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Abstract

We consider a superprocess {Xt : t ≥ 0} in a random environment described by
a Gaussian field {W(t, x) : t ≥ 0, x ∈R

d}. First, we set up a representation of
E[〈g, Xt〉e−〈 f ,Xt〉 | σ (W) ∨ σ (Xr, 0 ≤ r ≤ s)] for 0 ≤ s< t and some functions f ,g, which
generalizes the result in Mytnik and Xiong (2007, Theorem 2.15). Next, we give a
uniform upper bound for the conditional log-Laplace equation with unbounded initial
values. We then use this to establish the corresponding conditional entrance law. Finally,
the excursion representation of {Xt : t ≥ 0} is given.
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1. Introduction

We consider a superprocess in a random environment derived in [16] as the high-density
limit of branching particle systems in random environments. Let κ, σ 2 > 0. Suppose that
{ξk(x) : x ∈R

d}k∈N is a sequence of independent and identically distributed random fields on
R

d satisfying E[ξk(x)] = 0, E[ξk(x)ξk(y)] = h(x, y), and supxE[|ξk(x)|3]<∞, where h is a con-
tinuous and positive-definite function with limits at ∞ and we assume h(x, x) = c> 0. Consider
a particle system in R

d, where each particle moves independently as a copy of Brownian
motions with diffusion coefficient 2κ until time t = 1/2σ 2n. Conditioned on the environment
{ξk(x) : x ∈R

d}k∈N at time i/2σ 2n, each particle splits into two with probability

1

2
+ 1

2
√

2σ 2n
[(− √

n) ∨ ξi(x) ∧ (
√

n)],

otherwise dying out with probability

1

2
− 1

2
√

2σ 2n
[(− √

n) ∨ ξi(x) ∧ (
√

n)];
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Conditional properties of superprocesses in random environments 1157

different particles move independently as Brownian motions with diffusion coefficient 2κ until
time (i + 1)/2σ 2n. For a Borel set B ⊂R

d, denote by nXn
t (B) the number of particles surviv-

ing until time t and located in B. By induction, we can define a sequence of measure-valued
processes {Xn

t : t ≥ 0}. Let Cb(Rd) be the collection of all bounded continuous functions on
R

d. Let Ck
b(Rd) be the collection of all bounded continuous functions on R

d with bounded
continuous derivatives up to order k. Let C∞

0 (Rd) be the set of functions on R
d with deriva-

tives of all orders vanishing at infinity. Let M(Rd) be the space of all finite measures on R
d

with weak topology. For all f ∈ Cb(Rd) and μ ∈ M(Rd), let 〈μ, f 〉 = 〈 f , μ〉 := ∫
Rd f (x)μ(dx).

For f , g ∈ Cb(Rd), 〈 f , g〉 also represents the integral of f g with respect to Lebesgue measure
whenever it exists. Also let � be the d-dimensional Laplacian operator. It was proved in [16]
that if Xn

0 converges weakly to a finite measure μ on R
d, then {Xn

t : t ≥ 0} converges to a
measure-valued process {Xt : t ≥ 0} called a superprocess in a random environment (SRE).
More specifically, let (�,F,Ft, P) be a filtered probability space satisfying the usual hypothe-
ses. An SRE {Xt : t ≥ 0} is characterized by the solution to the following martingale problem
(MP): for all f ∈ C2

b(Rd),

Mt(f ) := 〈 f , Xt〉 − 〈 f , μ〉 −
∫ t

0
〈κ�f , Xs〉 ds (1.1)

is a continuous (Ft)-martingale with quadratic variation process

〈M·(f )〉t = 2σ 2
∫ t

0
〈 f 2, Xs〉 ds +

∫ t

0

∫
Rd

∫
Rd

h(x, y)f (x)f (y) Xs(dx) Xs(dy) ds.

The uniqueness of the MP (1.1) is shown in [16].
Let S0 be the linear span of the set of functions {h(x, ·) : x ∈R

d}. We endow an inner product
on S0 with 〈h(x, ·), h(y, ·)〉H := h(x, y). Let H be the completion of S0 with respect to the norm
‖ · ‖H corresponding to the inner product 〈·, ·〉H. The Hilbert space H is called the reproducing
kernel Hilbert space with covariance function h; see, e.g., [7, p. 139]. Suppose that {ei : i =
1, 2, . . .} is a complete orthonormal basis of H, and {Bi

t : t ≥ 0}i=1,2,... is a sequence of mutually
independent d-dimensional standard Brownian motions defined on (�, P). Define W(t, x) =∑∞

i=1〈h(x, ·), ei〉HBi
t. Then W is a Gaussian noise, white in time and colored in space, with

E[W(s, x)W(t, y)] = h(x, y)(s ∧ t).
Suppose (FW

t )t≥0 is the minimal augmented filtration generated by {Bi;i = 1, 2, . . .}. For
an (FW

t )t≥0-predictable random function f (s,x), the Itô stochastic integral of f with respect to
W is defined as

∫ t

0
f (s, x) W(ds, x) :=

∞∑
i=1

∫ t

0
〈 f (s, x)h(x, ·), ei〉H dBi

s =
∞∑

i=1

f (s, x)〈g(x, ·), ei〉H dBi
s.

This is equivalent to the notation
∫ t

0〈 f (s, x)g(x, ·), dWs〉H used in [17].
In this paper, we denote the conditional expectation and conditional probability given W by

E and P, respectively. Let Gt := Ft ∨ σ (W). [17] introduced conditional MPs and proved that
the MP (1.1) is equivalent to the following conditional martingale problem: for all f ∈ C2

b(Rd),

Nt(f ) := 〈 f , Xt〉 − 〈 f , μ〉 −
∫ t

0
〈κ�f , Xs〉 ds −

∫ t

0

∫
Rd

f (x) W(ds, x) Xs(dx) (1.2)
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is a continuous (P, Gt)-martingale orthogonal to {W(t, x)} with quadratic variation process
〈N·(f )〉 = 2σ 2

∫ t
0〈 f 2, Xs〉 ds. Consider the formal solution {us,t(x);0 ≤ s ≤ t} to the stochastic

partial differential equation (SPDE)

us,t(x) = f (x) +
∫ t

s
κ�ur,t(x) dr −

∫ t

s
σ 2ur,t(x)2 dr +

∫ t

s
ur,t(x) W(d̂r, x), (1.3)

where W(d̂r, x) denotes the backward Itô stochastic integral. Approximation and duality were
used in [17] to prove that, for a finite measure μ,

Eμ[e−〈 f ,Xt〉] = e−〈u0,t,μ〉. (1.4)

The equality in (1.4) provides a new perspective for this model from the viewpoint of the SPDE.
The technique is derived from [19]. Later, this method was extended to other related models;
see also [13, 14, 20]. Inspired by that, we use it to investigate some conditional properties of
SREs. There are few results on this since the model here is abstract and lacks useful tools apart
from the SPDE. The noise colored in space also brings much trouble.

