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Abstract

We consider a superprocess {X;: t>0} in a random environment described by
a Gaussian field {W(t,x): t>0,x¢€ R4 }. First, we set up a representation of
E[(g, X)e XD | o (W) v o (X, 0<r<s)]for 0 <s < tand some functions f,g, which
generalizes the result in Mytnik and Xiong (2007, Theorem 2.15). Next, we give a
uniform upper bound for the conditional log-Laplace equation with unbounded initial
values. We then use this to establish the corresponding conditional entrance law. Finally,
the excursion representation of {X;: > 0} is given.
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1. Introduction

We consider a superprocess in a random environment derived in [16] as the high-density
limit of branching particle systems in random environments. Let «, o> > 0. Suppose that
{&r(x): x € Rd}keN is a sequence of independent and identically distributed random fields on
R4 satisfying E[£x(x)] = 0, E[&x(x)&x(y)] = h(x, ), and supr[|§k(x)|3] < 00, where 4 is a con-
tinuous and positive-definite function with limits at oo and we assume Ah(x, x) = ¢ > 0. Consider
a particle system in R?, where each particle moves independently as a copy of Brownian
motions with diffusion coefficient 2« until time 7 = 1/202n. Conditioned on the environment
{Ex(x): x € R%)gen at time i/202n, each particle splits into two with probability

1 1
PREW, =i V)V E@) A (V)]

otherwise dying out with probability

1 1
W= m[(— M)V EX) AW
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Conditional properties of superprocesses in random environments 1157

different particles move independently as Brownian motions with diffusion coefficient 2« until
time (i + 1)/202n. For a Borel set B C R¢, denote by nX}(B) the number of particles surviv-
ing until time ¢ and located in B. By induction, we can define a sequence of measure-valued
processes {X;': t > 0}. Let Cp(R?) be the collection of all bounded continuous functions on
RY. Let C’g(]Rd) be the collection of all bounded continuous functions on R? with bounded
continuous derivatives up to order k. Let C§° (R?) be the set of functions on R? with deriva-
tives of all orders vanishing at infinity. Let M(R?) be the space of all finite measures on R?
with weak topology. For all f € Cp(RY) and nE M(RY), let (u, fy=(f, u):= fRdf(x),u(dx).
For f, g € Co(R?), (f, g) also represents the integral of fg with respect to Lebesgue measure
whenever it exists. Also let A be the d-dimensional Laplacian operator. It was proved in [16]
that if X{j converges weakly to a finite measure p on RY, then {X}': t >0} converges to a
measure-valued process {X;: t > 0} called a superprocess in a random environment (SRE).
More specifically, let (22, .%, .%;, P) be a filtered probability space satisfying the usual hypothe-
ses. An SRE {X;: ¢ > 0} is characterized by the solution to the following martingale problem
(MP): for all f € C2(RY),

t

Mi(f) == (f. Xp) = ([, M)—/O (k Af, Xs) ds (1.1)

is a continuous (.%;)-martingale with quadratic variation process

t t
(M), = 20> / (P X) ds + / / / hx, V() Xy (d) X () ds.
0 0 JRY JRd

The uniqueness of the MP (1.1) is shown in [16].

Let Sp be the linear span of the set of functions {A(x, -): x € R?}. We endow an inner product
on So with (h(x, -), h(y, -))m := h(x, y). Let H be the completion of Sy with respect to the norm
|l - |z corresponding to the inner product (-, -)g. The Hilbert space H is called the reproducing
kernel Hilbert space with covariance function #; see, e.g., [7, p. 139]. Suppose that {e;: i=
1, 2, ...} is a complete orthonormal basis of Hl, and {Bf : 1> 0};=1,2,... is a sequence of mutually
independent d-dimensional standard Brownian motions defined on (€2, P). Define W(z, x) =
Zioil (h(x, -), e,-)HBi. Then W is a Gaussian noise, white in time and colored in space, with
E[W(s, )W (1, y)] = h(x, y)(s A 1).

Suppose (Z);>¢ is the minimal augmented filtration generated by {B;i= 1,2, ...}. For
an (Q’,W )r=0-predictable random function f(s,x), the Itd stochastic integral of f with respect to
W is defined as

t e t . ° .
/0 fls, x) W(ds, x):=) /0 (f(s, DhCx, ), e)m dBL =) " f(s, x){g(x, -), ei)sz dBY.
i=1 i=1

This is equivalent to the notation fot (f(s, x)g(x, ), dWg)pr used in [17].

In this paper, we denote the conditional expectation and conditional probability given W by
E and P, respectively. Let 4, := .%; v o(W). [17] introduced conditional MPs and proved that
the MP (1.1) is equivalent to the following conditional martingale problem: for all f € C%(Rd ),

t t
Nif) = U2 Xe) — fs ) — /0 (Af, Xs) ds — /O fR WS 9X@)  (12)
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is a continuous (P, ¢;)-martingale orthogonal to {W(t, x)} with quadratic variation process
(N.(f)) = 202 f(;( fz, Xs) ds. Consider the formal solution {u ;(x);0 <s <t} to the stochastic
partial differential equation (SPDE)

t t t
.1 (x) = f(x) + / K Aty ((x) dr — / o 2uy 1 (x)* dr + f ur(x) W(dr, x), (1.3)

where W(flr, x) denotes the backward It6 stochastic integral. Approximation and duality were
used in [17] to prove that, for a finite measure u,

E#[e_<stt)] — e (Ho.r ) (1.4)

The equality in (1.4) provides a new perspective for this model from the viewpoint of the SPDE.
The technique is derived from [19]. Later, this method was extended to other related models;
see also [13, 14, 20]. Inspired by that, we use it to investigate some conditional properties of
SREs. There are few results on this since the model here is abstract and lacks useful tools apart
from the SPDE. The noise colored in space also brings much trouble.

