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MORE ON LOGARITHMIC SUMS OF CONVEX BODIES

CHRISTOS SAROGLOU

Abstract. 'We prove that the log-Brunn—Minkowski inequality (log-BMI) for
the Lebesgue measure in dimension n would imply the log-BMI and, therefore, the
B-conjecture for any even log-concave measure in dimension n. As a consequence,
we prove the log-BMI and the B-conjecture for any even log-concave measure in
the plane. Moreover, we prove that the log-BMI reduces to the following: for each
dimension n, there is a density f;,, which satisfies an integrability assumption, so
that the log-BMI holds for parallelepipeds with parallel facets, for the density f;,.
As a byproduct of our methods, we study possible log-concavity of the function
t= (K +p- e'L)°|, where p > 1 and K, L are symmetric convex bodies, which
we are able to prove in some instances and, as a further application, we confirm
the variance conjecture in a special class of convex bodies. Finally, we establish a
non-trivial dual form of the log-BMI.

§1. Introduction. Let K, L be convex bodies in R" (i.e. compact, convex
sets, with non-empty interiors), that contains the origin in their interiors. For
p = 1, the L”-Minkowski-Firey suma - K +, b - L of K and L with respect to
some positive numbers a, b is defined by its support function

ha.x+,b-L = (ah‘;} +bhf)1/P. (1)

The case p = 1 corresponds to the classical Minkowski sum aK + bL = {ax +
by | x € K,y € L}. In the pioneer work of Bordczky et al [5], the L?-convex
combination of K and L, with respect to some A € (0, 1), for all p > 0 is defined:

AK+,(1—=2)-L={xeR"|x- u< ML) + (1 —-1h)w"?,
Yu € S"_]}

and
MoK 4o(l=2) - L={x eR" | x-u<hi@hy ™), Yues""}.

Note that if 0 < p < 1, A - K +, (1 — 1) - L cannot be defined by (1),
simply because the resulting function is not always convex. Nevertheless, the
two definitions coincide for p > 1. Let us state the fundamental L”-Brunn—
Minkowski inequality (see e.g. [18, 19, 42]), for p > 1 in its dimension-free
form:

A K 4, (1=2) - LI > [KIMLI',

where | - | = | - |, is the n-dimensional Lebesgue measure.
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Although for p > 1, the L?-Brunn—Minkowski theory has been considerably
developed in the previous years (see e.g. [32—-36]), much less seems to be known
for 0 < p < 1. The following is conjectured in [5] (without the equality cases).

CONJECTURE 1.1 (The logarithmic-Brunn—Minkowski inequality). Let K,
L be symmetric convex bodies in R" and A € (0, 1). Then,

Ih-K 4o (1—2)-L| > KL,

with equality in the following case: whenever K = K| X --- X Ky, for some
convex sets K1, ..., Ky, that cannot be written as Cartesian products of lower-
dimensional sets, then there exist positive numbers ci, ..., Cpy, Such that L. =

C1K1 X oo X Cme.

The conjecture can easily be seen to be wrong for general convex bodies,
even for n = 1. Note, also, thatfor0 < p < g, A - K+, (1 —=A)L S A-K +,
(1 — A)L, thus the log-Brunn—Minkowski inequality (if true) implies the L”-
Brunn—Minkowski inequality, for symmetric convex bodies, for all p > 0.

The cone-volume measure of K is defined as So(K, ) = hg S(K, -), where
S(K, -) is the surface area measure of K, viewed as a measure on the sphere
(see e.g. [42]). In [6], a necessary and sufficient condition was discovered (the
planar case was treated by Stancu [43, 44]; see also [7] for other applications of
the cone-volume measure and [9] for a possible functional generalization of the
classical Minkowski problem). A confirmation of Conjecture 1.1 would answer
the following open problem: when do two symmetric convex bodies K, L have
proportional cone-volume measures? If Conjecture 1.1 was proven to be true, the
pairs (K, L) would be exactly those for which equality holds in the log-Brunn—
Minkowski inequality. The planar case was settled in [5].

THEOREM A [5]. Conjecture 1.1 is true in dimension two.

It was shown in [41] that Conjecture 1.1 holds true for pairs of unconditional
bodies with respect to the same orthonormal basis. Actually, the proof (based on
a result from [10]) shows that this result (as for the inequality) remains true if
we replace the Lebesgue measure with any unconditional log-concave measure
in R". Recall that a measure u is called log-concave if for all convex bodies K,
L, it satisfies the Brunn—Minkowski inequality:

pK + (1 —AL) = w(K)*u(@)'™, 1 e,1).

By a result of Borell [4], the absolutely continuous log-concave measures
in R" are exactly those having log-concave densities, i.e. their logarithms are
concave functions. It is reasonable to conjecture the following.

CONIJECTURE 1.2 (Log-Brunn—Minkowski conjecture for even log-concave
measures). Let u be an even log-concave measure in R", K, L be symmetric

convex bodies and ) € (0, 1). Then, w(r - K 4o (1 — 1) - L) > w(K)*n(L)' .
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Conjecture 1.2 is closely connected with (actually implies; see Corollary 3.2)
the so-called B-conjecture.

CONIJECTURE 1.3 (B-conjecture). Let u be an even log-concave measure in
R" and K be a symmetric convex body. Then, the function R 5 t — u(e'K) is
log-concave.

This was conjectured in [10, 28]. This was previously conjectured by
Banaszczyk in [30] for the standard Gaussian measure ¥, (i.e. the measure that
has density e~ Ix13/ 2) and it was confirmed by Cordero-Erasquin ez al in [10], a
fact known as the B-theorem (see also [29] for an application). More generally,
the following result was shown to hold.

THEOREM B (The B-theorem for the Gaussian measure [10]). Let A be a
diagonal n x n matrix and K be a symmetric convex body. Then, the function
R >t — yu(e'K) is log-concave. In particular, the standard Gaussian measure
satisfies the B-conjecture.

