)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bo S(π )−→ S(?Bh)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?¬Ap S(π )−→ S(?¬Ag)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

!Aq S(π )−→ S(!Ag)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ak S(π )−→ S(Ac)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bl S(π )−→ S(?Bd)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Br S(π )−→ S(?Bh)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bs S(π )−→ S(?Bh)
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For every edge e of π ′ which is not displayed in (103), there is a corresponding edge e′ of π . For
these, we set ρe to be the projection ρe : S(π)−→ S(Ae′). We define Sγ : S(π)−→ S(π ′) to be the
morphism induced by the universal property of the product and the set {ρe}e∈Eπ ′ .

For the edges e of π ′ displayed in (103), we define a morphism τe to be a projection according to
the following table:

Edge label τe

?Aa S(π ′)−→ S(?An)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?¬Ab S(π ′)−→ S(!An)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ac S(π ′)−→ S(Ai)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bd S(π ′)−→ S(?Bj)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?¬Af S(π ′)−→ S(?An)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

!Ag S(π ′)−→ S(!An)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

?Bh S(π ′)−→ S(?Bo)

For every edge e of π which is not displayed in (103), there is a corresponding edge e′ of π ′. For
these, we set τe to be the projection τe : S(π ′)−→ S(Ae′). We define Tγ : Y(π ′)−→ S(π) to be the
morphism induced by the universal property of the product and the set {ρe}e∈Eπ .
Remark 3.1.2. We only needed to introduce the restriction S(π ′)|Y(π ′) in Definition 3.1.1 for
!/?-reductions and !/Weak-reductions. It can be checked easily that given a reduction π

γ−→ π ′,
we have

T−1
γ (Y(π))⊆ Y(π ′) (104)

so that for every sequence of reductions

π1
γ1−→ . . .

γn−1−→ πn−1 (105)
the morphisms Tγi factor through the appropriate restrictions so that we end up with a compos-
able sequence of morphisms

Tγ1 ◦ . . . ◦ Tγn−1 . (106)

Theorem 3.1.3. If γ : π −→ π ′ is a reduction, then the morphisms Sγ : S(π)−→ S(π ′), Tγ :
Y(π ′)−→ S(π) restrict to well defined morphisms

Sγ |X(π) : X(π)−→ X(π ′)
Tγ |X(π ′) : X(π ′)−→ X(π)

which are mutually inverse isomorphisms.

Proof. γ : π −→ π ′is an Ax /Cut-reduction. We refer to Diagram (90) and consider only this
type of Ax /Cut-reduction.

It suffices to consider only the links involved in the reduction. Let l denote the link in π to
which ¬Ac is the conclusion, and let l′ denote the link in π to which ¬Aa is the premise. We
define the following restrictions

Sγ ,l = Sγ |�a,b∩�b,c∩X(l)

Sγ ,l′ = Sγ |X(l′)∩�a,b∩�b,c
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and consider the following three dimensional diagram, ignoring the dashed line for now:

X(l′) ∩X(l) X(l)

X(l′) ∩Δa,b ∩Δb,c ∩X(l) Δa,b ∩Δb,c ∩X(l)

X(l′) S(π′)

X(l′) ∩Δa,b ∩Δb,c S(π)

Sγ,l

Sγ,l′

Sγ

(107)

The morphisms Sγ ,l and Sγ ,l′ are isomorphisms with inverses given by Tγ |X(l), Tγ |X(l′), respec-
tively. The front-face and the back-face of the cube (107), given as follows, are both pullback
diagrams:

X(l′) ∩Δa,b ∩Δb,c ∩X(l) Δa,b ∩Δb,c ∩X(l) X(l′) ∩ X (l) X(l)

X(l′) ∩Δa,b ∩Δb,c S(π) X(l′) S(π ′)

This implies that the dashed arrow X(l′)∩�a,b ∩�b,c ∩ X(l)−→ X(l′)∩ X(l) in (107) exists,
and is an isomorphism with inverse given by Tγ |X(l′)∩X(l).
γ : π −→ π ′is a ⊗/ &-reduction. This case is similar to the previous so we omit the proof.
γ : π −→ π ′is a !/?-reduction. We consider only the case where there is a restricted amount

of Pax-links, and with Conclusion-links as displayed in Definition 3.1.1, but the general result
follows easily from this.

