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Abstract. Let ' be a torsion-free subgroup of SL3(R) commensurable with SL3(Z), and
Y = SO3(R)\SL3(R)/ I' be endowed with the natural locally symmetric space structure.
We prove that for any point y € Y, the set of directions in which the geodesic ray starting
from y is bounded in Y, is hyperplane absolute winning.
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1. Introduction

1.1. Bounded geodesics on complete Riemannian manifolds. Let M be a complete
Riemannian manifold and let S(M) denote its unit tangent bundle, whose fiber S, (M)
over a point p € M is the unit sphere in T, (M) centered at the origin. For any p € M
and any & € S,(M), let y(p, &) denote the geodesic ray through the base point p in the
direction &. Of particular interest is the following subset of S(M):

ET(c0) := {(p,&) e SIM) : y(p, &) is bounded in M}
and its section over a point p € M:
ET(p,00) := ET(00) N S,(M) ={£ € S,(M) : y(p, £) is bounded in M}.

It is trivial to see that E™(c0) = S(M) when M itself is compact. However, for a general
non-compact complete Riemannian manifold M, it is not even clear whether E*(c0) is
non-empty. One can find in [37] an affirmative answer for a complete Riemannian manifold
with dim(M) > 3, curvature bounded by [—b2, —1] for some b > 1 and finite volume.

In fact, one can say more for the special case when M is a locally symmetric space
of non-compact type with finite Riemannian volume. Here and hereafter, we say that a
subset E in a metric space S is thick if dim(E N U) = dim(U) for any open subset U of S,
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where dim stands for the Hausdorff dimension on S. Dani [20] proved in the 1980s that
ET(c0) is thick in S(M) for M as above with a constant negative curvature (in particular of
rank 1). A decade later, Aravinda and Leuzinger [7, 8] proved that each E*(p, oo) has the
winning property for Schmidt’s game (see §2) when restricted to a non-constant C! curve,
and hence, is thick in S, (M) for M as above of rank 1. Similar results were also proved
for the Teichmuller geodesic flow on the moduli space of unit-area holomorphic quadratic
differentials by Kleinbock and Weiss [26] and by Chaika, Cheung, and Masur [18].
In this paper, we first generalize the previous results as follows.

THEOREM 1.1. Let M be a locally symmetric space of non-compact type with finite
Riemannian volume. Then, for any p € M, the set E*(p, 00) is thick in S,(M).

We remark here that Theorem 1.1 easily follows from [25, Corollary 5.5] and Marstrand
slicing theorem. See §3 for details of the proof.

The main point of this paper is to consider a stronger property of sets than thickness.
In the 1960s, Schmidt [36] introduced a certain game played on any metric space, where
a winning set for this game is proved to be thick. Later, Schmidt’s winning property was
upgraded to an even stronger hyperplane absolute winning property (abbreviated as HAW)
by Broderick et al [15] on any Euclidean space, and by Kleinbock and Weiss [29] on any C'
manifold. It should be stressed here that for any winning property mentioned previously,
it has the advantage that any countable intersection of winning sets is still winning. See
§2 for all definitions and discussions, and [1-6, 9-14, 16, 27, 28, 33] for other recent
results involving winning properties of exceptional sets in Diophantine approximations
and dynamical systems.

In this terminology, we raise a stronger conjecture than Theorem 1.1.

Conjecture 1.2. Let M be a locally symmetric space of non-compact type with finite
Riemannian volume. Then, for any p € M, the set E*(p, oo) is HAW on S »(M).

Now, we briefly review some basic facts concerning locally symmetric spaces. Let
M be a locally symmetric space of non-compact type and let M denote its universal
cover. The isometry group G of M has finitely many connected components, whose
identity component is a connected semisimple Lie group without compact factors and
with trivial center. Fix a point py € M and let py € M bea preimage of pg. The stabilizer
K := Stabg(pyp) is a maximal compact subgroup of G. We identify the globally symmetric
space M with K \G and view the fundamental group I' := 7 (M) as a torsion-free
discrete subgroup of G via deck transformations. Then, M can be identified with K\G/T".
Conversely, given any semisimple Lie group G without compact factors and with finite
center, any maximal compact subgroup K C G, and any torsion-free discrete subgroup
I' C G, there exists a unique locally symmetric space structure on K\G/I'". Moreover, M
has finite Riemannnian volume if and only if I" is a lattice in G, and the rank of M is the
rank of G.

In this paper, we verify Conjecture 1.2 for a special kind of locally symmetric space of
non-compact type with finite Riemannian volume and of rank 2.
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THEOREM 1.3. Let G = SL3(R), K =SO3(R), I' < G be a torsion-free subgroup
commensurable with SL3(Z), and Y = K\G/T" be endowed with the above natural
locally symmetric space structure. Then, Conjecture 1.2 holds for Y, that is, forany y € Y,
the set E™(y, 0o) is HAW on Sy (Y).

1.2. Relations between homogeneous dynamics and geometry. Theorem 1.3 can also
be reinterpreted from the view of homogeneous dynamics. Let G be a semisimple Lie
group without compact factors and with finite center, ' € G be a non-uniform torsion-free
lattice, and X = G/ T be the corresponding homogeneous space. Then, for any maximal
compact subgroup K of G, there exists a proper projection

X=G/T - Y =K\G/T,

which realizes a locally symmetric space as the quotient of a homogeneous space with
compact fiber.

Now write g = Lie(G). There exists a Cartan involution 6 with respect to the Killing
form of g, which induces a Cartan decomposition g = € @ p. Here, € and p are the 1 and —1
eigenspaces of 8, respectively. The involution 6 also extends to an involutive automorphism
6of G.LetK = Gy denote the subgroup of all 6-fixed elements in G. Then, K is a maximal
compact subgroup of G and there is a diffeomorphism

Kxp—>G, &k X)— k-exp(X).

It follows that the differential at 15 of the projection G — K\G gives a linear isomor-
phism

p = Tik161(K\G).

By homogeneity, the tangent space of each point [Kg] € K\G is isomorphic to p.
Moreover, the Riemannian metric on it can be seen as the Ad(K )-invariant inner product
on p. Then, the unit tangent space equals p! := {vep: |v| = 1}.

For each base point [Kg] € K\G and each direction § = (dR;)(v) € T{g,(K\G) with
v € p!, the associated geodesic ray on K\G is given by

V(Kgl.§) = {K exp(tv)g : t = O}.

Under the canonical covering map K\G — K\G/T, the tangent space of each point
y = [KgI'] € Y can be identified with that of [Kg] € K\G, and each geodesic ray in
Y through the base point y in the direction £ can be written as

Y (. 8) = {K exp(tv)gl’ : 1 = 0}.
It follows that
ET(y,00) = {£ € Sy(Y) : y(y, &) is bounded in Y}
={ve p] : {K exp(¢v)gl : t > 0} is bounded in Y}
={ve pl : {exp(¢v)gl : t > 0} is bounded in X}.
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This reduces Theorem 1.3 into the framework of homogeneous dynamics. Since any
countable intersection of HAW sets is still HAW and, hence, thick in the ambient space,
we immediately get the following corollary of Theorem 1.3.

