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abstract

Current methods in credibility theory often rely on parametric models, e.g., a linear function
of past experience. During the last decade, the existence of high speed computers and statistical
software packages allowed the introduction of more sophisticated and flexible modelling
strategies. In recent years, some of these techniques, which made use of the Markov Chain
Monte Carlo (MCMC) approach to modelling, have been incorporated in credibility theory.
However, very few of these methods made use of additional covariate information related to risk,
or collection of risks; and at the same time account for the correlated structure in the data. In
this paper, we consider a Bayesian nonparametric approach to the problem of risk modelling.
The model incorporates past and present observations related to risk, as well as relevant
covariate information. This Bayesian modelling is carried out by sampling from a multivariate
Gaussian prior, where the covariance structure is based on a thin-plate spline. The model uses
the MCMC technique to compute the predictive distribution of future claims based on available
data.
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". Introduction

Many problems in actuarial science involve the prediction and assessment
of future risks, particularly short-term risks. Over the last 40 years, various
methodologies have been proposed, ranging from techniques based on
linear models, to more complex models incorporating nonparametric and
semiparametric structures. Current methods in credibility theory often rely
on parametric models. Bu« hlmann (1967) developed an approach based on the
best linear approximation, which leads to an estimator which is a linear
combination of current observations and past records. In recent years,
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several authors have introduced methods which use more flexible
nonparametric and semiparametric statistical modelling techniques. Young
(1997) used a decision theoretic approach to develop a credibility formula via
minimisation of a loss function which is a linear combination of squared-
error and second-derivative terms ö i.e., a spline-based approach to
modelling.

Bayesian methodology is particularly appealing in the context of
credibility modelling. Most interesting data sets in credibility theory consist
of repeated, but short, time series data. A Bayesian approach uses
probability models to describe the inherent uncertainty of such data, and
provides an ideal modelling framework. Mayerson (1964) gave a Bayesian
view of credibility, and points the way towards the construction of a sound
theoretical foundation in credibility theory. Jewell (1974) showed that
credibility premiums are exact Bayesian premiums for all simple exponential
families. Klugman (1992) provided a Bayesian analysis to credibility theory
by carefully choosing a parametric conditional loss distribution for each risk
and a parametric prior. Recent developments in Bayesian computational
techniques, such as Gibbs sampling, have made it possible to consider
complex and more realistic Bayesian models suitable for actuarial applications.
Scollnik (2000) described several applications of the Markov Chain Monte
Carlo (MCMC) technique to actuarial modelling using BUGS (Spiegelhalter
et al., 1996) software. Young (2000) considered a Robust Bayesian Credibility
model, and showed its superiority to linear model-based approaches to data
analysis.

Recently, there has been a fundamental shift in the application of
Bayesian modelling. The traditional thinking in the Bayesian paradigm as an
extension of parametric models (in the sense that the priors on parameters
are used to diffuse the dependence on a specific parametric structure) has
been replaced by nonparametric and semiparametric models, where priors
are used in a novel way to facilitate identification and estimation of unknown
functions. This approach incorporates the flexibility of nonparametric and
semiparametric models, and at the same time takes advantage of Bayesian
computation to facilitate the technical aspects of model fitting.

The key difficulty in incorporating the Bayesian framework in the context
of nonparametric and semiparametric modelling has to do with the selection
of prior distributions on functions. One possible solution to the problem
was introduced by Wahba (1990, 2000). In this approach, a multivariate
Gaussian process with a covariance structure is derived via a thin-plate
spline, which can be used to define a prior distribution on an unknown
regression function. The procedure has been used successfully in building
flexible probability distributions which can be used in the context of Bayesian
nonparametric modelling. This basic idea was used in modelling medical
insurance data in a discussion paper by Gangopadhyay & Gau (2003). It
should be noted that this powerful modelling framework is quite general, and
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can be used successfully in actuarial loss modelling. In this paper, however,
we focus on the specific application which relates to credibility modelling.

In Section 2 we introduce the general loss model problem, and the
associated data structures. In Section 3 we discuss the methodology, and
provide a detailed MCMC algorithm for fitting a flexible nonparametric
Bayesian model to actuarial data. In Section 4 we illustrate the methodology
in detail via a simulated example and a motivating example related to
annual fire damages in various towns in eastern Massachusetts, United States
of America.

Æ. Data Structure in Loss Models

The classical data types in this area involve realisations from present and
past experiences of policyholders. Suppose that we have n different risks (or
policyholders), with claim records over a certain number of years, say T ,
i.e.:

Y11; Y12; . . . ; Y1T

Y21; Y22; . . . ; Y2T

:::::::::::::::::::

Yn1; Yn2; . . . ; YnT :

The data can be the amount of loss, the number of claims, or the loss ratio
from insurance portfolios.