We first investigate the conditional derivative form E[(g, X,)e_(f'X” | 4] of (1.4). In the
case of classical superprocesses, it is closely associated with the construction of derivative
martingales and solved by simple analysis; see [3]. However, it is more complicated in our
case since the comparison theorem and the uniqueness of the solution for the corresponding
SPDE (see (3.5) in Section 3) should be investigated further. The classical theory of SPDEs
fails here since the coefficient of ther linear term is random and doesn’t satisfy the usual linear
growth or Lipschitz conditions; see [9]. In the future, we may use it to construct the derivative
martingale and establish the corresponding spine decomposition.

Next, we consider the conditional entrance law and excursion representation of an SRE.
Let S be a locally compact separable topological space, and Y; be an inhomogenous Markov
process on S with transition semigroup {Q, ; ; t > r > 0}. A family of o -finite measure {L, ; ;¢ >
r>0} on § is called an entrance law for {Q, ;} if L, Qs;=0L,; holds for all 0 <r<s <t;
see also [2]. The entrance law is necessary and crucial for the construction of the Kuznetsov
measure that follows. Let % be the space of all continuous paths from [0, oo) to S with the
coordinate process denoted by {wy; # > 0}. An excursion is a coordinate process starting from
0 and ending at 0 after some time. Let %" be the space of all excursions. By a general theory
of Markov processes, there is a o -finite measure N on #7T such that, under N, the coordinate
process is also an inhomogenous Markov process with transition semigroup {Q, ;} and one-
dimensional marginal distributions {L, ;}. N here is also called a Kuznetsov measure, following
his pioneering work in [10]. Using these, we can represent Y, as a Poisson sum of excursions.
The concept of excursion representation was pioneered by Itd [6] in the case of Brownian
motion. There have since been many results in the field of superprocesses, such as [1, 12, 14].
Following their ideas, we will construct the conditional entrance law in our case. The challenge
lies in the estimation of the corresponding conditional extinction probability. Let {u?, ()} be
the solution to (1.3) with initial value uf (x) =6 > 0. The main difficulty is that we should give
a uniform upper bound for u?t that is independent of 6. This question is also open in the theory
of SPDEs. For convenience, we consider the forward version of (1.3) as follows. Suppose u? x)
solves

t t Ky
u?(x) =60+ / KAuf,(x) ds — / GZMf(x)2 ds + / uf,(x) W(ds, x),
0 0 0

where W is defined in Section 3. First, we consider an SPDE without the Laplacian
term in (1.3) (see wf in (4.1)) and give the corresponding upper bound for wf. Next, let

https://doi.org/10.1017/jpr.2024.120 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.120

Conditional properties of superprocesses in random environments 1159

ﬁ?(x) = fRd D2ucr(x — y)wte(y) dy, where {p;(x); > 0} is the density of a d-dimensional stan-
dard Brownian motion throughout this paper. Then ;ﬁ x):= u? (x) — ﬁ?(x) satisfies (4.5) (see
Section 4). Since the last two terms of (4.5) are martingales, we can prove they are bounded in
0 by using Kolmogorov’s criterion. Finally, using a convolution representation, we can obtain
that ;“te (x) is bounded in 6.

This article is organized as follows. In Section 2 we elaborate the conditional Laplace
functions in terms of the conditional transition semigroup. In Section 3, we give a derivative
formula for the conditional Laplace functions. In Section 4, a uniform upper bound for ufy (%)
independent of 6 is obtained, which leads to the conditional entrance law and the excursion
representation of the SRE in Section 5.

2. Preliminaries

In this section we extend (1.4) to the form of a conditional transition semigroup for rigor
(see Theorem 2.1). The proof is classical, and can be found in [21, Chapter 6] and [13]. Here,
we provide some different details for rigor.

By [18, p. 288], the martingale N,(f) defined in (1.2) induces a martingale measure
{N(ds, dx)} with covariation measure 20> X,(dx) ds such that N,(f) = fot Jga f(x) N(ds, dx), and
N(ds, dx) is orthogonal to W(ds, x). Suppose £ is the collection of all measurable functions
{a(s, x); (s, x) € [0, 00) x R?} satisfying

t
/ / a(s, x)a(s, y)h(x, y) dxdy ds < oco.
0 JRIxXRA
For bounded measurable functions & € Zand 8 on B := [0, c0) x RY, define
t 1 t
Oy (r, t) =exp { / / a(s, x) W(ds, x)dx — = f / a(s, x)a(s, y)h(x, y) dx dy ds},
r JRd 2 Jr Jrixprd

t t
¢p(r, t):exp{ / / B(s, x) N(ds, dx) — / / azﬂ(s,x)zXS(dx)ds}.
r JRd r JRd

For p > d, define S, to be the collection of measurable functions f satisfying
1 = [, 70000+ 1 s < oc,
R4

