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1. Introduction

In a previous paper [6], the present authors established estimates for the
continuous dependence of the solution on various data in the initial boundary value
problem of linear elastodynamics on a bounded region of space. The main conclusion
concerned continuous dependence on the body-force, but also it was shown how this
result could be used to derive continuous dependence on the initial data, elasticities,
boundary data and initial geometry. The method adopted was based upon logarithmic
convexity arguments and hence led naturally to continuity in the sense of Hélder on
compact sub-intervals of time. A special feature of the study entailed the lack of any
sign-definiteness conditions on the elasticities which, of course, in the absence of any
a priori constraint on the solution always gives rise to an ill-posed problem. (See, for
instance, the comprehensive survey by Payne[10].)

Nonetheless, the results obtained in (6] are unsatisfactory in many respects. For
instance, a higher degree of regularity than is strictly necessary is required of the
solution and elasticities, while the perturbations in the solution and data are
measured by somewhat weak norms. Such criticisms are probably less important
when dealing with only classical or smooth solutions, but it is well known that in
dynamical problems shocks and other singularities may evolve and so even for linear
problems ultimate concern must always be with the behaviour of weak solutions.
Of course, the technique of logarithmic convexity can be generalized to include
treatment of the abstract problem, but deficiencies of the kind we have noted remain
and accordingly improvements of the results established in [6] must probably be
sought by other means.

The purpose of the present paper is therefore to reconsider the problem (still
without any sign-definiteness assumption on the elasticities and still defined on a
bounded spatial region) and to show how under suitable constraints a completely
different approach based upon Lagrange identities enables improvements to be
achieved. We examine continuous dependence on the body-force, initial data,
elasticities, density and initial geometry, placing particular emphasis on the latter.
Each set of data is discussed separately, which produces sharper individual estimates
than if, following the procedure in [6], we were to deduce dependence on other data
from the estimate giving dependence of the solution on the body-force. It does not
follow, however, that we can derive by direct superposition a comprehensive
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estimate simultaneously furnishing continuous dependence on all constituent data
since the solution for each component problem is not necessarily stabilized by a
common constraint set. Furthermore, such sets are non-linear.

In each estimate, continuity is established in the sense of Holder and we are able
to relax many of the regularity and other assumptions introduced in [6]. However,
in the first instance, our estimates are valid only on the half-interval of existence, and
not on all compact sub-intervals. The extension of the interval over which our results
hold requires the introduction of extra constraints, with the notion of continuity
involved becoming successively weaker until in the limit, when the interval of
validity coincides with that of maximal existence, Hélder continuity of the type used
in [4,6,7] is reached.

The Lagrange identity was first systematically used in continuum physics by
Brun[1] to discuss uniqueness and related topics in the linear dynamic theories of
thermoelasticity and viscoelasticity. (Other applications to uniqueness include
treatments by Naghdi and Trapp[9] and by Green[3].) The technique was later
extended by Levine[8] to weak solutions and in part used by him to prove
equipartition of energy. In the extension to weak solutions, the Lagrange identity
method possesses a distinct advantage over logarithmic convexity since it is
unnecessary separately to postulate conservation of energy. Moreover, the extension
need not be restricted to a Hilbert space (cf. Payne[11]). On the other hand, the
Lagrange identity appears to be limited to a consideration of first and second order
linear autonomous self-adjoint differential systems whereas the techniques involving
logarithmic convexity may be applied to more general classes of equations.

The Lagrange identity has been previously used by Payne[12] to obtain estimates
giving dependence on initial data and initial geometry, similar to the results
established here. However, for dependence on the initial geometry he assumed the
elasticities to be negative-definite, whereas our relaxation of any definiteness
assumption whatsoever renders this section of the analysis considerably more
difficult. By combining the Lagrange identity with the method of weighted energy,
Galdi, Knops and Rionero[2] were able to demonstrate continuous dependence upon
initial data for unbounded regions. Their approach may be used to extend similarly
the arguments of this paper. The Lagrange identity had been earlier utilized by
Knops and Payne[7] to establish continuous dependence on initial data for solutions
with constrained asymptotic behaviour. This constraint differs markedly from those
usually imposed in the stabilization of ill-posed problems and which involve the
boundedness of integrals over space-time. This is the kind introduced here.

Continuous dependence results are important because of the inevitable error that
arises in both numerical computation and the physical measurement of data. It is
vital to know the magnitude of the effect of such errors on the actual solution.
Furthermore, with regard to the particular theory of elasticity, since positive-
definiteness of the elasticities cannot be accurately established by laboratory or
other requirements, it is reasonable to abandon this classical hypothesis in any
fundamental investigation. At the very least, in endeavouring to determine by
measurement whether the elasticities are positive-definite we clearly cannot
incorporate this property as an assumption into any theory underlying the
measurements.

The basic equations and notation used in our study, together with the derivation
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of the Lagrange identities in the forms suitable for our needs, are described in §2. For
convenience, we forego an abstract formulation of the problem, and throughout the
paper we confine attention to classical solutions although the techniques developed
may be extended to weak solutions in an obvious manner using, for instance, the
treatment by Levine[8]. In general, the Lagrange identity method is simple to use,
and this facility is illustrated in §3 where separate estimates are determined for the
continuous dependence of the solution on the body-force, initial data, elasticities and
density. This section also acquaints the reader with the main steps of the argument
and describes how the interval of dependence may be extended in the case of joint
dependence on body-force and initial data. The extension in the case of other data
is accomplished similarly. The discussion of dependence on initial geometry is
contained in §4 . The derivation is considerably more complex, involving several
subsidiary estimates, but apart from its detailed intricacy, in broad outline it is the
same as that of §3.

We adopt the standard summation and comma notation and as already stated
always assume the existence of a classical solution on some maximum time interval.

2. Notation, basic equations and the Lagrange identities

Let Q, a bounded region of R* (» = 2, 3) with smooth boundary 0Q, be occupied by
a linear elastic material of density p(x) 2 p, > 0, and elasticities c;;,(x) where z€Q.
With respect to a fixed set of cartesian axes, the components w,(z,t) of the
displacement at the point x and at time ¢ are well-known to satisfy

(Comr%i, 1), s H0fs = piiy,  ((2,8)eQx(0,T)), (21)
u;, =0, ((z,t) € 0Q x (0, T)), (2-2)
uy(x, 0) = gy(x), Uy(x,0) = hy(x) (x€Q), (2-3)

where (0,7") is the maximal interval of existence, f(z,¢) is the body-force per unit
mass, g, and h, are prescribed functions and a superposed dot indicates partial
differentiation with respect to time. Boundary conditions other than (2-2) could be
included in the following discussion but for simplicity are not considered. The
elasticities are assumed to be continuously differentiable and to possess the major
symmetry specified by

Ciskt = Cpuyy- (2+4)

They are not required to be sign-definite. Condition (2-4) renders the initial boundary
value problem formally self-adjoint, but in the absence of positive-definite
elasticities, the problem is well-known to be ill-posed. (See, for instance, Payne[10].)

We assume that on the interval (0,7') a smooth solution exists to (2:1)—(23)
subject to (2-4). This assumption implies that the given functions f;, g, and k, are all
sufficiently smooth and moreover satisfy appropriate continuity and compatibility
conditions on 9Q at ¢t = 0.

Later, in §4, when considering continuous dependence on initial geometry, we shall
slightly enlarge the domain over which the initial boundary value problem (2-1)—(23)
is defined.

