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The ErdGs—Moser Sum-free Set Problem

Tom Sanders

Abstract. We show that there is an absolute ¢ > 0 such that if A is a finite set of integers, then there
isaset S c A of size at least log'™® | A| such that the restricted sumset {s + s’ : 5,5’ € Sand s # s’} is
disjoint from A. (The logarithm here is to base 3.)

1 Introduction

In this paper we are interested in some problems in additive combinatorics. The stan-
dard introduction to this area is the book [TV06] by Tao and Vu, and we have tried
to give references to this book where possible.

Given finite sets A and S in an abelian group, we write A + S for the sumset {a +s :
a € Aands € S} and ATFS for the restricted sumset {a +s:a € A,s € Sand a # s}.
Erdds [Erd65, p. 187] describes joint work with Moser in which they investigate the
following question: if A is a finite set of integers, then what is the size of the largest
set S c A such that (S¥S) n A = @? They consider the restricted sumset to make the
problem non-trivial: if A is a set of consecutive powers of 2and S ¢ Ahas (S+S)nA =
&, then S has size at most 1.

To discuss the problem we need a definition: for a finite set A of integers, define

M(A) :=max{|S|: S c Aand (STS) n A = &}.

We are interested in lower bounds on M(A) that are uniform in the size of A. We
record the history relevant to our interests below. [TV06, §6.2.1] contains more de-
tails, and a full survey can be found in [TV17].

In [Erd65] a simple example is given to show (that for any natural number N there
is a set A of size N such) that M(A) < 1[A| + O(1). This was improved, first by
Selfridge [Erd65, p. 187], then by Choi [Erd65, p. 190], and then more substantially
by Choi [Cho71, (2)] where it is shown that M(A) < |A]**°(M). The o(1)-term was
refined by Baltz, Schoen, and Srivastav in [BSS00, Corollary 3]" before Ruzsa adapted a
classical construction of Behrend [Beh46] in [Ruz05, Theorem] to show the following
theorem.

Theorem 1.1 (Ruzsa) Given a natural number, there is a set A of that size such that

M(A) = exp(O(y/log|A])).
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In the other direction, Erd8s and Moser showed that M(A) — oo as |A| - oo, and
Klarner showed that M(A) = Q(log|A|) (both results are mentioned in [Erd65, p187]
though the proofs, or at least Klarner’s, seem to have been lost [Cho71, 1, p. 630]).
Ruzsa showed that M(A) > 2log, |A| - 1in [Ruz05, Theorem] by a greedy algorithm,
and then Sudakov, Szemerédi, and Vu made an important breakthrough in [SSV05],
giving the first super-logarithmic lower bound on M(A) in [SSV05, Theorem 1.1].
Their argument was improved by Dousse [Doul3, §4] and then Shao [Shal5, Corollary
1.3], who showed that M(A) = (loglog|A|) =M log|A|. We shall show the following
theorem.

Theorem 1.2  For every finite set of integers A, we have
M(A) = logHQ(l) |A].

The result as recorded in the abstract follows immediately from this.?

Our argument has two parts: the first makes use of specific properties of the in-
tegers and is dealt with in Section 3. The second part does not (at least it works in
any abelian group with no 2-torsion), and is covered in the remainder of the paper
from Section 4 onwards. Indeed, because the integers do not play a significant role,
we are able to give a model argument in Section 4, and we hope the reader familiar
with the area will be able to understand the main ideas of our proof from Sections 3
and 4 alone.

Our approach falls within the general strategy proposed by [SSV05], so we begin
in the next section with an overview of it, which also serves to explain how the im-
provements of Dousse and Shao arise.

2 Overview of the Sudakov-Szemerédi-Vu Strategy

Given sets A and X in an abelian group, we say that A is (k, X)-summing’ if for any
set S ¢ A with |§] > k, we have (§FS) n X # @. (We shall always take k > 2.)
The following proposition is the focus of the Sudakov-Szemerédi-Vu strategy.

Proposition 2.1  Suppose that A ¢ X c Z have |X| < (1+ n)|A| and A is (k, X)-
summing for some k € N. Then either n = k™) or |A| < F(k) for some universal
(monotonically increasing) function F: N — N.

ZFor |A| € {1,2,3}, it is trivial, since log, |A| < 1and any S c A of size 1 has S¥S = @. On the other
hand Theorem 1.2 immediately gives the result in the abstract for |A| > C for some absolute C > 0. Finally,
for 4 < |A| < C [Ruz05, Theorem] shows that

log4 —log3

M(A) >2logs |A] - 1> (1+ ogi

)log, 41> exp (< ) Tog, 4]

1
1+ §Toglogz © |

> log, Al

The result is proved. (Note that if A = {-1,0,1}, then M(A) = 1, and so the best lower bound on M(A)
over all size 3 sets is 1, which is the reason for taking logarithms to the base 3.)

30ur terminology is not standard. In [SSV05] the authors say a set S is sum-free with respect to X if
(8FS) n X = @. In [TV16] the authors say that a set § is summing in X for the same thing.
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[SSV05, Theorem 1.2] says we can take

F(k) = exp (exp (exp(exp(exp(0(k)))))).

Applying Proposition 2.1 with X = A gives us that M(A) — oo as |A| - oo, but the
point of the proposition is the extra flexibility afforded by being able to take X to be a
little larger than A. This means that it can be bootstrapped to give [SSV05, Theorem
1.1] (as is done in [SSV05, §2], and as we will do in Section 3), and in general, given
F, one gets

F~(l4)

1) M(4) = of og FAIAD

log |A|)

Many tools in additive combinatorics do not distinguish between different abelian
groups, and so to make use of them, one needs to be in a situation where the conclu-
sion does not depend on the underlying group. In this case, if we try to replace the
integers in Proposition 2.1 with a general abelian group we run into the problem that
A might be a subgroup. In some sense this is the only obstacle, as shown by Tao and
Vu.

Theorem 2.2 ([TV16, Theorem 1.2])  Suppose that G is an abelian group and A c G is
finite and (k, A)-summing. Then there is an integer m < k and subgroups H, . .., Hp, <
G such that |[A\ (HyU---UHy)| = Ox(1) and |An H;| = Qx(|H;|) for1<i < m.

The order property of the integers (not available in general abelian groups) is used
in the derivation of (2.1) from Proposition 2.1, and the integers are also used essentially
in Lemma 2.3 (and hence Lemma 2.5), but all other uses in this discussion section are
for convenience.

Sudakov, Szemerédi, and Vu capture a property of the integers that eliminates the
subgroup examples of Theorem 2.2 in the next lemma. For this we require a definition.
Given a set A in an abelian group G, the additive energy of A is defined* to be

EA) = a* Ll = 2 (S 10tz - )
z "y

Lemma 2.3  Suppose that X ¢ Z has E(X) > y|X|*. Then there is a set X' c X such
that |X'| > n°W|X|and (2-X')n X = @.

The proof of this is [SSV05, Lemma 5.2] coupled with the Balog-Szemerédi-Gowers
Theorem,” but we only need the statement for our discussion so do not record the de-
tails. The rough idea (which we shall use to prove Lemma 3.4) is to partition Z into
sets T; := {x € Z: 2" | x and 2'*! } x} for 0 < i < oo. There cannot be a lot of additive
quadruples with each element in a different T;; we then essentially take the largest
index i where the intersection with X is not too small.

4See [TV06, Definition 2.8] for a discussion.
5Tn its usual form, which corresponds to [TV06, Theorem 2.31((i) = (iv))] and then [TV06, Exercise
2.3.15]).
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It turns out that a short application of Turdn’s theorem from graph theory (es-
sentially [SSV05, Lemma 3.1]) shows that if A is (k, X)-summing, then A has large
additive energy. One can think of this as saying a large part of A is highly structured.

Lemma 2.4  Suppose that G is an abelian group and A, X c G are such that | X| < K|A|
and A is (k, X)-summing. Then either |A| = k°1) or E(A) = (kK)™ M |AP.

The above lemma is a consequence of Lemma 3.2 proved later, though the method
of [SSV05, Lemma 3.1] gives better constants for the O(1)-terms; again we only need
the above form for the discussion.

In fact Lemma 3.2 is importantly stronger than Lemma 2.4 and tells us that if A is
(k, X)-summing, then either A is small or else every subset of A that is not small has
large energy. We formalise this in Section 3 in the notion of “hereditarily energetic”
With this additional fact Lemmas 2.3 and 2.4 can be combined to give the following.

Lemma 2.5 Suppose that A c X c Z are such that |X| < (1+ n)|A| and A is (k, X)-
summing. Then either |A] = k°W; or g > k=OW); or there is a set A’ ¢ A with |A'| >
k=OW|A| such that (2-A") 0 X = @ and E(A") > k"OW|A",

Again we omit the details, as we only need the statement for discussion. The key
point is that if we are not in the first two outcomes, then after applying Lemma 2.4 to
get that A has large additive energy, we apply Lemma 2.3 to X (which inherits large
additive energy from A), and since 7 is small enough, the set X’ in Lemma 2.3 is large
enough that it necessarily has large intersection with A.

Although it was more unusual at the time of [SSV05], it is now commonplace to ap-
ply the Balog-Szemerédi-Gowers-Freiman machinery in this sort of situation. This
tells us that if A ¢ Z and E(A) > #|A[*, then there is an arithmetic progression P such
that

(2.2) P|>]A"" and |AnP|>n°O|p].

This result with the o(1)-term replaced by O(1) follows from [TV06, Theorem 2.29]
combined with [TV06, Theorem 5.32]; the stronger bounds require the replacement
of [TV06, Theorem 2.29] by the improved estimates of Schoen [Schll].

For our purposes, arithmetic progressions are the same as intervals, and the final
ingredient we need is the following proposition.

Proposition 2.6  Suppose that A c {1,..., N} has size aN and there is no proper
k-tuple (ay,...,ax) € A¥ witha; + aje2- Aforalli < j. Then N < F'(a, k) for some
universal function F' : (0,1] x N — N (decreasing in the first coordinate and increasing
in the second).

To see why this is enough, apply the proposition to the output A’ of Lemma 2.5 after
applying (2.2). If Sc A" hass+s" €2- A’ forall s # s’ € S, then since (2- A") n X = &,
we have that (S¥S) N X = @, and so A’ is not (k, X)-summing. It follows that we can
take

F(k) _ F’(k_o(l), k)k—a(l)

in Proposition 2.1.
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Sudakov, Szemerédi, and Vu [SSV05, Corollary 3.3] proved that
F'(a, k) < exp ((exp (ap(@p(OR)))

by using Gowers” bounds for Szemerédi’s Theorem. Dousse noted that the system
being counted in Proposition 2.6 has complexity 1 (in the sense of [GT10, Definition
1.5]), so one can study the configurations in Proposition 2.6 using Fourier analysis
rather than the higher order analogues of Gowers. This is cheaper, and she proved
[Doul3, Corollary 3.4] that

F'(a, k) < exp (exp (oc_o(kz))).

Finally Shao implemented Dousse’s Fourier argument in Bohr sets (following Bour-
gain [Bou99] for three-term progressions, which is the special case k = 2 of Proposi-
tion 2.6; see [TV 06, Theorem 10.29] for an exposition) to show [Shal5, Theorem 1.3]
that
F'(a,k) <exp (ofo(kz)).

