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We consider a finite capacity queueing system in which each arriving customer
offers a rewardA gatekeeper decides based on the reward offered and the space
remaining whether each arriving customer should be accepted or rejEbteghate-
keeper only receives the offered reward if the customer is acceptedditional
objective function is to maximize the gaihat is the long-run average rewaidis

quite possiblehoweverto have several different gain optimal policies that behave
quite differently Bias and Blackwell optimality are more refined objective func-
tions that can distinguish among multiple stationatgterministic gain optimal
policies This paper focuses on describing the structure of statipdatgrministic
optimal policies and extending this optimality to distinguish between multiple gain
optimal policiesWe show that these policies are of trunk reservation form and must
occur consecutivelyWe then prove that we can distinguish among these gain op-
timal policies using the bias or transient reward and extend to Blackwell optimality

1. INTRODUCTION

We consider a slight generalization of the followii8uppose we add a gatekeeper
to anM/M/n/mqueueing systenand the gatekeeper decides whether each arriving
customer is admitted or rejecteifferent customers bring different rewardmsd
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the gatekeeper receives the reward only if the customer is acc@piedatekeeper
knows the reward offered by the customer and the number of customers currently in
the systemThe gatekeeper’s objective is either to maximize the long-run average
reward received or to achieve a more stringent form of optimality such as bias or
Blackwell optimality Clearly as the number of customers in the system nears the
system capacityn < oo, the gatekeeper would be inclined to reject customers offer-
ing smaller rewardsas accepting these customers might prevent the admission of a
customer offering a larger reward

More preciselywe assume that the arriving customers form a Poisson process
with arrival rateA > 0. The amount of work required by each customer is exponen-
tially distributed with mean oneEach arriving customer independently offers a
rewardr, with probabilityp, > 0 fork=1,2,...,€. Thus the arrival process can be
decomposed intdindependent Poisson processes with ratesApfork=1,...,¢,
corresponding to thédifferent rewards offeredn our generalizatioywe can equiv-
alently consider a single server which works at gat@hen the number of customers
in the system i$, and we assume thatOpy < Yy = --- = l,, < oo. Thus to model
a system witm identical servers in which the customer’s service times are expo-
nentially distributed with mean/i1, we simply seg; = min{n, i }.. Our system has
a maximum capacity ofn < co. Hence customers arriving to a full system are
rejected Customers offering a rewang will be called clask customers fok =
1...,¢,and we assume that>r, > -.- >r, > 0. The gatekeepefully cognizant
of the system parametems ¢,(r4,...,r¢), (Aq,...,A¢), and( o, ..., iUm), but without
any additional knowledge concerning actual service times or on the future of the
arrival processdecides for each arriving customer based on the class of the arriving
customer and the current number of customers in the system whether to accept or
reject the customeAll rejected customers are lost

In many previous modelshe objective was to maximize the long-run average
reward As is standard in the literaturere call a policy that maximizes the long-run
average reward gain optimddowever there is the possibility of multiple gain op-
timal solutions In order to decide which policy of the group of gain optimal solu-
tions should be chosewe turn to a more sensitive optimality criterion in the form
of bias optimality which in turn leads us to the even more sensitive criterion of
Blackwell optimality Suppose there are two gain optimal policies that receive ex-
actly the same sequence of rewards except that one policy receives an extra reward
at time zeroWith respect to gain optimalifyhe one time reward would be ignored
but with respect to bias optimalityhe policy yielding the extra reward would be
preferred We illustrate this with an example

Example 1: Supposen= 4, n= 4, andl = 2, so that there is no buffer and there are
two customer classeket the arrival rate be = 0.75. The probability of arrivals
being of class 1 ig, = 5 while the probability of class 2 is, = 3. Let the reward of
class 1 and class 2 be= 1 andr, = 0.8, respectivelyFinally, let the service rate of
each server be.0625 so thaty; = 0.0625. Suppose we are only concerned with
policies that accept both customer classes until the state reaches k dewkthen
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only accepts class orisince it has the higher rewac@uch a policy is called @unk
reservation policywith control levelk and will be defined precisely latdfor this
model the gain optimal control levelks= 3. That is we accept both classes as long
as the number of customers in the system is two or fearet accept only class one
if there are three or more busy servdtss also the case that three is both bias and
Blackwell optimal

Now suppose we keep the same model except et0.74439 In this casewe
have two gain optimal trunk reservation policiesth control levels two and three
However it remains that the control level three is both bias and Blackwell optimal
but level two is neither

