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Abstract Flow-type suspension and homotopy suspension agree for attractor—repellor
homotopy data. The connection maps associated in Conley index theory to an attractor—
repellor decomposition with respect to the direct flow and its inverse are Spanier—
Whitehead duals in the stably parallelizable context and are duals modulo a certain Thom
construction in general.

1. Introduction
The Morse inequalities as well as their degenerate counterpart, the Lusternik—
Schnirelmann inequalityl]7], are early examples of applications of homotopy theory to
the study of smooth flows. More recently, the subject has developed along three directions:
° Various numerical homotopical invariants related to the Lusternik—Schnirelmann
(LS) category have been investigated intensively.
° Particular attention has been given to Morse-Smale flows where the use of
homotopical methods has had much success.
. The index theory of Conleyd] has introduced homotopical methods in the analysis
of general flows.

The last few years have seen a certain convergence of these topics having at the center
the notion of stabilization. For example, given a two-connected mandgldor k large
enough, one can construct functions on the manifdlck D* pointing inwards on the
boundary and with no more than ¢&f) + 2 critical points [/]. Attaining the best general
lower bound, cat\) + 1, depends, for now, on showing that the LS-category and another
homotopical invariant, the cone-length &f agree §]. This seems likely for most closed
manifolds fLQ] but for arbitraryC W-complexes it is not true and recently new homotopical
examples have been constructédi] [for which the two invariants differ.

Conversely, one can look for critical point estimates for functions that are defined on
M x D* with M closed and which are pointing out & x D¥~'~1 x §* and pointing in on
the complement of this set i{M x D¥). The lower bound in this case is ¢4, M x S')

[9]. For anyCW-complex, this invariant can be show2( to be strictly bigger than a
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more stable version of the LS-categaerf 1 — cat (defined as the leastfor which the
(t + 1)-suspension of theth filtration in Milnor’s classifying construction applied foM
admits a homotopy sectio29)).

This class of functions contains the functions quadratic at infinity studied in relation to
the Arnold conjecture in symplectic geometry. They are at the center of the ‘stable’ Morse
and LS theory of Eliashberg and Gromd¥?]. Because of the Arnold conjecture one does
then expect that ca, M x S') > catM) + 1. This inequality is known to hold in many
cases and it implie®] cattM x S) = catM) + 1. Inits turn, the validity of this equality
for all CW-complexes is known as the Ganea conjecture. The conjecture has been recently
disproved [L6]. However, for symplectic, closed manifolds of symplectic fasrand with
ol = 0 by [2]] one hasr Y —catM) = catM) = catM, M x §')— 1 = dim(M).

Finally, again in relation to the Arnold conjecture and Floer homology, Ceheih|[4]
have introduced a stable homotopy point of view in studying Morse—Smale flows (see also
[15)).

All of this suggests that in the flow context suspending should be understood to mean
taking the product of the given flow with the gradient flow of a quadratic forrRen

The present paper is concerned with the next step in the study of the homotopical
properties of flows: attractor—repellor data. We address two main issues in this context.

. Understand the behaviour of attractor—repellor data under suspension.
° Determine in what measure and in what sense the homotopical information provided
by a smooth flow and its inverse are redundant.

The key point is that suspension is central in dealing with the second matter.

Attractor—repellor data is best understood for Morse—Smale functions. Passage through
a critical point of a Morse—Smale function corresponds to the attachment of a cell. Hence,
for two consecutive critical points one has a relative attachingdnag? 1 — s* where
k is the index of the first point and that of the second. This map has been described
by Franks in L3]. The negative of the original function being also Morse—Smale there is
also a relative attaching map} : " %1 — §"~7 with n being the dimension of the
supporting manifold. Franks has also shown thatMf is stably parallelizable, theds
andd’ are stably the same up to sign.

Conley index theory allows one to define analogues of these maps for general attractor—
repellor pairs of some general flow (which will be supposed here to be defined on a
smooth manifold and to be itself smooth). Assusis an isolated invariant set of and
(A, A*) is an attractor—repellor decompositionfThen one has the map ¢, (A*) —

Yc¢, (A) called the connection map of the attractor-repellor pairA*). Let —y be the
inverse flow ofy, —y,(x) = y_;(x). As (A*, A) is an attractor-repellor decomposition of
S with respect to-y we also have the inverse connection mdapc_, (A) — Zc_, (A*).

