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Abstract

We focus on the population dynamics driven by two classes of truncated «-stable pro-
cesses with Markovian switching. Almost necessary and sufficient conditions for the
ergodicity of the proposed models are provided. Also, these results illustrate the impact
on ergodicity and extinct conditions as the parameter « tends to 2.
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1. Introduction

In the famous Lotka—Volterra model, the number in the population X; is given by dX; =
Xi(a — bX;) dt, where a is population growth rate and b represents the intra-species coeffi-
cient. However, species growth suffers from all kinds of noise. To characterize the white noise
impact on the growth rate, many researchers replace the term a dt by a + o dB; and consider
the stochastic Lotka—Volterra model dX; = X;[(a — bX;) dt 4+ o dB,], where (B;);>0 is a stan-
dard Brownian motion. On the other hand, to model the joint impact of color noise together
with white noise on the growth rate a and the intra-species intensity, Luo and Mao [11,12]
first established the stochastic Loka—Volterra model with Markovian switching. This stochas-
tic model is given by dX; = X;[(a,, — b, X;) dt 4+ o, dB;], where (r);>0 is a Markov chain with
a finite state space S={1, 2, ..., N}.

Moreover, population changes are highly affected by natural disasters. Earthquakes (includ-
ing tsunamis) killed more people globally than all other types of disaster put together, claiming
nearly 750,000 lives between 1994 and 2013. Drought affected more than one billion people
between 1994 and 2013, or 25% of the global total. Species always suffer from catas-
trophic events, which can cause a sudden decline of various species. Empirical studies have
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demonstrated that the distribution of the number of casualties (wars, terrorist attacks, tornados,
earthquakes, floods, and landslides) follows power-tailed distributions [4]-[10]. For example,
[15] showed that casualty levels of wars follow a power-law distribution according to the num-
ber of ‘quarrel-dead’ between 1820 and 1945 in the world. Reference [9] modelled casualties
throughout the wars from 1816 to 1980 by an approximate power-law distribution. Note that
spiky population changes follow power-law or heavy-tailed distributions with infinite variance.
By the generalized central limit theorem (see [14]), the sum of independent random variables
with infinite variance converges weakly to a stable distribution. Hence, to model population
changes, the stable process (Z[’)tzo is more appropriate than the Brownian motion (B;);>0.
Consequently, we consider the stochastic differential equation (SDE)

dX, = Xt[(ar, - brtXt) dr + Oy, dZtr[L (1)

where (Z,r’ )i>0 1S a stable process with Markovian switching. Namely, given r; =1, (z )i>0 18
a stable process with Lévy jump measure v(dz, i). Throughout this paper, let

pe-lp (et
Caza : (“2)
72l (1-5)

where I'(-) is the Gamma function defined by

400
I(s) =/ #le " dr, s € (0, +00).
0

Given r; = i, if the switching Lévy measures v(dz, i) are independent of 7, and the Lévy measure
takes ‘chﬁ dz, then (Zlf),zo reduces to the symmetric stable process.

The SDE (1) is termed a stochastic population driven by a stable process with Markovian
switching. Although a stable process is a special case of a Lévy process, there is a paucity
of literature related to the SDE (1). The Lotka—Voltera model driven by Lévy noise was first
established by Bao et al. [3]. However, the Lévy jump measure was assumed to be a finite
measure in this paper. It is well recognized that a stable process with o-finite Lévy jump
measure is not a finite measure. Hence, their results are not suitable for the SDE (1). Consider
the simplified form of the SDE (1) without Markovian switching. Given r, =i, i € S, the SDE
(1) reduces to

dX! = X! [(a; — biX}) dt + 0; dZ]] . 2)

To the best of our knowledge, there are limited papers considering the model (2). Tong, Ma, and
Zhang [18] considered the ergodicity and extinction of the model (1) with pure positive jumps.
However, the negative jump case was not considered in their study. We have emphasized that
population declines are highly affected by natural disasters globally. Hence, there is a social,
ethical, and economic meaning to considering the impact of negative jumps on population
dynamics. The main purpose of this paper is to find the impact of negative jumps on population
dynamics, and the remainder of the paper will provide a solid answer.
To proceed, we need the following basic assumptions.

Assumption 1. The coefficients a;, b;, and o; are all positive constants for i € S.

Assumption 2. The Markov chain (r;);>o is irreducible and non-periodic with finite state
space. If N > 2, then the stable processes {Zt1 | PR {ZZN }i=0 are independent.

Assumption 3. For some i,j €S, i #j, q;j >0, a € (1, 2).
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Assumption 4. Given r; =1, the jump process AZf = Zti —Zf, corresponding to (Zti)tzo is
bounded by al, That is, the Lévy measure corresponding to the process (Zf)zzo has

qu{‘d(%} .
w(dz, iy= | e 9 12 #0,
0, if z=0.

