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Abstract. Itis well known that conventional edge elements in solving vector Maxwell’s
eigenvalue equations by the finite element method will lead to the presence of spuri-
ous zero eigenvalues. This problem has been addressed for the first order edge ele-
ment by Kikuchi by the mixed element method. Inspired by this approach, this paper
describes a higher order mixed spectral element method (mixed SEM) for the com-
putation of two-dimensional vector eigenvalue problem of Maxwell’s equations. It
utilizes Gauss-Lobatto-Legendre (GLL) polynomials as the basis functions in the finite-
element framework with a weak divergence condition. It is shown that this method
can suppress all spurious zero and nonzero modes and has spectral accuracy. A rig-
orous analysis of the convergence of the mixed SEM is presented, based on the higher
order edge element interpolation error estimates, which fully confirms the robustness
of our method. Numerical results are given for homogeneous, inhomogeneous, L-
shape, coaxial and dual-inner-conductor cavities to verify the merits of the proposed
method.
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1 Introduction

The computation of eigenvalues in Maxwell’s equations is of fundamental importance
in computational electromagnetics. Since nodal based finite element method was intro-
duced to electrical engineering by Silvester in 1969 [1], it has been shown that the nodal
based finite element method has several advantages in solving homogeneous waveg-
uide problems, but in solving inhomogeneous waveguide problems it yields spurious
modes with nonzero eigenvalues. Much effort has been made to reduce or eliminate
this unwanted numerical behavior due to the presence of spurious modes [2]. Rahman
and Winkler observed that spurious modes do not satisfy the zero divergence condition
on the electric or magnetic field and suggested a penalty function to enforce this condi-
tion [3-5]. Unfortunately, this method cannot eliminate the spurious modes completely
and leaves the user the task of selecting a suitable penalty function parameter.

The other approach to eliminating spurious modes in the finite element waveguide
problem is to find proper finite element approximation functions [2,6-9]. It is now well-
known that employing H(curl;())-conforming basis functions (also known as edge ele-
ments) for the electric field [7,8] can ensure the continuity of tangential field components
across an interface between different media, while leaving the normal field components
free to jump across such interfaces. With the edge element method there are no spurious
modes with nonzero eigenvalues, but the number of spurious modes with zero eigen-
value is equal to the number of nodal points inside the computational domain due to the
violation of Gauss’s law [10]. Therefore, in order to remove these zero eigenvalues, in
addition to using the proper finite element space, the divergence free property (Gauss’s
law) of the eigenfunction must be enforced. One such successful approach for computing
eigenvalues in waveguide problems is to employ H(curl;Q2)-conforming basis functions
to approximate the electric field while imposing the divergence-free condition through
the use of a Lagrange multiplier, as suggested by Kikuchi [14].

In the meantime, higher-order methods such as the spectral element method (SEM)
[18,19] have also been proposed to solve electromagnetic eigenvalue problems. But these
methods also suffer from the presence of spurious zero eigenvalues, even though these
methods have a high convergence rate. In this paper, we present the mixed spectral ele-
ment method (mixed SEM) by applying the divergence free equation in Kikuchi’s scheme
into the SEM, for which the preliminary results have been shown in [20]. In the SEM, the
basis functions are constructed by Gauss-Lobatto-Legendre (GLL) polynomials [18,19].
The accuracy increases exponentially with increasing the order of GLL basis functions,
while the number of degrees of freedom increases slowly. The convergence of this higher-
order mixed SEM is proved under the stronger regularity assumptions based on the in-
terpolation estimates for GLL edge elements and the abstract spectral theory in mixed
form [10,11,13,23]. We apply this mixed spectral element method to the two-dimensional
vector Maxwell TEz eigenvalue problem and carry out numerical experiments on a ho-
mogeneous cavity, an inhomogeneous cavity, a L-shape singular cavity, a coaxial cavity
and a two PEC cavity to validate this method. The results show that the mixed spec-
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tral element method is free of zero and nonzero spurious eigenmodes and has spectral
accuracy with analytic eigenvalues.

The rest of the paper is organized as follows. In Section 2, we introduce the variational
formulation and the abstract assumptions of the mixed SEM under which the exponen-
tial convergence of the eigensolutions can be proved. The brief description of the basis
functions and the hp-version interpolation estimates of mixed SEM is given in Section 3.
Moreover, the properties of the mixed SEM finite element spaces yield the convergence.
A series of numerical experiments confirming the good behavior of the mixed SEM are
reported in Section 4.

2 Mixed SEM formulation

We consider the domain Q) € R? and the 2D vector TEz Maxwell’s eigenvalue problem:
find the eigenvalues k? € R and the electrical field u #0 satisfying

Vxu, 'Vxu=kKeu, inQ, (2.1a)
V-e,u=0, in Q), (2.1b)
uxn=0, on 9(), (2.10)

where we assume a perfectly conducting boundary condition, and €, and y;, denote the
relative dielectric permittivity and magnetic permeability tensors, respectively. n is the
outward unit normal.

Without the divergence term (2.1b), the variational formulation of the problem (2.1)
is: find A =k? € R and u € Hy(curl;QQ) with u#0 such that

(1, 1V xu,Vxv)=A(eu,v) VveHy(curl;Q), (2.2)
where
Ho(cur,)) =< veL (Q): Vxv==——-—¢€L(Q), vxn=0 ondQ ¢,
axl ax2

and L2(Q) = (L?*(Q))2. It is easy to observe that (2.2) has non-physical zero eigenval-
ues and the corresponding eigenspace u =V ¢, where ¢ € H}(Q), has an infinite dimen-
sion, and the number of spurious zero eigenvalues is equal to the number of internal
nodes in the finite element mesh. Therefore, it is difficult to find the real physical zero
eigenvalues from all of numerical approximation to zero eigenvalues when the Maxwell
eigenvalue problem does have its zero eigenvalues [15]. In this paper, besides using the
curl-conforming finite element space, in order to suppress the spurious zero eigenvalues
we consider the divergence condition (2.1b). The natural variational formulation of (2.1)
is: find A € R and non-trivial u € Hy(curl;Q)) such that

(4, 'V xu,Vxv)=A(eu,v) VveHy(curl;Q), (2.3a)
(€,u,Vq)=0 VgeH(Q). (2.3b)
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Here we enforce the divergence term as a Lagrange multiplier which was introduced by
Kikuchi [14] for the mixed finite element method. The mixed formulation associated with
(2.1) is: find A € R and non-trivial u € Hy(cur; ), p € H}(Q) such that

(4, 1V xu,V xv)+(Vp,ev)=Ale,u,v) VveHy(curl;Q), (2.4a)
(€;u,Vq)=0 VgeH(Q), (2.4b)
where
H)(Q)={g€L?(Q): VqeL*(Q), g=00n09O}.