Herec, (—) is the Conley index of the respective invariant set. Specialized to the Morse—
Smale case and consecutive critical poiits; Xd ands’ = Xd’.

The results of the paper imply two main things:

. Flow-type suspension and homotopy suspension agree for attractor—repellor
homotopy data.

. The maps andé’ are Spanier—-Whitehead duals in the stably parallelizable context
and are duals modulo a certain Thom construction in general.
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The duality result implies the (co)-homological results of McCot8][ In the stably
parallelizable case the duality together with the suspension result imply that, up to flow
suspension, the direct and inverse attractor-repellor homotopy data are redundant. Conley
index theory works quite well for continuous flows on metrizable spaces, hence in singular
or stratified contexts, and parts of the theory extend even to semiflows. Our suspension
result is also likely to extend to the most general setting. Not so the duality. This result
seems to be specific to flows on manifolds and shows that Spanier—Whitehead duality is
a key ingredient in understanding the related homotopical data. Possibly, the smoothness
restriction might be relaxed.

Of course, the result of Franks on the stable equality up to sigharidd’ is also
extended (as the Spanier-Whitehead duality of maps between spheres is stable equality up
to sign). His paperl3] is closest in spirit to ours even if, due to the fact that for general
flows one has no control on stable and unstable manifolds, our methods are forced to be
quite different.

In trying to make the paper more easily accessible we have included, in the second
section, arelatively detailed recall of Spanier—Whitehead duality and of the main properties
of the Conley index.

The third section contains the precise statements and proofs and is organized as follows.
We first discuss the Thom construction in the setting of the Conley index. This is needed to
prove the suspension result and it also reduces to proving the duality to the study of a flow
defined on a sphere. For such a flow the duality of the two connection maps is obtained by
identifying each of them to a connectant in a certain cofibration sequence and then showing
that these two cofibration sequences are dual.

The paper is written in the language of connected simple systems for two reasons.
Firstly, the constructions related to the Conley index contain many choices and in this
way one is sure of the invariance of the result. Secondly, connected simple systems reflect
precisely the homotopical information that can be extracted from the flow.

2. Recall of some well-known facts

We recall a number of well-known facts, first on Spanier—Whitehead duality and then
concerning the Conley index.

2.1. Spanier-Whitehead duality

2.1.1. Definitions. Two pointed, connected” W-complexes X, X' are Spanier—
Whitehead dual34, 23 if there is a mapu : X A X’ —> 8™ such that the slant
productu*(i,,)*/ : Hy(X') — H™74(X) gives an isomorphism. The mapis called
an m-duality. For completeness recall (see, e]) that the slant produat/y with

a € HPY(A x B) andy € Hp(A) is a cohomology class i#7(B) that satisfies
(a/y,B) = {a,y x B) for all B € H,(B), wherex is the exterior cross product and
(,) is the usual cohomology—homology pairing. The natural map B — A A B
allows one to use in the slant product a class H?*9(A A B) by pulling it back to the
productA x B.

https://doi.org/10.1017/50143385700000183 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000183

382 O. Cornea

Spanier—Whitehead duality behaves well under suspensiaXi:aifid X’ arem-duals
with duality mapu, thenz* X andx? X’ are(m + k + g )-duals with respect to the obvious
suspension oft. AssumeX, X’ are duals by am-duality, «, andY, Y’ are duals by an
m-duality v. Two pointed mapy : X — Y, g : Y/ — X’ are duals if for some, k'
the following diagram homotopy commutes:

/ f/\l ’
SKXATKY ——————=Sky A XKy’

Mgl l

EkX A Ek/X/ M—> Sm+k+k/

In general, only by allowing andk’ to be sufficiently large does this notion of duality give
a duality isomorphism between (stable) classes of nigp&., v) : {X, Y} ~ {Y’, X'}.