Our goal is to estimate the amount (or the number) of claims to be paid
on a particular insurance policy in a future coverage period. The problem of
interest is to model the relationship of YTþ1 to the past observed values of
Y1;Y2; . . . ;YT , i.e. to establish the relationship:

yi j ¼ f ðyi; jÿ1; yi; jÿ2; . . . ; yi;1Þ þ ei j for i ¼ 1; 2; . . . ; n; j ¼ 1; 2; . . . ; T ð1Þ

where f is an unknown function and ei j is a zero-mean random error term.
We can also have a more general form of data configuration. Let
fyi j : j ¼ 1; 2; . . . ; Ti; i ¼ 1; 2; . . . ; ng be a time series of length Ti over which
the measurements of the ith risk (or group of risks) were observed at time
points ti j, j ¼ 1; 2; . . . ; Ti . In addition, let Xi j be the observed covariates, such
as the gender of a policyholder, the industry type of insureds, the time
signature, etc., for the ith risk (or group of risks) at time ti j. In each risk (or
group of risks), the data have the form:

ðyi j;Xi jÞ; j ¼ 1; 2; . . . ; Ti i ¼ 1; 2; . . . ; n ð2Þ
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where Xi j ¼ ðXi j1;Xi j2; . . . ;Xi jdÞ is the d-dimensional covariate vector measured
at time ti j. It may be of interest to study the association between the current
response yi j and the past responses y�i; jÿ1 ¼ ðyi; jÿ1; yi; jÿ2; . . . ; yi1Þ, along with the
covariates.

Therefore, we propose the following modified model, a generalisation
of (1):

yi j ¼ f ðXi j;y
�
i; jÿ1Þ þ ei j for i ¼ 1; 2; . . . ; n; j ¼ 1; 2; . . . ; Ti : ð3Þ

The main contribution of the present work is to provide a flexible
nonparametric environment for loss modelling. As opposed to traditional
approaches, the modelling framework presented here does not assume any
specific parametric structure for the unknown function f . In other words, the
procedure lets the data speak for themselves.

One key question is how to estimate the unknown function f in an
efficient manner. In the nonparametric and semiparametric literature,
various estimation methods are available (e.g., kernel, nearest-neighbour,
spline, wavelet, etc.). However, nonparametric estimation of multivariate
functions can be difficult. The problem is particularly challenging when only
a limited amount of data is available. In the context of loss modelling,
usually only a few years of data for each risk are available. However, there
may be a large number of risks from which to borrow strength. Thus, both
computationally and conceptually, a Bayesian approach is most suited in this
situation.

In this paper, a Bayesian approach is presented for nonparametric
multivariate regression with Gaussian errors. A smooth prior based on thin-
plate splines is assumed for each component of the model. We use the
reproducing kernel for a thin-plate spline for an unknown multivariate
function, as in Wahba (1990). All computations are carried out using the
Gibbs sampling scheme, which follows the work of Wood et al. (2002). This
model is used for the estimation of the function f , and the estimate is
subsequently used to predict future values of Yi;Tiþ1. In the next section we will
introduce the theoretical foundation behind the modelling strategy. The
mathematical details are quite challenging. However, we provide a heuristic
argument which is sufficient for understanding the methodology being
introduced in this paper.

â. Methodology Based on Thin-Plate Splines

The dictionary definition of a spline is: “a thin strip of wood used in
building construction.’’ This, in fact, gives an insight into the mathematical
definition of splines. Historically, engineering draftsmen used long thin
strips of wood, called splines, to draw a smooth curve between specified
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points. A mathematical spline is the solution to a constrained optimisation
problem.

The theoretical foundations for thin-plate splines can be attributed to
Duchon (1975, 1976, 1977) and Meinguet (1979). Duchon’s surface spline is
called a ‘thin plate’ spline, because it approximates the equilibrium position
of a thin plate deflected at scatter points. For an application of thin-plate
splines to meteorological problems see Wahba & Wendelberger (1980). Some
computational advantages of using thin plate regression splines are addressed
by Wood (2003).

3.1 Connection Between Thin-Plate Splines and Bayesian Methods
Following the work of Wahba (1990), we define a penalty functional:

Jmð f Þ ¼

Z
ð f ðmÞðvÞÞ

2
dv:

It is assumed that data y ¼ ðy1; . . . ; ynÞ
0 follow the model:

yi ¼ f ðviÞ þ Ei i ¼ 1; 2; . . . ; n ð4Þ

where vi stands for the covariate information related to observation yi. This
model is a simplified version of the model introduced in (1) and (3). As
before, f is assumed to be a smooth function, and fEig are independent zero
mean errors with a common unknown variance. It is desired to find an
estimate of f given y ¼ ðy1; . . . ; ynÞ

0. The estimate fl of f will be taken as the
minimiser of: Xn

i¼1

ðyi ÿ f ðviÞÞ
2
þ lJmð f Þ: ð5Þ

Note that this criterion can be described as:

Goodness of fitþ l Measure of smoothnessð Þ:

Thus, the parameter l provides a balance between the lack of fit and the
smoothness of f estimated from the data. It can be shown that (5) can also be
written as:

yÿ fð Þ
0 yÿ fð Þ þ l f 0Kfð Þ ð6Þ

where:
y ¼ y1; . . . ; ynð Þ

0

f ¼ f v1ð Þ; . . . ; f vnð Þð Þ
0
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and K is a penalty matrix. It is easy to see that the solution to (6) is given
by:

bf ¼ K Kþ lIð Þ
ÿ1y: ð7Þ

Now consider solution (7) from a different view point for the model given
in (4), where we assume Ei ¼

iid
�Nð0; s2

Þ. A Bayesian approach to the
estimation of f can be formulated as follows.

