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Carousels are rotatable closed-loop storage systems for small itdrase items
are stored in bins along the loofin order at a carousel consists @@y n dif-
ferent items stored ther@e analyze two problem$l) minimizing the total time
to fill an order (travel time@ and (2) order delays as they arriyare filled and
depart We defineclumpyorders and the nearest-end-point heuristi&€PH) for
picking them We determine conditions for NEPH to be optimal for problét)
and under a weak stochastic assumptiea derive the distribution of travel time
We compare NEPH with the nearest-item heuristinder Poisson arrivals and
assumptions much weaker than in the literatuve show that probleni2) may
be modeled as akl/G/1 queue

1. INTRODUCTION

Carousel systems are inventory systems in the form of a rotatable closed heyp

are used in automated warehouses to facilitate the storage and retrieval of small
parts Along the loop are a large number of storage bgtelvesor drawerswhere

each bin stores a particular kind of part
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We will analyze the filling of orders at a warehouséere arorder consists of
a set of(say) n items(kinds of parj stored on the carousédn order may call for
more than one part of the same kind from the sameTiis possibility causes no
difficulty in our analysis

To fill an order the carousel rotates to a point whergieker (human or other-
wise), in a fixed location selects an itegthen rotates again for the picker to select
another itemand so on until all items are selected

We will consider two problemg1) minimizing the total time to fill an ordethe
fill time) and(2) the analysis of the delays experienced by orders as they aaree
filled, and departa queuing analysis

The fill time consists of the sum of times for the carousel to move from one
location to the nexftthe totaltravel time and for the picker to pick each item
(a picking time. We assume that picking times are independent ofpic&ing
sequence-the sequence that items in an order are picRéualis the time to fill an
order with a fixed set of items depends only on this sequeiesassume that the
carousel moves at constant velocityand for convenience we choose= 1, so
travel time is equal to travel distandgnder these assumptigmainimizing travel
distance also minimizes travel time and fill time

Because the carousel moves and the picker is in a fixed logate®will adopt
a convention found to be convenient by other auth@fs pretend that the picker
moves and the carousel is fixed

As in Bartholdi and Platzmdi], Litvak and Adar{5], Litvak, Adan Wessels
and Zijm[6], and Rouwenhorstan den Bergvan Houtumand Zijm[7], where the
above assumptions are made= model the carousel as a circle with circumference
of length % facing the circlewe use the shorthamight for clockwise andeft for
counterclockwise movements

For an order of items in known locations and the picker in some initial loca-
tion, there aren! possible picking sequences for the picker to select the ité&ms
optimal sequenc@ot necessarily uniqueninimizes travel timeFor many of these
sequenceghe picker passes by some items without picking thenty to have to
come back to them lateBuch sequences clearly are not optinrathe weak sense
that for any such sequence there is another that is at least aggjokitems at the
first opportunity. Thus we consider sequences where the picker starts off in one
direction say to the rightpicking up items along the wayntil either to completion
(all items are pickegor, after picking some itegrswitches(changes directigrthis
time to the lefi and picks items in that direction either to completion or until the
picker switches agajrand so on

The swings back and forth as the picker switches become w@tansider
any sequenc€ with more than one switgland suppose that after the last swijtch
the picker is moving leftReplace this sequence with the single-switch sequence
H, where the picker initially moves right to the last item picked on the widest
swing of F, and then moves leffThe travel distancéand time of H is smaller
than that ofF. This proves the following resylpreviously shown in Bartholdi
and Platzmanl] and Sterr{8]:
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THeoREM 1.1: The optimal picking sequence switches direction at most once.

Thus for an order of items the optimal sequence is one of the following 2
sequencesThe picker moves initially either to the right or the left aridr each
direction either continues to completion or switches after picking ftieitem
j=1,...,n—1, and then continues to completion

From this theorenthe computational effort to determine the optimal solution is
modest unlessn is large Neverthelessvarious heuristics have been considered
because they are easier to implemant under certain assumptions they have been
shown to be “near” optimaln ong which we callsweepthe picker moves in one
direction until all items are pickedror exampleBartholdi and Platzmafl] con-
sider sweep in an arbitrary directisweep in the direction of the nearest item to the
picker, and what is called theearest-item heuristidNIH ), where the picker initially
picks the nearest iterand after each selectiphe picks the nearest unpicked item
until all items are picked

Whereas Bartholdi and Platzmfh| analyzed policies in a deterministic set-
ting, Litvak and Adan 5], Litvak et al [6], and Rouwenhorst et dl7] did most of
their work under an assumption that we c&llfor random: The locations of the
items in an order are independent and identically distribditéd.), with the uni-
form distribution over the circumference of the carousmbplicit in R is a contin-
uous approximation for a large number of individual bins