We can easily find that mixed formulation (2.4) is equivalent to (2.3). By taking v=Vp in

(2.4a) and using (2.4b) can get V p=0, which shows that all solutions of (2.4) solve Eq. (2.3)

as well. Vice versa, it is clear that solutions to (2.3) solve (2.4) with p =0. The mixed

formulation (2.4) is denoted as the mixed spectral element method (mixed SEM) because

we apply the spectral element method to obtain the discrete space V}, C Hy(curl;Q2) and

QncC H(l) (Q)). Basis functions for the mixed SEM are discussed in the following section.
For all u, ve Ho(cur;Q) and g € H}(Q)), here we define the sesquilinear forms

a(u,v):/ 1, 'V xu-Vxvdx,
o)
b(q,u):/ e-u-Vadx,
o)
7 - r '_d .
(u,v) /Qe u-vdx

Problem (2.4) can be rewritten in the following mixed form: find A € R, (u,p) €
Hy(curl; Q) x H} (Q) with (u,p) #(0,0), such that

a(u,v)+b(q,v)=A(u,v) VveHy(cur;Q), 2.5)
b(g,u)=0 VgeH}(Q). '
Now we introduce the kernel of V-, that is
K={veH(cur;Q): b(q,v)=0, Vg€ H}(Q)}. (2.6)

Let Te £(L%(Q),L%(Q)) be the resolvent operator associated with (2.5) and defined as
follows. For all f€ L?(Q)), Tf=u € L?(Q), where u is the first component of the solution
of the following problem: find (u,p) € Ho(curl; () x H{(Q2), such that

2.7)

a(u,v)+b(p,v)=(f,v) VveHp(cur,Q),
b(g,u)=0 VgeH}(Q).

We can see that T is compact and self-adjoint (see [10]), then T admits an increasing
sequence of real, positive eigenvalues

D<M <A< <A <y, (2.8)
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each eigenvalue related to a finite dimensional eigenspace.
Let us state the regularity result we need in order to carry out our analysis in the
following section.

Assumption 2.1 (Regularity assumption). For all f€L?(Q) the solution u of problem (2.7)
satisfies

uc (H(Q))? for some s>1,
VxueH (Q)) forsome r>1/2.

The corresponding discretized formulation for (2.2) is to determine A € R and uy, €
V;, C Hp(curl;QQ) with uj, #0 such that

(ptfleuh,vah):A(eruh,vh) Vv, eV, (2.9)

Meanwhile, the discrete form of (2.4) is to get A€R and non-trivial u;, €V}, CHp(curL;Q2),
pn € Qn CHL(Q) satisfying

(2.10)
(eruy, Vi) =0 Van € Qn-

In order to analyze the convergence of the discrete mixed finite element form to the

continuous form we apply the corresponding abstract theory developed in [11]. Firstly

we consider the discretization of the resolvent operator Tj,: L?>(Q)) — Vj;: for all L?(Q)),

Tyf=u;, €V}, where uy, is the first component of the solution of the problem: find (uy, p;)€
Vi, X Qy, such that

{ (1, 'V xwy, V xvy) +(Vpp,evi) = AMeuy,vy) Vv eV,

{a(uhlvh) +b(Ph/Vh) = (f,Vh) vvh € Vh/ (2 11)

b(qn,up) =0 Vaqn € Qn-
The compact and self-adjoint operator like T, a sufficient and necessary condition is

shown in [12] to have the convergence of the spectrum is the uniform convergence in the
operator norm, that is:

W |7 =T || o(c2(q2) 12(02)) =0- (2.12)

The following assumptions on the finite element space are useful in the analysis of
the convergence, see [11] for the details.

Assumption 2.2 (Ellipticity on the discrete kernel). There exists « >0, independent of h
and N, such that
a(uy,uy) > aljuy,|? Vu, €Ky, (2.13)

curl

where the discrete kernel K}, is defined as

lKh:{uhth such that b(qh,uh)zo, thEQh} (2.14)
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Assumption 2.3 (Weak approximability). There exists p1 (N, %), tending to zero as N — oo
and h— 0, such that for any p € H}(Q) it holds

b(p,
sup 2PV o N . @15)

v,eKy th HCuI‘l

Assumption 2.4 (Strong approximability). There exists p»(N, %), tending to zero as N— o0
and h — 0, such that, for all u € Ho(cur;(2) with u € K and satisfying the Regularity
Assumption 2.1, there exists u! € K, satisfying

lu—u"lewn <p2(N,h) (]| + |V x ][ 1r). (2.16)
Then the following theorem has been proved in [12]:

Theorem 2.1. Let us assume that Assumptions 2.2, 2.3 and 2.4 are valid. Then the sequence
Ty, converges uniformly to T in £(L?(Q),Ho(curl;))), that is, there exists p3(N,h), tending to
zero as N — oo and h— 0, such that

| TE—Tyf||cart <p3(NR)||fl0 VEESL2(Q). (2.17)

3 Basis functions and convergence for the mixed SEM

3.1 Basis functions

In order to guarantee the tangential continuity and suppress the non-zero spurious modes,
the nullspace of the curl operator must be correctly approximated [6]. Therefore, we ap-
ply the mixed-order GLL polynomials as curl-conforming vector basis functions to dis-
cretize the electric field uy, [18]. The definition of the Nth-order vector spectral element
space V}, is:

Vh:{VEHo(Cul‘l;Q) |Vh’K€QN—1,NXQN,N—1/ VKGF;Z}

We denote K and I', as a quadrilateral element and quadrilateral mesh on (). In the
reference element [—1,1] x [—1,1], the mixed-order GLL polynomials vector basis function
as shown in Fig. 1 can be written as

{@fj:é#“(cw}“w), (3.1)
& =109/ (§)g) " (n),
where 5

Mg —(1=)Ly () o,

) = O DG Gy "M
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L

Figure 1. Mixed-order vector curl-conforming basis Figure 2: GLL points distribution on the reference
functions in the reference element with order N =3. element with N=5.

Ly(&) is the Mth-order Legendre polynomial and L, () is its derivative. &, € [—1,1] are
the zero points of the equation (1—¢&2)L};(¢) =0, which are called GLL points. While the
discrete space for H}(Q)) is defined as:

Qn={q,€H}(Q) | gulx €Qn,N(K), VKET}}.