We endow an inner product (-, -),, to S, given by (f, g)p = [pa f()g(X)(1 + |x[*)7*/% dx. Let
H, be the completion of S, with respect to the norm || - || ,. Then H, is a Hilbert space. By
Kotelenez’s result [9], there exists a unique solution {u; ;;0 < s <t} to (1.3) for a given initial
value f € H,,. Define &, ;(x) := E[u, ;(x)0y(r, )] and 1, ;(x) := ]E[ur,,(x)zea(r, D]

Lemma 2.1. Fort>r>0and x € RY,

t t t
&r,1(X) =f(X)+/ K A&y, 1(x) ds—/ o051 (x) ds+/ &s.1(x) /Rd a(s, y)h(x, y) dy ds.

r r

Proof. By 1td’s formula, 0,(r, 1) =1 —i—frt Jra (s, x) W(ds, )0, (s, 1). By (1.3), for ¢ €
CeERY),
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t t
(Ur,t, §)0u(r, ) = (f, P) —/ o2t 1, $)00a(s, 1) ds+/ (B (s, Dus, W(ds, -), @)
'
/ (s, 1 q))/ a(s, x)0y (s, 1) W(ds, x)

f Ou (s, 1) f  Us i (P)a(s, y)hix, y) dx dy ds.

Then, taking expectations on both sides, we obtain

(& @) = (f, ¢>+/ (ki AP) ds—f o (nsr, ¢) ds

t
+ / < / £, (s, (-, y) dy, ¢>ds,
r R4

which completes the proof. (|

Lemma 2.2. For t > r > 0 we have, almost surely (a.s.),

(f, Xo) = (urp, X / f ur,/(x) N(ds, dx)+/ (02u? . X;) ds.

Proof. The proof is quite similar to [13, Lemma 5.4]; we give a sketch here to list the
different parts for rigor. Since the linear span of the functionals {6,(0, 1), £5(0, ): o € Z,
B € B} is dense in the space of .%;-measurable random variables, it is sufficient to show that

E[%(o,t)zﬁ(o,r)((f X0) — (ur X / / Uy.1(0) N(ds, dx) — / (02, v>ds)}=o

for all« € .Z, B € B. By [13, Lemma 5.2], it follows that
E[{ur,r, Xr)0u(0, )50, )] = E[(&r.1, Xr)0u (0, 1)5p(0, r)].
Considering the process (&, X;), by Lemma 2.1 and (1.2) we have

t t
s X) = (f. X)) — / o2 (ny.0s X5} ds + / (& f h-. y)as. y) dy, X;) ds

t
/(SnW(ds ), Xs) // £s,1(x) N(ds, dx).

Write 6,0, P £ (0. 1)
7] — -1_ %Y r p — -1 _ S r
Ou(r, 1) :=0y(r, )" = 820.0) L(r, ) :=2¢g(r, )" = 0.1
and py.(x) = & ,()0a (r, (1, 1), Yy ((X) = 0y 1(x)0a (r, HCp(r, t). Then, by 1td’s formula,
<:0r ts ) <§§r s >9a(r» t)é_‘,g(r, t)

t
=(f, X)) — f 02 (Yo, Xs) ds

@2.1)

t t
+f (ps,t/ h(-, y)a(s, y) dy, X;) ds—/ (ps, W(ds, -), X;)

f/ ps,1(x) N(ds, dx) — /(pm ‘)Ada(s,x)w(ds,X)dx
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t t
~ [toxa [ BN, a0~ [ 0B, 9o X0 0
r r
t
]t dy X,
r d R4
where the third and last terms above are cancelled out. Taking expectations and using (2.1),

E[(f, X)0a(0, 0)¢p(0, N] — E[(&,1, X+)04(0, (0, r)]

t t
=E[/ o*0,(0, )24(0, S)(ns,taXs>ds] +E[/ o%00(0, )2p(0, $)(B(s, Vs 1r Xs) dS]

r r

t t
:E[ / (02060, )¢50, i, Xs) ds} +]E[ / 0 (0, 1)25(0, 1) / U () N(ds, dx):|,
r r R

where the last equality can be obtained directly by the proof of [13, Lemma 5.4]. (|
By a similar argument to [13, Theorem 5.1], we have the following theorem.

Theorem 2.1. Fort > r > 0 we have, a.s., E[e”\/X) | 4] = e~ .0 X) Therefore, under P, {X;}
is a measure-valued Markov process with inhomogenous transition semigroup {QW,;t > r > 0}

r,t
given by fM(Rd) ef(f"’)fo/,(,u, dv) = e (o),

Let {us (x, f);0 < s <t} be the solution to (1.3) with initial value u; ;(x, f) =f(x). Finally,
we show that {ug ,(x, f);0 < s <t} has the following semigroup property.

Lemma 2.3. There exists a set N C Q such that P(N) =1 and u, (x, f) = uy s(x, us (-, f)) for
O<r<s<tfel, andweN.