We refer to Diagram (96). Let ζ denote the proof net inside the box. We have already seen
in Definition 3.0.4 that if we write S(?B)=∐

h∈H Psh , fix a Hilbert function h1 ∈H, denote the
number of unoriented atoms of B by m1, denote the number of unoriented atoms of A by m, and
let

S1 = k[x0, . . . , x2m1−1], S= k[x1, . . . , x2m−1], (108)

then we can construct a morphism

f :Hh1
S1 −→Hh

S (109)

for some Hilbert function h. We have also shown in Definition 3.0.4 how to construct a morphism
Uh −→Hh

S × S(A) which we post-compose with the product of the composite Hh
S −→ Psh −→

S(!A) and the identity on S(A) to obtain ιh : Uh −→ S(!A)× S(A). On the other hand, consider
the closed immersion

�f −→Hh1
S1 ×Hh

S (110)

of the graph �f of f . Associated to h1, h are fixed choices of closed immersions Hh1
S1 −→

Psh1 ,Hh
S −→ Psh which we can post-compose with the canonical inclusions to obtain Hh1

S1 −→
S(?B),Hh

S −→ S(!A). Post-composing (110) with the product of these yields
o : �f −→ S(?B)× S(!A). (111)
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Denote by ρ : S(ζ )−→ S(?B)× S(A) the canonical projection and ρ∗ the pushforward. We claim
that the following is a pullback diagram:

ρ∗(X(ζ)) ∩ Γ f Uh × S(?B )

S(A) × Γ f S(A) × S(?B ) × S(!A)

ι h ×id

id ×o
(112)

It suffices to show that the following is a pullback diagram:

ρ∗(X(ζ)) Uh

H h 1
S 1

× S(A) H h
S × S(A)

ι h

f ×id

This can be shown by taking open affine charts of Hh1
S1 ,H

h
S and using the fact that the tensor

product induces pullbacks in the category k −Alg of k-algebras.
γ : π −→ π ′is a Weak /!-reduction. This case is trivial as we are mapping empty schemes to

empty schemes via morphisms uniquely defined by the property that their domain is the initial
object in the category of schemes over k.
γ : π −→ π ′is a Ctr /!-reduction. We refer to Diagram (103). Due to the diagonals at the

Axiom- and Cut-links, it suffices to consider only the displayed Promotion-links, Pax-links and
the displayed Contraction-link of π ′.

Let l!, lPax respectively denote the displayed Promotion and Pax-links of π . Let lL! , l
L
Pax, l

R
! , L

R
Pax,

lCtr, respectively, denote the Promotion-link of π ′ displayed on the left, the Pax-link of π ′ dis-
played on the left, the Promotion-link of π ′ displayed on the right, the Pax-link of π ′ displayed on
the right, and the Contraction-link of π ′.

By inspection of the definition of Sγ , Tγ , we obtain the following commuting diagram

X(l!) ∩X(lPax) X(lL! ) ∩X(lLPax ) ∩X(lR! ) ∩X(lRPax) ∩X(lCtr ) X(l!) ∩X(lPax)

X(l!) ∩X(lPax) Δ X(l ! )∩X(lPax ) X(l!) ∩X(lPax)

o

where
�X(l!)∩X(lPax) −→ (

S(Ac)× S(?Bd)× S(!Ag)× S(?Bh)
)2 (113)

denotes the diagonal which factors through o. All vertical arrows are isomorphisms, and
the bottom horizontal composition is the identity. The argument for the other composite is
similar. �

3.2 An example
The Church numerals provide an interesting class of shallow proofs. It was explained in the
Introduction how the exponential fragment of linear logic provides equations x− φy, y−ψz, for
example. In this setting, the Church numeral 2X (for X an atomic formula) will give rise to these
exact equations once appropriate localisations have been chosen. Moreover, we obtain the equa-
tion φ −ψ . A consequence of setting these equations to zero is that x= φ2z, where the power of
2 reflects the fact that we took the Church numeral two. Indeed, the Church numeral nX gives rise
to the equation x= φnz.
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3.2.1 Cutting 2X against 0X
Consider the following proof net π , which is the Church numeral 2X cut against a simple proof net
given by appending a Promotion-link to the Church numeral 0X . We have labelled the formulas
artificially; each Xp means the atomic formula X.

Ax Ax Ax ● ●

c ⊗ ⊗ c Ax

? ?

