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Abstract. We consider families of one-dimensional maps on the circle which mix at sub-
polynomial rates. Such maps will have an indifferent fixed point, and we show that the
rate of mixing of these maps is determined by the precise degeneracy of the fixed point.
By constructing suitable induced maps with a countable Markov partition and applying a
probabilistic coupling argument we are able to give good estimates on the rate of mixing
for these families of maps. The underlying question we pose is the following: given any
specific rate of mixing can we construct a map which has that rate of mixing? For a large
class of specific rates we explain how to construct the appropriate map.

1. Introduction

1.1.  Statement of results. Our basic set-up here is a one-dimensional map ® : S! ¢ on
the circle which is expanding everywhere except at a finite number of points. We work with
a class J of maps with indifferent fixed points. Our geometric and dynamic assumptions
for a given @ € J are as follows.

ASSUMPTION 1. Each ® : S' O has a unique parabolic fixed point at the origin so that
®0)=0and DO(0) = 1.

ASSUMPTION 2. On S' \ {0} each ® is expanding in a sense that D® > 1, but
limy o D®(x) = 1.

ASSUMPTION 3. Each ® : S' — S' is of degree d > 1, and there is a collection of
disjoint intervals {A;}jen.ay with ' = J_; Aj and ®(Aj) = S'.

ASSUMPTION 4. On a small neighbourhood of 0 the map ® takes the form

d(x) = x + x2p(x)  with lim x¢ (x) = 0. lim ¢ (x) = oo.

For some M > 0 the function ¢ (1/x) is chosen to be C® (real-analytic) on [M, o).
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MAIN RESULT. We construct maps inside J which display a rate of mixing that is strictly
slower than any polynomial power of time. In particular, we construct maps inside J with
a rate of mixing that is prescribed either to be ‘slowly varying’ or ‘regularly varying’.

The class of maps we have in mind are those that mix at speeds 1/log" n, forr > 1
and time n — oco. Here log" denotes the r-fold composition of the logarithm function.
However, we also construct maps which mix at various other slow speeds, with a more
precise meaning of slow as given below. These maps arise naturally in parametrized
families of maps undergoing a collision of an attractor with a repeller, and are known
to display intermittent behaviour [16]. Another point of interest is that these maps provide
examples of dynamical systems admitting sub-exponential decay of correlations, and this is
our focus. Recent attention has been made in relation to the special case of Assumption 4,
where ¢ (x) = x~* for a fixed « € (0, 1). The ergodic properties of these and related
intermittency maps are discussed in [1, 22, 23], while mixing properties have been analysed
in [15, 25], for example. It is shown that the associated maps mix at polynomial speeds.
In our situation we show, under an appropriate choice of ¢ (x), how even slower rates of
mixing can be obtained and, as a consequence of the techniques that are employed, we
also construct maps with an intermediate polynomial (regularly varying) rate of mixing:
a mixing rate of 1/n(logn), for example. To the best of the author’s knowledge, such
maps have not been constructed before.

This paper is organized as follows. Below we give a formal description of what we mean
by slow mixing, via Definition 1. In terms of the statistical properties of these maps, we
analyse their physical measures and estimate the rates of decay of correlations. The paper
is then devoted to the proof of three theorems. Theorem 1 tells us how to deduce the
properties of the physical measure and how to estimate the rate of mixing when given an
arbitrary @ € J, whose degeneracy function ¢ (x), as specified in Assumption 4, is slowly
varying. Theorem 2 tells us the rate of mixing when given a selection of specific cases.
We also need a result, namely Theorem 3, which tells us how to estimate the rate of mixing
given that the recurrence of the system is known to be weak.

To clarify the meaning of arbitrarily slow mixing in our context, we introduce the
concept of regular and slow variation.

Definition 1.

(i) We say that a measurable function p : R™ — R is regularly varying at oo with
index y € R if for all y > 0 one has limy_,s p(xy)/p(x) = y¥. If y = 0, then
we say that p varies slowly at co. Similarly p(x) varies regularly with index y > 0
at 0 if p(1/x) varies regularly with index —y at co. We let R, denote the class of
functions which vary regularly (at co) with index y.

(ii)) We say that a sequence {x,},¢cn is regularly varying at infinity with index y € R if
there is a function p : Rt — R™T, which is regularly varying at infinity with index y,
and is such that x, = p(n) for each n € N (and analogously for regular variation at
Z€ero).

It can be shown [3] that, subject to mild conditions (even as weak as measurability),
regularly varying functions must take asymptotic form x? p (x) with p(x) slowly varying.
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Common examples of slowly varying functions are

p(x) = exp{(log )" (log” x)* ... . (log” x)* } p(x) = exp{(logx)/(log" x)},
o(x) = exp{(log x)*' cos(logx)*?}, «; € (0,1), r > 2.

In the latter example p(x) displays infinite oscillation with liminf,_ p(x) = 0
and limsup,_, , p(x) = oco. For more examples see [3]. We are interested in slowly
varying functions which go to zero. For example, we consider functions of the form
p(x) = (log" x)~L, where the rate at which p(x) — 0 can be made as slow as desired
by increasing values of r € N. We remark, however, that it is still possible to construct
sequences x, — 0 such that for all » > 1 we have x,,(log" n) — 0o as n — oc0. Our main
result concerns the statistical properties of such maps. We examine two dynamical
phenomena. The first is the existence of a physical measure and the second is the rate
of mixing.

Definition 2. We say that a ®-invariant measure ve is physical if for any continuous
¢ : 8! — R, the following holds: there is a positive Lebesgue measure subset U C S!
such that for all x € U,

1 n—1
lim —Zgoocb"(x):/godu@. (1)
k=0

n—oo n

The set of points for which (1) holds are called vg-generic points and are said to lie in
the basin B(vg) of ve. In particular, we are interested in absolutely continuous physical
measures (with respect to Lebesgue measure m). In terms of the mixing properties we
analyse the correlation functions

Clpod®, Y, vp) = ‘/((pocbn)l/fdv(p—/godv@/l/fdv(p, 2)

as n — oo. This correlation function is sometimes referred to as the covariance, for
example in statistics. We abbreviate the correlation function to C, (vp) when the class of
observables are understood. It is usual to choose ¢, ¥ € H where H is the space of Holder
continuous functions, i.e. for all ¥ € H, there exist 0 < y < 1 and K > 0 such that
d(y(x), ¥ () < Kd(x,y)?,forallx, y € S'. In the definition of the correlation function
we take ve to be the ®-invariant measure, and when (®, ve) is mixing we are interested
in the rate at which C,(ve) goes to zero. Closely related to the correlation function is a
quantity called the speed of convergence to equilibrium. To define this let us introduce
the Perron—Frobenius operator Pg : L' — L! associated to ® which is given by (for all
Y el® pell):

/(wo®)¢dm =/1/f  Pa(g)dm, 3)
and, hence, for all ¢ € LY
()
Po(p)(x) = . “4)
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Then the quantity

B, (p, V) = |1P (@) — Po(W)lh = /Sl |Pg(@)(x) — Pe(y)(x) dm(x)  (5)

is called the speed of convergence to equilibrium, where we assume that ¢, ¥ € H.
This quantity measures the speed at which a given probability measure converges to the
physical invariant measure under iteration of the Perron—Frobenius operator.

Let us introduce some conventions. For two functions f(x), g(x) we say that f = O(g)
if there exists K > 0 such that | f(x)/g(x)| < K (as x — 00), and we say that f = o(g)
if f(x)/g(x) = 0(x — 00). Moreover, we say that f ~ g if f(x)/g(x) = 1(x — 00),
and f ~ g if there exists K > 0 such that K~' < f(x)/g(x) < K, (x — 00).
These conventions also apply if we replace functions by sequences.

de Bruijn conjugates. For a slowly varying function p € Ry which is monotonic on
an interval [M, co) it can be shown that there exists a ,0Ii € Rg which is unique up to
asymptotic equivalence such that

PP xp(x) = 1, P X)pxpf(x) > 1 (x - o0)

and p™ = p. Moreover if f(x) = xp(x) then f~!(x) ~ xp®(x) (as x — o0). We call
(p(x), p*(x)) a de Bruijn conjugate pair. Given p(x) it is usually of interest to calculate
p%(x) and we do this in many particular cases.