Proof. Let

t t t
.1 (X) =f(x) + / K Aty (x) dT — / ouy (x)? dr + / uz.(x) W(dz, x),

N s

t t t
() = £ ) + / i Aty () dt — f o2t (7 d + f i 1(3) W(dT, ).

r r

Then
N N s N
() — g (x) = / K Atz ((x) dT — / o Uz (x)* dt + / 1z () W(dr, x).
r r r

Forr—s—i—tgugvgt,deﬁneWl([u, v, x) :=W(u+s—t v+s—t], x). Then

t t

K Aug s gp(x)dT — / 02”r+s—t,t(x)2 dr

r—s—+t

ur,t(x) = us,t(x) + /

r—s+t

t
+ / 1. 10) W1 (AT, ). 22)
r—s—+t

In view of (1.3), u, ((x) is the solution to (1.3) in the interval [r — s + ¢, f] with the initial f(x)
substituted by u ;(x) and W substituted by wl. By [17, Lemma 2.6], since (2.2) has a unique
solution, we have u, ;(x) = u, 5(x, ug (- )). 0
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3. Derivative formula

In this section we link the derivative form (1.3) with the solution to an SPDE. For a fixed
t >0, put ug(x) =u;—s 4(x), 0 <s <t and W([O, s5), x) = W((t — s, ], x). For convenience, we
consider the forward version of (1.3):

t t t
u(X) = f(x) + / i Aug(x) ds — / o2 (us(x))* ds + / ug(x) W(ds, x). (3.1)
0 0 0

Recall that {p,(x);t > 0} is the density of a d-dimensional standard Brownian motion. Let Xy
be the collection of measurable functions f satisfying 0 < f(x) < Cp;(x) for all x € R? for a
constant C > 0. Let {1/:(x);t > 0} be the solution to the linear equation

t t
1ﬂz(x)=f(X)+/0 KAlﬁs(x)dS+/O Vs(x) W(ds, x). (3.2)

We need the following result from [17, Lemma 2.7].

Lemma 3.1. For f € Xy, u;(x) < ¥y(x) P-a.s., and for some c(t),

E[Y() ()] < cOp2ici+1(0)p2arcr+1()-

Let Hj be the Hilbert space consisting of all functions f such that ||f]|o := fRd F(x)? dx < 0.
For 6 > 0, let (0, x) be the solution to (3.1) with initial value Fp(@, x) =f(x) 4+ 6g(x), where
S, 8€Xp. Set

U6, x):= 6" "[Fi(6, x) — F(0, )], (3.3)
dy(x) := 0 *[F5(6, ) + F5(0, x)] = 00[U(6, x) + 20~ F,(0, 1)]. (3.4)
Consider the following SPDE:

t t

t
vi(x) = g(x) + f K Avs(x) ds + f vs(x) W(ds, x) — / dg(x)vs(x) ds. (3.5)
0 0 0

It is obvious that v;(x) := U(0, x) is a solution to (3.5). By Lemma 3.1, v; € Hy. We will
show that (3.5) has a pathwise solution (Lemma 3.3) and satisfies the comparison theorem
(Lemma 3.4).

Lemma 3.2. For fixed t > 0, there exist positive constants c1, ¢y such that
4 ot
E[SUPOSSSt”Vs”()] <c1e?.

Proof. For ¢ € C‘C’O(Rd), set Tep(x) := fpg(x —y)¢(y) dy for € > 0. Then

t t

t
(i, Tep) = (g, Te @) +/ (vs, K AT ) ds +/ (vs W(ds, -), Tep) — / (dsvs, Te) ds.
0 0 0

By 1t6’s formula,

t

(i, Te)? = (g, Te)* + /0 2(vy, Ted)((vs, K ATed) — (dyvs, Te)) ds
t
+/ 2(vSa T8¢><VS W(dsa ')a T8¢)
0

1 t
+ E / / / Vi)V T p(x0)Te p(y)h(x, ¥) dx dy ds.
0 JRY JRE
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Let {e;}i=1,2.... be a complete orthonormal system of Hy. Since (u, Tev) = (T.u, v),

o]

ITevell§ = (Tevi, ei)?

i=1

(vi, Tee;)?

U

I
-

r”18

(g, Tee:) +Z/ (vs, Teei)((vs, K ATee;) — (dyvs, Tee;)) ds

+ Z /O 2(vs, Toei) vy Wi(ds, ), Tre)

o0
l t
+Z‘/ / / Vi)W (N Tsei(x)Teei(y)h(x, y) dx dy ds.
ior 2Jo Jre Jre
Notice that

Z Teei(0)Teei(y) = Z f Pe(x+ 2)ei(2) dz / Pe(y+ 2ei(2) dz

i=1

=f Pe(x + 2)pe(y +2) dz.
Ry
Then we get
t t
ITevelld = 1 Teglld + / 26(Tevs, ATevs) ds — / (Tevy, Te(dsvy)) ds
0 0
t
+f0 2(Tevs, Te(vs W(ds, -)))
1 t
= f / f Pe(x + 2Dpe(x + wvs(2)vs(w)h(z, w) dx dz dw ds
RIxRd JRA
t 1 t
< lglls + / 2ATevs, Telvs Weds, ) + 5 / I T vsll? ds.
0 0

Therefore, letting ¢ — 0, we obtain [[v,3 < llgll3 + fot 2(vs, vs W(ds, ) + %C Jo vsli3 ds.
Using Doob’s inequality and the Cauchy—Schwarz inequality, we get

t
E[supg,<Ivsllg] < c1 +e2 f E[supo<,llvslg] dr
0

By (3.3) and Lemma 3.1, the right-hand side is bounded. Using Gronwall’s inequality, we
complete the proof. (|
Next, we show that (3.5) has a unique solution.