Assumption 5. Given r; =i, the jump process AZ; =:Z£ —Zf, corresponding to (Z;)tzO
is bounded from below by —ail_. That is, the Lévy measure corresponding to the process
(Z)i=0 has

Col { N } .

W dz, ifz#0,

0, ifz=0.

v(dz, i) =

Remark 1. Assumptions 4 and 5 are natural conditions and rather weak. The jump pro-
cess (AZ;)=0 corresponds to the change of population size in an instant time. Given r; =1,
Assumption 4 represents that the state change is bounded from below. Roughly speaking, a
decreasing population number is bounded from below. From the perspective of biology, this
condition obviously holds. Contrarily, z = represents that the immigration size doubles the
original size at a certain moment; this case w111 be discussed at the end of the paper.

Finally, the following notation is frequently used:

e A > 0: each element of A is positive.
e R™, (0, +00): all positive real numbers.

e X, = lim X,

s—>0~

e The Poisson random measure is defined as N(t, B) := > IB(AZQ, for any B e B(R —

0<s<t

{0}), where AZ! = Zi — Z__ represents the jump at time s.

e Forany ¢ >0, let Bo(y) ={x € R* : |x — y| < &} be the ball of radius ¢ and center y, and
B.(y)={xeR™ :|x — y| < &} be the ball of radius & and center y with its boundary.

e Let ﬁ"(dt, dz) = Ni(dt, dz) — v(dz, i) dt be the compensated compounded Poisson mea-
sure. By the famous Lévy-It6 decomposition,

7= / ZNi(dt, dz) + / / ZN'(dt, dz).
0 Jizl<1 0 Jiz[>1

2. Preliminaries

Let (2, I, {IF;}, P) be a complete probability space with filtration {IF;},>¢ satisfying the
common conditions (i.e. it is right continuous and increasing while Fy contains all P-null
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sets). Let (7;);>0 be a continuous-time Markov chain on the state space S={1, 2, ..., N}, with
N < o0, satisfying

qijA + o(A), if i #7,

L+gii+o(A), ifi=],

Plripa=jln=i}l=

where A > 0. The Q-matrix Q = (g;j)nxn is assumed to be irreducible and conservative. Here,
gij = O1is the transition rate from i to jif i # j, and g;; = — ) ; £ dij- Since the Markov chain (r;)
is irreducible and conservative, it has a unique stationary distribution = = (71, 72, ..., TN).
The stationary distribution 7 is the solution of the following equation:

N
7Q=0 and Zn,-: 1.
i=1
Next, we consider the solution process of the SDE (1). Although (X;) is not a Markov

process, the process (X;, r;) is a Markov process. The infinitesimal generator .o/’ of (X;, r1)>0
corresponding to the the equation (1) is given by

A VCx, ) = @ — BOVCr, )+ QVCr, (D)
[ (Ve oz = Ve - Vit Dozl )z )
R\{0}

where V., (x, i) = %V(x, i) and QV(x, )(i) =i qij (V(x, /) = V(x,i). Here, V(.)€
C2(R x S) means, foralli € S, V(x, -) € C2(R).
For any Borel set A of RT, x e RT, i, j €S, set

P, (x,0), (A, ) =PX; €A, r,=j| Xo=x, ro=1).

Lemma 1. Under Assumptions 1-4, for any given initial data (xo, ro) € R™ x S, the SDE (1)
has a unique positive solution (X;, r;):

P{X, eR* forallr>0}=1.

Proof. The proof of the existence and uniqueness of the solution is almost the same as those
of [20, Theorem 2.1] and [19, Lemma 3.1]. The sketch proof is given as follows. Rewrite
the Markov chain as r; = ro + Zsil M,I(t, <t), where t,,, M;, have the following conditional
distributions. Given r(tx) =1, Tx+1 — T follows the exponential distribution with parameters
ik, the jump My = r(tiy1) — r(tx) is independent of the past, and 7, hits the state j with

[l

probability — q—Z. According to [20, Theorem 2.1], there exists a unique solution to the equation

dY! = Y![(a; — biX,) dt + 0; dZ1], Yi=y.
For each i, denote the unique solution by {Y; ’i}tzo. With a little abuse of notation, define, on

X070 : . Xe, 10,y .
te [0, t1), X; = Y;'°. Iterating for n times, for 7,_1 <t < t,,, we define X, =Y, Ctis
not hard to see that, for any r € R™,

oo
Yo, I,
Xi=Xo+) V" e <1 <)

k=1
t

t
= XO + / Xs(ars - brxXS) ds + / Gr.YXS dZ;-S' (4)
0 0

Then, the construction solution {X;},>¢ is the unique solution to the SDE (1).
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To prove the non-negativity of the solution, let 7y be any jump moment of the stable process
(Z,). First, we prove that no jump causes the state of X; to be negative. Rewriting (1), we have,
for any r,- =j, Xiy =X~ + X, AZ;, where AZy =75, — Z% represents a jump of the stable
process (Z)) at time f, . Using Assumption 4, we have AZ; > —Jij. If X,- > 0, then, almost
surely (a.s.), anta AZ{O > _X’(T It follows from this that X;, > 0 a.s.

