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We consider a finite capacity queueing system in which each arriving customer
offers a reward+ A gatekeeper decides based on the reward offered and the space
remaining whether each arriving customer should be accepted or rejected+The gate-
keeper only receives the offered reward if the customer is accepted+ A traditional
objective function is to maximize the gain, that is, the long-run average reward+ It is
quite possible, however, to have several different gain optimal policies that behave
quite differently+ Bias and Blackwell optimality are more refined objective func-
tions that can distinguish among multiple stationary, deterministic gain optimal
policies+ This paper focuses on describing the structure of stationary, deterministic,
optimal policies and extending this optimality to distinguish between multiple gain
optimal policies+We show that these policies are of trunk reservation form and must
occur consecutively+We then prove that we can distinguish among these gain op-
timal policies using the bias or transient reward and extend to Blackwell optimality+

1. INTRODUCTION

We consider a slight generalization of the following+ Suppose we add a gatekeeper
to anM0M0n0mqueueing system, and the gatekeeper decides whether each arriving
customer is admitted or rejected+ Different customers bring different rewards, and
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the gatekeeper receives the reward only if the customer is accepted+ The gatekeeper
knows the reward offered by the customer and the number of customers currently in
the system+ The gatekeeper’s objective is either to maximize the long-run average
reward received or to achieve a more stringent form of optimality such as bias or
Blackwell optimality+ Clearly, as the number of customers in the system nears the
system capacitym,`, the gatekeeper would be inclined to reject customers offer-
ing smaller rewards, as accepting these customers might prevent the admission of a
customer offering a larger reward+

More precisely, we assume that the arriving customers form a Poisson process
with arrival ratel . 0+ The amount of work required by each customer is exponen-
tially distributed with mean one+ Each arriving customer independently offers a
rewardrk with probabilitypk . 0 for k51,2, + + + ,,+ Thus, the arrival process can be
decomposed into, independent Poisson processes with rateslk[lpk for k51, + + + ,,,
corresponding to the, different rewards offered+ In our generalization,we can equiv-
alently consider a single server which works at rateµi when the number of customers
in the system isi, and we assume that 05 µ0 , µ1 # {{{ # µm ,`+ Thus, to model
a system withn identical servers in which the customer’s service times are expo-
nentially distributed with mean 10µ, we simply setµi 5 min$n, i %µ+ Our system has
a maximum capacity ofm , `+ Hence, customers arriving to a full system are
rejected+ Customers offering a rewardrk will be called classk customers fork 5
1, + + + ,,, and we assume thatr1 . r2 . {{{ . r, . 0+ The gatekeeper, fully cognizant
of the system parametersm,,,~r1, + + + , r,!, ~l1, + + + ,l,!, and~µ0, + + + ,µm!, but without
any additional knowledge concerning actual service times or on the future of the
arrival process, decides for each arriving customer based on the class of the arriving
customer and the current number of customers in the system whether to accept or
reject the customer+ All rejected customers are lost+

In many previous models, the objective was to maximize the long-run average
reward+As is standard in the literature, we call a policy that maximizes the long-run
average reward gain optimal+ However, there is the possibility of multiple gain op-
timal solutions+ In order to decide which policy of the group of gain optimal solu-
tions should be chosen, we turn to a more sensitive optimality criterion in the form
of bias optimality, which in turn leads us to the even more sensitive criterion of
Blackwell optimality+ Suppose there are two gain optimal policies that receive ex-
actly the same sequence of rewards except that one policy receives an extra reward
at time zero+With respect to gain optimality, the one time reward would be ignored,
but with respect to bias optimality, the policy yielding the extra reward would be
preferred+We illustrate this with an example+

Example 1:Supposem5 4, n5 4, andl 5 2, so that there is no buffer and there are
two customer classes+ Let the arrival rate bel 5 0+75+ The probability of arrivals
being of class 1 isp1 5 2

3
_ while the probability of class 2 isp2 5 1

3
_ + Let the reward of

class 1 and class 2 ber1 51 andr2 5 0+8, respectively+ Finally, let the service rate of
each server be 0+0625, so thatµi 5 0+0625i+ Suppose we are only concerned with
policies that accept both customer classes until the state reaches a levelk and then
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only accepts class one~since it has the higher reward!+Such a policy is called atrunk
reservation policywith control levelk and will be defined precisely later+ For this
model the gain optimal control level isk5 3+ That is, we accept both classes as long
as the number of customers in the system is two or fewer, and accept only class one
if there are three or more busy servers+ It is also the case that three is both bias and
Blackwell optimal+

Now suppose we keep the same model except letr2 5 0+74439+ In this case, we
have two gain optimal trunk reservation policies, with control levels two and three+
However, it remains that the control level three is both bias and Blackwell optimal,
but level two is neither+

One should notice that there were either one or two gain optimal policies and if
there were two, the larger was bias and Blackwell optimal+ It is no coincidence that
the number of gain optimal policies is less than or equal to min$2l21,2m21% while the
number of bias optimal policies is one+ In fact, this turns out to be true in general for
our problem+ Hence, this paper is devoted to the proof of the following theorem:

Theorem 1: There exists a trunk reservation policy that is gain, bias, and Black-
well optimal+ Furthermore, suppose~d* !` is the gain optimal trunk reservation
policy with the largest control level for each class+ If ~L* !j is the control level of
class j under d*, j 51, + + + ,,, then among the class of Markovian, stationary, deter-
ministic policies,

1+ The only other possible gain optimal control level for each class j is~L* !j 2
1, j 5 1, + + + ,,+

2+ ~d* !` is the only bias optimal policy+
3+ ~d* !` is the only Blackwell optimal policy+

Remark 1: In proving Theorem 1 we arrive at some secondary results which are
significant as well+ Lemma 1 shows that under the assumption of irreducibility, the
set of policies which satisfy a set of equations we call the gain optimality equations
is independent of the vectors which satisfy the equations+ Hence, any policy which
satisfies these equations with one set of parameters will satisfy the equations when
the parameters of another solution are substituted+

Proposition 3 asserts that there are no gain optimal Markovian, stationary, de-
terministic policies outside the set of policies which satisfies the gain optimality
equations+ Hence, we are assured that finding the structure of policies which satisfy
these equations characterizes optimal policies+

Also, notice that Theorem 1 implies that,while there are at most min$2l21,2m21%
Markovian, stationary, deterministic gain optimal policies, only oneof these is bias
optimal+

The remainder of the paper is organized as follows+ Section 2 is a review of
related research+ In Section 3, we define the action space and the related transition
matrix and reward vector+ Section 4 is devoted to reviewing Markov decision pro-
cess theory that will be used throughout the paper+ We formulate the problem in
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terms of a Markov Decision Process in Section 5+ Results pertaining to the gain
optimality criterion can be found in Section 6+We conclude with Section 7, the bias
optimality results, which are immediately extended to Blackwell optimality+

2. LITERATURE SURVEY

We rely heavily on the paper of Haviv and Puterman@3# + In addition,we will follow
closely the notation used in Puterman@7# + Previously, Blackwell @1# has shown that
for the discounted case with a finite state and action space, there exists an optimal
stationary policy+ Upon applying the standard result from Markov decision pro-
cesses~see Puterman@7, Corollary 8+2+5# !,

g 5 lim
aF1

~12 a!va ,

whereg is the gain andva is the total discounted reward with discount factora;
Blackwell’s result extends to the gain optimality case+ In the same paper, Blackwell
introduced what is now known asBlackwelloptimality and showed the existence of
a stationary Blackwell optimal policy+

In a classic paper,Miller @6# showed the existence of an optimaltrunk reserva-
tion policy for a finite customer class system with multiple servers and no buffer+
This was extended to an uncountable number of customer classes but with one server
by Lippman and Ross@5# + Although, the model that we propose does not have an
uncountable number of customer classes,we add the generality of a finite buffer and
variable, state-dependent service rates+ Recently, Feinberg and Reiman@2# added
the generality of a constraint on the blocking probability of the highest-paying cus-
tomers+We also find useful the method of uniformization discussed in Lippman@4# +
These problems and others like them were solved using many of the methods of
Semi-Markov decision processes+ A good source for a discussion of problems sim-
ilar to these is Stidham@9# +

3. SETUP

In order to clarify the model, we make the following assumptions+ There are no
holding costs associated with customers+As both interarrival times and service times
are exponential and thus memoryless, the state of the system can be described by the
number of customers in the system and the class of the arriving customer+ Sincem is
the system capacity, the state spaceS5 $0,1, + + + ,m% 3 $0,1, + + + ,,%, where class zero
customers offer zero reward and will correspond to service completions and ficti-
tious transitions in uniformization+ For each states [ S there are associated allow-
able actions+ Thus, we defineAs to be the allowable actions in states5 ~i,c! and
have,

A~i,c! 5 H$accept, reject% i # m2 1, c . 0,
$reject% i 5 m, c . 0+
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Now, defineD` to be the class of Markovian, stationary, deterministic policies
and letd` denote an arbitrary element in this set+ We apply uniformization tech-
niques originally developed by Lippman@4# to discretize the model and use discrete-
time methods+ To this end, let l i 5 lpi , i 51, + + + ,,, and letL 5 µm1 (i51

l l i be the
uniformization constant+Without loss of generality, assume thatL 51+ Notice, that
at each decision epoch, we have an$~m11! 3 , 1 1%-dimensional vectord, whose
elements describe,when in states,what decision rule~in As! should be applied+That
is to say, d~s! [ As+ We order the states lexicographically, so that the first, 1 1
elements are~0,0!, + + + ,~0,,!, the second, 1 1 are~1,0!, + + + ,~1,,!, and so on+ Let D
denote the set of deterministic decision rules available at each decision epoch+ Thus,
d [ D+ Although the model that we propose is a continuous-time Markov Decision
Process, we will discretize the model+ Hence, we will define the optimality criteria
in discrete time+