Lemma 3.3. Suppose that f, g € Xo. Then (3.5) has a unique non-negative solution.

Proof. By the comparison theorem [9, Theorem 3.3], the solution Fx(6 + &, x) to (3.1) is
increasing in §. Therefore, v:(x) > 0. Suppose that there are two solutions {vt1 (x)} and {vtz(x)}
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to (3.5). Let v2(x) = v} (x) — v2(x). For ¢ € C(RY),
W, @) = /Ot<v2, Kk Ag) ds + /0t<v§?, ¢ W(ds, -)) — /0t<d}, a2, ¢) ds,
where d(x) = 80 2(vi(x) + 2F(8, x)) for i = 1, 2. By an analogous argument to Lemma 3.2,
VP15 =< - fo 00 div! - R ds+ /0 200, 0 W(s, ) + % /0 0IR as
=— fotwaz(v?)z, v v 4 2u6, x)) ds + /Ot 200,09 W(ds, 1)) + %c /Ot Vo113 ds

! 0 .0 1 ! 2
S 2<v37 VS W(dsv )> + EC ”vS”O ds'
0 0

Then, it’s easy to get E[supOSSgHv(s) ||3] <cp fot E[supOSsSrvaﬂé] dr, which yields the unique-
ness by Gronwall’s inequality. ]

We now can establish the following comparison property.
Lemma 3.4. v;(x) < ¥,(x), P-a.s.
Proof. Let &(x) = Y¢(x) — v¢(x). Then
t t t
aw= [ cseas+ [eowasn+ [ donmas (36)
0 0 0

From the uniqueness of the solutions to (3.5) and (3.2), the uniqueness of the solution to (3.6)
holds as well. For fixed r > 0, consider the SPDE

t t
Va0 =) + / Ay, (0) ds + / Vs W(ds, ), 121, 3.7)

and denote its solution by ¥, ;(x, f). Then, by [17, Lemma 2.6], the uniqueness of the solu-
tion to (3.7) holds for f € H,. In view of (3.4), d,, vy € H,. Hence, dsvs € H,. Then we can
define the solution {, ,(x, d,v,);t > r} to (3.7) with f =d,v,. Next, we claim that n,(x) :=
fot Ys.1(x, dsvg) ds > 0 is a solution to (3.6). In fact, by (3.7),
t
ni(x) = / %,z(x, dgvs) ds
0
t t t
-/ [ds<x>vs(x> + [ edvt dogar+ [ oo, x)} ds
0
t * t r * t r
=/ dy(x)vs(x) ds—i—/ / K A, o(x, dsvg) ds dr—i—/ / Y. s(x) ds W(dr, x)
0 0 Jo 0 Jo

t ! '
= f dy(x)vg(x)ds + f Kk Any(x)dr+ f nr(x) W(ds, x).
0 0 0

Consequently, the desired result follows from the uniqueness of solution to (3.6). (]

Theorem 3.1. For f, g € Xo and 0 < r <t, E[(g, X;)e /X0 | 4] = (G, ;, X,)e~Xs) where
{G,.+(x)} is the solution to the SPDE

t t t
Gy (x)=gx)+ f k AGy ((x)ds ~|—/ Gy (%) W(as, Xx) — / 202usy,(x)GS,t(x) ds. (3.8)

https://doi.org/10.1017/jpr.2024.120 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.120

Conditional properties of superprocesses in random environments 1165

Proof. Observe that F;(6, x) = — log Es [ exp{—(f 4+ 0g, X;)}] is a concave function of 6.
Then Uy (0, x) =0~ [F,(6, x) — F,(0, x)] increases to some limit denoted by Gi(x) as 6 — 0+.
Consequently, by Lemmas 3.1 and 3.4,

t t
E[ / / [Usw,x)]zdxds}s f / B[y ds dx < C
0 JRA 0 JRd

for some positive constant C. In view of (3.5), for rigor, we introduce the superscript 6 in v;
and d; to emphasize its impact. Then, for a non-negative function ¢ € CZ° (RY), we have

t t
0, o) =g, ¢>>+/ 00, kAP) ds+/ 00 W, ds), ¢>>—f (dh?, f) ds (3.9)
0 0 0

By Lemma 3.4 and [17, Lemma 2.7],
t 2 t
H«:[ /O (o W, ds), ¢>>] _ /0 /ﬂ; B 0IS@e0s(, ) drdy ds
t
<c / / E[Ys(x)¥s()] dx dy ds
0 RZd

t
= / / CP2ucs+1(X)P2cs+1(y) dx dy ds < ct.
0 R2d

Thus, by the stochastic dominated convergence theorem, the third term on the right-hand
side of (3.9) tends to fé(GS( ) W(, ds), ¢) as 8 — 0+, while the other terms’ limits can be
obtained by the monotone convergence theorem. Therefore, {G(x)} solves the SPDE