Spanier-Whitehead duality implies Poineatlality via the Thom isomorphism. For
example, let(W"; Vo, V1) be a smooth manifold triad withp[[ V1 = aW. Letv
be the stable normal bundle &% and assume it is of ranke > n. Then W/Vq
is (m + n)-Spanier-Whitehead dual t6”(W)/T" (V1) whereT"(—) is the respective
Thom space] (recall that the Thom space of an orthogonal bungiever a spaceX
is obtained from the total space of the unit disk bundle associatedmbthidentifying
to a point the total space of the unit sphere bundle). We have the Thom isomorphism
H™k(Tv(W)/TV (V1)) ~ H¥(W/V1). On the other hand we also have the Spanier—
Whitehead duality isomorphis#” % (TV (W) /T (V1)) =~ H,_x(W/ Vo).

2.1.2. Construction of duality maps.Here is one way to obtain duality map24].
AssumeA c §™t1, B < §™t1 such that the inclusion induces an isomorphism
H.(B) — H.(S™t1 — A), andA, B are connected and disjoint. Define a map in the
following way: fix a pointp € S”*1 — (A B) and identifys"*+1 — {p} with R" 1. We
then definev : A x B —> S™ by v(x, y) = (x — y)/|lx — y|l. Connectivity implies that
this map is null-homotopic when restricted #ov B. It defines a mapt A B — S™
which is a duality map. One can identify dual maps in this settlng ifB’ is another pair

of subspaces ot that satisfies the conditions above andit'> A’ andB’ - B are
inclusions, theri andi’ are dual with respect to the duality maps constructed as above.

2.2. The Conley index. We will use here and in the rest of the paper the conventions
of [22].

2.2.1. Connected simple systemdRecall first that the pointed homotopy category of
pointed topological spaceHo — 7 has as objects pointed topological spaces and as
morphisms homotopy classes of pointed (continuous) maps. A connected simple system is
a subcategorg of Ho —7 such that for any two objecf$;, X» of C the set ma# (X1, X2)
consists of exactly one element. Any m&p —> X2 whose homotopy class belongs to
more (X1, X2) is called a comparison map. Clearly, all comparison maps are homotopy
equivalences. A morphism between two connected simple syskearsd Y associates
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with each paitXg € Ob(X) andYg € Ob(Y) a unique homotopy class of mafis — Yo
with the obvious compatibility properties. We will sometimes call such a morphisraa
of connected simple systems. Connected simple systems also form a c&t8deege also
[18). Let X, Y € Ob(CS).

Assume that we have a (non-void) st of pairs (A, B) with A € Ob(X) and
B € Ob(Y) and mapsfa g : A —> B that are defined for each such pair. We say
that these mapisducea morphismf : X — Y if for any two pairs(A, B) and(A’, B)
in P the mapsfa, g and f4 pr commute, up to homotopy, with the obvious comparison
maps andf is the uniqgue morphism of connected simple systems represented by the maps
fa.p. Of course, defining’ is possible even iP has a single element. However, in many
of the constructions below the maps, g are naturally defined for many pai¢d, B) and
it is useful to know that the induced morphism does not depend on the particular choice of
the pair. Hence, in the following we will speak of amduced mapat the level of connected
simple systems by always consideriRgo be as large as is allowed by the definition of
the mapsfa . z.

2.2.2. Cofibration sequences.An obvious functorz : CS§ —> CS is defined by taking

the supension of spaces and maps. By definition, a cofibration sequence of connected
simple systems is a triple of marXs—U Yy 25 7 %5 $x with X,Y,Z € Ob(CS) with

the property that there ar€g € Ob(X), Yo € Ob(Y), Zo € Ob(Z), a cofibration
sequenceXo — Yo 4% Zo with [ig] = i, [po] = p and if81 : Zo — X Xo is the
obvious connectant, theh = [§1]. The mapé is called the connection map of the
cofibration sequence. The cofibration sequexige— Yo —> Zpis called a representing
cofibration sequence. The cofibration sequence is determined by the chai¢eafever,
because push outs o — 7 do not coincide, in general, with homotopy push outs, the
knowledge ofi only does not suffice). For completeness we recall the definition of a
cofibration sequence. An inclusign A —> B is a cofibration if it satifies the homotopy
extension property. This means that given a homotopyd x [0, 1] — X and a map

F : B —> X such thatF o j = hg then there is a homotop¥ : B x [0, 1] — X that
extendsk and with Hyp = F. This concept is useful here becausg iis a cofibration
then the homotopy type of the quotieBy A is the same as that a8 U,- CA (CA'is

the cone over). In view of this, we will sometimes identif¢’ and B/A. The pair of

mapsA !, B ¢ form a cofibration sequence jf is a cofibration,C = B/A and
r is the obvious collapsing map. A cofibration sequence extends to the right giving a

Xj . .
sequence of maps4 ¢ saX sp 2. whereds is the collapsing
C~B|JCA— (BUUCA)/B =XA.

