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Abstract. We consider families of one-dimensional maps on the circle which mix at sub-
polynomial rates. Such maps will have an indifferent fixed point, and we show that the
rate of mixing of these maps is determined by the precise degeneracy of the fixed point.
By constructing suitable induced maps with a countable Markov partition and applying a
probabilistic coupling argument we are able to give good estimates on the rate of mixing
for these families of maps. The underlying question we pose is the following: given any
specific rate of mixing can we construct a map which has that rate of mixing? For a large
class of specific rates we explain how to construct the appropriate map.

1. Introduction
1.1. Statement of results. Our basic set-up here is a one-dimensional map � : S1 � on
the circle which is expanding everywhere except at a finite number of points. We work with
a class I of maps with indifferent fixed points. Our geometric and dynamic assumptions
for a given� ∈ I are as follows.

ASSUMPTION 1. Each � : S1 � has a unique parabolic fixed point at the origin so that
�(0) = 0 andD�(0) = 1.

ASSUMPTION 2. On S1 \ {0} each � is expanding in a sense that D� > 1, but
limx→0D�(x) = 1.

ASSUMPTION 3. Each � : S1 → S1 is of degree d > 1, and there is a collection of
disjoint intervals {Aj }j∈[1,d] with S1 = ⋃d

j=1Aj and�(Aj ) = S1.

ASSUMPTION 4. On a small neighbourhood of 0 the map � takes the form

�(x) = x + x2φ(x) with lim
x→0

xφ(x) = 0, lim
x→0

φ(x) = ∞.

For some M > 0 the function φ(1/x) is chosen to be Cω (real-analytic) on [M,∞).
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134 M. Holland

MAIN RESULT. We construct maps inside I which display a rate of mixing that is strictly
slower than any polynomial power of time. In particular, we construct maps inside I with
a rate of mixing that is prescribed either to be ‘slowly varying’ or ‘regularly varying’.

The class of maps we have in mind are those that mix at speeds 1/ logr n, for r ≥ 1
and time n → ∞. Here logr denotes the r-fold composition of the logarithm function.
However, we also construct maps which mix at various other slow speeds, with a more
precise meaning of slow as given below. These maps arise naturally in parametrized
families of maps undergoing a collision of an attractor with a repeller, and are known
to display intermittent behaviour [16]. Another point of interest is that these maps provide
examples of dynamical systems admitting sub-exponential decay of correlations, and this is
our focus. Recent attention has been made in relation to the special case of Assumption 4,
where φ(x) = x−α for a fixed α ∈ (0, 1). The ergodic properties of these and related
intermittency maps are discussed in [1, 22, 23], while mixing properties have been analysed
in [15, 25], for example. It is shown that the associated maps mix at polynomial speeds.
In our situation we show, under an appropriate choice of φ(x), how even slower rates of
mixing can be obtained and, as a consequence of the techniques that are employed, we
also construct maps with an intermediate polynomial (regularly varying) rate of mixing:
a mixing rate of 1/n(logn), for example. To the best of the author’s knowledge, such
maps have not been constructed before.

This paper is organized as follows. Below we give a formal description of what we mean
by slow mixing, via Definition 1. In terms of the statistical properties of these maps, we
analyse their physical measures and estimate the rates of decay of correlations. The paper
is then devoted to the proof of three theorems. Theorem 1 tells us how to deduce the
properties of the physical measure and how to estimate the rate of mixing when given an
arbitrary� ∈ I, whose degeneracy function φ(x), as specified in Assumption 4, is slowly
varying. Theorem 2 tells us the rate of mixing when given a selection of specific cases.
We also need a result, namely Theorem 3, which tells us how to estimate the rate of mixing
given that the recurrence of the system is known to be weak.

To clarify the meaning of arbitrarily slow mixing in our context, we introduce the
concept of regular and slow variation.

Definition 1.

(i) We say that a measurable function ρ : R
+ → R+ is regularly varying at ∞ with

index γ ∈ R if for all y > 0 one has limx→∞ ρ(xy)/ρ(x) = yγ . If γ = 0, then
we say that ρ varies slowly at ∞. Similarly ρ(x) varies regularly with index γ ≥ 0
at 0 if ρ(1/x) varies regularly with index −γ at ∞. We let Rγ denote the class of
functions which vary regularly (at ∞) with index γ.

(ii) We say that a sequence {xn}n∈N is regularly varying at infinity with index γ ∈ R if
there is a function ρ : R+ → R+, which is regularly varying at infinity with index γ ,
and is such that xn = ρ(n) for each n ∈ N (and analogously for regular variation at
zero).

It can be shown [3] that, subject to mild conditions (even as weak as measurability),
regularly varying functions must take asymptotic form xγ ρ(x) with ρ(x) slowly varying.
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Common examples of slowly varying functions are

ρ(x) = exp{(log x)α1(log2 x)α2 . . . (logr x)αr
}
, ρ(x) = exp{(log x)/(logr x)},

ρ(x) = exp{(log x)α1 cos(log x)α2}, αi ∈ (0, 1), r ≥ 2.

In the latter example ρ(x) displays infinite oscillation with lim infx→∞ ρ(x) = 0
and lim supx→∞ ρ(x) = ∞. For more examples see [3]. We are interested in slowly
varying functions which go to zero. For example, we consider functions of the form
ρ(x) = (logr x)−1, where the rate at which ρ(x) → 0 can be made as slow as desired
by increasing values of r ∈ N. We remark, however, that it is still possible to construct
sequences xn → 0 such that for all r ≥ 1 we have xn(logr n) → ∞ as n → ∞. Our main
result concerns the statistical properties of such maps. We examine two dynamical
phenomena. The first is the existence of a physical measure and the second is the rate
of mixing.

Definition 2. We say that a �-invariant measure ν� is physical if for any continuous
ϕ : S1 → R, the following holds: there is a positive Lebesgue measure subset U ⊂ S1

such that for all x ∈ U ,

lim
n→∞

1

n

n−1∑
k=0

ϕ ◦�k(x) =
∫
ϕ dν�. (1)

The set of points for which (1) holds are called ν�-generic points and are said to lie in
the basin B(ν�) of ν�. In particular, we are interested in absolutely continuous physical
measures (with respect to Lebesgue measure m). In terms of the mixing properties we
analyse the correlation functions

C(ϕ ◦�n,ψ, ν�) ≡
∣∣∣∣ ∫ (ϕ ◦�n)ψ dν� −

∫
ϕ dν�

∫
ψ dν�

∣∣∣∣, (2)

as n → ∞. This correlation function is sometimes referred to as the covariance, for
example in statistics. We abbreviate the correlation function to Cn(ν�) when the class of
observables are understood. It is usual to choose ϕ,ψ ∈ H where H is the space of Hölder
continuous functions, i.e. for all ψ ∈ H, there exist 0 < γ < 1 and K > 0 such that
d(ψ(x), ψ(y)) < Kd(x, y)γ , for all x, y ∈ S1. In the definition of the correlation function
we take ν� to be the �-invariant measure, and when (�, ν�) is mixing we are interested
in the rate at which Cn(ν�) goes to zero. Closely related to the correlation function is a
quantity called the speed of convergence to equilibrium. To define this let us introduce
the Perron–Frobenius operator P� : L1 → L1 associated to � which is given by (for all
ψ ∈ L∞, ϕ ∈ L1): ∫

(ψ ◦�)ϕ dm =
∫
ψ · P�(ϕ) dm, (3)

and, hence, for all ϕ ∈ L1,

P�(ϕ)(x) =
∑

y:�y=x

ϕ(y)

J�(y)
. (4)

https://doi.org/10.1017/S0143385704000343 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385704000343


136 M. Holland

Then the quantity

Vn,�(ϕ,ψ) ≡ ‖Pn�(ϕ)− Pn�(ψ)‖1 =
∫
S1

|Pn�(ϕ)(x)− Pn�(ψ)(x)| dm(x) (5)

is called the speed of convergence to equilibrium, where we assume that ϕ,ψ ∈ H.
This quantity measures the speed at which a given probability measure converges to the
physical invariant measure under iteration of the Perron–Frobenius operator.

Let us introduce some conventions. For two functions f (x), g(x) we say that f = O(g)

if there exists K > 0 such that |f (x)/g(x)| ≤ K (as x → ∞), and we say that f = o(g)

if f (x)/g(x) → 0(x → ∞). Moreover, we say that f ∼ g if f (x)/g(x) → 1(x → ∞),
and f ≈ g if there exists K > 0 such that K−1 ≤ f (x)/g(x) ≤ K, (x → ∞).
These conventions also apply if we replace functions by sequences.

de Bruijn conjugates. For a slowly varying function ρ ∈ R0 which is monotonic on
an interval [M,∞) it can be shown that there exists a ρ
 ∈ R0 which is unique up to
asymptotic equivalence such that

ρ(x)ρ
(xρ(x)) → 1, ρ
(x)ρ(xρ
(x)) → 1 (x → ∞)

and ρ

 = ρ. Moreover if f (x) = xρ(x) then f−1(x) ∼ xρ
(x) (as x → ∞). We call
(ρ(x), ρ
(x)) a de Bruijn conjugate pair. Given ρ(x) it is usually of interest to calculate
ρ
(x) and we do this in many particular cases.

THEOREM 1. (Slow convergence to equilibrium) Let � ∈ I and suppose that φ(x),
as defined in Assumption 4, is slowly varying at 0. Let φ̄ = φ(1/x)−1 with φ̄


denoting the de Bruijn conjugate of φ̄(x). Let n0 ∈ N be fixed and suppose that∑
k≥n0

(1/k)φ̄
(1/k)−1 < ∞. Then (�, S1) has an invariant probability measure ν�
which is absolutely continuous and physical. Let ϕ1, ϕ2 ∈ H and let ρφ denote the
invariant density. Then

C(ϕ1 ◦�n, ϕ2, ν�) = O

(∑
k≥n

1

k
φ̄

(

1

k

)−1 )
and Vn,�(ϕ1, ϕ2) ≈

∑
k≥n

1

k
φ̄

(

1

k

)−1

,

and these quantities are slowly varying in n as n → ∞. If
∑
k≥n0

(1/k)φ̄
(1/k)−1 = ∞
then (φ, S1) has a unique physical measure which is the Dirac measure supported on the
indifferent fixed point.