' t t
Gi(x) =gx)+ / Kk AGg(x)ds + / Gy(x) W(ds, x) — / 202Fs(0, x)Gy(x) ds.
0 0 0

Finally, we return to the backward version. For a fixed constant 6 > 0, define F; (6, x) to be the
solution to (1.3) with initial value F; (6, x) =f(x) +60g(x) and Uy (0, x) := G_I[Fs,,(e, X) —
F, (0, x)]. By the previous argument, Us (0, x) converges to some limit Gy /(x) as 6§ — 0+,
and G; ;(0, x) is the unique solution to (3.8). Therefore,

El{g, X)) | 4] = —E[ lim 6~'[e™U/+%8X) o= UX0) o4
+
J—— hm 9 [e*<Fx,[(0»x)»Xs> _ef(F;v[(O,X),XS)]
0—0+
— — lim e (Fu00.X0)g=1 [~ OUs@0.X) _ |

0—0+
=~ Tim Uy (0, ), X) = (G X)X,
0—0+

This completes the proof of the theorem. (]

4. Uniform upper bound for uf,,

For convenience we consider the forward version (3.1) and denote its solution with initial
f(x)=06 by ut In this section we investigate the uniform upper bound for u; 9 (x) instead of that
for u ;- To start, we consider the stochastic differential equation

t t
wi(x) =f(x) — / o wy(x)? ds + / ws(x) W(ds, x). (4.1)
0 0
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By classical stochastic analysis, we have the following lemma.

Lemma 4.1. The equation (4.1) has a unique pathwise solution and there exists a random field
K :=K(t, x, W), which doesn’t depend on f, such that wi(x) < K for all bounded measurable
functions f.

Proof. In this proof we denote W(z, x) by W,. Define the exponential function of W, by
my(x) = exp {W, — %ct}. Then, by I1t6’s formula,

dmt = Nniy dW[ (42)
and the bracket process of my; is given by d[m.]; = cmt2 dz. Define
t —1
wi(x) = fm,(l +f / o’my ds) ) (4.3)
0
Then we claim that {w;} is the pathwise solution to (4.1). In fact, write
t
7= / o?my ds. (4.4)
0

Since wy(x) = fim; /(1 + fz;), by Itd’s formula, (4.2), and (4.4),

2
th = dm[ — f i 5 de
I4+fz (1+fz)
2
Jm d fom ozm, dt =w, dW; — GZW% dr.

- W, —
1+fz (A +fz)?

That gives the solution to (4.1). Finally, by (4.3), w; <m,/z;. Hence, we have completed the
proof. O

Next, we return to (3.1). Compared with (4.1), it has an extra Laplacian operator term. Set
i (1) = [pa P2cr(x = y)W{ (y) dy. Then

t t
W ()=0+ / / Byp2esx — W () dy ds + / / Prest — y)asn () dy ds
0 JRI 0 JRrd
t t t
=9+/ maf(x)ds—/ o2 (@ (x))? ds+/ i (x) W(ds, x)
0 0 0
t
+ /0 /R = DI — @] dy ds
t t
+ f w () W(ds, x) — f / P — YW (3) W(ds, y) dy ds.
0 0 JRI
Define ;f (x):= u? (x) — 12? (x). Then
t t t
)= / kAL (x) ds + f 8 () W(ds, x) + / R (x) ds
0 0 0

t t
+ /O w0 () Wi(ds, x) — fo /R PO Wds, dy. (45)
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where hf x) = —Uz(uf ()c))2 + az(ﬁ? (x))z. By Lemma4.1, h? < az(m,/zt)z. Next, we show that
the last two terms in (4.5) are bounded in 6. For A =60~!, write I,A(x) = fé wf (x) W(ds, x).
Recalling that W([O, r — r), x) = W((r, t], x), define the o -algebra f?t by

ﬁr =0 {W((s, t],x),t—r<s< t,xeRd}.

Lemma 4.2. For fixed t >0 and 0 <r <t, there exists an ﬁ\,-adapted process & such that
sup;.co.11l; < &r and E[supy {71 < oc.

Proof. Ttis clear that for fixed x, {W(z, )}o is a Brownian motion with diffusion coefficient
¢/2. Then E[m;] = E[eWED—1/2] < o0,

, 2
E[supy<, < [IX — I* ] <4E f T - - ds
[ Po<r=illy — 1] ] = o LA+ fos olm,dr N+ fos o’m, dr

</'E[<M>z}d <Kh—NP2 (4.6)
b (fdv o2m, dr)? 5= ' ’

The last inequality can be obtained as follows: for s <¢,

m? s 1 \-S\ 12
E[—J < (E[(msn“]E[( / exp(W(r. ) dr — _cs}) D
(fo mpdr) 0 2
s 1 -8 %
< e3cs |:]E|:<exp { / W(r, x)dr — —Cs}) ]:|
0 2