We first investigate the conditional derivative form E[〈g, Xt〉e−〈 f ,Xt〉 | Gs] of (1.4). In the
case of classical superprocesses, it is closely associated with the construction of derivative
martingales and solved by simple analysis; see [3]. However, it is more complicated in our
case since the comparison theorem and the uniqueness of the solution for the corresponding
SPDE (see (3.5) in Section 3) should be investigated further. The classical theory of SPDEs
fails here since the coefficient of ther linear term is random and doesn’t satisfy the usual linear
growth or Lipschitz conditions; see [9]. In the future, we may use it to construct the derivative
martingale and establish the corresponding spine decomposition.

Next, we consider the conditional entrance law and excursion representation of an SRE.
Let S be a locally compact separable topological space, and Yt be an inhomogenous Markov
process on S with transition semigroup {Qr,t ; t ≥ r ≥ 0}. A family of σ -finite measure {Lr,t ; t ≥
r ≥ 0} on S is called an entrance law for {Qr,t} if Lr,sQs,t = Lr,t holds for all 0 ≤ r< s< t;
see also [2]. The entrance law is necessary and crucial for the construction of the Kuznetsov
measure that follows. Let W be the space of all continuous paths from [0,∞) to S with the
coordinate process denoted by {wt; t ≥ 0}. An excursion is a coordinate process starting from
0 and ending at 0 after some time. Let W + be the space of all excursions. By a general theory
of Markov processes, there is a σ -finite measure N on W + such that, under N, the coordinate
process is also an inhomogenous Markov process with transition semigroup {Qr,t} and one-
dimensional marginal distributions {Lr,t}. N here is also called a Kuznetsov measure, following
his pioneering work in [10]. Using these, we can represent Yt as a Poisson sum of excursions.
The concept of excursion representation was pioneered by Itô [6] in the case of Brownian
motion. There have since been many results in the field of superprocesses, such as [1, 12, 14].
Following their ideas, we will construct the conditional entrance law in our case. The challenge
lies in the estimation of the corresponding conditional extinction probability. Let {uθs,t(x)} be
the solution to (1.3) with initial value uθt,t(x) = θ > 0. The main difficulty is that we should give
a uniform upper bound for uθs,t that is independent of θ . This question is also open in the theory
of SPDEs. For convenience, we consider the forward version of (1.3) as follows. Suppose uθt (x)
solves

uθt (x) = θ +
∫ t

0
κ�uθs (x) ds −

∫ t

0
σ 2uθs (x)2 ds +

∫ s

0
uθs (x) W(ds, x),

where W is defined in Section 3. First, we consider an SPDE without the Laplacian
term in (1.3) (see wθt in (4.1)) and give the corresponding upper bound for wθt . Next, let
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ũθt (x) := ∫
Rd p2κt(x − y)wθt (y) dy, where {pt(x); t ≥ 0} is the density of a d-dimensional stan-

dard Brownian motion throughout this paper. Then ζ θt (x) := uθt (x) − ũθt (x) satisfies (4.5) (see
Section 4). Since the last two terms of (4.5) are martingales, we can prove they are bounded in
θ by using Kolmogorov’s criterion. Finally, using a convolution representation, we can obtain
that ζ θt (x) is bounded in θ .

This article is organized as follows. In Section 2 we elaborate the conditional Laplace
functions in terms of the conditional transition semigroup. In Section 3, we give a derivative
formula for the conditional Laplace functions. In Section 4, a uniform upper bound for uθs,t(x)
independent of θ is obtained, which leads to the conditional entrance law and the excursion
representation of the SRE in Section 5.

2. Preliminaries

In this section we extend (1.4) to the form of a conditional transition semigroup for rigor
(see Theorem 2.1). The proof is classical, and can be found in [21, Chapter 6] and [13]. Here,
we provide some different details for rigor.

By [18, p. 288], the martingale Nt(f ) defined in (1.2) induces a martingale measure
{N(ds, dx)} with covariation measure 2σ 2 Xs(dx) ds such that Nt(f ) = ∫ t

0

∫
Rd f (x) N(ds, dx), and

N(ds, dx) is orthogonal to W(ds, x). Suppose L is the collection of all measurable functions
{α(s, x); (s, x) ∈ [0,∞) ×R

d} satisfying

∫ t

0

∫
Rd×Rd

α(s, x)α(s, y)h(x, y) dx dy ds<∞.

For bounded measurable functions α ∈ L and β on B := [0,∞) ×R
d, define

θα(r, t) = exp

{ ∫ t

r

∫
Rd
α(s, x) W(ds, x) dx − 1

2

∫ t

r

∫
Rd×Rd

α(s, x)α(s, y)h(x, y) dx dy ds

}
,

ζβ (r, t) = exp

{ ∫ t

r

∫
Rd
β(s, x) N(ds, dx) −

∫ t

r

∫
Rd
σ 2β(s, x)2 Xs(dx) ds

}
.

For ρ > d, define Sρ to be the collection of measurable functions f satisfying

‖f ‖2
ρ =

∫
Rd

f 2(x)(1 + |x|2)−ρ/2 dx<∞.

We endow an inner product 〈·, ·〉ρ to Sρ given by 〈 f , g〉ρ = ∫
Rd f (x)g(x)(1 + |x|2)−ρ/2 dx. Let

Hρ be the completion of Sρ with respect to the norm ‖ · ‖ρ . Then Hρ is a Hilbert space. By
Kotelenez’s result [9], there exists a unique solution {us,t;0 ≤ s ≤ t} to (1.3) for a given initial
value f ∈Hρ . Define ξr,t(x) :=E[ur,t(x)θα(r, t)] and ηr,t(x) :=E[ur,t(x)2θα(r, t)].

Lemma 2.1. For t ≥ r ≥ 0 and x ∈R
d,

ξr,t(x) = f (x) +
∫ t

r
κ�ξs,t(x) ds −

∫ t

r
σ 2ηs,t(x) ds +

∫ t

r
ξs,t(x)

∫
Rd
α(s, y)h(x, y) dy ds.