In Litvak et al [6], NIH was analyzed undeR; among other resulfshey ob-
tained closed-form expressions for the mean and the variance ¢totiaé travel
time to pick an orderln Litvak and Adan[5], these results were extended to the
distribution and arbitrary moments of the travel tird®rresponding results for the
optimal travel time undeR are unknown

In Rouwenhorst et a[7], a carousel was modeled as a single-server queue
where arriving orders are Poissamnders are served first-in-first-oUFIFO), order
sizes are.i.d., and independent of all elsan order of sizen satisfiesk. For any
policy such as NIkisweepor optimal it is readily seen that order service times are
i.i.d. under these assumptigrend the queuing model becomes a standayf®/1
gqueueWhen the time to pick the items is negligibtbe average delay in queue is a
function of the first two moments of the travel tindes these moments are unknown
for optimal travel timesthe article spends considerable effort approximating these
moments for this case

Sometimesassumptions such && develop a life of their owpand many arti-
cles are written that analyze consequences of these assumptithwit question-
ing whether they are reasonabla a particular applicatiognof course data will
either support or challenge modeling assumptidre generallymodeling choices
should be based on our understanding of the class of intended applicativeis in
this caseis carousels

Adesigner of a carousel assigns items to bileen there are a large number of
(say kbins and the designer assigns the set of items to the set of bins such khat all
possible assignments are equally likehenR will be a good approximatiarin this
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connectionwe mention Ha and Hwan@]. Although the model is quite different
(e.g., items are stored and retrieved individua)lthey show that performance is
improved when some assignments are more likely than athers

Herg we are dealing with ordey/hich are subsets of the set of iterfer items
that often occur together in the same ordesuld it not make sense to assign them
to locations that are near each other? Although it may be true that the location of a
randomly selected item is uniformly distributed over the circumferesome as-
signmensubsetshould be more likely than othei®ne defense oR is simply lack
of information However good design may undermine this assumptamd when it
does we believe that an analysis based®mwill overestimate real travel times

How to make assignments in a way that effectively reduces travel times is an
interesting research topic that is not investigated in this arficttead we investi-
gate the stochastic performance of a carousel under a formulation that is different
from R and captures the idea that items in the same order should be stored near each
other

In Section 2we defineclumpyorders and the simple nearest-end-point heuris-
tic (NEPH) for picking them We determine conditions for NEPH to be optineahd
under an assumption denoted Bywhich is much weaker thaR, we derive the
distribution of total picking time under NERHh Section 3we analyze NIH under
an assumption similar t®, where now, item locations are randomly distributed
over the clumpUnlike what occurs under, the performance of NIH gets worse as
nincreasesWhen arriving orders are Poisson and under assumptions much weaker
thanR, we show in Section 4 that order delays may be modeled as those arriving
from anM/G/1 queue and well-known elementary formulas applhys is true un-
der NEPH NIH, or any other rule for picking ordergn Section 5we analyze a
modification of NEPH

2. CLUMPY ORDERS AND THE NEAREST-END-POINT HEURISTIC

For an order oh = 2 items let | be the length of aré, the longest arc between
successive items on the circumference of the carqusa) not be uniqugandC be
the complementary aywith lengthr =1 — |. The entire order lies withi€, includ-
ing one item at each enéor n = 1, we defineC as the point where this item is
located and = 0. As the spacing between the itemdGris smaller than, we callC
aclumpand say that orders ackumpy

By our definition all orders are clumpythis is just a way of conceptualizing the
problem In a stochastic settingve believe that this approach is useful when the
items in an order tend to be closer together tRawould predict

If the items are located as points on a linear segni&naight ling rather than
on the circumference of a cirgléhe optimal policy(for minimizing travel timg is
obvious Call the points that are farthest apart the two end points and suppose that
the picker starts between theithe picker should first go to the nearest end point
then switch direction and go to the farthest end pdiihis suggests the following
heuristic where now an end point is an end point@f
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NEAREST-END-PoOINT HEURISTIC (NEPH): When starting in A, the picker sweepsin
the direction of the nearest end point. When starting in C, the picker moves to the
nearest end point, then switches direction and moves to the farthest end point.

Notice that when the picker startsApNEPH and NIH are identicalhey may
be quite different when the picker starts@ We now present conditions where
NEPH is optimal

THEOREM 2.1: When the picker starts in A, NEPH is optimal. When the picker starts
in C and r= 3, NEPH is optimal.