COROLLARY 14. Let G,T', K, p, Y be as in Theorem 1.3. Then, for any countably many
points {y, = [Kgn'}nen in Y, the set

{ve p1 :{K exp(tv)g,T" : t > 0} is bounded in Y for alln € N}
is thick in p.

One can also consider all bounded diagonal rays through a point on the homogeneous
space X = G/T'. Let

Pt(g) :=(g\ {0}))/ ~ wherev~V ifandonlyifveR"Y
denote the positive projective space of g. For each point x € X, we write
Et(x,00) :={[v] € P*(g) : {exp(tv)x : t > 0} is bounded in X}.
The counterparts of Theorem 1.1, Conjecture 1.2, Theorem 1.3, and Corollary 1.4 are as

follows.

THEOREM 1.5. Let G be a Lie group, I' C G be a lattice, and X = G/ be the
corresponding homogeneous space. Then, for any x € X, the set E¥(x, 00) is thick in
P*(g).

Conjecture 1.6. Let G be a Lie group, ' € G be a lattice, and X = G/I" be the
corresponding homogeneous space. Then, for any x € X, the set E™¥(x, oo) is HAW on
P*(g).

THEOREM 1.7. Let G = SL3(R), I’ = SL3(Z), and X = G/ T be the corresponding
homogeneous space. Then, Conjecture 1.6 holds for X, that is, for any x € X, the set
E™T(x, 00) is HAW on P (g).

COROLLARY 1.8. Let G,T', g, X be as in Theorem 1.7. Then, for any countably many
points {x,}nen in X, the set
{[v] € | (9) : {exp(v)x, : t > 0} is bounded in X for all n € N}
is thick in PT(g).
Remark 1.9. Moreover, Conjectures 1.2 and 1.6 also hold for G = [];_; SL2(R) with a

lattice I' and a maximal compact subgroup K in G. This can be done by combining the
arguments in this paper and [4].

1.3. Organization of the paper and strategy of the proof. The paper is organized
as follows. In §2, we recall the definitions and properties of Schmidt’s game and its
variants—the hyperplane absolute game and the hyperplane potential game. In §3, we
directly prove Theorems 1.1 and 1.5 by combining [25, Corollary 5.5] and Marstrand
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slicing theorem. In §4, we state our key result Theorem 4.1, from which we deduce
Theorems 1.3 and 1.7. The proof of Theorem 4.1, which forms the most technical part
of this paper, is given in §§5-7.

We highlight here that two of our main theorems, Theorems 1.1 and 1.3, are formulated
in a purely geometric way. They can be viewed as applications of the corresponding results
in the field of homogeneous dynamics.

Concerning the proof of Theorem 4.1, the target set (4.1) can be regarded as a fiber
bundle over an open interval of weight parameters, where each fiber is proved to be HAW
on its ambient space (see [S]). We manage to show that the winning strategy is ‘locally
constant’ with respect to the parameters, which is reflected in the choices of planes (7.5) in
the proof of Lemma 5.5. This requires a detailed analysis of how the strategy used in [5]
depends on the weight parameter.

2. Preliminaries on Schmidt games

2.1. Schmidt’s («a, B)-game. We first recall Schmidt’s (o, 8)-game introduced in [36].
It involves two parameters «, 8 € (0, 1), and is played by two players Alice and Bob on a
complete metric space (X, dist) with a target set S C X. Bob starts the game by choosing a
closed ball By = B(xg, po) in X with center xo and radius py. After Bob chooses a closed
ball B; = B(x;, p;), Alice chooses A; = B(x], p!) with

pi =ap; and dist(x], x) < (1 —a)p;,
and then Bob chooses B;+1 = B(xi+1, pi+1) with
pi+1 = PBp; and dist(x;i41,x]) < (1 —B)p;,
etc. This implies that the balls are nested:
ByDAyDBID---;

Alice wins the game if the unique point (72, A; = (e, Bi belongs to S, and Bob wins

otherwise. The set S is (&, B)-winning if Alice has a winning strategy, is «-winning if

it is («, B)-winning for any B € (0, 1), and is winning if it is o¢-winning for some «.

Schmidt [36] proved that:

e winning subsets of Riemannian manifolds are thick;

e if Sis a-winning and ¢ : X — X is bi-Lipschitz, then ¢(S) is o’-winning, where o’
depends on « and the bi-Lipschitz constant of ¢;

e acountable intersection of «-winning sets is again «-winning.

As such, Schmidt’s game has been a powerful tool for proving thickness of intersections
of certain countable families of sets, see e.g. [1, 2, 13-15, 20-22]. However, for a fixed
o, the class of a-winning subsets of a Riemannian manifold depends on the choice of the
metric, and is not known to be preserved by diffeomorphisms.

2.2. Hyperplane absolute game on R?. Inspired by ideas of McMullen [32], the
hyperplane absolute game on the Euclidean space RY was introduced in [15]. It has
the advantage that the family of its winning sets is preserved by C! diffeomorphisms.
Let S C R? be a target set and let B € (0, %). As before, Bob begins by choosing a

https://doi.org/10.1017/etds.2026.10298 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2026.10298

1974 L. Guan and C. Wu

closed ball By of radius pg. For an affine hyperplane L C R¢ and p > 0, we denote the
p-neighborhood of L by

L® = {x e R? : dist(x, L) < p}.

Now, after Bob chooses a closed ball B; of radius p;, Alice chooses a hyperplane
neighborhood LY with p; < Bpi, and then Bob chooses a closed ball B; 11 C B; \ L

i i
of radius p;+1 > Bp;. Alice wins the game if and only if

o0
ﬂBms?s@.

i=0

The set S is B-hyperplane absolute winning (8-HAW for short) if Alice has a winning
strategy, and is hyperplane absolute winning (HAW for short) if it is B-HAW for any
B €O, 3).

LEMMA 2.1. [15]
(i) HAW subsets are winning and hence thick.

(i1) A countable intersection of HAW subsets is again HAW.
(iii)  The image of a HAW set under a C' diffeomorphism R¢ — R< is HAW.

2.3. HAW subsets of a manifold. The notion of HAW sets has been extended to subsets
of C! manifolds in [29]. This is done in two steps. First, one defines the absolute
hyperplane game on an open subset W C R¢. It is defined just as the absolute hyperplane
game on R?, except for requiring that Bob’s first move By be contained in W. If Alice has a
winning strategy, we say that S is HAW on W. Now, let M be a d-dimensional C! manifold
and let {(Uy, ¢4)} be a Cl-atlas, that is, {U,} is an open cover of M and each ¢, is a C!
diffeomorphism from U, onto the open subset ¢ (Uy) of R9. A subset S C M is said to
be HAW on M if for each o, ¢ (S N Uy,) is HAW on ¢, (Uy). Note that Lemma 2.1(iii)
implies that the definition is independent of the choice of the atlas (see [29] for details).

LEMMA 2.2. [29]

(i) HAW subsets of a C' manifold are thick.

(ii) A countable intersection of HAW subsets of a C' manifold is again HAW.

