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SUMMARY
In this paper, we present a novel algorithm for exploring an unknown environment using a team
of mobile robots. The suggested algorithm is a grid-based search method that utilizes a triangular
pattern which covers an area so that exploring the whole area is guaranteed. The proposed algorithm
consists of two stages. In the first stage, all the members of the team make a common triangular
grid of which they are located on the vertices. In the second stage, they start exploring the area
by moving between vertices of the grid. Furthermore, it is assumed that the communication range
of the robots is limited, and the algorithm is based on the information of the nearest neighbours
of the robots. Moreover, we apply a new mapping method employed by robots during the search
operation. A mathematically rigorous proof of convergence with probability 1 of the algorithm is
given. Moreover, our algorithm is implemented and simulated using a simulator of the real robots
and environment and also tested via experiments with Adept Pioneer 3DX wheeled mobile robots.

KEYWORDS: Mobile robots; Multi-agent networks; Multi-robot search; Distributed control; Search
and rescue.

1. Introduction
Using mobile robots has recently become very popular in various tasks. They are employed to achieve
from very simple home tasks like vacuum cleaning1, 2 to serious and complicated jobs like finding a
dangerous odour source in a warehouse.3 Search and rescue (SAR),4, 5 patrolling,6 home and office
assistance7 and fire detection8 are some important applications of mobile robots. Using only a single
robot for such applications has already been studied by many researchers and there is significant
progress in this field.

On the other side, using a team consisting of a few robots instead of using only one robot to
accomplish these tasks, is a new approach that has attracted many researchers in recent years.9–13

Compared to single-robot systems, multi-robot systems are more reliable, robust, scalable and flexible.
They are more reliable because any failure in one agent would not disable the whole system.
Robustness means that using multi-robot systems can reduce errors in odometry, communication,
sensing and so on. Scalability represents that with growing amount of work the algorithm applied
on multi-robot systems still works, and multi-robot systems are more flexible as they can adopt
themselves with any changes in the environment.

Centralized approach and decentralized approach14, 15 are two major approaches to control multi-
robot systems. While in the centralized control, the robots are controlled by a central unit, which
is easier to apply, decentralized control has important advantages so that it has recently brought
researchers to pay more attention to it. In decentralized control, there is no single control centre thus
the algorithm is such that the control procedure is distributed among the agents. Thus, one of the
main issues in the decentralized control is how the robots share their information among themselves.
When robots collaborate to achieve a goal based on an algorithm, they need to share their information.
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The information may be their motion’s data like position and velocity, the maps they make during
the search procedure or information about the targets they detect. Moreover, in multi-robot systems,
a control algorithm must consider some practical limitations such as memory usage,16 processing
speed17 and communication bandwidth.18

Furthermore, mapping and map merging are two other more challenging problems in multi-robot
systems. In single-robot systems, a robot makes its map and employs it only by itself. On the other
hand in multi-robot systems, each robot makes its map which should be used by the other robots
to have a better performance in the algorithm. Therefore, map merging is essential for multi-robot
systems; however, it is a challenging issue due to the different coordinates systems of the robots.
Researchers proposed several methods for mapping and map merging in multi-robot systems. One
solution is based on a global or local positioning system19 which is not available in many conditions.
Another approach assumes that all robots know their positions in a shared map.8 There are also
methods that merge maps of different robots to build a common shared map of the environment.20, 21

Geometric grid based22 and topological maps23 are two main methods for map making of mobile
robots. Although the first method is more accurate for the case where the grid size is small enough,
it needs considerable memory and takes a remarkable time to process, especially for map merging in
multi-robot systems. Thus, in multi-robot systems, topological maps are more efficient and feasible.

Searching an area to find some targets, exploring a whole region and patrolling in a building to
detect potential intruders are various related applications of multi-robot systems.24–26 There are many
researches conducted in multi-robot systems with various assumptions about the search area.27–30

However, few of them propose a comprehensive solution for the shape of the environment and
obstacles. For instance, in ref. [27] a structured environment has been assumed as the searching area
whereas in ref. [28] an unstructured environment has been considered. In ref. [29], the searching area
has been assumed a region without any obstacles while in ref. [30] the operation has been done in an
environment with obstacles.

In this paper, in order to address aforementioned issues in multi-robot systems, we propose a
new method for distributed control of a multi-robot team whose duty is to search all or a part of an
unknown region. The aim of the search can be either finding some targets in the region, patrolling
the region frequently or putting some signs on specific points in the region. The suggested algorithm
uses a triangular grid pattern, i.e., robots certainly go through the vertices of a triangular grid during
the search procedure. To ensure that all the vertices of the region’s covering grid are visited by robots,
they must have a common triangular grid. In order to achieve that, we use a two-stage algorithm. In
the first stage, robots apply an algorithm according to consensus variables to deploy themselves on
the vertices of a common triangular grid which covers the region. In the second stage, they begin
searching the area by moving between the vertices of the common triangular grid. There are various
scenarios can be used in the second stage. In ref. [31], robots use a random-based algorithm to
deploy themselves to the one of their six neighbouring vertices. In this paper, we introduce a novel
method in that robots move to the nearest vertex which has not already been visited by the other
robots.