(In fact, this does not quite do justice to Shao’s work; Dousse used a weaker version of
the Balog-Szemerédi-Gowers-Freiman machinery that arises from applying a ver-
sion of Freiman’s theorem providing a progression containing the whole of the set A,
rather than a progression inside 2A —2A. Shao noted that Ruzsa’s Embedding Lemma
[TV06, Lemma 5.26] suffices and gives better bounds, although those improvements
do not impact the level of our discussion above.)

It is natural to ask what sort of bounds we can expect on F’. The worst example
of bad a-dependence in F’ comes from Behrend’s construction [Beh46] (see [EIk10,
GW10] for the state of the art), which tells us that F'(a,2) = exp(Q(log” «™')). On
the other hand, if we choose A c {1,..., N} by selecting elements independently
with probability &, then® there is a choice of & = Q(1) such that any S c A with
S¥S c2-Ahas|S| = O(log N), from which it follows that F'(Q(1), k) = exp(Q(k)).
By monotonicity of F’ in each of its variables we conclude that

(2.3) F'(a, k) = exp(Q(k +log* a™")),

and it is a natural question to ask if one can do better.

6Any S c {1,...,N} has P(SFS c 2 A) < alS¥SI. Moreover, if § has size k then |STS| > 2k — 3, as

can be seen by writing S = {s; < --+ < s; } and noting that s; + s3,..., 51 + Sk, Sk + S2,...,Sk + Sg_; are
distinct elements. By embedding {1,..., N} in Z/2NZ and applying [Gre05a, Proposition 23] it follows
that

E[{Sc A:|S|=kand (§FS) c2-A}|
<E{Sc{L...,N}:|S|=kand (SF¥S) c2-A}|

k
2

< > a"™{Sc{L....,N}:|S| = kand|SFS| = m}|
m=2k-3
(12() m m\O(k)
< Y, ameN)OEo(Z)
m=2k-3 k
If k > ClogN for some absolute C > 0 sufficiently large, then each term in this last sum is
a™ exp(O(klogmk™)) = exp(m(O(1) — loga™)) from which it follows that we can choose & = Q(1)
such that the expectation is strictly less than % On the other hand, for N sufficiently large P(|]A| > %(xN ) >

%, and it follows that there is some set A with the claimed property.
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Although we may not have given the best combination of examples above, as far as
we know, it might be that F'(a, k) = exp(O(ka~°1")). This would imply a consid-
erable strengthening of Roth’s theorem” and also that F(k) < exp(k'*°("), which in
turn would give M(A) > log’°") |A| improving Theorem 1.2. Any bound of the form
F'(a, k) = exp((ka™)9M) already leads to F(k) = exp(k°(") and a different proof
of Theorem 1.2. That being said, it is not completely clear how to get a singly rather
than doubly exponential dependence on k in F’, since Fourier methods seem to rely
on regularising a set that is exponentially small in k; perhaps a first step of showing
F'(a, k) < exp(a %)) is within reach of those methods.

We do not prove Theorem 1.2 by proving better bounds for F’. Our advantage
comes from one weakness of the above: all we are looking for is sums from A that
are in A°, in principle a much less demanding condition (at least if A is thin) than
that in Proposition 2.6 where we ask that they are in 2 - A. We explain this further in
Section 4.

The aim of the remainder of the paper is to prove the following quantitative version
of Proposition 2.1.

Proposition 2.7  Suppose that A c X c Z,|X| < (1+n)|A|, and A is (k, X)-summing
for some k € N. Then either nj = k%W, or |A| < exp(k¢*°W) for some absolute C > 0.

A value of C could be calculated from our work, but there is considerable scope for
optimising it. We have tried to indicate some places this might be possible, but it also
seems likely that some of the convenient decoupling of the argument (for example the
introduction of hereditarily-energetic sets in the next section) might be lost in a very
careful optimisation.

It seems quite possible that C = 1 is achievable, though it is not clear that one can
expect to do better without a new idea, and in light of (2.3), one cannot do better by
trying to improve F’ in Proposition 2.6. Given this, it seems to us that the natural next

question is whether or not M(A) = log***® |4].

3 Overview of Our Argument

In this section, we decouple our arguments into those that require order and divis-
ibility properties of the integers and those that in some sense do not. The latter are
captured by Proposition 3.5 below; everything else is covered in the present section.

We begin by using the order structure on the integers to prove Theorem 1.2 using
Proposition 2.7. The argument is included for completeness; it is essentially® the same
as the bootstrapping of [SSV05, Theorem 1.2] to get [SSV05, Theorem 1.1] in [SSV05,
§2].

Proof of Theorem 1.2 Let k,m € N be parameters to be optimised; let / € N be
such that I = k%1, and if 5 > 17", then the first conclusion of Proposition 2.7 does
not hold; and let D = exp(k°(") be a natural number such that if |A| > D, then the
second conclusion does not hold.

7The current best bounds there are due to Bloom [Blo16] and imply that F’(a,2) < exp(a~'°(1),
80ur argument is slightly sloppier, which we can afford, because of the strength of Proposition 2.7.
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We construct sets iteratively as follows: let m € Ny be such that 2D(21(mk +1))™
< |A], and for 0 < i < m let Z; be the 2D(21(mk + 1))’ largest elements of A so that
|Zi| > 21(mk +1)|Z;_;|. For 0 < r < m, we will define sets Sy, . .., S, of size k such that
(Si¥S;) N Z; = @ and an auxiliary sequence of A;s with S; c A; and

Ag:=Zgand Ay = Z,»H\(Z,- - ({0} UjLsJi Sj)) for0<i<r.

For clarity we note that \ denotes relative complement of sets here and — denotes the
difference of two sets. If i < m, then

|Zi1] < JAi] + |Zi|(1 + |Sj|)

j<i

1
<|Ajm|+ |Zia|(1+ mk) = |Aju|+ E|Zi+l|-

1
21(mk +1)
Rearranging, we have that | Z;,;| < (1+17")|A;,;| and by design A, c Z;,,. Moreover,
|Aj1] > %|Zi+1| > D, and so it follows from Proposition 2.7 that A;,; is not (k, Z;41)-
summing; equivalently, there is a set S;y; € A;y; with (S;11FSi41) N Ziy = @, as
required.

For 0 < r < m, consider the set S := U}_; S;. Then

(s7)nA=((_ U si+s;)u( Qos,?s,-)) nA

0<i<j<r
) (031‘9]’9 (Si+ Sj) n A) v (IEJO (SiFSi)n A).

Suppose that 0 < i < r. Since S; ¢ Z; (of the largest 2D(2](mk + 1))’ elements of A)
and when two positive integers are added their size increases, we see that (S;¥S;)NA =
(SI:FS,) N Zi =d.

Then suppose that 0 < i < j < r. By similar reasoning (S; +S;)nA = (S;+S;)nZ;_,
and $; N (Zj; - S;) = @ by design, so (S; + S;) N A = 2.

Combining these we see that (STS)NA = @. Since the sets (A;); are disjoint, so are
the S;s,s0|S| > mk, and our task is to maximise this subject to 2D (21 (mk+1))™ < |A|.
We can certainly take k = log®" |A| and 2D < V4] and m = Q(log|A|/loglog|A|)
such that (2(mk +1))™ < \/|A], from which the result follows. |

It will be useful to have some notation for the Fourier transform. This is developed
in [TV06, Chapter 4], but we will use different conventions. Suppose that G is an
abelian group. Given f, g € €,(G), we write f * g for the convolution of f and g,
defined point-wise by

frg(x):=) f(z)g(x-z)forallx € G.

We write G for the compact abelian group of characters on G and define the Fourier
transform of f € £;(G) to be

FiG—C y— 3 f(2y(2).

zeG
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The group G is endowed with a Haar probability measure in such a way that we have
Plancherel’s theorem (see [Rud90, Theorem 1.6.1]):

S f = [1F)Pdy forallf.

Sets with small doubling (see [TV 06, §2.2]) and large additive energy [TV 06, The-
orem 2.31] are staples of additive combinatorics. We need an intermediate concept.
We say that A c G is v-hereditarily energetic if

E(S) 2 volS]* forall S c Awith|S| > oAl

If Ahas E(A) > v|A]> and S c A is chosen independently at random with probability
0, then typically

IS| ~ a|A| and E(S) 2 va*|A] ~ vol|SP;

the definition says we never do worse than this. We take the name from the related
concept of hereditarily non-uniform sets defined in [Gre02, §2], and the notion is
implicit in numerous papers.

There are many examples including the a-spectrum [TV06, Definition 4.33], which
we shall not discuss,” and symmetry sets, which we shall. Recall, following [TV06,
Definition 2.32], that if v € (0,1] and X c G, then the symmetry set of X at threshold
v is the set

Sym, (X) :={x € G:1x * 1_x(x) > v[X|}.

Lemma 3.1 (Basic facts about hereditarily energetic sets)

(i) (Setswith small doubling) Suppose that |A+A| < K|A|. Then Ais K™'-hereditarily

energetic.

(ii) (Monotonicity) Suppose that A is v-hereditarily energetic and A’ c A has size
€|A|. Then A is ev-hereditarily energetic.

(iii) (Unions) Suppose that A and A’ are v-hereditarily energetic. Then AUA" is Q(v)-
hereditarily energetic.

(iv) (Symmetry sets) Suppose that E(A) > v|A|®. Then Symy, (A) is Q(v*)-hereditarily
energetic.

Proof For (i) suppose S ¢ A has |S| > g|A|. Then

4 4
> S > ] > K'o|S),
[S+S|  |A+A]

I1s * 152,
and we have the claim; (ii) is trivial. For (iii), suppose that S ¢ AUA’ has size 6|AUA|.
Then without loss of generality, |[S 0 A| > $0|A u A'|. It follows that

1
B(S)> E(S04) > violsn At > §0|S|3,

as claimed.

%If a set has large additive energy then the large spectrum is large (for a suitable threshold) by Par-
seval’s theorem. The case k = 2 of [Shk08, Theorem 5], then essentially shows that the large spectrum is
hereditarily energetic in a similar way to Lemma 3.1(iv).
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Finally, to prove (iv), note that since E(A) > v|A[?, we have |Sym, ,(A)| > 1v]A].
Suppose that § ¢ Sym; ,(A). Then
2

—~ — —~ i~ 4
ES)IAP 2 [G12, g IIGPIL, @) 2 [ G
3

1 4
= 15,1 * Ladesc | 2 (5vIS11A]) -
The final result follows. [ ]

In view of (i) and (iii) above, the union of two sets with small doubling is heredi-
tarily energetic, but of course the union need not have small doubling so the notion
is strictly weaker than having small doubling. At the other end of the range, if A is
v-hereditarily energetic, then it has large additive energy but the converse need not
be true, as can be seen by taking any set of large additive energy and adjoining a dis-
sociated set of the same size.

We formulate the version of Lemma 2.4 we need as follows.

Lemma 3.2 Suppose that G is an abelian group and A, X c G are such that | X| < K|A]
and A is (k, X)-summing. Then A is (kK)~°)-hereditarily energetic.

Proof Suppose that |A| > k*, and note that if x € A¥, then there are two indices i # j
such that either x; = x; or x; + x; € X. It follows that if S c A, we have

> Stxta ) 215t - (st

xeSk i<j

Defining o by |S| = g|A|, we conclude that either |S| < k?, in which case E(S) > |S|* >
a|S|%; or |S| > k* in which case

k _ 1
(2)|S|k s # 15, 1x) ey () = 2 2o Lx(xi + %)) 2 E|S|k,

xeSk i<j
but then,
1 —~ = 11
ISP < 15 1) ee = [ BOP ROy < B
and so
LS eps 1 op
E(S)>— —=-|S]" 2 —a|S|".
(5)2 - bt ISP 2 s
The result is proved. ]

We need a little notation. We use the language of 2-adic valuations, but this is only
for brevity. Direct discussion of divisibility properties rather, say, than the use of the
ultra-metric property, is very easy.