2.2.3. The Conley index. We recall now a few elements of Conley index thedy22

for the case of a continuous flow: N x R — N, N being a compact metric space. Let
S C N be an isolated invariant set. A paiV1, No) of compact sets itV is an index pair
for Sin N if Ng C N1, N1 — Np is a neighborhood of, S is the maximal invariant set in
the closure ofV1 — Np, Ng is positively invariant inVy and, if forx € N1 there is some
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t > 0 such that, (x) ¢ N1, then there exists a > 0 with y,(x) € N1 for0 <t < 7 and
yr(x) € No, [22].

The basic result in this theory is the existence of index pairs inside any isolating
neighborhood. Moreover, for any two index pairsf(N1, No) and (N7, No) there are
flow induced comparison magé;/No — N;/Ny. In the following we need a uniform
choice for the comparison maps. We will refer to the maps defined by the formula of
Lemma 4.7 of 22] as thestandard comparison mapsThis gives the set of quotients
N1/ Ng the structure of a connected simple system denoteg (%) and called the Conley
index of § with respect to/.

Assume thatS admits an attractor—repellor decomposition, denotedshy, A*), of
attractorA and repellord* (this means that it € S — (A U A*) thenlim_ » y1(x) € A
and lim_, _, —y:(x) € A*). We have a cofibration sequence of connected simple systems
denoted bye, (S; A, A*): ¢y, (A) LN cy (S) BN cy (A™) LN Yc¢, (A) such thats as well
asi andp are flow defined22]. In this case’ is called the connection map of the given
attractor—repellor decomposition.

Moreover, for any tripleVg C N1 C N> with the inclusions being inclusions of NDR’s
and such thatN2, N1) is an index pair ofA*, (N1, Np) is an index pair ofA and(N2, Np)
an index pair ofS the cofibration sequenc¥;/Ng —> N2/Ng —> N2/Nj represents
cy (S5 A, A).

ForM C N we use the notatioh(M) for the maximal invariant set insidé .

2.2.4. Duality and connected simple system3he definition of Spanier—Whitehead
duality induces one for simple connected systems. Consider the connected simple system
formed by a single spac&” and letX, X’ € Ob(CS). We haveX A X' € Ob(CS).

The two connected simple systems are Spanier—Whitehead duals if there is a morphism
X A X' — S§™ giving a duality map whenever restricted X A X[, Xo € Ob(X),

Xy € Ob(X"). A similar definition applies to maps.

Let x5y 2z 5x and 27 5y 5 x' 25 £7 be two cofibration
sequences of connected simple systems. They are called dual cofibration sequences if
the pairs of mapsi, i), (p, p’) and(8, §") are respectively dual. To ensure this duality it is

enough to find cofibration sequences of spam& Yo o, Zo andZ(’) Po, Y(’) N X()
representing, respectively, the two above and Wighi,) and(po, py) respectively duals.
Indeed, in this case, by the basic properties of Spanier-Whitehead d2alityve have

that the associated connectant mépsZo — X Xo and56 : X6 — 226 are Spanier—
Whitehead duals. Of course, under these circumstances, one wants also to show that
the duality relation obtained does not depend on the choice of representing cofibration
sequences.

3. Bundles, suspension and duality

Lety : F — E - Bbe a locally trivial fibration of manifolds (possibly with boundary)
with F and B compact, and lef be a flow onB. A lift of y to E is a flowy’ on E such
that p(y/(x)) = y(p(x)) forall x € E andr € R.
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3.1. The Thom index. We fix a first construction with the next immediate fact.

LEMMA 3.1. Let S be an isolated invariant set of the flow: B x R — B and let
y' be alift ofy to E. Then,§’ = p~1(8) is an isolated, invariant set of’ and there is
an induced morphism,/ (S’) — ¢, (S) depending only oy andy. This morphism is
natural with respect to attractor—repellor pairs.