(iii) Let ¢ : M — N be a diffeomorphism between C' manifolds and let S C M be a
HAW subset of M. Then, ¢(S) is a HAW subset of N.

(iv) Let M be a C' manifold with an open cover {Uy}. Then, a subset S C M is HAW on
M if and only if S N\ Uy, is HAW on Uy for each o.

(v) Let M, N be C' manifolds and let S C M be a HAW subset of M. Then, S x N is a
HAW subset of M x N.

Proof. Ttems (i)—(iii) appeared as [29, Proposition 3.5] and are clear from Lemma 2.1. Item
(iv) is clear from the definition. Item (v) is proved in [29, Proof of Theorem 3.6(a)]. O

We shall also need the following lemma.
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LEMMA 2.3. Let M be a C' manifold of dimension d, M' C M be a finite union of C'
submanifolds of strict lower dimensions. Then, S C M\ M’ is HAW on M \ M' if and
only if it is HAW on M.

Proof. The if direction is a direct consequence of the definition. For the only if direction,
by using an induction argument, we may assume that M’ itself is a C! submanifold of strict
lower dimension. We choose and fix a C!-atlas {(Uy, ¢o)} of M such that, for any «, there
exists a hyperplane L, C R? satisfying

$oa(Uy N M') C Ly C RY.

Since the HAW property is independent of choices of the atlas, to prove S is HAW on M,
it suffices to prove ¢ (S N Uy) is HAW on ¢y (Uy) for all U, in this specific C!-atlas.
As {(Uy N (M \ M'), ¢o)} is a C'-atlas of M \ M’, ¢o(SN Uy N (M \ M')) is HAW on
¢q(Uy N (M \ M')). In view of these properties, the winning strategy for Alice is clear:
for any B-hyperplane absolute game played on ¢4 (U, ), after Bob chooses his By, Alice
chooses neighborhood Lﬁp B0) a5 her first move. Then, the rest of the game is played on
¢a(Uy N (M \ M), so Alice can play according to her winning strategy on this set. This
completes the proof. O

2.4. Hyperplane potential game. Finally, we recall the hyperplane potential game
introduced in [23]. Being played on R, it has the same winning sets as the hyperplane
absolute game. This allows one to prove the HAW property of a set S C R? by showing
that it is winning for the hyperplane potential game (see [33]).

Let S C R? be a target set and let 8 € (0, 1), y > 0. The (B, y)-hyperplane potential
game is defined as follows. Bob begins by choosing a closed ball By C R?. After Bob
chooses a closed ball B; of radius p;, Alice chooses a countable family of hyperplane
neighborhoods {LEfZ’k) : k € N} such that

o0
> ol = B
k=1

and then Bob chooses a closed ball B; | C B; of radius p;1+1 > Bp;. Alice wins the game
if and only if

o0 [e. ol
M B: N <SU Uy LE‘,’;‘"”) # o
i=0 i=0 k=1
The set S is (8, y)-hyperplane potential winning ((8, y)-HPW for short) if Alice has a

winning strategy, and is hyperplane potential winning (HPW for short) if it is (8, y)-HPW
forany g € (0, 1) and y > 0. The following lemma is a special case of [23, Theorem C.8].

LEMMA 2.4. A subset S C R? is HPW if and only if it is HAW.
3. Proof of Theorems 1.1 and 1.5

In this section, we prove Theorems 1.1 and 1.5 by reducing them to [25, Corollary 5.5]. For
the sake of convenience, we state one version of the aforementioned result here.
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THEOREM 3.1. [25, Corollary 5.5] Let G be a Lie group, T be a lattice in G, F
be a one-parameter Ad-diagonalizable subgroup of G, H = H(F™) be the unstable
horospherical subgroup with respect to F*, and X = G/ T. Then, for any x € X, the set

E};(x,00) :={h € H : F"hx is bounded in X}

is thick in H.

Proof of Theorem 1.1. We first recall some notation in §1. Let M be a locally symmetric
space of non-compact type with finite Riemannian volume. Then, M can be identified with
Y = K\G/T', where G is a semisimple Lie group without compact factors and with finite
center, K is a maximal compact subgroup of G, and I" is a lattice in G. Let X = G/ T,
g = Lie(G), ¢ = Lie(K), and p C g be the orthogonal complement of £. Then, it suffices
to show that: for any point y = [KgI'] € Y, the set

{ve pl : {exp(¢v)gl" : t > 0} is bounded in X}

is thick in p'.
Let us choose a maximal abelian subspace a C p and an open Weyl chamber a; C a.
Let L = Zk(a) and al+ = a; Np'. Then, the map

0:al x L\K — p', (v, Lk) > (Ad(k~H)v
is a diffeomorphism onto an open dense subset of p!. Then, it suffices to prove that the set
{(v, Lk) € alr x L\K : {exp(tv)kgT" : t > 0} is bounded in X} 3.1

is thick in a}r x L\ K. Moreover, by Marstrand’s slicing and projection theorems [30], we
only need to prove that: for any v € ai, the set

E;('([gF], o0) :={k € K : {exp(tv)kgD" : t > 0} is bounded in X} 3.2)

is thick in K, since the set (3.1) can be decomposed into a union of slices, each of which is
a quotient of a set of the form (3.2).

Let F, = {exp(tv) : t > 0} be the one-parameter subsemigroup of G, and H = H (F;")
(respectively H O=H 0(F‘jr ), H~ = H™(F,;")) be the unstable (respectively neutral, sta-
ble) horospherical subgroup with respect to F,". Let B = H OH and B~ = H™H°, and
consider the action of the subgroup K on the real flag variety G/B by left translation. By
Iwasawa decomposition, this action is transitive. It follows that for any g € G, the map

¢, : K —> G/B, k> kgB

is a projection map with compact fiber. Writt K’ = K NB"Bg~' = KNB~ Hg !
Then, K\ K’ = qbg’l((G \ B"'B)/B) is a finite union of manifolds of strict lower
dimensions. So, it suffices to show that E;g([gl"], o0) N K’ is thick in K.

For k € K', we set o1(k) € B~ and op(k) € H to be the unique pair satisfying
kg = o1(k)oa (k). It is easy to check that the map o7 is a projection map. However,

F,[ kgl is bounded <= F, o, (k)I" is bounded.
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Consequently,
Ef([gT1,00) N K’ =0, '({h € H : F/hT is bounded in X}) = o, '(E}; ([16T], 00)).

In view of Theorem 3.1, we see that E;;([l(;r‘], oo) is thick in H and, hence, by
Marstrand’s slicing theorem, E;g([gr‘], 00) N K’ is thick in K’. This completes the
proof. O

Proof of Theorem 1.5. We begin with a simple observation, that is, it suffices to prove
Theorem 1.7 for x = [1gI'] € X. Indeed, for any x’ = [gI'] € X and one-parameter
subgroup F C G, F*x’ is bounded if and only if g~! F*gx is bounded, which implies

ET(x', 00) = Ad(g)(E™ (x, 00)).