One should notice that there were either one or two gain optimal policies and if
there were twpthe larger was bias and Blackwell optimkilis no coincidence that
the number of gain optimal policies is less than or equal to{@lirt, 2™ 1} while the
number of bias optimal policies is ona fact this turns out to be true in general for
our problemHence this paper is devoted to the proof of the following theorem

THEOREM 1: There exists a trunk resgaition policy that is gainbias and Black
well optimal Furthermore supposed”)® is the gain optimal trunk reseation
policy with the largest control kel for each classlf (L*); is the control leel of
classjunderd,j=1,...,¢, then among the class of Marian, stationary deter
ministic policies

1. The only other possible gain optimal controbég for each class ji$L"); —
Lj=1...,¢

2. (d*)= is the only bias optimal policy

3. (d*)* is the only Blackwell optimal policy

Remark 1:In proving Theorem 1 we arrive at some secondary results which are
significant as wellLemma 1 shows that under the assumption of irreducibility
set of policies which satisfy a set of equations we call the gain optimality equations
is independent of the vectors which satisfy the equatiblesice any policy which
satisfies these equations with one set of parameters will satisfy the equations when
the parameters of another solution are substituted

Proposition 3 asserts that there are no gain optimal Markosgtationaryde-
terministic policies outside the set of policies which satisfies the gain optimality
equationsHence we are assured that finding the structure of policies which satisfy
these equations characterizes optimal policies

Also, notice that Theorem 1 implies thathile there are at most mi2'~%, 2™}
Markovian stationarydeterministic gain optimal policiesnly oneof these is bias
optimal

The remainder of the paper is organized as folloSmsction 2 is a review of
related researchn Section 3we define the action space and the related transition
matrix and reward vectoBection 4 is devoted to reviewing Markov decision pro-
cess theory that will be used throughout the pajés formulate the problem in
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terms of a Markov Decision Process in SectiarResults pertaining to the gain
optimality criterion can be found in Section\8e conclude with Section, The bias
optimality resultswhich are immediately extended to Blackwell optimality

2. LITERATURE SURVEY

We rely heavily on the paper of Haviv and Putermah In addition we will follow
closely the notation used in Puternian. Previously Blackwell[1] has shown that
for the discounted case with a finite state and action spgheee exists an optimal
stationary policy Upon applying the standard result from Markov decision pro-
cessegsee Putermafv, Corollary 82.5]),

g=Ilim(l- a)v,,
aT1

whereg is the gain and, is the total discounted reward with discount factgr
Blackwell’s result extends to the gain optimality calsethe same papgBlackwell
introduced what is now known @&lackwelloptimality and showed the existence of
a stationary Blackwell optimal policy

In a classic papeMiller [6] showed the existence of an optintalnk reserva-
tion policy for a finite customer class system with multiple servers and no buffer
This was extended to an uncountable number of customer classes but with one server
by Lippman and Roskb]. Although, the model that we propose does not have an
uncountable number of customer classesadd the generality of a finite buffer and
variable state-dependent service ratB®ecently Feinberg and Reimal®] added
the generality of a constraint on the blocking probability of the highest-paying cus-
tomers We also find useful the method of uniformization discussed in Lipppd&n
These problems and others like them were solved using many of the methods of
Semi-Markov decision processdsgood source for a discussion of problems sim-
ilar to these is Stidhan®].

3. SETUP

In order to clarify the modelwe make the following assumptionShere are no
holding costs associated with customésboth interarrival times and service times
are exponential and thus memorylgbe state of the system can be described by the
number of customers in the system and the class of the arriving cust®imeemis

the system capacitthe state spacg={0,1,...,m} X {0,1,..., €}, where class zero
customers offer zero reward and will correspond to service completions and ficti-
tious transitions in uniformizatiariFor each state € Sthere are associated allow-
able actionsThus we defineA, to be the allowable actions in stadge= (i,c) and
have

a {acceptreject i=m—-1,c>0,
0.2 1 {reject i=mc>0.
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Now, defineD* to be the class of Markoviastationarydeterministic policies
and letd” denote an arbitrary element in this Séfe apply uniformization tech-
nigues originally developed by Lippm#4] to discretize the model and use discrete-
time methodsTo this endletA; = Ap;, i =1,...,¢, and letA = p, + >I_, A, be the
uniformization constaniithout loss of generalityassume that = 1. Notice, that
at each decision epogive have aq(m+ 1) X € + 1}-dimensional vectod, whose
elements describghen in state, what decision rulé€in As) should be appliedrhat
is to say d(s) € A,. We order the states lexicographicalbp that the firstt + 1
elements ar¢0,0),...,(0,¢), the second + 1 are(1,0),...,(1,€), and so onLet D
denote the set of deterministic decision rules available at each decision &pagh
d € D. Although the model that we propose is a continuous-time Markov Decision
Processwe will discretize the modeHence we will define the optimality criteria
in discrete time

DEerINITION 1: The longrun average reward or gain of a policyr given that the
system started in state denoted g(s) is (provided the limit existsgiven by

1 N
g.(8) = lim Eq— > r(Xp,mn(X,),
N—oo N n=o
where r is the reward functiarFurther, a policy, ¥, is called gain optimal if
g,+(8) =g,(s) forallseS
for all 7.