To prove Theorem 1 we associate a Markov tower (a tower in the sense of Young [25])
to each � ∈ I which in turn allows us to deduce the rate of mixing. This requires a local
analysis of the behaviour of � in the neighbourhood of x = 0. The construction of the
measure ν� is also needed and we prove that this measure is absolutely continuous when∑
k≥n0

(1/k)φ̄
(1/k)−1 < ∞. Again, a detailed analysis of the behaviour of� near x = 0
is required together with a bounded distortion estimate for the derivative along typical
orbits in the vicinity of the indifferent fixed point, see §2.2. Due to the general nature
of φ(x) a more detailed analysis is required in contrast to the classical situation in which
φ(x) = x−α . A formal treatment is presented, which involves knowledge of the behaviour
of the class of slowly varying functions. When

∑
k≥n0

(1/k)φ̄
(1/k)−1 = ∞, we prove
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that the physical measure is the Dirac measure supported on the indifferent fixed point in
our non-standard setting, §3. For maps which are C2 in the vicinity of the indifferent fixed
point x = 0, for example φ(x) = 1, this result is well known, see [1, 23, 24].

After constructing the Markov tower, we are not done however. We need to know
how the recurrence time statistics can be used to deduce results on the decay of
correlations. In contrast to the Markov tower model analysed in [25], we assume very
slow (e.g. logarithmic) recurrence assumptions. Theorem 3 in §1.2 gives us the expected
result. The method of proof is via probabilistic coupling, as described in [25] and we use an
enhanced version of this method in order to account for the weak recurrence assumptions.
The proof of Theorem 3 is given in §4.

THEOREM 2. (Special cases) For � ∈ I, with degeneracy function φ(x) defined as in
Assumption 4, the following special cases hold.
(i) Logarithmic decay. Suppose that

φ

(
1

x

)
= (logr (x))1+α

r−1∏
j=1

logj (x).

Then, for α ∈ (0,∞) and ϕ1, ϕ2 ∈ H,

C(ϕ1 ◦�n, ϕ2, ν�) = O

(
1

(logr n)α

)
.

(ii) Intermediate logarithmic decay. Let

φ

(
1

x

)
= e(logr x)α(logr x)1−α

r−1∏
j=1

logj (x)

with α ∈ (0, 1) and r > 1. Then, for ϕ1, ϕ2 ∈ H,

C(ϕ1 ◦�n, ϕ2, ν�) = O(e−(logr n)α ).

(iii) Regularly varying decay. Let φ(x) = xα−1ρ(x) where α ∈ (0, 1) and ρ(x) is slowly
varying at 0. Then, for ϕ1, ϕ2 ∈ H,

C(ϕ1 ◦�n, ϕ2, ν�) = O(n1−1/α((ρ̄1/α)
(n1/α))−1).

In each case the invariant measure ν� is absolutely continuous and physical.

Remark. Theorem 2 is a selection of special cases. To prove Theorem 2 we must estimate
the asymptotic nature of φ̄
 when given φ. This is not always a straightforward procedure,
and the proof of Theorem 2 brings together various interesting techniques in the subject of
asymptotic inversion.

1.2. The Markov tower. Let us now describe the Markov tower. Such a system has
proved fruitful in studying rates of mixing for non-uniformly hyperbolic systems, notably
in [25, 26]. Adopting a similar framework here we describe the formal set-up.

Suppose that a reference set T0 is fixed (which we consider as a subset of a measure
space) and define a dynamical system (F,T ) where F is piecewise differentiable (but not

https://doi.org/10.1017/S0143385704000343 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385704000343


138 M. Holland

necessarily invertible) and T is a tower built over T0. To define T precisely we suppose that
there exists a countable partition P∗ = {ω0,i}i∈N on T0 and a return function R : T0 → N

which is constant on each element of P∗. R is defined in such a way that FR maps each
ω0,i bijectively onto T0. T is defined to be the set {(x, �) ∈ T0 × N : � < R(x)} and the
map F acts as follows:

F(x, �) =
{
(x, �+ 1) if �+ 1 < R(x),

(FRx, 0) if �+ 1 = R(x).
(6)

By definition

R(x) ≡ min{n ≥ 1 : Fnx ∈ T0, x ∈ T0},
and analogous to R there is a return function R̂ : T → N which is given by

R̂(z) ≡ min{n ≥ 0 : Fnz ∈ T0, z ∈ T }.
The levels T� can also be partitioned into pieces {ω�,i} with F� mapping ω0,i bijectively
onto ω�,i when � + 1 < R(ω0,i ). The function R̂ is then constant on each ω�,i . We now
extend P∗ on T0 so that it contains all partition elements {ω�,i} in T . Denote the extended
partition by P . For each n ≥ 1 the refined partitions are given by Pn = ∨n

i=1 F
(−i+1)P

where elements of Pn get mapped bijectively onto a union of elements of P at time n.
To turn T into a measure space we introduce a reference measure m and a σ -algebra B
generated by subsets of T . If

∫
T0
R dm < ∞ then m is a finite measure on T . To get

some notion of distance between two points x1, x2 ∈ T0 we define their separation time
s(x1, x2) to be

s(x1, x2) = inf{n > 0 : (FR)n(x1), (F
R)n(x2) lie in distinct ω0,i}.

If s(x1, x2) is large then x1 and x2 are considered to be fairly close. For x1, x2 ∈ ω�,i

the separation time of x1, x2 is defined to be equal to the separation time of F−�x1,
F−�x2 ∈ ω0,i . Note that separation can only occur when points have returned back to T0.

Dynamical properties of (F,T ). We now list three dynamical assumptions on (F,T ).

ASSUMPTION 5. (Bounded distortion) There are constants β ∈ (0, 1) and K > 0 such
that for all x1, x2 ∈ T0 ∣∣∣∣JFR(x1)

JFR(x2)
− 1

∣∣∣∣ ≤ Kβs(F
R(x1),F

R(x2)).

Here JFR denotes the Jacobian of FR with respect to m (which we assume to be non-
singular) and JF ≡ 1 on T − F−1T0. In addition, it is assumed that JF > 0,m-almost
everywhere.

ASSUMPTION 6. (Topological mixing) Let Ri = R(ω0,i ) ∈ N. Then gcd{Ri} = 1.

ASSUMPTION 7. (Finite reference measure) We have
∫
T0
R dm < ∞.
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In our situation the asymptotics of m{R̂ > n} are prescribed to be sub-polynomial or
slowly varying. This means that for all α > 0,m{R̂ > n} decays to 0 at a rate slower than
n−α as n → ∞. Turning to the statistical properties of (F,T ), it will be useful to define
function spaces Hβ and H+

β , where

Hβ = {ϕ : T → C : |ϕ(x)− ϕ(y)| ≤ βs(x,y) ∀x, y ∈ T },
H+
β =

{
ϕ ∈ Hβ : on each ω�,i either ϕ ≡ 0 or ϕ > 0,

and ∃Kϕ > 0 such that

∣∣∣∣ϕ(x)ϕ(y)
− 1

∣∣∣∣ ≤ Kϕβ
s(x,y) ∀x, y ∈ T

}
.

Observables on T and densities of probability measures will be chosen to lie in Hβ

and H+
β , respectively.

Now for a given measure ν let |ν| denote the L1 norm of its density dν/dm, and for
all A ∈ B, let F∗ν(A) denote ν(F−1A). For probability measures ν1, ν2 on T we let
Vn,F (ν1, ν2) denote the quantity |Fn∗ ν1−Fn∗ ν2| which, by definition, is equal to the quantity
Vn,F (dν1/dm, dν2/dm).

It will emerge that most of the asymptotic properties of Vn,F are passed on to the
correlation function Cn(ν). Let us first recall some useful facts concerning the existence
and properties of probability measures for F . We assume that Assumptions 5–7 hold.

FACT 1. [25] F : T �→ T admits a finite probability measure ν which is absolutely
continuous with respect to m. Its density with respect m is strictly positive and lies in H+

β .
(F, ν) is exact provided gcd{Ri} = 1.

FACT 2. [25] There are many probability measures ν̃ on T with dν̃/dm ∈ H+
β such

that the speed of convergence to equilibrium is bounded from below, i.e. Vn,F (ν̃, ν) ≥
Km{R̂ > n} for some constantK = K(ν) > 0.

Our next theorem concerning the rate of decay of correlations for (F,T ) is as follows.

THEOREM 3. Assume that Assumptions 5–7 hold for (F,T ). Take an arbitrary measure ν̃
with density inside H+

β , and consider observables ϕ1, ϕ2 ∈ Hβ . Suppose thatm{R̂ > n} =
ρ(n) with ρ : R+ → R+ a slowly varying function at ∞ with ρ ∈ Cω and monotonically
decreasing to zero on [x0,∞) for some x0 > 0. Then

Vn,F (ν̃, ν) = Vn,F (dν̃/dm, dν/dm) ≈ ρ(n) and C(ϕ1 ◦ Fn, ϕ2, ν) = O(ρ(n)).