If z € Z, we write |z|, for the 2-adic valuation of z, that is |z|, = 27" where 2’ | zand
2i*1 } z, with the convention that 0|, = 0. For A c Z, we write

Aj={zeA:|zl=2""} forallieNyu{oco}
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(with the convention that 27°° = 0). Thus, {A; : i € Ny U {o0}} is a set of disjoint sets
whose union is A. For € € (0, 1], we write

I.(A) ={ieNgu{oo} :|A;| >€|lA]} and A.:=U{A;:iel.(A)};
note that |I.(A)| < 7! This method of decomposing A is used in the proof of [SSV05,
Lemma 5.2], and the following lemma is very much in the spirit of that result.

Lemma 3.3  Suppose that A c Z is v-hereditarily energetic, and € € (0,1] is a param-
eter. Then |A\ Az, | = O(elA|).

Proof Suppose that (a;, a,, a3, a4) € A* are such that a; + a, = a3 + a4. Let i
be such that |a;|, is maximal, and note that |a;| = |a; + ax — a;| for any j, k, [ with
{i,j,k,1} = {1,2,3,4}. Since the 2-adic valuation induces an ultra-metric |a;|, <
max{|a;|, |akl2,|ai]2} < |ail2, so there is some j € {1,2,3,4} with j # i such that
|lajl, = |ai],. Writing A™ := A\ A..,, it follows that

E(AT) < Y ((La, #Loapla- * 1a-) g2y
i¢1€2v(A)
+(1a, * La-,1a, * 1oa-)e,(2)
+ (1, * a1 * 1og,)eyz) + (la- * 1oa,s1a, * 1oa-)ey(z)
+ (L Lalam # 1a ey + (L Lassla, # 1a)eyzy)
<6 > |APIAT|<6EV|AAT] Y |Aj| = 6€7v|AlAT

i¢gl 2, (A) i¢gl 2, (A)
On the other hand, the left-hand side is at least v|A™|*/|A], since A is v-hereditarily
energetic. The result follows on rearranging. ]

We shall use the above to get the following lemma.

Lemma 3.4 Suppose that A, S c Z are both v-hereditarily energetic; |S| < K|A|, and
K € (0,1] and r € N are parameters. Then either r < (kv "'K)°®) or there is some
1< j<rsuchthat|(2/-S)n A < «|A|

Proof Lete = Q(xK™)be such that the O(e)-term in Lemma 3.3 is at most ﬁ
It follows that
[A\Acy < Z1A] and [$\Sen| < SISl < D14l
2| < = an 2| < —— —|A].
) T 201+ K) 2

Suppose that |(2/ - S) n A| > x|A| for all 1 < j < r. Then by the triangle inequality,

(27 - Se2y) N Agay| > |A| - §|A| - g\A| >0 foralli<j<r.
Let t € (2/ - Se2,) N Ag,; then there are odd numbers a and s such that ¢ = 2'a and
t = 2*swith i € I2,(A) and i’ € I, (S). It follows that j = i — i’. However,

I, (A)| < e2v7! and similarly |I.2,(S)| < e v}, and so r < e *v72, and the result
follows. ]

The main ingredient replacing Proposition 2.6 and allied arguments is the follow-
ing proposition.
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Proposition 3.5  Suppose that G has no 2-torsion, A,X c G, | X\A| < y|A|, A
is (k, X)-summing, and r € N is a parameter. Then either n~* = (kr)°W, |A] <
exp((kr)°MW), or there is a k=0 -hereditarily energetic set S with |S| > k™M |4]
and |(2-S) n A| > k™ °W|S| forall1< j<r.

There are a couple of remarks worth making. First, the proof we give actually shows
the stronger conclusion that S has doubling k°"). We do not need this, but it may
be worth noting and is probably helpful in understanding the structure of the proof.
The notion of hereditarily energetic is necessary for dealing with (k, Z)-summing sets
(see Lemma 3.2), which need not have small doubling.

Secondly, it is not surprising that we ask for G to have no 2-torsion in view of the
conclusion that no analogue of Proposition 3.5 can be true for G = (Z/27Z)", since
the final conclusion collapses to |A| < k®1), since whatever S is, 2- S = {0¢} in this
case. Thus, if A = X = G, then A is (2, X)-summing (and so (k, X)-summing), and
we can take # = 0, but there is no bound on |A| in terms of k.

We first prove Proposition 3.5 in a model setting in Section 4 to illustrate our ar-
guments, before moving on to the general result.

With this in hand, we are ready for the main result. It is worth giving a word
of explanation. A number of our arguments involve careful dependences between
various parameters, and we say things like ‘let €y be such that the first conclusion of
Theorem X does not hold. When we say this the conclusions of Theorem X will begin
with a number of inequalities between parameters, and we will want to choose things
so that those inequalities do not hold, leading to the more substantial conclusion(s)
of the theorem. The proof below while short will give a flavour; the later arguments
are more involved.

Proof of Proposition 2.7 By Lemma 3.2, Ais vy = k~°(V-hereditarily energetic (as-
suming, as we may, that 7 < 1). Let v; = k"% such that the set S in Proposition 3.5
is always v,-hereditarily energetic; let g, = k~°() be such that |S| > 0o|A|, and let
7o = k79O be such that |(2/ - §) n A| > 70[S|. Finally, let r = k°() be such that the
first conclusion of Lemma 3.4 does not hold when applied to sets that are min{vy, v; } -
hereditarily energetic, whose size ratio is at most 0, !, and with parameters g7, and r.
Apply Proposition 3.5 with parameter 7. Then either 77" = kM), or |A| < exp(k°™M),
or else there is a v;-hereditarily energetic set S with |S| > 0o|A| and [(27 - S) N A| >
79|S| > T90p|A| for all 1 < j < r. By Lemma 3.4, whose first conclusion does not hold
by design, we get a contradiction, and the result is proved. ]

4 A Model for Proposition 3.5

The finite field model is useful for illustrating arguments in arithmetic combinatorics
without a lot of the technical difficulties involved in general abelian groups. One of
the earliest introductions to the model is in [Gre05b], and a summary of more recent
developments can be found in [Woll5].

Throughout this section, V denotes a vector space over a finite field IF, where p is
an odd prime. Our aim is to prove the following model version of Proposition 3.5.
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Proposition 4.1  Suppose that A, X c V, | X\ A| < y|A| for some n € (0,1], A is
(k, X)-summing for some k > 2, and r € N is a parameter. Then either = < (rk)°®,
|A] < p(kr)o(l), or there is a k™M -hereditarily energetic set S with |S| > k=°|A| and
1(27-8) N Al > kWS forall1< j<r.

There are three qualifying remarks to make. First, there is (necessarily) no ana-
logue of Lemma 3.4 in V, and without such it is difficult to argue that the conclusion
of Proposition 4.1 is terribly significant.

Secondly, the fact that the bound on |A| is dependent on p may look odd to those
not familiar with this sort of model, since there is no equivalent in Proposition 3.5.
This is standard for the model and arises because, in this setting, we use genuine sub-
spaces rather than “approximate” subgroups. The size of genuine subspaces is a power
of p, and replacing an ‘approximate’ subgroup with a genuine subspace usually in-
volves shrinking by a factor that is a power of p.

Typically in the model we think of p as fixed, although this could be seen to be
in conflict with the fact that the r-dependence is important. Indeed, for any natural
number j € (p, r], there will be some j' € {1,...,p} such that 2/ = 2/ (mod p); it
follows that one might as well take r < p. We shall not make this simplification, as it
is an artefact of the model.

Finally, it may be that a better result could be proved using the new polynomial
techniques of Croot, Lev, and Pach [CLP17]. We have not used their method, because
at present there is no known way to convert it to give arguments in the setting we
ultimately need (the integers).

We begin with a sketch in which we aim to convey the structure of the argument.
The more detailed work afterwards is to explain where the bounds come from.

Before going into the sketch we recall the two sets of hypotheses in Proposition 4.1
and mention where they arise: we have that A is (k, X )-summing which is used in Step
IT and Step V; we also (more or less) have that | X \ A| < 5|A| for # small in terms of k,
which is used in Step V.

Given a non-empty set S, we write mg for the uniform probability measure sup-
ported on S.

(StepI) We study A with respect to an average of uniform probability measures on
translates of (possibly different) subspaces. Formally, a weighted cover of S by sub-
spaces'’ is a pair (z, Z) where z is a V-valued random variable, Z is a finite-subspace-
of-V-valued random variable, and Em,,, = mg. Since we can take V to be finite,
we can assume these random variables take finitely many values so that there are no
analytic issues to worry about.

We construct new weighted covers by specifying conditional joint distributions:
given a weighted cover (z, Z) of S, and a weighted cover (w*V), W(*U)) of x + U
for each x € V and U < V (finite), we can define a new weighted cover (', Z") of §
by specifying that

P(z' = x and Z' = U'|z, Z) = P(w®?) = x and W= = U").

10\e tend to drop the “by subspaces” part.
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Indeed, we have
Emyrz = B(E(myazz, 2)) = B(E(myco,wenlz Z)) = Ema,z = ms.

When we need to refer to the underlying sample space, we call it (), and w will always
denote an element of Q.

Given a weighted cover (z,Z) of S, we also need weighted covers of 2/ .S and
conversely. In the model setting, this is particularly easy: if (z, Z) is a weighted cover
of S, then (2/z, Z) is a weighted cover of 2/ - S (since 2/ is just a scalar, and so 2/ -
(z+ Z) =2z + Z) whenever j € Ny. We do not get this as cheaply in the non-model
setting.

(Step II)  First we use the Balog-Szemerédi-Gowers—Freiman machinery to find a
set S having large intersection with A, and a subspace U of size not too much smaller
than A, such that mg = mg * my. One can also require that S has small doubling, and
so it is hereditarily energetic. Considering (S, ms) as a probability space and writing
z: § = V for the natural inclusion, and Z the constant function taking the value U,
we have that mg = Em,, 7, and so (z, Z) is a weighted cover of S. This is Lemma 4.2.

(Step ITII) Suppose that (z, Z) is a weighted cover and A is not highly uniform on
z(w)+Z(w); then a Fourier argument tells us that there is a large subspace Z’' < Z(w)
such that Mz(w)+Z(w) = IFJz’ez(w)+Z(w)mz’+Z’ and

E.rco(@)+z(w)Mevz/(A)? > Mo(o)yez(w) (A%

where the size of the difference between left and right increases with the level of non-
uniformity.

If there is a small (but not too small) proportion of w € Q2 with A not highly uniform
onz(w)+Z(w), then the above can be used to produce a new weighted cover (z’, Z")
of S, where

Emzurzl (A)2 > ]Eszrz(A)z.

Again, the size of the difference is dependent on the notion of small above and the
level of non-uniformity. As a result, this can be set in an iteration until we end up
with a weighted cover where none of the subspaces are too small and where A is highly
uniform on z(w) + Z(w) for almost all w € Q. This is Lemma 4.3. In the end we shall
need A to be highly uniform on 2/z(w) + Z(w) for almost all w € Q and all 0 < j < r.
This can be done at a cost of iterating r times as often. This (combined with Step II)
is Corollary 4.4.