The scalar basis functions based on nodal points as shown in Fig. 2 are given by

‘i’ij:4’f\’(§)¢]1‘v(’7)~

The mixed-order vector basis functions in Fig. 1 are plotted by the associated nodal
points. Moreover, we note that the distribution of nodal points in Fig. 2 is denser near
the edge of an element than in the middle of the element. Since the field usually changes
more drastically at the interface of different materials, this distribution of nodal points
has great advantage in simulating systems with discontinuous dielectric materials and
can obtain higher accuracy by removing the Runge’s phenomenon.

The explicit formulae for the construction of our high order basis functions (3.1) are
derived from the curl-conforming polynomial spaces originally proposed by Nédélec [7].
Let V¢ denote the curl-conforming basis functions on the reference element, and the 9 €
V¢, refer to [7] V; can decompose into two mutually disjoint subsets such that

VK = Ve U Vf ,

where the subscripts e and f denote the edges and faces of the reference element, respec-
tively. The vector basis functions in the V, have non-vanishing tangential components
along one and only one edge. Meanwhile, the face basis functions in the Vf will have
non-vanishing tangential components along the face with non tangential components
along any edges. The curl-conforming basis functions of polynomial degree equal to N

can be written as: A
o {4>Z“(<:‘)4>}V (&,

3.2
PN (@) (), &2
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where j=0,N and i=0,---,N—1. The subscripts i and j loop over 4 edges of the reference
elements. We know V, is tangential to the 1-form edge basis function and the dimension
of V, associated with edges of the reference element is equal to 4N. The curl-conforming
face basis functions of polynomial degree N are given by:

o _ { N @eN (),
TN @,

where j=1,---,N—1and i=1,---,N. The indices i and j loop over the face of this 2D
reference element and the dimension of the face associating space Vf is2N(N—1). Thus,
the degrees of freedom for this element can be given in terms of integrals over the edges
and faces of K:

(3.3)

M, (u)= {/u-teq ds, g€ Qn_1(e), for each edges of K and t, is a unit vector along e},
My(u)= {/fu'qu, qeEQN-1,N—2XQNn-2N-1(f) } : (3.4)

The degrees M(u) = M,UM;y are curl-conforming and unisolvent [16]. To keep the tan-
gential component continuous for the vector basis functions @ and the continuity of the
scalar basis functions ¥ under the transformation between reference element and physi-
cal element, the covariant mapping is given as [16]

o=(])"'d, (3.5a)
VX¢=ﬁvx& (3.5b)
y=9Y, (3.5¢)
VY=(J) VY, (3.5d)

where ® and ¥ denote the vector basis function and scalar basis function in the reference
element and J denotes the Jacobian matrix as

ax 9y
J= 9 ¢
ax 9y
dan 9y

Defining compound indices for the basis functions of uj, and p;, in the global system,
m=(1,i,j) and n=(i,j), where 1= (¢,7), the electric field u; and pj, in the real space can
be expanded as

uh:Zemq)mr phzzynan' (3.6)

https://doi.org/10.4208/cicp.230113.140814a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.230113.140814a

466 N. Liu et al. / Commun. Comput. Phys., 17 (2015), pp. 458-486

3.2 Interpolation error

Before considering the interpolation error of the GLL basis functions, we recall some
properties of Legendre polynomials on [—1,1]. Let {L;(%)}, j=0,1,---, denote the Legen-
dre polynomials which are orthogonal in the sense that

1 2
| L@Li@) =570
Any u € L?(K) can be expressed as
m) =Y aiLi(&)L;(n)
i=0j=0

using the orthogonality of {L;(¢)} and their recurrence relation of the derivatives, the
zero and r-norm can be written as

2

2 3.7
Ilfo ;)]Z(:) 2i+1)( 2]+1) (3.7)
o a7 (142 +)7)"
2
]l ¢ CZZ 2t )21 1) (3.8)

It is well known that for any polynomial w(x) with degree equal to n can be written
uniquely in the form w(x) = Z w;L;(x). Therefore, in order to use the orthogonality of

Legendre polynomials and sunphfy the proof of the interpolation error for GLL poly-
nomials, the interpolation of the first component of u by GLL polynomials can be also
define as

=, a;Li(S)L;i(n). 3.9)

Thus, the whole interpolation error for GLL basis functions |[u—ITu|| can be equivalently
estimated by the orthogonal Legendre polynomials.

For the curl-conforming basis functions Monk [21] has proved p interpolation error
estimates for 3D hexahedral elements using the Nédélec interpolation [7,8]. Refer to [21]
here we still give the 2D hp-version interpolation error estimates in the consideration
of differences in the convergence rate. In the same way, First we prove the hp-version
estimate on the reference element K. The outline of this proof is to obtain Legendre poly-
nomial expansions of i and I'Td through the definition (3.4). Then we bound the error in
terms of standard Sobolev norms.
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Theorem 3.1. Let 6 € (H*(K))?, s> 1 and let the interpolant T16 be defined by (3.4); then there
is a constant C independent of G and N such that

~ LN —(s—=&) (1A
Ja—TTafo <CN~EDja] . (3.10)

Applying this theorem and the following result from [22], we can prove an hp-estimate
for the global interpolant ITy.

Lemma 3.1. let 6 € (H*(K))? and u € (H*(K))? for some s > 0. Suppose u and 1 are related by
(3.5a); then

inf [[a—w, ¢ <Ch™ ™M flulok. (3.11)
we(Qn-1,n-1)2 ’

We then obtain the following hp-error estimate.

Theorem 3.2. Let u e (H(Q))?, s> 1 and Iyu: (H*(Q))? — V,, be interpolation operator
defined by (3.4); then there is a constant C independent of @ and N such that

lu—TIvuln < CHMNIN=6=D a0, (3.12)
Proof. By Theorem 3.1, for any K €T, we have that for any W € (Qn_1,n-1)?,

~ e NP —=Dia
la—1Tao g = (a—W) ~T1(a—W)[| g <CN~C2) |a—w]

s,K*

By the scaling argument of (3.5a) and Lemma 3.1, we can get

(Ns)

o - —(s—1
lu—TIyulox < Clla—TTalg g < Chp ™ NI N6~ |lu g k.

Then adding this estimate over all element proves the results. O
We now begin to prove Theorem 3.1.

