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We introduce a natural boundary value problem for a triholomorphic map u from a
compact almost hyper-Hermitian manifold M with smooth boundary OM into a
closed hyperKéahler manifold N with free boundary u(0M) C T lying on some
geometrically natural closed supporting submanifold I' C N, called tri-isotropic
submanifold. We establish partial regularity theory and energy quantization result in
this boundary setting under some additional assumption on the W21 norm of the
weakly converging sequences.
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1. Introduction

The geometry and analysis of triholomorphic maps and their moduli space is
a challenging problem which has been attracting more and more attentions in
both mathematics and physics. Triholomorphic maps appear naturally in high-
dimensional gauge theory [6, 10, 19]. They are closely related to the topological
sigma models in 4 dimensions and hyperinstantons [1] and the classification of solu-
tions to the 3 dimensional Beltrami equations for hydrodynamics [11]. They have
been playing a very important role in understanding hyperKéahler geometry [27].
To understand the sigma models and hyperintantons, it is natural to investigate
boundary value problems for triholomorphic maps, see for instance, [11, Section 3,
Section 6].

When the domain is a hyperKéhler manifold, smooth triholomorphic maps
are harmonic maps, e.g. Chen [6, Lemma 3.1] and weakly (respectively station-
ary) triholomorphic maps are weakly (respectively stationary) harmonic maps,
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e.g. Wang [28, Lemma 2.1]. The compactness problem and energy quantization
for stationary triholomorphic maps from a closed domain was studied by Wang
[28]. In the more general framework, when the domain manifold is merely almost
hyper-Hermitian, the energy quantization for locally approximable triholomorphic
maps from a closed domain was established by Bellettini-Tian [2].

In this paper, we introduce a natural boundary value problem for triholomor-
phic maps from a compact almost hyper-Hermitian manifold with smooth boundary
into a closed hyperKéahler manifold, which maps the boundary to some geometri-
cally natural closed supporting submanifold in the target space, called tri-isotropic
submanifold. Then we establish partial regularity theory and energy quantization
result in this boundary value setting of triholomorphic maps.

Let (M, g,i,7,k) be a compact and almost hyper-Hermitian manifold of dimen-
sion 4m with smooth non-empty boundary OM and (N,h,I,J,K) be a closed
hyperKahler manifold of dimension 4n. Here 14, j, k (respectively I,.J, K) are three
smooth almost complex structures compatible with the smooth Riemannian met-
ric g (respectively h) on M (respectively N) and satisfy the quaternionic relation
ijk = —Id (respectively IJK = —Id). We denote by w;(-,-) := g(-,i-) the unique
and non-degenerate 2-form associated with g and ¢ on M. Similarly, we have the
2-forms wj,wy on M and the 2-forms Qr,Q;,Qk on N. Note that “hyperKéhler”
means that the 2-forms Q;,Q;, Qx are closed.

By Nash’s embedding theorem, we embed (N,h) isometrically into some
Euclidean space R* for some K. Consider the Sobolev space

H'(M,N) :={ve H(M,R*) : v(z) € N for ae. z€ M} .
To proceed, we need some definitions.

DEFINITION 1.1. A submanifold T of (N,h,I,J,K) is called a tri-isotropic
submanifold if T' is an isotropic submanifold of all three symplectic manifolds
(N,Qp),(N,Qy) and (N,Qk). In other words, T' is a submanifold vanishing all
three Kahler forms on N.

Similarly to Lagrangian submanifolds of symplectic manifolds, a maximal tri-
isotropic submanifold is called a tri- Lagrangian submanifold. The largest dimension
of a tri-isotropic submanifold of IV is n.

Now we give examples of tri-isotropic submanifolds and tri-Lagrangian subman-
ifolds.

ExaMPLE 1.2. Consider the following holomorphic symplectic form with respect
to complex structure I on N

Q:=Q;,+v-1-Qk.

Suppose there exists a complex Lagrangian submanifold L of the symplectic
manifold (N, ) with real dimension 2n. It is elementary to verify

(L} :=h L,I' == I.L,Q) == QL),

W

is a Kahler manifold, where “L” means restriction.
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To begin with, we claim that I’ is a smooth complex structure on L, i.e., I
preserve the tangent bundle T'L. For any ¢ € L and X,Y € T,L C T;N, the
definition of Lagrangian submanifolds leads to

hg)(X, J(Y)) = Q;(q)(X,Y) = 0 = Qk (¢)(X,Y) = h(q)(X, K(Y)),

which means J(T,L) and K(T,L) is the subspace of the orthogonal complement
of T,L with respect to the metric h, which is denoted by quL. Notice that J, K
is linear isomorphism hence injective. Compare the dimensions between 7L and
T;- L, we obtain

J(T,L) =T} L = K(T,L).
Then it is easy to see
I'=(JoK).L:TL—TL,

is a linear isomorphism.

Next, we show that (L, ;) is a symplectic manifold. It is sufficient to check that
Y} is closed and non-degenerate. Let J: L — N be the natural embedding map.
Then

QY = d(3*Q;) = 3*(d) = 0,

where J* denotes the pull-back of J and the closeness of €} is valid. Fix a point
g € N and suppose Q7(X,Y) = 0 holds for all Y € T,L, we assert that X € T,L
must be zero. By the definition of Q7,

0=Q)(X,Y) =70 (X,Y) = Q(dI(X),dI(Y)) = h(dI(X),] 0 dI(Y))
= h(d3(X),dI o I(Y)) = 3*h(X,I(Y)) = K (X, I(Y)).

Here, IodJ = dJol is deduced from the fact that I preserves T'L in local coordinates
directly. Besides, b’ is the induced Riemannian metric hence non-degenerate. It is
clear that X = 0 from I(T,L) = T,L. As a corollary, Q;(-,-) = h'(-,I"-).

Let T be a Lagrangian submanifold of (L,Q}). Then T is a tri-isotropic sub-
manifold of N with dim L = n, which means that I' is actually a tri-Lagrangian
submanifold of N.

DEFINITION 1.3. Let (M, g,1,7,k) and (N, h,I,J, K) be as above. Suppose that T C
N is a closed tri-isotropic submanifold with 1 < dim T <n. A map u € H*(M, N)
is called a locally approximable triholomorphic map with respect to the tri-isotropic
free boundary condition u(OM) C T if u satisfies the followings:

(i) Weakly triholomorphic maps equation:  du = Ioduoi+Joduoj+ Koduok.
(i) Free boundary condition: du(z)(v(z)) L Tynl for ae z € OM,
where v(z) is the outward unit normal vector at x € OM and “L” means
orthogonal.
(iit) Locally approximable condition:  d(u*Q) = 0 for every closed 2-form Q
on N.