(Step IV) By averaging (using the fact that (z, Z) is a weighted cover of S) most of
the mass of A in S corresponds to ws where 71, (4. z(«w)(A) is not too small. By Step
ITI, A is highly uniform on most of these ws and if m,,(4)+z(w)(X¢) is very large
(meaning close to 1), we can use this uniformity, the size of A on z(w) +Z(w), and the
pigeonhole principle to show that there are many z € (An (z(w) + Z(w)))* such that
zi+z; € A whenever i < j. Crucially, counting with the pigeonhole principle requires
much less uniformity than counting zs for which z; + z; € 2 - A as in Proposition 2.6.
This counting is Lemma 4.5.
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(Step V) Assuming that A is large enough that most z € (A N (z(w) + Z(w)))*
have z; # zj for i # j, then since A is (k, X)-summing, it follows from Step IV that
Moz(w)+2(w) (X) is not very large for ws supporting most of the mass of A, equiva-
lently, 75;(4)+z(w)(X) is not too small. Since X is only slightly bigger than A (this
is the condition on #), on average, this means that m,,(,):z(»)(A) is not too small.
Now, we arranged the same uniformity properties in (Step III) for the weighted cover
(2z,Z) of 2- S. It follows from this that m,(,)+z(»)(X) is not too small for a large
mass of points, and this process can be iterated to get Proposition 4.1.

We now turn to the details.

Lemma 4.2  Suppose that A, X c V; |X| < K|A|, and A is (k, X)-summing. Then
there is a (kK)~CM)-hereditarily energetic set S and a weighted cover (z, Z) of S such
that

[An S| 2 (kK)O[A], - [8] < (kK)OD|A] and min|Z(w)] > p~ " |4,

Proof Apply Lemma 3.2 to get that A has E(A) = Q((kK) °M|A[*). The Balog-
Szemerédi-Gowers Theorem!! then gives us a subset A’ ¢ A with |A| = Q((kK)~°®
|A|) such that |A" + A’| = (kK)°(M"|A’|. By Chang’s theorem for r-torsion groups
[TV06, Corollary 5.29] (applied to A’ despite only needing the large energy hypoth-
esis), we get a subspace U < V of size p‘(kK)o(l) |A’| such that U c 24’ - 2A’. Plin-
necke’s Inequality [TV06, Corollary 6.27] then tells us that |U + A’| < [3A" — 24| <
(kK)PM|A’|. The claimed result follows by letting S = U + A’ (which has |S + §| <
(kK)°W|S| and so is (kK)~°M-hereditarily energetic by Lemma 3.1(i)), where z is
the random variable taking values uniformly from S, and Z is the constant random
variable taking the value U. ]

If we were interested in getting a good constant for the O(1)-terms in Proposi-
tion 4.1 (and hence the Q(1)-term in Theorem 1.2), then improvements could easily
be made here. Unusually, with Freiman’s theorem, one is most interested in the size
of the intersection of the set on the subspace, and not so much with the size of the
subspace. We give the argument we do because there are easy references to results in
the literature.

We now turn to the Fourier argument in Step III. This is a routine ‘energy incre-
ment’ argument.

Lemma 4.3  Suppose that A, S c V; (z, Z) is a weighted cover of S and § € (0,1] isa
parameter. Then either

@) P(HIAFW(Z*-Z) * (Ladmyiz) - mz+Z(A)2HLz(mzz+z) <8)21-4,
(i) or else there is a weighted cover (2, Z") of S with

min |Z'| > pfo(‘sfz) min|Z| and Emy,z(A)? >Em,, z(A)?* + Q(8).

11y, its usual form, which corresponds to [TV06, Theorem 2.31((i) = (iv))] and then [TV 06, Exercise
2.3.15]).
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Proof Suppose that z = x and Z = U are such that

(4.1) Man(erv) * Qadmeiv) = merv(A)?] 1y (maers) > -

Write A" := (A - x) n U and work inside the space U considered as endowed with
Haar probability measure my. That means that while the definition of U is the same
as in Section 3, it is convenient (for this proof) to take different normalisations for
convolution and the Fourier transform: we define convolution to be

frgly):= ff(x)g(y—x)dmu(x) forall y e Uforall f,ge Li(my),

and the Fourier transform by

7(y) = f F(x)y(x)dmy(x) forallyeD.

These conventions are in line with those in [TV06, Definition 4.7] and [TV06, Defi-
nition 4.6], respectively, and the key identities are summarised in [TV06, (4.1),(4.2),
and (4.8)].

Set

= {y ceU:[a(y) 2 16} and U’:= N kery.
2 yel

By Parseval’s theorem for A’ in U, we have

(30) 1< DI = [ le)dmu) <1

yeU

50T = 0(672) and |U’| > p~°@™)|U|. On the other hand,

— 1
> )P+ 58

yel\ {05}
— 1 —
> Y oI+ (3) X Wr
yel'\ {05} y#Tu{0g}
> 3 Te ()t = I * Lo = mu (A2, 0y > 0%
y#0g

whence

Manxrvy * mur Hiz(m“_y) = [Lar * myr ||iz(mu)
= 2. [l (P lmo ()P
ye0
— 1
> TP > mu(4') + 8%
yell

Let (', Z") be defined conditional on z = x and Z = U, as follows: if (4.1) holds, then
let Z' be U’ with (conditional) probability 1 and choose z’ uniformly from x + U; if
(4.1) does not hold, then let Z’ be U with (conditional) probability 1 and z’ = x with
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(conditional) probability 1. It then follows that (', Z") is a weighted cover of S and
Em,ryz (A)? > Em,,z(A)?
+P([Lan(esz) * (Ladmzz) = Mz (A |Lgmayy > 8- %52.

It follows that if we are not in the first case of the lemma, then we must be in the
second. ]

If we were interested in optimising our arguments, then it might be more effec-
tive to use an L,-version of the above in the style of Croot and Sisask (compare, for
example, [CS10, Proposition 3.3] with [CS10, Proposition 3.1]).

The above lemma leads to a weighted cover (z, Z) where Z is not necessarily con-
stant. This is necessary for us to ensure good bounds; if we wanted Z to be constant,
then examples such as those in [Gre05c, Theorem 10.2] show we would have to have
tower-type dependencies. This phenomenon is discussed after [Gre05b, Proposition
5.8] as an important part of Shkredov’s argument from [Shk06] (see also [Shk04]).

Corollary 4.4  Suppose that A, X c V; |X| < K|A|; Ais (k, X)-summing and r ¢ N
and 8 € (0,1] are parameters. Then there is a (kK)~°(-hereditarily energetic set S
and a weighted cover (z, Z) such that

|An S| > (kK)™°MA], |8| < (kK)°W|4],
min|Z ()| 2 p~*"HO" A,
and for all 0 < i <r—1, we have
IP(HlAm(Z,-HZ) * (Ladmiizez) - Moz (A |y ) < 6) >1-6.
Proof We first apply Lemma 4.2 to get a (kK)~©()-hereditarily energetic set $ and
a weighted cover (zy, Zy) of S such that
|An S| > (kK)°W|A], |8] < (kK)°W)4],

. _ o)
min{|Z(w)[} 2 p 77l

Suppose that we have a weighted cover (z;, Z;) of S and there is some 0 < j < r such
that

P(|lan(iziez) * (ladmaicz,) = Maizz, (A)ZHLz(mzjﬂmzi) <8)<1-4.

Then apply Lemma 4.3 to the weighted cover (2/z;, Z;) of 2/-S. We get a new weighted
cover (z/, Ziy1) of 27 - S (and we put z;4; = 2772/, 50 (2i41, Zi11) is a weighted cover
of S) such that
min|Z;y(w)| > p—O(a‘Z) min |Z;(w)),
w w
(A)? 2 Emy,,, 5, (A)? +Q(8).

IE“l’/nz"li+1'*'zi+1
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Since for any weighted cover (z, Z) of S, we have
r=1 5
Z Emyiziz(A)" <,
=0
we see that we can be in this situation at most O(87>r) times. The iteration terminates

with the desired outcome. ]

The second key ingredient as far as bounds are concerned comes in the next lemma
covering Step IV. The level of uniformity necessary to count in the case we are inter-
ested in is polynomial in k, whereas in e.g., [Shal5, Corollary 4.2], it is exponential
in k.

Lemma 4.5 Supposethatx € V, U<V, A, XcV,a:=muy(A), myu(X) <e

HlAﬂ(erU) * (lAde+U) - aZHLz(mzﬂ-U) < eaz’

and k € N is a parameter. Then either k = Q(e¢™2) or
k
@) [ (T 1@ 2)) T dme(z) = 0().
1<i<j< i=

Proof First note that
[ Ix (21 + 22)1a(21)14(22)d My (z1)dmyu(22)

= o’ = (Lynxrv) * (1adMi0)s 1200 0)\ X)L (maerer)

<o — @’y ((2x + U)\ X) + ea® < 2ea’.

Now write Q for the integral on the left of (4.2). Apply Bonferroni’s inequality'? to the
events {z € (An (x+U))*: z; +zj € X},

k
Qz/(1Sil}jgk12x+U(Zi+Zj))il;111A(Zi)dmx+U(zi)

k

- Z [IX(Zi’+Zj’) [T laxiu(zi+2j) [T1a(zi)dmyeu(zi)

1<i’<j’<k 1<i<j<k i=1
(.)=0"50)

k k k k k
=0 — Z /1X(zif+zjf)iI;[11A(z,-)dmx+U(zi)Zoc - 2€ 5 .

1<i’'<j' <k
The lemma follows. [ ]

It seems likely that a more careful argument using Turan’s theorem (in a form like
[SSV05, Lemma 3.1]) or the Lovasz Local Lemma [TV06, Corollary 1.2.6] could be
used to let us take k = Q(e™"). Again, such improvements would impact the O(1)-
term in Proposition 4.1 and, ultimately, the Q(1)-term in Theorem 1.2, but this is not
the concern of this paper.

For us the crucial aspect of the above is that the conclusion k = Q(e_%) does not
depend on the density a. If it were allowed to depend on «, then we would not need

21n the form P(N; E;) > 1- %; P(ES).
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the uniformity argument in Lemma 4.3. The reason that it is not is that it would lead
to a lower bound on the intersections (27 S) N A which decreases with j. This in turn
is not enough for our application in the non-model setting.

Finally we have the tools to complete the argument for Step V.

Proof of Proposition 4.1 Take ¢y = Q(k™?) such that the first conclusion of Lemma
4.5 does not happen and let vy = k~°() be such that mg(A) > v, always holds in the
conclusion of Corollary 4.4 when K < 2.

Apply Corollary 4.4 with K = 2 and § = 273 ey min{v2,e2} to get a k- O(-
hereditarily energetic set S and a weighted cover (z, Z) (supported on the probability
space (Q,P)) such that

(4.3) |AnS| >k OW|a], IS < k°D|4],
min|Z(w)| > p" |4},
and, for 0 < s < r, writing
Eoi={w e Q: [lanazez) * (admaziz) - m2‘z+Z(A)2HL2(m25+1Z+Z) <8},
we have P(ES) < 8. For1< s < r, write
L= {w € Q:myyz(X\A) < %eo}.

Then

XA\A]
Al

Either 7' = (rk)°M or else P(L¢) < a-vo forall 1 <'s < r; we can assume the latter.