The proposed algorithm is based in part on ideas from ref. [32] where a distributed random
algorithm for self-deployment of a network of mobile sensors has been presented. In ref. [32], authors
have proposed a method to deploy a team of mobile sensors on the vertices of a triangular grid that
covers entire an area. Indeed, in the proposed search algorithm, we get the benefit of the triangular
grid coverage to cover entire an area. It is clear that any triangular grid coverage of a region is a
complete blanket coverage of that region. The main advantage of deploying robots in a triangular
grid pattern is that it is asymptotically optimal in terms of minimum number of robots required for
the complete coverage of an arbitrary bounded area.33 Therefore, using the vertices of this triangular
grid coverage, what is applied in this paper, guarantees complete search of all the region.

One of the advantages of the proposed algorithm is the method by which the robots make and
share the maps and use them for exploration. We use a kind of topological map, described in detail
in the next sections. Furthermore, we consider a region with an arbitrary shape that contains some
obstacles, also we assume the area is unknown to the robots a priori. In addition, a mathematically
rigorous proof of convergence with probability 1 of the algorithm is given. Moreover, our algorithm is
implemented and tested using Mobilesim, a simulator of the real robots and environment. Mobilesim
is a powerful simulator which considers robots’ real circumstances such as dynamics of motion,
encoders, sonar and also borders and obstacles of the environment. We also test our algorithm via
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Fig. 1. A triangular grid (dotted area) covers the search area.

experiments by real robots. In fact, we confirm the performance of the proposed algorithm with
experiments with Adept Pioneer 3DX wheeled mobile robots in a real world environment.

SAR is another application of the proposed algorithm.34, 35 Clearly, it is significant to save human
lives in a disaster such as an earthquake, a plane crash, a missed boat in the ocean and a fire in an
industrial warehouse. In many of such cases, SAR operation is usually difficult or even impossible to
perform by humans. Therefore, using a team of robots is helpful to perform the operation in order to
increase the survival rate and to decrease the risk of the operation. In addition, in a SAR operation,
the search area must be completely explored ensuring all possible targets are detected or until all the
targets are detected if the number of targets is given. Our suggested algorithm completely covers this
goal in the sense that it guarantees exploring all points of the searching area.

The remainder of this paper is organized as follows. The problem statement, some definitions
and assumptions are given in Section 2. In Section 3, we describe the first stage of our algorithm
which deploys the robots on some vertices of a triangular grid. The second stage of the algorithm is
presented in Section 4 that contains the algorithm of searching the region for targets, exploring the
whole area or patrolling the area. Simulation results of the proposed algorithm and discussion about
them are presented in Section 5. In Section 6, the results of experiments with real robots are given.
Finally, a brief conclusion is described in Section 7.

2. Problem Statement
Consider a planar and bounded area R. Also, consider a few number of obstacles O1,O2,. . . Om

inside the area R (see Fig. 1). The goal is to search the whole area by a few autonomous mobile
robots in order to find some targets. The number of targets may be known or unknown to the robots.
We use a distributed algorithm to drive the robots inside the search area as well as avoiding the
obstacles and borders. The algorithm is such that the robots follow a pattern to search. The proposed
pattern is a triangular grid so that the robots search the area by moving through the vertices of that
triangular grid. The grid consists of equilateral triangles with sides r . Figure 2 shows this triangular
grid that covers the searching area.

It is assumed that the robots are equipped with sensors to detect the targets and these sensors
have a circular sensing area with radius rs . As shown in Fig. 2, the small circles of radius rs with
centres located on the vertices of the triangular grid are the sensing ranges of the robots. It means
that robot i can gather information of or detect a target if it is located in a disk of center pi(k)
with radius rs defined by Di,rs

(k) := {p ∈ R2 : ‖p − pi(k)‖ ≤ rs}, where k indicates discrete time
instances, k = 0, 1, 2, . . ., pi(k) ∈ R2 denotes the Cartesian coordinates of the robot i at time k and
‖ · ‖ denotes the Euclidean norm. As demonstrated in Fig. 2, to have an optimal search operation, the
common areas of the robots’ sensing regions (small circles) must be minimum. To achieve this goal,
we assume r = √

3rs . However, this is for an ideal and optimal case but in practice where there is
sensor noise and/or position uncertainty, the triangles sides r can be chosen a little smaller than

√
3rs

that reduces the possibility of unexplored areas.
One of the main benefits of multi-robot systems is that robots share their information in order to

improve the strength of the search algorithm in terms of time and cost. The information includes
the position of robots, maps, explored areas and detected targets. We assume that the robots share
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Fig. 2. Robots on vertices of a triangular grid, small circles are robots’ sensing ranges and big circle is the
communication range of robot A.

their information via a wireless communication so that a robot always sends new information it
obtains to the other robots and also listens to receive new information from them. Due to limited
communication range of robots, we assume rc as the communication range that is the same for all the
mobile robots. It means that a robot can only receive information from the robots which are located
not further than rc. Therefore, the range of communication for a robot can be defined as the disk of
Di,rc

(k) := {p ∈ R2 : ‖p − pi(k)‖ ≤ rc}. In Fig. 2, the big circle of radius rc is the communication
range of robot A, that means robot A can communicate with robot B but not with robot C.

Definition 2.1. Robot j is a neighbour of robot i at time k if it is located on the disk Di,rc
(k). So

N i(k) = {j : pj ∈ Di,rc
(k), j ∈ {1, 2, . . . , n}, j �= i} is the set of all neighbours of robot i at time k.

Also, |N i(k)| denotes the number of its neighbours.