REMARK 1.4. For the locally approximable condition, we actually only need it for
Q=0Q;,95,Qk in the present work.
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Before proceeding, we explain that Definition 1.3 is a natural definition. To be
more precise, we shall show that, when M is a hyperKéhler manifold, a locally
approximable triholomorphic map u with respect to the tri-isotropic free bound-
ary condition u(OM) C T is a stationary harmonic map with respect to the free
boundary condition u(0M) C T.

Let ¢ € C°(M,RX) satisfy ¢(z) € Ty@)N for a.e. x € M and ¢(x) € Tyy(yI for
a.e. © € M. Such a vectorfield is called an admissible target variation vectorfield
with respect to the free boundary condition u(OM) C T. Let IIy be the nearest
point projection of some neighborhood of N C R¥. The variation of u is defined as

ug := Iy (u+ tg).

According to the computations in [2] (see also [7, Proposition 2.2], [23,
Proposition II1.1], [28, Lemma 2.1], [4, Lemma 3.2] for more details), we have for
every admissible target variation vectorfield ¢ with respect to the free boundary
condition u(OM) C T

1 2m 1
o= G (1 A )

+ [ ) A o))

+ (wj, J) — term + (wy, K) — term, (1.1)

—F (uy)

and
u* (1IN Q) (X) i= W TN Qr (¢, X) = u*Qr (¢, X),

for all X € C*°(M,TN) that are tangential along u and fulfill the same boundary
condition as ¢.
By the Stokes theorem and the definition of w and I" in Definition 1.3,

/ d( 2m=1 A ¥ (L¢Q])) / 2m N (L¢Q[)—O
M oM

The same result holds for (w;, J)-term and (wy, K)-term. Moreover, by canonical
calculations for the equations of weakly harmonic maps with respect to the free
boundary conditions, 1.h.s. of (1.1) is equal to

/ (Vu, Vo) dVol,.
M

Consequently, we obtain (compare with [2, (32)])

1 2m—1 *
/M (V. ¥0) AVl = oy /M 4™ 1Y) A (u (1s00))

( (1.2)
+ (d@I™h) A (W (0p20) + (d@™ ) A (W (16Q2k))-

https://doi.org/10.1017/prm.2025.10101 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10101

The boundary value problem for triholomorphic maps )

Asin [2, § 3.3], (1.2) yields a perturbation of the classical harmonic map equation
with respect to the free boundary condition w(9M) C T, namely

Agu — A(u)(Vu,Vu) = f(z,u,Vu) x € M, (1.3)
p) .

u(z) €T, a—;(x) L Ty for ae. x € OM,

where A(-,-) is the second fundamental form of N < RN A, is the Laplace-

Beltrami operator on M which is defined by

A = — 1 i ||ls 0
g V]g| 0! 99 oz )

f is smooth with respect to the three variables and f has linear dependence on the
first derivatives of u and 7i(x) is the outward unit normal vector at x € OM.

Provided that M is a hyperKahler manifold, in other words, w;,w;,wy, are closed
(see [20, Lemma 6.8]), (1.2) reduces to

/ (Vu, V) dVol, = 0. (1.4)

The integral identity (1.4) is exactly the one used for defining weakly harmonic
maps with respect to the free boundary condition u(0M) C I'. Hence we extend [28,
Lemma 2.1] to the case of free boundary conditions thanks to the natural definition
given in Definition 1.3.

Notice that the above discussions do not rely on the locally approximable con-
dition (iii) in Definition 1.3. It can be seen from [2] that the locally approximable
condition plays a role like “stationarity”. In fact, from [23, Proposition I1.2], we
know that the locally approximable condition implies that weakly triholomorphic
maps are stationary harmonic maps under the hyperKéahler assumption on M. The
same observation was made in [4, Lemma 3.3] for pseudoholomorphic maps on
higher-dimensional domains. From this point of view, intuitively, we expect a map
u which is as in Definition 1.3 to be a stationary harmonic map with respect to free
boundary condition u(OM) C T' when M is a hyperKéahler manifold.

DEFINITION 1.5. ([25, Definition 1.1]) A map u € H' (M, N) is called a stationary
harmonic map with respect to the free boundary condition w(OM) C T' if it is a
weakly harmonic map satisfying the free boundary condition u(OM) C T and

d
aE(u o Wy) o 0, (1.5)
holds for all 1-parameter families of C°°-diffeomorphisms Uy : M — M satisfying
(’L) Wy = Idyy, (’L’L) \I/t(aM) C OM.

The computation is similar to that of target variations (see also [2, 23]). Let
X be a smooth vectorfield with compact support on M and satisfy that X | oM
is a vectorfield on OM, that is X(p) € T,0M(C T,M) for all p € OM. Denote
W, := Idp;+tX the corresponding 1-parameter families of domain variations. Then
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it is easy to see that ¥, are admissible domain variations vectorfields in the sense
of Definition 1.5, and without loss of generality, we can assume that the admissible
diffeomorphisms are of this form. We have

d d )
L EuoW, M ’ -2 v,)[% Vol
dt (wo s, M) t=0 dt /M\V(uo I dvol, t=0

1
= @m—1) /M (dw?™ 1) A (ex (W Q) + (wj, J) — term + (wy,, K) — term,
< C(m, wi,wj,wk)/ |X| - |Vul?dVol,,

M

< C(m, g, wi,wj, wi) [| X || / |Vu|2dx,

spt(X)
(1.6)
which is deduced from the following two facts:
d * * * *
%(u e} \I/t) Q] —o = d(Lx(’LL Q])) + Lx (d(u Q])) = d(Lx(’u Q[)) ) (17)

and
[ at@maexwan) = [ @ aewan) =0 1)
M OM

If w;,w;,wy are closed 2-forms, we immediately obtain that u is a stationary
harmonic map with respect to the free boundary condition u(0M) C T as what we
have anticipated.

Our main result is as follows:

THEOREM 1.6 Let
u s (M, g,i,5,k) = (N =R b1, J,K) for 1=1,2,-

be a sequence of locally approximable triholomorphic maps with respect to the tri-
isotropic free boundary condition u; (OM) C T', and with a uniformly bounded W21
norm, that is:

latllyonary < T

for some universal constant Y > 0. If u; — u weakly in H (M, N) with a uniform
energy bound A > 0, then

|V dVol, — |Vul*dVol, +v as Radon measures on M,

where u is a weakly triholomorphic map with respect to the tri-isotropic free bound-
ary condition w(OM) C T' and is smooth away from a closed, (4m — 2)-rectifiable
set ¥ with A#4™~2 (%) < .
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Moreover, v is a non-negative Radon measure on M of the form
v =0(x) "2y (1.9)

Lastly, for 4" 2_q.e. x € XN OM, we have the following energy identity:

Ly L
O(z) =Y E(¢s) + Y _Elpp),
s=1 p=1
where ¢ : S* = N is a smooth, non-constant harmonic 2-sphere for s =1,--- , L,

and @p : B? — N is a smooth, non-constant harmonic 2-disc with respect to the
free boundary condition ¢,(0B*) C T forp=1,--- L.