Ctr ● Prom ●

Cut

¬X a
X b ¬X c X d ¬X e

X f

X g 1 ⊗¬X g 2 X h 1 ⊗¬X h 2
¬X oX n

? (X i 1 ⊗¬X i 2 ) ? (X j 1 ⊗¬X j 2 )
X m 1 ¬X m 2

? (X k 1 ⊗¬X k 2 ) !(X l 1 ¬X l 2 )

Associated to the Axiom-links are the following projective schemes:

S(¬Xa)= S(Xb)= S(¬Xc)= S(Xd)= S(¬Xe)= S(Xf )= S(Xn)= S(¬Xo)= P1.

For the Tensor- and Par-links, we should be considering the Segre embedding P1 × P1 −→ P3,
so that the interpretation of each non-atomic linear formula of π is P3 but to make the ideas of
the model more transparent within this example, we will directly consider the closed subscheme
P1 × P1:

S(Xg1 ⊗ ¬Xg2 )= S(Xh1 ⊗ ¬Xh2 )= S(Xm1

&¬Xm2 )= P1 × P1.
For each of the linear formulas, we consider a corresponding graded k-algebra. For instance, asso-
ciated to the formula ¬Xa is the graded k-algebra k[X′

a, Xa]. Since the variable X is consistent
throughout all of the formulas, we will use the algebra k[a′, a] in place of k[X′

a, Xa], and similarly
for the other variables.

Let S= k[z′1, z1]× k[z′2, z2]. Then for each Hilbert function h ∈H, we have a fixed choice of
closed immersion of the Hilbert schemeHh

S given by Proposition 2.3.27 into some projective space
Psh . We take the disjoint union of the codomains of these:

S(?(Xi1 ⊗ ¬Xi2 ))= S(?(Xj1 ⊗ ¬Xj2 ))

= S(?(Xk1 ⊗ ¬Xk2 ))= S(!(Xl1 ⊗ ¬Xl2 ))=
∐
h∈H

Psh .

The interior of the box of π determines a point in
∐

h∈H Psh , which is inside the closed subscheme
Hh∗
S ⊆ Psh for some particular Hilbert function h∗. So, for this example, we can restrict to the

particular connected component of theHilbert scheme determined by this Hilbert function, which
we now calculate.

Consider 0X
Ax

c

Xn ¬Xo

Xm1 ¬Xm2
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We build the closed subschemeX(0X). From the Axiom-link lAx, we have the diagonalX(lAx)=
�n,o −→ P1 × P1. If we consider the projection ρ : S(0X)−→ P1 × P1, then the composite

X(0X)−→ S(0X)−→ S(Xm1

&¬Xm2 )= P1 × P1 (114)

is isomorphic to the diagonal

P1 �−→ P1 × P1. (115)

The ideal
I = (m1m′

2 −m′
1m2)⊆ k[m′

1,m1]×k k[m′
2,m2], (116)

with S= k[m′
1,m1]×k k[m′

2,m2], is such that Proj (S/I)∼= X(0X) (as closed subschemes of
P1 × P1). Conceptually, this ideal may be thought of as its corresponding counterpart obtained
by dividing by the primed variables. More specifically, we have(m1m′

2
m′

1m
′
2

− m′
1m2

m′
1m

′
2

)
⊆ S(m′

1m
′
2). (117)

Carrying this through the composition of k-algebra isomorphisms
S(m′

1m
′
2) −→ k[m1/m′

1,m2/m′
2]−→ k[m1,m2] (118)

determined by the rules
m1m′

2
m′

1m
′
2


−→m1/m′
1 −→m1,

m′
1m2

m′
1m

′
2


−→m2/m′
2 −→m2 (119)

we obtain the ideal
(m1 −m2)⊆ k[m1,m2]. (120)

So, we can think of (116) as the equation “m1 =m2,” see Section 3.3 for more details.
We saw in Example 2.3.25 that the Hilbert function of I ⊆ S is h∗(d)= 2d + 1, and that the

Gotzmann number G(I) of I is 2. The degree 2 component of the algebra corresponding to
P3 maps onto the degree 1 component of the algebra corresponding to P1 × P1. The Hilbert
scheme Hh∗