Next, we prove that if there is no jump for the stable noise between [f, f + Af), then the
continuous motion corresponding to the drift term cannot cause the path of X, A, to be negative
if X, > 0. To prove the assertion, note that the continuous motion satisfies the SDE

dX, =X,(a,, — b, X)dt,  Xo=x>0. )

According to the construction of the solution (4), to prove the non-negativity of the solution to
the SDE (5), we only need to prove that, for each i € S, the solution to the SDE

dX! = X!(a; — b;X) dt, Xy=x>0 (6)
is non-negative. Observe that (6) is the famous logistic differential equation. Let ¥; = % Then,
t

(6) can be rewritten as dY; = (b; — a;Y;) dt.

For any a;>0, b;>0, Xo=x>0, teR", ¥,= % + ()l—c - %)e_“” = %(1 —e i+
)l—ce_“i’ > 0. Thus, X! = % > 0 for all € R™. This, together with (4), implies that the solution
{X;} to the SDE (5) is non-negative. This completes the proof. O

Remark 2. From the above proof, the global positive solution of Lemma 1 still holds if
Assumption 4 in Lemma 1 is replaced by Assumption 5.

Finally, we provide a modified definition of ergodicity.

Definition 1. If, for any initial value xe R, i €S, there exists an invariant distribution
7 (A, j) such that the transition probability P(t, (x, i), (-, -)) converges weakly to the invariant
distribution 7 (-, -), then the SDE (1) is said to be ergodic.

Remark 3. It is noteworthy that our ergodicity definition of the SDE (1) is different from that
of general stochastic processes. Strictly speaking, the state space is restricted to R* x S. If this
initial condition is removed, the solution process (X;);>o corresponding to SDE (1) has at least
two invariant distributions. Hence, the solution process (X;);>( is not ergodic without the initial
condition. Moreover, it is more reasonable that ‘ergodic’ in Definition 1 is replaced by ‘locally
ergodic’ or ‘constrained ergodic’. Finally, the permanence of the process (X;) is not considered
directly because the ergodicity of (X;, r;) implies the permanence of (X;).

3. Ergodicity

In this section we will consider the ergodicity of the population dynamics model (1). Our
methods depend heavily on a modification of Khasminskii’s results.

Lemma 2. Suppose there exists a bounded open domain U C RT, with closure U C R,
satisfying the following conditions:

(i) inf()c,i)GUxS O,i2x2 >0

(ii) If xo € R — U, then sup(, ,)c6—uv)xs Bty < 00 holds for every compact subset G of
R such that U C G, where ty = inf{t > 0, X;*"* € U}.

Then the SDE model (1) has a unique stationary distribution.
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Proof. The proof is similar to that of [17, Theorem 4.1] and [1, Theorem 5.1]. From con-
dition (ii), the process (X, r;) is positive recurrent with respect to the domain U x S, and
recurrent in the domain R* x S. By the maximum principle associated with the operator in (3)
(see Appendix A), we get the existence of a stationary distribution. The proof of uniqueness is
presented in Appendix A. O

Remark 4. Condition (i) is essentially to ensure that the generator of the SDE (1) is a uni-
formly elliptic operator in domain U, which ensures that the process (X;) will exit the domain
U and hit R* — U in finite time. By condition (ii), if the process (X;) is in R™ — U then it will
return to U in a finite time.

Theorem 1. For o € (1, 2), let Assumptions 1-4 hold. If

N +o00
Cyof

then the SDE (1) is ergodic and has a unique stationary distribution.