Proof. By Itô’s formula, θα(r, t) = 1 + ∫ t
r

∫
Rd α(s, x) W(ds, x)θα(s, t). By (1.3), for φ ∈

C∞
0 (Rd),
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〈ur,t, φ〉θα(r, t) = 〈 f , φ〉 −
∫ t

r
σ 2〈us,t, φ〉θα(s, t) ds +

∫ t

r
〈θα(s, t)us,t W(d̂s, ·), φ〉

+
∫ t

r
〈us,t, φ〉

∫
Rd
α(s, x)θα(s, t) W(ds, x)

+
∫ t

r
θα(s, t)

∫
Rd×Rd

us,t(x)φ(x)α(s, y)h(x, y) dx dy ds.

Then, taking expectations on both sides, we obtain

〈ξr,t, φ〉 = 〈 f , φ〉 +
∫ t

r
〈κξs,t, �φ〉 ds −

∫ t

r
σ 2〈ηs,t, φ〉 ds

+
∫ t

r

〈 ∫
Rd
ξs,tα(s, y)h(·, y) dy, φ

〉
ds,

which completes the proof. �

Lemma 2.2. For t ≥ r ≥ 0 we have, almost surely (a.s.),

〈 f , Xt〉 = 〈ur,t, Xr〉 +
∫ t

r

∫
Rd

ur,t(x) N(ds, dx) +
∫ t

r
〈σ 2u2

r,t, Xs〉 ds.

Proof. The proof is quite similar to [13, Lemma 5.4]; we give a sketch here to list the
different parts for rigor. Since the linear span of the functionals {θα(0, t), ζβ (0, t) : α ∈ L,
β ∈ B} is dense in the space of Ft-measurable random variables, it is sufficient to show that

E

[
θα(0, t)ζβ (0, t)

(
〈 f , Xt〉 − 〈ur,t, Xr〉 −

∫ t

r

∫
Rd

ur,t(x) N(ds, dx) −
∫ t

r
〈σ 2u2

r,t, Xs〉 ds

)]
= 0

for all α ∈ L, β ∈ B. By [13, Lemma 5.2], it follows that

E[〈ur,t, Xr〉θα(0, t)ζβ (0, t)] =E[〈ξr,t, Xr〉θα(0, r)ζβ (0, r)].

Considering the process 〈ξr,t, Xr〉, by Lemma 2.1 and (1.2) we have

〈ξr,t, Xr〉 = 〈 f , Xt〉 −
∫ t

r
σ 2〈ηs,t, Xs〉 ds +

∫ t

r
〈ξs,t

∫
Rd

h(·, y)α(s, y) dy, Xs〉 ds

−
∫ t

r
〈ξs,t W(ds, ·), Xs〉 −

∫ t

r

∫
Rd
ξs,t(x) N(ds, dx).

Write

θ̄α(r, t) := θα(r, t)−1 = θα(0, r)

θα(0, t)
, ζ̄β (r, t) := ζβ (r, t)−1 = ζα(0, r)

ζα(0, t)
(2.1)

and ρr,t(x) = ξr,t(x)θ̄α(r, t)ζ̄β (r, t), γr,t(x) = ηr,t(x)θ̄α(r, t)ζ̄β (r, t). Then, by Itô’s formula,

〈ρr,t, Xr〉 = 〈ξr,t, Xr〉θ̄α(r, t)ζ̄β (r, t)

= 〈 f , Xt〉 −
∫ t

r
σ 2〈γs,t, Xs〉 ds

+
∫ t

r
〈ρs,t

∫
Rd

h(·, y)α(s, y) dy, Xs〉 ds −
∫ t

r
〈ρs,tW(ds, ·), Xs〉

−
∫ t

r

∫
Rd
ρs,t(x) N(ds, dx) −

∫ t

r
〈ρs,t, Xs〉

∫
Rd
α(s, x) W(ds, x)dx
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−
∫ t

r
〈ρs,t, Xs〉

∫
Rd
β(s, x) N(ds, dx) −

∫ t

r
σ 2〈β(s, ·)ρs,t, Xs〉 ds

+
∫ t

r

∫
Rd×Rd

ρs,t(x)αs(y)h(x, y) dy Xs(dx),

where the third and last terms above are cancelled out. Taking expectations and using (2.1),

E[〈 f , Xt〉θα(0, t)ζβ (0, t)] −E[〈ξr,t, Xr〉θα(0, r)ζβ (0, r)]

=E

[ ∫ t

r
σ 2θα(0, s)ζβ (0, s)〈ηs,t, Xs〉 ds

]
+E

[ ∫ t

r
σ 2θα(0, s)ζβ (0, s)〈β(s, ·)ξs,t, Xs〉 ds

]

=E

[ ∫ t

r
〈σ 2θα(0, t)ζβ (0, t)u2

s,t, Xs〉 ds

]
+E

[ ∫ t

r
θα(0, t)ζβ (0, t)

∫
Rd

ur,t(x) N(ds, dx)

]
,

where the last equality can be obtained directly by the proof of [13, Lemma 5.4]. �

By a similar argument to [13, Theorem 5.1], we have the following theorem.

Theorem 2.1. For t ≥ r ≥ 0 we have, a.s., E[e−〈 f ,Xt〉 | Gr] = e−〈ur,t,Xr〉. Therefore, under P, {Xt}
is a measure-valued Markov process with inhomogenous transition semigroup {QW

r,t;t ≥ r ≥ 0}
given by

∫
M(Rd) e−〈 f ,ν〉QW

r,t(μ, dν) = e−〈ur,t,μ〉.

Let {us,t(x, f );0 ≤ s ≤ t} be the solution to (1.3) with initial value ut,t(x, f ) = f (x). Finally,
we show that {us,t(x, f );0 ≤ s ≤ t} has the following semigroup property.

Lemma 2.3. There exists a set N ⊂� such that P(N) = 1 and ur,t(x, f ) = ur,s(x, us,t(·, f )) for
0 ≤ r ≤ s ≤ t, f ∈Hρ , and ω ∈ N.

Proof. Let

us,t(x) = f (x) +
∫ t

s
κ�uτ,t(x) dτ −

∫ t

s
σ 2uτ,t(x)2 dτ +

∫ t

s
uτ,t(x) W(d̂τ, x),

ur,t(x) = f (x) +
∫ t

r
κ�uτ,t(x) dτ −

∫ t

r
σ 2uτ,t(x)2 dτ +

∫ t

r
uτ,t(x) W(d̂τ, x).

Then

ur,t(x) − us,t(x) =
∫ s

r
κ�uτ,t(x) dτ −

∫ s

r
σ 2uτ,t(x)2 dτ +

∫ s

r
uτ,t(x) W(d̂τ, x).