DEFINITION 2: The bias of a stationary policy“d given that the system started in
state sdenoted Q(s), is defined to be

hd(s) = 20 Es[r(xnad(xn)) - gd(xn)]

We say that a policy(d*)* is bias optimal if it is gain optimaland
hg:(s) = hy(s) forallse S
for all d.

If the Markov chain generated oy is aperiodidtrue for our modelthis limit
exists Because any gain optimal policy has the same average rewaske that the
bias may distinguish the best policy by examining the transient rewsedce it is
often referred to as the transient reward

4. MARKOV DECISION PROCESS THEORY

We now state a few facts from Markov decision process theory for the average
reward objective functiari-or each of the following resultere assume that both the
state and action space are finite and that the rewards are baBateassumptions
hold for our model Recall that the gain of a policy is defined to be the long-run
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average reward of that policit is well-known that an optimal gain vector can be
determined by solving the following set of equations

g = maxPyg 1)
and
h= drggé){rd — g+ Pyh} (2)

for gandh whereG(g) C D is the set of decision rules that attain the maximum in
Eqg. (1). We will refer to the system of Eg$l) and(2) asgain optimality equations.
LetH(g,h) C G(g) be the set of decision rules that attain the maximur2)nThe
next result from Putermalry, Prop 8.6.1(b)] will be useful later

Let g4~ andhy- be the gain and bias vectorespectivelyof policy d* € D*.

Lemma 1: Suppose gy~ = Py0q- for two decision rules d and’dand that
ra'(S) + Py hge=(S) > r4(S) + Pyhg=(s)

for a recurrent state s in the Markachain generated by 'dthen gy~ = gq- with
strict inequality in at least one component

We now note that under the assumption that all states communicate for each
policy, there is only one séil (g, h). That is the decision rules that attain the max-
imum in (2) do not change as we changandh.

LemmMma 2: Suppose all states in S communicate for each statigriiaterministic
policy, and a decision rule g€ D satisfies(1) and (2) (obtains the argmaxwith
associatedectors g and h,. If there exists g € D that satisfieg1) and(2), then
d, € H(gs, ha).

Proor: We prove this by contradiction using LemmaSuppose there existsla e
D that satisfies the gain optimality equatiobsit is not inH(g,, h,). Thus d;” is
gain optimal angdsince the chain is irreduciblenust have the same gain vectir
In fact, the gain vectors are constant vectdtgnce we know thatPy, g, = Py, 0;.
Sinced, & H(g,, h;), and sinced; attains the maximum i2), we have for some
states

rq,(8) — 9u(S) + Py, hi(8) > rg,(S) — 9a(S) + Py, hy(S)
or equivalently
rq,(8) + Py, ha(s) > rg,(s) + Py, ha(s).

Hence by Lemma 1 we have tha, > g, which contradicts the optimality af,”.
Thus d, € H(g4, hy), as desired u

The following propositionwhich appears in Haviv and Putermg8i, will be
used to compute the gain and the bias of a pality
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ProrosiTioN 1: The gain and bias of a policy may be computed byisgl the
following set of linear equations

g= Pdg7
h:rd_g+Pdh, (3)
w = —h+ Pyw,

the gain gq4, and bias hy, satisfy the first two of the equations and there exists some
w which along with b satisfies the thirdin fact, gy and hy are unique

The next result that appears in Putermi@nrhm. 10.1.5], essentially gives us
the first part of Theorem.1

PROPOSITION 2:

1. There exists a stationarygleterministic rdiscount optimal policy for n=
-10,1....

2. Supposéd*)* is a Blackwell optimal policylt is n-discount optimal for =
-10,1,....

Note that(— 1)-optimality is equivalent to gain optimality and 0-optimality is equiv-
alent to bias-optimalitjHence to get the first assertion in Theorenwie need only
show that these policies can be of trunk reservation form

The final result from Markov decision process theory that we will discuss is the
definition of trunk reservation and how it pertains to our prohlgvie borrow from
many sources the following definition of trunk reservation polidiesparticular
see Reimaf8]).