Write

P(LY) < 2¢5 Emyeez (X \ A) = 265 mys (X \ A) < k01 nkOW,

B:= {w €eQ:myz(A)> %VQ} and Q':=Bn ( ﬁ L,-) n(ﬁlEi)>
and note that

r r—1
Emz(A)lar 2 Bmg 7(A) = Emaoz(A) (1pe + Y 1ie + 3 1)

s=1 s=0

S 1 1 5>1
2v)— Vo —1-—vy—182 .
0= 5vo g0 gV

Claim  Either |A| < p(k’)o(l) or else for all w € Q' we have
e 1
Mosz(w)+2(w) (A) > min {EVO’ 560} forall0<s<r.

Proof We proceed by induction. When s = 0, we have w € B, and so the hypothesis
holds. Suppose that it holds for 0 < s < r. Then since w € E;,

HlAn(st(w)+z(w)) * (1admys; ()42 (0)) — mst(w)+z(w)(A)2

La(mys41,00)+2(w))

< €0Msz(w)+Z(w) (A)z'

https://doi.org/10.4153/50008414X1900049X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X1900049X

The Erdés-Moser Sum-free Set Problem 81

If Mp541,(0)+2(0) (X) < €0, then it follows from Lemma 4.5 that

k
f ( [T lasize)+zo)\x(zi + Zj)) [T 1a(zi)dMyez(0)sz(0) (2i) =
1<i<j<k i=1

af{min {2 e} )

Since A is (k, X)-summing, we know that the first product on the left is 0 on z € A*
unless there is 1 < i < j < k with z; = z;. It follows that the integral is at most

1

k -1
BImecrnrr ™ sy

2
The upper bound on |A| follows from the lower bound on |Z(w)| in (4.3). Thus, we
can assume Mys+1,(4)+z(w)(X) > €0, and since w € Ly, we have

1
Masniz(w)+2(0) (A) = Masnz(w)sz(w) (X) = Massiz(w)+z(0) (X \ A) > S0

S ,{1 1 }
2 Miny —vgp, —€ .
2 2"

The claim is proved. ]
We conclude that for all 1 < s < r, we have
ol 1
Mas.s(A) = Empszyz(A) > Emys,iz(A)lgr > min {Evo, Eeo }Ele
(L1 _
> min {EV(), Eeo}Em“Z (A)lg/ =k O(l),
as required. ]

5 Translating the Model

The remainder of the paper deals with converting the model argument of Section 4
to give a proof of Proposition 3.5; throughout, G denotes an abelian group. This is
analogous to converting Meshulam’s proof of the Roth-Meshulam Theorem [TV06,
Proposition 10.12] to Bourgain’s proof of Roth’s Theorem [TV 06, Theorem 10.29].

The reader already familiar with this sort of translation can move to Section 6. The
key definitions are 7-closed pairs, defined before Lemma 5.1; covering numbers - C
and C', defined in (5.1) and before Lemma 5.3, respectively; and 8(G), systems, and
dimension defined after the proof of Lemma 5.3. The main variation in the definitions
we have chosen here is in defining ", which is set up the way it is so that dimension is
sub-additive with respect to intersection rather than sub-additive up to a multiplica-
tive constant.

The basic idea is to replace subspaces by pairs of sets that are “almost” closed, and
we start with a definition for this purpose. We write N(G) for the set of finite sym-
metric neighbourhoods of the identity, that is, sets S ¢ G with S = —=S and 0¢ € S.
(We use topological language here for motivation; the systems we define later can be
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thought of as bases for particular topologies.) Given Z, W € N(G) we say that (Z, W)
is T-closed if there are sets Z~, Z* € N(G) such that

Z +WcZ Z+WcZ" and |Z7|<(1+71)Z7).

Given a measure y on G and x € G, we write 7, (y) for the measure induced by

CG) — (@) fr(y— [ fly-x)du(»).

As in Section 4, if S is a finite non-empty subset of G, we write mg for the uniform
probability measure supported on S.

Lemma 5.1 (Basic properties of 7-closed pairs)  Suppose that (Z, W) is a T-closed.
Then
(i) |rw(mz)-mz| < tforallwe W;
(i) if W' c W, then (Z, W') is T-closed;
(iii) if G has no 2-torsion, then (2™ - Z,2™ - W) is t-closed.

Proof The first property is immediate by the triangle inequality; the second is im-
mediate, and the third equally so, once we recall that x — 2™x is an injection in a
group with no 2-torsion. ]

These sorts of pairs behave enough like subspaces that we can prove counting-type
results (as we will in Section 9), but not so much that they are amenable to itera-
tion without greater losses than we can afford to bear. One usually deals with this by
recording auxiliary data in the form of (the-data-necessary-to-generate) Bohr sets.
We discuss this in detail before Lemma 8.2.

The fact that we are using Freiman’s theorem suggests that we actually need Bohr
sets inside coset progressions (defined before Lemma 71), and the notion of a Bour-
gain system was formulated in [GS08, Definition 4.1] to deal with exactly this situa-
tion. This gives a common framework for Bohr sets and generalised arithmetic pro-
gressions, and it turns out much of the technology Bourgain developed for Bohr sets
in [Bou99] extends. We shall use a very similar definition.

It turns out that we only need to use Freiman’s theorem once, so rather than pro-
ceeding with the more general systems below, we could simply pass to a long arith-
metic progression within the generalised arithmetic progression (in the style of [TV06,
Exercise 3.2.5]) and consider Bohr sets inside that. This does not seem to afford any
great simplification.

We now turn to the basic definitions. For X, Y c G, we write

(5.1) C(X;Y) =min{|T|: Xc T+Y}.
We call these numbers covering numbers. Here and throughout, we take the usual

conventions concerning co.

Lemma 5.2 (Basic properties of covering numbers) Suppose that G and H are
abelian groups.

(i) (Chaining) Forall X,Y,Z c G, we have
C(X;Z)<C(X;Y)C(Y;2).
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(ii) (Homomorphisms) For all X,Y c G and homomorphisms ¢: G — H, we have
C(¢(X)9(Y)) <C(X;Y).
(iif) (Covering and size) For all X,Y c G, we have
|X] < C(X;Y)|Y].
(iv) (Ruzsas covering lemma) For all X, Y c G, we have

|X + Y] |X—Y|}
Y| "yl

C(X;Y -Y) < min{

Proof The first three facts are immediate from the definition. The last is just Ruzsa’s
covering lemma [TV06, Lemma 2.14], which can be proved by letting ' c¢ X be a
maximal subset such thatif (t + Y)n (¢’ +Y) # @and t,t' € T, then ¢t = t'. This
gives the first bound in the minimum; applying the first with Y replaced by —Y and

noticing that (-Y) — (-Y) = Y - Y and | - Y| = |Y| gives the second. [
Covering numbers do not behave well with respect to intersections, and so we
define"
b .
X;Y) = VAR H,
C'(X:Y) min {e(w;2):z,wc

¢eHom ((X),H) X c ¢—1(W)) (p_l(Z — Z) c Y}

Here, (X) denotes the group generated by X and is there to make the definition inde-
pendent of the particular ambient group in which X and Y live.
These numbers are close to covering numbers but also respect intersections.

Lemma 5.3 (Basic properties of C*)  Suppose that G and K are abelian groups.
(i) (Order) Forall X' c X and Y c Y’, we have

(XY <C(X;Y).
(ii) (Homomorphisms) For all X,Y c G and y: K - G a homomorphism, we have
'y (X)y(Y)) <€ (X:Y).
(iii) (Equivalence) Whenever X, Y c G, we have
C'(X;Y-Y)<@(X;Y) <C(X;Y).
(iv) (Meets) Whenever X, X', Y, Y’ c G we have
C(XnX;YnY)<@(XY)C(X;5Y).

Proof Suppose for all parts that H € Ab, ¢ ¢ Hom({X), H), and Z, W c H are such
that X c ¢/ (W)and ¢ 1(Z - Z) c Y,and C"(X;Y) = C(W; Z).

For (i), note that y := ¢|(x,y € Hom((X'),H) and X' ¢ X n (X') ¢ y"(W), and
v N(Z-2Z)cYcY' Itfollows that C°(X';Y') < C(W;Z) = C*(X; Y), as claimed.

13Here Ab denotes the category of abelian groups. One could equally say that H is an abelian group
and ¢ is a homomorphism from G to H.
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For (ii), note 7 := (¢ o ¥)|(y-1(x)) € Hom((y™'(X)),H) and y'(X) c n7(W)
and 77Y(Z - Z) c y7}(Y). Again, it follows that C*(X';Y') < C(W;Z) = €"(X;Y)
as claimed.

For (iii), we get the left-hand inequality by considering the canonical embedding
¢: (X) > G e Hom({(X), G), and noting that $ (Y - Y) c Y - Y and X c ¢ !(X).

For the right-hand inequality let S ¢ H be such that W ¢ S+ Z and |S| = C(W; 2),
and T c (X) be minimal such that if s € S has (s + Z) n ¢((X)) # @, then there
is some t € T such that ¢(t) € s + Z. It follows that |T| < |S], and if x € X, then
x € ¢"}(W), and so ¢(x) € W and there is some s € S with ¢(x) € s + Z. By the
definition of T there is some ¢ € T such that ¢(t) € s + Z, whence ¢(x —t) e Z- Z
andsox € T+¢ "' (Z-2Z) c T+Y. We conclude that C(X; Y) < |T| < |S|. The claimed
inequality follows.

Finally, for (iv), suppose additionally that H € Ab, ¢ € Hom({X’), H'), and
Z', W' c H' are such that X' c y"(W') and y™(Z' - Z') c Y/, and C"(X;Y') =
e(w’sZz').

Then H x H’ is an abelian group, W x W', Zx Z' ¢ Hx H, m: (X n X') —
HxH',x ~» (¢(x),w(x)) is a homomorphism, and

' (Wx W) =(XnX)n (¢ (W)ny ™ (W))>XnX,

and
' (zxZ)-(ZxZ))=a"'((Z-2)x(Z -Z"))
coNz-Z2)ny (2 -Z)cYnY'.
On the other hand,
C(WxWszZxZzZ)<e(W;Z2)e(WsZ')=e"(X;Y)e (X;Y).
The result follows. [

We use a slight variant of [GS08, Definition 4.1], defining a system on G to be a
vector B = (B;);en, of symmetric neighbourhoods of the identity such that B;,; +
B, c B; for all i € Ny. We define its dimension to be

dim B := sup log, C"(Bi;Bis1)s
ieNy

and write $(G) for the set of systems on G. For S c G, we also write C*(S; B) for
e (S; By). This is how we record the “size” of B relative to some reference set S. (As an
aside we remark that while we have found it convenient to use this notion of ‘size, the
more conventional | By| works better in some ways; while it does not deal so well with
intersections, it would allow us to dispense with the second part of Lemma 5.5(iii).)

There are many examples of systems; coset progressions naturally define systems,
as we will show in Lemma 7.1, as do Bohr sets (which we cover in Lemma 8.2) and
subgroups, which we deal with now.

Lemma 5.4 (Subgroup systems) Suppose that H < G. Then the Ny-indexed vector
B taking the constant value H is a 0-dimensional system.
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Proof B is easily seen to be a system. Moreover, C(H; H) < C"(H;H) = €"(H; H -
H) < C(H; H) by Lemma 5.3(iii) and C(H; H) =1, so dim B = 0, as claimed. ]

There are three ways of creating new systems that will be useful to us. Given B, B €
8(G) and m € Ny, we make the following definitions.