Proof. Let &= (i11,112); then the interpolant of @, denoted by I'Td, can be computed com-
ponent by component:
ITa= (11144, 1dy).
First we are interested in estimating ||i1; —IT;1; o, instead of || — ﬁﬁ”o,ﬁ- Using the
degrees of freedom in (3.4), we have the relations for any I, € ON-1N

1 r1

[ [ e @ne@cndzan=0  vpeQu 1 teQv 2 613)
1

/l(ﬁl—ﬁlﬁl)(@ﬂ)ﬂé)dé:o VpeQn-1, (3.14)

since 1; € L?>(K), it has an expansion in terms of Legendre polynomials given by

(o]
e
i=0j

[ee]

Oaz‘,jLi(C)Lj ()
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The interpolant I11, is expanded as
N-1N
1= ) biLi(Z)Li(y)
i=0 j=0

Let us consider the coefficients of 4;; and b;; by the orthogonality of Legendre polynomi-
als. Taking ¢(¢) =L;(&),(n) =L;(#) in (3.13) yields

a;=by;, 0<i<N—1, 0<j<N-2. (3.15)

Using the boundary condition (3.14) and the fact that L;(+1) = (%1)/, taking ¢(&) =L;(&),
0<I<N-1, gives

bin—1+bin= 2 aj, 0<I<N-1, fory=1,
j=N-1 ‘ (3.16)
bl,Nfl_bl,N: 2 alrj(—l)]*N“, OSZSN—L f01‘17:—
j=N-1
then,
binoi= ). @N-14j bin= Y, an_14) (3.17)
j=0,jeven j=0,jodd

Now utilize (3.15) and (3.17) to estimate || —ITyily || ¢:

2
aji—bij) . .
it~y = EZMI{—z}’H) (bij=0, wheni2 N orj= N+1)

i=0j=0

— 00 N-2 N a;j sz)2
S(EE) (T 2+ £ )ationm

j=N-1 j=N+1

> (a;;— b))’
=4 L ®(2i+]1)(2;'+1)

i=0j=N-1
N—-1 oo co N—2
+4 @4 ®4 @> 0
<1Z(:)] ;—H 1211\1]Z ZZN] ;—H 2Z+1)(2]+1)
For s >0, the 2 term
)
4 o
IZ(:)] %1 21+1) z]+1 Z] %1(21+1)(2]+1) (1452)°
< C

— st Hﬁle,I%’
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and similarly, the marked term Q)

foe) — a2 00 _ a2‘ (1+12+2 S
i i)
ZI:\,Z (2i+1)( 2]+1 ZI:\,Z 21+1)(2]+1) (1+42)°

SWH%HSJ@

the @ term

| /\

2 @
4 -
_Z: Z (21—1—1)(2]—1—1 :ZI:\, Z L i+1)( 2]+1) (14+N2+N2)°

© & ay(1+i2+72)
;; 2i4+1)(2j+1)

C .2
SWHWHSK'

Then in order to estimate the marked term (D), we use (3.17) and let j= N —1, obtain

- 2
- ’ - ( L ﬂi,N+j>
Z ﬂzN 1— 1N 1) _ Z j=1, odd

= (2i+1)(2N—1) = (2i+1)(2N—-1) °

(3.18)

Now for 51 >1/2 and use Cauchy-Schwarz inequality

2
( Z ai,N-i—j) S Z al-2j(1+i2+j2)sl Z (1+i2+]'2)751

j=1,j odd j=N+1 j=N+1

<CN-D ¥ a (1424 )7

j:N+1 (2]+1) ’

ifs:sl+%>1, then

0o 2
( Y4 N+j>
=1,j odd

; 2+ 1) (2N=1) = 2N ; 21—1—1)

© 0 g2 (14i%+] )slﬂ/2

<CN 251 ij
zZo]Z (2i4+1)(2j+1)

< CN 2 ||iy |

—2(s=1/2) 1.5 112
2 12 =CN 22 g |2
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Meanwhile for j = N we can have the similar derivation and a similar argument can be
used to bound |7, —II; ||, z. Therefore we have proved Theorem 3.1. O

Next we prove an hp-version estimate for the approximation of the curl of a function.
The main results are as follows.

Theorem 3.3. Let Vxu € H'(Q) and u € (H Q)2 for r > 3, then there is a constant C
independent of u such that

IV xu—V xTyuljgq <MNIN=D||V x|, . (3.19)
In order to prove this theorem, we need to recall Nédélec’s divergence-conforming
vector elements in IR2. The polynomial space and the degrees of freedom on the reference
elements [—1,1]? are as follows:
QR ={u=(i1,8) | 11 €Qn N1, 12 €Qn-1,n},

and

M, (u)= {/eu-nequ, g€Qn-1(e),

for each edge of Kand n, is the unit normal vector of e}, (3.20)
Mg (u)= {/fu'qu, qEON-—2N-1X QN—l,N—Z(f)}-

We define an interpolant I1p: (H"(K))?— QR for r > 1 satisfying:
M, (6—TTpa) =M (a—ITpa)={0}.

For any u(K) € H(div;K), we employ the affine map u= detl(])Jﬁ and first obtain a p-

version interpolation estimation on K.

Theorem 3.4. Let a € (H'(K))? for r> 3, then there is a constant C depending on K and r but
not N or G such that )
|a—TIpa|, g <CN~U~2)|[al], ;. (3.21)

For the hp-version estimation, we also need the following lemma

Lemma 3.2. Let € (H'(K))2 and ue(H' (K))?, r>0 and they are related by the div-conforming
transformation. Then

inf Hﬁ—WHOKSCh?in(N'r)HanK'
we(Qn-1,n-1)? ’
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From Theorem 3.4 and Lemma 3.2 we get the hp-interpolation result for H(div;(})
elements.

Theorem 3.5. Let u€ (H'(Q)))? for some r > 3, then there is a constant C independent of u and
N such that . 1
[u—TIIpuljon < CHRNNIN=C=2) ||u]|, o. (3.22)

Proof. This is similar to the proof of Theorem 3.2, by Theorem 3.4 and Lemma 3.2, we can
get for any we (Qn_1,n-1)>

Tl = 1) (8 W)l <N~ o] .
la—TTpullox < Clla—TIpao e < CHNIN=02) ul| x,
summing over all K €I, and noting that hx <h, then prove the desired result. O
We now prove Theorem 3.4.