We derive the basic Lagrange identity associated with (2-1) and then deduce
various forms required in the subsequent discussion. It is convenient, however, to
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introduce first the inner product of two vector functions v,(x,t), w,(z, t), by means of
the definition

(v(ty), w(ty)) = f Py, ) wiz, t,) dz. (2:5)
[4]
The corresponding norm is denoted by [jv(t)]|.
Let v,(x,t) and v,(x,¢) be two solutions to the initial boundary value problem
(2:1)—(2-3) corresponding respectively to distinct body-forces f,(z,¢) and f,(z,¢t) and
possibly different initial data. Then we may use the respective equations (2-1),

followed by an integration by parts and the symmetry (2:4) to obtain the basic
Lagrange identity

(2
f [a(m). fr(m) — (1), L)) dn = [(va(n), vy, (1)) — (01 (0), we ,(0))]1E,.  (2°6)
31

where 0 <, <t <T.
Special choices of the functions v,,v, lead to particular forms of the basic identity.

Thus, on setting

v, (2, t) = u(zx, t), vy(, t) = %—1: (z,t) O<t<T), 2'7)

where u(z,t) is the solution to (21)-(2'3) with body-force f(x,t), we have by
unigueness (cf. Brun[1]) that
of

fl(x: t) =f(xa t): fz(x’ t) = a’ (xa t)' (28)

Substitution into (2:6) and use of (2:1) followed by integration by parts leads
immediately to the expression for conservation of energy:

K@, 0)+V(t,t)=K(t,4)+ V(L 4)+2 J1 (w,(m.fm)dy (0<t <t<T), (29)

21

in which K(t,,t,) = (u(ty), u(t,)), (2:10)
Vit L) = J Coprey Uy, 5T, by) %y (2, t,)dx. (2:11)
Q

Next, on putting for fixed ¢,

v (%, 7) = u(z, 7), vz, 7) = % (,2t—7) (0<7T<2t<T), (2-12)
and observing that again by uniqueness we have

d
file,7) = fle,7), folx,7) = —5-{(33, 2t—71), (2:13)

it follows by substitution in (2-6) together with appropriate integrations that we
obtain the identity

K(t,t)—V(t,t) = K(2t—t,,t,)— V(2t—t,,t,)

4
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We remark that elimination of the potential energy V(¢,¢) between (2:9) and (2-14)
(with ¢, = 0) forms the basis of the uniqueness proof due to Brun[1].
To derive the final form of the basic identity required in the sequel, we put

v(z, 7) = ulx, 7), volz,7) = u(x,2t—7) (0<7<2t<T), (2:15)
which by uniqueness implies that
flzr) =f@n), fle1) =f@2-1) O<T<ALT). (2:16)

Hence the identity (2-6) becomes

2(u(t), u(t f[ (2t —7),f(n)) — (w(n), f(2t— 7)) dy
(W(2t—t,), u(t,)) + (ult,), w2t —1,)) (0<t, <U<T+t). (217)

The various forms (2-9), (2:14) and (2:17) of the basic Lagrange identity (2:6) are
all needed in the subsequent derivation of estimates for continuous dependence.
Other forms are presented by Tartar[13].

3. Continuous dependence on body-force, initial data, elasticities and density

In order to illustrate the essential ideas of our approach, we derive in this section
estimates for continuous dependence of the solution on body-force, initial data,
elasticities and density. Continuous dependence on the latter three sets of data could
be deduced from the estimate for continuous dependence on the body-force (cf. [6]),
but the results in many respects are less satisfactory than the separate ab initio
calculations undertaken here. However, as remarked in the Introduction, because
the constraints are non-linear, superposition of the separate estimates is not always
valid. We compare our estimates with those obtained in [6] by means of logarithmic
convexity arguments and conclude that the main differences between the respective
estimates are to be found in the measure of continuity and in the time-interval of
validity. The approach based upon logarithmic convexity yields continuity valid on
all compact sub-intervals of the maximal interval of existence [0,7"), while the
present method leads in the first instance to continuity only on the half interval
[0,7/2]. One task is therefore to extend the interval of continuous dependence. This
may be achieved by various iterative procedures, which are chiefly characterized by
the imposition of further constraints and a successive weakening of the notion of
continuity occurring in each iterated estimate. We present in detail one such
iterative scheme and then briefly mention others in order to convey the broad
features of the approach. Several other such procedures will become readily apparent
to the reader. We also describe a hybrid device which combines an inequality based
upon logarithmic convexity with our estimates derived from the Lagrange identities.
The general discussion concerning the extension of the interval of dependence is
restricted to continuous dependence jointly on the body-force and initial data since,
in principle, all other data may be treated in similar fashion.

We also show how, in the case of continuous dependence on the body-force, we
may recover from our basic results the Holder continuity estimates previously
derived by logarithmic convexity arguments. Again, the discussion may be adapted
to include other data.
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Apart from the features just mentioned, other differences between the two
methods concern the constraint sets and regularity assumptions. These vary
according to the type of data under consideration and hence are discussed in detail
as they arise.

3-1. Continuous dependence on body-force

We commence our discussion by considering continuous dependence on body-force
alone, so that we suppose homogeneous initial data and thus put

uy(,0) = 4,(z,0) = 0. (31-1)

We then see that (2-17) with £, = 0 becomes

2(ule), (1)) = f [(al@t—7), fl) — (ulm), f2t— )] d, (312)

which after application of Schwarz’s inequality leads to

D(ut), (1)) (f luty ||2d?7) ( f LA uw) (31:3)

Now we suppose that 0 < 2t <7 and that the solution to our problem lies in the
constraint set defined by

T
f ) 2dy < 32, (314)

0

where M, is some positive constant. We then let 0 < 2s < T' and integrate (3-1-3) over

(0, s) to obtain
T 3
nu<s>n2<s( f uu<n>u2dn) ( f 1) |2dv;) (31:5)

<M, ( f ‘ ||f<m|12dn)’ 0<2<T) (3:1:6)

which is the required continuous dependence estimate. We note that when the
constraint set (3:1-4) is replaced by

max |lu(t)| < M,, (3:1:7)
[0, T)

where M, is a positive constant, the corresponding continuous dependence estimate
is given by

T i
et <irian, ([ 1smian) <2< (31:8)
0

Further continuous dependence estimates involving slightly different norms and
associated constraint sets may be derived from the inequality

o <5 ([ @s—ntwmiean) ([ @s—mismiear),
0 (1}
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which is obtained by integrating (3:1-2) over (0,s) and then applying Schwarz’s
inequality. The treatment is now analogous to (3-1-5) and provides estimates for
solutions lying in the constraint set given, for example, by

T
f (T =) i) |2 dy < ME,
(1]

where M, is a positive constant.