A connection of the B-theorem for the Gaussian measure with another
conjectured version of the Brunn—-Minkowski inequality for the Gaussian
measure was established by Gardner and Zvavitch [20] (see also [38]).

The following fact, also from [10], will be used.

THEOREM C [10]. Let A be a diagonal n x n matrix, |t be an unconditional
log-concave measure and K be an unconditional convex body. Then, the function
R >t +— u(e'K) is log-concave.

We will say that a measure p in R” satisfies the log-Brunn—Minkowski
inequality (or that the log-Brunn—Minkowksi inequality holds for the measure 1)
if for any two symmetric convex bodies K, L in R", the function (0, 1) > A >
uw(h- K 49 (1 —A)- L) is log-concave. Similarly, we will say that u satisfies the
B-conjecture (or satisfies the B-theorem) if for any symmetric convex body K,
the function R 3 7 — (e’ K) is log-concave.

A connection between the log-Brunn—Minkowski inequality for the Lebesgue
measure (Conjecture 1.1 and the B-conjecture for uniform measures of
symmetric convex bodies (i.e. measures of the form |K N -|, where K is a
symmetric convex body) was established in [41]. Namely, it was proven that
(i) the log-Brunn—Minkowski inequality for the Lebesgue measure in dimension
n implies the B-conjecture for uniform measures in dimension n. Thus, by
Theorem A, the B-conjecture for uniform measures in the plane follows (this fact
was proven independently in [31]). (ii) The log-Brunn—Minkowski inequality for
the Lebesgue measure holds in any dimension if and only if, in any dimension,
the function |(e’AC,) N K| is log-concave in ¢ for any symmetric convex body
K and for any diagonal matrix A. Here C, denotes the cube [—1, 1]".

Our first goal is to continue the ideas from [41] and extend the aforementioned
results even further. Let us briefly describe our main results towards this
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direction. In §3 we prove (see Theorem 3.1) that actually the log-Brunn—
Minkowski inequality for the Lebesgue density implies the log-Brunn—
Minkowski inequality for any even log-concave density and, therefore, the
B-conjecture in full generality. Thus, again by Theorem A, we establish
(see Corollary 3.3) Conjectures 1.2 and 1.3 in the plane.

On the other hand, in §5 we modify the proof of fact (ii) mentioned earlier
to prove that actually in order to confirm Conjecture 1.2, one needs for any
dimension 7 to find a density f;, which satisfies a mild integrability assumption
and the function

t— fu(Tx)dx
e'AC,
is log-concave for any choice of the diagonal matrix A and for any invertible
linear map T'. The reader should focus in the case of the Gaussian density.

Our second goal is to study log-concavity and log-convexity properties
for dual bodies. In §4, as a byproduct of our method from §3, we show
(see Proposition 4.3) that the B-conjecture for uniform measures or for measures
with densities of the form e~ I*lk p = 1 would imply the log-concavity of the
function

t> (K +p €L,

where M ° stands for the dual body of M. Using the cases where the B-conjecture
is known to hold, we establish this log-concavity property in some special cases
(see Corollary 4.6). As a further application, in Theorem 4.8 we confirm the
variance conjecture (see §4 for more information) in a special class of convex
bodies.

Finally, in §6, we establish the L%-analogue (where 1-sum is replaced by
logarithmic sum) of Firey’s dual Brunn—Minkowski inequality [14] (and its
extension to other quermassintegrals):

|(AK + (1 = A)L)°| < |K°|M|L°|

Note that the L°-version is clearly a stronger inequality. Also, since no explicit
formula is valid for the support function of the logarithmic sum, no classical
arithmetic inequalities (such as Holder) can be used directly towards the proof.
Therefore, our inequality is a non-trivial extension of Firey’s result.

§2. Preliminaries. Let us state some results that will be needed subsequently.
We refer to [18, 42] for more information.
Let K be a convex body that contains zero in its interior. The polar body of
K is defined as
Ke={xeR"|x -y<1,VyeK}.

Then, K° is also a convex body that contains zero in its interior and (K°)° = K.
The ith quermassintegral W;(K) of K is defined by the Steiner formula

n

ny __ n : i .
|K+t32|_2(;(i>w,(1<)z, t>0,i=0,...,n,
1=
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where Bj is the Euclidean unit ball. Note that Wo(K) is the volume of K
and Wi (K), W,_1(K), W,(K) are proportional to the surface area, the mean
width and the Euler characteristic, respectively. Moreover, the functional W; is
(n — i)-homogeneous, that is W; (1K) = ""EW; (K). A useful formula for the
quermassintegrals of K is the Kubota recursion formula:

W,-(K):/ \K|Hl|p—idH, i=1,...,n—1.

Here, |, G, . - @H denotes the integral of a function defined on the Grassmannian
Gnn—is with respect to the Haar measure on G, ,—; and K|H is the orthogonal
projection of K onto the subspace H.

For the rest of this section, K will be denoting a symmetric convex body
(i.e. K = —K). The norm | - ||x of K is the unique norm in R”, such that
K = {x | |Ix|lk < 1}. Recall that every norm in R" is the norm of a unique
symmetric convex body.

The support function of K is defined by g (x) = maxyex x - y,x € R".
There is a duality relation between the norm and the support function of K (recall
that K is symmetric): hg = || - || xo.

The inradius and the outradius of K are defined as

inradius(K) = min |x||2, outradius(K) = max ||x||».
xedK xekK

Let f : R" — R4 be a homogeneous of degree p function. Then, by
integration in polar coordinates, we have

— 1 —n—p
[ fwds=—— [ el a,

where S"~! = {x € R" | |x|» = 1}, the unit sphere in R”.

The Prékopa—Leindler inequality is probably the most famous functional
generalization of the Brunn—Minkowski inequality. We will need the one-
dimensional Prékopa—Leindler inequality in the following form, proven in [4]
(see also [2, 45]).