For r − s + t ≤ u ≤ v ≤ t, define W1([u, v], x) := W([u + s − t, v + s − t], x). Then

ur,t(x) = us,t(x) +
∫ t

r−s+t
κ�uτ+s−t,t(x) dτ −

∫ t

r−s+t
σ 2uτ+s−t,t(x)2 dτ

+
∫ t

r−s+t
uτ+s−t,t(x) W1(d̂τ, x). (2.2)

In view of (1.3), ur,t(x) is the solution to (1.3) in the interval [r − s + t, t] with the initial f (x)
substituted by us,t(x) and W substituted by W1. By [17, Lemma 2.6], since (2.2) has a unique
solution, we have ur,t(x) = ur,s(x, us,t( · )). �
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3. Derivative formula

In this section we link the derivative form (1.3) with the solution to an SPDE. For a fixed
t ≥ 0, put us(x) = ut−s,t(x), 0 ≤ s ≤ t and W([0, s), x) = W((t − s, t], x). For convenience, we
consider the forward version of (1.3):

ut(x) = f (x) +
∫ t

0
κ�us(x) ds −

∫ t

0
σ 2(us(x))2 ds +

∫ t

0
us(x) W(ds, x). (3.1)

Recall that {pt(x);t ≥ 0} is the density of a d-dimensional standard Brownian motion. Let X0
be the collection of measurable functions f satisfying 0 ≤ f (x) ≤ Cp1(x) for all x ∈R

d for a
constant C> 0. Let {ψt(x);t ≥ 0} be the solution to the linear equation

ψt(x) = f (x) +
∫ t

0
κ�ψs(x) ds +

∫ t

0
ψs(x) W(ds, x). (3.2)

We need the following result from [17, Lemma 2.7].

Lemma 3.1. For f ∈X0, ut(x) ≤ψt(x) P-a.s., and for some c(t),

E[ψt(x)ψt(y)] ≤ c(t)p2κt+1(x)p2κt+1(y).

Let H0 be the Hilbert space consisting of all functions f such that ‖f ‖0 := ∫
Rd f (x)2 dx<∞.

For θ ≥ 0, let Ft(θ, x) be the solution to (3.1) with initial value F0(θ, x) = f (x) + θg(x), where
f , g ∈X0. Set

Ut(θ, x) := θ−1[Ft(θ, x) − Ft(0, x)], (3.3)

ds(x) := σ 2[Fs(θ, x) + Fs(0, x)] = σ 2θ [Us(θ, x) + 2θ−1Fs(0, x)]. (3.4)

Consider the following SPDE:

vt(x) = g(x) +
∫ t

0
κ�vs(x) ds +

∫ t

0
vs(x) W(ds, x) −

∫ t

0
ds(x)vs(x) ds. (3.5)

It is obvious that vt(x) := Ut(θ, x) is a solution to (3.5). By Lemma 3.1, vt ∈H0. We will
show that (3.5) has a pathwise solution (Lemma 3.3) and satisfies the comparison theorem
(Lemma 3.4).

Lemma 3.2. For fixed t ≥ 0, there exist positive constants c1, c2 such that

E
[
sup0≤s≤t‖vs‖4

0

] ≤ c1ec2t.

Proof. For φ ∈ C∞
c (Rd), set Tεφ(x) := ∫

pε(x − y)φ(y) dy for ε > 0. Then

〈vt, Tεφ〉 = 〈g, Tεφ〉 +
∫ t

0
〈vs, κ�Tεφ〉 ds +

∫ t

0
〈vs W(ds, ·), Tεφ〉 −

∫ t

0
〈dsvs, Tεφ〉 ds.

By Itô’s formula,

〈vt, Tεφ〉2 = 〈g, Tεφ〉2 +
∫ t

0
2〈vs, Tεφ〉(〈vs, κ�Tεφ〉 − 〈dsvs, Tεφ〉) ds

+
∫ t

0
2〈vs, Tεφ〉〈vs W(ds, ·), Tεφ〉

+ 1

2

∫ t

0

∫
Rd

∫
Rd

vt(x)vt(y)Tεφ(x)Tεφ(y)h(x, y) dx dy ds.
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Let {ei}i=1,2,... be a complete orthonormal system of H0. Since 〈u, Tεv〉 = 〈Tεu, v〉,

‖Tεvt‖2
0 =

∞∑
i=1

〈Tεvt, ei〉2

=
∞∑

i=1

〈vt, Tεei〉2

=
∞∑

i=1

〈g, Tεei〉2 +
∞∑

i=1

∫ t

0
2〈vs, Tεei〉(〈vs, κ�Tεei〉 − 〈dsvs, Tεei〉) ds

+
∞∑

i=1

∫ t

0
2〈vs, Tεei〉〈vs W(ds, ·), Tεei〉

+
∞∑

i=1

1

2

∫ t

0

∫
Rd

∫
Rd

vt(x)vt(y)Tεei(x)Tεei(y)h(x, y) dx dy ds.

Notice that
∞∑

i=1

Tεei(x)Tεei(y) =
∞∑

i=1

∫
Rd

pε(x + z)ei(z) dz
∫
Rd

pε(y + z)ei(z) dz

=
∫
Rd

pε(x + z)pε(y + z) dz.

Then we get

‖Tεvt‖2
0 = ‖Tεg‖2

0 +
∫ t

0
2κ〈Tεvs, �Tεvs〉 ds −

∫ t

0
〈Tεvs, Tε(dsvs)〉 ds

+
∫ t

0
2〈Tεvs, Tε(vs W(ds, ·))〉

+ 1

2

∫ t

0

∫
Rd×Rd

∫
Rd

pε(x + z)pε(x + w)vs(z)vs(w)h(z,w) dx dz dw ds

≤ ‖g‖2
0 +

∫ t

0
2〈Tεvs, Tε(vs W(ds, ·))〉 + 1

2
c
∫ t

0
‖Tεvs‖2

0 ds.

Therefore, letting ε→ 0, we obtain ‖vt‖2
0 ≤ ‖g‖2

0 + ∫ t
0 2〈vs, vs W(ds, ·)〉 + 1

2 c
∫ t

0 ‖vs‖2
0 ds.

Using Doob’s inequality and the Cauchy–Schwarz inequality, we get

E
[
sup0≤s≤t‖vs‖4

0

] ≤ c1 + c2

∫ t

0
E

[
sup0≤s≤r‖vs‖4

0

]
dr.

By (3.3) and Lemma 3.1, the right-hand side is bounded. Using Gronwall’s inequality, we
complete the proof. �

Next, we show that (3.5) has a unique solution.

Lemma 3.3. Suppose that f , g ∈X0. Then (3.5) has a unique non-negative solution.