We remark that the estimates (3:1:6) and (3:1-8) hold only on the half-interval
[0,7'/2], even though the constraints (3-1-4), (3:1-6) are defined on the whole interval
[0,T]. Furthermore, the body-force is measured by the L,-norm over Q x [0, 7'}, while
the solution itself is measured by the L,-norm over Q. This contrasts with the result
obtained by logarithmic convexity arguments [6] which in the present notation is
given by

T (1-8)
f||u(n>||2dn<e%(1+T4k)"T4“-‘”M§‘( f ||f<m||2dn) 0<t<T), (319)
0

0

where 8(t) = t/T satisfies 0 < §(t) < 1, the constant k is such that

T
f L fm 2 dy < kM,
0

and the solution lies in the constraint set (3-1-4). Thus, (3-1-9) uses a weaker norm to
measure the solution and moreover involves a weaker notion of Hélder continuity
than does (3:1:6) or (3:1-8). Indeed, we show that an estimate of type (3:1'9) may be
derived from (3:1:5), but meanwhile let us further observe that (3-1-9) remains valid
on all compact sub-intervals of [0,7") and not just the half-interval [0,7/2] over
which (3:1:6) and (3-1-8) so far have been shown to hold. Extension of the interval
within the context of the present arguments is possible by a variety of methods
subject to the imposition of additional constraints. Similar techniques apply to the
extension of the interval of continuous dependence in the case of initial data and
hence further discussion is postponed to a combined treatment in §3-3 of both sets
of data.

We continue by describing how (3:1-9) may be derived from (3:1'5) but, of course,
the derivation holds only on [0,7'/2]. Thus, integration of (3:1:5) over [0,7/2]
gives

/2 T b/ :
f ||u<n)||2dn<<T2/8)( f ||u<n>u2dn) ( f ||f<n>||2dn) (31-10)

0 0 0

which apart from the multiplicative constant corresponds to (3-1°9) with 8(t) = 1.
Next, on replacing 7' by 7'/2 in (3-1-10) we obtain

T/4 T/2 ) T/2 3
f nuwnvdvys(a’?/m)( f numu?dn) ( f Ilf(ﬂ)llzdv)

0 0 0

T 1/ (T L/ [T H
<@ssva ([ tuemiean) [ 1smiean) (] 1amiean)
0 0
’ (31-11)

T /7T 3
< (T°/64v'2) (f ||u(m||2dn) ( f ||f<n>||2dn) , (3112)

0 0
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which corresponds to (3:1-9) with &(t) = 1. Indeed, repeated iteration for 0 < 2t < 7T
easily leads to

T 2—(n+1) nﬂt 2-(n+1)
f lu(m)l2dy < (T2/8)20-2" (f ||u<n>||2dn) ( f nf(mnzdv;)
0 0 0

( J’ uf(n)nzdn)’ (31-13)
0

. T g=(n+D) - (1—g-(+1)
< (@80 >(f uuw)uwn) (f IIf(ﬂ)Ilzdﬂ)
0

0
0<26<T), (3114)

where 7 is the largest integer such that 2”*'¢ < T'. The similarity between (3-1:14) and
(3:1-9) is obvious, although we remark that the multiplicative constant in (3-1-14) is
independent of the constant & and is simpler than that of (3-1-9). Indeed, the constant
given in (3-1-14) is an upper bound to the exact value which, however, is
straightforward to determine. We emphasize that the interval of dependence holding
in (3-1-14) is still [0, 7/2]. This apparent limitation of our approach is underlined by
reference to (3-1-11) which shows that the identical vanishing of f on [0, 2f] implies the
identical vanishing of the solution on [0, ¢]. Yet the uniqueness theorem of Brun[1]
states that the solution vanishes identically on [0, 2¢] and hence an estimate is needed
which is valid for 7/2 <t < T. We shall show in §3-3 that the use of a stronger
constraint set enables the interval of dependence to be extended beyond [0,7/2],
thus suggesting that constraint and interval are mutually dependent, a relaxation of
one requiring a compensating strengthening of the other.

3-2. Continuous dependence on initial data

Continuous dependence on initial data can be discussed by means of the
transformation (cf. [6], §4)

wy(z,t) = f (t=n) u,(x,m)dy, (321)

since it may easily be shown that w, satisfies (2-1) and (2-2) subject to homogeneous
initial data and body-force given by

pfi(x, t) = tiy(x, 0) +u,(x, 0). (3-2:2)

The problem is thus reduced to the case of continuous dependence on the body-force
discussed in §3'1. Estimates obtained by this means, however, are necessarily poor
in view of the transformation (3:2:1) which obscures the precise nature of the
dependence on the actual solution u,. Instead, we study the problem afresh and
determine estimates analogous to those derived in §3:1 which considerably improve
those presented in [6]. Although our treatment is similar in part to that employed by
[2] in the discussion of continuous dependence of the solution on initial data for
unbounded spatial regions, we follow more closely the modified arguments due to
Payne[11]. The present authors [4, 7] were the first to derive continuous dependence
on the initial data, but used the method of logarithmic convexity. A comparison with
these earlier results is presented below.
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Thus, let us consider (2:1)-(2-3) with body-force absent. The Lagrange identity
(2-17) becomes

2(u(t), u(t)) = (w(0), u(2¢)) + (u(0),%(2t)) (0 <2t < T), (3-23)
which on integration over (0,s5), 0 <2s < T, gives
lus)lI* = %(u(O),u(28))+%llu(0)||2+% f (w(n), w(0)) d. (3-2-4)
0

We assume that the solution belongs to the constraint set defined by (3:1:7). Then,
by means of Schwarz’s inequality, we conclude from (3-2-4) that

llu(s)I1® < $lu(0)|| llw(2s) | + w0} + 3l %(0) rs lu(mlidy (0<2s<T), (325)
0

which on using (3:17) gives the continuous dependence estimate
le(s)1? < w0 1? +3M o[ w(0) | + Tll%(0)|] (0 < 25 <T). (3-2-6)

Alternatively, we may constrain the solution to lie in the set defined by (3:1-4) and
then inequality (3-2:5) becomes after an integration over (0, s):

f halm)ll2dy < Bs(0)]12+Hu(0) f lutm)l di
0 0

+340)] ff lurldrdy ©<2<T), (327)
0JO

. T
<HPIOHTOL, [l + T 1a)l| 0<2s<T). @28
The last inequality provides a second estimate for continuous dependence on initial

data.
The continuous dependence estimate previously established by the authors [7]
using logarithmic convexity is given by

lu@)l1* < METNu(O)>*" (0 <t <T) (3-2:9)

and is valid on compact sub-intervals of [0,7] for solutions in the constraint set
defined by

lw(T)? < M3, (3-2:10)
where M, is a positive constant. The derivation of (3-2:9) depends upon the
conservation of energy, expressed by (2.9) with zero body-force. For weak solutions,
energy conservation must be either separately postulated or derived from the weak
form of the Lagrange identity (cf. Levine[8]). Furthermore, the estimate (3-2-9) is
valid only for initial data with non-positive total energy, whereas no such restriction
applies to either (3-2:6) or (3-2:8). A continuous dependence estimate similar to, but
less simple than, (3-2-9) is derived in [7] for initial data with positive total energy,
while the estimate derived in [4] is likewise similar to (3:2-9), except that the norm
measuring the initial data additionally contains terms involving #(z, 0), %; ;(z,0) and
the magnitude of elasticities. Conservation of energy remains essential for both
estimates.
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In the sense, therefore, that the estimates established here do not require
conservation of energy, hold for general initial data and employ less stringent Hélder
continuity, they represent an improvement on those of [4,6,7]. Nevertheless, the
constraints necessary to stabilize the solution are stronger than required in the earlier
analysis and, as we have already remarked, the estimates so far determined are valid
only on the half-interval [0,7'/2] instead of on all compact sub-intervals of [0, 7). In
the next section, techniques based on Lagrange identities are used to extend the
interval on which there is continuous dependence on both body-force and initial data.