Consider f as an n-dimensional vector of unknown parameters, and
assume that f follows a multivariate normal prior distribution with zero
mean and covariance matrix, with the ði; jÞth entry given by:

Eð f ðviÞf ðvjÞÞ ¼ b� Kðvi; vjÞ

for some constant b and function K. Then it is easy to verify that the
posterior mean (as the estimate of f under squared error loss) is given by:

bf ¼ E f j yð Þ ¼ K Kþ
s2

b
I

� �ÿ1
y ð8Þ

where K is a positive definite matrix, with Kðvi; vjÞ being the ði; jÞ entry of
the matrix.

A comparison of (8) and (7) shows the underlying connection between the
spline and the Bayesian solutions of the estimation problem under a
Gaussian prior. This important observation was made by Wahba (2000), and
has been extensively used in the Bayesian nonparametric literature. This
result, along with the Bayesian Markov Chain Monte Carlo method,
substantially simplifies the problem related to the estimation of f in high
dimension.

At this point, we will briefly discuss the multivariate generalisation of the
connection between the spline and the Bayesian methods of the estimation of
the unknown function f . In the multivariate setup, we will assume f 2 w, a
space of functions whose partial derivatives of total order m exist and are
continuous. The model is given by:

yi ¼ f ðv1ðiÞ; . . . ; vdðiÞÞ þ Ei i ¼ 1; 2; . . . ; n ð9Þ

where E ¼ ðE1; . . . ; EnÞ
0
� Nð0; s2IÞ and ðv1ðiÞ; . . . ; vdðiÞÞ is the d-dimensional

covariate information related to observation yi. The penalty functional is
given by:
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Jd
mð f Þ ¼

X
a1þ���þad¼m

m!

a1! . . . ad!
�

Z
� � �

Z
@mf

@v1 . . . @vd

� �2

dv1 . . . dvd: ð10Þ

A thin-plate smoothing spline is the solution to the following variational
problem. Find f 2 w to minimise:

Xn

i¼1

ðyi ÿ f ðv1ðiÞ; . . . ; vdðiÞÞÞ
2
þ lJd

mð f Þ: ð11Þ

Specifically, for m ¼ 2, d ¼ 2:

J2
2ð f Þ ¼

Z Z ��
@2f

@v21

�2

þ 2
�

@2f

@v1@v2

�2

þ

�
@2f

@v22

�2�
dv1dv2 ð12Þ

and, in this special case, the solution of (11) will be given by a two-
dimensional thin-plate spline. Arguing exactly as before, one can establish
the underlying connection between the Bayesian approach to the estimation
of f under a multivariate Gaussian prior and thin-plate splines. It is
important to note that implementation of the procedure requires an explicit
computation of the penalty matrix K. However, this issue has been addressed
by Wahba (2000), and we will be using this specific formulation in our
computation.

3.2 Application to Credibility Modelling
Traditionally, linear models have played an important role in loss models,

and, in particular, in credibility models. Given the observed data y, one
suggestion is to approximate mTþ1ðyÞ � EðYTþ1 j H ¼ yÞ by a linear function of
past data. The idea is to restrict the solution to estimators of the form
a0 þ

PT

t¼1 atYt, where a0; a1; . . . ; aT need to be chosen. We will choose the a0is
to minimise:

Q ¼ E ½mTþ1ðyÞ ÿ a0 ÿ
XT

t¼1

atYt�
2

( )
:

The resulting credibility premium formula is given by ½Z� Y þ ð1ÿ ZÞ � m�,
where Y represents the individual sample average, m represents the overall
population mean, and Z is called the credibility factor. Thus, the linear
model approach provides an estimator which is a weighted average of the
individual’s past experience and the overall population experience. One
major criticism of this approach (and hence of credibility as a premium
setting tool) is that it tends to give lower premiums to bad risks, and higher
premiums to good risks. It is definitely desirable to avoid such outcomes.
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This motivates the approach which we developed in the present work.
This nonlinear model-based technique provides a more intricate understanding
of future losses. The loss model which we propose is significantly more
general than models currently available in the literature. The proposed model
borrows strength from similar risks, and provides a more precise prediction
of future losses, along with estimates of the associated prediction error.

To determine how the current claim loss yi j depends on the past losses,
say yi; jÿ1 and yi; jÿ2, our approach is to consider a nonparametric regression
model:

yi j ¼ gðyi; jÿ1; yi; jÿ2Þ þ Ei i ¼ 1; . . . ; n

where g is a smooth function of its arguments. What we wish to accomplish
is a description of the dependency between the current observations yi j for all
policyholders i ¼ 1; . . . ; n and past losses yi; jÿ1 and yi; jÿ2 at occasion j,
through the nonparametric regression function g, which is assumed to be
common to all risks in a portfolio of risks. Once the model is identified
(estimated), we can perform a one-step ahead prediction of yi;Tiþ1 by using yiTi

and yi;Tiÿ1 as covariates. For notational convenience, let yi stand for the
dependent variable (current observation) and si and ti (or, equivalently,
covariates v1 and v2 in (9)) for covariates (two consecutive past losses). We
develop a methodology to estimate the function g using a Bayesian
nonparametric approach, which assigns a Gaussian prior to the unknown
function g. As discussed in Section 3.1, the choice of the covariance matrix of
the Gaussian prior must be very specific. In particular, the covariance is
generated as the reproducing kernel of a thin-plate spline (Wahba, 1990, p30;
Wahba, 2000).