Definition 1: The long-run average reward or gain of a policyp given that the
system started in state s, denoted gp~s! is ~ provided the limit exists! given by

gp~s! 5 lim
Nr`

Es

1

N (
n50

N

r ~Xn,pn~Xn!!,

where r is the reward function+ Further, a policy, p*, is called gain optimal if

gp* ~s! $ gp~s! for all s [ S

for all p+

Definition 2: The bias of a stationary policy d̀, given that the system started in
state s, denoted hd~s!, is defined to be

hd~s! 5 (
n50

`

Es@r ~Xn,d~Xn!! 2 gd~Xn!#+

We say that a policy, ~d* !` is bias optimal if it is gain optimal, and

hd* ~s! $ hd~s! for all s [ S

for all d+

If the Markov chain generated byd` is aperiodic~true for our model! this limit
exists+Because any gain optimal policy has the same average reward,we see that the
bias may distinguish the best policy by examining the transient reward+ Hence, it is
often referred to as the transient reward+

4. MARKOV DECISION PROCESS THEORY

We now state a few facts from Markov decision process theory for the average
reward objective function+ For each of the following results,we assume that both the
state and action space are finite and that the rewards are bounded+ Both assumptions
hold for our model+ Recall that the gain of a policy is defined to be the long-run
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average reward of that policy+ It is well-known that an optimal gain vector can be
determined by solving the following set of equations:

g 5 max
d[D

Pd g (1)

and

h 5 max
d[G~g!

$rd 2 g 1 Pd h% (2)

for g andh whereG~g! # D is the set of decision rules that attain the maximum in
Eq+ ~1!+We will refer to the system of Eqs+ ~1! and~2! asgain optimality equations.
Let H~g,h! # G~g! be the set of decision rules that attain the maximum in~2!+ The
next result from Puterman@7, Prop+ 8+6+1~b!# will be useful later+

Let gd` andhd` be the gain and bias vectors, respectively, of policy d` [ D +̀

Lemma 1: Suppose Pd ' gd` 5 Pd gd` for two decision rules d and d' and that

rd ' ~s! 1 Pd ' hd` ~s! . rd~s! 1 Pd hd` ~s!

for a recurrent state s in the Markov chain generated by d', then gd '` $ gd` with
strict inequality in at least one component+

We now note that under the assumption that all states communicate for each
policy, there is only one setH~g,h!+ That is, the decision rules that attain the max-
imum in ~2! do not change as we changeg andh+

Lemma 2: Suppose all states in S communicate for each stationary, deterministic
policy, and a decision rule d1 [ D satisfies~1! and ~2! ~obtains the argmax! with
associatedvectors g1 and h1+ If there exists d2 [ D that satisfies~1! and ~2!, then
d2 [ H~g1,h1!+

Proof: We prove this by contradiction using Lemma 1+ Suppose there exists ad2 [

D that satisfies the gain optimality equations, but is not inH~g1,h1!+ Thus, d2
` is

gain optimal and, since the chain is irreducible, must have the same gain vectorg1+
In fact, the gain vectors are constant vectors+ Hence, we know thatPd2

g1 5 Pd1
g1+

Sinced2 Ó H~g1,h1!, and, sinced1 attains the maximum in~2!, we have for some
states

rd1
~s! 2 g1~s! 1 Pd1

h1~s! . rd2
~s! 2 g1~s! 1 Pd2

h1~s!

or equivalently,

rd1
~s! 1 Pd1

h1~s! . rd2
~s! 1 Pd2

h1~s!+

Hence, by Lemma 1 we have thatg1 . g2 which contradicts the optimality ofd2
`+

Thus, d2 [ H~g1,h1!, as desired+ n

The following proposition, which appears in Haviv and Puterman@3# , will be
used to compute the gain and the bias of a policyd +̀
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Proposition 1: The gain and bias of a policy may be computed by solving the
following set of linear equations

g 5 Pd g,

h 5 rd 2 g 1 Pd h, (3)

w 5 2h 1 Pdw,

the gain, gd, and bias, hd, satisfy the first two of the equations and there exists some
w which along with hd satisfies the third+ In fact, gd and hd are unique+

The next result that appears in Puterman@7, Thm+ 10+1+5#, essentially gives us
the first part of Theorem 1+

Proposition 2:

1+ There exists a stationary, deterministic n-discount optimal policy for n5
21,0,1, + + + +

2+ Suppose~d* !` is a Blackwell optimal policy+ It is n-discount optimal for n5
21,0,1, + + + +

Note that~21!-optimality is equivalent to gain optimality and 0-optimality is equiv-
alent to bias-optimality+Hence, to get the first assertion in Theorem 1,we need only
show that these policies can be of trunk reservation form+

The final result from Markov decision process theory that we will discuss is the
definition of trunk reservation and how it pertains to our problem+We borrow from
many sources the following definition of trunk reservation policies~in particular,
see Reiman@8# !+

Definition 3: A trunk reservation decision rule, with reservation levels m2 kc,
where0 # kc # m, c 5 1, + + + ,,, is one that:

1+ always accepts Class1 customers~if the number of customers in the system
is less than m!