Proor: When the picker starts iy, it is easily shown that switching directigance
cannot be optimal andhence NEPH is optimal Suppose the picker starts@ For

n = 2, NEPH is optimal Adding points(items to an order cannot decrease the
optimal travel timeFor fixedr and picker locatiopadding points withirC does not
change the travel time under NEPHence NEPH is optimal fom > 2 as well &

When the picker starts i@, it is easy to show that NEPH may not be optimal
whenr is large because traversidgmay reduce the travel timelere is an example
that shows this can happen for any 3.

Example 2.2:Locate three items at,0t — 2¢, and 3 + €, wheree > 0. C is

ard0,3 + €] andr = ; + €. Suppose that the picker starts;atNEPH gives travel
time 3 + ¢, which is longer tharg, the travel time by moving toward + ¢ and

sweeping

This is just an examplérorr > 3, NEPH may be optimaldepending on the
initial location of the picker and the location of points withi In particulay sup-
pose that the picker is withis of its nearest end poinThen NEPH is optimal if
r + 2s=1. When the points are closely spaced gndr < 3, NEPH will be optimal
or nearly so

2.1. Stochastic Performance of the Nearest-End-Point Heuristic

Let TE be the(total) travel time(or distance by the picker to pick an order under
NEPH Whether the picker starts i@ or A, we write TE as the sum

TE=ZF+r, (1)

whereZE is the time to travel to the nearest end poinGyfnd once thete is the
time to travel to the other end poimMotice that for fixed:, T is independent of the
number and the location of points with@

We now make assumptid®, for the randonpicker. The location of the picker
is uniformly distributed over the circumference and is independent of the location of
the clump The rationale forP is that when orders are divetgbe location of the
picker when finished with one order is unrelated to the location of the clump for the
next This assumption is implied by the formulation of the queuing model in Sec-
tion 4 and is much weaker th&g.

https://doi.org/10.1017/50269964804181011 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964804181011

6 Y. Wan and R. W. Wolff

Let U(a, b) denote a uniform distribution on intervéd, b) and the symbot-
mean “distributed aSUnder P, the picker starts il€ with probabilityr, and given
that this occurst is readily shown thaZ & ~ U (0, r/2). (Split the arcC into two arcs
of equal length and condition on the picker starting in either.Jo8emilarly, the
picker starts inA with probability 1— r, and given that this occursZ® ~ U (0,
(1—r)/2). Thus underP, the distribution ofZF is a mixture of uniforms

ZE~ru(0,r/2)+ (1—-r)u(0,(1—r)/2), 2

and from Eq(1), so is the distribution of E. The mean an¢after some algebjahe
variance ofT E readily follow from Egs (1) and(2):
1+2r+ 2r? 1 r?(1-r)?

E(TS) = =—,—— and V(T®)=V(z)=_

48 4 3)

3. NEAREST-ITEM HEURISTIC FOR CLUMPY ORDERS

Example 22 shows that NEPH may not be optimal for clumpy orders when3.
NIH is shown to perform well undeR (Litvak and Adan 5], Litvak et al [6]). A
natural question is whether NIH performs well when orders are cluAgipchastic
analysis of NIH for clumpy orders requires a model of how items within a clump are
dispersedwWe will make an assumption much lik&, but with locations restricted to
the clump

Whenr = 3, the picker will not travers@ under either NEPKwhich is optima)
or NIH; the treatment of this case is similar to a linear segment of length

3.1. Stochastic Performance of the Nearest-ltem Heuristic
on a Unit Segment

Consider an order af = 2 items on a unit interval such that there is one item at each
end point We assume that the locations of the remaiming 2 items and the initial
location of the picker areiid. uniform on this intervalThus there aren — 1 “inside”
points and our analysis will be based on the corresponding order statistics

Label all the points from left to right asQ..., n, where points 0 and are the
two end pointsLetV; be the distance between poinendi —1,i =1,...,n. Itiswell
known that(V4,...,V,) has the same distribution 4¥,/S,,..., X,/S,), where
X4,..., X, are ii.d. exponential random variables aisg = >, X; (Karlin and
Taylor[3, p. 105]). ForS.= 3K, X, k=1,...,n, Litvak et al [6] show that

min(s’xi+1) _ 1‘ _ i - —
E<T>_n<1 2i), i=1...,n—1 4)

We will use Eq (4) to find properties off}, the total time to pick an order ofitems
under NIH We write T, as

T =2 +1, (5)
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whereZ/, is the time for the picker to pick the first of the end points and 1 is the time
to travel from the first picked to the other end poimntthe limit whenn — oo, we use
T. andz!, for T) andZ!, respectively