Proof. As in the proof of Theorem 3.1, we only need to prove the result for one component
of 111. Applying Legendre polynomials, we have

X N N-1
(Tpity) ZZCU

i=0 j=0

and the degrees of freedom (3.20) give
1,1 .
/_1/_1(ﬁ1 —TIpiy) (&,)¢(E)(n)dGdn=0  Yp€Qn-2, €Qn-1, (3.23)

/11(111—ﬁDﬁl)(iL’?)C(U)dUZO VZE€QN-1. (3.24)
Taking ¢ (&) =L;i(&), {(n7) =L;(n) and the orthogonality relation (3.8) in (3.23), we can get
ajj =cij, for 0<i<N-2;, 0<j<N-1 (3.25)

Using the choice (1) = Lﬁ(n), 0<B<N-1, then

(o] o
CN-18~= Z Ai+N-1,8/ CNB= Z Ai+N-1,-
i=0,ieven i=0,iodd

The estimation of ||i1; —TIpil; [[o,z becomes

R ) 4(511“—01”)2
|11 —Tpd ||g g = e d I (¢;;=0,wheni>N—1orj>N)
0K ;)];)(21+1)(2]+1) i J
N—2

N ;i —ci;)?
(L2 B (5 E) ety

i=0 i=N-1 i=N+1
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N 2
_ ©__(@—cy)
: Z_lj_zo @it1)2j+1)

s(LE%+ £ O £ £2) ity

i=N+1 j=0 i=N+1j=N

The estimation of ||i1; —IIpil |g,z turns out to estimate each term on the right-hand side
of the above equation. Each of terms marked (@) can be estimated in the same way. For
example,

aj (PP

N oo
4 —_4
ZZ(:)]ZI:\I (2i+1)(2j+1) z:o]:N (2i4+1)( 2]+1) (14 N2)’

/\

i hgk:
Mg

C && a1+ +2)
—N2f22(21+1)(2]+1)
C
SW

1% ¢, (3.26)

for any r > 0. It now leaves to estimate the term marked (D. Using the similar estimates
to (3.18), we obtain

T S S IOV )
, ~(2i4+1)(2j+1) —

i=N-1j=0

for any r > 1. While for the less regular case ; <r <1, we need to find another way to
estimate the term (D. Inspired by the proof of Theorem 3.1 [21], we consider the trace of
@ on 9K is well-posed in L?(dK), so

1
/ (1 (£1,17))2dn < oo,

-1

this means that

];) aEsy <;)aijLi(il)> < oo, (3.27)

then, the term (D) has the following estimation

NN d(a—c;)? N2l 4(anoi—on-1))’ | 4lanj—cony)’
PP (2i+1])(2j]+1)22< N=T)2j+1) +(2N+]1)(zj]+1)>

1j=0 j=0
4 Nil 1 ( i ) ? ( i ’
< . aitN-1; | + AitN-1,j
(ZN_ 1) j=0 (2]+1) i=2, even ! i=3, odd !
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1 &1 a )iN-1, :
S4(21\1—1)]._28(2]'“) < Y at Y (- ‘f>

i=N-+1 i=N+1

2
+< Z ﬂi,j_ Z (—1)i_N_1aiJ‘>

i=N+1 i=N+1

1 N-1 1 0 2 o 2 5 N | )
§2(2N—1) ].g:) (2j+1) <§)ai,j> + (E) a1]> <2a1]> <§) —1) ﬂi,j)

The first two infinite terms can be bounded by the estimation (3.27), finally we can rewrite
the formulations

NoONST d(a—cy)’

z; ; (2i+1)(2j+1)

i=N

(12 4) NN (2i41)
—2(2N ){””1”03K+ZZ 2i41)(2j+1) | ZZ (14+24j2)"

]010 j=01i=0
), z)

<C(NTY iy [l pg + N 720~
<CN2UV2)| iy, g,

for any 3 <r <1. Therefore, combining the above estimates and obtaining the similar
analysis for @, prove the theorem. O

Applying Theorem 3.4 we can easily prove Theorem 3.3.

Proof. Suppose u is sufficiently smooth and I'Tu is well-defined, we can obtain that
V xITu=IIpV xu,

then,
[V xu—VxTITullon=[|Vx (u—TITu)lloo=|(I-IIp)(V xu)on,

the result immediately comes by Theorem 3.4. O

Now we begin to prove the assumptions. Let () be the convex polyhedron that can be
meshed using quadrilateral elements that are affine equivalent to the reference element.
The mesh T’ is regular and quasi uniform. Then we prove the validity of ellipticity on
the discrete kernel.

Lemma 3.3. There exists a constant C not depending on h and N such that for all v;, € K, it
holds
[Villo <C[[V xvylo. (3.28)
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Proof. Refer to Theorem 4.7 of [23], for v, € K}, use its Helmholtz decompositions

_Jz+Vyg, z€K,
z,+Vaqn, z€Ky,

and modify the Lemma 4.5 of [23] to hp-version estimates and use the interpolation error
estimates Theorem 3.2, we can get

223 lo < CHTNNAIN=E=3 |7 v o, (329)
then,

(Vizn+Van)o=(Vi,zn)o
=(vi,zp—2)o+ (Vi,2)0
<|villo(llzw — 2ol +|[0),

(Vi,vi)o=

using the above inequality and Poincaré-Friedrichs-type inequality (see Corollary 4.4 of
[23]) yields the desired estimate. O

Let us now prove Assumption 2.3.
Lemma 3.4. For all v, € K, there exists v € K, such that
: 1
lvi—vllo < CHMNINTE=2) vy | .
Proof. For v, € Ky, according to the proof of the previous lemma we can get
Iv—vpllo < CHPNAIN=E=2) |7 x v o
This completes the proof. O

We finish the proof of Assumption 2.3 by

sup b(p,vi) _ su b(p,vi—v) SChmin(N,s)N—(s—%)HPHL (3.30)

vi,€K, V1| curt vy ek, V3| curt
Proof of Assumption 2.4:

Lemma 3.5. For all u € H(curl;Q0) with u € K and satisfying reqularity Assumption 2.1 there
is an element u! € K, satisfying

1
[u—ul || SCHUNT2(|Jul|s+ ||V xv3||,), with t;=min(N,s,r), tzzmin(s—i,r>.
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Proof. Applying Lemma 9 in [11], we can obtain

|[u—u!||eun <C inf [Ju—up||cur,
vi,EV),

then using Theorems 3.2 and 3.3, the error estimate becomes

[u—ITul|cyn = lu—TTujo+ |V xu—V xITulo
:Chmin(N,s)N—(s—%) Hu||s_|_Chmin(N,r)N(—r) HV > u”r
=Ch'N™"([[ulls+ [V xul}).