It is essential for robots in any search operation to make the map of the searching area when it has
not already been available to the robots. That helps the robots to keep the information of the search
operation in their memory for future use or to send it to a centre or to the other robots of the search
team. The problem of mapping is a challenging problem especially when there is a team of robots
instead of only one robot. The main problem is merging the maps which are made by different robots.
It is much easier for robots to make maps and merge them in the case that there is a central control
station or when robots can use a central positioning system like GPS. On the other hand, without a
central positioning system, robots have to make their map themselves in their own coordinate systems.
Furthermore, the information of maps needs lots of memory also processing of maps for merging is a
time-consuming task. In such cases, i.e., distributed systems, it is useful to employ topological maps
instead of grid geometry maps that need a considerable amount of memory.

In this paper, we take advantage of using a kind of topological map that robots make and share
among themselves. It is also assumed that the searching area is unknown to all robots already.
Therefore, robots have to make the map of the area during the search operation.

To define the problem, we utilize definitions of ref [36]. . . Also, to clarify some terms in the rest
of the paper and state our theoretical results, we introduce a number of assumptions and definitions.

Assumption 2.1. The area R is bounded and connected, also the obstacles On are non-
overlapping, closed, bounded, and linearly connected sets for any n ≥ 0.

Definition 2.2. Let O := ∪On for all n ≥ 0, then introduce W := { p ∈ R: p /∈ O}.
As mentioned before, the robots can detect borders of the area R and all the obstacles therein.

Accordingly, W is actually those points in the area R that robots can go there during the search
operation. Also, our search procedure is so that the robots go through vertices of a triangular grid that
covers this area and cuts the plane into equilateral triangles. A triangular grid can be determined by
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its vertices; therefore, when we say a triangular grid, it means the set of all vertices of it. It is obvious
that there exist an infinite number of triangular grids.

Definition 2.3. Consider T , one of the all possible triangle grids that covers the area R. The
T̂ := T ∩ W is called a triangular grid set in W (see Fig. 1).

Simply, T̂ is the set of all vertices of the covering triangular grid which robots must visit during
the search operation. Since we use topological maps, T̂ is actually the map of W .

Definition 2.4. A set consisting of all the vertices of a triangular grid in an area is called a map of
that area.

In fact, what the robots actually save in their memory as maps, are the coordinates of the vertices.
A robot can also put some tags on these vertices to assign some attributes like visited, unvisited,
occupied, etc. The robots share their maps with their neighbours too.

The relationships between robots can be defined by an undirected graph G(k). We assume that
any robot of the multi-robot team is a node of the graph G(k) at time k, i.e., i in VG = {1, 2, . . . , n},
the node set of G(k), is related to robot i. In addition, robot i is a neighbour of robot j at time k if
and only if there is an edge between the nodes i and j of graph G(k) where i �= j . Therefore, the
problem of communication among the team of robots equals the problem of the connectivity of the
related graph. It is obvious that it does not need for robot i to be the neighbour of robot j to get
the information from it. The information can be transferred through the other robots which connect
these robots in the related graph. Figure 2 shows this condition in which robot A cannot directly
communicate with robot C but can do it through robot B. To guarantee the connectivity of the graph,
we accept the following assumption.37

Assumption 2.2. There exists an infinite sequence of contiguous, non-empty, bounded, time-
intervals [kj , kj+1), j = 0, 1, 2, . . ., starting at k0 = 0, such that across each [kj , kj+1), the union of
the collection {G(k) : k ∈ [kj , kj+1)} is a connected graph.

Since the main goal of the proposed algorithm is to search an area in such a way that robots
certainly go through the vertices of a triangular grid, first, robots have to be located on some vertices
of that grid. Thus, we divide our algorithm into two stages. In the first stage, robots make a common
triangular grid in order to be finally located on some vertices of it. To achieve this goal, we apply
consensus variables method which is a known distributed method for multi-robot systems.38 In the
second stage, robots start to search the area based on moving among the vertices of the created grid
which is common among all members of the team. The next two sections explain two stages of the
suggested algorithm in detail.

3. Distributed Search Algorithm—First Stage
In the first stage of the suggested algorithm, using consensus variables, robots make a triangular grid
that is common among all the members of the team. In the beginning, robots are located anywhere in
the area W . Each robot assigns its position and heading angle respect to its own coordinate system.
The centre of a robot at the starting point is assumed to be the origin of its coordinate system and its
heading vector as the x-axis. To define a unique triangular grid with equilateral triangles in a plane,
we only need a point and an angle. Thus, the point q which is any vertex of the grid together with the
angle θ that is the angle of the grid, uniquely defines the triangular grid T̂ [q, θ] that covers the area
W (see Fig. 1). We consider that at the beginning, the triangular grid a robot makes for itself at each
vertex, is based on the position and heading of the robot as q and θ , respectively. Accordingly, each
robot has its own grid that is different from the other robots’ grids. To combine these different grids
to a unique grid which will be common among all robots, we apply the consensus variables approach.

We assume that at any time k the robot i has two consensus variables, qi(k) and θi(k), on which
it builds its triangular grid T̂ [qi(k), θi(k)]. At first, these consensus variables are not the same for
different robots, so their triangular grids are not the same as well. Using the proposed algorithm will
bring the consensus variables qi(k) and θi(k) from different values of qi(0) and θi(0) to the same
values of q0 and θ0 for all the robots. That is, a common triangular grid for all the members of the
team is built based on q0 and θ0 which are the same for all.
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Assumption 3.1. The initial values of the consensus variables θi satisfy θi(0) ∈ [0, π) for all
i = 1, 2, . . . , n.

Definition 3.1. Consider p be a point on the plane, also q and θ are a vertex and an angle that
build the triangular grid T̂ [q, θ]. Then, C[q, θ](p) will be the closest vertex of T̂ [q, θ] to p. If there
is more than one vertex, any of them can be chosen.