Thus, it suffices to prove Theorem 1.5 for x = [16T°] € X.
Let p: g\ {0} — P (g) denote the projection map. By Marstrand’s projection and
slicing theorems, to prove Theorem 1.5 is equivalent to show that the set

{veg: F/T isbounded in X}

is thick in g. We claim that we may reduce to the case when G is a connected semisimple
Lie group with trivial center and without compact factors for the following reasons.

First, let G¥ denote the identity component of G. It is clear that Lie(G®) = g and that
X0 =¢gY / (GYN ) is a connected component of X containing [15I']. In particular,

FV+I‘ is bounded in X (:}FV“LF is bounded in X°.

So, we may assume that G = G is connected without loss of generality.

Second, let g = ¢ x [ be the Levi decomposition, where ¢ is the solvable radical of g
and [ is a Levi subalgebra of g. Let [ = [ & [, be the decomposition into simple ideals
where [, is the direct sum of all compact simple ones. The projection map dg : g — [, is
a Lie algebra homomorphism, which induces a Lie group homomorphism g : G — L,
and a projection map X = G/I" — X, := L,/q(I"). Note that g(I") is a lattice in L.,
and the fiber of X — X, is a compact homogeneous space RL./(RL. NT) (see [19,
Lemma 9.1]). Then, for v € g,

F/T is bounded in X <=q(Fy)Tq(T) = F(;;(V)q(l“) is bounded in X,..
It follows that
{veg:F/T isbounded in X} = (dg)~{w € L, : F;Fq(T") is bounded in X,}.
By Marstrand’s slicing theorem, it suffices to show that
{W € by : Fiq(T") is bounded in X}

is thick in [,.. So, we may assume that G is a semisimple Lie group without compact
factors.

Finally, since X = G/ T is a finite cover of G/(Z(G) -I'), we may replace G by
G/Z(G) and T" by (I'" - Z(G))/Z(G) without loss of generality. These verify the claim.
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Now, let G be a connected semisimple Lie group with trivial center and without
compact factors. Let G = K - exp(p) be the global Cartan decomposition, a C p be a
maximal abelian subspace, and L = Zk (a). We choose an open Weyl chamber ay C a,
and for any v € ay, let H = H(F}") (respectively H = HO(F;), H= = H™(F;")) be
the unstable (respectively neutral, stable) horospherical subgroup with respect to F,". Note
that the subgroups H, H°, H~ only depend on the choice of the open Weyl chamber a. .

Consider the map

60:ar x Zg(@)\G — g, (v, Zg(ay)g) > Ad(g~Hv.

It is easy to check that 6 is a diffeomorphism onto g. Using Bruhat decomposition, there
is a diffeomorphism onto its image:

HXxLxH — Zga)\G, (h1, ha, h3) = Zg(ay)hshah.
It follows that the composition map
0:ray x HxLx H™ — g, (V. h1, ho, h3) > Ad(hy'hy 'hy v

is also a diffeomorphism onto its image. Moreover, we see that p is a projection map
when restricted to Im(6) and that g \ Im 0 is a finite union of submanifolds of strict lower
dimensions. Thus, it suffices to prove that

{(v, b1, ho, h3) e ap. x H X L x H™ : F;rh3h2h1F is bounded in X}
isthick on ay x H x L x H™. However, we have for any v € a,
Fh3hahT is bounded in X <= F, hT is bounded in X.
So, the conclusion follows from Marstrand’s slicing theorem and Theorem 3.1. This

completes the proof. O

4. Proof of Theorems 1.3 and 1.7
In this section, we prove Theorems 1.3 and 1.7 by assuming the truth of Theorem 4.1 in the
following. The proof of Theorem 4.1 will be postponed to the next section.

Forany A € IT := (1/2, 1), set

v, =diag(A, 1 — A, —1) eg, F)T = {exp(tvy) :t >0} and F, ={exp(—tvy) :t>0}.

Let U C G (respectively U™ C G) be the subgroup of unipotent upper triangular (respec-
tively lower triangular) matrices and A C G be the subgroup of diagonal matrices with
positive entries. Then, U (respectively U ™) is the expanding (respectively contracting)
subgroup of F /\+ for any A € II. Define

Ey(F,") :={u € U : F; ul is bounded in X}.
Both Theorems 1.3 and 1.7 will be deduced from the following theorem.
THEOREM 4.1. The set
S:={(u) e xU:ueEy(F,))} 4.1)
is HAWon I1 x U.
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Remark 4.2. In [5], it is proved that EU(FA+ ) is HAW on U for any A € I1. However,
Theorem 4.1 does not follow from this result. It is generally believed that for a general
Borel subset in a product space, winning properties of all its slices do not necessarily
imply the winning property of itself.

Proof of Theorem 1.3 modulo Theorem 4.1. We first recall basic facts about geodesic flows
on Y from [31]. Let £ = Lie(K) and p C g be its orthogonal complement. Then, for any
y=[Kgl'l €Y, §,(Y) can be identified with p! = {vep:|v]| = 1}. Moreover, for any
y=[Kgl'l € Y and v € p', the associated geodesic ray is given by

y(y,v) = {K exp(tv)gl’ : 1 > O}.
Since K is compact, we have
Et(y,00) ={ve pl : FV+gF is bounded in X}.
The proof of Theorem 1.3 will be given in two steps. To begin, we consider the map
0:TIx K —p', 60k =Adk ")V, whereV) = |vill~'v; epl.

It is easy to check that p! \ (Im # U —Im 6) is a finite union of manifolds of strict lower
dimension. Hence, in view of Lemma 2.3, it suffices to prove that E™(y, oo) N £Im @
is HAW on £Im 6. By applying 7: X — X induced by the outer automorphism
7(g) = (g7)~! defined on G, we get

Et(y,00)N—ImO = dr(E1(y, 00) NImO) where y' = (g7)7'T.

Thus, it suffices to show E*(y, oo) NIm 6 is HAW on Im @ for any y € Y. However, it is
also easy to check that 6 is a cover map. Hence, in view of Lemma 2.2(iii), it suffices to
show that

E =0"YE*(y,00) ={(hk)eIxK: F):"kgf‘ is bounded in X}

isHAWon II x K.

Let B C G (respectively B~ C G) be the subgroup of upper triangular (respectively
lower triangular) matrices, and consider the action of the subgroup K on the real flag
variety G/B by left translations. By Iwasawa’s decomposition, this action is transitive
and has finite stabilizer. It follows that for any g € G, the map ¢, : K — G/B defined
by ¢g(k) =kgB is a cover map. Write K' = K N B~ Bg ' =KNB Ug™'. Then,
K\ K'=¢;'((G\ B~'B)/B) is a finite union of manifolds of strict lower dimensions.
Using Lemma 2.3 again, it suffices to show that E” := E’' N (IT x K’) is HAW on
[T x K'. For k € K’, we set a1(k) € B~ and o0,(k) € U to be the unique pair satisfying
kg = o1(k)oa (k). It is easy to check that the map o> is a cover map. However,

kagl" is bounded in X <=>F):"02(k)f‘ is bounded in X.