This completes the proof. O

Finally, as the consequence of the results of [12], we have the following theorem:

Theorem 3.6. There exists a constant C such that for all £ € L?(Q) it holds
| Tf— T)of|| cun < CH'N"2| ]|, (3.31)
where ty,t; is the same as in Lemma 3.5, and s and r are given in Assumption 2.1.

Proof. Let f € L2(Q)) and consider the solutions (u,p) of (2.7) and the discrete solutions
(up,pp) of (2.11). In order to estimate the error ||Tf— T)f||cur = |[u—up]|curl, We need to
bound the error ||u’ —uy||cur1, From the ellipticity in the kernel of a we obtain

u' —uy,u’ —w,)

D‘Hu uthurlS (
=a(u' —w,u' —up) +a(u—uy,u’—u,)
=a(u'—wu' —w,)—b(u' —w,p—p)

< CHu _uchrlHu _uthurl+’b(ul_uth_r)h)’

b(vy,
§<CHHI—Hchr1+ sup (h )>Hu uthurl-

v,€K;, H Vi chr

Using the strong approximability of Hy(curl, Q) and the weak approximability of H} ()
gives the required estimates. O

3.3 Discretized eigenvalue problem

Substituting (3.6) into the variational formulas (2.9) and (2.10), and exploiting the co-
variant mapping (3.5), we discretize the equation for SEM into a generalized eigenvalue
matrix equation

Se =AMe, (3.32)
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where e is the column vector of the electric field along the edges, and S is the stiffness
matrix and M is the mass matrix. Similarly, the discretized eigenvalue equation for the
mixed SEM (2.10) is denoted as

(3.33)

Se+Ky=AMe,
KTe=0,

where matrix K is the weak analogue of the divergence equation and y is the column
vector of pj, at all of the nodal points. The stiffness matrix, mass matrix and matrix K are
the assembling of the elemental matrices from the N, elements in the global mesh

N, N, N,
s=Y s, M=)M¥, K=} K. (3.34)
e=1 e=1 e=1
The elemental matrices of the eth element S(“), M(©) and K(© are
_1i A

; U’Vxﬁ)i-ﬁxijdgdn,

1 1
M= [ @ @dndy= [ [ @) 7T d;(1/dcd,

1 1
S](.l.):/I<yf1VX¢i'VX¢jdXdY=[1[1#

1 1 A R
KO — / & V¥, ®jdxdy = / / e V¥TI 11,y |dedy,
Jt K -1J-1

where the integration region K is the eth element.
In order to solve the eigenvalue problem (3.33) we employ the technique introduced
by Bespalov [24] and consider the eigenvalue problem

Se+KHK"e=AMe. (3.35)

If the positive definite matrix H is chosen properly, the zero eigenvalues are shifted in-
side the spectrum of S relative to M and do not disturb the computation [17]. Bespalov
suggests to select H as a multiple of the identity. In consideration of the dimensional
homogeneity on both sides of equation (3.35), where ||S|| grows in accordance with (})2
of the dimension, but ||M|| and ||K|| don’t change. Therefore, H is chosen to be aI with
a = ()2, where h is the smallest length of two interplant points of the mesh Q). The

solution to this eigenvalue problem is obtained with the help of MATLAB platform.

4 Numerical results

In this section, we consider a series of numerical experiments on the mixed spectral ele-
ment method to verify its higher accuracy and efficiency. They confirm that the method
is free of all spurious modes, has exponential accuracy and is advantageous in the CPU
time and memory.
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4.1 Square cavity

We consider a cavity defined by a square domain Q)=0,77]%. The exact Maxwell eigenval-
ues on this domain are given by A=m?+n%, where m,n=0,1,2,3,4,--- and m>+n?#0 [25].
The comparison between (2.9) and (2.10) in Fig. 3 shows that the mixed SEM can suppress
all spurious zero and nonzero eigenvalues, while the number of spurious zero eigenval-
ues of method (2.9) is equal to the number of the internal nodes of the SEM mesh. The
first 25 nonzero eigenvalues are shown in Fig. 3. As the order of basis functions is N =4
and number of divisions in x and y directions Ne = 7t/h =8, there are 961 internal ver-
tices in the uniform mesh, Thus, employing (2.9) yields 961 spurious zero eigenvalues, as
shown in Fig. 3(a). On the other hand, employing (2.10) yields no spurious eigenvalues
in Fig. 3(b).

20 Sfeok @

()
(@)

15

numerical eigenvalues
3

numerical eigenvalues
k
B

10 " ek @
(&)

5 et @) 5 Ak @
ok @ =k @

[6)] * @)
@) \ X : : : : : @

940 950 960 970 980 990 0 5 10 15 20 25
eigenvalue ID eigenvale ID

(@) (b)

Figure 3: The eigenvalue problem of a homogeneous square cavity. (a) 961 zero eigenvalues appear in the
regular SEM on a uniform mesh with Ne=8 and N =4. Here the analytical solutions of the eigenvalues are
shown by horizontal lines with (1) or (2) indicating the multiplicity of the eigenvalues. (b) The mixed SEM is
free of spurious zero eigenvalues.

Furthermore, we plot the first 7 numerical eigenvalues from mixed SEM versus the
order of basis functions in Fig. 4, from which we can see the spectral accuracy property for
the mixed SEM, i.e., the error decreases exponentially as N increases (the error is defined
as [A—A|/A where A is the analytical eigenvalues or the reference values), and the 7!
eigenvalue converges more slowly than the 15 solution because of its higher frequency.

For this square computational domain the exact solution for the eigenvector is quite
smooth and can be written as

25 cos(mx)sin(ny)

u=

— 5 sin(mx) cos(ny)

According to the estimate of Theorem 3.6, we can see that for the fixed order of basis
functions N the eigenvector convergence rate with the mesh size & is given by:

Hu_uhHLZ(Q)SChNHuHLZ(Q)' (4.1)

https://doi.org/10.4208/cicp.230113.140814a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.230113.140814a

478 N. Liu et al. / Commun. Comput. Phys., 17 (2015), pp. 458-486

T T
—6— 1st eigenvalue
—f— 2nd eigenvalue

— = 3rd eigenvalue [
—©6— 4th eigenvalue
—¢— 5th eigenvalue
————— 6th eigenvalue 1
—&— 7th eigenvalue

Relative error

4
order of mixed SEM

Figure 4: Relative error versus the order of the mixed SEM basis functions in a semilog scale plot.