S is by Proposition 2.3.27 therefore a closed subscheme of Gh∗(1)
S1 =G3

4. We identify the
degree 1 component S1 of S with k4 via the isomorphism defined by linearity and the following
assignments, where e1, . . . , e4 are the standard basis vectors for k4:

m′
1m

′
2 
−→ e1 m1m′

2 
−→ e2 m′
1m2 
−→ e3 m1m2 
−→ e4. (121)

Let η :Hh∗
S −→G3

4 denote this closed immersion. Recall from Lemma 2.3.6 that for any size k sub-
set B of {e1, . . . , e4} the open subset G3

4\B ⊆G3
4 is representable. Consider the set B= {e3} which

corresponds to {m′
1m2} ⊆ S1. There exists the following pullback diagram:

η−1(H h ∗

S ) G 3
4 B

H h ∗

S G 3
4

η̂

η

By Lemma 2.3.6, G3
4\B is represented by SpecA whereA is the following ring:

A= k[{yi | 1≤ i≤ 3}]. (122)

Since η is a closed immersion, it follows that η̂ is and so there exists an ideal J ⊆ S such that
η−1(Hh∗

S )∼= SpecA/J . By representability of Hh∗
S and G3

4, the morphism η corresponds to a
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natural transformation η between functors η :Hh∗
S −→G3

4. Let R be a k-algebra, the function
ηR :Hh∗

S (R)−→G3
4(R) maps a homogeneous ideal L⊆ R⊗k S to the submodule L1 ⊆ R⊗k S1 ∼=

R4. A homomorphism A/J −→ R is given by a collection of coefficients {αp ∈ R}1≤p≤3 satisfy-
ing the equations of J . These equations determine the Hilbert scheme as a subscheme of the
Grassmann scheme, and so, for the sake of simplicity, we can ignore them and deal only with the
coefficients {αp ∈ R}1≤p≤3, i.e. k-algebra homomorphisms A−→ R, i.e. points of the Grassmann
scheme Spec R−→G3

4\B.
We have the following equation inA/I by (121).

m1m′
2 =m′

1m2

which corresponds to the following subspace of k4:
Spank{e2 − e3}. (123)

So, we define a function A−→ k as the k-algebra homomorphism generated by the following
rules:

y1 
−→ 0, y2 
−→ 1, y3 
−→ 0. (124)

These equations come from the fact that in k4/ Spank{e2 − e3} we have the equation e3 = y0e1 +
y1e2 + y3e4, if y1 = y3 = 0, y2 = 1. Thus, the ideal corresponding to the Promotion-link is

(y1, y2 − 1, y3)⊆A. (125)

Now we consider the Dereliction-link:
...

?

...

Xg1 ⊗¬X g2

? (X i1⊗¬Xi2)

For the Hilbert function h∗, we have again that G3
4\B is represented by another copy ofA:

A′ = k[y′
i | 1≤ i≤ 3]. (126)

There is a universal subspace of (A′)4 with basis B given as follows:

SpanA′ {e3 − y′
1e1 − y′

2e2 − y′
3e4} ⊆ (A′)4. (127)

This translates through (121) (withm′
1,m1,m′

2,m2, respectively, replaced by g′
1, g1, g

′
2, g2) to

(g′
1g2 − y′

1g
′
1g

′
2 − y′

2g1g
′
2 − y′

3g1g2)⊆A′[g′
1, g1]×k A′[g′

2, g2]. (128)

Similarly, for the other Dereliction-link, we have a third copy ofA:
A′′ = k[y′′

i | 1≤ i≤ 3] (129)

and the universal subspace
SpanA′′ {e3 − y′′

1e1 − y′′
2e2 − y′′

3e4)} ⊆ (A′′)4 (130)

with corresponding ideal
(h′

1h2 − y′′
1h

′
1h

′
2 − y′′

2h1h
′
2 − y′′

3h1h2)⊆A′′[h′
1, h1]×k A′′[h′

2, h2]. (131)

The Contraction-link introduces a fourth copy ofA:
A′′′ = k[y′′′

i | 1≤ i≤ 3] (132)
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and contributes the following ideal
(y′

i − y′′′
i , y

′′
i − y′′′

i )1≤i≤3 ⊆A′ ⊗k A′′ ⊗k A′′′. (133)

Finally, the Cut-link contributes the ideal
(y′′′

i − yi)1≤i≤3 ⊆A′′′ ⊗k A. (134)