THEOREM 1. (Slow convergence to equilibrium) Let ® € J and suppose that ¢(x),
as defined in Assumption 4, is slowly varying at 0. Let ¢ =¢(1/x)~" with ¢*
denoting the de Bruijn conjugate of ¢(x). Let ngo € N be fixed and suppose that
szzno(1/]{)(;_51:(1/k)_1 < 00. Then (®,S') has an invariant probability measure v
which is absolutely continuous and physical. Let ¢1,¢2 € H and let py denote the
invariant density. Then

1, /1\! 1, /1)
Clp1 0 @, 9, ve) = O<; 9 (E) ) and  Vy.o(p1.92) ~ 3 - (;) :
=n k>n
and these quantities are slowly varying inn asn — o0. IfX:anO(1/1{)(]3ﬁ(1/1<)_1 =00
then (¢, S') has a unique physical measure which is the Dirac measure supported on the
indifferent fixed point.

To prove Theorem 1 we associate a Markov tower (a tower in the sense of Young [25])
to each ® € J which in turn allows us to deduce the rate of mixing. This requires a local
analysis of the behaviour of @ in the neighbourhood of x = 0. The construction of the
measure Vg is also needed and we prove that this measure is absolutely continuous when
Zkzno (1/k)¢*(1/k)~! < oco. Again, a detailed analysis of the behaviour of ® near x = 0
is required together with a bounded distortion estimate for the derivative along typical
orbits in the vicinity of the indifferent fixed point, see §2.2. Due to the general nature
of ¢(x) a more detailed analysis is required in contrast to the classical situation in which
¢(x) = x~*. A formal treatment is presented, which involves knowledge of the behaviour
of the class of slowly varying functions. When Zano(l/k)(]_St(l/k)_l = 00, We prove
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that the physical measure is the Dirac measure supported on the indifferent fixed point in
our non-standard setting, §3. For maps which are C? in the vicinity of the indifferent fixed
point x = 0, for example ¢ (x) = 1, this result is well known, see [1, 23, 24].

After constructing the Markov tower, we are not done however. We need to know
how the recurrence time statistics can be used to deduce results on the decay of
correlations. In contrast to the Markov tower model analysed in [25], we assume very
slow (e.g. logarithmic) recurrence assumptions. Theorem 3 in §1.2 gives us the expected
result. The method of proof is via probabilistic coupling, as described in [25] and we use an
enhanced version of this method in order to account for the weak recurrence assumptions.
The proof of Theorem 3 is given in §4.

THEOREM 2. (Special cases) For ® € I, with degeneracy function ¢(x) defined as in
Assumption 4, the following special cases hold.
(i) Logarithmic decay. Suppose that

1 r—1 )
¢ (—) = (log" (x))'** [ tog/ (x).
X iy
Then, for a € (0, 00) and ¢1, 2 € H,
C(p1 0o @" vep) =0 _r
(pl ’ (pZa (o] - (logr n)a M

(i) Intermediate logarithmic decay. Let

1 ;o =
¢ <;) = !¢ " (log" x)' 7 [ [ log/ (x)
j=1
with o € (0, 1) andr > 1. Then, for ¢1, @2 € H,
Cp1 0 @", g3, vg) = O(e10F M%),

(iii)) Regularly varying decay. Let ¢ (x) = x®1p(x) where a € (0, 1) and p(x) is slowly
varying at 0. Then, for ¢1, 2 € H,

Clo1o ", 92, v0) = O~ ((p/*)F(n/*) .
In each case the invariant measure vg is absolutely continuous and physical.

Remark. Theorem 2 is a selection of special cases. To prove Theorem 2 we must estimate
the asymptotic nature of ¢* when given ¢. This is not always a straightforward procedure,
and the proof of Theorem 2 brings together various interesting techniques in the subject of
asymptotic inversion.

1.2.  The Markov tower. Let us now describe the Markov tower. Such a system has
proved fruitful in studying rates of mixing for non-uniformly hyperbolic systems, notably
in [25, 26]. Adopting a similar framework here we describe the formal set-up.

Suppose that a reference set 7y is fixed (which we consider as a subset of a measure
space) and define a dynamical system (F, 7)) where F is piecewise differentiable (but not
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necessarily invertible) and 7 is a fower built over 7. To define 7 precisely we suppose that
there exists a countable partition P* = {wo_;};en on Zp and a return function R : 79 — N
which is constant on each element of P*. R is defined in such a way that F® maps each
wo,; bijectively onto 7p. 7 is defined to be the set {(x, £) € 7o x N: £ < R(x)} and the
map F' acts as follows:

ot = {(x,RE—i— 1) ?fﬁ—i-l < R(x), ©
(Ffx,0) if£+1=R(x).

By definition
R(x)=min{n > 1: F'x € Ty, x € Ty},

and analogous to R there is a return function R : T — N which is given by
R(z)=min{n >0: F'z € Ty, z € T}.

The levels 7; can also be partitioned into pieces {wy;} with F¢ mapping wo; bijectively
onto wg; when £ + 1 < R(wo,;). The function R is then constant on each wy,;. We now
extend P* on 7 so that it contains all partition elements {w, ;} in 7. Denote the extended
partition by P. For each n > 1 the refined partitions are given by P, = \//_; FiTDP
where elements of P, get mapped bijectively onto a union of elements of P at time n.
To turn 7 into a measure space we introduce a reference measure m and a o-algebra B
generated by subsets of 7. If fTo Rdm < oo then m is a finite measure on 7. To get
some notion of distance between two points x1, xo € 79 we define their separation time
s(x1, x2) to be

s(x1,x2) = inf{n > 0 : (FF)"(x1), (F®)"(x2) lie in distinct wp ;).

If s(x1, x2) is large then x; and x» are considered to be fairly close. For xi,x2 € wg;
the separation time of xp, xp is defined to be equal to the separation time of F —txy,
F~tx, € wo,i. Note that separation can only occur when points have returned back to 7.

Dynamical properties of (F,T). We now list three dynamical assumptions on (F, 7).

ASSUMPTION 5. (Bounded distortion) There are constants B € (0,1) and K > 0 such
that for all x1, x3 € Ty

‘JFR(M) )

25 U] < gpsFRGD.FR (),
TR | =P

Here JFR denotes the Jacobian of FR with respect to m (which we assume to be non-
singular) and JF =1 onT — F*I’ZZ). In addition, it is assumed that JF > 0, m-almost
everywhere.

ASSUMPTION 6. (Topological mixing) Let R; = R(wo,;) € N. Then gcd{R;} = 1.

ASSUMPTION 7. (Finite reference measure) We have fTo Rdm < oc.
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In our situation the asymptotics of m{R > n} are prescribed to be sub-polynomial or
slowly varying. This means that for all « > 0, m{]% > n} decays to 0 at a rate slower than
n~% as n — oo. Turning to the statistical properties of (F, 7), it will be useful to define
function spaces Hg and HF, where

Hp=1{p:T = C:lopx) — ()| < 7 Vx,y € T},

HE = {(p € Hg : oneach wy; eitherp =0or¢ > 0,

e
)

and 3K, > 0 such that
oy

< Kw,BS(X’y) Vx,y € T}.

Observables on 7 and densities of probability measures will be chosen to lie in Hg
and H}, respectively.

Now for a given measure v let |v| denote the L' norm of its density dv/dm, and for
all A € B, let F,v(A) denote v(F~'A). For probability measures v, v, on 7 we let
V.. F(v1, v2) denote the quantity | FJ'vi — F' vz | which, by definition, is equal to the quantity
U, F(dvi/dm,dvy/dm).

It will emerge that most of the asymptotic properties of V), r are passed on to the
correlation function C,(v). Let us first recall some useful facts concerning the existence
and properties of probability measures for F'. We assume that Assumptions 5—7 hold.

FACT 1. [25] F : T — 7T admits a finite probability measure v which is absolutely
continuous with respect to m. Its density with respect m is strictly positive and lies in ’H;.
(F,v) is exact provided gcd{R;} = 1.

FACT 2. [25] There are many probability measures v on T with dv/dm € H;{ such
that the speed of convergence to equilibrium is bounded from below, i.e. V,; p(V,v) >
Km{R > n} for some constant K = K(v) > 0.