Now, we propose the following rules for the first stage of our algorithm:

θi(k + 1) = θi(k) + �j∈Ni (k)θj (k)

1 + |Ni(k)| ;

qi(k + 1) = qi(k) + �j∈Ni (k)qj (k)

1 + |Ni(k)| (1)

pi(k + 1) = C[qi(k), θi(k)](pi(k)). (2)

The rule (1) causes that robots achieve consensus on heading using θi and achieve consensus on
phase shift using qi . Based on q and θ calculated by each robot using rule (1), a robot makes a
triangular grid for itself, which is used in rule (2). Figure 3 illustrates the rule (1). Suppose that there
are four robots in the environment. At time k, robots R2 and R3 are located in the communication
range of robot R1 but robot R4 is out of the range. Therefore, only robots R2 and R3 are the neighbours
of robot R1. As a result, robot R1 updates variable θ1 using the information from R2 and R3, i.e.,
θ1(k + 1) will be the average of θ1, θ2 and θ3 at time k (see Fig. 3(a)). In a similar way, the variable q

is updated as shown in Fig. 3(b).
Rule (2) means that whenever a robot makes its triangular grid, it will move to the nearest vertex

on it. Figure 4 demonstrates this stage in which robot i located at pi(k) at time k, makes the triangular
grid T̂ [q, θ] using θi(k) and qi(k). Then, it moves to the nearest vertex of the grid, which will be
the position of robot i at time k + 1, i.e., pi(k + 1). Since rule (1) brings the same q and θ for all
the robots, they eventually will build a common triangular grid, and they all will be located on its
vertices.

Remark 3.1. The robots initially do not have a common coordinate system otherwise the consensus
building problem would be trivial. Therefore, each robot has consensus variables θi(k) and qi(k) in
its own coordinate system. However, each robot knows the bearing and the distance to each of its
neighbouring robots. Using this information, at any time instance k, the robot i sends to a neighbouring
robot j the consensus variables θi(k) and qi(k) re-calculated in the coordinate system with the line
(pi, pj ) as the x-axis, pj as the origin and the angle θi(k) is measured from this axis in counter-
clockwise direction. Using this information, each robot can re-calculate the sums (1) at each time
step in its own coordinate system.36

Theorem 3.1. Suppose that Assumptions 2.1, 2.2 and 3.1 hold and the mobile robots move
according to the distributed control law (1), (2). Then there exists a triangular grid set T̂ such that for
any i = 1, 2, . . . , n, there exists a τ ∈ T̂ such that lim

k→∞
pj (k) = τ .

Proof. Assumption 2.1 and the update law (1) guarantee that there exist a θ0 and q0 such that

θj (k) → θ0, qj (k) → q0 ∀i = 1, 2, . . . , n (3)

(see37). Furthermore, the update law (2) guarantees that pj (k + 1) ∈ T̂ [qj (k), θj (k)]. Therefore,
this and (3) guarantee that lim

k→∞
pj (k) = τ where τ ∈ T̂ [q0, θ0]. This completes the proof of

Theorem 3.1. �
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Fig. 3. Updating consensus variables θ and q using the information from the neighbours.
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Fig. 4. A robot moves to the nearest vertex of its triangular grid.
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4. Distributed Search Algorithm—Second Stage
As described in the previous section, the first stage of the suggested algorithm locates all the robots on
the vertices of the common triangular grid T̂ . The next step will be the search of the area W based on
moving the robots among the vertices of the map of the area. In this regard, there are a few scenarios
that can be considered to search the area. The first scenario is exploring the whole area which can
be applicable when the robots are searching for an uncertain number of targets. Therefore, to detect
all possible targets, the team of robots have to search the whole area. Patrolling of the area is the
other application for this scenario where the robots should move continuously to detect the possible
intruders to the area. In the case of given number of targets which is our second scenario, the search
operation should be stopped, without searching the whole area, when all the targets are detected.

4.1. Searching the whole area
To make sure that the whole area is explored by the team of robots, each vertex in the triangular
covering grid set of the area W must be visited at least one time by a member of the team. Consider
T̂ is a triangular covering grid of W , and also each vertex of T̂ has been visited at least one time by a
robot of the team. This guarantees that the area W has been completely explored by the multi-robot
team. Since the robots do not have any map at the beginning, they have to do map making during the
search operation so that their maps will gradually be completed.

Definition 4.1. Let T̂i(k) be as the set of all vertices of T̂ have been detected by robot i at time k,
then T̂ (k) = ⋃

T̂i(k) will be the map of the area W detected by robots until time k.

Note that a detected vertex is different from an explored vertex. These terms are defined in detail
in the following definitions.

Definition 4.2. A detected vertex means that vertex is detected by a robot using map making, and
it is in the map of that robot though it might be visited or not by the robots.

Definition 4.3. An explored vertex is a vertex that is visited by at least one member of the team.

Definition 4.4. The map of robot i at time k, Mi(k), is the set of those vertices in T̂ detected by
the robot i itself or received from other robots by which they are detected until time k.

Definition 4.5. Suppose a Boolean variable Vτ (k) which defines the state of vertex τ ∈ T̂ (k) at
time k. Vτ (k) = 1 if the vertex τ has already been visited by at least one of the robots, otherwise
Vτ (k) = 0.

Assumption 4.1. The triangular grid set T̂i(k); k = 0, 1, . . . is connected if τ ∈ T̂i(k), then, at
least, one of the six nearest neighbours of τ also belongs to T̂ (k).