Facts 1 and 2 we proved in [25] and estimates on the rate of mixing when the tail
m{R̂ > n} behaves as O(n−α) or O(θn) with α > 0 and θ ∈ (0, 1) are given.
The correlation functions behave as O(n−α) and O(θ̃n), respectively (for some θ̃ ∈ [θ, 1)).
If m{R̂ > n} = O(n−α−1) with α > 0 then a central limit theorem property also holds.
The proof of Theorem 3 uses a probabilistic coupling argument similar to that in [25],
but we have to make further modifications in order to deal with the slow return time
asymptotics. In particular, we have to rely on given properties of slowly varying functions
in order to estimate the rate of mixing.
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As a corollary to Theorem 3, good bounds on the correlation functions can also be
obtained in the regularly varying case, i.e. when m{R̂ > n} ∼ n−αρ(n) with α > 0 and
ρ(x) a slowly varying function. The following result holds.

COROLLARY 1. Let F, ν̃, ϕ1, ϕ2 be defined as in Theorem 3. Suppose that m{R̂ > n} ∼
n−αρ(n) with α > 0 and ρ : R+ → R+ a slowly varying function at ∞ with ρ ∈ Cω on
[x0,∞) for some x0 > 0. Then

Vn,F (ν̃, ν) ≈ n−αρ(n) and C(ϕ1 ◦ Fn, ϕ2, ν) = O(n−αρ(n)).

1.3. General background, related results and applications. Classically, maps with
indifferent fixed points were studied by Manneville and Pomeau [16] in the 1980s.
They worked with a generic unfolding of the saddle-node bifurcation, i.e. maps of the
form fε(x) = ε + x + x1+α with x � 0, α > 0 and small ε. Typical orbits under fε
display intermittent behaviour. That is, there are long periods of time, going to infinity as
ε → 0, where orbits reside in any given neighbourhood of the origin. For a discussion
on intermittency see also [4, 17, 20]. If � ∈ I is embedded into a parametrized family
�ε(x) = ε + x + x2φ(x) then similar phenomena are observed, but the bifurcation,
corresponding to the parameter ε = 0, is of a more degenerate nature. We summarize
the known results below for a specific family of maps�α : S1 → S1 given by

�α(x) =
{
x(1 + 2αxα) if 0 ≤ x ≤ 1

2 ,

2x − 1 if 1
2 < x ≤ 1,

(7)

where α > 0. Assumptions 1–4 are readily verified.

FACT 3. Let �α : S1 → S1 be the map given by (7). If ϕ ∈ L∞(S1,m) and ψ ∈ H, then:
(a) for α = 0, �α has an invariant measure ν � m which is mixing and C(ϕ ◦

�nα,ψ, ν) ≤ Kθn for some θ < 1,K > 0;
(b) for α ∈ (0, 1),�α has an invariant measure ν � m which is mixing and

C(ϕ ◦�nα,ψ, ν) = O(n1−1/α);
(c) for α ≥ 1, f has no finite invariant measure ν � m—the only physical measure is

the Dirac measure supported on the indifferent fixed point.

There have been many contributions to the proof of Fact 3 and many related results have
been established. A proof of Fact 3 that is close to the methodology presented here is given
in [25] and the non-Markov case is also treated there. Using different techniques, a bound
on the correlations of the form O(nγ (1−1/α)) (up to a logarithmic correction), where γ is
the Hölder exponent of ψ , was obtained in [15]. A further proof together with a lower
bound was achieved in [12]. Higher-dimensional analogues were considered in [13, 18].

In the case of a singular physical measure, a σ -finite (but infinite) invariant measure
may exist. We mention some references which analyse this situation. For Markov maps
with indifferent fixed points see [1, 22, 23] and for the non-Markov case see [27, 28]. In a
higher dimensional context there are some interesting articles by [11, 13, 14].

Results of the form of the central limit theorem have been established for f above with
α ∈ (0, 1

2 ), see [25]. For a subset of parameters α ∈ (0, 1
2 ) an almost sure invariance
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principle holds, see [19]. For α ≥ 1, other distributional results can hold; see, for
example, [1, 2]. With reference to Fact 3(b), in [21] (and later [9]) complete asymptotics for
the correlation functions were established. It was recently announced in [10] that optimal
bounds also hold in the regular and slowly varying situations.

As an example, a realization of a family of maps covered by Theorem 2 is the
logarithmic family �β : S1 → S1, with β ∈ (0, 2 log 2 − 1). These maps are defined
as follows:

�β(x) =
{
x + Cβx

2|log x|1+β if 0 ≤ x ≤ 1
2 ,

2x − 1 if 1
2 < x ≤ 1,

(8)

whereCβ is a constant that depends only on β, and is chosen to ensure that�β(1/2−) = 1.
Assumptions 1– 4 are readily verified for each map�β . For both families of maps, namely
those given by (7) and (8), a numerical investigation into both of the properties of the
invariant density and the correlation function is presented in [5]. The potential of these
maps to model long series of financial returns on market indexes and currency exchange
rates, where it is known that absolute values of financial returns exhibit intermittency,
slowly decaying correlations and heavy tailed marginal distributions are also presented
in [5]. Here, each marginal distribution corresponds to a distribution of the absolute returns
RT (t) = |X(t + T ) − X(t)|, where X(t) relates to the value of an index at any given
(discrete or continuous) time t , and T is a fixed time period. See also [8] for a discussion
on financial returns.

2. Slowly mixing maps

We now work with maps � ∈ I which satisfy Assumptions 1–4. Our aim now is to prove
Theorems 1 and 2. Adopting the approach of [25], we construct a Markov tower for these
maps and estimate the corresponding rates of mixing. The moral is to pick a subinterval
J ⊂ S1 far from the indifferent fixed point and find a partition PJ = {ωi}i∈N of J together
with a suitable return function R : ωi → N with φRiωi = J (bijectively and with bounded
distortion). Then m{x ∈ J : R(x) > n} is estimated. To deduce the corresponding results
on decay of correlations and speeds of convergence to equilibrium we use Theorem 3,
which is proved later in §4.

2.1. Behaviour of � near the indifferent fixed point. We are concerned with the
behaviour of � ∈ I on the interval A1, where for definiteness we write Aj = [aj−1, aj ]
with a0 = 0 and ad = 1. Since we work on S1, we identify the point x = ad with
x = a0. On A1, let xn = �(xn+1) so that {xn} is a sequence of points converging to zero as
n → ∞. The sequence {xn} will play an important role in determining the rate of mixing
of �. We show that m{[0, xn]} and

∑
k>n m{[0, xk]} play the same role as m{R > n}

and m{R̂ > n}, respectively. The following proposition gives us a way to determine the
asymptotics of xn. The proof of the result follows the ideas of [1, chapter 4] and [6].

PROPOSITION 1. Let f : R+ → (0, 1) be regularly varying at 0 with index γ > 0.
Assume also that xγ f (1/x) ∈ Cω on [C0,∞) for some C0 > 0. Let x0 = 1 and let
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xn = g(xn+1) where g(x) = x(1 + f (x)). Then

xn ∼ 1

γ 1/γ h−1(n)
where h(x) = 1

f (1/x)
.

Moreover, when f (x) = xφ(x) with φ(x) slowly varying, we have that

xn ∼ 1

nφ̄
(n)
where φ̄(x) = 1

φ(1/x)

and (φ̄(x), φ̄
(x)) form a de Bruijn conjugate pair.

Proof. By the definition of regular variation we may write f (x) = xγ η(x) with η(x)
a slowly varying function at 0. We then use the following useful lemma regarding the
representation of slowly varying functions.

LEMMA 1. (Representation of slowly varying functions) [3] If ρ : R+ → R+ is slowly
varying at ∞ then there exists C0 > 0 and measurable functions ζ, ε : [C0,∞) → R with
ζ > 0, ζ(x) → c ∈ R+, ε(x) → 0 as x → ∞ and

ρ(x) = ζ(x) exp

{∫ x

C0

ε(t)

t
dt

}
for all x ≥ C0.

Hence, we may write

η(x) = ζ(x) exp

{∫ 1/x

C0

ε(t)

t
dt

}
with ζ, ε : [0,∞) → R+ defined in Lemma 1. Using the definitions of h and {xn} in the
proposition we have

h(x−1
n ) = 1

f (xn)
= 1

x
γ
n η(xn)

= 1

x
γ

n+1(1 + f (xn+1))γ η(xn)

= η(xn+1)

η(xn)
(1 + f (xn+1))

−γ h(x−1
n+1)

= η(xn+1)

η(xn)
(1 − γf (xn+1)+ o(f (xn+1))).

By the properties of η(x) we have

log

∣∣∣∣η(xn+1)

η(xn)

∣∣∣∣ = log

∣∣∣∣ζ(xn+1)

ζ(xn)

∣∣∣∣+ ∫ x−1
n+1

x−1
n

ε(t)

t
dt = o

(
log

∣∣∣∣xn+1

xn

∣∣∣∣) .
To justify the asymptotic behaviour of log |ζ(xn+1)/ζ(xn)| we use a Taylor series argument
as follows. Write ζ(x) = c+ζ ∗(x)where limx→0 ζ

∗(x) = 0 and without loss of generality
we can take c = 1. Then∣∣∣∣ log |(1 + ζ ∗(xn+1))/(1 + ζ ∗(xn))|

log |xn+1/xn|
∣∣∣∣

=
∑
r≥1

(
ζ ∗(xn)− ζ ∗(xn+1)

){∑r−1
k=0 ζ

∗(xn)kζ ∗(xn+1)
r−1−k}∑

r≥1((−1)r+1/r)f (xn+1)r
. (9)
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Since ζ ∗(x) ∈ Cω we can write ζ ∗(x) = ∑
�≥1 a�x

� where this power series has a non-
zero radius of convergence. Using the regular variation properties of f (x) we also deduce
that

ζ ∗(xn)− ζ ∗(xn+1) =
∑
�≥1

a�x
�
n+1((1 + f (xn+1))

� − 1) = O(f (xn+1))ζ
∗(xn+1)

and, in particular, this implies that the ratio above in (9) is of the order ζ ∗(xn+1) which
goes to zero as n → ∞.