Our next theorem concerning the rate of decay of correlations for (F, 7') is as follows.

THEOREM 3. Assume that Assumptions 5—7 hold for (F, T). Take an arbitrary measure v
with density inside H;, and consider observables @1, g2 € Hg. Suppose that m{R > n} =
o(n) with p : Rt — R™T a slowly varying function at oo with p € C® and monotonically
decreasing to zero on [xg, 00) for some xo > 0. Then

Va,r (0, v) =By p(dv/dm,dv/dm) ~ p(n) and C(p1 0 F",¢2,v) = O0(p(n)).

Facts 1 and 2 we proved in [25] and estimates on the rate of mixing when the tail
m{Ié > n} behaves as O(n™%) or O(#") with « > 0 and 8 € (0,1) are given.
The correlation functions behave as O(n~%) and O(6"), respectively (for some 6 €16, 1)).
If m{]@ > n} = O(m~*") with @ > 0 then a central limit theorem property also holds.
The proof of Theorem 3 uses a probabilistic coupling argument similar to that in [25],
but we have to make further modifications in order to deal with the slow return time
asymptotics. In particular, we have to rely on given properties of slowly varying functions
in order to estimate the rate of mixing.
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As a corollary to Theorem 3, good bounds on the correlation functions can also be
obtained in the regularly varying case, i.e. when m{R > n} ~ n=%p(n) with « > 0 and
p(x) a slowly varying function. The following result holds.

COROLLARY 1. Let F, v, @1, 2 be defined as in Theorem 3. Suppose that m{ﬁ > n} ~
n~%pn) witha > 0and p : Rt — R* a slowly varying function at oo with p € C® on
[x0, 00) for some xo > 0. Then

V@, v) ®n~%p(n) and C(pioF", ¢2,v) =0 *p(n)).

1.3.  General background, related results and applications. Classically, maps with
indifferent fixed points were studied by Manneville and Pomeau [16] in the 1980s.
They worked with a generic unfolding of the saddle-node bifurcation, i.e. maps of the
form f.(x) = € +x + x'T® with x ~ 0,a > 0 and small €. Typical orbits under f.
display intermittent behaviour. That is, there are long periods of time, going to infinity as
€ — 0, where orbits reside in any given neighbourhood of the origin. For a discussion
on intermittency see also [4, 17, 20]. If ® € J is embedded into a parametrized family
®.(x) = € + x + x2¢(x) then similar phenomena are observed, but the bifurcation,
corresponding to the parameter ¢ = 0, is of a more degenerate nature. We summarize
the known results below for a specific family of maps @, : S' — S! given by

x(1429%) if0<x <41,
2 @)

B (x) =
¢ 2 — 1 ifd<x<1,

where « > 0. Assumptions 1—4 are readily verified.

FACT 3. Let &y : S' — S! be the map given by (7). If o € L>®(S', m) and € H, then:

(a) for a = 0, ®y has an invariant measure v K m which is mixing and C(¢ o
L, v) < KO" for some 6 < 1, K > 0;

(b) for o € (0,1),dy has an invariant measure v <K m which is mixing and
Clp o @, ¥, v) = O(n!~l/e);

(¢) fora > 1, f has no finite invariant measure v < m—the only physical measure is
the Dirac measure supported on the indifferent fixed point.

There have been many contributions to the proof of Fact 3 and many related results have
been established. A proof of Fact 3 that is close to the methodology presented here is given
in [25] and the non-Markov case is also treated there. Using different techniques, a bound
on the correlations of the form ©(n?(1=1/%) (up to a logarithmic correction), where y is
the Holder exponent of ¢, was obtained in [15]. A further proof together with a lower
bound was achieved in [12]. Higher-dimensional analogues were considered in [13, 18].

In the case of a singular physical measure, a o-finite (but infinite) invariant measure
may exist. We mention some references which analyse this situation. For Markov maps
with indifferent fixed points see [1, 22, 23] and for the non-Markov case see [27, 28]. In a
higher dimensional context there are some interesting articles by [11, 13, 14].

Results of the form of the central limit theorem have been established for f above with
a € (0, %), see [25]. For a subset of parameters o« € (0, %) an almost sure invariance
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principle holds, see [19]. For a > 1, other distributional results can hold; see, for
example, [1, 2]. With reference to Fact 3(b), in [21] (and later [9]) complete asymptotics for
the correlation functions were established. It was recently announced in [10] that optimal
bounds also hold in the regular and slowly varying situations.

As an example, a realization of a family of maps covered by Theorem 2 is the
logarithmic family Wg : St — S!, with B € (0,21log2 — 1). These maps are defined
as follows:

x+Cﬂx2|logx|1+ﬂ if0<x< %, ®)
2x — 1 if I <x<1,

Wg(x) = {

where Cy is a constant that depends only on 8, and is chosen to ensure that Wg(1/27) = 1.
Assumptions 1-4 are readily verified for each map Wg. For both families of maps, namely
those given by (7) and (8), a numerical investigation into both of the properties of the
invariant density and the correlation function is presented in [S]. The potential of these
maps to model long series of financial returns on market indexes and currency exchange
rates, where it is known that absolute values of financial returns exhibit intermittency,
slowly decaying correlations and heavy tailed marginal distributions are also presented
in [8]. Here, each marginal distribution corresponds to a distribution of the absolute returns
Rr(t) = | X+ T) — X(¢t)|, where X(¢) relates to the value of an index at any given
(discrete or continuous) time ¢, and T is a fixed time period. See also [8] for a discussion
on financial returns.

2. Slowly mixing maps

We now work with maps ® € J which satisfy Assumptions 1-4. Our aim now is to prove
Theorems 1 and 2. Adopting the approach of [25], we construct a Markov tower for these
maps and estimate the corresponding rates of mixing. The moral is to pick a subinterval
J C S! far from the indifferent fixed point and find a partition P; = {w;};en of J together
with a suitable return function R : w; — N with ¢pRiw; = J (bijectively and with bounded
distortion). Then m{x € J : R(x) > n} is estimated. To deduce the corresponding results
on decay of correlations and speeds of convergence to equilibrium we use Theorem 3,
which is proved later in §4.

2.1. Behaviour of ® near the indifferent fixed point. We are concerned with the
behaviour of ® € J on the interval A, where for definiteness we write A; = [a;_1, a;]
with aqp = 0 and ¢y = 1. Since we work on S!, we identify the point x = a4 with
x =ap. On Ay, let x, = ®(x,41) so that {x,} is a sequence of points converging to zero as
n — oo. The sequence {x,} will play an important role in determining the rate of mixing
of ®. We show that m{[0, x,]} and Zk>nm{[0,xk]} play the same role as m{R > n}
and m{ﬁ > n}, respectively. The following proposition gives us a way to determine the
asymptotics of x,,. The proof of the result follows the ideas of [1, chapter 4] and [6].

PROPOSITION 1. Let f : RT — (0, 1) be regularly varying at 0 with index y > 0.
Assume also that x¥ f(1/x) € C® on [Cy, 00) for some Cy > 0. Let xo = 1 and let
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Xp = g(xp41) where g(x) = x(1 + f(x)). Then

1
—— X where h(x) = .
yYrh=1(n) f1/x)
Moreover, when f(x) = x¢(x) with ¢ (x) slowly varying, we have that

Xn ™~

~

1 _ 1
wgim PN = S

and (¢(x), $*(x)) form a de Bruijn conjugate pair.

Xn

Proof. By the definition of regular variation we may write f(x) = x?”n(x) with n(x)
a slowly varying function at 0. We then use the following useful lemma regarding the
representation of slowly varying functions.

LEMMA 1. (Representation of slowly varying functions) [3] If p : Rt — R™T is slowly
varying at oo then there exists Co > 0 and measurable functions ¢, ¢ : [Co, 00) — R with
£>0,¢(x) > ceRT, e(x) - 0asx — oo and

p(x) = (x) exp{/x (C:(t—t)dt} for all x > Cy.