2+ accepts Class c customers if and only if there are strictly less than kc cus-
tomers in the system+

We will refer to the level, kc, at which we begin to reject customers of class c as the
control level for class c customers+ A policy made up of trunk reservation decision
rules is called a trunk reservation policy+

Let DT be the subset ofD that contains only the trunk reservation decision rules+
Feinberg and Reiman@2# have examined the model that we propose with the added
generality of a constraint on the blocking probability of class one+ In their analysis,
they reformulate the problem of maximizing the gain as a nonlinear programming
problem+ By neglecting the constraint, they are able to arrive at the fact that among
stationary, deterministic policies, only policies of trunk reservation form can be
optimal+We will prove this result for our model using Markov Decision Processes
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methods and extend them to bias and Blackwell optimality+ Hence, we will be able
to restrict our attention to policies inDT +

5. PROBLEM FORMULATION

In order to apply the above theory,we note that since we have a finite state space and
all states in S communicate for each stationary, deterministic policy, the gain vector
of any policy inD` is constant+ Hence, Eq+ ~1! is satisfied by all Markovian deter-
ministic decision rules+ That is, G~g! 5 D+We will sometimes employ the standard
convention of usingg as both the constant element of the gain vector as well as the
gain vector itself+ Moreover, since Lemma 2 implies thatH~g,h! does not depend
on g andh for the process in question we suppress this dependence and writeH
instead ofH~g,h!+ In order to simplify the notation, we note that for decision rules
d [ DT it suffices to know the control levels for each customer class+ Therefore, we
will denote the trunk reservation decision rule~an,-dimensional vector! with con-
trol levelsLc for classc customers by anL+

If we write Eq+ ~2! in component notation, we have thatH is the set of rules in
D that satisfies for all 0# i , m ~there is but one action ifi 5 m!,

h~i,c! 1 g 5 max$rc 1 U~i 1 1!,U~i !%, (4)

where

U~i ! 5 (
j51

,

l j h~i, j ! 1 µi h~i 2 1,0! 1 F12S(
j51

,

l j 1 µiDGh~i,0!+ (5)

Remark 2: U~i ! can be interpreted as the “remaining” bias of the infinite horizon
problem+ Hence, Eq+ ~4! has the interpretation that we can receive the immediate
reward that the customer offers or forego this reward in hopes of better offers pre-
senting themselves in the future+ Using this interpretation, it is easy to see that
h~i,0! 5 U~i ! 2 g+

6. GAIN OPTIMALITY RESULTS

We begin this section by showing that in the class of stationary, deterministic poli-
cies only trunk reservation policies can be gain optimal+We will need the following
lemmas+

Lemma 3: LetDf ~i ! [ f ~i 11! 2 f ~i !+ Suppose d̀ [ D` is optimal, then we have
DUd~i ! , 0 for i 5 0, + + + ,m2 1+

Proof: We prove the assertion by induction+ Let i 5 0+ It is clear that ifd~0,c! 5
$reject%, for somec . 0 we get from the optimality equationsrc 1 DUd~0! # 0, from
whichDUd~0! , 0 follows immediately+Hence, assume thatd~0,c!5 $accept% for all
c+ Note that

316 M. E. Lewis, H. Ayhan, and R. D. Foley

https://doi.org/10.1017/S0269964899133047 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964899133047


Ud~0! 5 (
j51

,

l j hd~0, j ! 1 F12 (
j51

,

l jGhd~0,0!

5 (
j51

,

l j hd~0, j ! 1 F12 (
j51

,

l jG~Ud~0! 2 gd!+

Applying the assumption that$accept% is optimal for all classes, we get

Ud~0! 5 (
j51

,

l j ~rj 1 Ud~1! 2 gd! 1 F12 (
j51

l

l jG~Ud~0! 2 gd!+

Hence,

(
j51

,

l j DUd~0! 5 gd 2 (
j51

,

l j r j +

Let ad denote the stationary distribution of the Markov process generated by the
decision ruled+ Further, let Rc be the set of states in which classc customers are
rejected+ Note that

gd 5 (
j51

l

(
k[Rj

'

ad~k!~l j r j !+

Thus, gd , (j51
, l j r j andDUd~0! , 0 as desired+

Now we assume the assertion holds fori 21 and show that it is true fori+Recall
that

Ud~i ! 5 (
j51

,

l j hd~i, j ! 1 µi hd~~i 2 1!1,0! 1 F12S(
j51

,

l j 1 µiDGhd~i,0!+

It is again sufficient to consider the case whend~s! 5 $accept% for all s[ S+ Hence,

(
j51

,

l j DUd~i ! 5 gd 2 (
j51

,

l j r j 1 µi DUd~i 2 1!

, 0+ n

Lemma 4: LetD2f ~i ! 5 D~Df !~i ! 5 f ~i 1 2! 2 f ~i 11! 2 ~ f ~i 11! 2 f ~i !!+ If d` [
D` is optimal, thenD2Ud~i ! , 0 for i 5 0, + + + ,m2 2+

Proof: We will also prove this by induction+ Note that fork 5 0,1 we have,

gd 5 (
j51

,

l j hd~0, j ! 2 (
j51

,

l j @Ud~0! 2 gd#

gd 5 (
j51

,

l j h~1, j ! 1 µ1h~0,0! 2S(
j51

,

l j 1 µ1D @Ud~1! 2 gd# ,
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which leads to

(
j51

,

l j hd~0, j ! 2 (
j51

,

l j @Ud~0! 2 g# 5 (
j51

,

l j h~1, j ! 1 µ1h~0,0!