The paper is organized as follows. In Section 2, we derive an almost-monotonicity
formula in the boundary setting. In Section 3, we establish partial regularity theory
in the boundary setting, including the e-regularity (see Theorem 3.6) and a gradient
estimate (see Proposition 3.8). In Section 4, we complete the proof of Theorem 1.6.

2. Almost-monotonicity formula

In this section, we will derive an almost-monotonicity formula in the boundary
setting. In the spirit of the interior case [2, Proposition 1], we arrive at an almost-
monotonicity formula for locally approximable triholomorphic maps w with tri-
isotropic free boundary condition. Set

Br(zg) = {z € R : |z — 29| < R};
BE(I‘O) = {ZL‘ c R4m . |.T/' _ £C0| < R7x(4m) Z 0}7
803?%_@0) = BE(JUO) N{z € RA™ . p(4m) — 0};

where 2(*™) denotes the (4m)th coordinate of z. When z¢ = 0, we use B, BE and

BOBE for simplicity. Firstly, we have

PROPOSITION 2.1. There exists ro > 0 such that for any x € OM and 0 < r < rg
the following quantity is monotonically decreasing in weak sense asr | 0 :

1+ 4m—2)r — . o . . .
WUB*U(Q% DAwQr + (3™ ) Ay + (3™ ) AutQp |
-~ (T

(2.1)
where aq, ag, ag stand for the standard Kdhler forms on the m-dimensional quater-
nionic vector space H™. This immediately yields the following almost-monotonicity
formula for the energy ratio:

7047”% / o) \Vu|? dVol, = f(r)+O(rf(r)) with fa non-decreasing function of r.
B (x

r
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Proof. The proof is quite similar to that of [2, Proposition 1] except from applying
some minor modifications. Note that for any (4m — 3)-form n on IM, we have

/nAu*sz/ nAu*QJ:/ nAu Qg = 0. (2.2)
oM oM oM

To see (2.2), as u satisfies the free boundary condition u(OM) C T and T is
tri-isotropic, we have

Lo (W Q) = 5 (W Qy) = 5 (wQx) =0 on OM. (2.3)

For every subset A of M, we denote 9°A := OANOM and 0T A := A\ A. For
each case in the proof of [2, Proposition 1], the calculation needs to be modified
by (2.2) in only one place.

For Case 1 in the proof of [2, Proposition 1],

1 . 1 IR
W/B+(O[%m 1)/\u Q] - W/BJr(Oé%m 1)/\U Q]
R s

:/ Lo, (07" 1) Awﬂri/ o, (01"
B} ( o+ (

4dm — 2)RAm—2 dm — 2)s¥m—2
2m—1 2m—1
bad, (0[1 ) * / bad, (al ) *
= Au*Qp — Au*Q
LmﬂmfmﬂWQUIamﬂmmeWQUI
2m—1 2m—1
Lzd, (al ) * / lzd, (al ) *
AUy — L AutQ
+ /603; (4m — 2)Ram—2 " T [ (am — 2)stm2 D
(2.2) Lo, (Oé%mfl) 2m—1

Au*Qr —/ Lwaz(al ) Au*Qr
o+BT (

o+f, (4m — 2)[x[tm=2 4m — 2)|x[tm=2

2m—1 2m—1

Ll’az (al ) * / Lzaz (al ) *
Au*Qr — Au*)
+A%MWJMW”1LI gt (dm — 2)fim—2 N M

two, (7™ 1)

B /6(3;\33) (4m — 2)|z[*m—2

2m—1 2m—1
- / I ( e 4m)2> Al = / o 4mE;aIl A Q.
BH\BY (4m — 2)[z| BI\BY ||

For Case 2 in the proof of [2, Proposition 1],

A U*Q]

2m—1 2m—1
Lz, (041 ) lzd, (041 ) *
0< d Au*Q
—Awg(mwmwwﬂ’MM* R
2m—1 2m—1
NN (- e B PO
d(BH\BI) (4m — 2)|z| ||

(2.2) Lo, (@™ Y) o, (@3 .
+ R4m73 A u Q]

oB}: <(4m — 2)RAm—2
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2m—1 2m—1
Lz, (041 ) Lz, (O‘I ) *
— Q
Lo (Gl gmts + i) noe
(1+ (4m —2)R)

— 2m—1 *
= gy [, o ed" ) A
R

(1+ (4m —2)s) .
~ lm —g)atns ), teoe (") A

1—|— 4dm — 2)R m— * 1+4m_28 m— *
= —( 5{47”_2 )B) / (a% YAaurQp — —( (4m_2 )3) / (a% D Au Q.
) B} s BY

The remaining proof follows from applying similar arguments as in the proof [2,
Proposition 1], so we omit it. O

Moreover, it is straightforward to verify the following immediate consequences
of almost monotonicity.

COROLLARY 2.2.

(i) For every x € OM, the density of u at x defined by

r—0+ rAm—2

O(u,z) :== lim L/ |Vu|? dVol,,
B (x)

exists.

(i) ©(u,x) is an upper semi-continuous function of x.

(iii) There ezist ro > 0 and C > 0, depending only on the geometric data, so
that whenever x € OM and 0 < r < rg, we have

1 2
T /B,,Jr(z) |VuldVol, > O(u,z) — Cr.
(iv) By the compactness of OM, there exist Ry > 0 and C > 0, depending only
on the geometric data, so that whenever x € OM and 0 < ry < 19 < Ry,
we have

1

ri Q/Bilm ’

1+C
Lot [ vuPava,,
Ty B, (z)

The same holds for y € BEO (:E)\BOBEO (z) as long as B (y) = B, (y) C
BEU (2).

3. Partial regularity

In this section, we will establish partial regularity theory of uw in the boundary
setting, inspired by Scheven’s work [24, 25]. Without loss of generality (up to a
dilation), we set Ry =1 in (iv) of Corollary 2.2.