All that remains to be considered is the linear component of the proof. The Axiom-link with
conclusions¬Xa, Xb is interpreted as the diagonal�−→ P1 × P1, which is given by the following
ideal:

(ab′ − a′b)⊆ k[a′, a]×k k[b′, b]. (135)

The other Axiom-links are treated similarly.
The Tensor-link with conclusion Xg1 ⊗ ¬Xg2 contributes the following ideal:

(g1g′
2b

′c′ − g′
1g

′
2bc

′, g′
1g2b

′c′ − g′
1g

′
2b

′c, g1g2b′c′ − g′
1g

′
2bc)

⊆ (
k[g′

1, g1]×k k[g′
2, g2]

)×k k[b′, b]×k k[c′, c].
Again, we can think of this as the corresponding ideal given by dividing by the primed variables,
given as follows:

(g1 − b, g2 − c, g1g2 − bc)= (g1 − b, g2 − c)⊆ k[g1, g2, b, c]. (136)

This reflects the logical structure that the premises Xb,¬Xc of the Tensor-link have respective
corresponding conclusions Xg1 ,¬Xg2 .

The other Tensor-link and the Par-link are similar. We thus have the following set of equations:

ab′ − a′b, cd′ − c′d, ef ′ − e′f , no′ − n′o,

g1g′
2b

′c′ − g′
1g

′
2bc

′, g′
1g2b

′c′ − g′
1g

′
2b

′c, g1g2b′c′ − g′
1g

′
2bc,

h1h′
2d

′e′ − h′
1h

′
2de

′, h′
1h2d

′e′ − h′
1h

′
2d

′e, h1h2d′e′ − h′
1h

′
2de,

m1m′
2n

′o′ −m′
1m

′
2no

′, m′
1m2n′o′ −m′

1m
′
2n

′o, m1m2n′o′ −m′
1m

′
2no,

g′
1g2 − y′

1g
′
1g

′
2 − y′

2g1g
′
2 − y′

3g1g2,

h′
1h2 − y′′

1h
′
1h

′
2 − y′′

2h1h
′
2 − y′′

3h1h2,

y1, y2 − 1, y3,

yi − y′′′
i , for 1≤ i≤ 3,

y′
i − y′′′

i , for 1≤ i≤ 3,
y′′
i − y′′′

i , for 1≤ i≤ 3.
To understand these equations, we can localise at all of the primed variables (except for the y
variables) and obtain the following set of polynomials:

a− b, c− d, e− f , n− o,

g1 − b, g2 − c,
h1 − d, h2 − e,
m1 − n, m2 − o,

g2 − y′
1 − y′

2g1 − y′
3g1g2,
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h2 − y′′
1 − y′′

2h1 − y′′
3h1h2,

y1, y2 − 1, y3,

yi − y′′′
i , for 1≤ i≤ 3,

y′
i − y′′′

i , for 1≤ i≤ 3,
y′′
i − y′′′

i , for 1≤ i≤ 3.

Remark 3.2.1. The deduction rules involving the exponentials contribute “equations between
equations” to the geometry of X(π) in a sense we now explain. Consider the two equations

g2 − y′
1 − y′

2g1 − y′
3g1g2, (137)

h2 − y′′
1 − y′′

2h1 − y′′
3h1h2. (138)

These are the equations pertaining to the Dereliction-links of π . The variables
y′
1, y

′
2, y

′
3, y

′′
1 , y

′′
2 , y

′′
3 (139)

have constraints put upon them by the Contraction-link which introduces the following:
y′
1 = y′′′

1 , y′
2 = y′′′

2 , y′
3 = y′′′

3 (140)
y′′
1 = y′′′

1 , y′′
2 = y′′′

2 , y′′
3 = y′′′

3 (141)
which imposes the following equations in the quotient:

y′
1 = y′′

1 , y′
2 = y′′

2 , y′
3 = y′′

3 . (142)

That is, the normal vectors of the two linear spaces (137) are set to be equal via the Contraction-
link. Notice that this does not impose that g2 = h1. This equation does hold, but due to the Axiom-
link with conclusions ¬Xc, Xd, and the two Tensor-links outside of the box. So, the exponential
fragment of shallow proofs only makes identifications between the coefficients of polynomials.
The linear component of the proof makes identifications between the variables.