Consider at time k robot i is located at point pi(k) and it wants to go to the next vertex, the
following rule is proposed as the second stage of our algorithm:

pi(k + 1) =
{

m̂i(k) if |M̂i(k)| �= 0
pi(k) if |M̂i(k)| = 0

(4)

where M̂i(k) = {m ∈ Mi(k); Vm(k) = 0} is the set of all elements of Mi(k) have not been visited
before, |M̂i(k)| denotes the number of elements in M̂i(k) and m̂i(k) is the vertex in M̂i(k) nearest
to robot i at time k.

Applying the rule (4) ensures that the area T̂ has been completely explored and every vertex of it
is visited at least one time by a robot of the team.

Theorem 4.1. Suppose that all assumptions hold and the mobile robots move according to the
distributed control law (4). Then for any number of robots, with probability 1 there exists a time
k0 ≥ 0 such that Vτ (k0) = 1; ∀τ ∈ T̂ .

Proof. The algorithm 4 defines an absorbing Markov chain which contains many transient states
and some absorbing states that are impossible to leave. Transient states are all the vertices of the
triangular grid T̂ which are occupied by the robots during the search procedure. On the other hand,
absorbing states are the vertices where the robots stop. Using the algorithm, a robot goes to the
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Fig. 5. The flowchart of the suggested algorithm, searching the whole area.

vertices where may have not been visited previously. Therefore, the number of transient states will
eventually decrease. This continues until the number of robots is equal to the number of unvisited
vertices which will be absorbing states. It is also evident that these absorbing states can be reached
from any initial states, with a non-zero probability. This implies that with probability 1, one of the
absorbing states will be reached. This completes the proof of Theorem 4.1. �

In Fig. 5, a flowchart of the second stage of the algorithm is presented that shows how our decision-
making approach is implemented. At the first step, robots start making their maps using their sonar.
Each robot, based on the vertex on which it is located, assumes some probable neighbouring vertices
on the common triangular grid. The number of these probable neighbouring vertices and their distance
to the robot depend on the robot’s sonar range. Then the robot uses the sonar to detect its surrounding
environment including borders and obstacles. If any of those probable neighbouring vertices is
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located outside the borders or blocked by an obstacle, it will be ignored. The rest of those probable
neighbouring vertices will be added to the map of the robot. This step is repeated every time that the
robot occupies a vertex. In order to avoid sticking in borders or obstacles, we consider a margin near
the borders and obstacles that depends on the size of the robot. If a vertex on the map is closer to the
borders or obstacles less than the margin, it will be eliminated from the map.

Whenever a robot makes any changes to its map, it sends the new map to the other robots using
transmitting packets. On the other side, whenever a robot receives a packet of data, it extracts the
new vertices from the received map and adds them to its map. Since the communication range of the
robots is limited, if two robots are far from each other, they cannot directly communicate but can do
it via other robots. In other words, since there is a connected network of robots, each robot has the
role of a hub in the network in order to share the maps among the robots. Therefore, all the robots
that are connected and make a network have a common map. In the second phase of the algorithm
when the robots have a common triangular grid map, a robot can go far from the other robots and be
disconnected from the team for a while. In this case, sharing maps between the disconnected robot
and the others is paused until the robot returns back to the communication range of the team again.

In the next step, each robot chooses the nearest unexplored vertex in the map and goes there.
Whenever a robot visits a vertex, it marks that as an explored vertex in its map. Therefore, all the
robots know which vertices have not been explored yet. To find the nearest vertex that has not been
explored yet, each robot searches the map stored in its memory. This vertex has probably been
detected by the robot itself or added to robot’s map via sharing map among robots. After finding the
nearest unexplored vertex, the robot moves to reach there. If the robot reaches the target vertex, it
marks that vertex as an explored vertex in its map and sends it to the other neighbouring robots as
well. However, because of some practical issues, maybe it is impossible to reach the target vertex at
a limited time or even maybe the target vertex is fake that wrongly created during mapping. To avoid
such problems, we include a factor of time. Since the robot knows its location and the location of
the target, it can estimate the time needed to achieve the goal based on the distance to the target and
velocity of the robot. Here, we consider the parameter ET as the expected time to reach the target,
that is a factor of the estimated time. This coefficient, that has a value greater than one, actually
reflects the effects of a non-straight route because of the shape of the searching area and also existing
obstacles or other robots on the robot’s path. If the travelling time was more than ET, the robot would
ignore that target vertex, delete it from its map and send the updated map to the other robots.

Since the area has borders and obstacles, the robots should avoid them while they are searching
for the targets. That is why we have to use an obstacle avoidance in our algorithm. Moreover, because
of practical problems like sonar and encoders accuracy and slipping of the robots, there might be a
difference between the actual position of a robot and the coordinates of the vertices stored in its map.
Therefore, if a robot is closer to a target vertex than a specified distance, we consider the goal has
been achieved.

4.2. Searching for targets
When the robots are looking for the targets in the area, they should continue the searching operation
till all the targets are detected. If the number of the targets has not been specified before, they have
to search the entire area like what described in Section A. When robots know the number of the
targets, they do not need to explore the entire area but until all the targets are detected. Suppose
T = {T1, T2, . . . , Tnt

} be the set of nt static targets should be detected by the robots. As it was stated
before, we assume the robots equipped with sensors by which the targets can be detected whenever
they are close enough to the robots. The distance by which the robots should be close to the targets
to be able to detect them is the sensing range of the robots (rs).