Continuing with the proof, we then obtain η(xn) = (
1 − o(f (xn))

)
η(xn+1) and,

therefore,

h

(
1

xn

)
= h

(
1

xn+1

)
(1 − γf (xn+1)+ o(f (xn+1)))(1 − o(f (xn+1)))

= h

(
1

xn+1

)
− γ + o(1).

Proceeding inductively we obtain h(x−1
n ) = γ n and, therefore,

xn ∼ 1

h−1(γ n)
∼ 1

γ 1/γ h−1(n)
.

When γ = 1 and f (x) = xφ(x) it is fairly easy to see that h−1(x) ∼ xφ̄
(x)

(as x → ∞) and hence the conclusion of the proposition follows. �

Remark 1. Proposition 1 above gives the leading asymptotic behaviour of xn. For the
specific choice φ(x) = xα, it is possible to obtain higher order asymptotics for
the sequence xn, namely we can show that

xn = 1

(αn)1/α
+ O

(
logn

n1+1/α

)
. (10)

2.2. Distortion estimates and density estimates. We now work towards the construction
of the �-invariant measure and the estimation of its density. We obtain distortion bounds
for the derivative map, and verify that the return map �R (constructed over a suitable
subinterval J ) satisfies Adler’s distortion condition (see [1, 22, 23]).

PROPOSITION 2. On [xn+1, xn], the following distortion and expansion conditions are
satisfied: there exist K < ∞ and λ > 1 such that

|D2�n(x)|
(D�n(x))2

< K and D�n(x) > λ, for all x ∈ [xn+1, xn].

Similarly, these conditions are satisfied for x ∈ S1 \ (x ′
0, x0) when n = 1.

Proof. It will be useful to work with the function φ̃(x) = φ(1/x). The function φ̃(x) is
slowly varying at ∞ and, again by Lemma 3, φ̃(x) = ζ(x) exp{∫ x

C0
ε(t)/t dt} where C0

is a constant and ε(x) = o(1), ζ(x) → C1 as x → ∞. Since φ̃(x) ∈ Cω on [M,∞), it
is possible to tweak ε(x) to make ζ(x) constant. The tweaked ε(x) maintains the desired
properties [3]. (Alternatively, we could do a local analysis on ζ(x) as in the proof of
Proposition 1).

https://doi.org/10.1017/S0143385704000343 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385704000343


144 M. Holland

SUBLEMMA 1. As n → ∞ the following estimates hold:

�′(xn) = 1 + 2

n
+ o

(
1

n

)
and �′′(xn) ∼ 2φ̄
(n).

Proof. A simple calculation gives the following estimates:

φ′(x) = − 1

x2
φ̃′
(

1

x

)
, φ′′(x) = 2

x3
φ̃′
(

1

x

)
+ 1

x4
φ̃′′
(

1

x

)
,

φ̃′(x) = ε(x)

x
φ̃(x), φ̃′′(x) =

(
ε(x)2

x2 + ε′(x)
x

− ε(x)

x2

)
φ̃(x).

Using the fact that �′(x) = 1 + 2xφ(x) + x2φ′(x), we estimate the two terms xnφ(xn)
and x2

nφ
′(xn) in the following way (as n → ∞):

xnφ(xn) ∼ φ̃(nφ̄
(n))

nφ̄
(n)
∼ (φ̄
(n)φ̄(nφ̄
(n))) ∼ 1

n
,

|x2
nφ

′(xn)| ∼ ε(nφ̄
(n))

n
= o(n−1).

Since �′′(x) = 2φ(x)+ 2xφ′(x)+ x2φ′′(x) it suffices to estimate x2
nφ

′′(xn) as n → ∞.
We have

x2
nφ

′′(xn) = 2ε(1/xn)φ(xn)+ φ(xn)
(
ε(1/xn)2 − ε(1/xn)+ x−1

n ε′(1/xn)
)= o(φ(xn)),

where we have used the fact that ε′(x) = o(x−1) as x → ∞. The conclusion of the
sublemma follows. �

For x ∈ [xn+1, xn], we know from the above sublemma that

|D�k(x)| ∼
(

n

n− k

)2

φ̂

(
n

n− k

)
,

where φ̂ is slowly varying (at infinity). A simple computation also tells us that

|D2�R(x)(x)|
(D�R(x)(x))2

≤ 1

|D�n(x)|
n−1∑
k=0

|D2�(�k(x)) ·D�k(x)|
D�(�k(x))

, (11)

and so for x ∈ [xn+1, xn], we have that

|D2�n(x)|
(D�n(x))2

≤ K

n2φ̂(n)

n−1∑
k=0

(
n

n− k

)2

φ̂

(
n

n− k

)
φ̄
(n− k)

= K

n2φ̂(n)

n∑
k=1

n2

k2 φ̂
(n
k

)
φ̄
(k) ∼ K

φ̂(n)

∫ n

1

1

t2
φ̂
(n
t

)
φ̄
(t) dt

≤ K

φ̂(n)

∫ n

1

1

t2−δ φ̂
(n
t

)
dt = Knδ−1

φ̂(n)

∫ n

1

1

tδ
φ̂(t) dt

≈ K

∫ 1

0

φ̂(ns)

φ̂(n)
X[1/n,1]s−δ ds → K(1 − δ)−1 as n → ∞,

where in the last line we have used the dominated convergence theorem. Here δ > 0 is
fixed small and K > 0 is a uniform constant. Hence, the distortion condition stated in
the proposition is satisfied. The expansion estimate for �n(x) on x ∈ [xn+1, xn] as stated
immediately follows and similarly for x ∈ S1 \ (x ′

0, x0) when n = 1.
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Calculation of the invariant density and construction of the Markov tower. Here we
explain how the results of Proposition 3 lead to the construction of the Markov tower with
the appropriate return time asymptotics. As mentioned at the beginning of this section we
can assume that � is Markov with respect to the partition S1 = ⋃d

i=1 Ai . The indifferent
fixed point x = 0 will be a common end point ofA1 and Ad on the circle. x0 and x ′

0 denote
the other end points of A1 and Ad , respectively (i.e. the points a1 and ad−1). We then
let Bn = [xn+1, xn] with xn = �(xn+1) so that A1 = ⋃

Bn. B ′
n denotes an analogous

interval inside Ad. Finally put Q = {A2, . . . , Ad−1;Bn,B ′
n : n ∈ N}. To define the tower

map and tower space we let T0 = S1 and sub-partition T0 into sets ω0,i which almost cover
T0 under �R . (For distortion reasons we do not take R to be the time associated with a
covering of all of T0.) For definiteness we put Q = {ω0,i}. To describe the upper levels⋃
�≥1 T� of the tower we specify the return functionR. On eachAi for i ∈ [2, d−1] and on

B0, B
′
0 we put R = 1 while R|Bn = R|B ′

n = n+ 1. The intervals A2, . . . , Ad−1 cover T0

under�R while all of the other partition elements of Q under�R cover S1 \A1 or S1 \Ad.
For the tower map F on T = {(x, �) ∈ T0×N : � < R(x)} one hasF(ω�,i ) = ω�+1,i when
�+ 1 < R|ω0,i and F(ωRi−1,i) ⊂ T0 (with this containment possibly strict). F | ωRi−1,i

can be identified with �Rω0,i . The reference measure m on T0 can be assumed to be a
Lebesgue measure, and taking JF = 1 on T \⋃i TRi−1,i gives us a reference measure on
the whole tower T which we also callm. To get the correct notion of separation time we let
s(x, y) denote the first time that (�R)nx and (�R)ny are in different elements of Q. It will
be useful to consider the partition Qn = ∨n

k=0(�
R)−kQ where elements ω ∈ Qn contain

points which only separate after n returns to T0. By Proposition 3 we can deduce that JFR

satisfies a bounded distortion condition (in the sense of Assumption 5) with respect to the
separation times. Let us now prove an elementary estimate regarding the invariant density
of �R, see for example [7].

LEMMA 2. �R admits an absolutely continuous invariant measure ν�R with density σ�R
which is Lipschitz.

Proof. Let ω ∈ Qn so that for all x, y ∈ ω one has s(x, y) ≥ n. Then, for x ∈ ω, we claim
that

|D2(�R(x))n(x)|
(D(�R(x))n(x))2

< M1

for some uniform M1 > 0. To see this we know that �R satisfies Adler’s condition for
almost all x ∈ S1. By iteration one obtains

|D2(�R)n(x)|
(D(�R)n(x))2

≤ 1

|D(�R)n(x)|
n−1∑
k=0

|D2�R((�R)k(x)) ·D(�R)k(x)|
D�R((�R)k(x))

≤ K

n−1∑
k=0

1

|D(�R)n−k(x)| ≤ Kλ

1 − λ
,

which is what we want. Let (�R)−nω denote the inverse of (�R)n restricted to
ω ∈ Qn. Then the equivalent condition for the (local) inverse map (�R)−nω is that
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|D2(�R)−nω /D(�R)−nω | < M1. Hence, for all x, y ∈ S1 we have that

log

∣∣∣∣D(�−R)nω(x)
D(�−R)nω(y)

∣∣∣∣ ≤
∫ x

y

∣∣∣∣∣D2(�−R)nω(t)
D(�−R)nω(t)

∣∣∣∣∣ dm(t) ≤ M1|x − y|.