THEOREM D (Multiplicative version of the Prékopa—Leindler inequality).
Let A € (0, 1), f,g,h : Ry — R be non-negative measurable functions, such
that h(x*y'=*) > f*(x)g'"=*(y), for all x, y > 0. Then, the following holds:

A 1—2
/ h(x)dx > [ f(x) dx] |:f g(x)dx} .
R, R, R,

It is well known that there exists a unique up to isometry volume-preserving
linear map 7 such that the quantity

L2, = ; (x - y)2 dx
TK =g |0t2/n [
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is constant as a function of y € $"~1 Then, TK is said to be isotropic and the
number L7 is called the isotropic constant of K (see [39] for basic results on
this concept). It is true that

1
L =——— min x|3dx.
K= n|K|@+D/n TeSL,,/TK =1

It has been conjectured that the isotropic constants of symmetric convex bodies
are bounded from above by an absolute constant; this problem is known as the
slicing problem. The isotropic constant is known to be bounded from below by an
absolute constant (see again [39]). The best estimate to date for the upper bound
is of the order n'/# due to Klartag [26], after improving the previous estimate
Cn'/*logn by Bourgain [8].

Let H be a k-dimensional subspace of R”. Define the Schwarz symmetrization
Sa(K) of K with respect to H as the set that is constructed by replacing
every cross-section, orthogonal to H, of K with a Euclidean ball of the same
(n — k)-dimensional volume. It is an easy application of the Brunn—Minkowski
inequality that Sg (K) is also a convex body. If H = Ru, for some unit vector u,
we abbreviate S, (K) = Sy (K). Note, furthermore, that hg (1) = hs, k) ().

§3. On the log-Brunn—Minkowski inequality for even log-concave measures.
The main result of this section is the following.

THEOREM 3.1. Assume that the log-Brunn—Minkowksi inequality holds
in dimension n for the Lebesgue measure. Then, the log-Brunn—Minkowksi
inequality holds in dimension n for any even log-concave measure.

Before proving Theorem 3.1, let us first state some of its consequences.

COROLLARY 3.2. Assume that the log-Brunn—Minkowksi inequality holds
in dimension n for the Lebesgue measure. Then, the B-conjecture holds in
dimension n, for any even log-concave measure.

Proof. Let u be an even log-concave measure, K be a symmetric convex
body, A € (0, 1) and s, t € R. Then, by Theorem 3.1, the log-Brunn—Minkowski
inequality holds for the measure u, therefore

pE V) = p(- @ K) o (1= 1) - (€ K) = pe K ueE K

and the assertion follows. O

Combining Theorem 3.1, Corollary 3.2 and Theorem A, we immediately
obtain the following corollary.

COROLLARY 3.3. The log-Brunn—Minkowski inequality and the B-conjecture
hold in the plane, for any even log-concave measure.
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Corollary 3.3 (in particular, the B-theorem in the plane) together with [38,
Proposition 3.1] (see also [20]) immediately imply the following.

COROLLARY 3.4. Let u be an even log-concave measure in the plane, M
be a symmetric convex body in the plane and A € (0, 1). Then for every K,
L € {aM; o« > 0}, one has

POK + (1 =)L) > au(K)2 + (1 = uL)'2.
For the proof of Theorem 3.1, some geometric lemmas are required.

LEMMA 3.5. Let ¢ : R® — R U {00} be an even convex function and t € R,
so that the sets {¢ < t} and {¢ = ¢(0)} are convex bodies. Then, there exists
b > 0, depending only on @, t, such that for allu € S"~', r, s € R with ¢(0) <
r < s < t, the following inequality holds:

s — 1 < b(hipgsy(u) — hip<ry ().

Proof. Note that the restriction of ¢ into the set {¢ < ¢} is Lipschitz with
some constant A > 0. Letr < s, u € s"landx e R", such that ¢(x) = r and
X - u = hip<ry(u). Then, there exists a § > 1, such that for x” := &x, p(x) = 5.
Then, x" - u < hyy<s)(u). Thus,

/

—x
hip<si() — hip<ry(u) 2 x" - u —x -u = ||x —xl2ar=——
||X x|l2
= |lx" —x ||2—
llx]l2
hip<ry ()
(p\r
=[x’ — x[p———.
llx1l2

We have ¢(x) = r < ¢, therefore ||x||2 < outradius({g < t}). Also, hy<ry(u) =
h{p=p)) (1) = inradius({¢ = ¢(0)}). Hence,

@(x’) — ¢(x) inradius({p = ¢(0)})
A outradius({¢ < t})
s — r inradius({p = ¢(0)})
A outradius({p < 1))

hip<sy () — hip<ry(u) 2

O

LEMMA 3.6. Let ¢ : R" — R U {oo} be a function and t be a real number,
both satisfying the conditions of Lemma 3.5. There exists ¢ > |¢(0)|, so that if
we set

px)+ec, )<t

ox) = o0, o) > 1. 2

then for any r,s > 0,

P<rs"™ o {@<ri+o(1—1) - {®<s)h.
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Proof. Let b be the constant from Lemma 3.5. Set
¢ := b - outradius({¢ < t}) + |¢(0)|
and define ¢ by (2). Clearly, ¢ > 0. It suffices to prove that for every r, s > 0,
higernsi- W) = hipen Whi2 ). 3)
First assume that 9(0) < r,s <t +c. Fixu € s7=1 For 0 < p<t+e,set
F(p) = hig<py(u). “4)

Clearly, f is strictly increasing. Let us show that it is also concave. For pi,
P2 € [@(0), t + c] and for A € (0, 1), we clearly have

fo<ipi+A=Mp2} 2 Mo < p1}+ (1 = M){g < p2},

thus

fOp1+ A =2)p2) = hig<p +1-1)pay ()
Z Mig<py ) + (I — Dhg<p,) ()
=Af(p1)+ A =1 f(p2).