=K1 [E[ exp {—8s info<,<s W(r, 0)}]] < K2,

where the last inequality is from Jensen’s inequality and the last equality is from the reflection
principle of Brownian motion. Then, by Garsia’s theorem [8, Lemma 10.2.1], taking ¢ (x) = X2,

p(x)=x>% and
BN
Ny = PO =) dk d)’,

1 1
E[supy—, 1] < / / KO —2)"2drd) < oo,
- 0 0

by (4.6) we have

A=A

1
| I)‘ | < 8\/_/ u”dp(u) < lOﬁf u3* du < oo.
0
Consequently, for A <1, IrA < I} + K. /0y := ¢r. On the other hand, by (4.6),
E[SHPOSrstgrz] = KI]E[SUPOSrSt(IrI)Z] + E[SuPOSrStnr] < 0.
Hence, we complete the proof. U

Finally, it is sufficient to obtain an analogous comparison theorem for g“te(x). Here, we
make use of the convolution representation in [15]. Recalling (3.7), by the Feynman—Kac
representation in [5], we have

! 1
lﬁr,t(x,f)=E[f(X+§r—Er)exp{/ W(ds,X+§t—Es)—§C(t—r)”,

https://doi.org/10.1017/jpr.2024.120 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2024.120

1168 J. LIU ET AL.

where {£,} is a d-dimensional diffusion process independent of W with generator « A and initial
value &y = 0. It is easy to check that

! 1
lﬁr,;(X,f)IE[f(X—i-E; — &) exp { / W(ds, x + & — &) — EC(I— r)”

! 1
= /R ) EX [f (v) exp { [ W(ds, by) — et = r)szx(t—s)(x -y dy, 4.7)

where ({bs;r <s<t}, Eg’;) shares the same distribution as a d-dimensional Brownian bridge
with diffusion coefficient 2«, started at x at time r and ending at y at time . Let

PV, xit,y) = E’;ﬁ[ exp { /9 t W(ds, bs) — %C(t - r)”pzk(t_s)(x, ¥)-
Then
Uil f) = /R P o). (4.8)
Let , ,
(€l f) = / (WasC K, ) ds + / / (s, yit, X)f () U(ds, dy) di,
0 0 JR2M

where we set U(ds, dy) = wf ) W(ds, y)dy — fRd P2cs(z — y)w? () W(ds, y) dy dz for conve-
nience.

Lemma 4.3 {;,9;t > 0} is a solution to (4.5).

Proof. Let Yi(f) = (&0, f) — [a(c8, k AF) — [o(£?, f W(ds, -)). Then, by (3.7) and (4.8),

t
Yi(f) = / Wy aes 1), f) ds + /0 /R Y.y, ) Uds, 4 ()

~

<wr s, 1)), Af) drds

~

%\aé\c\,%

v/‘ W(r v;s, x) U(dr, dy)x Af(x) dx ds

/ 1/fr s(x, h ) d’f(X) W(ds, x) dxdr

o\o\o\c\

d/ / W(r v;s, x) U(dr, dy)f (x) W(ds, x)dx

/( rtCo H0), f) dr—// (Wr.s(-, h9), k Af) drds

0

lﬁr $(x, 1)) dsf (x) W(dr, x) dx

r

) / PV (r, yit, 0)f (%) dx U(dr, dy)

U

+

o\c\o\o\

t
t

%\%\%\%\

f / pV(r, yis, Xk Af(x) dx ds U(dr, dy)
d r Rd

t

pW(r, v;8, X)f (x) W(ds, x) dx U(dr, dy)
d
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t t
= / (%, f)ds + / / f(x) U(dr, dx).
0 0 JRI

That gives the desired result. O

In a conclusion, we can give a result that is important in the conditional entrance law in next
section.

Theorem 4.1. There exists a set N C Q with P(N) = 1 such that, for v € N and t > 0,
sup0§s<tsup9>0uf,t(x) < O0.

Hence, for w € N and 0 <r < t, we have QXVJ(SX, {0}) > 0.

Proof. By the proofs of Lemmas 4.2 and 4.3, there exists a set N C €2 such that, for w €
N,0<rtand xeRY, SUP(<s<; liMg— 00 ufy,(x) < 0. Therefore,

OV, (8. (0}) = lim e /TN (8, dv)
6—00 M(]Rd)

- .
= lim e "™ >exp {—sup0§r<t lim uf’t(x)} > 0.
f—oc0 0—00

Then we obtain the result. O

5. Conditional entrance law and excursion representation
Let {Q%: t>r >0} be the conditional transition semigroup given in Theorem 2.1. Let

{02 t = r> 0} be the restriction of {QV,: t=r>0} on M(RY)° := M(RY) \ {0}.