Proof. By the comparison theorem [9, Theorem 3.3], the solution Ft(θ + δ, x) to (3.1) is
increasing in δ. Therefore, vt(x) ≥ 0. Suppose that there are two solutions {v1

t (x)} and {v2
t (x)}
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to (3.5). Let v0
t (x) = v1

t (x) − v2
t (x). For φ ∈ C∞

c (Rd),

〈v0
t , φ〉 =

∫ t

0
〈v0

s , κ�φ〉 ds +
∫ t

0
〈v0

s , φW(ds, ·)〉 −
∫ t

0
〈d1

s v1
s − d2

s v2
s , φ〉 ds,

where di
s(x) = δσ 2(vi

s(x) + 2Fs(θ, x)) for i = 1, 2. By an analogous argument to Lemma 3.2,

‖v0
t ‖2

0 ≤ −
∫ t

0
〈v0

s , d1
s v1

s − d2
s v2

s 〉 ds +
∫ t

0
2〈v0

s , v0
s W(ds, ·)〉 + 1

2
c
∫ t

0
‖v0

s ‖2
0 ds

= −
∫ t

0
〈δσ 2(v0

s )2, v1
s + v2

s + 2us(θ, x)〉 ds +
∫ t

0
2〈v0

s , v0
s W(ds, ·)〉 + 1

2
c
∫ t

0
‖v0

s ‖2
0 ds

≤
∫ t

0
2〈v0

s , v0
s W(ds, ·)〉 + 1

2
c
∫ t

0
‖vs‖2

0 ds.

Then, it’s easy to get E
[
sup0≤s≤t‖v0

s ‖4
0

] ≤ c1
∫ t

0 E
[
sup0≤s≤r‖v0

s ‖4
0

]
dr, which yields the unique-

ness by Gronwall’s inequality. �

We now can establish the following comparison property.

Lemma 3.4. vt(x) ≤ψt(x), P-a.s.

Proof. Let ξt(x) =ψt(x) − vt(x). Then

ξt(x) =
∫ t

0
κ�ξs(x) ds +

∫ t

0
ξs(x) W(ds, x) +

∫ t

0
ds(x)vs(x) ds. (3.6)

From the uniqueness of the solutions to (3.5) and (3.2), the uniqueness of the solution to (3.6)
holds as well. For fixed r ≥ 0, consider the SPDE

ψr,t(x) = f (x) +
∫ t

r
κ�ψr,s(x) ds +

∫ t

r
ψr,s(x) W(ds, x), t ≥ r, (3.7)

and denote its solution by ψr,t(x, f ). Then, by [17, Lemma 2.6], the uniqueness of the solu-
tion to (3.7) holds for f ∈Hρ . In view of (3.4), ds, vs ∈Hρ . Hence, dsvs ∈Hρ . Then we can
define the solution {ψr,t(x, drvr);t ≥ r} to (3.7) with f = drvr. Next, we claim that ηt(x) :=∫ t

0 ψs,t(x, dsvs) ds ≥ 0 is a solution to (3.6). In fact, by (3.7),

ηt(x) =
∫ t

0
ψs,t(x, dsvs) ds

=
∫ t

0

[
ds(x)vs(x) +

∫ t

s
κ�ψr,s(x, dsvs) dr +

∫ t

s
ψr,s(x) W(dr, x)

]
ds

=
∫ t

0
ds(x)vs(x) ds +

∫ t

0

∫ r

0
κ�ψr,s(x, dsvs) ds dr +

∫ t

0

∫ r

0
ψr,s(x) ds W(dr, x)

=
∫ t

0
ds(x)vs(x) ds +

∫ t

0
κ�ηr(x) dr +

∫ t

0
ηr(x) W(ds, x).

Consequently, the desired result follows from the uniqueness of solution to (3.6). �

Theorem 3.1. For f , g ∈X0 and 0 ≤ r ≤ t, E[〈g, Xt〉e−〈 f ,Xt〉 | Gr] = 〈Gr,t, Xr〉e−〈ur,t,Xs〉, where
{Gr,t(x)} is the solution to the SPDE

Gr,t(x) = g(x) +
∫ t

r
κ�Gs,t(x) ds +

∫ t

r
Gs,t(x) W(d̂s, x) −

∫ t

r
2σ 2us,t(x)Gs,t(x) ds. (3.8)

https://doi.org/10.1017/jpr.2024.120 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2024.120


Conditional properties of superprocesses in random environments 1165

Proof. Observe that Ft(θ, x) = − log Eδx [ exp{−〈 f + θg, Xt〉}] is a concave function of θ .
Then Ut(θ, x) = θ−1[Ft(θ, x) − Ft(0, x)] increases to some limit denoted by Gt(x) as θ → 0+.
Consequently, by Lemmas 3.1 and 3.4,

E

[ ∫ t

0

∫
Rd

[Us(θ, x)]2 dx ds

]
≤

∫ t

0

∫
Rd

E[ψs(x)]2 ds dx ≤ C

for some positive constant C. In view of (3.5), for rigor, we introduce the superscript θ in vs

and ds to emphasize its impact. Then, for a non-negative function φ ∈ C∞
c (Rd), we have

〈vθt , φ〉 = 〈g, φ〉 +
∫ t

0
〈vθs , κ�φ〉 ds +

∫ t

0
〈vθs W(·, ds), φ〉 −

∫ t

0
〈dθs vθs , f 〉 ds. (3.9)

By Lemma 3.4 and [17, Lemma 2.7],

E

[ ∫ t

0
〈vθs W(·, ds), φ〉

]2

=
∫ t

0

∫
R2d

E[vθs (x)vθs (y)]φ(x)φ(y)g(x, y) dx dy ds

≤ C
∫ t

0

∫
R2d

E[ψs(x)ψs(y)] dx dy ds

≤
∫ t

0

∫
R2d

cp2κs+1(x)p2κs+1(y) dx dy ds ≤ ct.

Thus, by the stochastic dominated convergence theorem, the third term on the right-hand
side of (3.9) tends to

∫ t
0〈Gs( · ) W(·, ds), φ〉 as θ → 0+, while the other terms’ limits can be

obtained by the monotone convergence theorem. Therefore, {Gs(x)} solves the SPDE

Gt(x) = g(x) +
∫ t

0
κ�Gs(x) ds +

∫ t

0
Gs(x) W(ds, x) −

∫ t

0
2σ 2Fs(0, x)Gs(x) ds.