Co
Hence, we may write
V¥ e
n(x) = ¢(x)exp ——dt
c !
with ¢, & : [0, 00) — RT defined in Lemma 1. Using the definitions of 4 and {x,} in the
proposition we have
I 1 _ 1
FOn)  xinGa)  x) (L fas1)? n(xn)
n(x n-‘rl)

= ( n) (1 + f(xn—i-l)) Vh(xn-i-l)

n(xXn+1)

= ——— —yfxag1) +o(f(xnt1)).
n(xn)

By the properties of 1(x) we have

h(x, ') =

Xn+1
Xn

‘U(xnﬂ) _ ¢ (xn+1)
og | — = LR

Y e(r)
—d .
7 Con) Z0on) +/xn— r 4T (g )

To justify the asymptotic behaviour of log |¢ (x,+1)/¢ (x,)| we use a Taylor series argument
as follows. Write ¢ (x) = c¢+¢™*(x) where lim,_, ¢ £ *(x) = 0 and without loss of generality
we can take ¢ = 1. Then
log [(1 + ¢*(xp+1))/(1 + £*(xn))|
log |xp+1/xa|
. Zrzl (g*(xn) — C*(Xn41 )) {Zk 0 c* (xn)kf*(anrl )rilik}
Zrzl((—l)’“/r)f(xnmr '

©)
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Since £*(x) € C® we can write £*(x) = D)o agx® where this power series has a non-
zero radius of convergence. Using the regular variation properties of f(x) we also deduce
that

C* () = £ Cnp) = Y aexy (L4 fOonp)) = 1) = O(F Gnp 1)) (nt1)
=1
and, in particular, this implies that the ratio above in (9) is of the order ¢*(x,+1) which
goes to zero as n — o0.
Continuing with the proof, we then obtain n(x,) = (1 —o(f (xn)))n(xn+1) and,
therefore,

1 1
h (—) = <x > (I =y fGng) +o(f Gnr)) A = o(f (Xn+1)))

n+1

:h( ! )—)/+0(1).
Xn+1

Proceeding inductively we obtain A (x, l) = yn and, therefore,

1 1
h=Y(yn)  yYvh=1(n)’

Xn ™~

When y = 1 and f(x) = x¢(x) it is fairly easy to see that A~ (x) ~ x¢%(x)
(as x — 00) and hence the conclusion of the proposition follows. a

Remark 1. Proposition 1 above gives the leading asymptotic behaviour of x,. For the

specific choice ¢(x) = x%, it is possible to obtain higher order asymptotics for
the sequence x,, namely we can show that
1 logn
Xp = @i/ +0 (n1+l/a> . (10)

2.2. Distortion estimates and density estimates. 'We now work towards the construction
of the ®-invariant measure and the estimation of its density. We obtain distortion bounds
for the derivative map, and verify that the return map ®% (constructed over a suitable
subinterval J) satisfies Adler’s distortion condition (see [1, 22, 23]).

PROPOSITION 2. On [x,41, X,], the following distortion and expansion conditions are
satisfied: there exist K < oo and ). > 1 such that

|D2®" (x)]

7(Dd>"(x))2 <K and D®"(x) > i, forallx € [xp+1, Xn].

Similarly, these conditions are satisfied for x € S' \ (x(, X0) whenn = 1.

Proof. Tt will be useful to work with the function ¢(x) = ¢(1/x). The function ¢(x) is
slowly varying at oo and, again by Lemma 3, ¢(x) = ¢ (x) exp{fé‘0 e(t)/tdt} where Co
is a constant and e(x) = o(1), {(x) — Cy as x — oo. Since qS(x) € C®on [M, c0), it
is possible to tweak e(x) to make ¢ (x) constant. The tweaked £(x) maintains the desired
properties [3]. (Alternatively, we could do a local analysis on ¢(x) as in the proof of
Proposition 1).
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SUBLEMMA 1. As n — oo the following estimates hold:
/ 2 1 " g
P(xp)=14+—-—40|—- and ®"(x,) ~ 2¢"(n).
n n

Proof. A simple calculation gives the following estimates:

1~ /1 2 ., (1 1-,/[1
¢'(0) = ——¢' (—) L ¢ = ¢ (—) + =" (—) ,

X X X X X X

e(x) ~ e(x)?  &(x) e

P'(x) = —o(x), ¢3”(x>=< — + —2> $(x).
X X X X

Using the fact that ®'(x) = 1 + 2x¢(x) + xqu'(x), we estimate the two terms x, ¢ (x,)

and x,%qﬁ/ (xp) in the following way (as n — 00):

IS S |
B () (¢"(n)p(ng*(n))) o

e(ng*(n))
n

Xn @ (xp) ~

Ix2¢ (xn)| ~ — oM.

Since ®”(x) = 2¢(x) + 2x¢’(x) + x2¢” (x) it suffices to estimate x,%qb”(x,,) asn — oo.
We have
X9 (xn) = 26(1/2)$ (xn) + ¢ Cea) (£(1/x0)* — £(1/x) + x,7 '€ (1/x0)) = 0(6 (x0)).

where we have used the fact that ¢/ (x) = o(x 1) as x — oo. The conclusion of the
sublemma follows. O

For x € [x,+1, x,], we know from the above sublemma that

2
|D<I>k(x>|~( . )é( . )
n—=k n—=k

where ¢ is slowly varying (at infinity). A simple computation also tells us that

DR 1 [DPR(@W) - DO )
(DOED ()2 = [DO"(x)| = DR(PF(x)

: (1)

and so for x € [x;,+1, x,], we have that

|D2<Dn(x)| K n—1 n 2 . " ,
(DD (x))? = 2 (n) g <n —k> ¢ (n —k>¢ (n—k)

- K S i) FEe~ [T () Fwa

n2p(n) 5 b(n)
L K /n L4 (ﬁ) ar = K7 /n L bwyar
T i NS gy S 1
D
~ K M/Y[l/,,)l]sﬂ3 ds —> K(1—=87" asn— oo,
0 ¢n)

where in the last line we have used the dominated convergence theorem. Here § > 0 is
fixed small and K > O is a uniform constant. Hence, the distortion condition stated in
the proposition is satisfied. The expansion estimate for ®"(x) on x € [x,41, x,] as stated
immediately follows and similarly for x € '\ (x(, x0) whenn = 1.
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Calculation of the invariant density and construction of the Markov tower. Here we
explain how the results of Proposition 3 lead to the construction of the Markov tower with
the appropriate return time asymptotics. As mentioned at the beginning of this section we
can assume that ® is Markov with respect to the partition S' = U?:l A;. The indifferent
fixed point x = 0 will be a common end point of A| and A, on the circle. xg and x(’) denote
the other end points of A; and Ay, respectively (i.e. the points a; and a4z—1). We then
let B, = [xn+1, xn] With x, = ®(x,41) so that A; = |J B,. B, denotes an analogous
interval inside Ag. Finally put @ = {A,, ..., Ag—1; By, B,’l : n € N}. To define the tower
map and tower space we let 7y = St and sub-partition 7 into sets wp ; which almost cover
7o under ®R. (For distortion reasons we do not take R to be the time associated with a
covering of all of 7y.) For definiteness we put Q@ = {wg ;}. To describe the upper levels
(U¢> Z¢ of the tower we specify the return function R. On each A; fori € [2, d—1]and on
Bo,_B(/) we put R = 1 while R|B, = R|B], = n + 1. The intervals A, ..., Ag—; cover 7y
under ®® while all of the other partition elements of Q under @R cover S! \AjorS 1 \Ag.
For the towermap F on 7 = {(x,£) € ToxN : £ < R(x)} one has F(wy ;) = we+1,; when
£+ 1 < Rlwo,; and F(wg;-1,;) C 7o (with this containment possibly strict). F | wg,—1,;
can be identified with ®Rwy ;. The reference measure m on 7y can be assumed to be a
Lebesgue measure, and taking JF = 1 on T \ | J; 7g,—1,; gives us a reference measure on
the whole tower 7" which we also call m. To get the correct notion of separation time we let
s(x, y) denote the first time that (®R)"x and (®X)"y are in different elements of Q. It will
be useful to consider the partition Q,, = \/Z:O(CIDR )_k Q where elements w € Q,, contain
points which only separate after n returns to 7y. By Proposition 3 we can deduce that J FR
satisfies a bounded distortion condition (in the sense of Assumption 5) with respect to the
separation times. Let us now prove an elementary estimate regarding the invariant density
of ®&, see for example [7].

LEMMA 2. ®R admits an absolutely continuous invariant measure vgr with density ogr
which is Lipschitz.