DeFINITION 3: A trunk resevation decision rulewith resepation levels m— k.,
whereO=k.=m,c=1,...,¢, is one that

1. always accepts Claskcustomersif the number of customers in the system
is less than m

2. accepts Class c customers if and only if there are strictly less thandk
tomers in the system

We will refer to the leel, k., at which we begin to reject customers of class c as the
control level for class ¢ customer# policy made up of trunk resgation decision
rules is called a trunk reseation policy.

Let Dy be the subset dd that contains only the trunk reservation decision rules
Feinberg and Reimdr2] have examined the model that we propose with the added
generality of a constraint on the blocking probability of class.dn¢heir analysis
they reformulate the problem of maximizing the gain as a nonlinear programming
problem By neglecting the constrainthey are able to arrive at the fact that among
stationary deterministic policiesonly policies of trunk reservation form can be
optimal We will prove this result for our model using Markov Decision Processes
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methods and extend them to bias and Blackwell optimaHgnce we will be able
to restrict our attention to policies Ds.

5. PROBLEM FORMULATION

In order to apply the above thegrye note that since we have a finite state space and
all states in S communicate for each stationdegerministic policythe gain vector
of any policy inD* is constantHence Eq. (1) is satisfied by all Markovian deter-
ministic decision rulesThat is G(g) = D. We will sometimes employ the standard
convention of usingy as both the constant element of the gain vector as well as the
gain vector itselfMoreover since Lemma 2 implies thad (g, h) does not depend
on g andh for the process in question we suppress this dependence andHwrite
instead ofH (g, h). In order to simplify the notationwe note that for decision rules
d € Dy it suffices to know the control levels for each customer clabgrefore we
will denote the trunk reservation decision rién ¢-dimensional vectgrwith con-
trol levelsL . for classc customers by ah.

If we write Eg (2) in component notatigrwe have thaH is the set of rules in
D that satisfies for all G i < m (there is but one action if= m),

h(i,c) + g = maxX{r. + U(i + 1),U(i)}, (4)

where

€ ¢
U= 21)\1 h(i,j) + wh(i —10) + [1— (21)\] + uiﬂh(i,O). (5)
1= 1=
Remark 2: Ui) can be interpreted as the “remaining” bias of the infinite horizon
problem Hence Eq. (4) has the interpretation that we can receive the immediate
reward that the customer offers or forego this reward in hopes of better offers pre-
senting themselves in the futurgsing this interpretatignit is easy to see that
h(i,0)=U(i) —g.

6. GAIN OPTIMALITY RESULTS

We begin this section by showing that in the class of statigrterministic poli-
cies only trunk reservation policies can be gain optitvid will need the following
lemmas

LeEmMA 3: LetAf(i)=f(i +1) —f(i). Suppose & € D* is optimal then we hae
AUq4(i) <Ofori=0,...,m—1.

Proor: We prove the assertion by inductidreti = 0. It is clear that ifd(0,c) =
{reject, for somec > 0 we get from the optimality equations+ AUy (0) < 0, from
whichAU4(0) < 0 follows immediatelyHence assume that(0, c) = {accep}for all
c. Note that
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¢ ¢
Ug(0) = >, Ajhg(0,)) + {1_ > )\ji|hd(070)
j=1 j=1

= 2 Ahg(0,)) + {1_ > /\j](Ud(O) — Ga)-
=1 j=1

Applying the assumption thgaccep} is optimal for all classesve get

¢ |
Uy(0) = 2 Aj(r; + Ug(D) — gq) + {1_ 2 )\j](ud(o) — Qa)-
j=1 j=1
Hence

€ €
j=1

j=1

Let @4 denote the stationary distribution of the Markov process generated by the
decision ruled. Further let R; be the set of states in which clasgustomers are
rejected Note that

|
da = > > ag(K(Ar).
i=lker
Thus gg < 2/-1A;1; andAU4(0) < 0 as desired

Now we assume the assertion holdsiferl and show thatitis true for Recall
that

Ug(i) = E Ajhg(iyj) + pihg((—1)%,0) + [1_ <2 A+ |Ji>:|hd(i»0)-
=1 j=1

Itis again sufficient to consider the case whiis) = {accep} for all s€ S Hence

€ €
=1 j=1

i
<0. u

LEMMA 4: LetA?f(i)=A(Af)(I)=f(i+2)—f(i+1) —(f(i+1)—1f(@i)).Ifd>e
D is optimal thenA?Uy(i) < Ofori=0,...,m— 2.