LEMMA 3.1. (cf. [24, Korollar 1.13], [25, Corollary 1.3]) There exists a constant
C > 0, depending only on the geometric data, such that for all locally approrimable
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triholomorphic maps w with respect to the tri-isotropic free boundary condition
w(OM) C T, it holds that

1 / 2 2
sup —/—— |Vu|*dVol, < C/ |Vu|*dVol,.
wEBT/Q pdm—2 B @) g Bj' g

0<r<i—|=z|

Proof. Consider z € 8031*'/2 first. If 0 < r < 1/2, it holds from (iv) of Corollary
2.2

1 —
W/+ [Vul?dVol, < (1+C/2)2'™ 2/+ [Vul®>dVol,
Br (I) Bl/z(w)

<(1+ 0/2)24m—2/ |Vu|* dVol,.
Bf

If1/2 <r <1-—|z|, then
1
77/ |Vu|*dVol, < 24“1*2/ |Vul*dVol,.
rim2 I @) ‘ By '

Next, we assume x = (x’,x(4m)) with d := 2™ > 0. If d < r < 1/4, we have

1 / 2 1 2
—_— |[Vu|*dVol, < 77/ |Vul|*dVoly,
P2 Jpe o 9= [Am—2 B, ((0)) 9

24m—2 9
< s / V|2 dVol
(2r)4 ™2 B+ ((2,0)) 7
<2'm=2(1 4+ C) (1 — |(«/,0)])> ™ |Vul?dVol,

Bzrl—um',on) ((=,0))

g44m*2(1+0)/ |Vu|? dVol,,.
Bf
If1/4 <r <1—|z|, we arrive at

1

—_— Vul|? dVol <44m*2/ Vul*dVol,.
s [ I avely < e [ o aval,

If r < d, we obtain

1 / 9
—_— Vul|*dVol
T4m72 Bf(a:) | | g
1 / , 1+ Cd ,
- IVl dVol, < 77/ Vul? dVol,.
pAm—2 Bo(x) g dim—2 Ba(z) 9

If1/4<d<1/2,

1+Cd

ﬁ/ |Vul>dVol, < (1+C/2)44m*2/ \Vul>dVol,.
=z fp -
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Ifo<d<1/4,

14 Cd 140/
%/ Vul? dVol, < 1‘70_/2/ Vul? dVol,
A2 Jp e B 0)

(1+C/42" 21+ C) (1 —|(2/,0))> "

A

IN

X |Vu|? dVol,
+ ’
B(l—\(zc’,(])l) ((l‘ 50))

< (14C/4)(1 + 0)447"*2/ |Vul?dVol,.
B+

1

O

LEMMA 3.2. (cf. [24, Satz 2.1], [25, Lemma 3.1]) There exists a constant g9 > 0,
depending only on the geometric data, such that for all locally approzimable triholo-
morphic maps u with respect to the tri-isotropic free boundary condition u(OM) C T
and

1
sup m/ |Vul>dVol, < e, (3.1)
veny, T B (x)
0<r<1/2—|x|

it holds dist™ (u(z),T) < Ca(l)/z for all x € Bfr/4 with a constant C > 0, depending
only on the geometric data.

Proof. From the interior regularity for locally approximable triholomorphic maps
[2, § 3.3], we know that u is smooth in the interior of Bfr/z and the following interior

gradient estimate holds (see [2, (33)]):

V| < — V0

dist (m, 8031*'/2) .

Then the proof is almost identical to that of [25, Lemma 3.1]. O

On account of Lemma 3.2, we may choose § > 0 sufficiently small such that
(i) The geodesic reflection o across I' defined on the d-neighborhood of T' C N
Us == {a: e N : dist" (z,T) < 5}

is a diffeomorphism.
(ii) If the scaled energies of u are sufficiently small, that is (3.1) holds, then
u(B;r/ 4) c Us.

The geodesic reflection o across I is defined as follows: for y € Uy, the nearest point
m(y) € T is uniquely defined and connected to y by a unique shortest geodesic.
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Hence
0:Us = Us, Yy = exPr(y)(v) — expr, (—v),

where v € Ty, N is uniquely determined by the constraint condition |v] =
dist™ (y,T). Hence we can extend u onto B4 by o as follows:

u(x) ,T € Bf/4,

o(ulp(c))) 7€ By,

p(m — (x17... 7l,4m717x4m)> . (xl,... ,x4m717_x4m) Lz c B1/4.

1/4°
9(z)(X,Y) == q p*g(z)(X,Y) for VX,Y € T, B 4.

(p(2))(dp(x)(X),dp(z)(Y)) ,x € By,

g(x)(X,Y) ,x € Bt
“g(

Il
Q

Such extension of the Riemannian metric is also used to prove the partial
regularity for stationary harmonic maps with free boundary, see [24, (2.4)].

In the local coordinates g = (gis), for = € By

Gis(x) = (=1)%0 o gy (p(2)), (32)
where m’ := 4m for simplicity and

1 Jifl=s,

0 ,ifl#s,

6ls =

denotes the Kronecker symbol. By the nature of the coordinates system at the
boundary, gm/m = 1 in the neighborhood of M which yields Gy, is smooth.
By definition, for every € OM the normal vector v(x) is orthogonal to T,,(OM).
Therefore, we have gy = gy =0for i =1,--- ,m’ — 1 and

OGim: 0
It & (0O} = (Vo 00, Omr) + (01, Vi, D)

Ox 0T

where V is the Levi-Civita connection on (M, g). By the geodesic construction of
the neighborhood, vam,am, = 0 and we obtain

aglm’
3xm/

=(Va,,, 01, 0m) -
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From the properties of the Levi-Civita connection, we know for any three smooth
vectorfields X,Y, Z defined on M

(2.VyX) = 5 (X (V,2) + Y (2,X) = Z(X.¥) ~ (X, 2L,Y)
- <[Ya Z]7X> - <[X’Y]vZ>)

Hence,

o 1 agm’m’ o
<V8m/6l73m’> - 5 axl =YY%

which means that ¢;,,» = ¢,y = 0 near the boundary such that gp,,» and g,/
are smooth for [ = 1,--- ,m’ — 1. Moreover, g is continuous and the extension is
actually the even extension.

Owing to isometrically embedding N < R, we still use h to denote the metric
on T'N which is induced by the Euclidean metric on R®. Then we define

() = h(ﬂ(ai)) RS Biﬁ/4’
o*h(u(z)) ,x€ By,

and
Y(z) := Vo (u(z)) .

According to the arguments in [25, § 3], we know o~ ! = o, 71(z) = 2(p(z))
and for xg € 8OBI+/4, we have

S(z0) = Hr(u(xo)) — i (u(zo)),

where IIr(y) and II (y) for y € T are the orthogonal projections from T, N on T,I"
and TylF, respectively.

The covariant derivative of an H'-vectorfield V tangential to IV along @ is defined
by

Vi) = q @ @ € B,
S(p) VN (B(@)V(x) @€ By,

with the Levi-Civita connection V¥ on (N, h).
Then we obtain the following equation for the extended map .