2S(
j51

,

l j 1 µ1D @Ud~1! 2 gd#

or

(
j51

,

l j ~Dhd~0, j ! 2 DUd~0!! 5 µ1 DUd~0!+ (6)

Recall that class 1 customers are always accepted, so thatDhd~0,1! 5 DUd~1!+ We
now make some definitions+ Let

1+ AA 5 the set of customer classes that are accepted when there are 0 or 1
customers in the system,

2+ RR5 the set of customer classes that are rejected when there are 0 or 1
customers in the system,

3+ AR5 The set of customer classes that are accepted when there are 0 custom-
ers and rejected when there is 1 customer in the system,

4+ RA5 The set of customer classes that are rejected when there is one cus-
tomer and accepted when there are zero customers in the system+

We now get from Equation~6!

µ1 DUd~0! 5 (
j[AA

l j ~Dhd~0, j ! 2 DUd~0!! 1 (
j[RR

l j ~Dhd~0, j ! 2 DUd~0!!

1 (
j[AR

l j ~Dhd~0, j ! 2 DUd~0!! 1 (
j[RA

l j ~Dhd~0, j ! 2 DUd~0!!

5 (
j[AA

l j ~D
2Ud~0!! 1 0 1 (

j[AR

l j ~2rj 2 DUd~0!! 1 (
j[RA

l j ~rj 1 DUd~1!!

5 (
j[AA

l j ~D
2Ud~0!! 1 (

j[AR

l j ~2rj 2 DUd~1! 1 D2Ud~0!!

1 (
j[RA

l j ~rj 1 DUd~1!!+

Hence,

(
j[AAøAR

l j ~D
2Ud~0!! 5 µ1 DUd~0! 1 (

j[AR

l j ~rj 1 DUd~1!! 2 (
j[RA

l j ~rj 1 DUd~1!!+

The second term is nonpositive because it is optimal to reject these classes when
there is 1 customer in the system+ Similarly for the last term, it is optimal to accept
these classes~rj 1 DUd~1! $ 0! when there is 1 customer in the system+ Hence,
applying Lemma 3 we getD2Ud~0! , 0+
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Now assume the result is true fork5 i 21 and consider the statek5 i+ From the
definition of Ud~i ! we get

gd 5 (
j51

,

l j h~i, j ! 1 µi h~i 2 1,0! 2S(
j51

l

l j 1 µiD @Ud~i ! 2 gd# ,

gd 5 (
j51

,

l j h~i 1 1, j ! 1 µi11h~i,0! 2S(
j51

,

l j 1 µi11D @Ud~i 1 1! 2 gd# +

Hence, we have

(
j51

,

l j h~i 1 1, j ! 1 µi11h~i,0! 2S(
j51

,

l j 1 µi11D @Ud~i 1 1! 2 gd#

5 (
j51

,

l j h~i, j ! 1 µi h~i 2 1,0! 2S(
j51

,

l j 1 µiD @Ud~i ! 2 gd#

or, equivalently,

(
j51

,

l j @Dh~i, j ! 2 DUd~i !# 5 @µi11 2 µi #DUd~i ! 1 µi D
2Ud~i 2 1!+

Let ~AA!i , ~RR!i , ~AR!i , and~RA!i be sets analogous to those in the case whenk5 0
replacing 0 and 1 withi andi 1 1, respectively+We get

@µi11 2 µi #DUd~i ! 1 µi D
2Ud~i 2 1!

5 (
j[~AA!i

l j @Dh~i, j ! 2 DUd~i !# 1 (
j[~RR!i

l j @Dh~i, j ! 2 DUd~i !#

1 (
j[~AR!i

l j @Dh~i, j ! 2 DUd~i !# 1 (
j[~RA!i

l j @Dh~i, j ! 2 DUd~i !#

5 (
j[~AA!i

l j @D
2Ud~i !# 1 (

j[~AR!i

l j @2rj 2 DUd~i 1 1! 1 D2Ud~i !#

1 (
j[~RA!i

l j @rj 1 DUd~i 1 1!# +

Hence,

(
j[~AA!iø~AR!i

l j @D
2Ud~i !# 5 (

j[~AR!i

l j @rj 1 DUd~i 1 1!# 2 (
j[~RA!i

l j @rj 1 DUd~i 1 1!#

1 @µi11 2 µi #DUd~i ! 1 µi D
2Ud~i 2 1!+

Applying the same reasoning as wheni 5 0 and using the induction hypothesis, the
right-hand side is strictly less than zero+ ThusD2Ud~s! , 0+ n
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We assert that under the assumption of irreducibility there are not any station-
ary, deterministic gain optimal policies that do not satisfy the gain optimality
equations+

Proposition 3: Suppose all states in S communicate for each stationary, determin-
istic policy+ Every stationary, deterministic gain optimal policy satisfies the gain
optimality equations+