Proor: We will also prove this by inductiarNote that fork = 0,1 we have

Oq = E A h4(0,j) — 2 A [Ug(0) — gq]
j=1 j=1

¢ ¢
Oa = 2 Ah(Lj) + ph(0,0) — <2 At Ul) [Ug(D) — gal,
j=1 j=1
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which leads to

¢ ¢ ¢
E Ajha(0,]) — 2 Ai[Uq(0) — 0] = E Aih(L]) + p.h(0,0)
j=1 j=1 j=1

¢
- (Z A+ P—l) [Ug(1) — gq]
j=1

or

¢
2 )\j(Ahd(O,j) — AU4(0)) = p,AUq(0). (6)
j=1

Recall that class 1 customers are always acceptethatAhy(0,1) = AUq4(1). We
now make some definitiontet

1. AA = the set of customer classes that are accepted when there are 0 or 1
customers in the system

2. RR= the set of customer classes that are rejected when there are 0 or 1
customers in the system

3. AR=The set of customer classes that are accepted when there are 0 custom-
ers and rejected when there is 1 customer in the system

4. RA= The set of customer classes that are rejected when there is one cus-
tomer and accepted when there are zero customers in the system

We now get from Equatiof6)

HiAU4(0) = > A(Ahg(0,j) — AU4(0)) + > A;(Ahg(0,]) — AU,4(0))

JEAA JERR

+ 3 A(Ahg(0,]) — AU4(0) + X A;(Ahg(0,]) — AU4(0))

JEAR JERA

> A (A2U4(0) + 0+ D) A(—1 — AUG(0) + ) A;(rj + AU4(L))

JEAA JEAR JERA
= > A(82U4(0) + 3 Aj(—1; — AU4(1) + A2U4(0))
JEAA JEAR
+ > Aj(r + AUG (D).
JERA

Hence

2 Aj(AZUd(O)) = M1 AUq4(0) + Z Aj(rj + AUq(1)) — 2 Aj(r; + AUq4(2)).
JEAAUAR JEAR JERA
The second term is nonpositive because it is optimal to reject these classes when
there is 1 customer in the syste8imilarly for the last termit is optimal to accept
these classe@; + AU4(1) = 0) when there is 1 customer in the systerence
applying Lemma 3 we get?Uy(0) < 0.

https://doi.org/10.1017/50269964899133047 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964899133047

BIAS OPTIMALITY IN A QUEUE WITH ADMISSION CONTROL 319

Now assume the resultis true o= i —1 and consider the stake=i. From the
definition of U4(i) we get

¢ |
Oa = E)\jh(i’j) +uh(i —10 — (Z)‘j + Ui)[Ud(i) — 0als
j=1

j=1

¢ ¢
Ua = > Ah(+ 1)) + W 1h(i,0) — (_El)\j + Hi+1> [Ug(i +1) — gql.
iz

j=1

Hence we have

¢ ¢
2 Ah(i+1j) + i1 h(i,0) - (2 A+ Hi+1> [Ug(i +1) — gq]
j=1 j=1

€ €
=ZAm&D+MMFl®—<2M+M>WdU_%]
=1 i=1

or, equivalently

¢
2 NLARG,j) = AUG(D)] = [Piv1 — Wi JAUG(1) + p A2Ug(i — 1).
j=1

Let (AA);, (RR);, (AR);, and(RA); be sets analogous to those in the case whel®
replacing 0 and 1 withandi + 1, respectivelyWe get

[Miv1 — M JAUG(0) + py A%Uqg(i — 1)

> A[ARG ) —AUGD]+ > A[AKG, ) — AUG()]

JE(AA); JE(RR);

+ > N[AhGL)) = AU (D] + (ZR A[ARG, ) — AU ()]

iE(AR), iERA

= > N[AUG(D]+ D) A[=r) — AUg( + 1) + A2Uq(i)]

JE(AA); JE(AR);

+ > AL+ AUGG + D).
iE(RA),

Hence

> N[AU (D] = D A +AULG+D]— > AL+ AUGG + 1)]

JE(AA);U(AR); JE(AR); JE(RA);
+ [Hics — Wi ]AUG(0) + Wy A%Ug(i — ).