LEMMA 3.3. (cf. [24, Lemma 2.4], [25, Lemma 3.2]) LetV € H' N L>(By4,TN)
be a vectorfield tangential to N along u with compact support in B4 and V() €
Ta@)N for a.e. x € Byyy. Then it holds

Va4 VMW dVoly = Fx,a,Va) -, V dVoly, (3.3)
Bi/a By
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where ‘% ” stands for the Hilbert-Schmidt scalar product with respect to the metric

h on TN and

= L f(x,yag) T € B;L/4’
[y, 8) = !
S(p(@)) - [ (p(x),0(y), B(2)§(x)Vp(p(2))) = € By

Here, f is the function in (1.3).

Proof. As in the proof of [25, Lemma 3.2]. We decompose the vectorfield V into
two parts V. =V, +V, for x € By 4

Then it holds
Ve(p(z)) = E(z)Ve(x) and Vi(p(z)) = —X(z)Va(z).

It is clear that for zo € 3°Bt,,, Vi.(zg) € Tyxy I’ and V.| .+ is an admissible
1/4 (o) B,

target variation vectorfield for 7|4+ with respect to the free boundary condition
1/4

a(@OBTM) C I'. Hence from (1.2) and (1.3) we have

/+ va g vﬁvedvozg:/ Vu 9 va;dVolg:/ f(@,u, V) -, VedVoly.
B B

+
1/4 1/4 31/4

By the definition of i and VE, we have

V'EL % VBVe d‘/volg7 = / E(I’)V'ZTL(Z) g(w) VN(E(I')Ve(QZ')) dVOlg
Biya 1/4
= | Viulp@)] # VY Ve(p(x))] Vol
1/4

(3:2) Vu(p(z)) 9P TNV, (p(x)) dVol,

Biya

= Vu -9 VNV, dVol,,.

+
B1/4

Analogously, one can easily show that

\v1i '% VﬁVa dVol; = — Vi -}9; V’_LVa dVolg.

- +
B1/4 B1/4
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Next, we may check
fz,u,Va) 4 VedVol; = f(z,u4,Va) 4 Ve dVol,

- +
B1/4 Bl/4

= S, u, Vu) -, VedVoly.
Bt

Because of the definition of f,

f(z,u,Va) - VedVol; = / S(x) f(z,u, Va) - S(x)Ve(z) dVolg
e

1/4 1/4

I
|

~
—
=

8
~

I~
—

=
—
&
<
=

=
—
=
~—
N
—

s
—
&
o
<
e

QI

= / flz,u,Vu) -, VedVoly.
B+
Similarly, we can acquire

fa, 1, Va) -5, Vo dVoly = — / fla@,u, Vu) -, Vo dVol,,.
By, By,

Now, the statement follows by a direct check. O

REMARK 3.4. It is obvious that f(z,y,¢) still depends linearly on ¢ and

|f(z,y, &) <O+ | for all z € Byjy,y€ N,§ € R™* ® TN,

with a constant
¢=C (”Wi”cl(z\/[) New;ller ||°Jk||cl(M) ) HQIHCO(N) ) ||QJ||00(N) )

2l oy Il ) ) >0
depending only on the geometric data.
Furthermore, we have

LEMMA 3.5. There exist constants C,eq > 0, depending only on the geometric
data, such that for all locally approzimable triholomorphic maps u with respect to
the tri-isotropic free boundary condition w(OM) C T satisfying

/+ |Vu|? dVol, < o,
B

1

it holds
1
sup m/ |V'I._L|2 dVOlg S CE().
r By ()

x€By /4
0<r<1/4—|x|
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Proof. For x € B;/4, we have

and +/[g(z)] = /]g(p(x))].

+
Hence, for = € 31/4

1 / _12 2 2
— |Vl dVol; < —— / [Vul|*dVoly,
42 Jp, @) T et ) ’

and, for x € B1/4

1 2
m/ |V’ITL|2 dVOl(j < m/ |VU/|2 dVOlq.
r B (x) ST B (p(x) ‘

By Lemma 3.1, the conclusion is valid. U
Combining all above results and [24, Satz 3.4], we have
THEOREM 3.6 There exists a constant €9 > 0, depending only on the geometric

data, such that for all locally approzimable triholomorphic maps u with respect to
the tri-isotropic free boundary condition u(OM) C T satisfying

/‘|VuFdVdg<5m
BY

it holds
i€ CY*(By16)

with a Holder exponent o € (0,1) and bounded norm
lalloo.2,0) + 1Ellcan(zy ) < C
where a € (0,1) and C > 0 only depend on the same data like eq.
REMARK 3.7. The Holder continuity is obtained from [24, Satz 3.9] and Morrey’s

well-known lemma (see e.g. [5, 14]). Following the calculation in [24, Lemma 2.5],
in local coordinates near @(B,(x)) with B,(z) C B4 and 0 < p < 1/4, (3.3) is of
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the following type:

/B Tl = / Fa(y, aly), Va(y))V® dy,

B, (x

where, for all y € B,(xz) and S =1,--- ,4n,

|[Fs(y, aly), Va(y))| < C (1 +|Val)

with a universal constant C' > 0, depending only on the geometric data. Then [24,
Satz 1.18] yields C'h*-regularity (see also [12, § VI]).

Assume that u € CF@ (Bf'/w) for some integer k > 1. Note that f(x,u, Vu)
in (1.3) has smooth dependence on the three variables. Therefore, u € C** <BT/16>

implies f € Ck—be (Bf/w) and A(u) (Vu, Vu) € CF~ 1« (BJr

1/16). In view of (1.3),

Agu € Ok—1l.a (Bf/m) in the weak sense. As stated in [13], in appropriate local

coordinates for N (see [24, Satz 1.19] for detailed construction), the free boundary
condition ii of Definition 1.3 prescribes Neumann conditions for n of the coordinate
functions ', - - - , 4™ and Dirichlet conditions for the remaining coordinate functions
untl ... ¥ Thus, the higher regularity immediately follows from the Schauder
theory at the boundary (see [24, Satz 1.19]) with the following estimate, for each

compact subset B C Bii_/w

lullgrin o < C <|u||Lm(M) + | A(u) (Vu, Vu)\lck,l,a(B;/m)

0 T s (5 )),

1/16

where the constant C' > 0 only depends on the geometric data.
From the blow-up arguments along the lines of [21, Theorem 2.2] (cf. [15, §3
Proposition], [8, Proposition 3]), we have

PROPOSITION 3.8. There exists eg > 0, depending only on the geometric data, such
that for every 0 < r < 1 and all locally approzimable triholomorphic maps u with
respect to the tri-isotropic free boundary condition u(OM) C T' satisfying

1
m A+ |VU‘2dVOlg < €p,

we have U is smooth on B, /5 and the following gradient estimate is valid:

() < S5O

sup |Va < ,
-TEBT/Q T

where C' > 0 is a constant depending only on the geometric data.
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Proof. Note that the proof of [21, Theorem 2.2] does not rely on the full information
of energy monotonicity ([21, (2.4)]), but only the control of the scaled energies (|21,
(2.5)]). Hence, by Lemma 3.5 and Theorem 3.6, this proposition can be proved in
the same way as the interior case, that is as in [2, (33)]. O

Let the singular set sing(u) of u be defined as follows:
sing(u) := M\ {z € M : uis smooth in a neighborhood of = } .