Proof: We will prove the proposition by contradiction+ Suppose there exists a sta-
tionary, deterministic gain optimal policy~d ' !` that does not satisfy the gain opti-
mality equations+ Notice that Proposition 1 guarantees that if a policy satisfies the
gain optimality equations with vectors, sayg andh, then the same policy also sat-
isfies the gain optimality equations with its corresponding gain and bias vectorsgd

andhd+ Hence, let d` be a gain optimal policy that satisfies the gain optimality
equations with gain and bias vectorsgd andhd, respectively+ Sincegd ' 5 gd andd '

does not satisfy the optimality equations we haverd'~s!1Pd'hd~s! , rd~s!1Pdhd~s!
for somes which by Lemma 1 impliesgd ' , gd+ This contradicts the optimality of
~d ' ! +̀ The result follows+ n

It is not hard to see that, given the concavity ofU in i implied by Lemma 4, we
have the existence of optimal trunk reservation policies for each control level+More-
over, using Proposition 3, we are able to state a stronger result+

Proposition 4: In the class of stationary, deterministic policies, only trunk reser-
vation policies are gain optimal+

Proof: Supposed is an optimal decision rule and consider an arbitrary customer
classj Þ 1+ Let i 5 i * be the smallest suchi such thatd~i, j ! 5 $reject%+ The gain
optimality equations yieldrj 1 DUd~i * ! # 0+ By the concavity ofUd implied in
Lemma 4 we also have thatrj 1 DUd~i ' ! , 0 for all i '. i *+Hence, d~i ', j ! 5 $reject%
as well+ Sincej was arbitrary, this is true for each class+ Thus, d is of trunk reserva-
tion form+ n

We are now able to rewrite the optimality criterion+

Proposition 5: Suppose that L̀ is gain optimal, then for each c

rc 1 UL~i 1 1! 2 UL~i !H$0 0 # i , Lc,
#0 Lc # i # m2 1+

Proof: SinceL is gain optimal we know that it must satisfy the gain optimality
equations+ The result follows+ n

Remark 3: Intuitively,we can think ofDU~i ! as the amount it “costs” to add another
customer to the system+ Thus, if the offered reward, say, rc, is greater than this, we
should accept the customer+ Otherwise, we would reject the customer+ Hence, we
have that the criterion for acceptance isrc 1 DU~i ! $ 0+
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Returning to Example 1 recall that whenr2 5 0+74439 we had two gain optimal
policies, two and three+ In fact, the gain for both policies is 0+213191+ However,
notice that since

h2 5 $2+44331,1+81277,1+12968,0+385291,20+467473%T

h3 5 $2+49891,1+86837,1+18528,0+440894,20+41187%T

h3 $ h2 componentwise+ Hence, there is only one bias optimal trunk reservation
policy+ In order to understand this better, we note that since there are only two
customer classes, there cannot be more than two gain optimal trunk reservation
policies+ Further, if there are two such policies they must occur consecutively+ For
notational convenience, let ~L*!c and~L* !c be the smallest and largest gain optimal
trunk reservation control levels for customer classc+ Clearly, ~L*!c # ~L* !c+

Proposition 6: Suppose~L*!c is the smallest gain optimal control level for cus-
tomer class c+ Then the only other control level for customer class c that can be
optimal is~L*!c 1 1+

Proof: The assertion is trivially true if~L*!c 5 m or m2 1+ Thus, assume~L*!c #
m 2 2+ We will consider the case when~L*!c 5 0 separately, so for now assume
~L*!c . 0+We know from Proposition 3 thatL* [ H+ Note that sinceUL* is strictly
concave, any state~i,c! such that~L*!c , i , m, rc 1 UL*~i 1 1! 2 UL*~i ! , 0
~strictly!, which yieldsH~i,c! 5 $reject%+ Finally, we claim thatrc 1 UL*~~L*!c! 2
UL*~~L*!c 2 1! . 0+ To show this suppose it were equal to zero+ This would imply
thatH~~L*!c21,c!5 $reject, accept%+Thus, ~L*!c21[ H~~L*!c21, j !+This implies
that ~L*!c 2 1 is gain optimal for customer classc+ This contradicts the assump-
tion that~L*!c is the smallest gain optimal control level for customer classc+ For
~L*!c 5 0 notice that by the same reasoning as above, $reject% must be optimal for
customer classc for all higher system capacities+ The result follows+ n

In the previous proof, we have a characterization ofH~i,c! for i . ~L*!c, where
~L*!c is the smallest optimal trunk reservation decision rule for customer classc+ The
same logic can be applied to determineH~i,c! for i # ~L*!c+ Suppose that both~L*!c

and~L*!c 11 are optimal+ Thus, we have, UL*~~L*!c 1 1! 2 UL*~~L*!c! 5 2rc+ Now
suppose there existsi , ~L*!c such that$reject% [ H~i,c!+ SinceH is independent
of g andh we haveUL*~i 1 1! 2 UL*~i ! 5 2rc+ This contradicts Lemma 4+ Hence,
H~i,c! 5 $accept% wheni , L*+ If both ~L*!c and~L*!c11 are optimal we know that
optimal policies which use either control level for classc customers are inH and,
thus,we can admit or not admit classc customers in stateL*+ So we have proven the
following proposition that completely characterizesH+

Proposition 7: If ~L* !c and~L* !c 21 are gain optimal trunk reservation decision
rules for customer class c,