Consequently, E” = (Id x 02)~'S. Thus, in view of Lemma 2.2(iii) and Theorem 4.1, we
see that E” is HAW on IT x K. This completes the proof. O
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Proof of Theorem 1.7 modulo Theorem 4.1. We begin with a simple observation, that is,
it suffices to prove Theorem 1.7 for x = [1gI'] € X. Indeed, for any x’" = [¢'] € X and
one-parameter subgroup F C G, Fx' is bounded if and only if g~! Fgx is bounded, which
implies

Et(x, 00) = Ad(g)(ET (x, 00)).

Hence, in view of Lemma 2.2(iii), it suffices to prove Theorem 1.7 for x = [1gI'] € X.
Consider the map

O:TMIxUxU" =g, (A up,u) > Ad(uy'us")v;.

It is straightforward to check that the map 6 is a diffeomorphism onto its image. Let p be
the projection from g \ {0} to P (g). Then, it can be checked that p is a diffeomorphism
onto its image when restricted on Im 8 U —Im 6 and P*(g) \ (p(Im ) U —p(Im 6)) is a
finite union of submanifolds of strict lower dimensions. In view of Lemmas 2.2(iv) and 2.3,
it suffices to show that ET([1gT'], oo) N £p(Im 6) is HAW on £ p(Im ), respectively.
Set

Et(o)={veg: FV+F is bounded in X}.

Then, ET([1gT], 00) = p(E*(c0) \ {0}). We claim that Theorem 1.7 can be deduced
from the following statement:

ET(0c0) NIm 6 is HAW on Im 6. 4.2)
Indeed, on one hand, it follows from Lemma 2.2(iii) and (4.2) that
ET([1gT], 00) N p(Im 8) = p(E™(c0) N Im #) is HAW on p(Im 6).

On the other hand, by applying the map T : X — X induced by the outer automorphism
T(g) = (gT)_1 defined on G, we see that

ET([16T], 00) N —p(Im ) = (dt o p)(ET (0c0) N Im H).
It follows again from Lemma 2.2(iii) and (4.2) that
E1([16T], 00) N —p(Im 0) is HAW on (dt o p)(Im ) = —p(Im 6).

These verify our claim.
Finally, to prove (4.2), it suffices to establish the HAW property of 0~ 1(E*t(00)) on
IT x U x U~. However, we have

(b, u1, u2) € 07 (ET(00)) <= F; upu|T is bounded
A, u1) €85,

which means that 0 "' (ET (00)) = § x U~. So, the conclusion follows from Lemma 2.2(v)
and Theorem 4.1. This completes the proof. O
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5. Proof of Theorem 4.1
In this section, we prove Theorem 4.1 modulo two key lemmas.
For (x, y,2) € R3, set

1 z
Uyyz = 1

X
y|leU.
1

For technical reasons, we will prove Theorem 4.1 by applying Lemma 2.2(iii) to the
diffeomorphism W : IT x R? — IT x U defined by

W, (x,y,2) = (uyy ).
For simplicity, we write
T =1 x R’
It is directly checked that
UH(S) = {(A, (x,,2)) € B : Fuy ) _ is bounded).

So, it suffices to prove W~!(S) is HAW on X.
ForA eIl,e > 0,andv = (p,r,q) € 7? x N, we set

p r € r €
SR S e S

S(€) :=R3\ U ALV, €). 5.1

veZ2xN

A (v, €) = {(x, y,2) € R3:

and

Note that if v/ = tv with ¢ > 1, then Ay (V/, €) C A;.(v, €). Thus,
Si@) =R\ J Aw(v.e) where E={(p.r.q) € Z* x N: ged(p. 1. ) = 1}.
VEE
Moreover, we set
Av,e) = x Ax(v.e) and S(e) =%\ [ Av.e) = [ JA) x Suce).
A€l VEE rell

According to [5, Lemma 3.2], we know that {1} x S (¢) C W~!(S) for any A € IT and
€ > 0.Hence, S(¢) c w~1(S) for any € > 0. Therefore, Theorem 4.1 can be deduced from
the following lemma.

LEMMA 5.1. The set

S = U S(e)

e>0

is HAW on X.
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The rest of this section is devoted to the proof of Lemma 5.1. For convenience, we
endow X with the product metric. For a closed ball 2 C X, we denote its radius as pg and
its center as (Ag, wg) with Ao € I, wq = (xq, Yo, zQ) € R3. Hence, we have

Q=1Ig x Bg whereIlg =1(Ag, pg) and Bg = B(wgq, pa).

Here, I (Aq, pg) and B(wg, po) denote the closed balls in IT and R3, respectively.
For aclosed ball 2 C ¥ andv = (p, r, q) € &, consider the set of integral vectors

W, v) :={(@a,b,c) € VAR (a,b) #(0,0),ap + br +cq =0,
la| < evVP2g?, b + zqa| < eVPog!re),
It follows from Minkowski’s linear forms theorem that ‘W(S2, v) # @&. We choose and fix
w(2,v) = (a(2,v), b(2,v), c(2,V)) € W(Q,V)
such that

max{|a(2, v)|, |b(2, V) + zoa (2, v)|}
= min{max{la|, |b + zqal} : (a, b, ¢) € W(, V)}, (5.2)

and define
Hq(v) := g max{la(2, V)|, |b(2, V) + za (2, V)|}.
LEMMA 5.2. For any closed ball Q@ C ¥ andv = (p,r, q) € E, we have
q < Ho(v) < ¢'*e. (5.3)

Proof. The first inequality is obvious. By Minkowski linear forms theorem, W(£2, v)
contains a vector (ag, bg, co) with |ag| < ¢*2 and |bg + zqao| < ¢' 2. Thus, it follows
from (5.2) that

max{|a(2, V)|, |b(R, V) + z0a(2, v)|}

< max({lag|, [bo + zqaol} < max{g"?, q' 74} = g’
Hence, the second inequality. O
Let Qo C X be a closed ball of radius pg. Then, py < 1/4. Let ¥ > 2 be such that
max{|x], |y], |z]} <« —1 forall (x,y,2) € Bg,. (5.4)
Let 8 € (0, 1), and R and € be positive numbers such that
R > max{1008~", 10*%*} and VR log R* <1, (5.5)
and
€< R_24,oo. (5.6)
Let By = {Qp}. For n > 1, let %, be the family of closed balls defined by
By ={QC Qo :BR"po < pa < R"po}.
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For a closed ball €2, if
Qe B, forsomen >0, 5.7
we define
Va:={ve E: Hy, < Ho(v) <3H, 11},
where
H, = ZOEKpaan, n>0.

Note that since R > B!, the families %, are pairwise disjoint. So, (5.7) is satisfied
for at most one integer n, and hence, Vg is well defined. It follows from (5.3) that if
v=(p,r,q) € Vg, then

HU'T) < g < 3H,40. (5.8)
Whenever (5.7) is satisfied, we also define
Vo =1{(p.r.q) € Va: Hy' < g < H TR
and
Vo ={(p.r.q) € Vg : H£1/1+AQ)R2/<+16 <g< H,EI/H)‘Q)Rzng}, k> 2.

LEMMA 5.3. IfQ € B,, then Vo = U2 V.