Proof. Let (N1, No) be an index pair of. We first notice thats’ = 7(f~1(N1 — Np)).
Moreover, the paif f ~1(N1), f~1(No)) is an index pair fors” (with respect to the flow
y', of course). Denot&V; = f~1(N1) andNj = f~1(No). There is a map of pairs
(N7, Ng) — (N1, No) which induces a map of quotientgiy : Nj/Ny —> N1/No.
Notice that this map induces one of connected simple systems in the following way.

First, let(K1, Ko) be another index pair of and let, as abovék’, K be the index
pair of " with K| = p~L(K;),i =0, 1. There are standard, flow defin&®], comparison
maps,N1/No — Ki1/KoandN;/N) — K;/K. By construction, these maps commute
with the projectiongy andpg.

Now assume thatVy’, Ny) is another index pair of’ (and not necessarily one obtained
as a preimage of one &) and consider also an index pair 8f (T1, To). We define a
map N} /N{ —> Ti/To as the composite/; /NJ —> N}/Ny 2% N1i/No — T1/To
where the first and last maps in this composition are the standard comparison maps. The
homotopy class of this map does not depend on the choice of théNaaiNg).

To prove naturality with respect to attractor—repellor sequences consider an attractor—
repellor decompositions; A, A*) for an invariant sef and a tripleNg C N1 C N> such
that the pain N1, No) is an index pair ford, the pair(N2, N1) is an index pair forA* and
(N2, Np) is an index pair fos. Following the notations above we denot€ ltiye respective
preimages by of these sets. It is clear thdt and(A*)’ form an attractor—repellor pair.
The result now follows from the commutativity of the diagram:

N} /Ny — Nb/Ny — Ny/N;

oo

N1/No —— N2/No — N2/N1

The vertical arrows are given, as above, by projection. The rows are the cofibration
sequences that represent the attractor—repellor cofibration sequences of connected-simple
systems. Moreover, note that the right vertical map up is induced on cofibres by the left
and middle projections and this implies that, by extending the cofibrations to the right, we
will continue to get commutative squares. ad

For a pointed spac¥ let, as beforeC X (or C(X)) be the (reduced) cone dn

Definition. With the notations in the proof of Lemma 3.1, the Thom indexSoWith
respect toyy andy is the connected simple syste?tﬁ(S) having as objects the spaces
(N1/No) UPN C(N}/Ng) and with the morphisms given by the homotopy classes of the
maps(N1/No) UpN C(Nj/Ny) — (K1/Ko) UPK C(K1/K{) induced by the standard
comparison maps.
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LEMMA 3.2. In the context of the lemma above and assuming tlfatd, A*) is an
attractor—repellor decomposition there is a cofibration sequence of connected simple
systemszl, (A) — T (S) —> Ty (A*) — &) (A).

Proof. The naturality given by the previous lemma implies the existence of the maps in the
statement. These maps give a cofibration sequence because of the general fact that if in the
diagram:

A —=B —>(

R

A—B—>C

yoo

A// > B// > C//

the top two horizontal rows as well as the columns are cofibration sequences, then the third
horizontal row is also a cofibration sequence. In our case, the top row contains the spaces
representing the Conley index ef. The spaces in the middle row are obtained from the
spaces giving the Conley indices with respect thy pasting the reduced cylinders of the
projections. The vertical maps are inclusions in the free ends of these cylinders. O

Assume thatS; A, A*) is an attractor—repellor decomposition for the flpw Recall
that we denote by, (S; A, A*) the attractor—repellor cofibration sequence associated with
this decomposition. We will denote ti}},”(S; A, A*) the cofibration sequence given by
Lemma 3.2.

Remark 1.Notice that this also applies to the limit case when the total spagei®f/oid.
In this caseE}f(S; A, A¥) is isomorphic toc, (S; A, A*) (recall thatX /@ is the disjoint
union of X and a point).