Proof. Letw € Qy, so that for all x, y € w one has s(x, y) > n. Then, for x € w, we claim
that

| D> (@R (x)]

(D(@RD)1 ()2

for some uniform M; > 0. To see this we know that ®F satisfies Adler’s condition for
almost all x € S'. By iteration one obtains

ID2(@F)" ()] _ I D2eR@ ) - D@R) )
(D(@R)"(x))? = [D(@F)" ()] = DOR(@F)(x))

n—1
1 KA
SKZ D(DdRyY—k Sl—k’
£ | D(®Ry k()]

which is what we want. Let (CIDR);” denote the inverse of (®X)" restricted to
w € Q. Then the equivalent condition for the (local) inverse map (CIDR);” is that
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|D2(<I>R);"/D(<I>R);”| < M. Hence, for all x, y € S! we have that
X

<)
y

B 1’§d(q>’?){;m 1
= dm n =

D>(®~ Ry (1)

D(®~®) (x)
‘ D(TR)Z)U) dm(t) < Milx —y|.

81 D@ Ry (y)

Let

On
n

where Pgr is the Perron—Frobenius operator associated with ®%. We wish to analyse the
limiting behaviour of the sequence {0, },>0 as n — oo. First of all for each n € N and
X,y € S! we have

|Ppel(x) = Papl()I < D ID@F)"(x) = D@F) " ()]
wEQn
< Y MID@""| - x =yl < M"x -y,

weQy
and hence {0,},>0 forms a family of equicontinuous functions. By the Arzela—Ascoli
theorem there is a subsequence {0y, };>0 converging to a continuous function o.
This function is the invariant density associated with ®X. The absolute continuity
properties of the measure vgr easily follow. o

LEMMA 3. IfZ:o:l 1/(n¢_5’: (n)) < oo then ® admits an absolutely continuous invariant
measure vg with density: ogp(x) = 1/x¢(x).

The invariant density for @ can be calculated using the expression

d o0
%(x) = ok (x) + kz; zl:d oo (®750) - DB (), (12)
= ]: )

where o4 is the invariant density for vgr and <I>fk is the local inverse of ®* restricted
to the interval A; and CDéjk is the local inverse of ®F restricted to the interval Ag.
To understand the form of the density near x = 0 it is easier to work with the system
(F, T) and a projection mapping 7 : 7 — S'. Recall from fact 1 that F has an invariant
measure v < m and the ®-invariant measure vg is given by vy = m,v. Let us understand
the action of = on 7. To do this we identify 7y with Q and identify the upper levels
T € 7 (£ > 0) as a union of sets of the form {wy x} where wy = Fea)o,k and wo k
correspond to sets By, B,/( with k > £. Thus sets of the form wy4¢ ¢ correspond to the sets
By, B This fact may be used to analyse the density 0o = dve/dm on each B;. We obtain
v(n_an) = v( Uizn B,,) and therefore o¢ has the property that for x € [x,41, x,]

v By 1

~

m(By,) Xn — Xn+1 X (xn) -

op(x) = n.
Hence, by asymptotic inversion

1 . 1
op(x) & —— since x; ~

X (x) ngt(n)
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2.3. Mixing properties. Let us turn to the estimation of the correlation function.
For lower bounds (in terms of the speed of convergence to equilibrium) we have the
following lemma.

LEMMA 4. There exist measures |11 0T, [L20T € H; suchthatV, o (11, n2) ~ m{Ié > n}.

Proof. Consider the measure it = (¢ X7;)m on 7. Here ¢ € L®(St, m) (with ¢ > 0) and
X is the characteristic function. If u = m.ft, then

n+k
VLB = A(F "7~ By) = ﬁ(F‘"<U we,k+£>> < K|go|oom< U B;)
>0 Jj=k

where the right-hand inequality results from the fact that Ffﬁ( Upsn ,Tg) = 0. Hence,

d(m F" 1
Vao (i, v@:/‘%—a dm

~ 3 Kl m( Ui B)  m(Uie B)) m(Bo)
[T B m(Bi) ¢
%Z IK|¢loo (1_ ke* (k) >_ 1 ‘
=0 kep* (k) (k +n)¢*(k + n) kep* (k)
1
> K (No)—
_k;w No) 250
~ Z m[0, xi] %m{ﬁ > Non} %m{ﬁ > n}
k> Non

where in the second line we have used the fact that ¢* (x) is slowly varying to deduce
lk@® (k) ((k +n)@F(k +n))~ ' — 1| < e(Ng) forallk > Non.

Here €(Ny) < 1 if Ny is chosen sufficiently large. The slowly varying property of the tail
is also used in the last line. Sharp bounds for V, ¢ (-, ve) are now achieved. O

Estimating an upper bound for the speed of mixing. To get bounds on the correlation
function and the speed of convergence to equilibrium, we bring to bear the results of §1.2.
The reader is also referred to §4. To achieve these bounds we build a Markov tower
F : T O over the subinterval A;. Define a return function R on (F,7) as follows:
for each x € S let
R(x) = inf{n > R(x) : ®"(x) € A1}.

If {Ti}ieN is such that Tl = R and T, = T,-_l + Ro CIfo—l, then Ié(x) = T,-(x) where
i = inszl{CDTJ' (x) € A1}. Let F; be a o-algebra on S! with the following property

n
bedF; iffdn:de\/®'Q with T;|d=n.
j=1
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In particular, by using Lemma 6 (see §4.2) it is possible to show that for all ® € F;
m{Tig1 —T; >n| @) < Km{R>n} and m{R=T, | &} > &.

where in the latter inequality we may assume that R # Tj on® forall j € [1,i —1].
To obtain the desired asymptotics of m{R > n}, follow the calculations performed in §4.3.
Moreover A| can be partitioned into sets @; such that i maps each @y ; bijectively onto
A1 with bounded distortion. This gives the required Markov extension. The system (F, T)
also has an invariant measure ¥ = 7, v which is exact (where # is the projection from 7
to S! ). An upper bound for C(p10®", @2, v¢) can then be computed by following the proof
of Theorem 3. Here ¢y, g2 € H, but we can replace these by functions ¢; = ¢; o7 € Hg
on 7 (for j = 1,2) and then write C, (vo) = | [(@1 0 F")@2dD — [ $1dV [ 2 dD|. In the
same way, the upper bound for V, o (v1, v2) = |®]v; — ®}v2| can be obtained by lifting
to the tower 7 and setting ¥; = 7,v;.

2.4. Asymptotic inversion and the proof of Theorem 2. For a prescribed function f(x),
the inverse function f~!(x) cannot always be made explicit. In this section we present
techniques that allow us to analyse the behaviour of f~!(x), at least asymptotically, as
x — 0orx — oo. We begin by defining the notion of a generalized inverse to a given
function f(x).

Definition 3. Let f*(x) = inf{y € [X,00) : f(¥) > x}. Then we call f* a generalized
inverse of f. If g is a function for which g o f(x) ~ f o g(x) ~ x, then g is called an
asymptotic inverse to f with a version g ~ f* as x — oo.

The following result holds.

FacTt 4. [3]

(i) If f € Ry for somey > Othen f* € Ryyy.

(i) If f € Ry and f(x) = xp(x) with p(x) slowly varying, then the de Bruijn p*(x)
exists and f*(x) ~ xp?(x).

Computation of asymptotic inverses. In anticipation of proving Theorem 2 it will be
useful to consider a function f satisfying the following assumptions.

ASSUMPTION 8. We have f € R, for somey > 0and f(x) ~ xVn(x) (as x — oo) with
n(x) a slowly varying function at infinity.

ASSUMPTION 9. We have n(x) = g oij(x) with g € Ry for some y > 0 (as x — 00) and
n € Rg. Moreover 1] is monotonically increasing to oo and n(xy) < n(x) + n(y), for all
x,y > C, for some constant C > Q.