Remark 3.2.2. It is interesting to note that Section 3.2.1 seems to extend the theory of Murfet
and Troiani (2022), which relates cut-elimination to elimination theory. Define all variables
pertaining to edges which lie above the Cut-link to be elimination variables, and the remain-
ing two variables a, f to be non-elimination variables. Using software algebra, performing the
Buchberger Algorithm on the final set of polynomials given in the example yields the polynomial
a− f , which is the result of localising the diagonal�−→ P1 × P1 which is the closed immersion
corresponding to the normal form of π :

Ax

c c

¬Xa Xf

3.3 Relation to MLLmodel
In Murfet and Troiani (2022), we attributed to an Axiom-link

Ax

...
...

¬X 1 X 2

(143)
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the equation
X1 − X2 ∈ k[X1, X2]. (144)

In this paper, we have attributed to (143) the composite of closed immersions
�−→ P1 × P1 −→ P3 (145)

where �−→ P1 × P1 is the diagonal and P1 × P1 −→ P3 is the Segre embedding. We remark
that

Proj
(
(k[X′

1, X1]×k k[X′
2, X2])/(X1X′

2 − X′
1X2)

)∼=� (146)

where we have made use of the Cartesian product ×k, see Definition 3.0.7. Thus, algebraically, we
can think of the present model as attributing to (143) the equation

X1X′
2 − X′

1X2 ∈ k[X′
1, X1]×k k[X′

2, X2]. (147)

We saw in Section 3.2.1 that we can recover (144) from (147) by dividing by the primed variables.
That is, the composition of isomorphisms

(k[X′
1, X1]×k k[X′

2, X2])(X′
1X

′
2) −→ k[X1/X′

1, X2/X′
2]−→ k[X1, X2] (148)

determined by the rules
X1X′

2
X′
1X

′
2


−→ X1/X′
1 
−→ X1,

X′
1X2

X′
1X

′
2


−→ X2/X′
2 
−→ X2 (149)

maps (147) to (144). Lemma 3.3.3 generalises this observation to all of MLL andmakes precise the
claim that Theorem 3.1.3 generalises (Murfet and Troiani 2022, Proposition 4.6), we make use of
the notation there.

Let A be a linear formula with n unoriented atoms {X1, . . . , Xn} so that PA = k[X1, . . . , Xn],
where PA is the polynomial ring associated to A of Murfet and Troiani (2022, Definition 3.14).
This is the coordinate ring of the scheme An

k which is an open subset of the product (P1
k)

n. Let π
be a proof in MLL.

Definition 3.3.1. For all n> 0, let Sn denote the k-algebra
Sn = k[x1, x′

1]×k . . .×k k[xn, x′
n]. (150)

For each n> 0, fix an isomorphism

�n : Proj Sn −→ (P1
k)

n. (151)

We also fix isomorphisms

�n : Spec (k[x1, . . . , xn])−→ Spec
((
Sn)(x′

1...x′
n)

)
. (152)

We have a composition

An
k = Spec (k[x1, . . . , xn])

ψn−→ Spec
((
Sn)(x′

1...x′
n)

)
�n−→ (P1

k)
n −→ S(A) (153)

where the final map is the Segre embedding. If π is a proof in MLL, we take the product of these over
all formulas Ae labelling edges e of π to obtain an inclusion

ιπ : Spec Pπ ∼=
∏
e∈Eπ

A
|UAe |
k −→ S(π) (154)

where Pπ is the polynomial ring associated to π as defined in Murfet and Troiani (2022, Definition
3.14), and UAe denotes the set of unoriented atoms of Ae as defined in Murfet and Troiani (2022,
Definition 3.7).
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Definition 3.3.2. Given a reduction γ : π −→ π ′ of proofs π , π ′ in MLL, let S•, T• denote the
k-algebra homomorphisms defined as S, T in Murfet and Troiani (2022, Proposition 4.6).