Proof. In view of (5.8), it suffices to show that if k > [n/2], then Vg = <. Suppose to
the contrary that Vg # & for some k > [n/2]. Let (p, r, q) € Vqx. Then,

3Hp 1 > q > Hn(l/1+m)R2k+16 < Hrgl/l‘HLQ)Rn-HS.
However,
Hn—(1/1+m)R—n—15 3Hpyy = 3(2061([)61)(AQ/1+AQ)R—(1/1+AQ)n—14 <1,
which is a contradiction. O

Next, we inductively define a subfamily %, of %, as follows. Let % ={Q}.Ifn>1
and 93;7] has been defined, we let

B, = {Q € B, : Q2 C Q forsome Q' € B, | and QN U AV, €) = @}. (5.9
VE(VQ

The following two lemmas concerning 4, are key steps in the proof of Theorem 4.1.
Their proofs are technical and postponed to the next two sections.

LEMMA 54. Let n >0, Q€ %, and v= (p,r,q) € E. If ¢'T*2 <2H, 1, then
Av,e)NQ = 2.
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LEMMA 5.5. Let n>0, Q€ B, and k> 1. There exists an affine hyperplane
Ly (2) C X such that for any Q' € By with Q' C Q and any v € Vg i, we have

AW, )N Q' C Ly(@)E o),

We now prove Lemma 5.1 assuming the truth of Lemmas 5.4 and 5.5.

Proof of Lemma 5.1. By Lemma 2.4, it suffices to prove that S’ is HPW on . Let
B e€(0,1), y >0. We prove that Alice has a strategy to win the (8, y)-hyperplane
potential game on ¥ with target set S’. In the first round of the game, Bob chooses a
closed ball 29 C X. By [5, Remark 2.4], we may without loss of generality assume that
Bob will play so that p; := p(£2;) — 0. Let « and R be positive numbers satisfying (5.4)
and (5.5). We also require that

R — 1)~ < (82)2). (5.10)

Let €, B, Va, Vaui, and %’; be as above. Then, Lemmas 5.3-5.5 hold. Let Alice play
according to the following strategy. Suppose that i > 0 and Bob has chosen the closed
ball ;. If there is n > 0 such that

Q; € %;, and i is the smallest non-negative integer with ; € %, (5.11)

then Alice chooses the family of neighborhoods {Lk(Q,-)(ZRf(Hk)pO) : k € N}, where
Li($2;) are the hyperplanes given in Lemma 5.5. Otherwise, Alice makes an arbitrary
move. Since Q; € %, we have that p; > BR™" pg. This, together with (5.10), implies that
o0
> QR ") = @R po)” (R = )71 < (Bpi)”
k=1
So, Alice’s move is legal. We prove that this guarantees a win for Alice, that is, the unique
Point Xoo = (Aoo, Woo) in ()72 €2; lies in

n
S0 U Latg) @80,

neN k=1

where
N:={n > 0: there exists i = i, such that (5.11) holds}.

There are two cases.

Case (1). Assume N =NU{0}. For any v= (p,r, q) € B, there is n such that
g*> < 2H,41. Then, it follows that ¢!** < ¢?> <2H, . Since n € N, we have that
Q;, € 93; Then, Lemma 5.4 implies that A(v, €) N Q;, = &. Thus, X0 ¢ A(v, €). It then
follows from (5.1) and the arbitrariness of v that Xoo € S(¢) C §’. Hence, Alice wins.

Case (2). Assume N # N U {0}. Let n be the smallest non-negative integer with n ¢ N.
Since By € %, we have 0 € N. Hence, n > 1. Since p; — 0 and p;4+1 > Bp;, there must
exist i > 1 with Q; € 8, and Q;_; ¢ %,. It follows that Q; ¢ %,. Since n — 1 € N,
we have Q; | € %;1_1. Thus, it follows from (5.9) that €; mUVG'VQi AV, €) # D.
By Lemma 5.3, there is k € [1, [n/2]] and v € Vg, such that Q; N A(v,€) # .
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Applying Lemma 55 to Q=1; , and Q' =Q;, we obtain €; NA(v,€) C
Li(,_ ) BP0 So, @ N Lip(, )P £ & In view of p; < R™"py, it follows
that X0 € 2; C Lk(Q,‘nfk)(ZanPO). Hence, Alice also wins.

This completes the proof of Theorem 4.1 modulo Lemmas 5.4 and 5.5. O

6. Proof of Lemma 5.4
We shall need the following simple but useful lemma.

LEMMA 6.1. Letn > 0and p € (0, R™"pgl, then
plog Haur < 34/p < 1. (6.1)

Proof. The second inequality is straightforward. For the first inequality, the case n = 0 is
trivial since H, < 1. Let n > 1. Since the function x ! log x is monotonically decreasing
when x > e, it follows that

2./p log Hapro < VR log R*+? < V/R="log R* < vVR-!log R* < 1.
This completes the proof of the first inequality. O

Proof of Lemma 5.4. The case n = 0 is trivial since 2H; < 1. Let n > 1. We denote
Q, = and let Q, C---C Q) C Qo be such that Q € Z,. Write Ag, = At and
po, = pk for simplicity. Suppose in contrast that the conclusion of the lemma is
not true. Then, there exists v= (p,r, q) € 72 x N with qH"V < 2H,4+1 such that
A(v,€) N Qy # Jforevery 1 < k < n. It follows from the definition of %’;( thatv ¢ Vgq,,

that is,
Ho (V) & [Hi, 3Hry1], 1<k =<n. (6.2)
Let 1 < m < n be such that
2Hy < q'" < 2Hu. 6.3)
We inductively prove that
Hgq, (v) < Hy, [%} <k<m. 6.4)

By letting k = [m /2] in (6.4), we have
q =< Hgy, (V) < Hympo) < VHy <q.
which is a contradiction. So Lemma 5.4 follows from (6.4). Since
Hg,, (v) < gt < glnhlg! T < Him 2H,, 4 = P 08t L2 H, ) < 3H,, 1,

it follows from (6.2) that (6.4) holds for k = m. Suppose that [m /2] <k <m — 1 and (6.4)
holds if k is replaced by k + 1. We prove that

Hg,(v) <2Hg,,, (V). 6.5)
To prove (6.5), the first step is to establish
W(Qk41, V) € W(, V). (6.6)
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Write w(2%, V) = (ax, bk, cx) and zg, = zx. Since W(Qk+1, V) € W(Q41, V), we have
lak+1] < emq”“ and  |bri1 + Zkr1ak41] < e«//’k+1q1—>~k+|.

Note that ./orr1 < VB 1R~ /or < (1/10)./px and by Lemma 6.1,

q|)~k+l_)~k| < ePklogq < oo 10g Hnpt < ,(1/2)/pr
Now, we are in position to prove (6.6). First, we have
Yy
|ak+1| <e Pk+lq k+1
— M1 —A A
< (e«/0k+1 »,/qu| k+1 k\)equ k
< (e«/0k+1—(1/2)~/Pk)e«/ﬂkq)hk
< e»,//okq)tk.