We conclude this section by noting that an iterative procedure may be given that
partially reproduces the estimate (3:2'9) obtained from logarithmic convexity
arguments. The interval of dependence is still [0,7'/2]. Accordingly, from (3-2-5) we
have

T
lu(T'/2)11* < w0} le(T) ]l + ENu(0) 1> + 3l (0) f lu(m)lidy,  (3-2:11)
0
which on inserting in (3-2-5) evaluated at s = 7'/4 leads to, for example,

(T /4) |2<mllu E (T 1E+ (1+%> u(0)I®

+ g O] ||u(0>nf( f futn) dv) +%||u(0>u( f () dn). (32:12)

We may then appeal to the constraint (3-1'7) in order to derive a continuous
dependence estimate for ¢ = 7'/4. Iteration then establishes an estimate for any
t = [0,7'/2]. An alternative estimate involving the constraint (3-1-4) may be obtained
by a similar iterative procedure based on (3:2:7) and is analogous to the result (3-1:4)
for dependence on body-force. Obviously other estimates may be derived in line with
the comment given immediately after (3:1-8).

3-3. Extension of the interval of dependence for body-force and initial data

We have seen that estimates (3-1-6), (3-1-8), (3:2:6) and (3-2-8) have been established
only on the half-interval [0, 7"/2]. By subjecting the solution to additional constraints
it is possible to extend the interval on which continuous dependence holds. This may
be accomplished in several ways, some of which are indicated here.

We suppose that body-force and initial data are both non-zero. An application of
Schwarz’s inequality to the right-side of (2.17) with ¢, > 0 then leads to the
inequality

t—t, i t~t, H
S(au(t), ult)) < ( f nu(muwn) ( f Ilf(ﬂ)||2d77)

+ (w(ty), w(2t—2,)) + (u(ty), (2t —2,)) (0<t, <2t <TH+t). (331)

We hold ¢, fixed and after a further application of Schwarz’s inequality to the second
term on the right, we integrate (3-3-1) with respect to ¢ over the interval (¢, s), where
2t < 2s < T+t,, to obtain

T i T 3 s—t,
hus)1? < (s t)( f Ilu(ﬂ)llzdn) ( f uf(mu?dn) +Ha)l f ()l do
0 0 ¢

+allu) lu@s =)l +Ellut)l® (0<2t <28 <T+¢y), (332)
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which generalizes (3:1-5) and (3-2:5). Indeed, on setting ¢, = 0 and imposing the
constraint (3-1-7) we may immediately conclude from (3-3:2) that

: T d
puot <378t [ Wonlin) + 0,0 + TIOT + o)1 0 <25 <),
[}
(3:3:3)
thus deriving a continuous dependence on [0,7'/2].

In order to extend the interval of dependence, we return to (3:3-1), set 2t—t, =T
and integrate with respect to ¢, over (0, s), to get

2 T 3 T 3
2Hu(T;8) <zuu(T/2>||2+s( f uumnwn) ( f uf(w)
0 0

+||u(T)||[Ilu(é‘)ll+||u(0)||]+||1l(T)||J lumldy. (3:3-4)

We let 0 < s <T/2, and use (3:3-3) to bound |lu(s)|| on the right side of (3:3-4). On
supposing that the solution satisfies the constraint

max [u(t)ll + (Tl < M, (3-3-5)

{0, T]

for positive constant M we derive the estimate

T+s 2 3 T d 3 g3 T i
2l|u (B2 < 1rns [ nsemnean) +iriasicvzem ("1 smean)
0 0
+ M (u(0)| + Tl 2(O)1]) +WM' (O}l +T I4(0) ) (1 +4T)
1
U, O] (14 5+ )+ O, 336)

which together with (3:3-3) yields continuous dependence on [0,37'/4] in the set
(3:3:5). We now repeat the operation. Thus, in (3:3:4) we set 7'/2 < 8 < 37'/4 and use
(3:3:6) to bound appropriate terms on the right of (3-3-4) and hence obtain continuous
dependence on [37'/4, 7T /8]. By recursion, we thus have continuous dependence on
[(1—2-®")T (1—2""T)] and therefore on [0, (1—27")T1], for n =1,2,3,.... We
note that each successive iteration involves a weaker sense of Holder continuity.

Other recursive procedures are possible. For instance, let us estimate the term
l(t,)ll in the right side of (3-3-2) by eliminating the potential energy V(¢,¢) between
the identities (2.9) and (2.14). We have, for ¢, > 0,

2)la@)lI* = N2(0)I1*+ V(0, 0) + (u(t,), (2t —1,)) — V(2t—1,, L))
t—t,
+2J1 (u,,,(ﬂ),f(ﬂ))d?I—?J7 (u,,(9).f(n) dy (3:37)
0 [
< 20)1* +1V (0, 0)1 + [la(t) || (2t =)l - V(2 =1y, ¢,)

T
+4max @) | [fmlldy (0<t <2<T+4ey). (3-3-8)
0

{0, T}
18 PSP 103
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Now, from definition (2-11) we obtain on integrating by parts and using (2-1)

—V(2t—ty,t,) = (2 —1), u(t,)) — (S~ 1)), u(t,)) (3:39)
< [lla(2e—e )l + 1 26— )N T et (3:3:10)
Let us suppose that the solution lies in the constraint set defined by

"max |u(t)[l +max lu@)l + 4T < M, (3:3:11)
[0, T1 (0, 71

for some positive constant M,. Then with the help of (3:3-10) and (3:3-11), the
inequalities (3:3-2) and (3:3-8) respectively become,

T 1
lu(s)]® < (s_tl)TiMs (f "f("?)”zdﬂ)!'*'Me(s—tl) (e )l
0
Filut ) Mg+ 3lut)® (0<2t, <28 <T+t), (3312)

T

2la()l® < [4(0)12+]V(0, 0)l + M, [uu(tou Tty +4 f Ll dﬂ]
0

Hlul) 2=t (0<t, <2t=T+¢,). (3313)

We extend the basic interval of continuous dependence by iteration of the
inequalities (3-3-12), (3-3-13). We already have an estimate for |u(s)||? on [0,7"/2].
Hence, we set ¢, =7/2 in (3:3:12) and use (3:3-3) to bound the terms involving
[[«(T'/2)|| on the right side of (3:3:12). We determine the bound for ||%(7'/2)| from
(3:3:13) with ¢, = 0, t = T'/2, and hence (3:3-12) provides the continuous dependence
estimate on [7'/2,37/4]. More generally, in (3-3-12) we take ¢, = (1—2"")T, so
that

(1=2MT <s<(1=27*NT (n=1,2,3,...),

and assume that by previous iterations, a bound is known for |[u((1—27")T)|j. To
estimate [[4((1—2"")T)|, we set ¢, = (1—2"""D)T ¢t=(1—2"")T, in (3-3:13) to
get

2[la((1—27")T)|* < [|%(0)*+1V (0, O}
’ T
+M, [Ilu((l =27 D)D) + la(1—27""D) T)| + 4 f Al dﬂ]
0
+ (1 =27 D) NAD), (3:3-14)

and thus we have recursive relations yielding continuous dependence on
[0,(1—2""%)T], forn = 1,2,3,.... Once again, at each iteration there is a weakening
of the continuity concept.