« The intersection of B and B’ is the vector B A B’ := (B; N B})jen,. It is easy to
check that (8(G), A) forms a meet semi-lattice. (Meaning that B A B’ is indeed
a system, that B A (B’ A B”) = (B A B’) A B”, that BA B’ = B’ A B, and that
BAB=B.)

» The 27" -dilate of B is the vector 27" B := (Bjim)ien,- It is easy to check that
this is an action of the (additive) monoid Ny on 8(G). (Meaning that 27" B is
indeed a system, that 1B = B, and that 2™ (2™ B) =27 (m*m")B)

« The 2" -multiple of B is the vector 2" - B := (2" - B;);en,. Again, it is easy to
check that this is an action of Ny on 8(G).

The meet semi-lattice structure induces a partial order on 8(G), and B’ < B if and
only if B} c B; forall i € Nj.

Dilates distribute over intersection, meaning that 2~ (BAB') = (27" B)A(27" B'),
but in general for multiples, we only have 2" - (BAB’) < (2™ -B) A (2™ - B'); if G has
no 2-torsion then we do have equality.

Finally, it is worth noting that multiples and dilates do not interact terribly well; in
particular, we will need to consider systems of the form 2" - (27" B) and this does
not in general simplify.

Lemma 5.5 Suppose that B, B' € §(G), S c G, and m € N,.
(i) (Intersections)
dim B A B’ < dim B + dim B’ and " (S; BA B') < €"(S; B)C*(S; B').
(ii) (Dilations)
dim 27" B < dim B and €°(8;27"B) < €"(S; B)2(m+1) dimB
(iii) (Multiples)
dim2™ - B < dim B,

and if G has no 2-torsion, then

C'(S;2™ - B) < €(S;B) exp (O(m dim B)).

Proof The first part follows immediately from Lemma 5.3(iv) and the definitions.
For (ii), the dimension inequality is immediate from the definition. For the second
estimate we have the following chain of inequalities, justified afterwards:

C*(8;27™B) = €"(S;By) < C"(X;Bys1 — Bis1)
< G(X;Bm+1) < G(X,Bo) I:I()G(Bi;Bi+1)

< Gb(X;BO)Z(erl) dimB.
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Since B is a system, B,,4+1 — Bim+1 C By, and so Lemma 5.3(i) gives the first inequality.
The second follows from the first inequality in Lemma 5.3(iii). The third follows by
Lemma 5.2(i), and then the fourth by the second inequality in Lemma 5.3(iii).

For the dimension bound in (iii), note that the isomorphism y: 2" -G - G, x ~
27™x has y"!(B;) = (2™ - B);, and the bound follows from Lemma 5.3(ii) and the
definition of dimension.

For the second part of (iii), suppose that G has no 2-torsion. We have the same
chain of inequalities as above. Again, they are justified afterwards:

C'(S;2™ - B) = C°(S;2™ - By)
<@"(S;2™- B, -2™-B))

m-—1
< G(S,2m . Bl) < G(S,Bo)e(Bo,Bl) H C(Zt . Bl;2t+1 . Bl)
t=0

Then 2™ - Bis a system so 2" - By — 2™ - B; c 2™ - By, and then Lemma 5.3(i) gives the
first inequality. The second follows from the first inequality in Lemma 5.3(iii), and
then the third by Lemma 5.2(i).

By Lemma 5.2 (ii), the fact that 2- Bis a system so 2- B, —2- B, ¢ 2- By, and Ruzsa’s
covering lemma (Lemma 5.2(iv)) we have
|B1 +2- le

C(2"-By;2"" - B)) <@(By;2-By) <C(B;2-By-2-B,) < 2.8,
s D2

Since
By +2-B,cBy+B,+ B, c By +B; c By,
we have by Lemma 5.2 (iii) and (i) that
B, +2- By| <|Bo| < C(By; B,)C(By; B,)|Bal.

Combining all this gives

m-1 B
€"(S;2™ - B) < C(S;By)C(Bo; By) T1 (6(30;31)6(31;32) 52| )
t=0 12 By
Since G has no 2-torsion, |2 B,| = | B,| ;and so the second part of Lemma 5.3 (iii) can
then be used to give the result. ]

The requirement that G has no 2-torsion is clearly necessary for the second part of
(iii) above; the proof is essentially the same as the proof of [Buk08, Theorem 15] with
Ruzsa’s triangle inequality [TV06, Lemma 2.6] replaced by Lemma 5.2(i).

At the start of the section we introduced the notion of 7-closed pair, and we can
use the pigeonhole principle to produce a plentiful supply of such pairs from systems.
Although we do not need it, a stronger result [TV06, Lemma 4.24] is available.

Lemma 5.6 Suppose that Z € N(G), B € 8(G), |Z + Bo| < K|Z|, and 7 € (0,1] isa

parameter. Then there is a set Zy € N(G) with Z ¢ Zy ¢ Z + By and a natural number
m =log, log 2K +log, 7' + O(1) such that (Zy, B, is T-closed.
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Proof Letm € Ny be a parameter to be optimised shortly;

2"-1|Z + (2j +2) B, . |Z +2™B,,| . |Z + Bo| <K
jco  1Z+2Bnl T |zl T |zl T

By the pigeonhole principle, there is some 0 < j < 2™~! — 1 such that

|Z + (2j+2)By|

<K,
|Z +2jB,,|

so we can take m = log, log, K+log, 7'+ O(1) such that the right-hand side is at most
1+ 7. In that case, let Zy := Z+(2j+1)Byy, Zy := Z+2jBy, and Z§ := Zo + (2j+2) By,
which are all symmetric neighbourhoods of the identity and have Z; + B,, = Z; and
Zo+ B, = Z{. Moreover, the choice of j ensures that |Z§| < (1+ 1)|Z; |, and the result
is proved. ]

In particular, for low-dimensional systems, we have the following lemma.

Lemma 5.7 Suppose that B € 8(G) is d-dimensional, and T € (0,1] is a parameter.
Then there is a set Zy € N(G) with By ¢ Zy c By and a natural number m = log, d +
log, 77! + O(1) such that (Zy, B,,) is T-closed.

Proof By Lemma 5.2(iii) and the second inequality in Lemma 5.3(iii), we have
By + By| < |Bo| < C(Bo; By)|By| < 2By

Apply Lemma 5.6 to Z := B; and the system 27! B to get the result. u

6 Proof of Proposition 3.5

It is convenient to use the language of probability theory, but all our probability mea-
sures will have finite support, so there is no analysis involved. (This can be easily
checked, as the only places where we produce new probability spaces are in Lem-
mas 6.1 and 8.5.) We say that a probability space (Q’,P’) is an extension of a proba-
bility space (Q, P) if there is a map ¢: Q" — Q such that P'(¢'(A)) = P(A) for all
(measurable) A in Q. Note that if (Q”,P") is an extension of (Q',P') and (Q',P')
is an extension of (Q,P), then (Q”,P") is an extension of (Q,P).

Given a random variable X on (, and an extension (Q',P’) of (Q,P), then for
convenience, we also write X for the pull-back of X on Q.

We follow the plan in Section 4; the analogue of Step Il and Lemma 4.2 is following
lemma proved in Section 7.

Lemma 6.1  Suppose that Ais (k, X)-summing, |X| < K|A|, and 7 € (0, %] is a param-
eter. Then there is a (kK)~°M)-hereditarily energetic set S with [An S| > (kK)~°(|s]
and |S| > k=°W|A|, a probability space (Q, P) supporting a G-valued random variable
z, an N(G)-valued random variable Z, and an 8(G)-valued random variable T such
that

|Em,,z — ms|| < 1,
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and for all w € Q,

dim T(w) < (kK)°W,  €'(8;T(w)) < exp ((kKlogr™)°W)
and (Z(w), T(w)y) is T-closed.

The most technically demanding part is the following analogue of Step III and
Corollary 4.4, which we prove in Section 8.

Corollary 6.2 Suppose that G has no 2-torsion, A,S c G, (Q,P) is a probability
space supporting a G-valued random variable z, an N(G)-valued random variable Z
and an 8(G)-valued random variable T such that for all w € Q,

dimT(w)<d and C'(S;T(w))<D

and (Z(w), T(w)o) is t-closed. Let 8 € (0,1] and r € N be parameters.

Then either T < (871r)OW) or there is a probability space (Q', P') extending (Q, P),
supporting a G-valued random variable z', and a N(G)-valued random variable Z'
with

HE,mz’+Z’ - EszrZ ” <6
and a further extension (", P") of (', P") supporting a G-valued random variable
z" and N(G)-valued random variables Z,, . . ., Zy such that

(i)
HE"mZSz”-%—Zg - IE,WIZS-(Z’JrZ’) H <d
foralll<i<kand0<s<r;
(ii) (U;-uniformity)
E”|stzu+Zi (A) - mzs,(zl+zr)(A)|2 < 8
foralll1<i<kand0<s<r;
(iii) (U,-uniformity)
2

B [Lun@zrezy * (admoeriz) = moazy (A, <8

foralll<i<j<kand0<s<r;

andforallw” € Q", (Zi(w"), Zis1(w")) is 8-closed forall1 < i < k, and C*(S; Zy(w"")) <
Dexp((dkro)°M),

Finally, we have the analogue of Step IV and Lemma 4.5 which is not terribly dif-
ferent from the model case and which is proved in Section 9.

Lemma 6.3 Suppose that A, X c G, zy € G, (Z;,Z41) is T-closed for all 1 < i < k,
and
(i) |mz,(A-zo)—a|<Tfor1<ic<k;
(i) myz (X -2z9) <eforalll<i<k;
(iii) |1(a-z0)nz; * (la—zodmz,) - “ZHiz(mz,.) <Oforalll<i<j<k.
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Then either 7' = O(k*a™*), 7' = O(ka™"), 7' = O(k?), or
f ( HAl(Z,'+ZZo)\X(Zi +2j+220)1z,(zi + zj))
l<]
k k
X H IA(Zi + Zo)dﬂ’lzi(zi) = Q((X )
i=1

With these tools we can proceed with the main proof. (We begin by recalling the
statement for convenience.)

Proposition (Proposition 3.5)  Suppose that G has no 2-torsion; A, X c G; | X\ A| <
nlAl; A is (k, X)-summing; and r € N is a parameter. Then either n' = (kr)°M, or
|A| < exp((kr)°M), or there is a k~°M) -hereditarily energetic set S with |S| > k~0(D|A|
and |(27-8) n Al > k= °O)|S| forall1< j<r.

Proof We begin by making a number of choices for parameters.

e Letey = Q(k™?) be such that the third conclusion of Lemma 6.3 does not follow
in any application of that lemma with parameters €, and k.

o Let vy = kO be such that mg(A) > vo and |S| > vo|A| in the conclusion of any
application of Lemma 6.1 with K = 2.

e Let 8, = k9O be such that the first conclusion in Lemma 6.3 does not follow
in any application of that lemma with parameters « > min {%vo, %eo} and k.

e Let ieo > 71 = k-9 be such that the second conclusion of Lemma 6.3 does not
follow in any application of that lemma with parameters « > min{%vo, %eo} and k.

e Let &y = (kr)~°(M be such that

5]

(1+4e vk + (r + Dkt ” + (r + 1)k*67") 8, < %.