H~i ,c! 5 5
$accept% 0 # i , ~L* !c 2 1,

$accept, reject% i 5 ~L* !c 2 1,

$reject% ~L* !c 2 1 , i # m,
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and if ~L* !c is the only gain optimal trunk reservation rule for customer class c,

H~i,c! 5 H$accept% 0 # i , ~L* !c,

$reject% ~L* !c # i # m+

7. BIAS OPTIMALITY RESULTS

The previous results have reduced our search for stationary, deterministic bias op-
timal policies to a much smaller set+ Since it is well known that such policies exist
~see Proposition 2! we now concern ourselves with which policy, if two gain optimal
policies exist, is bias optimal+ Here again, we restate a useful result~slightly modi-
fied! from Haviv and Puterman@3# +

Proposition 8: Suppose g and h satisfy the gain optimality equations and that
there exists avector w for which

w 5 max
d[H

$2h 1 Pdw% , (7)

then, if d * [ H attains the maximum in~7!, ~d* !` is bias optimal+ Moreover, sup-
pose the process is unichain and that for some d[ H,where g and h satisfy the gain
optimality equations, there exists avector w with

w 5 2h 1 Pdw+ (8)

If

Pd 'w $ Pdw (9)

for some d' [ H with strict inequality in at least one recurrent state in the Markov
chain generated by d', then h~d ' !` $ h~d !` with strict inequality in at least one
component+

Next, we will show that if we have two gain optimal~trunk reservation! control
levels for a particular customer classc, only the larger one is bias optimal+ That is,
bias optimality is sensitive enough to distinguish between them+

Proposition 9: If gain optimal trunk reservation policies d̀ and~d ' !` are iden-
tical except for customer class j, where d̀ uses control level Lj and ~d ' !` uses
control level Lj 1 1, then hd ' $ hd with strict inequality in at least one element+

Proof: Let gd andhd satisfy the gain optimality equations+ Assume for now that
Lj . 0+ Supposewd is a vector that satisfiesw 5 2hd 1 Pdw+ We will show that
Pd 'wd $ Pdwd with strict inequality in at least one component and apply the second
part of Proposition 8+ Recall that we have ordered the states lexicographically+ It is
clear that, asPd ' andPd only differ in the~Lj , j !th row, we need only consider that
component+ Hence, we need to show that

~Pd 'wd!~Lj , j ! . ~Pdwd!~Lj , j !,
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or equivalently,

(
k51

,

lkwd~Lj 1 1,k! 1 µLj11wd~Lj ,0! 1 F12S(
k51

,

lk 1 µLj11DGwd~Lj 1 1,0!

. (
k51

,

lkwd~Lj ,k! 1 µLj
wd~Lj 2 1,0! 1 F12S(

k51

,

lk 1 µLjDGwd~Lj ,0!+

To this end,we derive the following set of equations for an arbitrary classc$1 with
control levelLc underd ,̀

2Dhd~i,c! 5 5
Dwd~i,c! 2 µi11 Dwd~i,0! 2 (

k51

,

lk Dwd~i 1 1,k!

2 F12S(
k51

,

lk 1 µi12DGDwd~i 1 1,0! i , Lc 2 1

Dwd~i,c! i 5 Lc 2 1

Dwd~i,c! 2 µi Dwd~i 2 1,0! 2 (
k51

,

lk Dwd~i,k!

2 F12S(
k51

,

lk 1 µi11DGDwd~i,0! Lc # i # m2 1+

(10)

Using~8! we know fori , Lc 2 1,

wd~i,c! 5 2hd~i,c! 1 (
k51

,

lkwd~i 1 1,k! 1 µi11wd~i,0!

1 F12S(
k51

,

lk 1 µi11DGwd~i 1 1,0!,

wd~i 1 1,c! 5 2hd~i 1 1,c! 1 (
k51

,

lkwd~i 1 2,k! 1 µi12wd~i 1 1,0!

1 F12S(
k51

,

lk 1 µi12DGwd~i 1 2,0!+

Hence,

Dwd~i,c! 5 2Dhd~i,c! 1 (
k51

,

lk Dwd~i 1 1,k! 2 µi12 Dwd~i 1 1,0!

1 µi11 Dwd~i,0! 1 F12 (
k51

,

lkGDwd~i 1 1,0!,
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which yields, for i , Lc 2 1

2Dhd~i,c! 5 Dwd~i,c! 2 µi11 Dwd~i,0! 2 (
k51

,

lk Dwd~i 1 1,k!

2 F12S(
k51

,

lk 1 µi12DGDwd~i 1 1,0!+

Now consider wheni 5 Lc 2 1

wd~Lc 2 1,c! 5 2hd~Lc 2 1,c! 1 (
k51

,

lkwd~Lc,k! 1 µLc
wd~Lc 2 1,0!

1 F12S(
k51

,

lk 1 µLcDGwd~Lc,0!,

wd~Lc,c! 5 2hd~Lc,c! 1 (
k51

,

lkwd~Lc,k! 1 µLc
wd~Lc 2 1,0!