It is a standard covering argument (see e.g. [3, VII], [26, Corollary 2.7]) to
show that the e-regularity and the almost energy monotonicity reveal sing(u) is
a 4™ ~2qull set (compare with [25, Theorem 2.2]).

ProposiTION 3.9. With the same assumptions as in Proposition 3.8, we have that
sing(u) is a closed set and 4™ (sing(u)) = 0.
4. Energy quantization
In this section, we will prove Theorem 1.6. Let
w:(M,g,i,5.k) = (N =R A I, JK) for 1=1,2,--,

be a sequence of locally approximable triholomorphic maps with respect to the
tri-isotropic free boundary condition u; (OM) C T', and with a uniform W?2! norm
bound T > 0 such that u; — u weakly in H! (M, N) with a uniform energy bound
A > 0 for some u € H* (M, N) with the boundary condition u (9M) C T. Hence,
as Radon measures on M,

|V |2dVol, — |Vul*dVol, + v = p,

where the defect measure ' > 0 is a non-negative Radon measure on M.
As in [2], we define the blow-up set at the boundary OM:

Y= ﬂ {z € 0Msuch that

0<r<ry

lim inf A+ {@m=2r) l/ (@™ YA Qr + (3™ Au*Qy
B (x)

l—o00 pdm—2

+(Ol§m71) A U*QK] Z 50}

1
(] {z€0M:liminf 77/ \Vw|? dVol, > g — Cr
l—o0 T4m 2 B:r(m)

0<r<ro
= {x € oM : 13&)17“2_47”/1 (Bf (x)) = 6} () > 50} ;

where C' > 0,69 > 0 and ry > 0 are constants depending only on the geometric
data as in (iii) of Corollary 2.2, Theorem 3.6 and Proposition 2.1 respectively.
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Referring to the careful and detailed blow-up analysis in [2, § 4] (cf. also the
proof of [25, Lemma 5.2] in the boundary case) and exploiting the almost energy
monotonicity result, namely Proposition 2.1, we immediately conclude that

PROPOSITION 4.1. Let {u;}ien+, and u and ¥ be as above and v := v'.OM. Then

(a) w; — u locally smoothly away from 3.

(b) X is closed in OM and X has a locally finite 4™ ~2-measure.

(c) spt(v)C ¥ and S\ spt(v)C sing(u,).

(d) v(x) = O(x) A+ =2.%, where 0 < &1 < O(x) < C < +o0 for 4™ 2 q.e.
x € X with some constants €1 and C which depend only on the geometric
data.

(e) Define
O (z) = h?& r*= 4y (B (2)) ,
then 0 < g9 < O (z) < C < 400 for v-a.e. ¥ € M with some constants
eo and C which depend only on the geometric data. Thus, v is H4m2-
rectifiable and so is X.

REMARK 4.2. The constant € in (e) can be actually chosen as in Theorem 3.6 and
the constant €1 in (d) is €0/wWam—2, where wy,,—o denotes the Lebesgue measure
in R*™=2 of B4m=2, The proof of Proposition 4.1 is quite similar to [2, § 4], so we
omit it.

By the property of rectifiable sets, for #4™ 2-a.e. x € X, ¥ has a unique classical
tangent space P,. For ease of notations, let P, be the (4m — 2)-dimensional plane

R¥™=2 % {(0,0)} C R*™

and z be the origin in suitable coordinates. We choose such x € X. As in [25, Lemma
3.1] and up to a diagonal argument, we can find a sequence of locally approximable
triholomorphic maps {u;},cy. defined on B;‘l for a sequence 0 < S; — oo with
respect to the tri-isotropic free boundary condition u; (0M) C I and with a uniform
energy bound such that

[V |2 dVoly, — ©(z) 24" 2L(R*™ 2 x {(0,0)}) as Radon measures on R*",

where g;(y) := g(z + s;y) for some s; > 0 with s; — 0 as | — oco. For simplicity, we
will drop the tilde ~ for the rest of arguments.

To avoid confusion in notations, we use the superscript to denote the dimension
of balls. For example, BY,(z) is the p-dimensional ball in R? with radius R > 0 and
center z € RP. If « = 0, we also use B, for simplicity. To begin, we restrict each
map u; to

QT = Bilm_Q X B%+ = {(x1,~- ,$4m) S R*™ . |(.131,"' ,.134m_2)|

< 1, |(Zam—1, Zam)| < 1,24m > 0}.

https://doi.org/10.1017/prm.2025.10101 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10101

20 H. Zhang and M. Zhu

For R >0, let Qr := By" % x B and Q}, := By" % x BL". Then we have
u; — const, weakly in W12 (Qf, N) ,
the convergence is C! locally in the complement of B{™ 2 x {(0,0)} and
|Vul|£2ndVOZgl — O(z) ™2 (B{™ % x {(0,0)}) as Radon measures on Q.

From the arguments in [17, §2] (see [24, Behauptung 1] for details), we have

4m—2 ou 2
l
/Ql+ ?:1 fu| (X)X =0, (4.1)

as [ — oco. This conclusion remains valid for our case thanks to the almost energy
monotonicity, namely Lemma 2.1.

By convention, let X7 = (z1, -, Zam—2), X2 = (Tam—1, Tam), and
am=2 o 2
fi(X) = /2+ > 6; (X1,X2)dXs, X1 € B> (4.2)
31/2 s=1 S

Due to (4.1) and Fubini’s theorem, it holds that f;(X;) — 0 in L' <B4m_2). By

1/2
Proposition 3.9, we obtain that for 74" 2-a.e. X; € Bf;”g_Q,

uy is smooth near all the points of (X7, X3) € QT/Q.