ﬁ > 79 = (kr)~°® be such that the first conclusion of Corol-
lary 6.2 does not follow in any application of that corollary with parameters §, and r.
Apply Lemma 6.1 with K = 2 and parameter 7, to get a k~°()-hereditarily energetic
set S with [ANS| > v,S| and |S| > k~°()|A| and a probability space (Q, P) supporting
random variables z, Z, and T such that

* Finally, let

(6.1) [Em,.z — mg| < 1o

andforallw € Q, (Z(w), T(w)o) is 7o-closed, dim T(w) < k°M, and C*(S; T(w),) <
exp((kr)°M). Apply Corollary 6.2 with parameters &y and r, so that (in light of the
choice of 7¢) we get an extension (', P’) supporting random variables z’, Z’, such
that

HE,mz’+Z’ -Em,.z H <é
and a further extension (Q",P"") supporting z”, Zi, ..., Zx such that
(6.2) |E" maszmsz, = Bty (arizny | < 8o
foralll<i<kand0<s<r,

(63) E”|mzszu+zi (A) - mzs,(z/+zl)(A)|2 < 60
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foralll1<i<kand0<s<r,and

2
(64) ]E”||1Aﬂ(2’z”+Z,-) * (1Admzszu+zj) - m284(zl+Z’) (A)2||L2 § 6()

(m25+]z"+Zi )
foralll1<i<j<kandO0<s<r andforall w”’ e Q" we have
(Zi(w"), Z,-H(w")) is 8g-closed forall1< i < k

and
Gl’(S;Zk(w")) < exp ((kr)o(l))eb(s; T(w")) = exp((kr)o(l)).
Foreach0 <s<rand1<i< j<k, write

ES i ] {w" € Q ||1Aﬂ(2‘z"(w”)+Z,-(w”)) * (lAdmst,,(w,,)+Zj(w,,))
2112
h mzs'(z’(w")"'zl(w"))(A) ||L2(mzs+lzrr(w//)+z-(wrr)) : 81}’

so that by averaging and (6.4), we have P”/(E¢; .) < 6;'8. ForO <s<rand1<i <k,

write

Sy,

F; ;= {w" eQ”: M5y zi(wr) (A) = Mas. (20 ()1 27 (wr)) (A)] < Tl}’

so that by averaging and (6.3) we have P”(F¢;) < 7;°8,. Foreach1 < s < r and
1< i <k, write

Ly, = {w" eQ”: m2‘z”(w”)+Z,-(w”)(X\A) < ieo}
Then by (6.2) and (6.1), we have
P"(LS ;) < 45 B My (wryezi (o) (X \ A)
<4eg" (80 + E'mye (4 2y (X \ A))
< 4651(80 + 1o + mS(X\A)) < 4ey' (80 + 1o + v5'n).

")

1
2"
Rema (A0 (A AR (7,0, )

s=0i=1 <i<

Finally, let

B:= {w” € Q" i m(ryizi(wry (A) 2

Then we have
(65) ]EHIR mzq_zr(A)

> E”mzurZ/(A)
r k r k r=1
-2 2P ZZ PU(E) - Y PU(EG))
s=1i=1 s=0i=1 s=01<i<j<k

> (ms(A) = |E"mzizr — Emoiz| - |Eme.z — ms])
—rk-4e;" (80 + To + vy'n) — (r + k1280 — (r +1)k*8;' 8
> Vo — 60 =T

—rk - 4€; (8o + To +vy'y) — (r + k17280 — (r +1)k*8,',.
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2
This is at least %vo by choice of §, and 7y provided 7 < fgf]‘l (if not, then we are in the
first conclusion of the proposition).

Claim  Either |A| < exp((kr)°M) or else for all w"' € E, we have'*
e 1
Mos. (2 (0")+ 2/ (o)) (A) 2 min {EVO’ 560} forall0<s<r.

Proof We proceed by induction on s. When s = 0, we have v’ € B and so the
hypothesis holds. Suppose that it holds for some s < . Then since " € Ej ; j for all
1< i< j<k,wehave

||1Aﬂ(25z”(w”)+Z,-(w”)) * (1Adm2$z”(w")+zj(w”))

2

2
h mzs.(zr(w//)+zl(w//))(A) “Lz(mzs+lzrr(wlr)+zi(w”)) : 81’

and since w € F; ; for all 1 < i < k, we have
|m252”(w”)+Z,-(w”)(A) - mzs_(zr(wrr)+zr(w//))(A)| < T1.

Apply Lemma 6.3 with parameters €g, &1, 71, and & = Mps.(z7(o7)+27 (o)) (A) to the
set A with zy = 2°2" (") and the §y-closed pairs (Z;(w"), Z;11(w")) (for1< i < k)
valid, since 8y < 1.

The inductive hypothesis tells us that « > min {%vo, %eo}, so in view of the choice
of &) and 7y, either there is some 1 < i < k such that #1511 (7). 7, (07) (X) > €0 OF

f ( H'I(Zi+2s+1zu(wu))\x(zl' +zj+ ZSZ/’(w//))lzi(wu)(Z,' + Zj))
i<j

k
x [T1a(zi + zszll(w,,))dmlx(w”)(zi)
i=1

-of(min {3 o} )

Since A is (k, X)-summing, we know that the first product on the left is 0 on z € A*
unless there is 1 < i < j < k with z; = z;. It follows that the integral is at most

(S)'max{mzlggk}

PN
Skzmax{w :1sigk}
S|
L@ (8 Zu(w")) < exp((rk) D) AL,

<k?
V0|A|

where the first inequality follows from Lemma 5.2(iii); and the second follows from
Lemma 5.3(i) and (iii) using the nesting Z;(w") c Z;(@").
The upper bound on |A| follows.

141t may help to note that apart from the s = 0 case, the lower bound we establish is always %eo,
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Thus, we can assume 7151, ()47, (o) (X) > €0, and since w € Ly, ;, we have
Mosign (@ry+zi () (A) 2 Massizn (o) z,(w) (X)

= Mooz (wrysz, (o) (X \A) > 360-

Finally, the claim is proved once we note that w’’ € Fq,;; and that 7, < ieo. n

We conclude that for all 1 < s < r, we have
Mys.s (A) > Ellmzs,(zl+zl) (A) - HmZS-S - E,lmzs,(zl+zl) H
> E"lRmzs,(zl+Z,)(A) - 8() —To
> IE"]RmZ/+Z/(A)mzs.(zf+zz)(A) - 6() =T

e 1 1
> min {EVO’ 560} . EV() -8y — To
from the lower bound on the left of (6.5) noted immediately afterwards. The result
follows, since 8, 7o < 1z min{vg, vo€o }. m

7 Finding Structure

In this section, we prove the following lemma.

Lemma (Lemma6.1) Suppose that A is (k, X)-summing, |X| < K|A|, and 7 € (0, 1]
is a parameter. Then there is a (kK)~CW)-hereditarily energetic set S with |A 0 S| >
(kK)OWIS| and |S| > k"°W|A|, a probability space (Q,P) supporting a G-valued
random variable z, an N(G)-valued random variable Z and an 8(G)-valued random
variable T such that

[Emgyz — mg| < 7,

and for all w € Q,
dim T(w) < (kK)°®, € (S; T(w)) < exp((kKlogT™1)°W),
and (Z(w), T(w)g) is T-closed.

Recall from [TV06, Definition 0.2] that P is a generalised arithmetic progression

of dimension d if there are elements xy, . .., x4 and natural numbers Ny,..., N ; € N
such that
(7.1) P={xo+tix;+ - +1t4x4:0<t;<N;foralll1 < j<d}.

A coset progression of dimension d is a set of the form P + H where P is a generalised
arithmetic progression of dimension d and H < G. This corresponds to [TV06, Defi-
nition 4.20] where dimension is given the name rank instead.

Coset progressions are easily related to systems as follows.

Lemma 7.1 Suppose that M is a d-dimensional coset progression. Then there is an
O(d)-dimensional system B with B ¢ M — M and M c xq + By for some xo.
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Proof Write M = P + H where P is as in (71) and put
B; := {t1x1+-~-+tdxd ttjeZand|tj| <27'N; foralllSde}+H

so that B ¢ M — M and M c x4 + By. By the triangle inequality, B; + B; c B;_;, and
each set is a symmetric neighbourhood of 0, so B = (B;) e, is a system. Moreover,

Bi  Biy + {an[27 "IN xy + - + 04 [27 N Jxg : 0 € {-1,0,1}
forall1<j< d},
$0 C(B;;Biy1) < 34, It follows (cf. the proof of Lemma 5.5(ii)) that
€’ (Bi;Bis1) < C"(Bi; Bisa — Biya)
< C(Bi;Biy2) < C(BisBis1)C(Bis1;Bir2) < exp (O(d)),
and we see that B is O(d)-dimensional. [

Proof of Lemma 6.1 By Lemma 3.2 we see that E(A) > (kK)"°™|A]* and so by the
Balog-Szemerédi-Gowers Theorem'”, thereisaset A’ ¢ Awith [A’+A'[ < (kK)°M|A/|
and |A’| = (kK)"°W|A|. Apply the Ruzsa—Chang theorem [TV06, Theorem 5.46]
to see that 24’ — 2A’ contains a coset progression M of dimension (kK)°® such
that |M| > exp(—(kK)°(M)|A|. By Lemma 71 there is a system B such that dim B =
(kK)OW, By c M — M c 4A’ — 4A’, and |By| > M| > exp(—(kK)°M)]Al.

Since |A’— A"+ B,| < |A’ = A"+ By| < [5A’ -54"| < (kK)°(D|A’ — A’| by Pliinnecke’s
inequality [TV06, Corollary 6.27], we can apply Lemma 5.6 to the system 272B and
set A’— A" e N(G) to get m = log, log, kK +log, 7' + O(1) and a set S € N(G) with
A'-= A" cSc A - A+ B, sothat (S, Byy2) is T-closed. By Lemma 5.1(i), it follows
that

[t¢(ms) —mg| <7 forall t € Byos.

Apply Lemma 5.7 to the system 2~ ("+2) B (which has dimension (kK)°® by Lemma
5.5 (ii)) to get a natural number m’ = O(log, kK) + log, 7" and a set Z with B,,;3 ©
Z. C Bpip such that (Z,, By yme2) is T-closed.

Let z be the random variable taking values in S uniformly; let Z be the constant
random variable taking the value Z, ; and let T be the constant random variable taking
the value 2~ (" *m+2) B Then

[Em,,z — ms| = |ms * mz, —msg]| < f lz:(ms) — ms|dmz, (t) <.

Since S ¢ A’—A’+B,, wehave |S| < (kK)°(D|A[; since § 5 A’~ A, § intersects a trans-
late of A in a set of size at least |A’| = (kK)“°(M|A| = (kK)~°M)|S|. By translating A if
necessary (which results in translations of z and S too), we can assume that this trans-
late is at O, so that [An S| > (kK)~°M|S|. Since S ¢ A’ — A’ + B, c 5A" —5A’, we see
that [S + S| < [10A’ - 104’| < (kK)°(M|S| by Pliinnecke’s inequality [TV06, Corollary
6.27]. It follows from Lemma 3.1(i) that S is (kK)~°(-hereditarily energetic.