Let Y, be the index of the initial location of the picker before any moxec
{1,...,n—1}. As these locations are equally likelye write

n—1
> EZiYa=y)
E(Z)) = E[E@Ya)] = ———
TofindE(ZL|Y=1), let Zj',n be the additional time to travel to one of the end points
given that the picker is at poiftand any items at points 1., j have been picked
Z},»= 0. The indices ofX., are labeled according to their order of being considered
by the heuristicForj =1,...,n— 1,

min(§, Xj.1) 0 if S <X
S Z{.1n otherwise

Applying Eq (6) recursively and making use of E@) along the waywe have

ca- (52}
it o

E(Z!]Y,=Yy) fory > 1 may be found by conditionindput the set of equations does
not give a neat analytical expressifinom these quantitieene can computg(T,!).
For exampleE(T,) = 1.25, E(T4) = 1.2917 E(T)) = 1.3229 andE(T{) = 1.3466

For largen, let m, be the positive integer such that the probability of switching
direction on then,th move P(S,,, < Xy, +1) = 1/2™, is small enough to make the
total effect of any switch aftan, moves negligibleAs n — oo, the total time to visit
m, points is insignificantly smalland after thesen, moves the picker is equally
likely to be moving left or right from any initial locatianThus asn — oo,
Z!, > 7~U(1);E(T)) =E(r) +1=15andV(T)) = V(1) = &.

To assess the performance of Nk compard=(T,) with (optimal) E(TE) on
this line segmenthere it is easily shown th&(TE) = 1.25. Let theovershoobe
the percentage by whidB(T.) exceeds the optimal valu€orn = 2, NIH is the
same as NEPHand the overshoot is zerdhe overshoot is as follow§orn = 3, it
is 3.33%; for n = 4, it is 5.83%; for n = 5, it is 7.73%; and in the limit am — oo,
itis 20%

Zl, = (6)

Sk S|

E(ZalYa=1) =E(Zyn) =

3.2. The Limiting Performance of NIH on Clumpy Orders

Consider a clumpy order with= 3. We now assume what we c&lC: the locations
of then — 2 items within the clump areiid. ~ uniform onC, an arc of lengthi. We

https://doi.org/10.1017/50269964804181011 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964804181011

8 Y. Wan and R. W. Wolff

also assuméP. RedefineT. and Z!, from a unit interval to arcC. Then T, =

Z!, + r. Given that the picker starts i, an event with probability + r, Z!, ~
U(0,(1—r)/2), the same as under NEP&iven that picker starts i@, an event with
probability r, we have a rescaling of the analysis of NIH on a unit segment and
hence zZ!, ~ U(0,r). Combining we have

T =2z +r,
where
Z~ruO,r)+ (1-r)u,(1—r)/2). (8)
After some algebrave get
E(1_olo):1+2r+3r2 and V(T$):i_r2(6—16r+9r2). ©)
4 48 16

Unlike the analysis of NIH undeR (Litvak and Adan[5], Litvak et al [6]), per-
formance does not approach optimalityreacreasesbut gets worsgas the picker

has a higher probabilifyapproachings, of hitting the farthest end point firsThe
direction of the nearest point provides no information about the direction of the
nearesendpoint Under the assumption that the points witiare equally spaced
(not randon, rather than.i.d. uniform, the distribution in Eq(8) is exact

4. QUEUING ANALYSIS FOR CLUMPY ORDERS

We now model the carousel under a set of assumptions wezalhe carousel
operates as a single-serypicker queugewhere arriving orders are Poisson at rate
A. Orders are served FIFO and properties of ordeosn order to orderare ii.d. For
orderj, these properties include the followinGlump location(measured from ei-
ther end pointis uniformly distributed on the circumferenagdump arc lengthR,
and the number of items in the ordly, have some joint distributioffo analyze the
gueuing model under policies such as NiHe distribution of points within the
clump would also have to be specified

Under any of the policies we have considgried T; be the travel time to pick
orderj. The service tim& of this order is§ = T; when picking times are negligihle
(More generallywe can write§ = T, + aN, whereais the time to pick an individual
order, our approach still appliebut we omit this complication in the following
UnderQ, the picker satisfies assumpti¢hand the service time§ are ii.d. Thus
the queuing model is av/G/1 queuelt is not necessary to assume the much stron-
gerR to have this simple queug/e now present some results for this modedr
them and additional properties of tMyG/1 queuesee Wolff[9, Chap 8].