Applying the same reasoning as when 0 and using the induction hypothedise
right-hand side is strictly less than zefithusA?Uq(s) < O. u
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We assert that under the assumption of irreducibility there are not any station-
ary, deterministic gain optimal policies that do not satisfy the gain optimality
equations

ProposITION 3: Suppose all states in S communicate for each statigiktgrmin
istic policy. Every stationary deterministic gain optimal policy satisfies the gain
optimality equations

Proor: We will prove the proposition by contradictioBuppose there exists a sta-
tionary deterministic gain optimal policyd’)* that does not satisfy the gain opti-
mality equationsNotice that Proposition 1 guarantees that if a policy satisfies the
gain optimality equations with vectgrsayg andh, then the same policy also sat-
isfies the gain optimality equations with its corresponding gain and bias veg;tors
andhy. Hence let d* be a gain optimal policy that satisfies the gain optimality
equations with gain and bias vectagrsandhy, respectivelySincegy = g4 andd’
does not satisfy the optimality equations we hayes) + Py hy(s) <rqy(s) + Pgyhy(s)

for someswhich by Lemma 1 impliegy < gq. This contradicts the optimality of
(d")*. The result follows [ ]

It is not hard to see thagiven the concavity o) in i implied by Lemma 4we
have the existence of optimal trunk reservation policies for each control Moet-
over, using Proposition 3we are able to state a stronger result

ProprosITION 4: In the class of stationarydeterministic policiesonly trunk reser
vation policies are gain optimal

Proor: Supposdal is an optimal decision rule and consider an arbitrary customer
classj # 1. Leti = i* be the smallest suchsuch thatd(i,j) = {reject. The gain
optimality equations yield; + AUq4(i*) = 0. By the concavity ofUy implied in
Lemma 4 we also have thgt+ AU4(i’) < Oforalli’ >i*. Henced(i’,j) = {reject

as well Sincej was arbitrarythis is true for each clas¥hus dis of trunk reserva-
tion form. u

We are now able to rewrite the optimality criterion
ProposITION 5: Suppose that € is gain optima] then for each ¢

=0 O0=i<L,

rC+UL(i+1)—UL(i){<O L —iema
= c=i= .

Proor: Sincel is gain optimal we know that it must satisfy the gain optimality
equationsThe result follows [ ]

Remark 3: Intuitively, we can think oAU (i ) as the amount it “costs” to add another
customer to the systerhus if the offered rewardsay r, is greater than thjsve
should accept the customé&therwise we would reject the customedence we
have that the criterion for acceptancejs- AU(i) = 0.
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Returning to Example 1 recall that when= 0.74439 we had two gain optimal
policies two and threeln fact the gain for both policies is.213191 However
notice that since

h, = {2.443311.812771.129680.385291—-0.467473"
hs = {2.498911.868371.185280.440894—0.4118%"

hs; = h, componentwiseHence there is only one bias optimal trunk reservation
policy. In order to understand this betteve note that since there are only two
customer classeshere cannot be more than two gain optimal trunk reservation
policies Further if there are two such policies they must occur consecutiey
notational conveniengéet (L..). and(L*). be the smallest and largest gain optimal
trunk reservation control levels for customer clas€learly (L.). = (L*)c.

PROPOSITION 6: Suppos€L.). is the smallest gain optimal controldel for cus
tomer class cThen the only other control el for customer class c that can be
optimal is(L,). + 1.

Proor: The assertion is trivially true ifL..). = morm— 1. Thus assumdL.). =
m — 2. We will consider the case whe...). = 0 separatelyso for now assume
(L)c > 0. We know from Proposition 3 that, € H. Note that sincéJ,__is strictly
concave any state(i,c) such that(L,). <i<mrc+ U (i+1) — U (i) <0
(strictly), which yieldsH(i,c) = {reject}. Finally, we claim thatr; + U ((L.);) —
U, ((L.)c — 1) > 0. To show this suppose it were equal to z€eFhis would imply
thatH((L.).—1,c) = {reject accep}t. Thus (L.).—1 € H((L,).—1,]). Thisimplies
that(L.). — 1 is gain optimal for customer clags This contradicts the assump-
tion that(L,). is the smallest gain optimal control level for customer clasSor
(L+)c = 0 notice that by the same reasoning as ab{negect must be optimal for
customer class for all higher system capacitieghe result follows u

In the previous progfwve have a characterizationdf(i,c) fori > (L..)., where
(L.)cis the smallest optimal trunk reservation decision rule for customerclase
same logic can be applied to determkhé, c) fori = (L..).. Suppose that botti..).
and(L.). + 1 are optimalThus we have U, ((L,).+ 1) — U__ ((L.)c) = —rc. Now
suppose there exisis< (L.). such thaf{rejec} € H(i,c). SinceH is independent
of gandhwe haveU, (i + 1) — U, (i) = —r.. This contradicts Lemma.4ence
H(i,c) ={acceptwheni < L.,. If both (L,).and(L.). + 1 are optimal we know that
optimal policies which use either control level for classustomers are i and
thus we can admit or not admit classustomers in state,. So we have proven the
following proposition that completely characterizés