Second, we have

1bk+1 + zkak+1] < |bkt1 + Zir1ak+1| + lar+1llze — 241l
< |bkt1 + k1841 + |ak+1] ok
< (I + lagr1lpp)e/Piriq s
< (1 +q " Hoy,, (V) pr) (eVPHHI—VPh gl =ikl oD g 1=

< (1 4y Hy Hiet o) (e3P =0/ g 154
< (14 /20ecB='R2. /piz1) (eVPiri =12V o Pic g 1 =2
< (1 4 /P (eVPri =W DVBy oo Pic g 1= 0
< eVPg' T,
Hence, (6.6) holds. It then follows from (6.6) and the definition of w(£2, v) that
Hg, (v) = g max{|ai|, |bx + zrax|}
< g max{|ag41l, |bkt1 + 2xait11}

< 2q max{lagy1l, |brs1 + zkv1ar+11}
= 2HQk+l(V).

This proves (6.5).
It follows from (6.5) and the induction hypothesis that Hg, (v) < 2Hy41. By (6.2), we
have Hg, (v) < Hi. Thus, (6.4) is proved. O]

7. Proof of Lemma 5.5
In this section, we prove Lemma 5.5. We first establish the following lemma.

LEMMA 7.1. Letn >0, Q € B, andv = (p,r,q) € B withq < Hrp42. Then,
(I X Ay (v, €/3)) N2 C A(v, ) N2 C (Ig X Ay (v, 3€)) N Q. (7.1)

Proof. Let (A, x,y,z) € A(v, €) N 2. Then,

A ) R
x———zly——\)l<——, |y—-—
q q g'+* q
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Hence, to show (7.1), it suffices to show that, for any A € Iq, q‘k_kﬂ‘ < 3. According to
Lemma 6.1, we have

qm—xm < ePlogq ~ ,polog Huia 3

This completes the proof. O

LEMMA 7.2. Let n >0, Q € B, k> 1, and Qj € Bk with Q; CQ, j=1,2. Let
Vi =(pj.rj,qj) € Va,k be such that A(v;, €) N Q # & and w; = w(S2j, V). Then,

RH+2¢, k=1,

72
Rkt4e,  k>2. 72)

max{|vy - wa|, [v2- Wi} < {
Proof. For simplicity, we write po = p and Ao = A. We first give a bound on ¢ and ¢»
in terms of A. Indeed, for any A" € I, we have
1/14+2)—(1 /14 A=x
Hrll(_i_]é + ) ( / + )l S Hz‘n | E ep lOg H2n S 3 (73)
By applying (7.3) to Ag, and Aq,, we get

(1/142) (I/1+2) 20
a1 qp el3HYVIY 3 R0, k=1,

(1/1+)\)R2k+16 3H(l/kl+)\)R2k+18] k > 2
’ n+ ’ -

1 (7.4)
q1,q2 €l3H,

Let (A’j., Xj,¥j,2j) € A(vj,€) N Q. Since Q; € B4, andv; € (ngj, we have
qj < Hq;(Vj) <3Hptit1 < 3Hot1 < Hopgo.

Thus, it follows from Lemma 7.1 that (x;, y;, zj) € A, (v}, 3€). Hence,

x__&_z.<y__z)‘<3_f v — L] 3
TN A T B

The latter inequality implies that

rj

J

<lyjl +

<Kk.

€
2—)
i

P1 r P2 )
=|—|lx1—— =21\ Y1— — +lx2———2|y»2——
q1 q1 q2 q92

r r
+ (x1 —x2) + Z(Zl —z0,) + g(zgz —z2) — (Y121 — y222)
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P1 r1 P2 rn
X 1———z|ln—— )| +tx2———2(»——
q1 q1 q2 q2

r
+ |x1 —xa2f + ‘q— lzo, — 22| + Iy1llz1 — 22| + |z2lly1 — ¥2l
1

=

2
q2

3¢ 3¢

< + —— + 10xkp
q11+A q21+x
and
rnoom r 3e 3e
2 -2 ) (- 2) v - < —= T = T 2e
qa Q@ q ) 1 @

Write w; = (aj, bj, ¢;). Then, according to Lemma 6.1, we have
rQ. 1-ig.
jajl < Vg < 9% and b +z0,a;l < Vg, " < 9g)7
Set dj. to be a function such that d; = 20 if k = 1, and d; = 2 otherwise. It follows that

-1 -1
Ivi - w2l = qi1l(g; Vi —q, V2) - Wl

P1 p2 ry 2
or(2-2)en(z-2)
q1 q2 q1 q2
1 2 r r n
=q az(p— P —192(— - —)) + (b2 -I-Zszzaz)(— - —)‘
q1 @ q1 9 q1  q
3¢ 3¢ 3¢ 3¢
<gqilaz| = T e T 10kp ) + q11b2 + zg,a2| S Tt 5t 2p
q4 q, q; q,
e (36+36)+9 <3€+36)
q149> ‘11‘] — —
o gt it

+ 12xpq1 mﬁlX{Itlzl, |by + zq,a2l}
-

< 27e< + L, DL QI) + 126 R ™" po Ha, (va) L
ql q2 ql q q

< 108R%e + 7201 RUTFH1e < RAFh+2¢,
This proves (7.2) for |vi-w»s|. A similar argument shows the same inequality for

v - wil.

For aclosed ball 2 C X and v = (p, r, q) € B, we consider the hyperplane
L2, v)={(Ax,y,2) € Z:a(R,V)x +b(,Vv)y+c(2,v) =0}. (7.5)

The next lemma states that many pairs (€2, v) share the same hyperplane L (€2, v).

LEMMA 7.3. Letn >0, Q € B, k > 1. Then either:
(i) there is a hyperplane Ly (S2) such that for any Q' € Bk with Q' C Q, if v e Vo
and A(v, €) N Q # @, then L(Q', v) = Lk(Q) or
(i) k& =1, and thereis vo = (po, 1o, q0) € E E with 1 3 H,
forany Q@ € By withQ C Q, ifve Vo, and A(V €)NQ £ I, then v =vy.

(1/1HQ) < qo < 3H, 1 such that
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Proof. We proceed by considering two separate cases.
Case (1). Suppose k = 1. We consider two subcases.
Case (1.1). The linear span of the set

V= | veVai:AMNQ # 2)
Q' eByi
QcQ
is of dimension > 2. We prove that condition (i) holds. It suffices to prove that for
J=12,if Q€ By, Qj CQ, v; € Vo, 1. A(vj,e)NQ # 2, and v; and vy are
linearly independent, then L(21, vi) = L(822, v2). Write w; = w(£2, v;). It follows from
Lemma 7.2 that

max{|vi - wal, [v2 - Wi} < RPe < 1.

Since both v, - wy and v; - wy are integers, they must be 0. Hence, both w; and w, are
orthogonal to span{vy, vo}. Thus, w; and w; are linearly dependent. This means that
L(R21, v1) = L(Q02, v2).