Remark 2.Parts of the lemmas above can also be deduced from resultsS]in ffor a
related construction see alsg].[

We discuss now the following particular case. Consider a Riemannian fibre bundle
n:R" — T — B. As before lety be a flow onB and lety” be a lift of it to T (of
course, such lifts always exist). Assume that there is a fixed quadratigffolR? — R
and that there exist local chaits C B such that the restriction of to eacht; is trivial
and, moreover, with respect to these trivializations the vector field associated \ahits
as a direct sum of the vector field associated witland —Vg; also assume that is
compatible with the metric.

There is a particular locally trivial fibration that is associated with this context. Consider
the associated sphere bundle;ofS () -, B. Denote bye(g) the locally trivial fibration
e(q) — B whose total space is the subsetSgf)) wheregq is negative or null and whose
projection is the restriction gf. One(q) there is an obvious lift of obtained by projecting
first " on S(n) and then by restriction.

PrROPOSITION3.3. Let S be an isolated invariant set gf. The Thom indeif,(q)(S)
is isomorphic toc,~(S) and this identification is natural with respect to attractor—
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repellor pairs. More precisely, ifS; A, A*) is an attractor-repellor decomposition, then
9 (S; A, A%) is isomorphic tar,/(S; A, A*).

Proof. Suppose(N1, No) is an index pair forS with respect to the flowy. Let N/ be

the total space of the restriction of the unit disk bundle associatedwigstricted ton;,

i =0,1. Lete(N;) be the total space of the restrictionagfy) to N;. It is easy to see that

the pair(N;, Ny|Je(N1)) is an index pair forS with respect to the flowy”. Notice that if

D" is the unit disk irR” and$”~1 its boundary, then the region wherés negative or null

in D" has the structure of a cone over the boundary. This implies that the regiomn;

wheregq is negative or null is homeomorphic 1, | (e(N1) x [0, 1]) the identification

used makinge x 0 correspond to the point(x) for eachx € ¢(N1). On the other hand

we have a map of paifd., (Ny (L) Ue(N1)) C (N1, Ny Ue(N1)). This induces a map

between the respective quotients:: L/((Ny(\L) Ue(N1)) — Ni/(NylUe(N1)).

Because of the description ffabove, the domain of this map is a spacéjj(ﬁ), the target

is a space inc,#(S). This map is a homotopy equivalence as both inclusibns N;j

and (N6 N L) Ue(N1) C NjUe(N1) are homotopy equivalences (the first because the

domain and the target are homotopy equivaleri¥i@nd the second for a similar reason).
It is easy to verify, as in the lemma above, that the mapduces an isomorphism

of connected simple systems and that this morphism is natural with respect to attractor—

repellor pairs. |

Remark 3.(a) The proposition implies that the Thom index and the corresponding
cofibration sequence are completely determined by the homotopical data extracted from
the flowy”.

(b) It is easy to see that the statement and proof above can be extended in many ways.
For example, to the case whenis a more complicated germ of an isolated but still
‘reasonable’ singularity (se&]for a definition of such reasonable critical points).

COROLLARY 3.4. In the context of the proposition aboveyifs trivial in a neighborhood
of S, then we have,» (S) ~ _)‘;(‘“(S) ~ ke, (S) andif(S; A, A¥) is an attractor—repellor
decompositior, (S; A, A*) ~ E,‘;(")(S; A, A*) >~ Tk, (S; A, A¥) wherek is the index
of the quadratic forny.

Proof. Let K = {x € D" : q(x) < 0} and letH = K () dD". Notice thatd ~ s*~! and

K is contractible. With the notations in the proof of the proposition, we liave N1 x K,
Ny(NVL = No x K, e(N;) = N; x H. The statement is an immediate consequence
of the construction of the Thom index and of the fact that the cofibre of the projection
A x $¥1 — A'is, in a natural way, homotopy equivalent B A v S*. With this
identification we have the commutative diagram below:

Nox H—— N1 x H

| |

Nox K— N1 xK

l l

EkNo v Sk —— EkN]_ v Sk
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the columns being (homotopy) cofibration sequences. By definition the Thom index of
is represented by the cofibre of the bottom horizontal map whigH {&V1/No). m]

Remark 4.The above corollary is well known at the space level (in that case being a
consequence of the product formula for the Conley ind&x [For our purposes the key
consequence of this corollary is the description of the connection maf} if terms of

that of y. In particular, when the fibration is trivial they are related by suspension.