3.3 Model and Prior
Without loss of generality, we assume that si and ti lie in the interval
½0; 1�. Consider the bivariate regression model:

yi ¼ gðsi; tiÞ þ Ei i ¼ 1; . . . ; n ð13Þ

where g is a smooth regression of s and t, and errors Ei are independent
Nð0; s2

Þ. For convenience, we write (13) as:

yi ¼ a0 þ a1si þ a2ti þ f ðsi; tiÞ þ Ei i ¼ 1; . . . ; n ð14Þ

with f having zero initial conditions:

f ð0; 0Þ ¼ 0
@f

@s
ð0; 0Þ ¼ 0

@f

@t
ð0; 0Þ ¼ 0: ð15Þ
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The prior for f ðs; tÞ is a reproducing kernel for the thin-plate spline. This
means that f ðs; tÞ are zero-mean Gaussian random variables with the
covariance function given by:

covf f ðsi; tiÞ; f ðsj; tjÞg ¼ t2Kfðsi; tiÞ; ðsj; tjÞg: ð16Þ

The exact form of the positive definite matrix K is given by Wahba (1990),
and is stated in the Appendix.

3.4 Model Implementation
In this section we discuss the implementation of the model in (14). Our

approach follows closely the work of Wood et al. (2002), where the basic
computational tools were developed in a model selection context. To make
this model computationally feasible, we consider factoring the covariance
matrix K as QDQ0, where Q is an orthonormal matrix and D is a diagonal
matrix with diagonal elements di, which are the eigenvalues of K.

To simplify the notation, we rewrite the model in (14) as:

yi ¼ a0 þ a1si þ a2ti þ fi þ Ei i ¼ 1; . . . ; n ð17Þ

where fi ¼ f ðsi; tiÞ, and f ¼ ð f1; . . . ; fnÞ
0 is multivariate Gaussian with zero

mean and covariance t2K.
The model (14) can be written in matrix form as:

y ¼ Zaþ f þ e ð18Þ

where:

a ¼ ða0; a1; a2Þ
0

y ¼ ðy1; . . . ; ynÞ
0

E ¼ ðE1; . . . ; EnÞ
0

ð19Þ

and

Z ¼

1 s1 t1
1 s2 t2

..

. ..
. ..

.

1 sn tn

26664
37775: ð20Þ

Thus, the prior specification is completed by assigning the following priors
to all unknown components of the model as follows:
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a � Nð0; cIÞ
f � Nð0; t2KÞ
E � Nð0; s2IÞ
t2 � unif ½0; 1010�

s2 � IGð10ÿ8; 10ÿ10Þ

ð21Þ

where t2 is uniformly distributed on the interval ½0; 1010
� and s2 has an

inverse Gamma distribution with parameters 10ÿ8 and 10ÿ10. It should be
noted that, for computational simplicity, these priors are chosen as the
conjugate to the family of distribution; thus the posterior distribution
belongs to the same family as the prior, and the resulting parameters of the
posterior can be readily obtained.

Since K is positive definite, we can factor K as QDQ0 such that:

QQ0 ¼ I: ð22Þ

If we pre-multiply equations (18) by Q0, then, with y� ¼ Q0y, the model
becomes:

y� ¼ Z�aþ f�þE� ð23Þ

where:

Z� ¼ Q0Z
f� ¼ Q0f
E� ¼ Q0E:

ð24Þ

The priors for a, t2, s2 will remain the same as in (21). Meanwhile, E� has
the same distribution as E � Nð0; s2IÞ because of (22). However, the prior
distribution of f� becomes:

f� � Nð0; t2DÞ ð25Þ

because:

VarðQ0fÞ ¼ Q0VarðfÞQ
¼ Q0t2KQ
¼ t2Q0QDQ0Q
¼ t2D

where t2 and D are as defined before.
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3.5 Modification for the Bu« hlmann-Straub Model
Consider the Bu« hlmann-Straub (Bu« hlmann & Straub, 1970) model, which

allows different numbers of exposure units or different distributions of claim
size across past policy years. This can be handled in model (17) by
assuming:

Ei � N 0;
s2

wi

� �
i ¼ 1; . . . ; n ð26Þ

where wi is the corresponding weight for data value yi. We can also have the
same matrix form as (18)

y ¼ Zaþ f þ E ð27Þ

but with priors:
a � Nð0; cIÞ
f � Nð0; t2KÞ

E � Nð0; s2Wÿ1
Þ

t2 � unif ½0; 1010�

s2 � IGð10ÿ8; 10ÿ10Þ:

ð28Þ

Here W is a diagonal matrix with diagonal elements wi, the corresponding
weight for data values yi.