Finally, we return to the backward version. For a fixed constant θ ≥ 0, define Fs,t(θ, x) to be the
solution to (1.3) with initial value Ft,t(θ, x) = f (x) + θg(x) and Us,t(θ, x) := θ−1[Fs,t(θ, x) −
Fs,t(0, x)]. By the previous argument, Us,t(θ, x) converges to some limit Gs,t(x) as θ → 0+,
and Gs,t(θ, x) is the unique solution to (3.8). Therefore,

E[〈g, Xt〉e−〈 f ,Xt〉 | Gs] = −E
[

lim
θ→0+ θ

−1[e−〈 f +θg,Xt〉 − e−〈 f ,Xt〉] | Gs

]

= − lim
θ→0+ θ

−1[e−〈Fs,t(θ,x),Xs〉 − e−〈Fs,t(0,x),Xs〉]

= − lim
θ→0+ e−〈Fs,t(0,x),Xs〉θ−1[e−〈θUs,t(θ,x),Xs〉 − 1]

= e−〈us,t,Xs〉
〈

lim
θ→0+ Us,t(θ, x), Xs

〉
= 〈Gs,t, Xs〉e−〈us,t,Xs〉.

This completes the proof of the theorem. �

4. Uniform upper bound for uθ
s,t

For convenience, we consider the forward version (3.1) and denote its solution with initial
f (x) ≡ θ by uθt . In this section we investigate the uniform upper bound for uθt (x) instead of that
for uθs,t. To start, we consider the stochastic differential equation

wt(x) = f (x) −
∫ t

0
σ 2ws(x)2 ds +

∫ t

0
ws(x) W(ds, x). (4.1)
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By classical stochastic analysis, we have the following lemma.

Lemma 4.1. The equation (4.1) has a unique pathwise solution and there exists a random field
K := K(t, x,W), which doesn’t depend on f, such that wt(x) ≤ K for all bounded measurable
functions f.

Proof. In this proof we denote W(t, x) by Wt. Define the exponential function of Wt by
mt(x) = exp

{
Wt − 1

2 ct
}
. Then, by Itô’s formula,

dmt = mt dWt (4.2)

and the bracket process of mt is given by d[m·]t = cm2
t dt. Define

wt(x) = fmt

(
1 + f

∫ t

0
σ 2ms ds

)−1

. (4.3)

Then we claim that {wt} is the pathwise solution to (4.1). In fact, write

zt =
∫ t

0
σ 2ms ds. (4.4)

Since wt(x) = fmt/(1 + f zt), by Itô’s formula, (4.2), and (4.4),

dwt = f

1 + f zt
dmt − f 2mt

(1 + f zt)2
dzt

= fmt

1 + f zt
dWt − f 2mt

(1 + f zt)2
σ 2mt dt = wt dWt − σ 2w2

t dt.

That gives the solution to (4.1). Finally, by (4.3), wt ≤ mt/zt. Hence, we have completed the
proof. �

Next, we return to (3.1). Compared with (4.1), it has an extra Laplacian operator term. Set
ũθt (x) := ∫

Rd p2κt(x − y)wθt (y) dy. Then

ũθt (x) = θ +
∫ t

0

∫
Rd
∂sp2κs(x − y)wθs (y) dy ds +

∫ t

0

∫
Rd

p2κs(x − y)∂sw
θ
s (y) dy ds

= θ +
∫ t

0
κ�ũθs (x) ds −

∫ t

0
σ 2(ũθs (x))2 ds +

∫ t

0
ũθs (x) W(ds, x)

+
∫ t

0

∫
Rd
σ 2p2κs(x − y)[(wθs (y))2 − (wθs (x))2] dy ds

+
∫ t

0
wθs (x) W(ds, x) −

∫ t

0

∫
Rd

p2κs(x − y)wθs (y) W(ds, y) dy ds.

Define ζ θt (x) := uθt (x) − ũθt (x). Then

ζ θt (x) =
∫ t

0
κ�ζθs (x) ds +

∫ t

0
ζ θs (x) W(ds, x) +

∫ t

0
hθs (x) ds

+
∫ t

0
wθs (x) W(ds, x) −

∫ t

0

∫
Rd

p2κs(x − y)wθs (y) W(ds, y) dy, (4.5)
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where hθs (x) = −σ 2(uθs (x))2 + σ 2(ũθs (x))2. By Lemma 4.1, hθt ≤ σ 2(mt/zt)2. Next, we show that
the last two terms in (4.5) are bounded in θ . For λ= θ−1, write Iλt (x) := ∫ t

0 wθs (x) W(ds, x).

Recalling that W([0, t − r), x) = W((r, t], x), define the σ -algebra F̃t by

F̃r := σ {W((s, t], x), t − r ≤ s ≤ t, x ∈R
d}.

Lemma 4.2. For fixed t> 0 and 0 ≤ r ≤ t, there exists an F̃r-adapted process ζr such that
supλ∈(0,1]I

λ
t ≤ ζr and E[sup0≤r≤tζ

2
r ]<∞.

Proof. It is clear that for fixed x, {W(t, x)}t≥0 is a Brownian motion with diffusion coefficient
c/2. Then E[mt] =E[eW(t,x)−ct/2]<∞.

E
[
sup0≤r≤t[I

λ
r − Iλ

′
r ]2] ≤ 4E

[ ∫ t

0

[
ms

λ+ ∫ s
0 σ

2mr dr
− ms

λ′ + ∫ s
0 σ

2mr dr

]2

ds

]

≤
∫ t

0
E

[(
(λ− λ′)ms

(
∫ s

0 σ
2mr dr)2

)2]
ds ≤ K|λ− λ′|2. (4.6)

The last inequality can be obtained as follows: for s ≤ t,

E

[
m2

s( ∫ s
0 mr dr

)4

]
≤

(
E[(ms)]

4
E

[( ∫ s

0
exp{W(r, x) dr − 1

2
cs}

)−8])1/2

≤ e3cs
[
E

[(
exp

{ ∫ s

0
W(r, x) dr − 1

2
cs

})−8]] 1
2

= K1
[
E

[
exp

{−8s inf0≤r≤s W(r, x)
}]] ≤ K2,

where the last inequality is from Jensen’s inequality and the last equality is from the reflection
principle of Brownian motion. Then, by Garsia’s theorem [8, Lemma 10.2.1], takingψ(x) = x2,
p(x) = x5/4, and

ηr =
∫ 1

0

∫ 1

0

( |Iλr − Iλ
′

r |
p(λ− λ′)

)2

dλ dλ′,

by (4.6) we have

E[sup0≤r≤tηr] ≤
∫ 1

0

∫ 1

0
K(λ− λ′)−1/2 dλ dλ′ <∞,

|Iλr − Iλ
′

r | ≤ 8
√
η

∫ |λ−λ′|

0
u−1 dp(u) ≤ 10

√
η

∫ 1

0
u−3/4 du<∞.