Proof. We will prove this theorem according to Lemma 2. We will verify that the conditions

(1) and (ii) hold in our setting. Let Ny be a sufficiently large number and set U = {x eRT: Nll <

2 _ 2 2 21,

2
X < N } Since a{ > 0, .i e S, infycy oizx i{]"—‘{‘ > (0, where ar%lin =min {ol 2,05y e, O
This verifies condition (i) in Lemma 2.
Next, we will verify condition (ii) in Lemma 2. For simplicity, the column vector u =
(w1, m2, .., /,LN)T e RY is defined as

+o00
Cyof
Hi= Z m di-
n=1
Also, let
N +o00
Cyof

Note that B >0. Let 1=(1,...,1)"; then n(u+ p1)=—pB + B =0. From [16, Lemma
A.12], this implies that the linear equation Qc =  + B1 has a solution c = (cy, 2, . . ., cN)T €
RV Thus, we have

N
,BZZqUCj—/L,', ieS.
=1

For each i € S, consider the Lyapunov function V:R" xS — R, V(x, ) = (1 — yc;)(x” +
x77), where y € (0, « — 1) is sufficiently small that 1 — y¢; >0 for each i € S. Hence, it
follows that

AV, i) =(a; — bx)(1 — yc)y (F —x )= gijy(cj — e +x77)
J#L
+-ye) [ (Gtom + G+ o) =5 —x7
|Z‘§(7[.

Co

|Z|1+ot dz,

— youel<ky (' = fy*l))
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Loi>1,
where K; = { %
1,0i<1.

By the variable substitution y = o;z, set
AV(x, i):= A1(x, D) +As(x, 1) + A3(x, D), @)
where

Ar(x, i) =(a; —bx)(1 —yc))y(x’ —x77) — Z gijy (cj — c)(x” +x77),
J#i

Ax(x, )=(1 — yepx¥of /

Co
1+ —1—yyl <oiki}) ~ire D
<1 ( {lyl=o }) |y|1+a

Az(x, )=(1—yepx 7V of /

Ca
A+ =1+ yyly<aky) —s -
\y\il( (pi<rl) |yt

First, we calculate the term A1 (x, i):

A, D)= (@i = bx)(1 — ye)y (& —x77) =Y gy (cj— c)@ +x77)
i)

N N
=y —vyc) <a,' - Z QUCj>XV — b T 4 bV — (ai + Z qUCJ-)x_V +o(y)
j=1 j=1
To calculate Ay (x, i), the following approximation is needed:

Z qu 1 _ Z gic; + Z P VC;CJ Ci
— Vi

i#j l#] i#j

yci(ci i
—Z%cﬁZ% — cl v
J=1 i#] R

VCi

=

= Z gijcj +o(y).

Then, A>(x, i) is computed as

Co

0
Ar(x, )= —yex'of f (L+)7 = 1= yyly<oky)) D dy
-1

1
C
+ (I —yex’of" [0 (A +2) = 1= yyly<oik)) Iylﬁ dy

1
Co
= —yc)x'of fo (A=Y +A+y)7 —2) ST d
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Define Fi(y)=(1 —y)Y + (1 +y)” —2, where y€ (0, 1). By the Taylor expansion of the
function Fy(y) in the interval (0,1), F(y) =2 Y%} C"y*". Thus, it follows that

1 +oo C
R o
Ax(x, i) = (1 — yex! o fo 2) Ci”yz"y—w dy
n=1

+00 CZnC
= —yeu’of o2 Lol /' C : ®)

2n—ao

As for the term A3(x, i), splitting the integral into two terms, we have
! Cy
Az(x, ) =(1— VCi)x*VCf,-“/ T+ = 1+ yyyizok) “ira e dy

=:1A31(x, i) + Az (x, i),

where

1 Cy
A31(x, i) = (1 — yex 7 of / (A+»~ V—l)l a dy,

1
. _ Cy
A32(xa l) = (1 - VCi)x VO.iOl / Vyl{l)’|<ﬂsz | |1+0t dy

To estimate A3 (x, i), by the Taylor expansion for the function (1 +y)™" — 1 forye (—1, 1),
it follows that

& 1 ynca
Asi(x, )= (1 —yex Vof Yy CL, f |y
n=1 -

00 1 201
C
=1 —yeixVof E CZ_”V / y' Casgn®) dy

o -1 |yl
o 1 ,2n—1
2T e y' G
+(1 —)/C,')x yaia C2_ny 1/ D)T—lﬂady'
-1
n=1

Note that

1 ,2n—1
C
[ T ®dy=0, forallneN*,
-1y

Hence, we have

° 1 2n—1
j - Cysgn(y)
Azi(x, )= (1 = ye)x Vol ) :anyf %dy
—1

n=1

o 1 C
=21 —yanof 3, C2 |, s
0

(o
Von—a

=2(1 —yeixVof Z c*

n=1
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Observing that A3 (x, i) = (1 — ycp)x Vo f 1 VY (y<oikid o e ol dy =0, we get

l+ot

e¢]

C
A3 i) =21 —yep Vo y 1 C2 o=t

€))

n=1

Substituting the equalities (8) and (9) into (7) gives

207C
AV(x, )=y —ye) Z qijci + Z c e _";) X — bt

2C, 0%
NS E : 2n it g SR V)%
hix Gt 2 Vy(2n—a) *

n=1

Letting y — 0, we obtain

+o0 +00
lim Z o 200G _ 3 Caol
y%O YV oy(@2n— a) - n(2n — a)

lim S ¢ 20l _ y e
y—0 VyQn—a) — n(2n— a)