Letdelay O be the time from the arrival of ordg¢to when servicétravel time
on that order begindet S= T be a generic service timand letR be a generic arc
length Whenp = AE(S) < 1, all customers are servednd the long-run average
delayd is given by
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d= AE(SZ). (20)
1-p

Under NEPHthe conditional distribution of T|R=r) is given by Eqs(1) and(2),
and the conditional mean and variance is given by(Bg Thus moments oSmay
be found from moments d®. This is clearly appropriate whemR= 3) =1 and is
also appropriate when the points witlfirare closely spaced arjrarely exceed.
Analytic expressions for the moments ®are not required to apply E¢L0).
They can be estimated easily by working out optimal travel times and service times
(whether or not picking times are negligibl®r a sample of orders
The simplicity of this model is a consequence not onl§Pdifut also of the FIFO
assumptionParticularly when most of th& are small there are advantages to
abandoning FIFQs it not foolish to pass over an order that could be pickedthe
way to picking an order that arrived earlier? Thearest-ordetheuristic(NOH)
(rather than nearest item within an orfldeserves consideration and was analyzed
in Krouse and Schmid#] under the special case where an order consists of a single
item and picking time is not negligibl&Ve are currently investigating NOH and
other alternatives to FIFO

5. LARGE r AND THE MODIFIED NEAREST-END-POINT HEURISTIC

Forr = 3, NEPH is optimal and there is no reason to consider any other way of
picking ordersFor the rest of this sectignve assuméC andP.

Now, consider the rangé < r = 3. Suppose that the picker startstnNEPH
will be asymptotically optimal as the number of items> co becausgon reaching
the nearest end pointhe picker will find that switching direction is better than
traversingA. Under NIH, the picker mayfoolishly) reach the farthest end point first
and may find that traversingy is better than switching directiomhus Eqgs (8) and
(9) are not valid in this rangéNeverthelesswve expect NEPH to be better than NIH
in this range whem is large

Now, consider the range> 2. Suppose the picker starts@ Asymptotically
NEPH will not be optimal when the picker starts close to the middié loécause on
reaching the nearest end pgitraversingA will be better than switching direction

We now propose a simple modification of NEPH that performs well for large
andn.

MODIFIED NEAREST-END-POINT HEURISTIC (MNEPH): MNEPH is the same as
NEPH, except in one situation: Under MNEPH, and when$ and the picker starts
in C, the picker sweeps in the direction of the nearest item.

For the rest of this sectigmssumea > 2. Let T,V be the travel time to pick an
order ofnitems under MNEPH

For ease of referengee use the same symb@dsandC to denote the events that
the picker starts in arcd andC, respectivelyGivenA, the time to pick the first of
the end points is-U (0, (1 —r)/2), and the remaining time is
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1+r )
(T A) ~Ulr, > with moments

(1-r)?
48

1+ 3r
E(TV[A) = VR V(TMA) =

GivenC, the picker starts in some interval between two itefiteen TV =1 — L,
wherelL is the longer of the distances between the picker and the two neighboring
items The analysis is related to the shortest-distance heu(Bbe¢d) (Litvak et al
[6], Rouwenhorst et a] 7]); for SDH, they find the mean and variance of the time to
pick nitems to be + (3/2(n + 1)) and(5n — 4)/4(n + 1)2(n + 2), respectively

For our casgarcC s of lengthr and a clumpy order af = 2 items corresponds
to an order oh — 1 items for SDHHence

(5n—9)r?

ETMIC) =1- o, vty = 0T
" ’ . 4n?(n+1)°

2n
Unconditioning we have

" 1+6r—3r2 3r?
EMW) = —F—— 3

" 1-n® Gr—-9rs 1-r r\2
VI = g +4n2(n+1)+9r(1_r)<T_%>'

These results may be used in the queuing model in Section 4

Afurther modification whem > 3 and the picker starts i@ is as follows Use
the NEPH when the picker starts within-1r of an end point and have the picker
sweep in the direction of the nearest item when it starts closer to the mid@le of

6. CONCLUDING REMARKS

We have reformulated the order-picking problem in terms of the clumpiness of or-
ders introduced the elementary NEPH to pick theamd obtained the travel time
distribution under this heuristic and much weaker stochastic assumptions than in the
literature We have obtained conditions for NEPH to be optimal and discussed other
circumstances where we expect it to perform welhder an alternative t&, we
have shown that NIH performs pooygnd believe that one should be wary of using
it whenR does not hold

Our queuing analysis of order delays holds under much weaker stochastic as-
sumptions than in the literature and under NERHKH, or any other rule for picking
ordersAs done in Rouwenhorst et.4l’], we assumed FIFQvhich greatly simpli-
fies the analysisAs explained at the end of Sectiontere are alternatives to FIFO
that we expect to perform much bett€hey are under investigation
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