Remark 1. We may alternatively express the potential energy in (3:3:9) by
—V(2t—1t,,4) = (w(2t—t,), () — (f(2,), w(2t—¢y)),

and by suitable modification of the constraint set obtain a different estimate of
continuous dependence. Yet again, either in the last expression or in (3:3:9) the later
results of §4 may be used to estimate [[4(t)|| in terms of initial data.
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Remark 2. Integration by parts in the last two terms in (3:3-7) leads to an upper
bound for ||«4(t)||? independent of max [|%(¢)|| over [0,7'], but involving the body-force
and its first time-derivative. This enables the constraint to be replaced by

max [u(®)l| + ()| + D) < M,
(0. 71

for positive constant M,.

Remark 3. Instead of using (2'9) and (2:14) to estimate the kinetic energy, we could
apply (3:2:2) to successively higher time derivatives of the solution. The result
combined with (3:3:12) again produces recursive relations for a continuous
dependence estimate on [0, (1—27")T]} for n = 1,2,....

Remark 4. A further iterative scheme may be derived with the help of logarithmic
convexity properties. We illustrate the argument for dependence on initial data only.
It has been shown in [4] under the assumption of energy conservation that the
function G(t), defined by

G(t) = In[“{u(®)lI*+@}] (3:3:15)

where @ = 4 max [{K(0,0)+ V(0,0)},0], (3-3-16)

is convex on {0,7'], so that on letting 0 < ¢, < T we have

2G (T;“) < G(t,)+G(T). (3-3-17)
Hence we obtain
2
|« < st +aurir+or. @3

which forms the basis of an iterative scheme analogous to that based on (3:3:6). Now,
however, the constraint set is given by (3-1-7).

Remark 5. Iterative procedures may be developed involving weaker norms (over
space-time) of the solution. One such scheme based on a time integration of (3:3-2)
leads to continuous dependence estimates analogous to the family of estimates just
derived, but with suitably modified constraint sets. A second scheme may be derived
as follows. We commence with (3-3:1) expressed as

Sult), (1) < ( f ||u(n>||2dn)’ ( f ||f<m||2dn)’

0 0

+(u(t—r1), 0t +7))+ (@t —7),u(t+71)), (3:319)

which on integration with respect to 7 from 7/4 to T —¢ leads to

(- ||u(t)u2]'¢+ o =(2-4([ Ilu(v)llzdﬂ)% ( f IIf(ﬂ)H?dn)%

T—t
+ (T, w(2t—T))— (u(t—T/4), u(t + T /4)) + 2 f (u(t+7), u(t—7))dy. (3:3-20)

T/4

18-2
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Next, we integrate (3:3:20) with respect to ¢ over the interval (7/2,37/4) and use

the constraint set )
max |u(f)]| + max |la(t)]| < M, (3:3-21)
[0, T) [0, T}

to obtain the dependence estimate

T/a T T ¥
[ v an < oo o+ Gon, ([ 1semiean)
T/2 0

T/2

T/2 T/a t—T

futm)ll dy+ M, f ) dn+ 224, f f (2= ) dy .
T/4 T/2 t-T/4

(3-3-22)

o, |

0

We may now use any of the previous inequalities valid on [0,7'/2] to provide an
estimate for terms involving fu(s)| for 0 < s <7/2, which after substitution in
(3-3-22) enables an estimate in terms of initial data to be derived. Alternatively, we
may treat the kinetic energy arising in the last term on the right of (3-:3-22) by means
of inequality (3:3:13), whereupon the constraint set (3-3-21) may be replaced by
(3:3-11). Further extension of the interval of continuous dependence follows by
iteration in an obvious manner.

3-4. Continuous dependence on the elasticities

We turn to a consideration of how the solution is affected by a variation in the
elasticities. Thus, let «™, u® be two solutions to the initial boundary value problem
(21)—(2-3) corresponding to different elasticities c{j};, ¢z}, respectively, but with the
same density, body-force, initial data and boundary conditions. Now, however, we
do not require the elasticities c{3}, to satisfy the symmetry condition (2:4). On
putting

w(z, t) = uP(z, t) —u?(x, 1), (3-4:1)
Copr = Cijht— Clkes (3-42)

and subtracting the respective equations, we obtain

(Ciir e, 1), 3+ (Cymuly) 5 = piiy,  ((2,8)eQx[0,T)), (34:3)
u =0, ((8edQx[0,T)), (3-4-4)
u;(x, 0) = 4,(2,0) = 0, (x€9). (3-4:5)

We recognize (3-4:3) as the equation of motion for a material with elasticities c{}},
subject to an appropriate body-force. Hence by substitution in the identity (2:17),
with ¢, = 0,we are led to

2(u(t),’tl(t))=J1 (26— 7) (Copier w1 M),y — (W) (Cippy w2t — 7)) j1dypd,  (34:6)

0J0

where dependence on the argument z is henceforth suppressed. We introduce the

definitions .
C = max (Cyp; Cyr)® (3:4:7)
o
IVu(e)|? =f u; (%, 8) uy 4(x, t) dz, (34:8)
0
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and after integration by parts, repeatedly apply the Cauchy—Schwarz inequality to
obtain from (3-4:6) the following sequence of inequalities, valid for 0 < 2t < T':

S(ult), ult)) < ( f ||Vum||2dn) ( f IIVu‘2’77)||2dﬂ)
=0( f uvw“(m—Vu<2>(m||2dn)’( f ||Vu‘2’(77)||2d77)§
<Ct+a) ( f {nvw” Ml+E vy |I’}d77) (f lIVu‘z’(ﬂ)Ilzdﬂ)

Ol +a f[éﬂy( f IIVu“’(ﬂ)ll“’dn)
¢ t
F1-p) ( f Iqu“’(ﬂ)Iledﬂ)( IIVu‘2’(77)lI2dﬂ)

4[]
+(G+2) ([ rvuanzay
<C [(1+ )(1— ﬂ:II:J? Ve () )|2 + JYIIV'M(” |2d77] (3-4-9)

where a, f (< 1) and y are positive constants which in the last inequality are chosen
to satisfy
= (1-p)/p, a=21-B)/(1-2p). (3-4'10)

The minimum value of the multiplicative factor in (3'4'9) is given by }(1++/2)C. We
suppose that the solutions ™, u® belong to the constraint set given by

T
[ 1vuemirar <o @=12 (3411)
]

where M is a positive constant. An integration of (3-4:9) over (0, s), where 0 < 2s < T,
then leads to the continuous dependence estimate

Hu(@)? < (1+4/2) M2sC < MTM3(1++/2)C (0<2s<T). (3-4-12)

Alternatively we may use the constraint set

f f (wf(x, p)u)(x, n)Pdzdy < M}, (2 =1,2), (3-4-13)

where M, is a positive constant, to recover from (3-4-6) the continuous dependence
estimate ,
1 3
lu(s)® < (1 +7§) TMm (f Ciset Cogl dx) (0<2s<T), (3-4-14)
Q
in which we have used Schwarz’s inequality and again integrated over (0, s).

The same general comments made in §3-1 for the body-force apply equally to the
relationship between the estimates (3-4:12), (3-4-14) and the corresponding results
derived in Corollary 3-1 of [6] which also do not require the elasticities c{}, to be
symmetric. The various recursive schemes described in §§3:1, 3-2, 3:3 continue to
hold, although is should be noted that when extending the interval of dependence,
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the iterations for intervals beyond [0,7'/2] introduce additional terms involving, for
example, the first time-derivative of the solution (cf. 3-3-1). Furthermore, it is worth
emphasizing that the constraint sets (3-4-11), (3-4-13) are less stringent than that
imposed in [6] which requires the set to be composed of functions whose first and
second spatial derivatives are bounded in L,(Qx[0,7]). Again, the perturbed
solution in [6] is measured in L,(Q x (0, T')), and not L,(Q) as now required, although
as just noted the estimates of [6] may be derived from the ones established here, at
least on [0,7'/2].