Theorem 5.1. There exists a set N C QwithP(N) = 1 such that, for each x € R¢, any t > r > 0,
and for all w € N, there is a finite random measure Lm(x, dv) on M(]Rd)O such that

/M e 7 e LY (x, dv) = Grilx, ¢),

where G, ((x, ¢) is the solution to the backward SPDE

t t
Gri(x)=¢W) + f AGy (x) ds + f Gi.(x) W(ds, x).

r

Furthermore, L% is an entrance law for {Qf:,‘v}, i.e. foreachx e R anyt> s> r >0, and for
all w e N,

LY, (e, dv) = / LY (e dgp) 0% (. dv). 5.1)
M(Rd)o

Proof. Since, under P, X; is an infinitely divisible random measure, by [11, Theorems 1.35
and 1.36], it has the following Lévy—Khintchine representation for any bounded measurable
function f:

[ e Qs =exp [—um(x, - [ 1—e—<f’”>Lf,V,<x,dv)}, 52)
M(R4) M(R4)°
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where )\m(x, -) is a finite measure. Taking f = 6 and letting 8 — oo on both sides of (5.2), we
have

0Y(8,, {0}) = lim e 0, (8, dp) = lim e PrrteD),
’ 60— 00 M(Rd) H—00

Since, by Theorem 4.1, Q%((Sx, {0}) > 0 a.s., we have A, ,(x,-) =0 as. for each t>r>0.
Therefore, for ¢t > r > 0,

f e~ () Qm(Sx’ du) =exp [— / (11— e—(f,v)) L%(x, dl))i|.
M(Rd) M(]Rd)"

Finally, we show that L)"; is an entrance law for {Q};}. Indeed, for @ € N,

exp |:— / (1—e0) Lth(x, dv):|
M(Rd)" ’

= / e oW (8, dw)
M(RY)
— e*“r,t(x’f)

— e_ur,s(x#s.t(xxf))

= exp |:_ f a- e_(u&-’(x’f)’”'))l,fn(x, dﬂ)i|
M(Rd)o

:exp{—f / [1—e 0% (u, dv) LY (x, du)}.
M@y J MRY)

Since f is arbitrary, we obtain (5.1). O

Let WE := C([0, 00), M(R)). For any w € WE, let ai(w) = inf{s > 0, w(s) # 0} and B(w) =
sup{s > 0, w(s) # 0}. Let WV denote the set of continuous paths w € W such that w(z) # 0 for
a(w) <t < B(w)and w(r) =0 for < a(w) or t > B(w). On the space W, define the o -algebras
W= o{w(s);s > 0}) and #; = o ({w(s);0 < s <t}) for ¢t > 0. Then, by a similar proof to [4],
there exists a o-finite measure, say Ny, on W, such that, for r <t; <ty <--- <tp,

Ni(wy €dpr, wy, €dpa, ..., wy, €dpn)
=LY, (x,du1) 07 Y (1, du2) - - 00" (unet, ). (5.3)
The measure N defined in (5.3) is also called the Kuznetsov measure [10], and more details
in the case of superprocesses can be found in [11].
Now, we fix u € M(R?). On an extension of the original probability space, we can define
a Poisson random measure lev(dx, dw) with intensity measure 1(dx)Nj(dw) conditioned on

the noise W. Let 7 be the o -algebra generated by the P-null sets and the random variables
{NE/(A x B): Aec BRY),Be “//t} Define the measure-valued processes

Y,::/ / wy Ny (dx, dw),  1>0. (5.4
re Jw

Theorem 5.2. For f € C;(Rd) NH, and 0 <r <1, Ele~ /Y| ) = e~ lurnYr),
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Proof. Let (R%) be the Borel sets on R?, and let g € B(RY) x #;, i.e. g is a bounded
positive function on RY x WV measurable relative to the product o-algebra B(R?) x #;. By
the Laplace transform of Poisson random measures, we have

E[exp{—/ / g(x, W N, (dx, dw) — (, Y,)H
R4 JW
=E[exp{—/ / (g(x,w>+<f,w,>>NXV<dx,dw)H
R JW
=exp{ [, [ =explegtr.w = (£.won Ny u(dX)}
R JW
—exp { [, [ a=esm nyan M(dX)}
R JW
+exp{ f f e 80 (1 — e~y NX(dw) u(dx)}. (5.5)
R4 JW
On the other hand, since g € Z(R?) x #;, by the Markov property of Ny in (5.3), we have

/ e 8] — e~y N3 (dw) = / e 80 (] — e~ re W)y NE(dw). (5.6)
w w

Hence, by (5.5) and (5.6), we have

E[exp{—/ [ g(x, W) N, (dx, dw) — (/. Y,)H

= exp / / (1 — e 80"y Na(dw) pu(dx)
Rd

+ exp / / e 8EW (] — U””)Né“(dw)u(dx)}
Rd

=exp f f (1 — e 8"y Na(dw) pa(dx)
R4 JW

+exp / f e_g(’“’w)(l—e_("””w’>)N3(dw)M(dx)}
RE JW

=exp{ / / (1—e—g“’w)—‘”ﬂ'””)Né(dw)u(dx)}
Rd JW

=E|:exp {— /Rd /Wg(x, w) N (dx, dw) — (ur.s, Y,)H.

Clearly, 77 is equal to the o -algebra generated by the collection of

exp{— / / glx, w) N, (dx, dw)}
R JW

for g € BR?) x #;. Hence, we get the desired result. O

By Theorems 2.1 and 5.2, the processes {X;} and {Y;} have the same conditional distri-
butions. In view of (5.4), since N, (dx, dw) = a(xi)wi), we have Y; = Z;ﬁl wﬁ. Hence, we can
view the SRE as sums of continuous paths that are excursions starting from 0 and ending at 0.
Therefore, (5.4) can be understood as the excursion representation of the SRE.
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