From the weakly L'-estimation for the Hardy-Littlewood maximal function of
fi, there is a sequence of points {X!}en- € Bf;’;2 such that

wis smooth near all the points (X!, X5) € QT/T (4.3)
and
sup r2*4m/ fH(X1)dX; - 0as | — oo. (4.4)
0<r<1/2 B2 (Xx1)

Moreover, for all [ sufficiently large, we may find (see [24, p.55-p.56]) §; € (0,1/2)
satisfying 8, — 0 as [ — co and X4 — (0,0) as [ — oo such that X} achieve the
maximum value

max 52—4'”/ V|2 (X1, Xa)dVol, = —2 . (4.5)
Xeepd, | mereayxmion 9 = §ogdm
Let X; = (X}, X}),
X(4m)
RI™ = & (1, , Tam) € RY™ 24, > — l(;l , (4.6)
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where Xl(4m) denotes the (4m)th coordinate of X; and d; := Xl(4m) > 0. Then, we
define scaled versions of the wu;

v(y) == w (Xi +6y) - (4.7)

From the discussions in [17, p.818] (see also [24, Behauptung 4] for the free
boundary case and compared with [24, Behauptung 4.a]), for every compact set
A C RI™

sup vl gragppamy < C = C(H,m,T,N). (4.8)
121o(A) !

It is worth mention that (4.8) uses more information of the almost stationar-
ity (1.6) than the almost energy monotonicity (Proposition 2.1). Then by the
Arzela-Ascoli theorem, we have (For detailed proof, see e.g. [24, p.58-p.59], [25,

p.151-p.153])
If lim % = a < oo, then there exists a v, € C1 (Rﬁ””, N)
l—o00 9
v = v in CL, (R, N) as | — oo, (4.9)
where
Rier = {(zl, Cee  Tam) € R pgm > fa}. (4.10)

Then v, can be extended to a smooth, non-constant harmonic 2-disc with respect
to the free boundary condition v, (9B%) C T

If lim ‘g—f — 00, then there exists a v € C1® (R4m,N) such that

l—o0
v —vin CL, (R",N) as | — oo, (4.11)

and we obtain a smooth, non-constant harmonic 2-sphere v : §2 — N.
Similarly, let

U(Xa) == uy (X1, X5+ 6,X2) . (4.12)
As in (4.9) and (4.11), one has

~ . o o d
U, — 1 strongly in Cp,, (RZY,N) as | — oo if lhm 5—l =a < 00, (4.13)
hade el l

where
Y1 = Ua‘{o}ngJr»

can be extended to a non-trivial harmonic 2-disc with respect to the free boundary
condition ¢ (9B3) C T (still denoted by ¢1) and

- — d
U — ¢1 strongly in Cp. (R*,N) as | — oo if lim 2, (4.14)

l—o00 0y
where
$1 = v|{0yxr2

can be extended to a non-trivial harmonic 2-sphere (still denoted by ¢;). As a
result, we get the first bubble.
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By the standard induction argument in as in [9] (see also [18, § 4]), we may
assume that there is only one bubble without loss of generality.
To estimate the Lorentz norm L) we need the following embedding result.

LEMMA 4.3. ([14, Theorem 3.3.10]) For each integer q¢ > 2, the space W11 (R?) is
continuously embedded in L(#’l) (R2).

From the uniformly bounded W?2! norm assumption, we know

IVl (gq,) < luillwas(gp ) =T
By Fubini’s theorem, we may assume for all X! € E; C Bg% 21=1,2,---, and
for any | € N* (£*m~2 stands for the (4m — 2)-dimensional Lebesgue measure)
that
A= () > 0.99.4m2 (B;l% 2) 7
such that

||Vul||W1 1(B2+) (Xla ) <C ||Vul||W1,1(Q;—/3) )

where C' > 0 is a universal constant.
Finally, according to the Lemma 4.3, we arrive at

||Vul||L(2 1)(B2+) (X17 ) <cCr Hvuluwl 1<B2+) (X17 ) < CC*Tv (415)
where C* > 0 is a uniform constant. Moreover, we can find a subset F; C B;“/Z 2

for each [ € N* such that
LR > 099242 (B2
and for all X! € F}, both (4.3) and (4.4) hold. Next, we would only work on slices
(X, =xl: X' e ENnE},
so that (4.3), (4.4) and (4.15) are valid and define
0 (Xo) = u (X}, Xo).

As in [17, § 3], [18, (2.9)] and [22, Lemma II.1.], we can apply Allard’s strong
constancy lemma [29] to directly conclude that for £4m2-a.e. X! € E;N F,

Jim £ (al,Bf/g) = lim IV ? (X1, X5) dX, = O(x), (4)

l— 00 2+
Bl/2

which means that the energy identity is equal to

l—o0

L. L,
lim E (ﬂl, Bf/g) =S E(6.)+ Y Elpy), (4.16)
s=1 p=1
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where ¢, : S? — N is a smooth, non-constant harmonic 2-sphere for s = 1,--- , L,
and ¢, : B} — N is a smooth, non-constant harmonic 2-disc with respect to the
free boundary condition ¢, (8312) clforp=1,---,L.

According to the “one bubble” assumption and the construction of the first
bubble, the energy identity (4.16) is reduced to

lim lim F (ul A+(R,l)) =0, (4.17)

R—o0 l—0

here A* (R, 1) := B, (X}) \B& t

Claim: For any € > 0, there are Sufﬁciently large R and L such that, for all
I > L, we have

2 / / V|2 X dX, < e, (4.18)
B2 (x}) JBEE (x1) \BE (x1)

for every r € [0, R, 1/4].
We prove the Claim by contradiction. If the Claim is false, then for any R > 0,
we would find a sequence of {r;};en+ such that

2—4m

T |Vy|? dX1d X, >, > 0. (4.19)

/B%:H (x1) /B+ (x1)\ B2 (x1)

The following lemma can be easily derived from the fact that the energy can not
accumulate close to the boundaries of the domain.

LEMMA 4.4. For R sufficiently large,

T
r—0 and 6——>oo as | — oo.
l

Now, we face a dichotomy, that is either (4.13) or (4.14) holds.
Case L hm gl: = a < oo and (4.13) holds.

Thus, by Lemma 4.4, we have

d
lim — =0.
l—o0 T

We set
wi(y) = w (X; +ry)
and (4.19) becomes

/ |V [2dY1dYs > e > 0. (4.20)
Bim=-2 (B%\Bf) n{y(4m)2_ﬂ
Besides, from (4.4), for all 0 < p < p; = 7 we have
p2*4m/ / |Vy,wi|?dY1dYs — 0 as | — oo. (4.21)
B4m 2 Bg;{»
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By the energy bound on {u;}, we assume w; — w weakly in H} _ (R"™", N) . Now,
from (4.21) and Proposition 4.1, it is easy to see that w is a harmonic map with
finite energy on R?* and with respect to the free boundary condition w (OR?*) C T".
In fact, w is a triholomorphic map from H™7, the m-dimensional upper half quater-
nionic space (a hyperKéahler manifold with boundary equipped with the Euclidean
metric and the standard hyperKé&hler structure), to N with respect to the free
boundary condition w(H™") C T' and independent of the first (4m — 2) variables.
Then by the conformal invariance of harmonic maps in dimension 2 and the remov-
ability of a local singularity at the free boundary (see e.g. [16, Theorem 3.6]), we
obtain a smooth harmonic 2-disc with respect to the free boundary condition.