3-5. Continuous dependence on density

The methods developed in the previous sections may be easily applied to the
determination of estimates for continuous dependence on the density. We let
u®, 4@ be solutions to the initial boundary value problem corresponding to different
density functions p,(x), p,(x) respectively, but with all other data the same, including
body-force per unit mass. Then on setting

uy(x, t) = uP(x, ) —ui?(x,t), (3-5-1)
P(x) = py(z) = py(2), (3:52)

we have that subtraction of the respective equations (2-1) yields
(Copma e, 1), 5 +PLED =) = pyiy, (2, 1)€Qx[0,T)), (3.5.3)

with homogeneous boundary and initial data. We note from (3-5:3) that the per-
turbation u; occurs in a material of density p, subject to body force (p/p,) (%> —f,)
per unit mass. Suitable modification of identity (2-17) therefore leads to the
expression

2(u(t), u(t)) = 'r L plug(2t—n) w®), (1) — u, (n) uf, (2t —7) dxdy
0

+ f f plu(2t—n) fi(n) +uy(n) f(2t—7)]dx dy (3:54)
0JQ
= —f J plu (2t —n) u®(n) +u; () u(2t—9)]dz dy
0JQ
- f P20 ul(0) des+ f f P2 —7) ) + ) 2t — ) dee iy
Q 0Ja (3-55)

where we have integrated by parts to obtain (3:5:5). The first integral on the right of
(3-5°5) may be treated in similar manner to that used in the derivation of (3-4:9) while
the second integral may be estimated according to the discussion of §3-1. Hence we
have

S(u(t), a(t)) < max |p/p] {%(1+vz>[ f [ ()2 dn + f IIu‘2’(77)||2d77]
Q 0 0

+ /2 [[a@(0) | [ lu®(2¢)] + e (2t)]| T

+( f IIu(ﬂ)llzdv)i( f ufw)nﬂdn)’} O<2<T). (356
0 o
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where in the definition of the norm we must now take the density function to be p,
(cf. 2:5).
We impose on the solutions the constraint

T
f [le@ @I+ a9 *1dy < M2, (a=1,2), (3-5°7)
(1]

and then, as usual, integrate (3-5:6) over (0,s), 0 < 2s < T to conclude
lu(s)I? < max lp/py| [My TH1+v/2)/2+ V24P M, TF (0 <2s<T), (358)

which provides a continuous dependence estimate.

It is straightforward to derive an estimate analogous to (3-4'14) and to generate
recursion relations corresponding to those described in §§3-1, 3-3, so that in particular
continuous dependence can be extended to the interval [0,(1—-2"")T],»n=1,2,....

We remark that the constraint on [[&¢®(¢)(|, « = 1,2 may be eliminated on using
the weaker norm |v(¢f)||2, where

vi(x’ t) = JI ui(x7 ﬂ)d"ﬁ
0

to measure the solution. The resulting equations of motions continue to be in the
form given by (3:5:3) but with the body-force term replaced by

p(ﬁgm _fl —hi),

where h, is the common value of the initial velocity. The constraint (3:5-7) then
becomes

T
f Ll + Tt dy < M2 (@ = 1.2),
0

with corresponding alterations to (3:5-8) and subsequent estimates.
Finally, let us note that an alternative analysis may be based on (3-54). An
application of Schwarz’s inequality yields

¢ 3 ¢ i
2(u(t), u(t)) < max |o/p ( J” uu(mn?dn) (f ||1'i‘2’(77)||2d77) ©0<2<T)
9] 0 0

We may locate the perturbation u (or equivalently, the component solutions
uM, 4u?) in the constraint class (3-1-4), but then a bound is needed for the second
integral on the right in terms of the data. This is derived in the course of calculations
described in the next section. (See the final remark at the end of §4.) Integration over
(0, 8) then leads, as before, to the continuous dependence estimate.

4. Continuous dependence on initial geometry

4-1. This final section considers continuous dependence of the solution upon the
initial geometry. It is unlikely that measurement of initial data can occur
simultaneously throughout Q at a given instant of time, say ¢ = 0. Rather, the
measurement of data will take place during a given interval of time about the instant
t = 0, so that at a definite point in 2 the data is measured at an actual time depending
upon the position of that point. It is of interest therefore to estimate the error in the
solution thus introduced, and in fact we show that for suitably constrained solutions
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the error is proportional to the maximal time interval over which the data is
measured.

After the treatment given in [6], Payne[12] presented a preliminary version of the
arguments developed here but only for negative-definite elasticities. The continued
relaxation by us of any sign-definiteness assumption means that the present
calculations encounter considerably more difficulty.

Let Q(T') be the space-time cylinder enclosed by the boundary 09, the plane t =T
and the surface X defined by ¢t = ¢f(z), z€Q,where |f(z)| < 1 and ¢ > 0. We suppose
that u,(x, ?) is the true solution whose initial data is measured on the surface £, while
v(x, t) is the solution supposing data to be specified at ¢ = 0. Hence, when no body-
force acts, u, and v, respectively satisfy

(Com e, 1), = Py ((2,)€Q(T)), (411)
;=0 ((x,)edQ\(ZV{t =T})), (41-2)

U (x, t) = g,(x), u(x,t) = h(x) ((x,t)€X), (4:1-3)
(Corr e,y =pb ((x,)€Qx(0,T)), (41-4)

v, =0 ((x,)€dQx(0,T)), (41°5)

v(z, 0) = g,(x), V4(x, 0) = h(x) (reQ), (4-1-6)

where we also assume that the elasticities obey the major symmetry condition
Cijkr = Cruig- (41-7)

We further assume that the functions g, and 4, are everywhere sufficiently smooth on
2 (or on 0Q at t = 0), and that the differential equation (4:1-1) holds in an appropriate
weak sense on I (cf. for instance the derivation of (4:3-16) below). These
assumptions are reasonable for processes that have commenced at times well before
the data has begun to be measured. We additionally suppose that X is a non-
characteristic surface of the differential equation (4-1-1), so that the matrix whose
components are given by

Ay = [pn: Sik— Cisra 7y M), (41-8)

is positive-definite on X, where n;,,7n, are the spatial and time components,
respectively, of the unit outward normal n on X. Finally, we assume that

n, <—k<0 ((z,teX), (4-19)

where k is a positive constant.

Our problem, ill-posed due to the lack of any sign-definiteness assumption on the
elasticities, may be stabilized by restricting the solutions to lie in a constraint set,
here chosen to be defined by

max flw(@®)|®+ max [u@)|® < M3, (41:10)
(z,)eQ(T) (z, t) €eQx[0, T]
for a positive constant M,,.

We first state and prove the main result of this section which contains the estimate
needed to establish continuous dependence on initial geometry. The proof relies upon
a lemma which is discussed in-§4-3.
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4-2. Continuous dependence estimate
The basic estimate, expressed in terms of the function w,; defined by
wy(z, t) = vz, t) —uyz, t), (4-2-1)
is contained in the following Proposition.