Consequently, for λ≤ 1, Iλr ≤ I1
r + K

√
ηr := ζr. On the other hand, by (4.6),

E
[
sup0≤r≤tζ

2
r

] ≤ K1E
[
sup0≤r≤t(I

1
r )2] +E[sup0≤r≤tηr]<∞.

Hence, we complete the proof. �

Finally, it is sufficient to obtain an analogous comparison theorem for ζ θt (x). Here, we
make use of the convolution representation in [15]. Recalling (3.7), by the Feynman–Kac
representation in [5], we have

ψr,t(x, f ) = E
[

f (x + ξt − ξr) exp

{ ∫ t

r
W(ds, x + ξt − ξs) − 1

2
c(t − r)

}]
,
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where {ξt} is a d-dimensional diffusion process independent of W with generator κ� and initial
value ξ0 = 0. It is easy to check that

ψr,t(x, f ) = E
[

f (x + ξt − ξr) exp

{ ∫ t

r
W(ds, x + ξt − ξs) − 1

2
c(t − r)

}]

=
∫
Rd

Et,y
r,x

[
f (y) exp

{ ∫ t

r
W(ds, bs) − 1

2
c(t − r)

}]
p2κ(t−s)(x − y) dy, (4.7)

where
({bs;r ≤ s ≤ t},Et,x

s,y

)
shares the same distribution as a d-dimensional Brownian bridge

with diffusion coefficient 2κ , started at x at time r and ending at y at time t. Let

pW(r, x;t, y) := Et,y
r,x

[
exp

{ ∫ t

s
W(ds, bs) − 1

2
c(t − r)

}]
p2κ(t−s)(x, y).

Then

ψr,t(x, f ) =
∫
Rd

pW(r, x;t, y)f (y) dy. (4.8)

Let

〈ζ θt , f 〉 :=
∫ t

0
〈ψs,t(·, hθs ), f 〉 ds +

∫ t

0

∫
R2d

pW(s, y;t, x)f (x) U(ds, dy) dx,

where we set U(ds, dy) = wθs (y) W(ds, y) dy − ∫
Rd p2κs(z − y)wθs (y) W(ds, y) dy dz for conve-

nience.

Lemma 4.3 {ζ θt ;t ≥ 0} is a solution to (4.5).

Proof. Let Yt(f ) = 〈ζ θt , f 〉 − ∫ t
0〈ζ θs , κ�f 〉 − ∫ t

0〈ζ θs , f W(ds, ·)〉. Then, by (3.7) and (4.8),

Yt(f ) =
∫ t

0
〈ψs,t(·, hθs ), f 〉 ds +

∫ t

0

∫
R2d

pW(s, y;t, x) U(ds, dy)f (x) dx

−
∫ t

0

∫ s

0
〈ψr,s(·, hθr ), �f 〉 dr ds

−
∫ t

0

∫ s

0

∫
R2d

pW(r, y;s, x) U(dr, dy)κ�f (x) dx ds

−
∫ t

0

∫
Rd

∫ s

0
ψr,s(x, hθr ) drf (x) W(ds, x) dx dr

−
∫ t

0

∫
Rd

∫ s

0

∫
Rd

pW(r, y;s, x) U(dr, dy)f (x) W(ds, x)dx

=
∫ t

0
〈ψr,t(·, hθr ), f 〉 dr −

∫ t

0

∫ t

r
〈ψr,s(·, hθr ), κ�f 〉 dr ds

−
∫ t

0

∫
Rd

∫ t

r
ψr,s(x, hθr ) dsf (x) W(dr, x) dx

+
∫ t

0

∫
Rd

∫
Rd

pW(r, y;t, x)f (x) dx U(dr, dy)

−
∫ t

0

∫
Rd

∫ t

r

∫
Rd

pW(r, y;s, x)κ�f (x) dx ds U(dr, dy)

−
∫ t

0

∫
Rd

∫ t

r

∫
Rd

pW(r, y;s, x)f (x) W(ds, x) dx U(dr, dy)
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=
∫ t

0
〈hθs , f 〉 ds +

∫ t

0

∫
Rd

f (x) U(dr, dx).

That gives the desired result. �

In a conclusion, we can give a result that is important in the conditional entrance law in next
section.

Theorem 4.1. There exists a set N ⊂� with P(N) = 1 such that, for ω ∈ N and t> 0,

sup0≤s<tsupθ>0uθs,t(x)<∞.

Hence, for ω ∈ N and 0 ≤ r< t, we have QW
r,t(δx, {0})> 0.

Proof. By the proofs of Lemmas 4.2 and 4.3, there exists a set N ⊂� such that, for ω ∈
N, 0< t and x ∈R

d, sup0≤s<t limθ→∞ uθs,t(x)<∞. Therefore,

QW
r,t(δx, {0}) = lim

θ→∞

∫
M(Rd)

e−θ〈1,ν〉QW
r,t(δx, dν)

= lim
θ→∞ e−uθs,t(x) ≥ exp

{
−sup0≤r<t lim

θ→∞ uθr,t(x)
}
> 0.

Then we obtain the result. �

5. Conditional entrance law and excursion representation

Let {QW
r,t : t ≥ r ≥ 0} be the conditional transition semigroup given in Theorem 2.1. Let

{Q◦,W
r,t : t ≥ r ≥ 0} be the restriction of {QW

r,t : t ≥ r ≥ 0} on M(Rd)◦ := M(Rd) \ {0}.
Theorem 5.1. There exists a set Ñ ⊂� with P(Ñ) = 1 such that, for each x ∈R

d, any t> r ≥ 0,
and for all ω ∈ Ñ, there is a finite random measure LW

r,t(x, dν) on M(Rd)◦ such that

∫
M(Rd)◦

(1 − e−〈φ,ν〉) LW
r,t(x, dν) = Gr,t(x, φ),

where Gr,t(x, φ) is the solution to the backward SPDE

Gr,t(x) = φ(x) +
∫ t

r
�Gs,t(x) ds +

∫ t

r
Gs,t(x) W(d̂s, x).

Furthermore, LW
r,t is an entrance law for {Q◦,W

r,t }, i.e. for each x ∈R
d, any t> s> r ≥ 0, and for

all ω ∈ Ñ,

LW
r,t(x, dν) =

∫
M(Rd)◦

LW
r,s(x, dμ) Q◦,W

s,t (μ, dν). (5.1)

Proof. Since, under P, Xt is an infinitely divisible random measure, by [11, Theorems 1.35
and 1.36], it has the following Lévy–Khintchine representation for any bounded measurable
function f :

∫
M(Rd)

e−〈μ,f 〉 QW
r,t(δx, dμ) = exp

[
−〈λW

r,t(x, ·), f 〉 −
∫

M(Rd)◦
1 − e−〈 f ,ν〉 LW

r,t(x, dν)

]
, (5.2)
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where λW
r,t(x, ·) is a finite measure. Taking f = θ and letting θ → ∞ on both sides of (5.2), we

have

QW
r,t(δx, {0}) = lim

θ→∞

∫
M(Rd)

e−〈μ,θ〉Qr,t(δx, dμ) = lim
θ→∞ e−θλr,t(x,1).