Let

σn = 1

n

n−1∑
j=0

d(�R)
j∗m

dm
≡ 1

n

n−1∑
j=0

P
j

�R
1,

where P�R is the Perron–Frobenius operator associated with �R. We wish to analyse the
limiting behaviour of the sequence {σn}n≥0 as n → ∞. First of all for each n ∈ N and
x, y ∈ S1 we have

|Pn
�R

1(x)− Pn
�R

1(y)| ≤
∑
ω∈Qn

|D(�R)−nω (x)−D(�R)−nω (y)|

≤
∑
ω∈Qn

M ′|D(�R)−nω | · |x − y| ≤ M ′′|x − y|,

and hence {σn}n≥0 forms a family of equicontinuous functions. By the Arzela–Ascoli
theorem there is a subsequence {σni }i≥0 converging to a continuous function σ∞.
This function is the invariant density associated with �R . The absolute continuity
properties of the measure ν�R easily follow. �

LEMMA 3. If
∑∞
n=1 1/(nφ̄
(n)) < ∞ then � admits an absolutely continuous invariant

measure ν� with density: σ�(x) ≈ 1/xφ(x).

The invariant density for � can be calculated using the expression

dν�

dm
(x) = σ�R (x)+

∞∑
k=1

∑
j=1,d

σ�R(�
−k
j x) ·D�−k

j (x), (12)

where σ�R is the invariant density for ν�R and �−k
1 is the local inverse of �k restricted

to the interval A1 and �−k
d is the local inverse of �k restricted to the interval Ad .

To understand the form of the density near x = 0 it is easier to work with the system
(F,T ) and a projection mapping π : T → S1. Recall from fact 1 that F has an invariant
measure ν � m and the �-invariant measure ν� is given by ν� = π∗ν. Let us understand
the action of π on T . To do this we identify T0 with Q and identify the upper levels
T� ⊂ T (� > 0) as a union of sets of the form {ω�,k} where ω�,k = F�ω0,k and ω0,k

correspond to sets Bk,B ′
k with k > �. Thus sets of the form ωk+�,� correspond to the sets

Bk,B
′
k . This fact may be used to analyse the density σ� = dν�/dm on eachB ′

k . We obtain
ν(π−1Bn) = ν

(⋃
i≥n Bn

)
and therefore σ� has the property that for x ∈ [xn+1, xn]

σ�(x) ≈ ν(π−1Bn)

m(Bn)
∼ xn

xn − xn+1
∼ 1

xnφ(xn)
∼ n.

Hence, by asymptotic inversion

σ�(x) ≈ 1

xφ(x)
since xn ∼ 1

nφ̄
(n)
.
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2.3. Mixing properties. Let us turn to the estimation of the correlation function.
For lower bounds (in terms of the speed of convergence to equilibrium) we have the
following lemma.

LEMMA 4. There exist measuresµ1◦π,µ2◦π ∈ H+
β such thatVn,�(µ1, µ2)≈m{R̂ > n}.

Proof. Consider the measure µ̄ = (ϕXT0)m on T . Here ϕ ∈ L∞(S1,m) (with ϕ ≥ 0) and
X is the characteristic function. If µ = π∗µ̄, then

�n∗µ(Bk) = µ̄(F−nπ−1Bk) = µ̄

(
F−n

(⋃
�≥0

ω�,k+�
))

≤ K|ϕ|∞m
( n+k⋃
j=k

Bj

)
where the right-hand inequality results from the fact that Fn∗ µ̄

(⋃
�>n T�

) = 0. Hence,

Vn,�(µ, ν�) =
∫ ∣∣∣∣d(π∗Fn∗ µ̄)

dm
− σ

∣∣∣∣ dm
≈
∑
k≥0

∣∣∣∣∣K|ϕ|∞
m
(⋃n+k

j=k Bj
)

m(Bk)
− m

(⋃∞
j=k Bj

)
m(Bk)

∣∣∣∣∣m(Bk)
≈
∑
k≥0

∣∣∣∣ |K|ϕ|∞
kφ̄
(k)

(
1 − kφ̄
(k)

(k + n)φ̄
(k + n)

)
− 1

kφ̄
(k)

∣∣∣∣
≥

∑
k≥N0n

K(N0)
1

kφ̄
(k)

≈
∑
k≥N0n

m[0, xk] ≈ m{R̂ > N0n} ≈ m{R̂ > n}

where in the second line we have used the fact that φ̄
(x) is slowly varying to deduce

|kφ̄
(k)((k + n)φ̄
(k + n))−1 − 1| < ε(N0) for all k > N0n.

Here ε(N0) � 1 if N0 is chosen sufficiently large. The slowly varying property of the tail
is also used in the last line. Sharp bounds for Vn,�(·, ν�) are now achieved. �

Estimating an upper bound for the speed of mixing. To get bounds on the correlation
function and the speed of convergence to equilibrium, we bring to bear the results of §1.2.
The reader is also referred to §4. To achieve these bounds we build a Markov tower
F̃ : T̃ � over the subinterval A1. Define a return function R̃ on (F̃ , T̃ ) as follows:
for each x ∈ S1 let

R̃(x) = inf
n

{n ≥ R(x) : �n(x) ∈ A1}.

If {T̃i}i∈N is such that T̃1 = R and T̃i = T̃i−1 + R ◦ �T̃i−1 , then R̃(x) = T̃i(x) where
i = infj≥1{�T̃j (x) ∈ A1}. Let Fi be a σ -algebra on S1 with the following property

ω̂ ∈ Fi iff ∃n : ω̂ ∈
n∨
j=1

�−j+1Q with T̃i | ω̂ = n.
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In particular, by using Lemma 6 (see §4.2) it is possible to show that for all ω̂ ∈ Fi

m{T̃i+1 − T̃i > n | ω̂} < Km{R > n} and m{R̃ = T̃i | ω̂} ≥ ε̃1.

where in the latter inequality we may assume that R̃ �= T̃j on ω̂ for all j ∈ [1, i − 1].
To obtain the desired asymptotics ofm{R̃ > n}, follow the calculations performed in §4.3.
Moreover A1 can be partitioned into sets ω̃i such that �T̃i maps each ω̃0,i bijectively onto
A1 with bounded distortion. This gives the required Markov extension. The system (F̃ , T̃ )
also has an invariant measure ν̃ = π̃∗ν which is exact (where π̃ is the projection from T̃
to S1). An upper bound for C(ϕ1◦�n, ϕ2, ν�) can then be computed by following the proof
of Theorem 3. Here ϕ1, ϕ2 ∈ H, but we can replace these by functions ϕ̃j = ϕj ◦ π̃ ∈ Hβ

on T̃ (for j = 1, 2) and then write Cn(ν�) = | ∫ (ϕ̃1 ◦ F̃ n)ϕ̃2 dν̃ − ∫
ϕ̃1 dν̃

∫
ϕ̃2 dν̃|. In the

same way, the upper bound for Vn,�(ν1, ν2) = |�n∗ν1 − �n∗ν2| can be obtained by lifting
to the tower T̃ and setting ν̃j = π∗νj .

2.4. Asymptotic inversion and the proof of Theorem 2. For a prescribed function f (x),
the inverse function f−1(x) cannot always be made explicit. In this section we present
techniques that allow us to analyse the behaviour of f−1(x), at least asymptotically, as
x → 0 or x → ∞. We begin by defining the notion of a generalized inverse to a given
function f (x).

Definition 3. Let f �(x) = inf{y ∈ [X,∞) : f (y) > x}. Then we call f � a generalized
inverse of f . If g is a function for which g ◦ f (x) ∼ f ◦ g(x) ∼ x, then g is called an
asymptotic inverse to f with a version g ∼ f � as x → ∞.

The following result holds.

FACT 4. [3]
(i) If f ∈ Rγ for some γ > 0 then f � ∈ R1/γ .
(ii) If f ∈ R1 and f (x) = xρ(x) with ρ(x) slowly varying, then the de Bruijn ρ
(x)

exists and f �(x) ∼ xρ
(x).

Computation of asymptotic inverses. In anticipation of proving Theorem 2 it will be
useful to consider a function f satisfying the following assumptions.

ASSUMPTION 8. We have f ∈ Rγ for some γ > 0 and f (x) ∼ xγ η(x) (as x → ∞) with
η(x) a slowly varying function at infinity.

ASSUMPTION 9. We have η(x) = g ◦ η̃(x) with g ∈ Rγ̃ for some γ̃ > 0 (as x → ∞) and
η̃ ∈ R0. Moreover η̃ is monotonically increasing to ∞ and η̃(xy) ≤ η̃(x) + η̃(y), for all
x, y ≥ C, for some constant C > 0.

SUBLEMMA 2. Suppose that f (x) satisfies Assumptions 8 and 9. Then an asymptotic
inverse to f (x) is given by the function

f �(x) ∼
(

x

η(x1/γ )

)1/γ

. (13)
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Proof. For f �(x) as stated in Sublemma 2 we compute f � ◦ f (x) and show that it is ∼ x

for large x. First of all, by direct substitution f � ◦ f (x) ∼ xη(x)1/γ η(xη(x)1/γ )−1/γ .
We claim that for all x ≥ C we have that

η(x) ≤ η(xη(x)1/γ ) ≤ η(x)+ o(η(x)).

If the claim is true then for sufficiently large x we obtain

x ≥ f � ◦ f (x) ≥ xη(x)1/γ

(η(x)+ o(η(x)))1/γ
= x

(
1 + o(η(x))

η(x)

)−1/γ

.

The right-hand term is then ∼ x and we are then done. So let us prove the claim. It is clear
by the monotonicity of η(x) that η(x) ≤ η(xη(x)1/γ ). For the upper bound we use the
conditions placed on η(x) and estimate as follows

η(xη(x)1/γ ) ≤ g(η̃(x)+ η̃(η(x)1/γ )) ∼ g(η̃(x)+ η̃(η̃(x)γ̃ /γ L(η̃(x))1/γ )),

where L(x) is slowly varying and g(x) = xγ̃ L(x). Proceeding, we have that

η(xη(x)1/γ ) ≤ g(η̃(x)+ η̃(η̃(x)γ̃ /γ+ε)) ∼ g(η̃(x)(1 + o(1))) ∼ (1 + o(1))η(x)

as x → ∞ (and for all ε > 0). This is the required result. �

Another method for calculating asymptotic inverses is to use the Lagrange inversion
formula. Take ρ ∈ R0 and let ρ(ex) = exp f (x) with ρ
(ex) = expf 
(x). Then the
condition ρ
(x)ρ(xρ
(x)) → 1 is equivalent to the condition f (x + f 
(x))+ f 
(x) → 0
as x → ∞.