3.2. Duality. Assume now thaB is a smooth, compact manifold of dimensierthat
is embedded in a sphe8*X. Letn : R* — T — B be its normal bundle. Assume
a Riemannian metric fixed on the total spacejofLet S(n) be the induced unit sphere
bundle. We recall that we denote by the inverse flow ofy: —y;(x) = y—; (x).

THEOREM3.5. Let (S; A, A*) be an attractor-repellor pair fory. The cofibration
sequenceé;f(”)(S; A, A*) andc_, (S; A*, A) are Spanier-Whitehead duals by a duality
map that depends only on the embedding af S,

Proof. We will construct a duality between two cofibration sequences representing those
of the statement. Afterwards we show that the induced duality of cofibrations of connected
simple systems does not depend on the choice of the representing sequences. The proof
has four steps.

Reduction to a flow o™ **. Let U be a tubular neighborhood d@. In the following
we identify itto7. Letq : B —> R be a smooth function which locally has the form
g(x,y) = —||x||2 wherex is the coordinate along the fibre gfand y the coordinate
along the base. Consider 6hthe flowy” induced by the sum of the canonical horizontal
lift of y and of the flow induced by-Vq. Notice thate(¢) = S(n) ande(—q) = @.
Applying Proposition 3.3 tg"”” we obtain isomorphism_sf(”)(s; A, A*) ¢, (S5 A, AY),
c_yn(S; A", A) = ¢ (S; A%, A) =~ c_,(S; A*, A). This reduces the proof to showing
thatc,»(S; A, A*) andc_,(S; A*, A) are Spanier—Whitehead duals.

Construction of some special index paiBxtendy” to a flow ons”** which is constant
outside a neighborhood df. We continue to denote this flow by”’. Let S1 be the
maximal attractor of/” that does not contaif, let R1 be the complementary repellor.
Let S> be the attractor of/” obtained as the union oy with the set of the points of
A or situated on flow lines originating id and letR, be the complementary repellor.
Similarly, let S3 be given by the union aof, with the set of the points od* or situated on
flow lines originating atA*, let R3 be the complementary repellor. For each gdjt R;)
for 1 < i < 3 we may construct by classical techniques (see, for exantjjesrhooth
Lyapounov functionsf; : $"** — R such thatf;(S;) = 1 and f;(R;) = 0. By Sard’s
theorem we may find regular valuesndb of respectivelyfi and f3 such thatffl(a) and
fz l(b) intersect transversely. Notice th&is the maximal invariant set insidé; = {x :
fi(x) > a, fa(x) < b}. Moreover, letUp = f; (@) (N2 andVo = f3(b) () V2.
ThendN> = UplJ Vo and the pairgd N2, Ug) and (N2, Vo) are index pairs forS for,
respectively, the flowsg” and —y”. We now choose a regular valgeof f» such that
5 () cuts transversely; 1(b) and such that the inequalitfg (x) < a implies f2(x) < ¢
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FIGURE 1.

(this is possible becaus® C R1). LetUs = f, *(c) (N2, N1 = f, 2((—o0, c]) (N2,
L1 = N2 — (Int(N1) | Uo), G1 = N2 — Ny andVy = 3G1( ) Vo, U2 = U1 J(Vo — V1).
With these notations the pait®/2, N1), (L1, U2) and(G1, U1) are index pairs ofA* for
the flowy”; (L1, Vo) and(G1, V1) are index pairs fod* with respect to the flow-y”;
(N1, Up) is an index pair ford with respect toy”; (N2, L1), (N1, Uz) are index pairs for
A with respect to-y”. (See Figure 1.)

Duality. The basic argument that will be used is very classical in nature and is a variant
of one that appears ir2]. For completeness we will formulate it as a lemma and we will
indicate the idea of the proof.

LEMMA 3.6. Assume thaM is ann + k manifold with boundary embeddedsfit* such
that 9 M admits a decompositiofM = Mg | J M1 with Mp and M1 being(n + k — 1)-
dimensional manifolds such thaf; (| Mp = dM1 = dMo. ThenM /Mgy and M/M; are
(n + k)-Spanier—Whitehead duals.