1 F12S(
k51

,

lk 1 µLcDGwd~Lc,0!+

So, we have

Dwd~Lc 2 1,c! 5 2Dhd~Lc 2 1,c!+

Now considerLc # i # m2 1,

wd~i,c! 5 2hd~i,c! 1 (
k51

,

lkwd~i,k! 1 µi wd~i 2 1,0!

1 F12S(
k51

,

lk 1 µiDGwd~i,0!,

wd~i 1 1,c! 5 2hd~i 1 1,c! 1 (
k51

,

lkwd~i 1 1,k! 1 µi11wd~i,0!

1 F12S(
k51

,

lk 1 µi11DGwd~i 1 1,0!+

Thus,

2Dhd~i,c! 5 Dwd~i,c! 2 µi Dwd~i 2 1,0! 2 (
k51

,

lk Dwd~i,k!

2 F12S(
k51

,

lk 1 µi11DGDwd~i,0!+
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Now, for class 0 we have,

wd~i,0! 5 2hd~i,0! 1 (
k51

,

lkwd~i,k! 1 µi wd~i 2 1,0!

1 F12S(
k51

,

lk 1 µiDGwd~i,0!,

wd~i 1 1,0! 5 2hd~i 1 1,0! 1 (
k51

,

lkwd~i 1 1,k! 1 µi11wd~i,0!

1 F12S(
k51

,

lk 1 µi11DGwd~i 1 1,0!+

Hence,

2Dhd~i,0! 5 Dwd~i,0! 2 µi Dwd~i 2 1,0! 2 (
k51

,

lk Dwd~i,k!

2 F12S(
k51

,

lk 1 µi11DGDwd~i,0!+

Since(k51
, lk 1 mm 5 1, ~10! can be rewritten in matrix notation as

~I 2 Q!Dwd 5 2Dhd (11)

whereQ is defined by

Q~~i1,c!,~i2,c' !! 5 5
µi1 c 5 0, i2 5 i1 2 1, c' 5 0,

lc' c 5 0, i2 5 i1, c' Þ 0,

µm 2 µi111 c 5 0, i2 5 i1, c' 5 0,

µi111 i1 , Lc, c Þ 0, i2 5 i1, c' 5 0,

lc' i1 , Lc, c Þ 0, i2 5 i1 1 1, c' Þ 0,

µm 2 µi112 i1 , Lc, c Þ 0, i2 5 i1 1 1, c' 5 0,

µi1 Lc # i1 # m2 1, c Þ 0, i2 5 i1 2 1, c' 5 0,

lc' Lc # i1 # m2 1, c Þ 0, i2 5 i1, c' Þ 0,

µm 2 µi111 Lc # i1 # m2 1, c Þ 0, i2 5 i1, c' 5 0,

0 otherwise+

(12)

Consider state~0,0!+ Since we have assumed thatµ0 5 0 andµ1 . 0, this row ofQ
cannot sum to 1+ Q can be thought of as the transition matrix for the transient states
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of a finite-state,Markov chain+Hence,we get from Puterman@7,App+A, Prop+A+3#
that I 2 Q is invertible, with

~I 2 Q!21 5 (
n50

`

Qn+

SinceQ has all nonnegative elements, ~I 2 Q!21 must also be nonnegative+ Further-
more, from ~11!,

Dwd 5 2~I 2 Q!21Dhd

5 2(
n50

`

QnDhd + (13)

Now, from Lemma 3 we know that2Dhd . 0+ Further, note that the first two
terms of the sum in Eq+ ~13! are2Dhd 2 QDhd, and thatQ is nonnegative with at
least one strictly nonnegative element in each row+ Hence,

Dwd 5 2(
n50

`

QnDhd

. 2Dhd +

To complete the proof, recall

Dwd~L*, j ! 1 Dhd~L*, j ! 5 ~Pd 'wd!~L*, j ! 2 ~Pdwd!~L*, j ! . 0+

Applying the second part of Proposition 8, we obtain the result+ if L*5 0 the
analysis is similar+ n

The previous proposition leads to the following corollary+

Corollary 1: There can only be one stationary, deterministic bias optimal policy
and that policy uses the highest gain optimal control limit for each customer class+

Of course, there are other more sensitive optimality criterion including` 2
optimalityor Blackwell optimality.

Definition 4: A policyp* is called Blackwell optimal if there existsl* such that
0 # l* , 1, vlp

*
$ vlp , for all p andl* # l , 1, wherevlp is the total discounted

reward of the Markov decision process when using policyp with discount ratel+

Proof of Theorem 1: The existence of gain, bias, and Blackwell optimal policies
is a direct consequence of Proposition 2 and the fact that Blackwell@1# showed the
existence of a stationary policy~in the finite state case!+ Applying Proposition 6
yields that there can be at most two gain optimal control levels for each customer
class, and that they must occur consecutively+ Further, Proposition 9 distinguishes
between two gain optimal control levels using bias optimality+ Finally, it is well
known that Blackwell optimality implies bias optimality+ Hence, we have shown
that, if there is only one gain optimal control level for each class, that policy is also
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Blackwell optimal, and, if there are classes in which there are two gain optimal
control levels, the higher one is Blackwell optimal+ n
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