We will show that fort +c¢ > s > r 2> ¢(0),
s = Fr f)'

Consider the line through the points (f(r), r) and (f(s), s) and suppose that this
is defined by the equation x, = c1x1 + dj, for points (x1, x3) of the plane. Since
f is strictly increasing, it is clear that ¢ > 0. We claim that d; > 0. Indeed, by

(4), we have
di=s— " f(s)=s5- 7 sy (0)
fls) = f(r) hig<sy () — hig<sy(u)
> 5 — bh{@gs}(”)
2§ — bhig<iiey(u)
> s — b - outradius({¢ < t})
>90)—b- outradius({go <t}

=¢(0) +190)] =

Now, the concavity of f implies that
s e frhs' ™ + dy.
It follows that
A\ A\
FOPSITR = @l s/en)' ™ —difer > (1 - —1) (i - —1)

(&) (&) (&) (o]
= f(r) fs)'
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This proves (3) in the case where t +c¢ > s, r 2 9(0). If s < ¢(0) (or r < ©(0)),
then {p < s} = ¥ and (3) holds trivially. On the other hand, if s > 7 + ¢, then
{g<s}={g<r+c}and

p<rs'™ M o@<rtc+o ™. ®)

If, in addition, r < ¢ + ¢, then by (5) and by the case t + ¢ > s,r = @(0), it
follows that

{fo < rhsl— )‘} DA
A

rt4o (1 —2)-{

[ZES
p<ri+o(l—2)-{

In the remaining case we have r,s > t + c. Then, {p < r} = {p < s} =
{@ <r*s'™*} = {@ <t + ¢} and the assertion is again trivial. O

LEMMA 3.7. Let . € (0, 1), ai, a» > 0, i be a measure, ¢ : R* — R U {oo}
be a non-negative even convex function and K, L be symmetric convex bodies.
Assume that for all ri, ry > 0,

(K +o(1=2)-L1N{p < riry ™) = (K N{e < i) u(Lnfp < '

Then,

1-2
/ e—afaz @(x) d,u(x)
AK+o(1=2)-L

A 1-x
> [ / e_““”(x)du(x)} [ / e_“”’(")du(X)] :
K L

Proof. By the Fubini theorem we have

1—-A
/ e %Y dpu(x)
A-K+o(1—=A)-L

B / u(r-K+o(1—2)-LIN {e_“?azlix‘p > s})ds
0
1
= / w(r-K4+o(d—=21)-LIN {ai‘aé » ¢ < —logs})ds
0
:/ u(r-K4+o(d—=A)-LIN {a1 1= A(p <rhHe " dr.
0

Set h(r) = pu(lh - K +o (1 — ) - L1 N {a}a) ¢ < rPe™, f(r) = u(K N
{arp < rPe™ and g(r) = w(L N {aze < r}e™". We will make use of the
multiplicative form of the Prékopa—Leindler inequality. If r1, r, > 0, using our
assumption, we have

1—-A

h(rhed ™) = (- K 40 (1 = 2) - L1N{p < (a7 'r1)* (a3 'ro) e 17
> w(K N < ay'r) LN (g < ay'r) e
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> w(K Np <ay'n) (L N <ay'rph)!he rrd=mr]
= [1(K N {arp < rihe T u(L N{azp < r2he 21
= fr)*g(r)' .

Thus, by Theorem D, we have

/ efa?”%%‘p(x) du(x) = /ooh(r) dr
A K+o(1—A)-L 0
o0 A o0 1—-x
> [ / ) dr} [ / 2() dr}
0 0
A 1—A
> |:/ e~ @) dﬂ(x)j| |:/ e~ 9(x) d,u(x)] . 0
K L

Proof of Theorem 3.1. 1t is clearly sufficient (by approximation) to prove
the log-Brunn—Minkowski inequality for absolutely continuous measures with
densities of the form e™%s/, where ¢ is any even convex function defined in R”,
t > s > ¢(0) and ¢, ; is given by

px), s<ex) <1,
@51 (x) = 15, ox) <s,
00, o(x) >t.

Note that ¢y ; satisfies the conditions of Lemma 3.5, for all choices of s and 7.
Fix s, t and let ¢ > 0 and @ be as in Lemma 3.6, i.e. (x) = @; ;(x) + c. Then,

/ e Pidx = e"/ e ?dx.
K +o(1=2)-L A-K4o(1—0)-L

Therefore, we need to prove the log-Brunn-Minkowski inequality for the even
log-concave density e~?. Note that ¢ is non-negative. We need to show that the
assumption of Lemma 3.7 is satisfied. Let r1, r; > 0. By Lemma 3.6, we have

[h-K+o(1=1)-LIN{g <rfr, ™)
2A-K+o(I—-2)-LIN[A-{g<ri}+o(—2)-{g <rl]
2Ar-(KNfg < +ol—2) - (LN{p <r}).

Since we assumed that the log-Brunn—Minkowski inequality holds for the

Lebesgue measure, the assertion follows by taking volumes in the previous
inclusion and by Lemma 3.7 (used with . = | - | and a; = ap = 1). [l

§4. Log-concavity properties for dual bodies. We start this section with a
simple observation.

LEMMA 4.1. Let M be a symmetric convex body and | be a measure, such
that the function
Rt uE'M)
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is log-concave. Then, for p > 1, a € R, the function
Rorrs | eIl gu(x)
]Rn

is also log-concave.

Proof. This is a special case of Lemma 3.7. Indeed, set K = R” = L and
px) = ||x||§,1. For A € (0, 1), r1, 7 > 0, we have

w(h - K 40 (1 =2 - L1N{p <riry Y = pdll - 115, <rfry ™D
—//L(}"A/p (1- )»)/PM)
> M(rl/pM) i) my' =
= ({1 - ar < PP 0l - e < ry/ P
= (K N{p <rP*uLNip <nh'™

Therefore, by Lemma 3.7, if aj, a; > 0,

A 1-a
/ ea?aé*nxnﬁdu(x»[/ e“l”x”ﬁﬂdu(x)] [/ e“z”x”ﬁd“(”] :

proving our claim. U
The following is well known.