It follows from these limits that

N N
Cyo”
SV =y =ye) (a=) aye =) ot +on) |

j=1 n:l
— (1 = yepbx T 4 (1 — yenbix' ™7

400 C..o® N
—(1 —vei - e B i -y
(I'=ycy | ai nE_l ") + j_g ] gijcj +o(y) | x

N

(X
=y —ye) [ai—= ) qijcj— (2n +0()/) X’

=1 n=1
— (1= yepbixd T 4+ (1 — yepbx ™7
—(I=yc)y B+oy)x7. (10)

Therefore, there exists a sufficiently large Ny > 0 such that, for all x > Ny and x < 5, i €S, it
follows that
V(x, i) <—1. (11)
Again, by equality (10), for any x € RT, i € S, there exists a positive constant C such that
/' V(x, i) < C. By Itd’s formula [2], we get

t
V(va r[)ZV(X()s r0)+/ ’Q{V(XS7rS)dS+MIs
0
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where

t
Mt = / (V(Xs + O’rJXsZ’ VS) - V(Xs, rs) — VX(XS, VS)GFSXSZI{lz‘<1}) Nrs(ds’ dZ)
0

Note that the process (M) is a local martingale. Let 7}, be a localizing sequence, such that

M1, is a martingale in ¢ for any fixed n. By the It6 formula again, we have

AT, ATy
V(Xt/\T,,/\‘[Uv rt/\Tn/\TU) =V(Xo, ro) + / AV(Xs, rs)ds + Mt/\Tn/\‘L'U-
0

For any (xg, ro) € U° x S, it follows that

INT, ATy
]EV(XI/\T,,/\TUs ’”zAT,,ArU) = V(Xo, ro) + E/ AV(Xs, r5) ds.
0

Thus, applying the dominated convergence theorem yields

tANT, ATy INNTY
lim E/ dV(Xs, rg) dsz]E/ AV(X;, ry) ds.
n—+00 0 0
Substituting (13) into (12) gives
INTY
lim ]EV(XZ/\Tn/\‘Eua rt/\T,,/\rU) =V(Xo, r0) + E V(X;, rs) ds.
n—+00 0

It follows from Fatou’s lemma that

EV(Xt/\rUa eru) =E nl}{l’_loo V(Xt/\Tn/\‘[Us rt/\TnA‘[U)

=Eliminf V(X 7,
N> 00 ( INT AT IAT,,ATU)

<liminf EV(X r
= lim inf XinTyAtys AT ATy)

= lim EV(X, T
irari ( INT, ATy t/\T,,/\rU)
INTY

=V i)+ E dV(Xs, rg)ds,
0

12)

13)

which together with (11) implies that, for all (Xo=x, ro=1i) € U x S, E(ty | Xo = x0, ro =
ip) < V(x, i) < +o0o. Thus, condition (ii) of Lemma 2 is verified. It follows from Lemma 2 that

the desired result holds.

O

Theorem 1 provides a sufficient condition to check the ergodicity of the model (1) for 1 <
o < 2. Itis a natural question whether, when « tends to 2, this condition simplifies the condition
established in [13] for the Brownian motion case. The following corollary will answer this

question.
Corollary 1. Let Assumptions 1-4 hold. If a tends to 2, then the condition

o]

N
Cyof
;n, (a, — 2; —n(2n —oz)) >0

reduces to Zflzl mi(a; — (7,-2) > 0.
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Proof. Using the fact that lim xI'(x) =1 yields lim Cy =0, lim 2‘3’ = 1. Therefore, it
x—>0t a—>2" a—>2"

follows that, for any i € S,
N

Cyof
lim Yy — A =g?
ot nX: n(2n — o) =i
This implies the desired result. (]

Although for truncated stable processes corresponding to the Lévy jump measure given
by Assumption 4 a sufficient condition is given in Theorem 1, it is worth considering what
happens if the jump measure in Assumption 4 is replaced by Assumption 5. Next, we consider
the jump process AZ; =:Z; — Z,~ under Assumption 5.

Theorem 2. Let Assumptions 1-3 and 5 hold. If

N 400
Cyof o Ca
2 <ai_z won—a e )Y
i=1 n=1
then the SDE model (1) is ergodic and has a unique stationary distribution.