Lemma 3.3.3. For any reduction γ : π −→ π ′ where π , π ′ are proofs in MLL, there exists the
following commuting diagrams:

S(π) S(π ′) S(π ′) S(π)

Spec Pπ Spec Pπ ′ Spec Pπ ′ Spec Pπ

S T

ι π

Spec T ●

ι π ′ ι π

Spec S ●

ι π ′

Proof. In this case, the maps S, T are either projections or diagonal morphisms. Thus, for the
statement to hold, one must check that Spec T•, Spec S• are the appropriate restrictions of these.
This is done by inspection along with (a generalisation of) the fact that the diagonal morphism
� : A1

k −→ A2
k is Spec (f ) where f : k[x1, x2]−→ k[x] is the k-algebra homomorphism mapping

x1 
−→ x, x2 
−→ x, along with (a generalisation of) the fact that the projection (for i= 1, 2)
Projectioni : A2

k −→ A1
k is Spec (gi) where gi : k[x]−→ k[x1, x2] is the k-algebra homomorphism

mapping x 
−→ xi. �

4. Future paths
Extending themodel to all of MELL. The immediate obstruction to extending our model to all of
MELL is Lemma 3.0.10, which only considers shallow proofs. We postulate that this lemma does
indeed generalise. To check this, onemust check that the local freeness condition is satisfied by the
immersion (37). However, it is not precisely this lemma which would be generalised. A difficulty
in working with our model is the fact that we have defined the Hilbert schemeHT to parameterise
graded k-modules T. In fact, a more general Hilbert scheme exists, which is parameterised by
projective schemes instead. Similarly toHT , the more general Hilbert scheme represents a functor.
The reference for this is Grothendieck (1961).

Definition 4.0.1. Suppose S is a locally Noetherian scheme and X −→ S is a projective scheme
over S. The Hilbert functor from the category SchS whose objects are locally Noetherian schemes
over S to the category Set of sets is given by:

HilbX/S : SchS −→ Set
T 
−→ {Closed subschemes Z −→ X ×S T |

Z is flat over T}.
Theorem 4.0.2. There exists a schemeHilbX/S representing this functor.

This is a more interesting functor for us because it yields a simple way of thinking about Pax-
links: they give rise to the product of locally projective schemes X1 × · · · × Xn over which the
closed subscheme corresponding to the interior of the box must be flat. In particular, this will
avoid all necessity of localisation inside Definition 3.0.4, which we believe would lead to a more
natural model.

Thus, our future work proposal is as follows: first, we extend the model for shallow proofs to
one where the Hilbert scheme HT is replaced by the more general Hilbert scheme HilbX/S above.
Then, we would aim to extend the resultingmodel to all of MELL. Of course, one could also dream
of going even further than MELL; additives, differential linear logic, etc.
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Relating this model to the MLL models given in Chapter (Troiani 2024, Chapter IV). We
presented three models of MLL in total in Troiani (2024). One gives proofs as linear equations,
which have been extended to shallow proofs inside this paper (as well as in Troiani (2024, Chapter
III). The other two give proofs as matrix factorisations and proofs as quantum error correction
codes, respectively. Section (Troiani 2024, Section 4.2.5) relates the algebraic model to the quan-
tum error correction code model via the matrix factorisation one, and so it would be interesting
to see how the Hilbert scheme plays a role in these other models. For instance, the Hilbert scheme
plays the role of a moduli space, in that it parameterises flat families of closed subschemes. It
would be interesting to consider the moduli space of matrix factorisations as a possible model in
the sense of Fiore et al. (2024) of the exponential in linear logic.

Classifying the Hilbert functions which arise from proofs. Our model considers the setH of
all Hilbert functions throughout. Surely not all Hilbert functions arise from proofs. It would be
interesting to find the subset H′ ⊆H so that h ∈H′ if and only if there exists a proof π such that
the closed subscheme X(π)−→ S(π) has Hilbert function h.

It has been noted in Troiani (2024, Remark 2.12) that there is more to the Geometry of
Interaction programme than just modelling cut-elimination with a non-trivial effective proce-
dure. One could also ask for a correctness criterion, such as the long trip condition given in the
Sequentialisation Theorem (due to Girard (1987)), to be present in our model as well. It is possible
that the classification of the Hilbert functions which arise from proofs has relevance to this line of
research.

Elimination theory. The algebraic model given in Murfet and Troiani (2022) not only gives an
interpretation of proofs in MLL but also relates the cut-elimination process to the Buchberger
algorithm. As mentioned in Remark 3.2.2, it seems possible that this relationship extends to
MELL, at least to shallow proofs. There are many connections to the construction of the (multi-
graded) Hilbert scheme of Haiman and Sturmfels (2002) and syzygies, monomial ideals, Gröbner
bases, etc. These connections should be fully developed.

Ax Ax

⊗

c

X

¬X

¬X

X

X⊗¬X

¬X X

(X⊗¬X) (¬X X)
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