LEMMA 4.2. Let n be an integer and p > 0. There exists a constant ¢, p > 0,
that depends only on n and p, such that for any convex body M that contains the
origin in its interior, the following is true:

14
M| = cn,p/ e Xl g
Rﬂ

PROPOSITION 4.3. Let p > 1 and L be a symmetric convex body which has
one of the following two properties.

. . S NI
(i)  The measure with density e~ 'IL satisfies the B-theorem.
(i1)  The uniform measure of L satisfies the B-theorem.

Then, for any symmetric convex body K, the function
R3¢+ [(K°+pe - L°)°
is log-concave.

Proof. Suppose that (i) holds. Using Lemma 4.1 with dju = e~ %I dx, we
obtain that the function

Rorrs | e Mk gp(x) = / e~ IXIE=e"Ixlk gy —: ().
]Rn n
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is log-concave. Note that (]| - ||i +e - IIZ)I/P is the support function (= dual
norm) of the convex body L° 4, e™" - K°. Therefore, by Lemma 4.2, ¢ (t) =
c,;i,|(K° +p ¢'L°)°| and the function

|(KO +p . eILO)ol — ent/p|(Lo +p e—t . KO)O|

is log-concave.
Assume now that (ii) holds. Use again Lemma 4.1 with du = 1x(x)dx to
get that the function

Rt / e~ IxIZ gy
K

is log-concave. Write

el p _et/P P
/e L gy — / N
K K

— p
— e m/p/ eIxI g
e !/PK

= e_"’/p,u'(e_t/pK),

where 1/ is the measure with density e~ %Iz, Since the function e~"/7 is log-
affine, it follows that the assumption of Lemma 4.1 holds with u’ instead of w,
thus the function

RS> i e Ik g/ (x) = ¢ (1)

is log-concave, where ¢ () was defined previously and was proven to be
proportional to |(K° +, e’ - L°)°|. This proves our claim. [l

Remark 4.4. Proposition 4.3 asserts that the B-conjecture for uniform
measures implies the log-concavity of the function t — [(K° 4, ¢’ - L°)°|.
The opposite is also true, since the limiting case p = oo is just the B-conjecture
for uniform measures.

Next, let us confirm the B-conjecture for uniform measures in its most simple
case: the case of the symmetric strips.

THEOREM 4.5. Letu € "', a > 0. Set E = {x € R" | |x - u| < a}. Then,
for every symmetric convex body K, the function R > t — |E Ne'K| is log-
concave.

Proof. We need to prove that for every A € (0, 1), 1, ©» € R, then
|ENeMtU=Pog > Ene KM ENe2K | . (6)
One can easily verify that for each b > 0,

S.«(ENbK)=ENbS,K,
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hence nothing changes in (6) in terms of volumes if we replace K with the
Schwarz symmetrization S, K. But then, E, S, K are unconditional with respect
to some (any) orthonormal basis that contains u#. Now, Theorem C proves our
claim. ([l

The next corollary follows immediately by Proposition 4.3 and Theorems 4.5,
A, BandC.

COROLLARY 4.6. Let K, L be symmetric convex bodies, p > 1 and u be a
unit vector. The function R 3t — [(K° + e’ - L)°| is log-concave (at least) in
the following cases:

(i) p=2and L = Bj};

(i) L is an origin symmetric line segment;
(iii)) K and L are unconditional, with respect to the same orthonormal basis;
(iv) K and L are planar.

The variance conjecture [1, 3] states that if X is a random vector with
log concave probability density f, whose barycenter is at the origin and its
covariance matrix is the identity (i.e. X is isotropic), then the variance of || X ||%
satisfies

Var(|X[13) < Cn,

where C > 0 is an absolute constant. The variance conjecture plays a central
role in modern convex geometry. Surprisingly, it implies other major conjectures
(see [12, 13]), such as the slicing problem and the KLS conjecture [25] up to a
logarithmic factor. The best general known estimate to date is of order n°/3, due
to Guedon and Milman [22] (see also [17]). It has been confirmed for random
vectors with unconditional log-concave densities [27] (see also [11, 16]). We
refer to [23] for more information and references.

We would like to restrict our attention to the class of random vectors whose
densities are indicator functions of symmetric convex bodies. In this case the
variance conjecture becomes: let K be a symmetric isotropic convex body. Then,

K| [ I3 dx — [ [, Ixl2dx]’
Ly IxI2ax]’

LEMMA 4.7. Let K, L be symmetric convex bodies, p > 1, a > 0. Set
P := (K° +p a - L°)°. If the function

o2(K) = <C.

R>t+ [(K°+,ea-L°)°

is log-concave, then

2
2p p p p

IPI/ [l I dx—[/ [lx I dx} <—|P|/ llx|l} dx.
p F p L a(n + p) p F
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Proof. Set f(t)=|(K°+, e'a-L°)°|. Then, f(0)=|P| and f is log-concave.
Integrating in polar coordinates we obtain

1
fo = ;f (Ul +eallxl )™ dx,
sn=

thus .
—n ~
f16) = —f —callx ||} (Ixll +allx||])~"+P/P dx.

n Jsn—-1 p

So,
1 _ n4+p

110 = ——/ allx |1 el dx = —a—/ 17 dx.

p Sn—] p T

Also,

2 2p p t P\—(n+2
ax N7 Ax % + eallx||P)y = +2P/P gy,

1
£ = @+ f
n

Ssn—1

n(n + p) o2
2

Therefore,

£y = —4ntp / ]2 dx
p P

N a’(n+ p)(n +2p)
p? gn-1n+2p

a(n + p) a*(n + p)(n+2p) 2
= _—/ Ix)1? dx + 5 lxll;” dx
p P p P

a(n+ p) am+p)7?
>——/ ||x||idx+[—] fnxni”dx.
)4 P P P

Now, the log-concavity of f implies f”(0)f(0) < [f’(0)]* and the assertion
follows. O

2p —(n+2p)
I Nl p dx

For a > 0, define the class of convex bodies C, as follows:

Co ={(K°+2a - B})° | K is a symmetric convex body,
(K° +2a - BY)® is isotropic}.