Proof. The proof is similar that of Theorem 1. For simplicity, we only provide the part where
it differs. Using the Taylor formula we have, for y € (1, +00), y >0,

+00 ) ) +00 ) )
A+ =) CeCly 7, (A+y) 7 =) CaCly 7,
j=0 j=0
Hence, it follows that
+00 Cody & C
L= L+y) —1) = d -, 14
= [y ) S =Y - (14)
j=0
+00 Cy dy i C, C
L= I+ -1)—===) ¢ —* -2 15
2 /1' (( y) )y]+a FZO V]+(¥+)/ o ( )
Rewriting the limits in (14) and (15), we get Iy =1, = —% 4+ o(y).
Set the column vector 1z = (71, . . ., iiy) " € RY with
+00
_ Coof C
n2n — a)
n=1
Define

N 400
_ B Cyo? o Ca
IB:—JT;L:E 7T,'<Lll‘ E n(zn—_’a)-‘r 0{)'
i=1

By the conditions of Theorem 2, we have 8 > 0. Using the same discussion as for Theorem 1
yields g = Z]N=1 gijcj — > L €S, where ¢ = (c1, . . ., cy) is a solution of the Poisson equation

Qc=m+ pl.
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Let V(x, i) be the Lyapunov function defined in Theorem 1. Similar to the discussion of
Theorem 1, and together with the equalities (14) and (15), it follows that

N N
. Co
AV, )=yl —yc) | ai— Z qijcj — Z n(2n - a) f‘? +o(y) | ¥

— (1= yenbx? ™ (1 - yc»b,-xl—y
—(=yey (B+o(y)x".

Since E > 0 and b; > 0, it follows from Lemma 1 that the desired result holds. O
Next, we will rewrite Theorem 2 to compare with the case o« =2. Let Dy = Y 55 % —
C

o=

I o "

Corollary 2. Let Assumptions 1-3 and 5 hold. If Zivzl i (ai -5

model (1) is ergodic and has a unique stationary distribution.

C’f}’j) > Dy, then the SDE

Proof. From Theorem 2, we can immediately see that

+00
Cyof ot Cy Cyof
L Y -D
ai Zn(2n—o{) o 4 2—« *

Note that

> 2 (1 1

Y= (=- : (16)

n(2n — Ol) o 2n 2n—a«a
n=2 n=2

For 1 < o < 2, it follows that

Z(i— ! ><—1 (17)
—\2n 2n—«a 2

D “C ! + i ! >0 (18)
=0; R P .
R n(2n — a)
n=2
Consequently, Theorem 7 combined with (18) implies the desired result. (]

From Corollary (2), letting « tend to 2 gives the following result.

Corollary 3. Let Assumptions 1-3 and 5 hold. If a tends to 2 and va: | wila; — aiz) > (0, then
the solution of the SDE (1) is ergodic.

Proof. By the proof of Corollary 1, we have lim
a—2"

Corollary 7 that the desired result holds. U

2@’0[ =1. It follows from this and
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4. Extinction

In this section we find sufficient conditions such that the solution of the SDE (1) tends to
zero almost surely. In the terminology of population dynamics, we shall derive under what
conditions the population dynamics will go extinct.

Theorem 3. Let Assumptions 1-4 hold. If Zf\;l T (ai - :;xf né‘;ﬁ;) <0, then the SDE
model (1) will be extinct with probability 1.

Proof. The basic idea is to adopt the Lyapunov method together with the Poisson equation.
We construct a Lyapunov function V(x, i) : RT x S — R, that is,

lim V(x, i) =0, lim V(x, i) = +o0.
x—0t X—>+00

Then, we prove that, for any (x, ) € RT xS, li_IEI E[V(X;, 1) | Xo =x, ro = i] =0, which
1——+00

implies the desired result. For simplicity, we use the same notation as the proof of Theorem 1.

Recall that o = (. ta. - ... uy) | € RY, with i = Y7555 %5 g, Thus,

N +00

Cyof
_IB—7TILL——ZJT1 ((Zl—Zm .

i=1 n=1
By the conditions of Theorem 3, we have 8 <0. Let 1=(1, ..., l)T. Then, 7(— pu — 1) =
B — B =0. Again from [16, Lemma A.12], this implies that the linear equation Qc = —u — 1
has a solution ¢ = (cy, ¢a, . . ., CN)T € RN. Thus, we have

N
ﬂZ—Mi—Zqijcj’, i€s.
Jj=1

For each i € S, consider the Lyapunov function V:RT x S — R such that V(x, i) = (1 —
yci)x¥, where y € (0, o — 1) is sufficiently small that 1 — y¢; > 0 for each i € S. Using the
same discussion as in Theorem 1, we obtain

N N C.o¢
N (1 —vend | a— P A v
AV, )=y —yc) | ai ,-E—1 qij¢; nE_l n(zn_a)+0(y) x

— (1 = yeb ™!
=y(I=ye) (B+oly)a’ — (1= yepbun’ ™+

Note that 8 < 0. It follows that, for any (x, i) € RT x S, &/ V(x, i) < 0. Similar to (12) and (13),
it can be shown that

t
0<EV(X;, r) <V(x,i)+ IE/ dV(Xs, rg)ds.
0

By the non-negativity of V(x, i), we immediately obtain the desired result. O

Next, we reconsider Theorem 3 if Assumption 4 is replaced by Assumption 5.