Case (1.2). The linear span of V is of dimension 1. We prove that condition (ii)
holds. Let vo = (po, 7o, qo) be any element in V. It follows from V C E that V = {vg}.
Moreover, since vo € Vg for some Q' € %, with Q' C €, we have IH,Sr/]lHQ) <
qo < 3H,4+>. This completes the proof of Case (1).

Case (2). Suppose k > 2. We prove that condition (i) holds. It suffices to prove that if
Qj € Buyi, Qj CQ,Vj € Vo, b AVj,e)NQ # I, and wj =w(2;,v;) (= 1,2),
then w; and w; are linearly dependent. Letv; = (p;,rj, q;), w; = (a;, bj, ¢;). Then,

/141
max{la;|. |b; + z,a;1} = q; ' He; (v;) < GHY T RFF1O 30, 4y

_9H,§1/I{1+A)R—2k 15 < H(A/IH)R —2k—14

Moreover, for any (x, y, z) € Bg, we have

-y
Ibj +zajl <|bj + zq;ail + lajllz — zq;1 < 3q; ' +2pla|
< 0g!7F 4 HO[ R Ry < g 1R 4 2, R

qujl_ A+ 1< IOq}—A < 10(3H’£¥£+%)R2k+18)1—x
S 3OH’§L—;)\/]+)~) Rk+9 E H’E}‘r;)"/l+)\) Rk+10.

Let

vo = (Po, 10, 40) = W1 X W2.
It suffices to prove that vo = 0. By the triple cross product expansion, we have

Vi X Vg = V] X (W] X W) = (V] - Wp)W].
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Comparing the first two components of the vectors on both sides, we obtain
r -1
Cloa —ro=gq; (v1-waai, (7.6)
P1 _
q =P =4 'vi - wo)bi. (7.7)

Suppose in contrast that vo # 0. There are two cases.
Case (2.1). Suppose go = 0. Then, (po, ro) # (0, 0). It then follows from (7.6) and (7.7)
that
1 S max{|r0|’ |p0 - ZQIF()'}
= q; ' Ivi - w2l max{lai], by + zg, a1}
1/1+x - AJ14A) p—2k—
< (%H;Jr/; ) R2+16) I'Rk+4€'HrE+/k+ ) g—2k—14

< 3H’£1;]/1+)~)R—3k—266 <1,

which is a contradiction.
Case (2.2). Suppose qo # 0. Without loss of generality, we may assume that gog > O.
Then,

qo = laiby — axby| = |a1(by + zaz) — ax(by + zay)|

A/1+X) p—2k— 1-1/141 1/14X) p—k—

It follows that
qO/ql S 2H},§_1’_/](1+)L)R7k74 . 3Hn_-:li/1+)¥)R72k7]6 — 6R73k720 S 1/6

We prove that A(vy, €) N2 C A(vg, €). In view of (7.8) and Lemma 7.1, it suffices to
show that

Ay (v1, 3€) N Bg C Ax(vo, €/3).

Let (x, y, z) € A (v1, 3¢) N Bg. It follows from (7.6) and (7.7) that

o2
0
q0 q0
r 0 r ro
2Dz 2 (3 2)

1+1 € A -1
< qy™ =57 Fadar b+ zaillvi - wal
q

1
< 6/6+2H;i/kl+/\) ,3Hn—&/l+k)R—2k—16 . Hrfi?/lH)RkHO . Rk

<(1/6 +6R e <¢/3

and
2—1 o 2-2 1 -1 7o
qy 1Y ——|=<qy "|Y— —|t4 — - —
q0 q1 q1 q0
2-x_ € 1-a —1
<4 g =5 T4 A‘I] lai||vy - w2
q,
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<e/6+2H(1 A/142) 3H—(1/1+A)R—2k 16 H(A/1+A)R_2k 14, pk+d,
< (1/6 +6R™*)e < ¢/3.

Thus, (x, v, z) € A(vo, €/3). This proves A(vy, €) N Q C A(vg, €). It then follows from
A(V],€) N Q # & that A(vp,€) N2 # &. By Lemma 5.4, we have qé‘”‘ > 3H,41.
However, in view of (7.8), we have

gt < 2" H, R™IVED < 4RTVH, | < 3H,,

which leads to a contradiction. This completes the proof of the lemma. O
We are now prepared to prove Lemma 5.5.

Proof of Lemma 5.5. Let n >0, Q € %’;, k> 1. We need to prove that there is a

hyperplane L (€2) such that for any Q' € %B,yx with Q' C Q and any v € Vg,

we have A(v,e) N C Li(Q)R ™) We need only to consider the case that

A(v,€) N Q' # &. By Lemma 7.3, one of the following statements holds:

(i) there is a plane L(€2) such that for any Q' € %, with @' C Q, if v e Vg 4 and
A(v,e) N Q # &, then L(Q, v) = Ly (Q);

(i) & =1 and there is vo = (po, ro, go) € E with 1HY/[ ) < gy < 3H, 5 such that
for any Q' € B,y with Q' C Q,if ve Vg 1 and A(v, €) N Q # &, then v = vy.

Suppose that statement (i) holds. Let us fix such a ' and denote Ay = A/, por = p'.
By Lemma 7.1, it suffices to show that

(g x Ay (v,36) NQ € L, v)E "0 foranyv=(p,r.q) e Vo. (1.9
First, we have
pg < R™"Mpg - 3H, 11 = 60ek R < 1/4.

Denote w(2', v) = (a, b, ¢). If (x, y, z) € Ay (v, 3€) N Bg, then

p r r
lax +by+c|l=lalx—=—zly—=) )+ O +za)ly — —
q q q
< |“|q1+w + bt zal =
< 3eq " (lalg ™" |b+m/a|q—1“ +1z = zgrllalg ™)

<3eq ' G+3+p'g7 )

<3eq 16+ 0'q)
< 20eq™ .
Note that

Hg (v) = g max{lal, |b + zgral} < kq max{|al, |b]}.
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Thus,

lax + by + c| 20¢ 20ek 20ek _
< < < = R "0 py,
v a? + b2 g max{lal, |b]} = Ho/ (V) = Hptk

This means that I x {(x, y,z)} C L(, V)(R_(Hk)p()). This proves (7.9).
Suppose that statement (ii) holds. Let us write Ao = A, pq = p. Consider the hyper-
plane

’
Li(®) = {()»,x,y,z) exix_ 10 _Zg(y_ _0) _ }
q0 q0
We proceed by showing that A(vg, €) N Q2 C Ll(Q)(R7n+1p0). By Lemma 7.1, it suffices to
show that
Iq X Ax(vo, 3€) C Li()® "), (7.10)

If (x, y, 2) € Ay(vg, 3€) N Bg, then

14 14 14
(1+2z5) 2 x - @—Zsz(y——0> < x—@—Z<y— —0)’+Iz—m| y——o‘
40 40 490 q0 490
3¢ n 3¢
< T TP
qé+k qg A
< 3eqy (1 + pgo)
< 27eH, [\ (1+ R™"po - 3Hy12)
= 27(20k) "' R™"*D o (1 + 60ek R?)
< R_(”_H),Oo.
This means that Io x {(x, y, 2)} C L1(2)®~“""")_This proves (7.10). O
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