Proof of the lemmaEmbeds = $"t% in §"tk+1 as the boundary of a disk = D"tk+1,
Denote byD’ the complementary disk. Consider a copyMf M’, in the exterior ofD
and paste it, ins"t**1 to D following M. (We use here and below the existence of
collared neighborhoods @, My, M1 and Mo () M1.) The result of this pastingi*, is
homotopy equivalent tdf/Mp. As D’ is the cone over the boundary bfit is easy to see
that M” = §"+**+1 — p* deforms to the uniods” | J,,, D" with D" a slightly smaller
disk thanD’ and M a copy of M that does not toucM’. Hence,M” ~ M/M;. (See
Figure 2.) ]

Notice that the argument of the lemma can also be used to prove the duality of some
maps. Indeed assume thiitis an(n + k)-dimensional submanifold o¥ such that K
decomposes, similarly tdM, asKo | J K1 and such thaKog C Mp, K1 separates and is
an NDR inM, Ko andK1 () dM are NDRs inoM. Then the mapX /Ko —> M/Mp
andM/M1 — K/K; are Spanier—-Whitehead duals. The reason is thakpas My
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andK /Ky = M/((M -KUY Kl), by the construction of the lemma the two maps are
identified to a pair of dual inclusions.
We return now to the proof of the theorem. We mtend to show that the cofibration

sequences: N1/U0—> N2/ Up SN N2/N1 and L1/Vo—> N2/ Vo N N»/L, are
Spanier—Whitehead duals. Consider first the pair of mMaps). We haveN,/L; =
N1/ U, and the duality is immediate by the above. Similarly, for the pairi") we have
L1/Vo = G1/ViandN2/N1 = G1/Us.

Duality for connected simple systemihe proof is completed by showing that the duality
induced by the two cofibration sequences described above does not depend on the choice
of the Lyapounov functions or on the choice of the constants andc. It is easily

seen that this statement reduces to proving thatif U and V; are constructed in the

same way as, respectiveliyg, Uo andVp and we also hava/;, C Int(N2), then the map

Nz/ Uo/\Nz/ V0 L sntkis homotopic to the composmcmz/ Uo/\NZ/ V6 —> N2/ UgA
NZ/ Vo _) Sn—i—k.
Hereu andy/ are duality maps (here and above all duality maps given by the lemma
are constructed with respect to the same embedding"®df in $"t%*1); the maps
N,/Uy — N2/Up andc* : N,/ Vy —> Nz/Vp are the standard comparison maps
given, respectively, by the connected simple systeméS) andc_,,»(S).
This can be seen as follows. L&t = {x € N2 : 3r > 0,y”;(x) € Ny}, Uy =
N7 (Y Uo andVy = dN5 — U{J. Notice thatU/ andU{ are homeomorhpic as well as the
pairs Vg, Vy' andNj, N;. The comparison map factors using these homeomorphisms

N/ Uy — N3 /Ug N N2/ Up with ¢” being induced by the inclusions. We apply the
general duallty argument in the lemma to obtain tiats dual to the mapv,/ Vo —>
N3/ Vg This map is clearly homotopic to the comparison mép N2/ Vo — N5/ V(.
Hence, if we denote by; the comparison map which is the homotopy inverse‘ofie
obtain thatc} andc are duals and this implies the homotopy we look for. O

COROLLARY 3.7. The two connection maps : S(")(A ) — ZES(”)(A) and §* :
c—y(A) — Xc_, (A*) are Spanier-Whitehead duals. In particulamifs trivial, thens*
is dual to the connection majp: ¢, (A*) — Xc, (A).
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Remark 5.This clearly extends the relation, discovered by Fraidld, pbetween the two
connection maps in the case whémndA* are two successive critical points of a Morse—
Smale flow. The corollary also implies, via the Thom isomorphism, the (co)-homological
results of McCord 19]. It also provides an extension of the duality result for succesive
reasonable critical points o8]. However, in the Morse—Smale case the understanding of
the geometry of the problem is better because of the explicit description of the stable and
unstable manifolds of the critical points. Also, more precise information can be deduced in
the case of successive reasonable critical pointsyuwitbn-trivial. In that case is trivial in

small enough neighborhoods afand ofA*, hencez"cy (A) ~ S (A) and similarly for

A*. One can then prove thatands* are Spanier—Whitehead duat®dulo some twisting
depending in a precise way @n
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