This model can be transformed easily into a similar model as in (18) and
(21), and can be implemented analogously as in Section 3.4. Let:

y0 ¼
ffiffiffiffiffi
W
p

y

Z0 ¼
ffiffiffiffiffi
W
p

Z

f 0 ¼
ffiffiffiffiffi
W
p

f

E0 ¼
ffiffiffiffiffi
W
p

E:

ð29Þ

An interim model is given by:

y0 ¼ Z0aþ f 0 þ E0 ð30Þ

with priors:
a � Nð0; cIÞ

f 0 � Nð0; t2
ffiffiffiffiffi
W
p

K
ffiffiffiffiffi
W
p
Þ

E0 � Nð0; s2IÞ
t2 � unif ½0; 1010�

s2 � IGð10ÿ8; 10ÿ10Þ:

ð31Þ
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With K0 ¼
ffiffiffiffiffi
W
p

K
ffiffiffiffiffi
W
p

, we have f 0ðs; tÞ distributed as zero-mean Gaussian
random variables, with the covariance function given by:

covf f 0ðsi; tiÞ; f
0ðsj; tjÞg ¼ K0fðsi; tiÞ; ðsj; tjÞg:

This is simply a different choice of prior for the full bivariate surface f 0ðs; tÞ.
We can then use results from (17) to (25) based on (30) and (31).
We use a Gibbs sampling scheme, where the bivariate regression surface

is modelled by a thin-plate spline prior, as described earlier in the paper. A
good introduction to the Gibbs sampler is given by Gelfand & Smith (1990).
One of the advantages of Gibbs sampling is that it can take advantage of
any additive structure in the model, as explained in Wong & Kohn (1996).

3.6 Implementation of Sampling Scheme
We present a Gibbs sampling scheme where the bivariate regression

surface is modelled by a thin-plate spline prior. The basic algorithm was
developed by Wood et al. (2002). The estimates of a, t2, and s2 are obtained
by generating iterations a½ j �, t2½ j �, and s2½ j � from this sampling scheme using
noninformative priors for a, t2 and s2, described in (21) with c ¼ 1020. We use
the following sequential sampling scheme to implement our model.
(1) Initialise t2 and l as t2½0� and l½0� respectively. Then set s2½0�

¼ l½0� � t2½0�.
(2) Let W ¼ varðf� þ E�Þ ¼ t2Dþ s2I, so that W is a diagonal matrix. Then

the model is simply a linear model with known covariance matrix W.
Therefore, generate a from the conditional pdf pða j y�; t2; s2

Þ, which is a
Gaussian distribution with mean ðZ�0Wÿ1Z�Þÿ1Z�0Wÿ1y� and covariance
ðZ�0Wÿ1Z�Þÿ1.

(3) Let ~y� ¼ y� ÿ Z�a. Then generate f� from the conditional pdf
pðf� j ~y�; t2; s2

Þ; which is again a Gaussian distribution, with mean
ðt2=sÞ2D½Iþ ðt2=s2

ÞD�ÿ1 ~y� and covariance:

s2 t2

s2 Dÿ
t2

s2 D Iþ
t2

s2 D
� �ÿ1

t2

s2 D

 !
:

(4) Generate t2 from the conditional pdf pðt2 j y�; a; f �Þ, which is an inverse
gamma distribution with parameters ðnÿ 3Þ=2 and

Pn

i¼1ð f
�2
i =diÞ.

(5) Let E� ¼ y�ÿZ�aÿ f �. Generate s2 from the conditional pdf
pðs2
j y�; a; f �Þ; which is again an inverse gamma with parameters

½ðn=2Þ ÿ 1þ 10ÿ8� and
�ÿPn

i¼1 E
�2
i =2

�
þ 10ÿ10

�
.

In the sampling scheme, step 2 to step 5 are repeated. Gibbs sampling is
carried out in two stages. The first stage is a burn-in period. At the end of
this stage, it is assumed that the iterations have converged to draws from the
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posterior distribution. The second stage, called the sampling stage, is used
to estimate the posterior means.

3.7 One-Step Ahead Prediction
Many problems in actuarial science involve the building of a mathematical

model which can be used to predict insurance costs, or to forecast losses in
the future, particularly the short-term future. Suppose that we are interested
in a one-step ahead prediction of Yi;Tþ1. We take the posterior mean
EðYi;Tþ1 j yÞ as the best predictor of Yi; jþ1, and use the posterior variance
varðYi;Tþ1 j yÞ to estimate the associated uncertainty of the prediction. We
estimate the posterior mean and variance of Yi; jþ1 using empirical estimates
based on the values of yi; jþ1 generated during the sampling period by using
the model (17); that is:

yi j ¼ a0 þ a1yi; jÿ1 þ a2yi; jÿ2 þ fi þ Ei i ¼ 1; . . . ; n:

To generate yi; jþ1, we plug in yi j and yi; jÿ1 as covariates. For each iteration,
with the generated values of a and f from the sampling scheme, we have:

yi; jþ1 ¼ a0 þ a1yi; j þ a2yi; jÿ1 þ fi þ Ei i ¼ 1; . . . ; n:

Therefore, for each j; the one-step ahead prediction is given by

ŷi; jþ1 ¼ â0 þ â1yi; j þ â2yi; jÿ1 þ f̂i:

3.8 Implementation in Higher Dimensions
The model can be implemented easily in a higher dimensional setup. For

example, one can impose an additive structure to our proposed model, and
repeat the sampling scheme via a backfitting algorithm, as described by
Hastie & Tibshirani (1990). Some illustrations of this idea can also be found
in Wood (2003). In this section, we illustrate how to handle functions
involving three covariates without resorting to the assumption of additivity.
As before, we treat si and ti as past losses, and incorporate additional
relevant covariate information ui (or, equivalently, covariates v1, v2 and v3 in
(9)). For example, ui can be the number of years for which a policyholder
remains in the same policy with the same insurer, or represents a driving age
group in auto insurance. Then the regression model is given by:

yi ¼ gðsi; ti; uiÞ þ Ei i ¼ 1; . . . ; n

with Ei independent Nð0; s
2
Þ and gð�Þ of the form:

yi ¼ a0 þ a1si þ a2ti þ a3ui þ f ðsi; ti; uiÞ þ Ei i ¼ 1; . . . ; n:
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The prior on f is specified similarly to (16), that is:

covf f ðsi; ti; uiÞ; f ðsj; tj; ujÞg ¼ t2Kfðsi; ti; uiÞ; ðsj; tj; ujÞg: ð32Þ

As before, the form of the kernel K is given in the Appendix.

ª. Examples

In this section we discuss the implementation of our model in data
analysis. Note that the model incorporates past and present observations
related to risk, as well as relevant covariate information. As stated earlier, all
computations are carried out using a Gibbs sampling scheme. The model
uses a MCMC technique to compute the predictive distribution of future
claims based on available data. With a burn-in period, it is assumed that
iterations have converged to draws from posterior distributions. A large
number of such draws can be used to identify the posterior distributions of
all unknown components of the model; and, in turn, can be used for the
purpose of short-term prediction. In the next sections, we discuss a simulated
example, and an application of the model in describing fire related losses in
Massachusetts counties. The following example illustrates the superiority of
the proposed technique when compared against existing methods.

4.1 Simulation Results
In this example we illustrate the accuracy and performance of a Bayesian

nonparametric (BN) technique, proposed in this paper, against a standard
Bu« hlmann-Straub (BS) credibility model. In this simulation study, four
different regression functions are considered, along with zero mean Gaussian
errors with variances ð1=8Þ ; ð1=4Þ and ð1=2Þ:
ö Model a. y ¼ 7½ðsÿ 0:5Þ2 þ ðtÿ 0:5Þ2� � ½0:75ÿ ðsÿ 0:5Þ2 ÿ ðtÿ 0:5Þ2�:
ö Model b. y ¼ sinð4psÞ:
ö Model c. y ¼ 0:5:
ö Model d. y ¼ 0:5þ 0:5sþ 0:25t:

Note that two of the regression models are linear, while the other two are
nonlinear. Two covariates s and t are generated as independent uniformð0; 1Þ.
One hundred replicates are created with each regression model and for each
error variance, with one exposure per cell; and the model is estimated from
the data using both BN and BS techniques. To examine the performances of
the competing estimation methods, the average squared error (ASE) was
calculated for the estimates of the regression functions, where ASE is given
by:
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ASE ¼
1
n

Xn

i¼1

ðĝðsi; tiÞ ÿ gðsi; tiÞÞ
2: ð33Þ

Table 1 shows the ASE for BN and BS estimates of each data generating
model. It is easy to see the superiority of the BN method compared to the BS
approach. Even in the cases where the regression model is actually linear,

Table 1. Bivariate regression; the ASE is calculated using (33); 100
replications were generated for each combination of the function and the

noise

Model s2

1/8 1/4 1/2

BN BS BN BS BN BS

(a) 0.00195 0.11716 0.00719 0.18087 0.02896 0.40740
(b) 0.00042 0.75619 0.00461 0.80690 0.02922 1.00744
(c) 0.00134 0.02004 0.00586 0.05307 0.02160 0.18875
(d) 0.00130 0.14913 0.00586 0.18006 0.02179 0.30963

Figure 1. Plots of fitted surfaces using the Bayesian nonparametric method
for the four regression models with the noise variance 1/4
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the BN approach still performs at a superior level, due to the fact that the
BN model makes more efficient use of the information in the error
distribution.

Figure 1 and Figure 2 show the fitted surfaces using the Bayesian
regression model and the Bu« hlmann-Straub model for the simulated data,
with error variance s2

¼ 1=4. These figures show the flexibility of the
proposed regression model when compared against the linear BS model.