Definition 4.6. Suppose a Boolean variable VTj
(k) which defines the state of target Tj at time

k. VTj
(k) = 1 if the target Tj has already been detected by at least one of the robots, otherwise

Tj(k) = 0.

Then we modify the rule (4) as the following rule to ensure that the search operation stops after
finding all the targets.

pi(k + 1) =
{

m̂i(k) if ∃Tj ∈ T; VTj
(k) = 0

pi(k) if ∀Tj ∈ T; VTj
(k) = 1.

(5)

https://doi.org/10.1017/S0263574716000229 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574716000229


1462 A distributed control algorithm

Start

Is there s�ll any  target to 
detect? 

Mapping

Naviga�on & Guidance

Communica�on & 
Sharing

Yes

No

Stop

Assign detected targets in 
the map

Fig. 6. The flowchart of the suggested algorithm, searching for targets.

Theorem 4.2. Suppose that all assumptions hold, and the mobile robots move according to
distributed control law (5). Then for any number of robots and any number of targets, with
probability 1 there exists a time k0 ≥ 0 such that ∀j ; VTj

(k0) = 1.

Proof. Proof is similar to the proof of Theorem 4.1. �

The flowchart in Fig. 5 can also be used to describe this operation. Figure 6 depicts the procedure
we use to implement this algorithm. Most procedures are the same as the previous one; therefore,
we ignore their description. We only need to change the condition that stops the operation in the
algorithm. It means that the operation should be stopped when all the targets have been detected.
Also, the robots send the information about the detected targets to the other members of the team.

4.3. Patrolling
The above algorithms are appropriate for the cases where the robots should break the search
operation, for instance, when the aim is finding some pre-determined objects or labelling some
vertices of a grid. In cases where a permanent search is needed, for example in applications such as
continuously patrolling or surveying a region, the algorithm should be modified such that the search
procedure maintains. This can be done by periodically changing the states of the vertices in the maps
of the robots; hence, the robots consider those vertices as the targets again. To do that, the state of
the previously visited vertices should be changed to unvisited in the map of the robots. Based on
some conditions such as the size of the area and the number of the robots, the period of changing the
state of vertices can be chosen.

4.4. Robots’ motion
To have a more real estimation of time that the robots spend to search an area to detect the targets,
we apply motion dynamics in our simulations. Also, since the environment is unknown to the team,
it is essential to use an obstacle avoidance in the low-level control of the robots. As a result, we use a
method of reactive potential field control in order to avoid obstacles.39

5. Simulation Results
To verify the suggested algorithm, computer simulations are employed. The region W is considered
to be searched by a few robots (see Fig. 1). We suppose a multi-robot team with three robots which
are randomly located in the region W with random initial values of angles. The goal is to search the
whole area by the robots using proposed grid-based algorithm.

To simulate the algorithm, MobileSim, a simulator of mobile robots developed by the Adept
MobileRobots, is used. We also use Visual C++ for programming and ARIA, a C++ library that
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Fig. 7. Applying the first stage of the algorithm; arrows show the initial and final position of each robot.

Fig. 8. Robots’ trajectories after applying the second stage of the algorithm; (a) after 3 min 21 s, (b) after 5 min
45 s, (c) after 7 min 26 s, (d) after 8 min 23 s.

provides an interface and framework for controlling the robots. In addition, Pioneer 3DX is selected
as the type of the robots. Since this simulator simulates the real robots along with all conditions of
a real world, the results of the simulations would be obtained in the real world experiments with
the real robots indeed. Furthermore, to prevent collisions between robots and to avoid the obstacles
and borders, an obstacle avoidance algorithm is applied using functions provided in ARIA library.
Moreover, to avoid hitting and sticking to the borders, we assume a margin near the borders such that
the robots do not pass it.

5.1. Searching the whole area
As mentioned before, a two-stage algorithm is used to achieve the goal. First, the algorithm (1), (2)
is applied which uses consensus variables in order to drive the robots to the vertices of a common
triangular grid. Figure 7 shows the initial positions of the robots at k = 0 and also their positions
after applying this stage of the algorithm. As depicted in Fig. 7, in this case, the robots are located at
desired place on the vertices of a common triangular grid at time 1 min 47 s.

The second stage of the algorithm, i.e., the algorithm (4), is applied whenever the first stage is
completed. Figure 8 demonstrates the result of applying algorithm (4) on the robots. As seen in Fig.
8, the robots go through the vertices of the common triangular grid based on the proposed algorithm
until the whole area is explored by the robots. Figures 8(a), (b)and (c) display the trajectories of the
robots at times 3 min 21 s, 5 min 45 s and 7 min 26 s after applying algorithm (4), respectively.
Figure 8(d) shows trajectories of the robots at time 8 min 23 s when the search has been completed.
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Table I. Time of search duration.

No of robots 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Min 16.98 9.55 7.03 5.68 5.09 4.23 3.72 3.66 3.44 3.38 3.18 3.12 2.98 3.01 2.88
Max 23.02 13.61 9.98 7.90 6.98 5.82 5.05 4.96 4.77 4.65 4.38 4.26 4.12 4.17 3.76
Average 20.51 11.62 8.56 6.73 5.97 5.00 4.42 4.37 4.09 4.00 3.83 3.71 3.56 3.57 3.31
STD 1.77 1.20 0.98 0.54 0.62 0.52 0.37 0.40 0.42 0.36 0.35 0.33 0.34 0.41 0.25

Fig. 9. Searching an area with three obstacles.