Combining Lemma 4.7 with Corollary 4.6, we immediately obtain the following
result.

THEOREM 4.8. Let P € C,, with |P| = 1, for some a > 0. Then,

2
o?(P) < — .
#) a(n+2)L3

In particular, if a > c/n, for some absolute constant ¢ > 0, then P satisfies the
variance conjecture.
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Before ending this section, we would like to give an alternative description of
the class C,.

LEMMA 4.9. Let K be a symmetric convex body and a be a positive number.
Then, (K +2 a - BY)® is isotropic if and only if

(K +2a-B5)°| = max [(TK +2a- B5)°|. (7
TeSL,

Proof. Itis easy to check that the quantity |(T K +; a - By)°| indeed attains
a maximum, among 7" € SL(n). Letv € $"=1 t e R, |t| < 1. Define the linear
map
1 1/n
Ti(x) = (I_H) (x 4+ t(x - v)v).
Then, T; € SL,. Using polar coordinates, one may compute

o (T,'K +2a - B})°|

=0
0
= 5. [(K +26l'TtB£l)o|
0t |,—o
9 1 2 2\—n/2
= 37| o Jo (x)* HalTxly) ™ dx
1=0 "
0 1
= ;/ (k0 +a(l+07 M x + 1 v)[5) 7 dx
1=0" JS§"
1 n -
=- /S | 3(@a/mlxls = 2a(e v ik (07 +allx )™ dx
1
=0+ 2)a[—/ (x-v)2dx + —f ||x||%dx] (8)
(K+2aBj)° n J(K+,aB})°

Therefore, if (7) holds, then the derivative at + = O of the volume of (Tf1 K+,
a - By)® equals zero, so by (8),

2 1 2
(x-v)dx =— lxll5dx.
(K+2aBj})° ' J(K+,aB})°

Since this is true for all v € §”~1, it follows that (K +2a-Bj)° isisotropic. On the
other hand, if Ty is a critical point of the function SL, 3 T — [(T K +2a- B})°|,
we have proved that (ToK +2 a - By)® is isotropic. By the uniqueness up to
isometry of the isotropic position, it follows that this critical point is unique,
thus if (K +2 a - B})° is isotropic, then (7) holds. U

§5. Reduction to the log-Brunn—Minkowski inequality for coordinate parallele-
pipeds. The goal of this section is to establish the following.

THEOREM 5.1. (i) Assume that for all n € N, there exists an even function
fn : R — R, whose restriction to any subspace of R" is integrable, with the
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following property: for all T € GL, and for all diagonal n x n matrices A, the
function
R>t— Ju(Tx)dx
etACn

is log-concave. Then, the log-Brunn—Minkowski inequality holds for all even
log-concave densities g : R" — R, foralln € N.

(i) Assume that for all n € N, there exists an even function f, : R" —
R, whose restriction in any subspace of R" is integrable, with the following
property: the log-Brunn—Minkowski inequality holds for the density f,, for
any two parallelepipeds with parallel facets. Then, the log-Brunn—Minkowski
inequality holds for all even log-concave densities g : R" — R, foralln € N.

(iii) Fix n € N. If the log-Brunn—Minkowski inequality holds for some density
[ R" = R, then for all T € GL, and for all diagonal n x n-matrices A, the
function

RatH f(Tx)dx

etACn

is log-concave.

Proof. Let us first prove (iii). It is easily verified (see [5, 41]) that if s, € R
and A is a diagonal n x n matrix, then for A € (0, 1),

e HITIIAC, =2 (@ACa) +0 (1= 1) - € Cy).
Therefore, for T € GL,,

A (TeACy) +o (1 — 1) - (Te'ACy) = T[A - (e4Cp) 40 (1 — 1) - (€2Cp)]
— Te[)\.s+(17)\4)t]ACn' (9)

Thus,

/ f(Tx)dx = |detT| fx)dx
elis+(1-nr1AC,

Tels+1-nAc,

= |detT| f)dx
*(TesAC)+o(1-1)-(Te'AC,)

A 1-a
> |detT||:/ f(x)dx] [/ f(x)dxi|
TesAC, Te!AC,

A 1—-a
= |:/ f(Tx) dx:| |:/ f(Tx)dxi| .
esACn e’AC,,

Assertion (ii) is just a reformulation of (i). Indeed, one can check that if Py,
P> are two parallelepipeds with parallel facets, then there exist 51,52 € R, a
diagonal matrix A and a GL(n)-map T, such that P; = Te%AC,, i =1, 2. Thus,
by (9),

/ fa(x)dx = |det T / fa(Tx)dx.
APi+o(1=1)-P els+(1=IAC,
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It remains to prove (i). Let K, L be symmetric convex bodies in R" and
A € (0, 1). As in [41, Theorem 1.5], consider the following discretized version

of the logarithmic sum of K and L: let vy, ..., v, be unit vectors in R, m > n.
Set
. n A d—x .
Ry ={xeR"[|x-v|<rls; " i=1,...,m},
where r; = hg(v;), si = hp(v;), i = 1,..., m. We will prove that under the

assumption of (i),
IR:.| = [Rol'" IR (10)