Suppose w; — w strongly on Bilm*Q X (B§+\Bf+), then (4.20) indicates that w is
another non-trivial bubble. This is a contradiction to the “one bubble” assumption.
If the convergence of w; to w is not strong on Bf™ 2 x (BSJF\Ber). Hence we can
again employ the blow-up arguments on the construction of the first bubble in [2]
for the interior case or (4.9) and (4.11) for the boundary case to obtain another
non-trivial bubble, which leads to a contradiction. Thus, the Claim is true for the
Case I.

Recall that

X = (x},X}) = (Xz(l)sz(2)v"' sz(4m_1)7Xl(4m)> .

We denote that )?é = (X (4m71),0) and decompose the neck domain
Bf;rz X1) \B (X4) as follows when [ and R are sufficiently large
B, (X3) \ BEh (x4) = BY, (x4) \ B2, (%) uBY, (%4) \ B3 s (K4)
OB, (%8) \ B2 (X))
= D1 UDQUDg.

It is easy to see that
Dy B, (X5) \ BY (X and Dy C Bg (X3) \ B2 (X3
and for any 26;R < r < 1/8, it holds that
B3 (X4) \Br (%) € BY (x3) \ B2, (X3).

Then in view of Lemma 4.4, Claim (4.18) implies that (compared with [18,

(2.13)], 2, (47)])
E (u;, D7) + E (w, D3) < efor all large Rand [, (4.22)

and
|V |? dX1d X, < e, (4.23)

r2—4m/ /
B2 (xh) Bgf(gé)\Bﬁ(%)

for all r € [20;R,1/8].
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Hence by (4.22), the energy identity (4.17) is equal to

lim lim FE (u;, Dy) = 0. (4.24)

R—o0 l—0c0

According to the small energy regularity theory and from (4.23), we obtain
Xz - K| [V, i(X2) < CVE, (4:25)

for all Xy € Dy,l > L, R > Ry.
To be more precise, as in the interior case [18], if we define

Wi(X1,t,0) == u (X1 + X{,e7",0)
with Xo = (r = e, 0) in polar coordinates on Dy,

ow, oW,
VW, := <e_tVX1Wl, ! l)

ot 00

and B; := [3log2, |log(2§;R)|] x [0, 7], then (4.23) becomes
r4+1 T
eldm=2)t / / / VW (X1,t,60) dOdtdX; < e
X|<e~t 0

for all r € [3log 2, |log(26; R)| — 1], which implies that

ow, |?
ot

ow, |

2 —2t
VWi = e [V, Wil 5

< (Ce

on {0} x B for all large I, R. Hence (4.25) is true.
Then, by the extension argument in [18, (3.9)] and a direct computation, we get

”szﬂlHL(?,oo)(Dz) < Cl\/gv (4.26)

where the constant Cy > 0 is independent of the left-hand side of (4.26).
Meanwhile, (4.15) yields that

IVx,till e p,) < C2Y (4.27)
Combine (4.26), (4.27) and the L(>1) — L(2:) duality, we see that

HszulHL2(D2 < HszulHL(2 1 (Dy) ||VX2ul||L(2 100) (Dy) = C(T,Cl,02)51/4,

which completes the proof of the energy identity for Case I.
Case II. llim g—; — oo and (4.14) holds.
—00
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The proof is quite similar to that for Case I. Assuming the Claim is false. Then,

by Lemma 4.4 we may find r; — 0 with hm T—; = oo and (4.19) holds. Moreover,
d
lim — =b € [0, 0]
l—o0 T

We need to consider the following two cases:
(i) b < 0.
The proof is almost identical to Case I where b = 0, the major change being the

substitution of
d
2 4m l
Bplm{y( )ZT}7
l

(B3\B}) NR™
for B2* in (4.21), R*"* and B3P\ B}" in the proof of Case I respectively.

(i) b = o0
Then the situation amounts to the interior blow-up. For [ sufficiently large, (4.20)
and (4.21) become

R,™* as in (4.10) and

/ |Vw|*dY1dYs > g2 > 0.
Bim=2 J(B3\B?)
andfora110<p§pl:2%l,
92_4m/ / Vywi? dYidYs — 0 as 1 — oo,
Bim—2 Jp2,

for any prescribed p’ > 0. The rest of the proof is analogous to that in [2, p.31-p.32]
and we omit it. Hence, the Claim is proved for Case II.
We still use the same notations in Case I and decompose the neck domain

Bf;g (Xé) \B?l} (Xé) as follows when [ and R are sufficiently large

B, (X3) \ Bn (X5) = B2, (x3) \BY, (X4) v B2, (X3) \ B34, (%4)
Bzzz (%8) \BAF (x3) UBSF (x3) \ Bi (1)
2:D1UD2UD3UD4.

It is easy to see that

Dic B (x)\ B (X)) and Dy B2 (x3)\ B2 (X)),

and for any 26; R < r < 1/8, it holds

B3+ (%) \ B2+ (Xh) < B3 (xh) \ B2, (%
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As in Case I,
E (u;, Dy) + E (uy, D3) < efor all large Rand I,

and
p2miAm / / |Vuy|? dX1d X5 < ¢, (4.28)
B2 (xt) B3 (X4)\ B2 (XY)
for every r € [2d;,1/8].
Similarly to Case I, (4.28) leads to
lim FE (u;, D2) = 0.
l—o00

Hence it remains to show

lim lim E (i, Dy) = 0. (4.29)

R— o0 l—o0

Note that Dy = Bﬁj (X3) \ngR (Xx%) = B3 (X}) \Bj » (X}) and

E (1, Dy) = / IV (X1, X2) dXo.
B2, (x5)\ B2 (X4)

Recall the definition of vy, that is (4.12), then we have

E(athl) = / |V'171|2 (X]{,XQ) dX2

2 2
B /s, \BR

By (4.14), it is easy to show that

lim Vo (X], X2) dXo = E(¢n),
fmeo B?iz/ﬁ

and

lim lim Vo (X1, X2) dXo = E(¢1).
R—oo l—o00 BIQ%

Thus (4.29) is valid and the energy identity is proved for Case II.
Hence we complete the proof of Theorem 1.6.
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