ProrosiTioN 4-2. Suppose wu,v, are solutions of (4'1-1)—-(41-3), (4:1-4)-(4'1-6)
respectively and lie in the constraint set given by (4:1-10). Then under the assumptions
listed in §4-1, we have

lw@)* < KM%, e (0<e<t<(T+e)/2), (42:2)
where K is some (computable) positive constant.

Inequality (4:2-2) clearly establishes continuous dependence on the initial
geometry, although again continuity is restricted to a sub-interval. Nevertheless, as
regards the norm in which the solution is measured, inequality (4-2:2) represents an
improvement on the previous result obtained in [6], which in the present notation is
given by

f W) l2dy < K, ME e (t€(0,T) (423)
0

where 0 < §(t) < 1, W, is defined by
Wiz, t) = f (t—7n)wix,7)dy (42+4)
0

and K,,M,, are positive constants. It is supposed that W, belongs to the con-
straint set defined by (3'1'4) and that the second time-derivatives of u; are in
L(@QTN\Qx[0,T]). Clearly, the assumptions required for the present estimate
(4:2-2) are less stringent than those needed for (4-2:3).

Proof of Proposition 42. We observe that the function w,(z,t), defined by (4-2-1),
satisfies on appropriate domains the same differential equation and boundary
conditions as either the solutions %, or v,. A Lagrange identity in the form of (2:17) is
therefore available for w,. Thus, on taking the base interval of time to be (¢, 7) instead
of (¢,,¢) as in (2:17), we have

2(w(7), w(T)) = (W(21 —€), w(e)) + (W27 —¢), w(€)). (4-2'5)
Integration of (4:2-5) over (¢,t), where € < ¢ < (T'+¢€)/2, thus leads to

1 t—e
o) = Blo(e) -+ B, w2t =) + 5 f e wm)dy,  (42%6)
so that by Schwarz’s inequality we obtain
s t—¢ %
lo®)1® < Hlwte) 12 + (@)l ||w(2t—e)u+%7’iuw<e)u[ f ||w<n>u2dn], (427)

which, since the solutions u, and v, are assumed to lie in the constraint class (4:1-10),
yields

lw@)? < $w(e)® +3M |l we)l +—5 My, Tl (e <t < (T+e)/2). (428)

\/2
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Lemma 42 furnishes bounds for ||w(e)|| and w(€)| in terms of ¢ (see (4-3-5), (4'3-6)
respectively) and hence insertion of these estimates into (4-2:8) gives

lw(e)l® < M2, [2Klef+ 2Kf+— TK: ] (429)
thus proving the Proposition. |
It remains to state and prove Lemma 4-2.

4.3. Estimates for w(e)ll, {w(e)ll.

We first continue the solutions u,, v, and their time-derivatives as follows:

e S
e T SR
e S
5i(x,t)={;i‘;((:;t) E<t <7 ;”zg; (434)

Then for fixed zeQ, we see that at t = ¢ we have w, = ,, W, = w where
wy(x, t) = @z, t) — Ty, t), wi(x, t) = z'c,(x, t)—zii(x, t).
We are now ready to state and prove the Lemma.

LemMma 4-2. Let w,, v, satisfy the conditions of Proposition 4:1. Then the function w,
defined by (42-1) satisfies the estimates

lw(e)ll? < K, Mi,e, (4.3.5)
l(e)ll® < K, M2,e, (4:3-6)
where K, and K, are positive constants dependent on the initial data.

Proof. We first treat the bound (4:3-6). The derivation of the bound (4:3-5) for
lw(e)f| will then follow similarly.

We have already seen for fixed € Q that 1,(x, €) = (2, €). Upon further noting for
fixed x that i,(x, —e) = 0, we clearly have

€)1z = lldb(e)l|?
=2 f (b(n), %, (1)) dy
=2 [ wiiear [ b o], 37

which by virtue of Poincaré’s inequality

[ wsonnean < (%) [ v onnean «39)
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becomes 8¢ ¢
et <% [ 1, miedr €39

On the other hand, we also have
s, ,(m 112 < 2[1l5, ()2 + 115, (m)12), (4-3:10)
so that after appeal to definitions (4-3-3), (4-3-4) for u,,é,., we may conclude that

[ wamirar<e| [ [ pwrumenpenardst | o ymia]
-€ QJef(z) 0

(4:3-11)
The proof is complete once the right side of the last inequality is bounded in terms
of the data and the constraint constant M,,. We consider in detail the first integral

on the right omitting in the subsequent discussion the dependence of functions upon
their arguments. We clearly have

f J PUy, U, dedx\f J ( — ) Uy, gy Ui,y A7 AT 4:3-12)
ef

3, +1,), (4:3-13)
where the integrals I,,1, are defined to be
T T—'I] 4
I,= J J (T—e) {pu,, 7o Wi, T Ciget u“,,,uk',,l} dydx, (4:3-14)
QJef
T T—’I] 4
1, =J J (T—e) {pu;, 7,,u,',m—ci,,c,u,;‘,,,'u,,c,,ﬂ}d'iyda:. (4-3:15)
QJef

We next express I, in the equivalent form

1 T
Il - _-5(—7’—7)‘1 J;; J;f [(T—77)5],”{pu",,,, Uy, +cﬂkl Ui, ukv'ﬂ} dﬂ dz,

integrate by parts with respect to both time and space, and use the differential
equation (4-1-1), to obtain

1
h=- 5(T —e)* L (T =P gy g+ Cup Y, gy e} 2y 48
T
QJe
1
== 5(T _8)4 J (T - 77)5 {(pu{, m ui, m + c{jkl u{‘ nf uk, 7[) n’l— 2C“kl uk. nl u" m nj} dS
z

(4-3:16)

where 7 is the unit outward normal on the surface T defined by ¢t = ef(x), zeQ.

Justification for the last calculation is immediate for classical solutions, but for
weak solutions extra differentiability is required to that imposed by the definition of
the solution. What is needed is that in a suitable weak sense second and third
derivatives must exist and derivatives of solutions must be solutions.
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In order to obtain a bound in terms of the data, we decompose /, into the sum of

integrals
I,=J,+J,+J,, (4:3:17)
J. = 1 Ty 0 0 )
where 1= 5T —e) z( =) Cisiet U, gy n,%-—n,’a—zj U, dS, (4-3-18)
1
J, = 5(—T:€—)4 L (T—-?;)5{pui,wui,m]—cm,ui,,’,uk'”z} nﬂdS, (4-3-19)
2 5
J; = —m ) (T —1)° g, 5y, ” Uy, 1, d8. (4-3-20)

We next decompose the integrand appearing in J, into normal and tangential
components on X, and in this way obtain

0%u, O*u
J, = 5T = e)“f (T —n)>{pn? 6y — uunynz}” ianzkds'*'D% (4-3-21)

where D, (and more generally D,, ¢ = 1,2, ...) denotes terms depending solely upon
the data. Similar decompositions for J, and J, lead to

2 J%u, 0 d
Jl =5(T——6)4f2 (T—n)%mﬂ%?ﬁ(nj% ,’a )uk ,n dS+D1, (4322)
2 0%,
J3 = —5(T——-6)4 J;: (T_ﬂ)scijkl,j W; uk,,n,?;dS+D3.
We observe that the terms
(nj %—nq -a%) ug,, and wu, (4-3-23)
2l

appearing in the integrands of J,, and J, are completely known from the data
specified on Z.