Since R, can be chosen to be arbitrarily close to A - K +¢ (1 — 1) - L, as
m — oo, if (10) is proved for any choice of the v;, r;, s;, then the log-Brunn—
Minkowski inequality will be established for the Lebesgue measure. But then, by
Theorem 3.1, the log-Brunn—Minkowski inequality for any log-concave measure
will follow. Therefore, it suffices to prove (10) for any choice of m, r; > 0,s; > 0,
vie S"Li=1,...,m. Asin[41], write

m
[R.| = / 1_[ l[frfsflfk,r?si]%](x +vi) dx.
=1

Set also,

ivi

m
)= / f [Tt G v+ u)e™ fngn(u/e) dudy,
xeR® JueR™ i=1

wheree > 0, u; =u-e¢;,i =1,...,mand {ey, ..., e} is an orthonormal basis
in R™. It follows by the change of variables U := u/¢ that

i”i

m
Gy(e) = / / Hl[—r)‘v.l’k,r?‘s.l’)‘](x v + eU;) frnn(U) dU dx
xeR" JUER™ ;| tt

m
0+
N / [T 00 g1y G - i) dx / frnin(U)dU
ni:] i i UeRm
= |l fintnlrm 1 - [RAI.
Thus, it suffices to prove that, for ¢ > 0,
Gi(e) = Gi(e)*Go(e)' ™.

Using the change of variables w; := (u; + x - v;)/s;, i = 1,..., m, we obtain

m
G}»(S) = A/ / 1_[ 1[—}”-}\?»17)‘ r.}‘s.lf)‘](sl.wi)
welR™ JxeR" i=1 [ [ |
m

X fm+n (8_1 Z(siw,- —x- v,~)e,~> dxdw

i=1
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m
= lim A 1_[1 1=x o 1-x(s;w;)1 X
a—>00 weRM JxeR" . 1 [_ri)hsi ’r[)hsi ](l l) aC"( )
1=
m

X fm+n <8‘1 Z(Siwi —Xx- Ui)€i> dxdw,

i=1

where A = ¢7"s; ...s,. Define the (singular) linear map 7 : R"*" — R "

with T(w, x) = ¢! Z?":l(siwi — x - vj)e;. Note that the linear map Ts5 :=
T + &ldgm+n becomes invertible, for § > 0, small enough. Therefore, if

Ay = diag(log(rlsl_]), e log(rmsnjl), loga,...,loga), a=>1,
then

G,(e) = A lim lim Jm+n(Ts2) dz

a—=00§—0% Jelb1+(1-0)0l4a C,, |,
=: A lim lim F(a,S§, 7).

a—00 §—0+

Using our assumption,
F(a,8,%) > F(a,8, )" F(a,8,0)' %,
foralla > 1,8 > 0 (6 small enough). This proves our claim. |

§6. The dual log-Brunn—Minkowski inequality. The main goal of this section
is to establish the following dual log-Brunn—Minkowski inequality (see
Corollary 6.6 below).

THEOREM 6.1. Let K, L be two convex bodies in R" and A € (0, 1). Then,
|(L- K 40 (1= 1) - L)°| < [K°H Lo (11)

Once Theorem 6.1 is established, one can follow Firey’s argument [15] to
prove Corollary 6.6 (see below), where the volume is replaced by the other
quermassintegrals. Since the dual L°-sum contains the dual L?-sum, for p > 0,
Theorem 6.1 extends immediately to the L?-setting, for all p > 0. Therefore,
it is stronger than Firey’s [14] dual Brunn—Minkowski inequality. It is also
stronger than the dual Brunn—-Minkowski inequality with respect to L°-radial
sums, established in [21]. It seems plausible that the equality cases in (11)
are exactly the equality cases in Conjecture 1.1 (here of course non-symmetric
bodies are allowed); we do not address this here.

Without loss of generality, we may assume that K and L contain zero in their
interiors. Otherwise, the assertion would be trivial. As in the previous section,
we will prove our claim for the (asymmetric) discrete approximations of the
logarithmic sum K and L. The rest of the proof will follow by compactness. Set

ARy ={xeR" | x -y <rks! i = 1,...,m},

[ 2]
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where v, ..., v,y € "7V 1y = hxg (i), si = hp(v), i = 1,...,m. Since K
and L contain zero in their interiors, it is true that r;,s; > 0,i = 1, ..., m, thus
AR, is well defined. One, then, needs to prove that the function (0, 1) > A —
[(AR,)°]| is log-convex (i.e. its logarithm is convex). On the other hand,

(AR)° = conv{(r; )" (s ) ™ v i =1,...,m},

therefore the proof of Theorem 6.1 reduces to the proof of the following result.

THEOREM 6.2. Let x1,...,xn € R", ay,...,a, € R and consider the
family of polytopes
P, =convi{e“'x; |i=1,...,m}, te(t,t),

for some t| < tr. If Py contains the origin in its interior for all t € (11, tp), then
the function
(t1, ) 21 > | P

is log-convex.

We remark here that Theorem 6.2 may be viewed as the dual version of the
B-conjecture for uniform measures in the following sense.

COROLLARY 6.3. If K, L are convex bodies that contain the origin in their
interiors, then the function t — |((e' K) N L)°| is log-convex.

The idea for the proof of Theorem 6.2 is taken from Saroglou [40,
Theorem 3.1]. First we will need two easy lemmas.

LEMMA 6.4. Let fi, ..., fm : R" — Ry be log-convex functions. Then, their
sum is log-convex.
Proof. For A € (0, 1), 1, 1 € R", we have

m

m m ArF m
Y HOn 4+ =00 <Y e f M) < [Z ﬁ(ro] [Z fi (n)}
i i=1

1-x

This proves our assertion. 0
LEMMA 6.5. Let x1,...,x, € R", ay,...,a, € R. Then, the function
t — |conv{0, e“xy, ..., e" x,}|
is log-affine and therefore log-convex.