For the simplest case, the convergence results of TE;; mode with N =1 is tabulated in
Table 1 to confirm the estimation of (4.1).

It is known that the convergence rate of numerical eigenvalues doubles the order of
basis functions, thus, with the first order GLL basis functions the convergence rate of ap-
proximate eigenvalues should be second order. To save space, only the first 5 numerical
eigenvalues and their convergence rates are included in Table 2 to verify the convergence
rate.

Table 1: Eigenvector convergence of the mixed SEM on the square [O,rr]z with N=1 on uniform meshes.

Ne=7 % order
0.504342
0.220773 1.19
8 0.104331 1.08
16 0.051321 1.02
32 0.025552 1.01

Table 2: The eigenvalue convergence rate of the mixed SEM for the square cavity with N=1.

Ne = % 15t an 3rd 4th Sth
4 1.052 1.052 2.105 4.863 4.863
8 | 1.013(2.02) | 1.013(2.02) | 2.026(2.02) | 4210(2.04) | 4.210(2.04)

16 1.003(2.01) | 1.003(2.01) | 2.006(2.01) | 4.052(2.02) | 4.052(2.02)

32 1.001(2.00) | 1.001(2.00) | 2.002(2.00) | 4.013(2.01) | 4.013(2.01)

64 1.000(2.00) | 1.000(2.00) | 2.000(2.00) | 4.003(2.00) | 4.003(2.00)
Exact 1 1 2 4 4
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4.2 L-shape cavity

The L-shape cavity Q=[—1,1]?\{[0,1] x[—1,0]} is studied next based on Dauge’s bench-
mark examples for the Maxwell eigenproblem [26]. The first 5 smallest eigenvalues are
1.4756218, 3.5340314, 9.8696044, 9.8696044, 11.3894794, respectively. It is also known that
the 15 and 5 eigenfunctions have a strong unbounded singularity, the 2" one belongs
to H'(Q)), and the 3" and the 4/ ones are analytic. Specifically, the first eigenfunction

around the (0,0) is proportional to p_%, where p is the radius in polar coordinate. To
verify the spectral accuracy on this L-shape cavity, we show the first 5 smallest numerical
eigenvalues from the mixed SEM versus the order of basis functions in Fig. 5. Due to
the singularity of eigenfunctions the mixed SEM has lost its spectral accuracy. Now it is
more efficient to get higher accuracy eigenvalues through using singular basis functions
as mentioned in [27-29] or refining mesh around the singular point (0,0). Fig. 6 gives the
field distribution of the first and second eigenfunctions, respectively. We can see clearly
from Fig. 6(a) that the electric field around (0,0) is pretty large.

T T T T
E —6— 1st eigenvalue
N 2nd eigenvalue
10°F NS = 3rd eigenvalue |
—6— 4th eigenvalue
—&— 5th eigenvalue
—o—

Relative error

. . . .
1 2 3 4 5 6
order of mixed SEM

Figure 5: Relative error versus the order of the mixed SEM basis functions in a semilog plot on an L-shape

cavity.
1
05
28 0.45
04
2 0.35
03
0 18 0.25
4 02
0.15
05 01
0.05
4 0
(a) (b)
Figure 6: Field distribution of norm(E) in the L-shape cavity for the first (a) and second (b) singular eigenvectors
with N=3.
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Table 3: First five lowest eigenvalues of the L-shape cavity computed by the SEM and mixed SEM with N=3.

Mode | Ref. [26] SEM Mixed SEM

No. A Error A Error
1 1.4756 0 1.4752 | 3.20E-04
2 3.5340 0 3.5340 | 4.86E-07
3 9.8696 0 9.8697 | 1.41E-05
4 9.8696 | 1.4752 | 3.20E-04 | 9.8698 | 1.86E-05
5 11.3895 | 3.5340 | 4.86E-07 | 11.3899 | 3.72E-05

For many engineering applications, one may only need to know a few smallest eigen-
values, thus the mixed SEM has the tremendous advantages in the CPU time requirement
in eigenvalue solver part due to the elimination of spurious zero eigenvalues. In fact,
Table 3 shows the first five lowest eigenvalues of the L-shape cavity computed by the
SEM and mixed SEM with N =3 and the DoF=1,464. The initial eigenvalue for the con-
ventional SEM is chosen as 2. We obtain that the proposed mixed SEM can completely
suppress the appearance of zero eigenvalues as expected and its costs 0.30 s CPU time
in this eigensolver part, whereas the classical SEM has three zero eigenvalues and costs
1.34 s CPU time, which is about four times more expensive in comparison with the mixed
SEM, clearly illustrating the higher efficiency of our proposed method.

4.3 Inhomogeneous cavity

We also calculate Maxwell eigenvalues with an inhomogeneous medium on the domain
[—1,1]2 from Dauge’s benchmark examples for the Maxwell eigenvalue problem [26]. The
cavity consists of four squares, where the upper right and lower left squares are filled
with material 1 with €, =0.5, 4, =1, while the other two squares are vacuum (material 2)
with €, =1, y,=1 as shown in Fig. 7.

0.5r Material 1

-05 Material 1

. . . . .
-15 -1 -0.5 0 0.5 1 15

Figure 7: Inhomogeneous computational domain [—1,1]? with four squares.
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Figure 8: Relative error versus the order of the mixed SEM basis functions in a semilog plot on the inhomogeneous
cavity in Fig. 7.

We plot the first 10 numerical eigenvalues from the mixed SEM versus the order of
basis functions in Fig. 8. Similar to the singular L-shape eigenvalues, the mixed SEM
cannot preserve its spectral accuracy for the eigenvectors with singularities, but for the
first 5 smallest eigenvalue, Table 4 shows relative errors to reach an accuracy better than
0.01%, where the sixth-order basis functions are used.

Table 4: Relative error of the first 5 smallest eigenvalue to get an error smaller than 0.01 % for the inhomogeneous
cavity in Fig. 7 with N=6.