Theorem 4. Let Assumptions 1-3 and 5 hold. If "N, ; (ai — e n(czzti) + o} %) <0,
then the SDE model (1) is extinct with probability 1.
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Proof. The proof of this theorem is the same as Theorems 3 and 2, and is not
detailed here. O

Remark 5. Letting @« — 2 reproduces the conditions for Brownian motion.

5. Conclusion

We have focused on the population dynamics driven by two classes of truncated «-stable
processes with Markovian switching. If the coefficient of the noise is small, the stochastic
dynamic has a unique stationary distribution. However, if the coefficient is sufficiently large,
this stochastic dynamic system will become extinct with probability 1. Also, Assumptions 4
and 5 show the effect of restricted or unrestricted immigration on the population dynamics.

Appendix A

To prove Lemma 2, we first prove a maximum principle for operators defined by (3).
Assume for the following that U C R is open and bounded, with closure U C R*. Let
U¢=R* — U.For simplicity, assume that U = (NLI’ Nl), where N1 > 0. Consider the equation

Hulx,i)=0,in (x,i)e U x S,
u(x, i)=cy, in (x, i) € (N1, +00) x S, (19)
u(x, ) =cz, in (x.0) €0, z7) xS,

where c1, ¢y are two non-negative constants and c¢j # ¢».

Lemma 3.

(1) Let Assumptions 1-4 hold. If a smooth function u(-, i) is a solution to (19), then the
maximum of u cannot be attained in the interior of U if u is not a constant function
within U x S.

(ii) Let Assumptions 1-3 and 5 hold. If a smooth function u(-, i) is a solution to (19), then
the maximum of u cannot be attained in the interior of U if u is not a constant function
within U X S.

Proof. For simplicity, we divide the proof into two steps.
Step 1. Assume that <7 u(x, i) > 0 for all (x, i) € U x S. Let us prove that the maximum of
u cannot be attained in the interior. If u(-, -) attains a maximum at (xg, ig) € U x S, then

ux(xp, ip) = 0. (20)

Since the measure v(-, i) is symmetric, we can rewrite the integral term on the right-hand side
of (3) as

I(x, 1) := p.v. / (u(x + ojxz, i) — u(x, i)) v(dz, i),
R—{0}

where p.v. stands for the Cauchy principal value.
Noting that u(xo, ip) is the maximum value on the domain U x S, we have

I(xp, i) = f (u(xo + oix0z, 1) — u(xo, ip)) v(dz, ip) <0. (21)
U
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For the term, we have

Qu(xo. -)(i0) = gigiot(x0. i0) + Y qigtt(x0. )
J#io
< Giig(x0. i0) + Y _ qigju(x0. ig) =0. (22)
J#io
It follows from (3) and (20)—(22) that .«7u(xp,ip) <0. This is a contradiction with
2 u(xp, ip) > 0.

Step 2. Now we consider u such that <u(x, i) >0 for all xe U, i €S. To proceed, we
consider two cases.

Case 1: Assumptions 1-4 hold. We define the function u.(x, i) = u(x, i) + ¢(x, i), where
o, i) e C2(R7) and ox, )= Kx%, where K is a pos1t1ve constant to be determined. Since U is
a bounded and closed set and b(-, i) is continuous on U, there exists a constant C > 0 such that,
forany x € U, i € S, |2xb(x, i)| < C. Without loss of generality, we assume that U = (&g, 1/&o),
where g is any positive real number. Choosing K = %, we get, forany x e U, i €S,

Oi €pLal;
A ug(x, 1) = A ux, i) + b(x, i)py(x, i)
. . . Cot dz
+ | (ot oixz, 1) — o(x, 1) — px(x, l)UiXZ)W
lzl<5

a—2

Cyo!
= u(x, i)+ 2xb(x, i) + 2Kgi2ngg—l

Coo® 2
> u(x, i) — C+ 2Kai2x2;—’ > 1.
—o
Now, the desired result follows from Step 1.