FACT 5. (Lagrange inversion formula, see [3]) Suppose that f is holomorphic in a
domain D including the real interval [R,∞) and ρ(ex) = expf (x) is slowly varying.
Suppose that for all large x ∈ R, we can find a contour γx containing x and such that
|f (z)| < |z− x| for all z ∈ γx . Then

f 
(x) =
∑
n≥0

1

(n+ 1)!
dn

dxn
(−f (x))n+1 + o(1) (x ∈ R, x → ∞),

and ρ
(ex) = exp f 
(x).

To estimate the asymptotic form of a de Bruijn conjugate we usually just need the first
few terms of the Lagrange inversion formula. Let

f 
m(x) =
m∑
n=0

1

(n+ 1)!
dn

dxn
(−f (x))n+1

denote the mth partial sum. The following result holds.

FACT 6. [3] If f ′(x) → 0 and f (x)f ′(x) → 0 as x → ∞, then f 
(x) = f


0 (x)+ o(1).

Using Sublemma 2 and/or the technique of Lagrange inversion, the following corollary
is obtained.

COROLLARY 2. Let f (x) = xη(x) where η(x) = ∏n
r=1(logr x)αr and αr ≥ 0. Then

η
(x) ∼ x/η(x) as x → ∞. Similarly, if instead log η(x) = ∏n
r=2(logr x)αr and

αr ∈ (0, 1), then the same conclusion holds.
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We remark that a non-trivial case arises when η(x) = e(logx)α for α ∈ (0, 1) and
x → ∞. The higher-order derivatives in the Lagrange inversion formula have to be
analysed. For the function in question we obtain

η
(x) = exp

{ �α/(1−α)�∑
n=0

1

n+ 1

(
n

αn

)
(log x)α+(α−1)n + o(1)

}
.

We leave it as a challenge to find η
(x) when η(x) = elogx/ logr x, (r ≥ 2). It is now easy
to see that parts (i) and (ii) of Theorem 2 hold. For the third case we use the following
lemma.

LEMMA 5. Suppose that Assumptions 1–3 hold, and regarding Assumption 4 we have
φ(x) = xγ−1ρ(x), where ρ is slowly varying near x = 0 and γ �= 1. Then

xn ∼ γ−1/γ n−1/γ ((ρ̄1/γ )
(n1/γ ))−1 and Cn(ν�) = O(nxn). (14)

Proof. Let f (x) = xρ(x) and g(x) = xρ
(x) (as x → ∞). Then, by definition, we have
that f ◦ g(x) ∼ x. Moreover, for all α, β > 0 we have f (xα)β ◦ g(x1/β)1/α ∼ x and
therefore an asymptotic inverse of xαβρ(xβ)α is given by x1/αβρ
(x1/α)1/β . The required
asymptotic for xn now follows from Proposition 1. To get the bound for the correlation
function we should first verify Proposition 2 and then verify that the Markov tower
construction is still valid (we leave this as an exercise). We then obtain

Cn(ν�) = O

(∫ ∞

n

x−1/γ ((ρ̄1/γ )
(x1/γ ))−1 dx

)
= O

(
n1−1/γ

(ρ̄1/γ )
(n1/γ )

)
,

again using the dominated convergence theorem. �

Remark 2. When γ = 1 the estimate on the correlation function as stated in Lemma 5
is no longer true. In this case the correlation function depends more on the function ρ̄
.
However, it can be shown that the correlations decay in a slowly varying fashion (see [3]).

Remark 3. Using the same techniques as in the proof of Lemma 3 we also get an estimate
on the invariant density near 0 when φ(x) = xγ−1ρ(x) and obtain σ�(x) ≈ 1/(xγ ρ(x)).

3. Existence of σ -finite infinite invariant measures
3.1. Singular probability measures. We suppose now that

∑∞
n=1 1/(nφ̄
(n)) = ∞.

In this case, we show that the only physical measure is the Dirac measure δ0 supported
on the indifferent fixed point. The following result holds.

PROPOSITION 3. Suppose that
∑∞
n=1 1/(nφ̄
(n)) = ∞ and let ϕ : S1 → R be any

continuous function. Then, for Lebesgue almost all x ∈ S1,

lim
n→∞

1

n

n−1∑
j=0

ϕ ◦ (�j (x)) = ϕ(0) and lim
n→∞

1

n
log |D�n(x)| = 0.

Proof. In the C2 case the proof is straightforward, see [1, 24]. Since our setting is non-
standard, we present the details. We fix an arbitrarily small neighbourhoodA∗

ε = (−ε, ε)

https://doi.org/10.1017/S0143385704000343 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385704000343


Slowly mixing systems and intermittency maps 151

of the indifferent fixed point and show that for each fixed ε, almost every orbit spends most
of its time inside A∗

ε (on average). First of all we estimate the quantity

�̂n(k) = 
{0 ≤ j < n : (�R)j (x) ∈ Bk,B ′
k}/n.

Since ν�R is mixing, we have for each fixed k,

lim
n→∞ �̂n(k) = ν�R(Bk ∪ B ′

k) ≈ x2
kφ(xk) ∼ 1

k2φ̄
(k)
.

We now estimate
�n(ε) = 
{0 ≤ j < n : �j(x) ∈ S1 \A∗

ε }/n
and show that this tends to zero as n → ∞. Choose the smallest k > 0 so that
(x ′
k, xk) ⊂ A∗

ε . It suffices to estimate �n(xk). For each x ∈ S1 introduce a sequence
{σ(i)} with (�R)i = �σ(i) and σ(i + 1) = σ(i) + j when (�R)i(x) ∈ Bj ,B

′
j (with

σ(i + 1) = σ(i) + 1 otherwise). In any time interval [σ(j), σ (j + 1)] there can only be
at most k iterates inside S1 \ (x ′

k+1, xk+1) and similarly for [σ(m), n]. Let m be such that
σ(m) ≤ n < σ(m + 1). Then up to time n the proportion of iterates a typical orbit {�ix}
spends inside S1 \ (x ′

k+1, xk+1) is given by

�n(xk) = m�̂m(0)+∑k
j=1 jm�̂m(j)+

∑
j>k km�̂m(j)+ k

(n− σ(m))+m�̂m(0)+∑
j≥1 jm�̂m(j)

≈ k

�̂m(0)+∑
j≥1 j�̂m(j)

with the latter term tending to 0 as n → ∞, i.e. as n → ∞ we can show that m → ∞
(almost everywhere) and, therefore, �̂m(j) → 1/(j2φ̄
(j)). Hence, the denominator
�̂m(0) + ∑

j≥1 j t̂m(j) converges to infinity. The conclusion of the proposition now
follows. �

3.2. Sigma-finite invariant measures. When
∑
n≥n0

1/(nφ̄
(n)) = ∞, then apart from
there being the usual singular physical probability measure, there is also a σ -finite infinite
invariant measure. The general results of [22] regarding the existence of such a measure
together with an estimate on the invariant density will apply in our setting. We summarize
with the following result.

FACT 7. Suppose that � ∈ I satisfies Assumptions 1–4 and
∑
n≥n0

1/(nφ̄
(n)) = ∞.
Then there exists a σ -finite infinite invariant measure ν̂� that is absolutely continuous with
respect tom. Moreover, its density σ̂� behaves asH(x)/(xφ(x)) for all x ∈ S1 \{0}. Here,
H(x) is a continuous function satisfying C−1 ≤ H(x) ≤ C for some constant C > 0.

4. Estimating the speed of mixing
In this section we prove Theorem 3. For completeness we include the proof of Fact 2
which concerns the lower bound for the speed of mixing. We then explain how the
coupling argument is used to obtain information on the correlation functions given that the
recurrence time asymptotics are weak, that is m{R̂ > n} is assumed to be slowly varying.
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Our approach is a modification of [25], but in order to get the required estimates we need
a detailed analysis on the behaviour of slowly varying functions. These technicalities are
discussed later in this section.

4.1. A lower bound for the speed of convergence to equilibrium. Let PF : L∞(T , ν) �
denote the Perron–Frobenius operator associated to F and let ν̃ = σ̃m denote a measure
whose density with respect to m is σ̃ , and let σ be the density associated to the invariant
measure ν. Then PF (σ) = σ and PnF (σ̃ ) = d(Fn∗ (σ̃m))/dm. Now fix a constant c > 0
and let ν̃ = σ̃m be a probability measure on T (whose density lies in H+

β ) with σ̃ ≥ σ + c
on T \ T0. Using the fact that JF ≡ 1 on T \ F−1T0 and F∗ν = ν, then for all n ≥ 0 one
has PnF (σ̃ ) ≥ σ + c on

⋃
�>n T�. Hence,

Vn,F (ν̃, ν) =
∫
T

|PnF (σ̃ )− σ | dm ≥ c
∑
�>n

m(T�) = cm{R̂ > n},

which is the required bound as stated in Fact 2.