Analytic [m=?] Mixed SEM  Error(%)

3.31754876 3.31754854  6.82E-06
3.36632416 3.36628055  1.30E-03
6.18638956 6.18638956  1.65E-10

13.92632333 13.92632333 9.53E-09
15.08299096 15.08299096  2.14E-08

4.4 Coaxial cavity
Here we considered a coaxial cavity with inner radius a, outer radius b, and dielectric

constant €, inside the coaxial cavity. It is known that the smallest Maxwell eigenvalue on
this domain is 0 with multiplicity one. The eigenvalue A is determined by

Ju(A2) Y}, (AD) =T, (AD) Y, (Aa) =0,
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where the prime represents the derivative with the argument of the functions, J,,(Aa)
and Y, (Ab) are the m-th order Bessel functions of first and second kinds, are given by

B 00 ( (/\a)m+2n
Aa _Z_:n n+m |2m+2n

COS( )Jn()\a)_J—n (Aa)

sin(n)

Y, (Aa)= ,
respectively. The coaxial cavity is divided into a number of non-overlapping curvilinear
quadrilateral elements conformal to the geometry, as shown in Fig. 9, and analytic map-
ping between the reference element and real physical element is applied to increase the
accuracy. A curved element in the physical space can be written in terms of the reference
coordinates as x =x(¢,1), y=y({,n) after a curvilinear mapping between the real phys-
ical space (x,y) and reference space (¢,77). Here the 2D mapping x(&,77) and y(¢,%) can
be expressed by functions of the corresponding four boundary curves and four vertices
of the element. For example, x(¢,7) can be constituted by the four boundary curves of
one element x(&,—1), x(¢,1), x(—1,7), x(1,7) and four x coordinates of vertices. These
boundary curves could be straight lines or curves depending on the geometry, and can
be given analytically or interpolating some controlling points on the curved element. For
the circular arc the interface is given by x =rcos(6), where r is the radius ( can be equal
toa or b ) and 0 is the angular parameter. Then the 2D curvilinear mapping expressions
is

1+¢ 1-¢1

X(E )= (-tp+ s - { -1 -

x(¢,1)+

”x(g,—1)+“2”7 126

1-n oy, 1=¢l+n 1+81+7
5211+ 2 (=L )+ 2 (L) o

+¢1

+5 2

The mapping functions for y(&,7) is similar, while Fig. 9 illustrates the physical mesh and
nodal points in the real place with N =5.

To further understand the accuracy of the mixed SEM, its numerical convergence be-
havior is also examined by comparing the eigenvalue of mixed SEM results with the
orders of basis function. We obtained the first 10 smallest nonzero eigenvalues from the
mixed SEM with the inner radius a =1, outer radius b =2 and dielectric constant ¢, =1.
Fig. 10 shows the average relative error of the smallest 10 eigenvalues, relative error of the
second and the tenth eigenvalue versus the mixed SEM order. The convergence curves
are nearly straight lines in this semilog plot, also illustrating the spectral accuracy prop-
erty for the mixed SEM. Besides the higher accuracy of nonzero eigenvalues, the mixed
SEM can successfully capture the zero eigenvalue. The eigenvector and the field distribu-
tion corresponding to the first zero eigenvalue from the mixed SEM is shown in Fig. 11,
which is difficult to obtain from the conventional SEM and COMSOL (a commercial soft-
ware package) eigenfrequency solver due to the presence of spurious zero eigenvalues.
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Figure 9: The mixed SEM mesh and nodal points in the real physical place with N =5 for a coaxial cavity.

=—©— 2nd eigenvalue
—&— 10th eigenvalue
2 —&— average

Relative error
=
o

-12

10

order of mixed SEM

Figure 10: The average relative error of the smallest 10 eigenvalues, relative error of the first and the tenth
eigenvalue versus the mixed SEM order for the coaxial cavity in Fig. 9.

(a) (b)

Figure 11: The corresponding eigenvector and field distribution of norm(E) of the first eigenvalue zero with
N =5 for the coaxial cavity in Fig. 9.
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Fig. 11(b) is the field distribution of norm (E) in this coaxial cavity, which illustrates that
the electric field concentrates along the inner PEC boundary.

Moreover, in order to demonstrate that the mixed SEM has well satisfied the divergence-
free condition, Table 5 presents the first three eigenvalues calculated by the mixed SEM
with N =3 and the DoF=90. Here the measure Div(e) and Curl(e) is the numerical
value of the divergence and curl of the corresponding eigenvector, which is defined as
Div(e) = ||Ke||, Curl(e) = ||Se||, respectively. We can clearly see that all the eigenvec-
tors computed by the mixed SEM is divergence-free, and the property of the eigenvector
associating with the physical zero eigenvalue having no irrotational component is also
verified from Table 5.

Table 5: First five lowest eigenvalues of the coaxial cavity in Fig. 9 computed by the mixed SEM with N=3.

Analy. | Mixed SEM | Error | Div(e) | Curl(e)
0 4E-14 2.98E-16 | 5.16E-16
0.4587 0.4587 3.45E-5 | 4.04E-16 | 0.4892
0.4587 0.4587 3.45E-5 | 4.72E-16 | 0.4892
1.7972 1.7983 6.49E-4 | 6.62E-16 | 1.9174
1.7972 1.7983 6.49E-4 | 4.66E-16 | 1.9174

4.5 A dual-inner-conductor cavity

For the last example, we show a dual-inner-conductor cavity with two different media.
Suppose Oy ={[0,3]?\[1,2]?} and Q= {[3,6] x [1,3]\ [4,5] x [1,2]}, the computational do-
main is Q=0 UQ,. Suppose () is filled with air and domain () with €, =3, y, =1. Since
there are two inner PEC boundaries in this cavity, it has two zero eigenvalues. For the
mixed SEM, it can successfully capture these two physical zero eigenvalues and the nu-
merical values are exactly equal to zero (up to machine precision). Fig. 12 shows the field
distribution of norm (E) for the two zero eigenvalues with the order of basis functions
N=3. From the field distribution we can see the corresponding eigenvectors are singular
and the energy almost concentrates at the four inner corners.

0.8

(b)

Figure 12: Field distribution of norm(E) in the dual-inner-conductor cavity for the first and second zero eigen-
values with N=3.
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5 Conclusion

A mixed spectral element method (mixed SEM), is investigated to solve the 2D vec-
tor Maxwell TEz eigenvalue problem, and an abstract analysis of the exponential con-
vergence of the mixed SEM is presented, which fully confirm the convergence of our
method. Gauss-Lobatto-Legendre polynomials are used to construct the higher order
curl-conforming edge-based and node-based basis functions. Compared to the conven-
tional higher order SEM, the mixed SEM can successfully eliminate all spurious modes
and has spectral accuracy with the error decreasing exponentially with the order of ba-
sis functions for analytic eigenvectors. All the numerical examples demonstrate that the
mixed SEM is an efficient alternative method for solving the 2D vector Maxwell eigen-
value problem. Future research will focus on 3D Maxwell eigenvalue problems, and
improve the spectral accuracy for singular eigenvectors.
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