Since, by Theorem 4.1, QW
r,t(δx, {0})> 0 a.s., we have λr,t(x, ·) = 0 a.s. for each t> r ≥ 0.

Therefore, for t> r ≥ 0,

∫
M(Rd)

e−〈μ,f 〉QW
r,t(δx, dμ) = exp

[
−

∫
M(Rd)◦

(1 − e−〈 f ,ν〉) LW
r,t(x, dν)

]
.

Finally, we show that LW
r,t is an entrance law for {QW

r,t}. Indeed, for ω ∈ N,

exp

[
−

∫
M(Rd)◦

(1 − e−ν(f )) LW
r,t(x, dν)

]

=
∫

M(Rd)
e−〈μ,f 〉QW

r,t(δx, dμ)

= e−ur,t(x,f )

= e−ur,s(x,us,t(x,f ))

= exp

[
−

∫
M(Rd)◦

(1 − e−〈us,t(x,f ),μ〉) LW
r,s(x, dμ)

]

= exp

{
−

∫
M(Rd)◦

∫
M(Rd)

[1 − e−〈 f ,ν〉] QW
s,t(μ, dν) LW

r,s(x, dμ)

}
.

Since f is arbitrary, we obtain (5.1). �

Let WE := C([0,∞),M(R)d). For any w ∈ WE, let α(w) = inf{s ≥ 0,w(s) �= 0} and β(w) =
sup{s ≥ 0,w(s) �= 0}. Let W denote the set of continuous paths w ∈ WE such that w(t) �= 0 for
α(w)< t<β(w) and w(t) = 0 for t<α(ω) or t ≥ β(ω). On the space W, define the σ -algebras
W = σ ({ω(s);s ≥ 0}) and Wt = σ ({w(s);0 ≤ s ≤ t}) for t ≥ 0. Then, by a similar proof to [4],
there exists a σ -finite measure, say Nx

r , on Wr such that, for r< t1 < t2 < · · ·< tn,

Nx
r (wt1 ∈ dμ1,wt2 ∈ dμ2, . . . ,wtn ∈ dμn)

= LW
r,t1 (x, dμ1) Q◦,W

t1,t2 (μ1, dμ2) · · · Q◦,W
tn−1,tn (μn−1, dμn). (5.3)

The measure Nx
r defined in (5.3) is also called the Kuznetsov measure [10], and more details

in the case of superprocesses can be found in [11].
Now, we fix μ ∈ M(Rd). On an extension of the original probability space, we can define

a Poisson random measure NW
μ (dx, dw) with intensity measure μ(dx)Nx

0(dw) conditioned on
the noise W. Let Ht be the σ -algebra generated by the P-null sets and the random variables{
NW
μ (A × B) : A ∈ B(Rd), B ∈ Wt

}
. Define the measure-valued processes

Yt :=
∫
Rd

∫
W

wt NW
μ (dx, dw), t ≥ 0. (5.4)

Theorem 5.2. For f ∈ C+
b (Rd) ∩Hρ and 0 ≤ r< t, E[e−〈 f ,Yt〉|Hr] = e−〈ur,t,Yr〉.
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Proof. Let B(Rd) be the Borel sets on R
d, and let g ∈ B(Rd) × Wr, i.e. g is a bounded

positive function on R
d ×W measurable relative to the product σ -algebra B(Rd) × Wr. By

the Laplace transform of Poisson random measures, we have

E
[

exp

{
−

∫
Rd

∫
W

g(x,w) NW
μ (dx, dw) − 〈 f , Yt〉

}]

= E
[

exp

{
−

∫
Rd

∫
W

(g(x,w) + 〈 f ,wt〉) NW
μ (dx, dw)

}]

= exp

{ ∫
Rd

∫
W

(1 − exp{−g(x,w) − 〈 f ,wt〉}) Nx
0(dw)μ(dx)

}

= exp

{ ∫
Rd

∫
W

(1 − e−g(x,w)) Nx
0(dw)μ(dx)

}

+ exp

{ ∫
Rd

∫
W

e−g(x,w)(1 − e−〈 f ,wt〉) Nx
0(dw)μ(dx)

}
. (5.5)

On the other hand, since g ∈ B(Rd) × Wr, by the Markov property of Nx
0 in (5.3), we have∫

W
e−g(x,w)(1 − e−〈 f ,wt〉) Nx

0(dw) =
∫
W

e−g(x,w)(1 − e−〈ur,t,wr〉) Nx
0(dw). (5.6)

Hence, by (5.5) and (5.6), we have

E
[

exp

{
−

∫
Rd

∫
W

g(x,w) NW
μ (dx, dw) − 〈 f , Yt〉

}]

= exp

{ ∫
Rd

∫
W

(1 − e−g(x,w)) Nx
0(dw)μ(dx)

}

+ exp

{ ∫
Rd

∫
W

e−g(x,w)(1 − e−〈 f ,wt〉) Nx
0(dw)μ(dx)

}

= exp

{ ∫
Rd

∫
W

(1 − e−g(x,w)) Nx
0(dw)μ(dx)

}

+ exp

{ ∫
Rd

∫
W

e−g(x,w)(1 − e−〈ur,t,wr〉) Nx
0(dw)μ(dx)

}

= exp

{ ∫
Rd

∫
W

(1 − e−g(x,w)−〈ur,t,wr〉) Nx
0(dw)μ(dx)

}

= E
[

exp

{
−

∫
Rd

∫
W

g(x,w) NW
μ (dx, dw) − 〈ur,t, Yr〉

}]
.

Clearly, Hr is equal to the σ -algebra generated by the collection of

exp

{
−

∫
Rd

∫
W

g(x,w) NW
μ (dx, dw)

}

for g ∈ B(Rd) × Wr. Hence, we get the desired result. �

By Theorems 2.1 and 5.2, the processes {Xt} and {Yt} have the same conditional distri-
butions. In view of (5.4), since Nμ(dx, dw) = δ(xi,wi), we have Yt = ∑∞

i=1 wi
t. Hence, we can

view the SRE as sums of continuous paths that are excursions starting from 0 and ending at 0.
Therefore, (5.4) can be understood as the excursion representation of the SRE.
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