4.2. Probabilistic coupling arguments. Let ν1, ν2 be any two probability measures on
T whose densities lie in H+

β . To estimate an upper bound for Vn,F (ν1, ν2) it will be useful
to couple the measures ν1 and ν2 by considering the product map F ×F : T ×T � on the
product space T × T . Here m ×m is the reference measure on T × T and ν × ν defines
the F × F invariant measure. For j = 1, 2 we let πj : T × T → T denote projections
onto the j th coordinates so that πj ◦ (F × F) = F ◦ πj . The quantity Vn,F (ν1, ν2) may
now be written as

Vn,F (ν1, ν2) = |(π1)∗(F × F)n(ν1 × ν2)− (π2)∗(F × F)n(ν1 × ν2)|. (15)

Stopping times and matching of measure densities. To estimate the expression in (15)
we construct two sequences of dynamical partitions {�i}i≥0, {�̂i}i≥0 with associated
sequences of stopping times {ti}i≥0, {Ti}i≥0, respectively. Partition elements inside �i
will map injectively onto T0 in one coordinate but should be spread over T in the
other coordinate at time ti . Elements of �̂i will map injectively onto T0 × T0 under
(F × F)Ti . We will call the ti partial return times and the Ti simultaneous return times
to T0 × T0. A typical element ϒ ∈ �̂i (with Ti < n defined) will have an itinerary
made up of partial and simultaneous return times. That is, for all ϒ ∈ �̂i there are
times 0 = T0 < T1 < · · · < Ti(ϒ) for which (F × F)Tjϒ ⊂ T0 × T0, and for all
j ∈ [0, i] there are times Tj−1 = t0 < t1 < · · · < tk(ϒ,j) = Tj for which (F × F)tlϒ

is contained in T0 × T or T × T0 for l ∈ [0, k]. Supposing for the moment that these
stopping times have been defined we explain how the right-hand side of (15) is estimated.
Let� = d(ν1 × ν2)/d(m×m), so that ν1 ×ν2 = (�)(m×m), and introduce a decreasing
sequence of densities {�k}k≥0, with �0 = � . The sequence {�k} will depend on ϒ and
its associated sequence of simultaneous return times {Tj }ij=0. We set �Tj = �̂j and

�k−1 = �k if Tj < k < Tj+1, where {�̂j }j≥0 is a sequence of densities defined such that
the following matching condition holds:

((π1)∗ − (π2)∗)(F × F)
Tj∗ ((�̂j−1 − �̂j )((m×m) | ϒj )) = 0, (16)
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for all j and for all ϒj ∈ �̂j . For all z ∈ T × T , write �̂j (z) = �̂j−1(z) − Êj−1(z).
Then the density �̂j represents the density part of �̂j−1 that has not been matched at the
simultaneous return time Tj associated with z. To obtain an expression for Êj−1(z) we use
(16) as a guide: let F̂ j = (F × F)Tj , then for all A ∈ B, ϒ ∈ �̂j ,

(π1)∗F̂ j ((�̂j−1 − �̂j )((m×m) | ϒ))(A) =
∫
(F̂−jπ−1

1 A)∩ϒ
Êj−1(z) d(m×m)

=
∫
(A×T )∩F̂ Tj ϒ

Êj−1(F̂
−j z)

J F̂ j (F̂−j z)
d(m×m),

where J F̂ is the Jacobian of F̂ with respect to m × m. Replacing π1 by π2 in the
expression above leads to an integral over (T × A) ∩ F̂ Tj ϒ . So for (16) to hold we
need Êj−1(z) = KϒJ F̂ j (z) where Kϒ is a constant on ϒ .

Our aim is to estimate Vn,F (ν1, ν2) purely in terms of�n. This will allow us to estimate
Vn,F (ν1, ν2) in terms of a distribution of simultaneous return times {Ti} for points in T ×T .
The asymptotics of Vn,F (ν1, ν2) will then depend on the asymptotics of (ν1 × ν1)(T1 > n)

and on the regularity of J F̂ . We summarize the details in the following proposition. For a
complete proof, see [25].

PROPOSITION 4. For all n ∈ N, and for all ν1, ν2 ∈ H+
β we have that

Vn,F (ν1, ν2) ≤ 2(ν1 × ν2){Tj0 > n} + 2
∞∑
j=j0

θj−j0+1(ν1 × ν2){Tj ≤ n < Tj+1} (17)

where j0 ∈ N, and θ ∈ (0, 1) are fixed constants depending only on F .

The proof of the proposition follows from the following two sublemmas.

SUBLEMMA 3. [25] Let {�n} be the sequence of densities defined as in (16). Then

Vn,F (ν1, ν2) ≤ 2
∫
�n. (18)

SUBLEMMA 4. [25] There exists a θ ∈ (0, 1) and a j̃0 ≥ 1 such that for all j ≥ j̃0, the
sequence of densities {�n} decrease geometrically, that is �̂j ≤ θ�̂j−1.

The proof of Sublemma 3 uses the matching condition, namely (16), while the proof
of Sublemma 4 relies on the fact that J F̂ satisfies a regularity condition similar to that of
Assumption 5; see [25] for details. Proposition 4 follows from these sublemmas by first
observing that ∫

�n =
∫

{n<Tj0 }
�n +

∞∑
i=j0

∫
{Ti≤n<Ti+1}

�n

= (ν1 × ν2){n < Tj0} +
∞∑
i=j0

∫
{Ti≤n<Ti+1}

�̂i

≤ (ν1 × ν2){n < Tj0} +
∞∑
i=j0

∫
{Ti≤n<Ti+1}

θ i−j0+1�,

by using Sublemma 4. The result now follows by Sublemma 3. �
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Distribution of stopping times. In order to make use of the inequality given by (17) we
need to understand the asymptotic distribution of the sequences of stopping times {Ti}
and {ti}. We now give the precise definition of {�i}, {�̂i}. Let (x1, x2) ∈ T × T and
let n0 be the mixing constant defined in such a way that m(T0 ∩ F−nT0) ≥ γ0 > 0 for
all n ≥ n0. For (x1, x2) we define stopping times {ti} as follows. Put t0 = 0 and let
t1(x1, x2) = n0 + R̂(F n0x1). Future stopping times for i ≥ 1 are defined as

t2i (x1, x2) = t2i−1 + n0 + R̂(F n0+t2i−1x2), t2i+1(x1, x2) = t2i + n0 + R̂(F n0+t2i x1).

Put�1(x1, x2) = ∨t1(x1)
i=1 (F−i+1P)×T , and for i ≥ 1 define the partition�i such that for

each element of it, the stopping time ti is constant. If ϒ ∈ �2i−1, then ϒ = A1 ×A2 with
F t2i−1A1 = T0 and F t2i−1A2 spread over T . To obtain ϒ∗ ⊂ ϒ with ϒ∗ ∈ �2i , partition
ϒ into sets for which t2i is constant let ϒ∗ be such that F t2i π2ϒ

∗ = T0 (injectively).
A similar process is carried out when passing to �2i+1, where we instead partition into
sets ϒ∗ for which F t2i+1π1ϒ

∗ = T0. We now define the stopping time T ≡ T1 associated
with some ϒ ∈ �i . Suppose for definiteness that ϒ = A1 × A2 ∈ �i with t1, . . . , ti
constant on ϒ and ϒ ∩ {T ≤ ti−1} = ∅. If i is even (and analogously if i is odd), then
F ti−1A1 = T0 and F ti−1A2 ⊂ ω�1,�2 . At time ti , F tiA2 = T0 while F tiA1 is spread over⋃{T� : � ≤ ti − ti−1}. We set T = ti on subsets of ϒ̃ ⊂ ϒ with π1F

ti ϒ̃ = T0, and
ϒ̃ now becomes an element of �̂1. Recalling that F̂ = (F × F)T the stopping times
Tn for n > 1 are defined by the relation Tn = Tn−1 + T ◦ F̂ n−1 and the partition �̂n is
given by �̂n = ∨n

j=1 F̂
−j+1�̂1. We now consider the distribution of the stopping times.

In particular, the ti can be unbounded, but, due to the integrability of R-almost every
(x1, x2) ∈ T × T , has t1 < ∞ (and similarly for future stopping times). The following
lemma summarizes the essential results. The time delay n0 also plays a role in ensuring
that sufficient mixing has taken place before the next partial return time.

LEMMA 6. [25]
(1) There exists θ̂ > 0 such that for all i ≥ 2 and for all ϒ ∈ �i with T | ϒ > ti−1

(ν1 × ν2){T = ti | ϒ} ≥ θ̂ .

(2) There exists K1 > 0 such that for all i ≥ 0, for all ϒ ∈ �i and for all n ≥ 0

(ν1 × ν2){ti+1 − ti > n0 + n | ϒ} ≤ K1m{R̂ > n}.
(3) There exists K2 > 0 such that for all i and for all ϒ ∈ �̂i

(ν1 × ν2){Ti+1 − Ti > n | ϒ} ≤ K2(m×m){T > n}.

4.3. Estimating Vn,F (ν1, ν2) in terms ofm{R̂ > n}. We now obtain an upper bound for
Vn,F (ν1, ν2) in the situation where m{R̂ > n} is slowly varying. We begin by estimating
(ν1 × ν2){T > n}. Let c0 = c0(n0) < 1 be a small constant to be fixed and write

(ν1 × ν2){T > n} = (ν1 × ν2){T > n : tc0n ≤ n}+
∑
i≤c0n

(ν1 × ν2){T > n : ti−1 ≤ n < ti}.

The first term on the right can be estimated as follows:

(ν1×ν2){T > n : tc0n ≤ n} ≤ (ν1×ν2){T > t2}·
c0n∏
i=3

(ν1×ν2){T > ti | T > ti−1} ≤ Kθ̂c0n
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by Lemma 2. For the second term on the right-hand side we write

(ν1 × ν2){T > n : ti−1 ≤ n < ti} ≤ (ν1 × ν2){T > n : n < ti}

≤
i∑

j=1

(ν1 × ν2)
{
T > ti−1 : tj − tj−1 >

n

i

}
,

and by applying Lemma 6 on appropriate conditional probabilities, we obtain an upper
bound for (ν1 × ν2){T > n : ti−1 ≤ n < ti} to be K · iθ̂ im{R̂ > n/i − n0}. Hence,

(ν1 × ν2){T > n} ≤ Kθ̂c0n +
∑
i≤c0n

K ′ · iθ̂ im
{
R̂ >

n

i
− n0

}
,

where K,K ′ are constants independent of i and n. Let us now consider the case when
m{R̂ > n} = O(ρ(n)) with ρ(n) as stated in Theorem 3.