SUBLEMMA 2. Suppose that f(x) satisfies Assumptions 8 and 9. Then an asymptotic
inverse to f(x) is given by the function

. x 1/y
)~ (W) . (13)
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Proof. For f*(x) as stated in Sublemma 2 we compute f* o f(x) and show that it is ~ x
for large x. First of all, by direct substitution f* o f(x) ~ xn(x)"/"nxn@)/v)=1r.
We claim that for all x > C we have that
n(x) < nxn)'7) < nx) + o (x)).
If the claim is true then for sufficiently large x we obtain
xn(x)'r B <1 O(n(X))>W
+ oY n(x)
The right-hand term is then ~ x and we are then done. So let us prove the claim. It is clear

by the monotonicity of 7(x) that n(x) < n(xn(x)'/?). For the upper bound we use the
conditions placed on 1(x) and estimate as follows

NGy < g0 + 7)) ~ gGitx) + 7@ LG,

where L(x) is slowly varying and g(x) = x?L(x). Proceeding, we have that

NG < ([ + 7)) ~ g(i(x) (1 + o(1))) ~ (1 + o(1)n(x)

as x — oo (and for all € > 0). This is the required result. O

x> fTo f(x) = o

Another method for calculating asymptotic inverses is to use the Lagrange inversion
formula. Take p € Ro and let p(e*) = exp f(x) with pf(e*) = exp f¥(x). Then the
condition p®(x)p(xp*(x)) — 1 is equivalent to the condition f(x + f*(x)) + f*(x) = 0
as x — o0.

FACT 5. (Lagrange inversion formula, see [3]) Suppose that f is holomorphic in a
domain D including the real interval [R, 00) and p(e*) = exp f(x) is slowly varying.
Suppose that for all large x € R, we can find a contour y, containing x and such that
| f(2)| < |z —x|forall z € yx. Then

1 a"
ffaoy=>" o 1)'W(—f(x))"+l +o(l) (xeR. x— 00),
n>0 .

and p*(e®) = exp f*(x).

To estimate the asymptotic form of a de Bruijn conjugate we usually just need the first
few terms of the Lagrange inversion formula. Let

m 1 n

ot _
[l =>" G

n=0

(—f o))t

denote the mth partial sum. The following result holds.
FACT 6. [31If f'(x) — O and f(x) f'(x) — 0asx — oo, then f*(x) = fg(x) +o(1).

Using Sublemma 2 and/or the technique of Lagrange inversion, the following corollary
is obtained.

COROLLARY 2. Let f(x) = xn(x) where n(x) = Hle(logr x)¥ and oy > 0. Then
n*(x) ~ x/n(x) as x — oo. Similarly, if instead logn(x) = ]_[fzz(logr x)% and
o, € (0, 1), then the same conclusion holds.
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We remark that a non-trivial case arises when n(x) = 1) for ¢ € (0,1) and
x — o00. The higher-order derivatives in the Lagrange inversion formula have to be
analysed. For the function in question we obtain

le/d-e)]

< " )(1ogx)°‘+(°‘”" + 0(1)}.

f(x) =
n°(x) eXp{ w1 \an

n=0

We leave it as a challenge to find 5*(x) when n(x) = elogx/log x " > 2y Tt is now easy
to see that parts (i) and (ii) of Theorem 2 hold. For the third case we use the following
lemma.

LEMMA 5. Suppose that Assumptions 1-3 hold, and regarding Assumption 4 we have
¢ (x) = x¥"1p(x), where p is slowly varying near x = 0 and y # 1. Then

Xn ~y VTV (VYA G )YTY and  Cu(ve) = O(nxy). (14)

Proof. Let f(x) = xp(x) and g(x) = xp*(x) (as x — oo). Then, by definition, we have
that f o g(x) ~ x. Moreover, for all «, 8 > 0 we have f(x%)? o g(x!/#)1/® ~ x and
therefore an asymptotic inverse of x*# p (x#)? is given by x /% p?(x1/®)1/B The required
asymptotic for x, now follows from Proposition 1. To get the bound for the correlation
function we should first verify Proposition 2 and then verify that the Markov tower
construction is still valid (we leave this as an exercise). We then obtain

00 Uy Ut e nl=1y
cn<v¢)=0<fn X dx)=0 GUEaT |

again using the dominated convergence theorem. O

Remark 2. When y = 1 the estimate on the correlation function as stated in Lemma 5
is no longer true. In this case the correlation function depends more on the function p*.
However, it can be shown that the correlations decay in a slowly varying fashion (see [3]).

Remark 3. Using the same techniques as in the proof of Lemma 3 we also get an estimate
on the invariant density near 0 when ¢ (x) = x¥ ! p(x) and obtain o¢ (x) &~ 1/(x? p(x)).

3. Existence of o-finite infinite invariant measures

3.1.  Singular probability measures. 'We suppose now that Y -~ 1/(n¢*(n)) = oo.
In this case, we show that the only physical measure is the Dirac measure 8o supported
on the indifferent fixed point. The following result holds.

PROPOSITION 3. Suppose that Y - | 1/(n¢*(n)) = oo and let ¢ : S' — R be any
continuous function. Then, for Lebesgue almost all x € S,

n—1

. : 1
lim — pr o (®/(x)) =¢(0) and lim —log|D®"(x)| =0.
n—oo n = n—oo n

Proof. In the C? case the proof is straightforward, see [1, 24]. Since our setting is non-
standard, we present the details. We fix an arbitrarily small neighbourhood A¥ = (—¢, €)
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of the indifferent fixed point and show that for each fixed €, almost every orbit spends most
of its time inside A} (on average). First of all we estimate the quantity

Onlk) =10 < j <n: (®F)/ (x) € By, B}/ n.

Since vgr is mixing, we have for each fixed &,

~ 1
i = "y A x2 ~
nhggo O, (k) = ver(Br U By) ~ xj ¢ (xx) eV,
We now estimate
Ou(e) =t{0<j<n:® (x)e S\ A)/n

and show that this tends to zero as n — o0. Choose the smallest k > 0 so that
(x,’c, xx) C A}, It suffices to estimate ®,(x;). For each x € S! introduce a sequence
{o (i)} with (dF) = ©°®D and 6(i + 1) = o (i) + j when (PF)i(x) € Bj, B} (with
o(i + 1) = o(i) + 1 otherwise). In any time interval [o(j), o (j + 1)] there can only be
at most k iterates inside S! \ (x,’(H, Xr+1) and similarly for [o (m), n]. Let m be such that
o(m) <n < o(m+ 1). Then up to time n the proportion of iterates a typical orbit {®'x}
spends inside S' \ (X415 Xk+1) is given by

MmO (0) + Y 5_1 jmOu(j) + X jo i kmOp (j) +k
(n—o(m) +mOu(0) + Y ;=1 jmOu(j)

N k

T 00+ Y21 JOm()

with the latter term tending to 0 as n — 00, i.e. as n — 0o we can show that m — oo
(almost everywhere) and, therefore, ®,,(j) — 1/( qu_ﬁ’: (j)). Hence, the denominator
O, (0) + > =1 jim(j) converges to infinity. The conclusion of the proposition now
follows. O

On(xx) =

3.2.  Sigma-finite invariant measures. When anno 1/(n¢*(n)) = oo, then apart from
there being the usual singular physical probability measure, there is also a o -finite infinite
invariant measure. The general results of [22] regarding the existence of such a measure
together with an estimate on the invariant density will apply in our setting. We summarize
with the following result.

FACT 7. Suppose that ® € J satisfies Assumptions 1-4 and anno 1/(n¢*(n)) = oo.
Then there exists a o -finite infinite invariant measure Vo that is absolutely continuous with
respect to m. Moreover, its density 6¢ behaves as H(x)/(x¢ (x)) forall x € s! \{0}. Here,
H (x) is a continuous function satisfying C~' < H(x) < C for some constant C > 0.

4. Estimating the speed of mixing

In this section we prove Theorem 3. For completeness we include the proof of Fact 2
which concerns the lower bound for the speed of mixing. We then explain how the
coupling argument is used to obtain information on the correlation functions given that the
recurrence time asymptotics are weak, that is m{R > n} is assumed to be slowly varying.
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Our approach is a modification of [25], but in order to get the required estimates we need
a detailed analysis on the behaviour of slowly varying functions. These technicalities are
discussed later in this section.