Proof. We have

et . el

’

|conv{0, e“'x1, ..., e x,}| = —'|det(e“1’x1, ey = '
n! n!

proving our claim. (]
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Proof of Theorem 6.2. We need to prove that the function (#1, 1) > t > | P;]
is log-convex. Actually, we need to prove that for any s1, s € (#1, 12), 51 < 52,

| Pisy 459721 < 1Py 1121 P 112

Sets = (s1 +52)/2, p = (s — s1)/2. Let {T1, ..., Ty} be a triangulation of the
boundary of P;; that is a subdivision of the boundary of P; into non-overlapping
((n — 1)-dimensional) simplices, whose vertices are vertices of Ps. Set

Aj:=conv({O}UT;), i=1,...,k.
Then, the family {Aj,..., Ax} is a triangulation of Ps. For i = 1,...,k,
consider the following transformation of A;: if A; = conv{0, e“1°x Jra e
e“in’x; }, forsome 1 < ji <--- < j, < m,set
Ajy = conv{0, e ")y ey e [—p, pl.
It is clear that the A; , are non-overlapping, for r € [—p, p]. This is because, for

i=1,...,k,r €[—p, pl, A;, is contained in the positive cone spanned by A;
and every two such cones are, by construction, non-overlapping. Now, it is clear

that
k k
conV<U Ai,,>‘ > I8l rel-ppl (2
i=1

i=1

|Ps+r| =

By Lemmas 6.4 and 6.5, the function [—p, p] > 7 > Zle |A; r|1is log-convex.

Thus,
k k k 12 , k 1/2
1Pl =) 1A =) |Aiol < (Z |Al-,,,|> (Z |A,~,p|)
i=1 i=1 i=1 i=1
S IP_p' 2| Py |2 = | Py |12 Py | 2,
as required. O

COROLLARY 6.6. Let K, L be two convex bodies that contain zero in their
interior. Fori =0,...,n—1, p > 0and A € (0, 1), the following is true:

Wil - K 4+, (1—2) - L]°) < Wi (K°)* Wi (L°)' .

Corollary 6.6 also generalizes a result of Firey [15], who proved this for the
L!-sum. This, was recently extended in the L”-case, for p > 1 in [24], where it
was explained that by the homogeneity of the quermassintegrals, dual Brunn—
Minkowski inequalities have dimension-dependent equivalent forms (in the
same manner as the original Brunn—Minkowski inequality does; see e.g. [19]).
Adopting the same argument we obtain the following corollary.
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COROLLARY 6.7. Let K, L be two convex bodies that contain the origin in
their interior. Fori =0,...,n— 1, p > 0and A € (0, 1), the following is true:
Wik - K 4, (1= 2) - L1°)7P/070 > oW (K©)~P/ =D
+ (1 = )W, (Lo~ P/ (=D,
Proof. Use Corollary 6.6 with K = W; (KH)Vr=DK T = w; (L)Y =D X

= AW (LO)P/ == where pu = AW; (K©) P/ =D (1=2) W; (LO) =P/ =D,
in the place of K, L, A respectively. O

For the proof of Corollary 6.6, the following (contained in an earlier version
of [41]) is required.

LEMMA 6.8. Let . € [0,1], K, L be convex bodies in R" and H be a
subspace of R". Then,

AKNH)Y+9(1 =2 - (LNH)C[A-K4+9(1—=X)-LINH,

where the logarithmic sum in the left-hand side of the previous inclusion is
considered with respect to the subspace H.

Proof. Note thatif x, u € Handy € H*, thenx - (u + y) = x - u,
hgnu(w+y) = max z-(u+y)= max z-u=hgngWu)
zeKNH zeKNH

and, similarly, hyng(u + y) = hpnp(u). Thus,

A (KNH) 40 (1—2)-(LNH)
={(xeH|x (u+y) <hgnyW+yhyly+y),YueH,yeH}
={x e H|x w<hgwhy(w), Yw € R")

ClxeH|x w<hywh; *(w),Yw e R")
=[-K+o(1-2)-LINH, O

Proof of Corollary 6.6. First of all, by Theorem 6.1, we may assume that
i > 0. We will make use of Firey’s argument for passing from the volume to
other quermassintegrals (see [15]) and the fact that the p-convex combination of
convex bodies contains the logarithmic convex combination, p > 0. It follows
immediately by Lemma 6.8, that

[A-K4+o(1=A)-LI° | HC[A-(KNH)+o(1—24)-(LNH).
Therefore, by the Kubota formula and Theorem 6.1, we obtain
Wi([h- K +p (1 =2)-L1°) S Wi([A- K +0 (1 —2) - L]°)
wp v
/ A K+4+o(—2)-L1° | H|p—i dH

Wp—j
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w
<— / A - (KNH)+o(1—A)- (LNH)°|,—idH
a)n_i gn.nfi
. ° ol—
< — / (KN H)°X_ (LN H)| = dH
a)n*i n,n—i
_ @n KOIH oy 1=
= |K°|H|:_|L°|H|\ "} dH
a)n_i n,n—i
A 1—-X1
w ()
<[ " / |K°|H|n_,-dH} [ " / |L°|H|n_,-dH}
Q)n_i gn,n—i a)n_i gn,n—i
= W;(KY*W;(L)'™, i=1,....n—1. O

Before ending this note, we would like to state a consequence of Theorem 6.1
that concerns the logarithmic sum itself, rather than its dual.

COROLLARY 6.9. Let A1, Ay C R? be two triangles whose centroids are at
the origin. Then,

A-Aro (1=2) - Aol > A48 5 (13)
Proof. 1t is well known (see [37]) that if K is any planar convex body, then
IK|-|K°| = [Aq] - AT (14)
Now, if (13) is not true, then by Theorem 6.1 and (14) we obtain

[A-Ar4o(1—A) A |[(A- Ay +0 (1 — 1) - A2)°|
< A A THAT AT = 1A - |AS),

which contradicts (14). U
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