We assume throughout that n is large, so that the given tails are asymptotic expressions
as n → ∞. We have the following definition.

Definition 4. A function ρ : N → R satisfies ‘geometric summability’ with respect to
constants γ1, θ̃ ∈ (0, 1), γ2 > 0 if there exists an N ∈ N, such that for all n ≥ N ,∑

k∈[1,γ1n]
θ̃ kρ

(n
k

− γ2

)
= O(ρ(n)). (GS)

We show that (GS) is satisfied for the class of slowly varying functions stated in
Theorem 3, and moreover if the (GS) condition is satisfied, then we show that this is enough
for Theorem 3 to hold. Note that functions of the form ρ(x) = e−ax or ρ(x) = e−axb

(for a > 0 and b ∈ (0, 1)) do not satisfy (GS). We begin by showing that the log-like
functions considered in Theorem 2 satisfy (GS). The difficulty here is that logn/k goes to
zero as k → n, so we must verify that there is a suitable choice of constants γ1 and γ2 for
which (GS) holds. We consider functions ρ(n) = O(exp(−α1(logr n)α2)) with α1 ∈ (0, 1)
and α2 ∈ (0, 1]. The next sublemma tells us how to remove the dependence on γ2 in (GS).

SUBLEMMA 5. Suppose that ρ(x) ∈ Cω is slowly varying at ∞ and is monotonically
decreasing on [x0,∞) for some x0 > 0. Then there exists a constant Kγ1 independent
of k or n such that for some constant γ1 depending on both ρ and γ2 we have that
ρ(n/k − γ2) ≤ Kγ1ρ(n/k) for all k < γ1n.

Proof. On [x0,∞) observe that

1 ≤ ρ(n/k − γ2)

ρ(n/k)
= exp

{
logρ

(n
k

− γ2

)
− logρ

(n
k

)}
.

By Lemma 1 and the mean value theorem we have for some z ∈ [n/k − γ2, n/k] and for
all k < γ1n

ρ(n/k − γ2)

ρ(n/k)
= exp

{
ρ′(z)
ρ(z)

γ2

}
= exp

{(
ε(z)

z
+ o

(
1

z

))
γ2

}
≤ exp{(ε(min{x0, γ

−1
1 })+ 1)γ2γ1} = Kγ1 .
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We have used the fact that ρ ∈ Cω to assert ζ ′(x)/ζ(x) = o(x−1) as x → ∞.
The dependence of γ1 on γ2 follows from the requirement that γ−1

1 − γ2 > x0, otherwise
we could lie outside the interval of monotonicity. �

Remark 4. When ρ(n) = O(exp(−α1(logr n)α2)) then we should choose γ1 < (γ2 +
expr 0)−1 in the proof as the function (logr x)−α2 is not defined for x ≤ expr 0. (Here expr

denotes the r-fold composition of the function exp.)

Considering Theorem 2 we first estimate (ν1 × ν2){T > n} when ρ(x) is a log-like
function.

SUBLEMMA 6. If ρ(n) = O(exp(−α1(logr n)α2)), with α1 ∈ (0, 1) and α2 ∈ (0, 1], then

(ν1 × ν2){T > n} = O(ρ(n)).

Proof. If we show that ρ(n) satisfies (GS) with γ2 = n0 and an appropriate choice of γ1

then we are done since we obtain (ν1 × ν2){T > n} ≤ K1θ
γ1n + K2ρ(n) for uniform

constantsK1,K2 independent of n. The term on the right of the inequality is then O(ρ(n))

as n → ∞.
To show that ρ(n) satisfies (GS) it is necessary to choose γ1 small enough in order

that the sum
∑
k∈[1,γ1n] θ̃

kρ(n/k − γ2) decreases eventually as a geometric series on the
interval [1, γ1n]. If this happens, the sum of the series can be bounded by a constant
times the sum of the first few (finite) terms, which is then of the order ρ(n). The only
difficulty is that ρ(n/k) blows up to infinity as k increases to (expr−1 0)−1n (especially
when α2 = 1) and is no longer defined beyond that value. However, we show that all is
fine if γ1 is sufficiently small. By Sublemma 5 we may take γ2 = 0 and we begin by
estimating ρ(n/(k + 1))/ρ(n/k). We obtain, for all r ≥ 2,

1 ≤ ρ(n/(k + 1))

ρ(n/k)
= exp

{
α1

(
logr

(n
k

))α2 − α1

(
logr

(
n

k + 1

))α2
}
.

To estimate the right-hand term we use the mean value theorem applied to the function
g(x) = (logr−1 x)α2 on the interval In,k = [log(n/(k + 1)), log(n/k)]. Then, for all
x, y ∈ In,k , we have that

|g(x)− g(y)| ≤ sup
z∈In,k

α2(z log z . . . logr−2 z(logr−1 z)(1−α2))−1|x − y|.

Letting x = log(n/k) and y = log(n/(k + 1)) and using the fact that In,k ⊂
[logγ−1

1 , logn] we have the bound

ρ(n/(k + 1))

ρ(n/k)
≤ exp(α1α2(log c−1

1 . . . logr−1 γ−1
1 (logr γ−1

1 )(1−α2))−1 log(l + k−1))

=
(

1 + 1

k

)λ∗

with λ∗ = α1α2(logγ−1
1 . . . logr−1 γ−1

1 (logr γ−1
1 )1−α2)−1, and λ∗ < ∞ if γ1 is chosen

sufficiently small. By induction we obtain ρ(n/k) ≤ kλ
∗
ρ(n) and, hence, that∑

k∈[1,γ1n]
θ̃ kρ

(n
k

)
≤

∑
k∈[1,γ1n]

kλ
∗
θ̃ kρ(n) = O(ρ(n)).

The conclusion of Sublemma 6 now follows. �
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SUBLEMMA 7. Suppose that ρ(x) ∈ Cω is slowly varying at ∞ and monotonic on
[x0,∞), then

(ν1 × ν2){T > n} = O(ρ(n)).

Proof. In light of Sublemma 6 above it suffices to estimate ρ(n/(k + 1))/ρ(n/k) for all
n/k > max{x0, γ

−1
1 }. By Lemma 3 and the mean value theorem we have that

ρ(n/k)

ρ(n/(k + 1))
≤ exp

{
ρ′(z)
ρ(z)

}
= exp

{(
ε(z)

z
− ζ ′(z)
ζ(z)

)
n

k(k + 1)

}
for all z ∈ [n/(k + 1), n/k] and k < γ1n. Now choose γ1 so that ε(γ−1

1 ) is well defined
on [γ1,∞). Using the smoothness properties of ρ (which implies smoothness for ζ(x) and
ε(x)) we obtain

ρ(n/k)

ρ(n/(k + 1))
≤ exp

{
ε(γ−1

1 )

k
+ o

(
1

k

)}
= 1 + ε(γ−1

1 )

k
+ o

(
1

k

)
.

Hence, ρ(n/k) ≤ kλ
∗
ρ(n) with λ∗ bounded if ε(γ−1

1 ) is bounded. The result now follows
using the argument of Sublemma 6. �

The estimation of Vn,F (ν1, ν2) is now a straightforward procedure. By Proposition 4
and arguing as above with ρ(n) slowly varying we have

Vn,F (ν1, ν2) ≤ K

∞∑
i=1

θ i(ν1 × ν2){Ti−1 ≤ n < Ti}

≤ K1θ
c0n +K2

∑
i≤c0n

θ i
i∑

j=1

(ν1 × ν2)
{
Tj − Tj−1 >

n

i

}
≤ K2θ

c0n +K2

∑
i≤c0n

iθ i(m×m)
{
T >

n

i

}
≤ K1θ

c0n +K2ρ(n) = O(ρ(n))

as required (with K1,K2 uniform constants). �

Estimating the correlation function C(ϕ1 ◦ Fn, ϕ2, ν). Take ϕ1 ∈ L∞, ϕ2 ∈ Hβ and let
PF denote the Perron–Frobenius operator associated with F and m, as before. Recall that
ν = σm and PF (σ) = σ . Let ϕ̃2 be a rescaling of ϕ2 so that

∫
ϕ̃2σ dm = 1. Let ν̃ be the

probability measure on T with ν̃ = (ϕ̃2σ)m. Then

C(ϕ1 ◦ Fn, ϕ̃2, ν) =
∣∣∣∣ ∫ (ϕ1 ◦ Fn)ϕ̃2 dν −

∫
ϕ1 dν

∫
ϕ̃2 dν

∣∣∣∣
=
∣∣∣∣ ∫ ϕ1(P

n
F (ϕ̃2σ)− σ) dm

∣∣∣∣
≤
∫

|ϕ1| · |PnF (ϕ̃2σ)− σ | dm ≤ |ϕ1|∞Vn,F (ν̃, ν)

with σ, ϕ̃2σ ∈ H+
β . This completes the proof of Theorem 3.
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In light of the calculations performed above we can also obtain good bounds on the
correlation functions in the regularly varying case. Hence, we can now prove Corollary 1.

Proof of Corollary 1. Suppose that m{R̂ > n} ∼ n−αρ(n) with α > 0 and ρ(x) a slowly
varying function and let ρ̃(x) = x−αρ(x)where ρ(x) satisfies (GS). Then it can be readily
verified that ρ̃(x) satisfies (GS), and we leave this as an exercise. �
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