It is obvious that the area W has been completely searched by the robots such that each vertex of
the covering triangular grid has been occupied at least one time by the robots. In this case study, we
assume that the sides of the equilateral triangles are 2 meter (sensing range of the robots is 2√

3
m)

and the communication range between robots is 10 meter. The area of the region W is about 528 m2.
Figure 9 shows another simulation result but for an area with three obstacles with different shapes.

It shows that the algorithm indeed works with any number of obstacles.
Although any number of robots can be used for the search operation, it is obvious that more robots

complete the operation in a shorter time. However, more number of robots certainly increases the
cost of the operation. The question is, how many robots should be used in order to optimize both the
time and cost. It seems that may be somehow dependent on the shape of the region and the obstacles
and also the sides of the triangles. In order to have a better view of a relation between the number
of robots and the search duration, 20 simulations with different number of robots have been done.
We consider teams consisting of 1 to 15 robots. Then minimum, maximum, average and standard
deviation are calculated for the search duration of each team. Table I displays the results of these
simulations that are also depicted in Fig. 10.

As depicted in this figure, the search time decreases by increasing the number of robots. It is
noticeable that after increasing the number of robots to a specific number, the search duration almost
remains constant. Indeed, increasing the number of robots increases the probable collision between
robots during the operation. Consequently, robots have to turn each other to avoid the collision, and
that is the main reason which increases the search time. Therefore, increasing the number of robots
more than a specific value (six robots in this case) will be ineffectual in term of time and should
be avoided to save cost. As obvious from Fig. 10, increasing the number of robots more than six,
improves the searching time less than one minute.

5.2. Searching for targets
To demonstrate that how the algorithm works in the case of the search for the certain number of
targets, we consider an area the same as in section A with three targets therein. The targets, shown by
green disks in Fig. 11, are located in different parts of the area. We evaluate the presented algorithm
to figure out how they can find the targets using multi-robot teams with different number of robots.
As depicted in Fig. 11, the results of simulation by the teams consisting of one to six robots have
been presented. A target is assumed detected whenever it lies in the sensing range of a robot of the
team. If there is just one robot in the team, all the targets should be detected by that robot; thus, it
will take longer time in compare with the cases that there are more robots in the team.
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Table II. Time of detecting targets.

No of robots 1 2 3 4 5 6 7 8 9 10

Min 7.82 3.95 2.35 2.05 1.73 1.54 1.45 1.38 1.32 1.27
Max 15.49 8.02 5.05 4.21 3.63 3.42 2.88 2.56 2.19 2.01
Average 11.95 5.99 3.61 3.02 2.58 2.34 2.07 1.80 1.70 1.60
STD 2.03 1.37 0.79 0.71 0.69 0.61 0.47 0.36 0.30 0.24

Fig. 10. Duration of search vs. number of robots.

As shown in Fig. 11(a), a robot searches for three targets using the presented search algorithm and
they all have been detected after 12 min 49 s. Figure 11(b) shows the same case with two robots in
the team so that a robot has detected one target and the other one has detected two other targets in
4 min 3 s. It should be mentioned that in Fig. 11 only the path of the robots after making consensus
has been displayed. In Fig. 11(c), three robots search for three targets and each robot finds one of
them in 3 min 32 s. As shown in the figure, when a robot detects a target, it continues the search
operation until all the targets are detected by the team. Figure 11(d)–(f) show the search operation
using 4–6 robots, respectively.

What is very noticeable in this case is that it is expected decreasing the time of detecting targets
by increasing the number of robots while it has not occurred in some instances. For example, when
the number of robots has been increased from three to four, the time of detecting the targets has been
increased from 3 min 32 s to 3 min 50 s. To explain why this happens, we should consider the fact
that the time needed to detect the targets depends on many parameters not only on the number of
robots. The shape of the area and obstacles therein, the initial position of the robots in the area and
also the relative distance of the robots and targets are significant parameters that affect the time of the
search. The other serious parameter must be considered is the nature of the search algorithm that is
semi-random. Indeed, a robot always chooses the nearest unexplored vertex as its destination vertex,
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Fig. 11. Robots’ trajectories in the case of searching for three targets. (a) one robot detects three targets in
12 min 49 s, (b) two robots detect the targets in 4 min 3 s, (c) three robots detect targets in 3 min 32 s, (d) four
robots detect the targets in 3 min 50 s, (e) five robots detect the targets in 1 min 51 s and (f) six robots detect the
targets in 2 min 15 s.

but sometimes there are a few vertices which can be chosen as the nearest, and the robot randomly
selects one of them. That is we might have different paths for the same cases.

To discover more about how the number of robots effects on the search duration, we should do
more simulations for each case. For example, Fig. 13 shows the paths of the robots in the case that two
robots are looking for three targets similar to the previous instance. It shows that we have different
paths thus different search duration. While in the first simulation the targets are detected in 4 min 3 s,
in the last one it is occurred in 7 min 41 s which is much more than the first one. Figure 14 shows the
results of three different simulations using five robots. As depicted in that figure, the period of search
for these simulations are 1 min 51 s, 1 min 58 s and 2 min 33 s. Comparing to the case with two
robots, it is obvious that the differences between periods of search in this case are less than the case
of the team with two robots. That is an expected result, because more robots mean more coverage of
the searching area hence the chance of detecting targets increases.