ProrosiTION 7: If (L*);and(L*). — 1 are gain optimal trunk resemtion decision
rules for customer class ¢

{accep} 0O=si<(L").—1
H(i,c) = { {acceptreject i=(L*).—1
{reject (L)e—1<i=m,
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and if (L*). is the only gain optimal trunk reseation rule for customer class ¢

{accept 0=i< (L"),
{reject (L)e=i=m

H(i,c)={

7. BIAS OPTIMALITY RESULTS

The previous results have reduced our search for statipdergrministic bias op-
timal policies to a much smaller s&ince it is well known that such policies exist
(see Proposition)2ve now concern ourselves with which polidytwo gain optimal
policies existis bias optimalHere againwe restate a useful resyilightly modi-
fied) from Haviv and Putermaf8].

ProrosiTION 8: Suppose g and h satisfy the gain optimality equations and that
there exists aector w for which

w = T&X{_h + Pyw}, (7)

then if d* € H attains the maximum ifv), (d*)* is bias optimal Moreaer, sup
pose the process is unichain and that for son@ ld, where g and h satisfy the gain
optimality equationsthere exists aector w with

w = —h+ Pyw. (8)

Pyw = Pyw 9)

for some d € H with strict inequality in at least one recurrent state in the Marko
chain generated by ‘dthen HY)” = h@™ with strict inequality in at least one
component

Next, we will show that if we have two gain optimérunk reservationpcontrol
levels for a particular customer clagsonly the larger one is bias optimdihat is
bias optimality is sensitive enough to distinguish between them

ProrosiTION 9: If gain optimal trunk resaration policies & and(d’)* are iden
tical except for customer classwhere d° uses control leel L; and (d')* uses
control level Lj + 1, then hy: = hy with strict inequality in at least one element

Proor: Let gy andhy satisfy the gain optimality equationassume for now that

L; > 0. Supposeny is a vector that satisfies = —hy + Pyw. We will show that
Pywy = Pywy with strict inequality in at least one component and apply the second
part of Proposition 8Recall that we have ordered the states lexicographidally
clear thatasPy andPy only differ in the(L;, j )th row, we need only consider that
componentHence we need to show that

(Parwg) (L, j) > (Pawg) (L, ]),
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or equivalently

¢ ¢
> AWg(Lj + LK) + HLj+1Wd(Lj,0) + {1_ <E A+ ULj+1>:|Wd(Lj +1,0)
k=1 k=1

¢ ¢
> g AWy (L, K) + p, Wy (L —1,0) + {1_ (kZ A+ HL1>]Wd(|—j,O)-

To this endwe derive the following set of equations for an arbitrary classl with
control levelL . underd®,

( ¢
AWq(i,€) = Mi 1 AWg(i,0) — D) A Awg(i + LK)
k=1

€

_|:1_<2 /\k+“i+2>j|AWd(i+Lo) i<L,—1
k=1

_Ahd(|,c) = AWd(ch) | — I—c _ l

¢
Awg(i,¢) — W Awg(i — 1,0) — 2 AeAwg(i, k)
k=1

t —[1—<é /\k+ui+1>]Awd(i,0) Le=si=m-1
k=1
Using (8) we know fori < L,—1,
¢
Wy(i,€) = —hg(i,c) + X AWy (i + LK) + it 1 Wq(i,0)
k=1
¢
+ {1_ (2 At U—i+1>}Wd(i +1,0),
k=1
¢
Wu(i +1,¢) = —hg(i +L¢) + > MWl + 2,k) + Py oWy(i +1,0)
k=1

€
+ [1— (2 A+ qu)}Wd(i +2,0).
k=1

Hence

4
k=1

€
+ l..lH_lAWd(i,O) + |:1_ 2 )\k:| AWd(| + :LO),
k=1
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which yields fori <L.—1
€
—Ahg(i,c) = Awy(i,€) — Hiv1 AWy (i,0) — X A AWq(i + LK)
k=1

- {1_ <é A+ Hi+2>]AWd(i +1,0).
k=1

Now consider whemn=L.—1

€
Wd(l-c_ ]_,C) = _hd(l—c_ LC) + kz Ade(I—c,k) + “Lch(Lc - LO)
=1
€
+ |:1_ <E Ak+ HLC>:|Wd(LC7O)’
k=1
€
Wy(Le,€) = —hg(Lc,C) + kE AWg (L, K) + e wy(Le — 1,0)
=1

4
+ [1— <2 A+ uLC>]wd(Lc,0).
k=1

So, we have
Awg(Lc—1,c) = —Ahg(Lc—L0).