4.1. A lower bound for the speed of convergence to equilibrium. Let Pr : L°°(7T,v) O
denote the Perron—Frobenius operator associated to F and let v = ¢m denote a measure
whose density with respect to m is ¢, and let o be the density associated to the invariant
measure v. Then Pr(0) = o and Pj(6) = d(F}(6m))/dm. Now fix a constant ¢ > 0
and let ¥ = 6m be a probability measure on 7 (whose density lies in H;) withe > o +c¢
on 7 \ 7p. Using the factthat JF = 1 on 7T \ F*I’ZE) and F,v = v, then for all n > 0 one
has P/(5) > o +con|J,., 7. Hence,

Vrr @) = [ 1PEG) ~oldm = 3" m(To) = emR > ),
T

>n

which is the required bound as stated in Fact 2.

4.2.  Probabilistic coupling arguments. Let vy, v be any two probability measures on
7 whose densities lie in H;. To estimate an upper bound for V,, ¢ (vi, v2) it will be useful
to couple the measures v| and v, by considering the productmap F x F : 7 x 7  on the
product space 7 x 7. Here m x m is the reference measure on 7 x 7 and v x v defines
the F' x F invariant measure. For j = 1,2 weletwr; : 7 x 7 — 7T denote projections
onto the jth coordinates so that 7; o (F X F)) = F o m;. The quantity V, r(v1, v2) may
now be written as

Vo, (01, 12) = |(@)«(F x F)"(v1 X v2) — (m2)«(F x F)"(v1 x »)|. (15)

Stopping times and matching of measure densities. To estimate the expression in (15)
we construct two sequences of dynamical partitions {®;};>0, {@i}izo with associated
sequences of stopping times {#;};>0, {7i}i>0, respectively. Partition elements inside ®;
will map injectively onto 7y in one coordinate but should be spread over 7 in the
other coordinate at time t;. Elements of @,- will map injectively onto 7y x 7y under
(F x F)Ti. We will call the partial return times and the T; simultaneous return times
to 79 x Tp. A typical element T € @,- (with 7T; < n defined) will have an itinerary
made up of partial and simultaneous return times. That is, for all T € ©; there are
times 0 = Tp < T1 < --- < Tj(r) for which (F x F)YLY ¢ Ty x Ty, and for all
J € [0,i] there are times 7| = fp < t; < --- < f(v,j) = T; for which (F x iy
is contained in 79 x 7 or 7 x 7y for I € [0, k]. Supposing for the moment that these
stopping times have been defined we explain how the right-hand side of (15) is estimated.
Let W =d(v1 x vp)/d(m x m), so that v X v = (V) (m x m), and introduce a decreasing
sequence of densities {Wg}x>0, with W9 = W. The sequence {W;} will depend on Y and
its associated sequence of simultaneous return times {Tj};zo. We set W, = @; and

Wi 1 =W if Tj < k < Tjy1, where {\i/j}jzo is a sequence of densities defined such that
the following matching condition holds:

(1) — (1)) (F x F)2 ((Fj_1 = W))((m x m) | 7)) =0, (16)
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for all j and for all Y; € (:)j. Forall z € 7 x 7, write \i’j(z) = \i’j_l(z) - éj_l(z).
Then the density \i’j represents the density part of U j—1 that has not been matched at the
simultaneous return time 7’ associated with z. To obtain an expression for & j—1(z) we use
(16) as a guide: let Fi = (F x F)Ui thenforall A e B, Y e @,

T FI (W1 —U))((m x m) | T))(A) = / &1 d(m x m)

(F=iz7'a)nT

& ((FJ
- / ST s m),
AxTHnElivr JFI(F—iz)

where JF is the Jacobian of F' with respect to m x m. Replacing w1 by w7 in the
expression above leads to an integral over (7 x A) N EFTiY. So for (16) to hold we
need éj_l (z) = KvJ FJ(z) where K is a constant on Y.

Our aim is to estimate V, r(v1, vp) purely in terms of W,,. This will allow us to estimate
V.. F(v1, 12) in terms of a distribution of simultaneous return times {7;} for pointsin 7 x 7 .
The asymptotics of V,, (v, v2) will then depend on the asymptotics of (v x v1)(T1 > n)
and on the regularity of J F. We summarize the details in the following proposition. For a
complete proof, see [25].

PROPOSITION 4. Foralln € N, and for all v, v> € 7‘[; we have that

o0
V. (1, v2) <2001 x ){Tjy > n}+2 Y 0770 (1) s my)(T;
J=Jo

<n<Tpa} (A7)

where jo € N, and 6 € (0, 1) are fixed constants depending only on F.
The proof of the proposition follows from the following two sublemmas.
SUBLEMMA 3. [25] Let {W, } be the sequence of densities defined as in (16). Then
Vs =2 [, ()
SUBLEMMA 4. [25] There exists a0 € (0, 1) and a jo > 1 such that for all j > jo, the
sequence of densities {V, } decrease geometrically, that is \ilj < G\ilj_l.

The proof of Sublemma 3 uses the matching condition, namely (16), while the proof
of Sublemma 4 relies on the fact that J F satisfies a regularity condition similar to that of
Assumption 5; see [25] for details. Proposition 4 follows from these sublemmas by first

o0
S W

observing that
/ v, = / v, +
{n<Tjy} i=jo {Ti<n<Tiy1}

= (v1 x v){n < Tj} + Z/ W;

i=jo Y (Tisn<Tit1}

o
< (v x w){n < T} + Z gi—iotly,
i=jo Y {Tisn<Tit1}

by using Sublemma 4. The result now follows by Sublemma 3. O
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Distribution of stopping times. In order to make use of the inequality given by (17) we
need to understand the asymptotic distribution of the sequences of stopping times {7;}
and {t;}. We now give the precise definition of {®;}, {©;). Let (x1,x2) € 7 x T and
let ng be the mixing constant defined in such a way that m(Zo N F~"7y) > y9 > 0 for
all n > ng. For (x1, x2) we define stopping times {f;} as follows. Put zp = 0 and let
t1(x1,x2) =ng + ﬁ(F”Oxl). Future stopping times for i > 1 are defined as

fi (X1, X2) = hi—1 4 no + R(F™T2-1x0) 141 (x1, x2) = ta; + no + R(F™ 2 xp).

Put ®1(x1, x2) = \/” (x])(F i+1P) x T, and for i > 1 define the partition ®; such that for
each element of it, the stopping time ¢ is constant. If T € ®7;_, then T = A x A, with
F2i-1A] = Ty and F"2-1 A, spread over 7. To obtain Y* C Y with Y* € ®y;, partition
Y into sets for which f; is constant let Y* be such that F2m,Y* = 7y (injectively).
A similar process is carried out when passing to ®,;11, where we instead partition into
sets Y* for which F2i+ 7 Y* = 7). We now define the stopping time T = Tj associated
with some Y € ®;. Suppose for definiteness that Y = A} x Ay € ©; witht1,...,f
constanton Y and Y N{T < t;_1} = @. If i is even (and analogously if i is odd), then
Fli-tAy = Ty and F'i-1Ay C wy, ¢,. At time 1;, F'i Ay = T while F'i A; is spread over
U{Z¢ : € < t; — ti_1}. We set T = t; on subsets of Y C Y with m FiiT = 7Ty, and
Y now becomes an element of ©. Recalling that F = (F x F)T the stopping times
T, for n > 1 are defined by the relation 7,, = T,,-1 + T o E"=1 and the partition @,, is
given by O, = \/;f=1 F~/*1®,. We now consider the distribution of the stopping times.
In particular, the #; can be unbounded, but, due to the integrability of R-almost every
(x1,x2) € T x 7T, has t; < oo (and similarly for future stopping times). The following
lemma summarizes the essential results. The time delay n¢ also plays a role in ensuring
that sufficient mixing has taken place before the next partial return time.

LEMMA 6. [25]
(1)  There exists 6 > 0 such that foralli > 2 and forall Y € ®; with T | T > t;_

i x T =1 Y} = 4.
(2)  There exists K1 > 0 such that for alli > 0, for all Y € ©; and for alln > 0
W1 x V) {tig1 — 1 > no+n | Y} < Kim(R > n).
(3)  There exists Ko > 0 such that for all i and for all Y € O;
Wi x T4 =T >n | T} < Ko(m x m){T > n}.