In order to have a better view of a relation between the number of robots and the search duration,
20 simulations with a different number of robots have been done. We consider teams consisting of
1 to 10 robots. Then minimum, maximum and the average of search duration for simulations with
each team as well as their standard deviations are calculated. Table II displays the results of these
simulations that are also depicted in Fig. 12. The results show that although the average of search
duration to detect the targets decreases by increasing the number of robots, the standard deviation
of the team with less number of robots is significantly high. Simply, the number of robots should be
proportional to the searching area to have an adequate chance to detect the targets in an acceptable
time.

5.3. Comparison to other methods
To evaluate the proposed triangular grid algorithm against other algorithms, we compare it with
two algorithms given in ref. [40], Levy random-walk with potential field algorithm and fixed-length
random algorithm. Table III gives the comparison between the proposed algorithm and those in ref.
[40] for the searching time. In ref. [40], a 400 m2 regular square area is considered as the searching
area while the area in this paper has an irregular shape with an area of about 528 m2. Also, the speed
of robots in ref. [40] is considered 60 cm/s but we use 40 cm/s as the maximum speed for the robots.
As Table III shows, despite the larger area and slower robots, the proposed algorithm is much faster
than the algorithms in ref. [40]. For instance, in the case of a team with five robots, the searching time
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Table III. Comparison with other methods (Searching time, seconds).

No of robots Fixed-length random Levy random-walk Triangular grid

1 15,200 6,880 1,230
5 5,250 1,170 358
10 2,325 880 240

Fig. 12. Time of target detection vs. number of robots.

for the algorithms in ref. [40] are 5250 and 1170 s while for the proposed algorithm, the average is
240 s. Notice that the searching times given in Table III are approximated values extracted from the
graph in ref. [40] and also average values from Table I.

6. Experiments with Real Robots
In this section, the experiment results with the real robots are presented. We use the Pioneer 3DX
robots to implement the proposed algorithm. Pioneer 3DX is one of the world’s most popular research
mobile robots. These robots are equipped with encoders and sonar by which the localization and
mapping can be done during the experiments. We do experiment with three robots in a surrounded
area. The workspace is an irregularly shaped fenced area of about 16.5 m2 with a rectangular obstacle
of about 0.8 m2 (see Fig. 16). The goal is searching the whole area by three robots using the proposed
algorithm.

We have used sonar to detect area boundaries, obstacles and other robots. A method of reactive
potential field control is applied to avoid collisions with obstacles. In addition, other robots are viewed
as obstacles by a robot. We have used ArNetworking, a library provided by Adept MobileRobots
for communication between robots. It works with ARIA, the library we have applied to control the
robots. The robots exchange the map of the environment that they make during the search operation
and the vertices which they visit.
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Table IV. Searching time in the experiments (seconds).

No of robots 1 2 3

Min 57 35 18
Max 66 41 22
Average 61.6 37.8 19.4
STD 4.04 2.39 1.67

Fig. 13. Robots’ trajectories in the case of searching for three targets by two robots. (a) targets are detected in
4 min 3 s. (b) targets are detected in 6 min 44 s. (c) targets are detected in 7 min 41 s.

The snapshots of the experiment results are demonstrated in Fig. 15. First, the robots are randomly
placed in the field with an obstacle. After applying the algorithm, the robots start to do the first stage
of the algorithm, i.e., locating themselves on the vertices of a common triangular grid using consensus
variables. Figure 15(a) shows the result of this stage. Then, the robots begin to search the area based
on the second stage of the algorithm. Figures 15(b)–(d) are snapshots during this stage. The overall
paths taken by the robots in the experiment are depicted in Fig. 16. The results show that the area has
been completely explored based on the proposed algorithm. Note that the robots do not necessarily
reach the end points at the same time.

Also, to have a better view of a relation between the number of robots and the search duration
in the experiments, five runs with one, two and three robots have been done. Table IV displays the
calculated values for the minimum, maximum, average and standard deviations of the searching time
in the experiments.

Note that since the area and the triangles sides in the simulations and the experiments are different,
and we had only three robots in the experiments, an exact comparison between results is not possible.
However, as the Tables I and IV show, the results from simulations and experiments give similar
outcomes. For example, in the simulations, three robots explore a 528 m2 area in about 546 s (with
exploring speed of 0.97 m2/s) and in the experiments three robots explore a 16.5 m2 area in about
19.4 s (with exploring speed of 0.85 m2/s). We have used 1 m for the sides of triangles in the
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Fig. 14. Robots’ trajectories in the case of searching for three targets by five robots. (a) targets are detected in
1 min 51 s. (b) targets are detected in 1 min 58 s. (c) targets are detected in 2 min 33s.

Fig. 15. Three robots exploring a whole area.
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Fig. 16. Robots’ trajectories in the experiment.

experiments, while in the simulations, they have been 2 m; therefore, the robots have had more stops
in the experiments thus the lower speed of exploring.

7. Conclusions
In this paper, we have developed a distributed control algorithm to drive a multi-robot team to
explore an unknown area. We have used a triangular grid pattern and a two-stage algorithm for the
control law so that the robots move through the vertices of the grid during the search procedure.
Therefore, a complete search of the whole area has been guaranteed. A mathematically rigorous
proof of convergence of the presented algorithm has been demonstrated. Furthermore, the computer
simulation results using MobileSim, a powerful simulator of real robots and environment, have been
presented to demonstrate that the algorithm is effective and practicable. Also, the experiments with
Pioneer 3DX wheeled mobile robots have been done to confirm the performance of our suggested
algorithm. The presented results of experiments with real robots show that the algorithm is quite
practical. During the experiments, no visible or severe drift on wheel odometry had been observed,
but it can be significant if the number of vertices of the grid is large. Addressing this problem is a
direction for our future work.
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