Now we recall assumption (4:1-9) together with the assumption that Z is a non-
characteristic surface of the differential equation (4-1-1) so that the matrix (4-1-8) is
positive-definite on X. It then follows from the arithmetic-geometric mean inequality
that terms in the integrands of J, and J, involving second order normal derivatives
may be dominated by those appearing in the integrand of J,. Hence, we are able to
bound I, in terms of the data alone.

In order to derive a bound for the term I,, we integrate by parts and employ the
differential equation (4-1-1) to express /, in the equivalent form

1
1, = f (T —9)* {pu,'wu',,n”—-c,,k,uwuk' zq""j}dS

2(T'—e)* )y

2 T
(T—€)4Jj (T-n)apui‘m,ui,vd»p;dx, (4:3-24)
aJes
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which after some algebraic rearrangement and a time integration becomes

1 0 0
I,= 2(_T—T)4 L (T —9)* cyr Uy (nq 3?—"’1 %) Uy dS

1
+ i | =1 pu ﬂdS+ J (T —n)? puy, , uy ,dy dx
(T—e) Jx
1
+2(T—e)4 .L (T—"l)4 Ciskt, 5 s, Y, 1 Ty ds. (4:3-25)

As we have seen already in the discussion of the integral I,, all the integrals over X
in the expression (4:3-25) involve terms depending only on the data. Thus we

have
1,=P+D,, (4:3:26)
3 T
where P= T—ef f J (T —7)* pu, ,u;,,dy dx, (4-3-27)
QJef
and, as before, D, indicates data terms. We now set
P=P+P,
where P = m&f J (T =) {puy, y y y+ Coppy %y 5 %y 1} A7 A, (4-328)
P, = 2(T—e_)4 J-Q J.ef (T —7)*{pu,, 2 Wi, Coget %y, 5 Ui, o} Ay der. (4:3-29)

The integral P, may be treated in exactly the same manner as I, and hence may be
bounded in terms of data. To estimate P,, we integrate by parts in (4:3:29) to obtain
successively

3
T f (T =0)* { P gy My — gt %y 0} S

3 T
T=e) LLJ (T —n) pwwy, , dn dx

3 T
= ST —ep fﬂﬁfpuiu,dﬂdx+D5

3(T +e¢)
< 2 .9Q.
S sT—ey T M3+ Dy, (4-3-:30)

where in the last line we have used the constraint (4:1-10).

We have thus succeeded in establising upper bounds for I, and I, in terms of the
data and the constraint constant M,,. Upon inserting the various estimates into
(4:3-13) we conclude that

T 3(T +e¢)
<——2 M 3.
L'pru,‘,mu,',mdndx AT —e) M2, + Dy, (4-3:31)

and therefore on supposing that the data term D satisfies
Dg < by M3, (4-3:32)
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for some positive constant k,, we obtain the final estimate

T
J f PUs Uy, dndx < Ky M3, (4:3-33)
QJef

with K, a positive constant.

In order to obtain the corresponding bound for the second integral j'; v, .m0 dy
occurring in (4:3'11), we simply replace the surface £ by ¢ =0 in the previous
calculations and note that on ¢ = 0 we have n, = — 1, n, = 0. The requisite bound is
thus of the same form as (4-3-33).

On substituting these estimates into (4:3-11) and (4:3:9) we arrive at the given
bound (4:3-6) for |w(e)|®.

We remark that for the constraint set (4-1:10) we could have taken the factor
[(T'—9)/(T —¢))? instead of [(T'—7)/(T —¢)]* in the initial inequality (4-3-12).

We next consider the derivation of the bound (4:3-5) for ||w(e¢)|[2. Indeed, this
bound may be easily determined by broadly repeating the procedure just described
leading to the estimate for [w(e)||%. In terms of the continuations (4-3-1), (4-3-2) for
the solutions w,, v; respectively, the inequalities analogous to (4-3'9) become

8¢ .
o)l < —f i, ()12

¥
166‘
U f pug, U, dydx+ f v, n)ll”dn] (43:34)
ef

The integrals on the right of (4:3-34) may be treated by means of the techniques used
to bound the integral P in (4:3:27), and so we may immediately establish the required
estimate (4:3'5). The proof of the lemma is thus complete.

One final remark deserves mention. Let us set € = 0 and consider the inequality

16 (T
J:Lpu‘-wutwdxdﬂgﬁjo _L (T —9) puy 0y ydzdy (0 <t <T/2).

We may thus employ our procedure to derive a bound for the integral on the right
in terms of the initial data and the constraint constant M, provided the solution
u, lies in the constraint set (4:1-10). Such a result is of importance elsewhere. In
particular it may be combined with arguments analogous to those of §3.5 to derive
continuous dependence of the solution upon the density. (See the Remark at the end
of §3.5.)

The research of the second author was supported in part by N.S.F. Grant DMS-
8600250.

REFERENCES

[1] L. BrRuN. Méthodes énergetiques dans les systemes évolutifs linéaires. Deuxieme Partie:
Théoremes d’unicité. J. de Mechanique 8 (1969), 167-192.

[2] G. P.GaLp1, R.J. Knors and 8. RioNero. Uniqueness and continuous dependence in the
linear elastodynamic exterior and half-space problems. Math. Proc. Cambridge Philos. Soc.
99 (1986), 357-366.

[3] A. E. GREEN. A note on linear thermoelasticity. Mathematika 19 (1972), 69-75.

{4] R.J. K~vops and L. E. PayNE. Stability in linear elasticity. Int. J. Sols. Structures 4 (1968),
1233-1242.

https://doi.org/10.1017/50305004100065142 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100065142

Improved estimates for continuous data dependence 559

{5] R.J. Kxops and L. E. PAYNE. Uniqueness in classical elastodynamics. Arch. Rational Mech.
Anal. 27 (1968), 349-355.

[6] R.J. Knops and L. E. PaAYyNE. Continuous data dependence for the equations of classical
elastodynamics. Proc. Cambridge Philos. Soc. 66 (1969), 481-491.

[7] R.J. Kxops and L. E. PAY~NE. Growth estimates for solutions of evolutionary equations in
Hilbert space with applications in elastodynamics. Arch. Rational Mech. Anal. 41 (1971),
363-398.

{8) H. A. LevINE. An equipartition of energy theorem for weak solutions of evolutionary
equations in Hilbert space: The Lagrange identity method. J. Diff. Eqns. 24 (1977),
197-210.

[9] P. M. Nacupi and J. A. TRaPP. A uniqueness theorem in the theory of Cosserat surface.
J. Elasticity 2 (1972), 9-20.

[10] L. E. Pay~E. Improperly Posed Problems in Partial Differential Equations. Regional
Conference Series in Applied Mathematics (SIAM, 1975).

[11] L. E. Pay~E. On stability and growth of solutions to second-order operator equations. In
Mathematical Methods and Models in Mechanics (Banach Center Publication No. 15,
Warsaw 1985), pp. 465—475.

[12]) L. E. PaYy~NE. On geometric and modeling perturbations in partial differential equations. In
Proceedings of the L.M.S. Durham Symposium on Non-Classical Continuum Mechanics
(Cambridge University Press, 1987), pp. 108-128.

[13] L. TArTAR. Nonlinear Partial Differential Equations using Compactness Method. MRC
Technical Summary Report No. 1584, University of Wisconsin (1976).

https://doi.org/10.1017/50305004100065142 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100065142