4.2 Application to Massachusetts Fire Data
In this example, we analyse data collected from the Massachusetts Fire

Incident Reporting System. By law, fire departments must report any fire or
explosion resulting in a dollar loss or human casualty to the State Fire
Marshal’s Office. These annual aggregate data are reported by the
Commonwealth of Massachusetts. For example, in the year 2000, a total of
24,391 fires were reported in Massachusetts; resulting in 78 civilian deaths,
619 civilian injuries, 837 fire service injuries, and approximately 189 million
dollars in property damage. For this study, we chose four counties in eastern
Massachusetts; namely, Essex County, Middlesex County, Norfolk County,

Figure 2. Plots of fitted surfaces using the Bu« hlmann-Straub method for
the four regression models with the noise variance 1/4
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and Plymouth County. All four counties are located close to the City of
Boston. In the context of loss ratios from insurance portfolios, the fire ratio
(number of fires per 100 population) of each town is of interest.

Essex County is ranked sixth out of 14 Massachusetts counties in total
reported fires. In the year 2000, Essex County reported 2,168 fires to the
Massachusetts Fire Incident Reporting System, including 848 structural fires,
658 vehicle fires and 662 other fires. Middlesex County ranked third out of
14 Massachusetts counties in total reported fires. In the year 2000, the county
reported 3,007 fires, including 1,695 structural fires, 838 vehicle fires, and
474 other fires. Norfolk County ranked seventh out of 14 Massachusetts
counties in total reported fires. The county reported 1,769 fires, including 628
structural fires, 430 vehicle fires and 711 other fires. Plymouth County
ranked eighth out of 14 Massachusetts counties in total reported fires. The
county reported 1,721 fires, including 673 structural fires, 424 vehicle fires
and 624 other fires. The fire ratios are 0:30, 0:21, 0:27 and 0:36 per 100
population in Essex County, Middlesex County, Norfolk County and
Plymouth County respectively.

Our interest is in the fire ratios for each town of these four counties.
Based on available data, we used the proposed Bayesian nonparametric
regression model to predict the future fire ratio in each of these towns in
our data set. The analysis is expected to provide valuable information on
many insurance policies, such as auto insurance and structure fire insurance.
Table 2 shows a small part of the data layout. It is reasonable to assume that
the population remained unchanged during this short time period. In our
analysis, we included 111 towns, each with populations of more than 7,000.
The fire ratio, in the units of per 100 population, associated with town j
(¼ 1; � � � ; 111) in year t (¼ 1996; 1997; 1998; 1999; 2000), is represented by the
random variable Yjt.
From Figure 3, it appears that there is a strong association between the

current observation and observations from the previous three years. Some
departure from the standard linear model is also evident in these plots. We

Table 2. Fire ratio per 100 population from 1996 to 2000

Town 1996 1997 1998 1999 2000

Fire ratio Amesbury 0.49 0.54 0.50 0.43 0.06
Population 16,450 16,450 16,450 16,450 16,450 16,450

Fire ratio Andover 0.51 0.56 0.47 0.58 0.20
Population 31,247 31,247 31,247 31,247 31,247 31,247

..

. ..
. ..

. ..
. ..

. ..
. ..

.

Fire ratio Whitman 0.43 0.53 0.63 0.48 0.43
Population 13,882 13,882 13,882 13,882 13,882 13,882
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consider a bivariate regression model of the fire ratio in 1999 on the fire
ratios in 1998 and 1997. In addition, we also fit a trivariate regression model
of the fire ratio of 1999 on the fire ratios in 1998, 1997 and 1996. To
examine the relative performances of these two proposed models, the
averaged squared error (ASE) was calculated for estimates of the regression
functions. The ASE is computed as:

ASE ¼
1Pn

j¼1 wj

Xn

j¼1

wjðYj;1999 ÿ bYj;1999Þ
2

ð34Þ

where wj is the size of the population in town j in year 1999; and bYj;1999 is the
fitted value of the fire ratio for town j in 1999. The ASE of the bivariate
model is 0:005, while that of the trivariate model is equal to 0:00047. In
addition, we use data in year 2000 to validate the predictive performance of
the proposed model. The average squared prediction error (ASPE) was
calculated for year 2000 predictions using the proposed model, where the
ASPE is given by:

Figure 3. Scatter matrix plot; plots of fire ratios from years 1996 to 2000
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ASPE ¼
1Pn

j¼1 wj

Xn

j¼1

wjðYj;2000 ÿ Ŷj;2000Þ
2: ð35Þ

The results show that the ASPE is reduced by about 32% from the
bivariate model (ASPE ¼ 0:246) to the trivariate model (ASPE ¼ 0:167). This
indicates that the trivariate model has a better predictive performance than
the bivariate model. Therefore, we use the trivariate regression model to
predict loss ratios associated with year 2001 for various Massachusetts
towns. It should be noted that, in datasets with a larger number of
observations within each exposure unit (compared to only five years of
observations which we have here), it may be useful to consider a higher-order
additive model to improve the predictive power. In this particular case,
however, the small magnitudes of ASE and ASPE suggest that a higher-order
model is not needed for this dataset.