4.3. Estimating Vu r(v1, v2) in terms ofm{lé > n}. We now obtain an upper bound for
V. F(v1, v2) in the situation where m{R > n} is slowly varying. We begin by estimating
(vi x V{T > n}. Let co = co(ng) < 1 be a small constant to be fixed and write
W1 x VT >n} =W xv){T >n:teyn <n}+ Z W xv{T >n:ti—1 <n <t}
i<con
The first term on the right can be estimated as follows:
con
W1} {T > e < n} < i x{T > o} [ Jor<{T > 6 | T > 121} < K6
i=3
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by Lemma 2. For the second term on the right-hand side we write

WM xv{T>n:tici <n<ti} < xv){T >n:n<t}
i n
< (v1xvz){T>t',1:t<—t-,1>f},

and by applying Lemma 6 on appropriate conditional probabilities, we obtain an upper
bound for (vi x V){T >n:ti_1 <n <tjjtobe K - ié?[m{R > n/i —no}. Hence,

(v x VT > n} < KOO + Z K -if'm {Ié > ’ll— — no},
i<con
where K, K’ are constants independent of i and n. Let us now consider the case when
m{ﬁ > n} = O(p(n)) with p(n) as stated in Theorem 3.
We assume throughout that 7 is large, so that the given tails are asymptotic expressions
as n — o0o. We have the following definition.

Definition 4. A function p : N — R satisfies ‘geometric summability’ with respect to
constants y1, 0 € (0, 1), y» > 0 if there exists an N € N, such that foralln > N,

> 0 (5 - ) =000, (GS)
ke[l,y1n] k

We show that (GS) is satisfied for the class of slowly varying functions stated in
Theorem 3, and moreover if the (GS) condition is satisfied, then we show that this is enough
for Theorem 3 to hold. Note that functions of the form p(x) = e " or p(x) = e—ax’
(fora > 0 and b € (0, 1)) do not satisfy (GS). We begin by showing that the log-like
functions considered in Theorem 2 satisfy (GS). The difficulty here is that logn/k goes to
zero as k — n, so we must verify that there is a suitable choice of constants y; and y» for
which (GS) holds. We consider functions p(n) = O(exp(—a; (log” n)*2)) with oy € (0, 1)
and ap € (0, 1]. The next sublemma tells us how to remove the dependence on y» in (GS).

SUBLEMMA 5. Suppose that p(x) € C® is slowly varying at oo and is monotonically
decreasing on [xg, 00) for some xo > 0. Then there exists a constant K, independent
of k or n such that for some constant y| depending on both p and y,» we have that
pn/k —y) < Ky, pn/k) forall k < yin.

Proof. On [x(, 00) observe that

< %/_k)n) =exp{logp<%—y2) —logp<%)}.

By Lemma 1 and the mean value theorem we have for some z € [n/k — y», n/k] and for
allk < yin

p(n/k—y2) {p’(z) }
— =X ¥2
p(n/k) p(2)

ool o)

< exp{(e(min{xo, y; ') + Dyayi) = Ky
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We have used the fact that p € C® to assert '(x)/¢(x) = o(x~!) as x — oo0.
The dependence of y; on y, follows from the requirement that yl_l — 2 > X, otherwise
we could lie outside the interval of monotonicity. a

Remark 4. When p(n) = O(exp(—aj(log” n)*?)) then we should choose y; < (y2 +
exp” 0)~! in the proof as the function (log” x)~*2 is not defined for x < exp” 0. (Here exp”
denotes the r-fold composition of the function exp.)

Considering Theorem 2 we first estimate (v; x »){T > n} when p(x) is a log-like
function.

SUBLEMMA 6. If p(n) = O(exp(—aj(log" n)*2)), with oy € (0, 1) and oy € (0, 1], then
(1 X T > n} = 0(p(n)).

Proof. If we show that p(n) satisfies (GS) with y» = ng and an appropriate choice of y;
then we are done since we obtain (vi x v){T > n} < K160 + K>p(n) for uniform
constants K1, K> independent of n. The term on the right of the inequality is then O(p(n))
asn — oo.

To show that p(n) satisfies (GS) it is necessary to choose y; small enough in order
that the sum Zke[l,yl n) ok p(n/k — y») decreases eventually as a geometric series on the
interval [1, yyn]. If this happens, the sum of the series can be bounded by a constant
times the sum of the first few (finite) terms, which is then of the order p(n). The only
difficulty is that p(n/k) blows up to infinity as k increases to (exp”~! 0)~'n (especially
when ap = 1) and is no longer defined beyond that value. However, we show that all is
fine if y; is sufficiently small. By Sublemma 5 we may take y» = 0 and we begin by
estimating p(n/(k + 1))/p(n/k). We obtain, for all » > 2,

k+1 o o
1< PWEED) _ola (log (4))* — e (10" (=) |-
pn/k) k k+1

To estimate the right-hand term we use the mean value theorem applied to the function
glx) = (logr_lx)"‘2 on the interval I,y = [log(n/(k + 1)), log(n/k)]. Then, for all
x,y € Ik, we have that

l§(x) =8I = sup az(zlogz...log" ?z(log' ' )" 7*) " |x — y.

ZEI,,yk
Letting x = log(n/k) and y = log(n/(k+ 1)) and using the fact that [, C
[log yl_l, logn] we have the bound
pn/(k+ 1))

< exp(ajazr(loge; ! ... log  y  dog” y H I og(t + k1))
pn/k)

N
=(1+-
(+k>

with A* = ajap(log yl_l . Jogr ! yl_l(logr yl_l)l_"‘2)_l, and A* < oo if y; is chosen
sufficiently small. By induction we obtain p(n/k) < K o (n) and, hence, that

Yo i (3)= X K =0(pm).

ke[l,yn] ke[l,yn]

The conclusion of Sublemma 6 now follows. O
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SUBLEMMA 7. Suppose that p(x) € C® is slowly varying at oo and monotonic on
[xg, 00), then
(1 x T > n} = 0(p(n)).

Proof. In light of Sublemma 6 above it suffices to estimate p(n/(k 4+ 1))/p(n/k) for all
n/k > max{xg, yfl }. By Lemma 3 and the mean value theorem we have that

pin/k) {p/(z)} _ {<S(Z) C'(Z)) n }
————— <exp =expi|— — —_
pn/(k+ 1)) p(2) z ¢ ) k(k+1)
forall z € [n/(k+ 1),n/k] and k < y1n. Now choose y; so that 8()/171) is well defined

on [y, 00). Using the smoothness properties of p (which implies smoothness for ¢ (x) and
£(x)) we obtain

k ey ! 1 ey ! 1
Mfexp M+o — =1_|_ ()/1 )+0 — .
pn/(k+ 1)) k k k k

Hence, p(n/k) < kk*p(n) with A* bounded if 8()/171) is bounded. The result now follows
using the argument of Sublemma 6. O

The estimation of V, r(v1, v2) is now a straightforward procedure. By Proposition 4
and arguing as above with p(n) slowly varying we have

o0

Var (i, v2) K Y 0" x w){Ti <n < Ty

i=1

o n
< K169" + K 6! V] X V {T'—T'_ >—}
< Kj 2 Z Z( 1 X )T =13

i<con j=1
. n
S K0V 1Ky Y 6 m xm) T > 2
i<con !
< K10°" + K2p(n) = O(p(n))
as required (with K1, K> uniform constants). O
Estimating the correlation function C(p1 o F", ¢2,v). Take ¢1 € L™, ¢ € Hp and let
Pr denote the Perron—Frobenius operator associated with F' and m, as before. Recall that

v =om and Pr(0) = 0. Let ¢, be a rescaling of ¢, so that f([)za dm = 1. Let v be the
probability measure on 7 with ¥ = (@0 )m. Then

Clp1o F", @p,v) = ‘/(¢10Fn)€52d\/_/§01 dV/@dv

- ‘fgol(P,tf(@za)—a)dm‘
S/Ifﬂll'lpﬁ((ﬁzd)—aldm < 10116 Vi F (5, 1)

with o, g0 € ’H;. This completes the proof of Theorem 3.
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In light of the calculations performed above we can also obtain good bounds on the
correlation functions in the regularly varying case. Hence, we can now prove Corollary 1.

Proof of Corollary 1. Suppose that m{Ié > n} ~n"%p(n) with « > 0 and p(x) a slowly
varying function and let p(x) = x~% p(x) where p(x) satisfies (GS). Then it can be readily
verified that p(x) satisfies (GS), and we leave this as an exercise. O
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