Now considelL., =i=m-—1,

¢
wy(i,c) = —hg(i,c) + kz AeWq (i, K) + pywg (i — 1,0)

+ [1_ (é Ay + Hi)]Wd(i,o),
k=1

¢
wy(i +1,¢) = —hg(i + Lc) + ,; MW (i + LK) + i1 Wy(i,0)

¢
+ {1_ <Z At Hi+1>]Wd(i +1,0).
k=1

Thus

14
—Ahy(i,c) = Awg(i, ) — i Awg(i — 1,0) — > A Awq(i, k)
k=1

— {1— (é A+ ui+1>] Awgy(i,0).

k=1
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Now, for class 0 we have

¢
Wq(i,0) = —hy(i,0) + 2: MWq (i, K) + pywg (i — 1,0)

+ [1_ (é Ay + |J~i>:|Wd(i,O)a
k=1

¢
Wy(i +1,0) = —hg(i +1,0) + > AWy (i + LK) + i1 Wq(i,0)
k=1

¢
+ [1_ <2 At Hi+1>]Wd(i +1,0).
k=1
Hence
—Ahy(i,0) = Awg(i,0) — P Awg(i — 1,0) — D7 A Awg(i, k)

¢
- {1_ (2 A+ P—i+1>]AWd(i,0)-
k=1

SinceS i1 Ak + mm = 1, (10) can be rewritten in matrix notation as

(I = QAwy = —Ahy (11)
whereQ is defined by
”Jil C:0 i2:i1_l,CI:0,
Ae c=0,i;=i;,Cc #0,
Mm = Mij+1 c=0,i,=i,¢c' =0,
Ui1+1 |1<LC,C3&0 |2 Il’C _O
. . Ae ip<Lg,C#0,ip=i;+1c #0,
Q((|1,C),(I2,C’)): ¢ 1 c 2_ 1 .
M= M2 1<Lle,C#0,i,=iy+1¢ =0,
s Le=ii=m-Lc#0i,=i;—Lc =0,
Ac Le=ih=m-1c#0,i,=i,¢ #0,
Hm = Hij+a Le=si;=m-1c#0,i,=i,¢ =0,
\O otherwise
(12)

Consider stat€0,0). Since we have assumed that= 0 andu; > 0, this row ofQ
cannot sum to 1Q can be thought of as the transition matrix for the transient states
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of a finite-stateMarkov chain Hence we get from Putermalv, App. A, Prop A.3]
thatl — Q is invertible with

(-7 =3 Q"

SinceQ has all nonnegative elements— Q) must also be nonnegativEurther-
more from (11),

Awg = —(1 — Q)™ *Ahy

— 2 Q"ahy. (13)

Now, from Lemma 3 we know that- Ahy > 0. Further note that the first two
terms of the sum in Eq13) are —Ahy — QAhy, and thatQ is nonnegative with at
least one strictly nonnegative element in each.fidence

Awg = — > Q"Ahy
n=0
> —Ahg.
To complete the proofecall
Awg(L,,j) + Ahg(L,,j) = (Pegwg)(L,,j) — (Pawg)(L,,j) > 0.

Applying the second part of Proposition\8e obtain the resulif L, = 0 the
analysis is similar ]

The previous proposition leads to the following corollary

CoroLLARY 1: There can only be one stationageterministic bias optimal policy
and that policy uses the highest gain optimal control limit for each customer.class

Of course there are other more sensitive optimality criterion including-
optimality or Blackwell optimality.

DEerFINITION 4: A policy 7* is called Blackwell optimal if there exist§ such that
0= M <1l =vu7, forall w andA* = A < 1, wherev? is the total discounted
reward of the Marko decision process when using poligywith discount rate\.

Proor oF THEOREM 1: The existence of gajibias and Blackwell optimal policies

is a direct consequence of Proposition 2 and the fact that Blackyedhowed the
existence of a stationary poligyn the finite state cageApplying Proposition 6
yields that there can be at most two gain optimal control levels for each customer
class and that they must occur consecutivdfyrther Proposition 9 distinguishes
between two gain optimal control levels using bias optimakipally, it is well
known that Blackwell optimality implies bias optimalittlence we have shown

that if there is only one gain optimal control level for each clakat policy is also
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Blackwell optimaJ and if there are classes in which there are two gain optimal
control levelsthe higher one is Blackwell optimal u
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