Table 3 gives fire ratio predictions for year 2001 for a sample of towns in
Massachusetts counties. As a matter of fact, this procedure provides the
entire predictive distribution of Yj;2001. The predictive distributions for the
year 2001 for a sample of towns are shown in Figure 4. We can easily
construct credible intervals for predictions based on these distributions.
Moreover, we can also provide answers to certain specific questions related
to the predictions which are deemed important from an insurance stand
point. For example, for each town, suppose that we wish to estimate the
probability of a fire ratio more than 0:3 in the year 2001; a threshold which
can be considered as an indicator of high casualty loss. The last column of
Table 3 provides estimates of the probability for a sample of Massachusetts
towns. With this information, we expect that higher premiums would be
charged in towns with a higher probability of getting relatively high fire
ratios.

Table 3. Predicted fire ratio and probability in year 2001

Town Population Yj;2001 PðYj;2001 > 0:3Þ

Belmont 24,194 0.27 0.385
Brockton 94,304 0.30 0.476
Brookline 57,107 0.04 0.000
Cambridge 101,355 0.37 0.913
Framingham 66,910 0.13 0.001
Lexington 30,355 0.12 0.001
Lowell 105,167 0.21 0.000
Newton 83,829 0.24 0.007
Plymouth 51,701 0.44 0.937
Sudbury 16,841 0.07 0.000
Waltham 59,226 0.18 0.009
Wellesley 26,613 0.38 0.906
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ä. Conclusions

Many problems in actuarial science involve the building of mathematical
models which can be used to predict the insurance cost in the future,
particularly the short-term future. A Bayesian nonparametric approach is
proposed to the problem of risk modelling. The model incorporates past
and present observations related to risk, as well as relevant covariate
information; and uses a MCMC technique to compute the predictive
distribution of the future claims based on available data, where the
covariance structure of a Gaussian prior is based on a thin-plate spline
(Wahba, 1990).

We have illustrated applications of Gibbs sampling within the context of
nonparametric regression and smoothing. Gibbs sampling provides a feasible
approach to the computation of posterior distributions. Combined with the
assumed thin-plate spline structure of the regression surface and the
computational availability of bivariate or trivariate surface estimation, this
methodology opens up a new dimension to credibility literature. Although
our discussion concentrates primarily on two and three-dimensional

Figure 4. Predicted fire ratio in year 2001
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applications, the technique can be extended easily to higher dimensional
problems. Our investigations show that this method performs at a superior
level compared to the existing linear model-based techniques commonly used
in modelling credibility.
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APPENDIX

Wahba (1990) identified a general formulation for computing kernel K
related to a d-dimensional thin-plate spline. Here we provide the specific
forms of the kernel matrix in two and three dimensions.

For a two-dimensional function f ðs; tÞ, with a covariance structure as
described in (16), the kernel K is given by:

Kfðsi; tiÞ; ðsj; tjÞg ¼ Efðsi; tiÞ; ðsj; tjÞg

ÿ
X3

k¼1

pkðsj; tjÞEfuk; ðsi; tiÞg

ÿ
X3

k¼1

pkðsi; tiÞEfðsj; tjÞ; ukg

þ
X3

k¼1

X3

l¼1

pkðsi; tiÞplðsj; tjÞEfuk; ulg

ð36Þ

where:

Efðsi; tiÞ; ðsj; tjÞg ¼ r2 logðrÞ r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsi ÿ sjÞ

2
þ ðti ÿ tjÞ

2
q

ð37Þ

p1ðsi; tiÞ ¼ ÿ1þ 2si þ 2ti p2ðsi; tiÞ ¼ 1ÿ 2si p3ðsi; tiÞ ¼ 1ÿ 2ti ð38Þ

and

u1 ¼
1
2
;
1
2

� �
u2 ¼ 0;

1
2

� �
u3 ¼

1
2
; 0

� �
:

Similarly for a three-dimensional function f ðs; t; nÞ, with the covariance
structure (32), the kernel K is given by:

Kfðsi; ti; viÞ; ðsj; tj; vjÞg ¼ Efðsi; ti; viÞ; ðsj; tj; vjÞg

ÿ
X4

k¼1

pkðsj; tj; vjÞEfuk; ðsi; ti; viÞg

ÿ
X4

k¼1

pkðsi; ti; viÞEfðsj; tj; vjÞ; ukg

þ
X4

k¼1

X4

l¼1

pkðsi; ti; viÞplðsj; tj; vjÞEfuk; ulg

ð39Þ
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where:

Efðsi; ti; viÞ; ðsj; tj; vjÞg ¼ t2 logðtÞ

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsi ÿ sjÞ

2
þ ðti ÿ tjÞ

2
þ ðvi ÿ vjÞ

2
q

ð40Þ

p1ðsi; ti; viÞ ¼ ÿ1þ 2si þ 2ti þ 2vi

p2ðsi; ti; viÞ ¼ 1ÿ 2si

p3ðsi; ti; viÞ ¼ 1ÿ 2ti

p4ðsi; ti; viÞ ¼ 1ÿ 2vi

ð41Þ

and

u1 ¼
1
2
;
1
2
;
1
2

� �
u2 ¼ 0;

1
2
;
1
2

� �
u3 ¼

1
2
; 0;

1
2

� �
u4 ¼

1
2
;
1
2
; 0

� �
:
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