Case 2: Assumptions 1-3 and 5 hold. For any ¢ > 0, define the function u, (x, i) = u(x, i) +
@(x, i), where ¢(-, i) € C*(R*) and

x. ) X2, if 0 <x < 2R,
X, 1)=
¢ 8R2, ifx>2R+1.

where R is a constant to be determined. Hence, we have, forany x e U, i € S,

A ug(x, i) = A u(x, i) + b(x, D)@y(x, i)

. . . dz
+ Cyo{'x” / (p(x+2,0) = o(x, 1) = ou(x, D7) —7
Br(0) () (—1,400) |z

oo dz - <
+ Cyof'x 1 ox(x, 1 )| T + A (p(x +2) — o(x)) PR >

<z<R < (0) ) (—1,400)

Note that, for | <a <2,xe U. For any U = (80, %), the term
o, o . . . dz
I:= Cyo;'x (p(x+2,0) — o(x, ) — @ulx, l)z)ml—ﬂ
z>—1

, dz
|Z|1+oz

> 2 inf Cyox" z =400
xeU 7z>—1
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Set K = glf Sb(x, D)@x(x, i). Thus, there exists a sufficiently large R such that / > |[K| + 1.
NS

xe
Since sufficiently large R, x € U C R, we have ¢(x + z, i) — ¢(x, i) > 0 for all z € Bge () ( —
1, +00), and ¢, > 0. Hence, it follows that .&/u.(x, i) > 1. Applying the result of Step 1, the
maximum of u, is attained on dU X S, say at (x,, ). Since dU is compact, choosing a conver-
gent subsequence of x, as ¢ tends to O through a sequence, it follows that the maximum of u
is attained on dU. Finally, if .«/u(x, i) =0 for x € U, i € S, then applying the above results to u
and —u, we obtain that u attains both maximum and minimum on dU x S. O

Next, we will prove the uniqueness of the stationary distribution of the process (X;, ;).
Lemma 2 can be viewed as a degenerate noise coefficient matrix of [5]. By the maximum
principle, following almost the same argument as [17, Theorem 4.10] together with the solution
to the Dirichlet problem (cf. [1]), we can prove the existence of the stationary distribution of
the process (X;, ry). To proceed, we introduce some notation. Let (x, 7) be the initial point
of the process (X;, r;), and y € RT be any point (x #y). Set k > max{|x|, [y| + 1}. Without
loss of generality, assume that 0 < & < 1. Choose ¢ such that 0 < ¢ < k and B.(0) N B(y) =9
Define the stopping times {7, },>1 inductively as follows. Let 1o = 0. For n € NT, set

Topt1 = inf{s > 12, : X & Bi(0)},
Tonso = inf{s > 10,1 : (X;, 75) hits the set B.(0) x {i}}.
Proof of Lemma 2. We need to show the uniqueness of the invariant measure for the process
(Xy, ry). This result is a modification of [17, Theorems 4.1, 4.2; Corollary 4.4]. To proceed, the

positive recurrence gives E, (12, — T2,—2) = E, ;72 < 400. Hence, by the classical strong law
of large numbers,

o Z}l:l (20 — T2(1—1))
= - Ex,i'[%
n n

almost surely.

Let f be a bounded real-valued measurable function on R x S. For n e N*, set ¥, =
/, 22”“ f(X;, rs) ds. Similar to [4, Proposition 12.1], we can prove that the sequences of the ran-
dom variables {Y,,} are independent and identically distributed. Then, we can see that, applying

the strong law of large numbers to the sequence {Y,}°° |, we have

lim ZY ]Ex[YO— xl/ f(XYﬂrV)ds

n—4+oo n

Similar to [4, Theorem 8.14], we have

lim / f(Xs, rg)ds = / f(Xs, rg)ds.

n—-+00 Toy,

Note that

I o
E.. / F X, o) ds
x,i 02 0

1 [ nle
— | [ r)ds=—=>"7
n Jo T n =

with probability 1. Hence, we have

Py lim _/f(strs)dS— / JO, Dpddy, j) ¢ = 1. (23)

t—+400 t
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If f(-, i) is a bounded function with respect to x, then

1 [t 1 [!
- / Ex,if(xsv rs)ds = Ex,i (‘ / f(Xs, 1g) dS) .
t Jo t Jo

By (23) and the dominated convergence theorem, we have

1 t
lim - /0 E. if Xy, 1) ds=Z /R +f(y,j)u(dy,j)~

t—400 t
JjeS

In particular, for any A € B(R™), j € S, taking f(x, j) = Iaxj, we have

1 t
" / P(s, (x, 1), A x j)ds — u(A, j).
0

Last, we prove the uniqueness. Let 1t (-, -) be another stationary distribution. Then

> /w PGs, Cx, 1), (A, Dpr(dx, 1) = (A, ). (24)

ieS

Integrating (24) with respect to s from 0 to ¢, according to the limit (23), we have, for any j € S,
1A, j) = u(A, j), which completes the proof.
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