151y its usual form, which corresponds to [TV06, Theorem 2.31((i) = (iv))] and then [TV 06, Exercise
2.3.15]).
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Finally, we let T be the random variable taking the constant value 2~ "+ +2) B,
Then (Z(w), T(w)o) is 7-closed by design; Lemma 5.5(ii) tells us that

dim T(w) = dim2~"*""*)B < dim B = (kK)°®,

and also
(S T(w)) < exp (O((m +m' +2))(kK)°D)e*(S; B)
= exp ((kKlog T‘l)o(l)eb(S;B).
Now, by Lemma 5.2(iii) and (i) and the second inequality in Lemma 5.3(iii), we have
:?: < @(Bo; B2) < C(Bo; B1)C(By; By) < C'(Bo; B;)C"(By; By)
2
< exp((kK)°M),

50 |By| > exp(—(kK)°M)|A|. By Lemma 5.3(i) and (iii) and then Ruzsa’s covering
lemma (Lemma 5.2(iv)), we have

Gb(S,B) = eb(S;Bo) < Cb(S; (Bz - Bz) - (B2 - Bz))
|S+Bz| < |A’—A,+Bz+Bz|

<C(S;B,-B,) <

Bo| B
By Pliinnecke’s inequality [TV06, Corollary 6.27] and the lower estimate on |B;|, we
have €"(S; B) < exp((kK)°™), and the result is proved. [

8 Uniformity

The aim of this section is to prove Corollary 6.2 We will do this through the Fourier
transform which we introduced in Section 3. The reader unfamiliar with its use in
this context may wish to consult [TV06, Chapter 4] or the book [Rud90].

We begin with some definitions. The Fourier transform of a measure y € M(G)
(where M(G) denotes the set of measures on G with finite support) is

7)== [ Y@ du(x) forally<G,
and given f € C(G), we define
pr f(x)=frp(x)= /fdrx(/,t) forall x € G.
Given y € M(G) and a parameter € > 0, we write (c.f. [TV06, Definition 4.33])
(81) Spec, (i) = {y € G+ [E(y)] > €}
Motivated by [Rud90, Theorem 1.2.6], for W c G and € > 0 a parameter, we write
Ann(W,e) == {yeG:|y(x) -1 <eforallx e W}.

The spectrum and approximate annihilators of #-closed pairs are closely related by
the next result, which is [GK09, Lemma 3.6].

Lemma 8.1 Suppose that (Z, W) is n-closed, and x € (0,1] is a parameter. Then
Spec, (mz) c Ann(W, nx™).
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Proof For x € W, simply note that
kly(x) 1] < |y(x)mz(y) - mz(y)|
-| [ YO)d(w(mz) - mo) ()| < Ire(mz) = mz| <0 m

Dually to approximate annihilators, we have Bohr sets, which provide us with a
ready supply of low dimensional systems.

Lemma 8.2 (Bohr sets) Suppose that y € G and p > 0. Then there is a system B with
dim B = O(1), C*(G;By) = O(p°M), and

ly(x) -1 <p forall x € By.

Proof LetA; := {z € S':|1-z| < 2%} sothat A;;; — A4y C A; by the triangle
inequality. Let T; := {z € S': [1-2] € {0,27,2-27,3-27/,4.27"}} so that | T;| < 9
and A; c T; + A;;,, whence C(A;;A;42) = O(1). Put B, = y7}(A;) forall i € Ny. By
the definition of €, we have

C'(B}; Biyy) < €(Ai3Airz) = O(1),

so B’ is O(1)-dimensional. On the other hand, there is m = log, p~" + O(1) such that
B!, c {x:]yp(x) —1] < p}; setting B := 27" B gives the result by Lemma 5.5(ii). ]

The Parseval bound is the standard way to bound the size of spectrum (cf. [TVO06,
(4.38)]). In our approximate setting, we do not have perfectly orthogonal characters
necessary for Parseval’s theorem, but fortunately we do have a notion of “almost or-
thogonal”. This was first exploited to achieve a result of the following type by Green
and Tao; see [GT08, Corollary 8.6].

Lemma 8.3 (The Parseval bound) Suppose that (Z, W) is 1-closed, f € L,(mz) has
Ifz,(my) <1 and e > 0 and & € (0, 1] are parameters. Then there is a system B with

dim B = O(¢72) and €*(G; By) < 67°€ ) and
Spec,(fdmyz) c Ann(Byn W,4e>1 +6).
Proof LetA c Spec,(fdmy)beamaximal subset such thatif (A\+Ann(W,2e27))n
(M + Ann(W,2e727)) # @ for some A, )’ € A, then A = . By maximality, we have
Spec,(fdmz) c A+ Ann(W,2¢°1) — Ann(W, 26 *7) ¢ A + Ann(W, 4¢ *1),

where the last inclusion is by the triangle inequality.
On the other hand, writing 0, for the sign of fdmz(1), we can use linearity and
the Cauchy-Schwarz inequality to see that

[Ale< 3 [Fdmz (V)] = (f, T 1)

AeA LeA Ly(mz)

<l (X 1A mnl)

A ATeA
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By Lemma 8.1, we have Speci . (mz) ¢ Ann(W,2¢%1), so
1

5 10X )istopl < 1A+ 5P

ALATeA

Rearranging and using the fact that | f];,(,) < 1 (by hypothesis), we see that |A| <
2¢72. For each A € A let B be the system given by Lemma 8.2; let B := M., BV,
Then by Lemma 5.5(i) we see that dim B = O(e™?), and by Lemma 5.3(iii) we have

C (G;By) < 670, By definition, A ¢ Ann(Bjy, §); the result follows. |

We are now in a position to prove that large local U,-norm gives rise to a density
increment. As a small word of caution, we remark that normalising constants below
may not be exactly as expected; this is already apparent from the definition of the
spectrum in (8.1), where we look at characters satisfying |fi(y)| > € but not [@(y)| >
€| #|. The latter is essentially the definition in [TV06, Definition 4.33].

Lemma 8.4 Supposethat A c G, (Zy, Z1) and (21, Z,) are T-closed, |mz,(A)—a| < T
and |my (A) - a| < 7, and €, 8 > 0 are parameters. Then there is a Bohr system B with
dim B = O(e72) and €*(G; By) < 8 such that

4+ mz — “H%Z(mzo) > [Lanz, * (ladmz,) - “ZHiz(mzo) -0(& +e’1+0)

forall Z' ¢ Z, n By.

Proof First note that
1z, * (ladmg,)(z) =mz (A) forallze Zg,
whence
11z, * (Ladmz,) = |1, (my,) < Imz (A) - af + max{a,1- a}mz,(Zo\ Z;)
=0(7).

The inequality HfH%Z < Hg||i2 +(Iflee + lglz)Ilf = gllz, and Plancherel’s theorem
then give

1Zol[Lanz, * (Ladmz,) = €1, ()
<1Zol|(Lanz, = olzy) * (Ladmz,) |2, (my, )
+0(1Zoll1z, * (admz,) = &Ly )
= |20l (Lanzy = alz,) * (Ladmz) L, oy, ) + O(1Z0])
< [[(Lanz, = alz,) * (admz,)|7,6) + O(71Zo|)
= f |(Lanz, = alz,)" (P)P1(Ladmz)" () Pdy + O(1]Zy)).
On the other hand

[ 1oz = 012, (1)Pdy = aezy - a1z [y < (1+ O(0))]Zl,
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and so
|ZO|H1AﬁZo * (lAdmZI) - aZH%Z(mZO) <

/ [(Lanza — @120) (1) Pdy + €120] + O (x| ).
Spec,(1admyg,)

Apply Lemma 8.3 (we can certainly assume § < %, or else there is nothing to prove) to
the 7-closed pair (Z;, Z,) and 14 (which has HIAHLz(mzl) < 1) to get a system B with

dim B = O(e2) and C*(G; By) < 8~ such that
Spec, (1admy,) ¢ Ann(Bg N Zy,4e 7+ 8).
It follows that if Z’ ¢ By n Z,, then
[mz(y) =1 =0(e 7 +8) forally e Spec, (ladmy,),

and hence by the triangle inequality,
[ ez, a1z, )Pl () Py
> [ [(Lanz, = alz,)" () Pdy = O((e 7+ )| Zo])
Spec,(ladmyz, )
> |ZO|H1AﬁZo * (1Ad7’l’lzl) - (X2 Hiz(mzo) - O((€2 + 6_2‘[ + 8)|Zo|)

The result follows on dividing by |Zy| and applying Parseval’s theorem again to see
that

[ ez = @1z, ) Pliz () Py
= [ (lanz, = &lz,) * mz (7, )
= [(Lanz, = alz,) * mzr3, 2y + O(1Z5 \ Zo)
= 1 x mz = al 7 + 0125\ Z31)
<L s mzs =l V20l + O(r1Za)),

since Z' ¢ Z, c Z;, and (Zy, Z;) is 7-closed. [

We now have all the Fourier tools we need. The next lemma captures some facts
about the non-model analogue of weighted covers (from Step I in Section 4) in a useful
package for the main iteration lemma in our argument.

Lemma 8.5 Suppose that G has no 2-torsion, A c G, (Q,P) is a probability space, z
is a G-valued random variable, and Z is an N(G)-valued random variable. Then there
is an extension (Q', ") of (Q, P) supporting a G-valued random variable z', such that
for any N(G)-valued random variable W on Q we have the following.

e Forall0<s<r,

(82) E[14 * marw — mas.(z12)(A) Hiz(mzs‘(ﬁz)) =

E’|m2521+2r.W(A) - m2s,(z+z) (A)|2
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and
(8.3) IE mysw — Emeiz| < 7if (Z(w), W(w)) is T-closed for all w € Q.
e Forall 0 < sy <1, we have

(8.4) Z E,mzs.(zl+2r—so,w) (A)z Z
s=0

Z Emzs_(z+z) (A)2 + E,|m2s021+2r‘w(A) - mzso.(z+z) (A)|2 - O(TIT’)
s=0

if (Z(w),2"W(w)) is 7'-closed for all w € Q.

Proof Let Q' :={(w,z,): weQ,z, € Z(w)} and

1

P ({02 = oy

‘P({w}) forall (w,z,)e Q.

The space (Q',P') is an extension of (Q, P) via the canonical projection Q' — Q. Let
Z(w,2:) = z(w) + 2.

The first part is immediate once the definition has been unpacked (using the fact
that G has no 2-torsion so that [2° - (z(w) + Z(w))| = |Z(w)|. For the second part, use
Lemma 5.1(i) to see that

| s —Emgz| = HEf M) 4204 W (0) AMZ(0) (24) = ]Emz(w)+Z(w)H
= ”]Ef (Tw(M(0)s2(0)) — mz(w)+z(w))dmw(w)(w)”
< E/ |70 (M) z(0)) = M)z dmway (w)
= E[ Hrw(mz(w)) - mz(w)Hde(w)(w) <T.
For the third part, note that for 0 < s < r, we have
(8.5) E'[Mps gy pres—so.w (A) — mzs-(z+z)(A)|2
= Ef [Mos(zrz,r2m-s0.w) (A) = My (ziz) (A)Pdmz (24
= E( / m25~(z+z*+2'-So‘w)(A)zdmz(z*)
= 2Mys.(z42)(A) f Mis.(z1z,42-50-w) (A)dmz(zs)

+ Mys.(z+2) (A)z)

= IE:’mzs~(z'+2"50~W) (A)2 - ]E,mzs-(z+Z) (A)2 + O(T’)'
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The last equality follows, since
[m25~(z(w)+z*+2"50‘W(w))(A)dmZ(w)(Z*)
:fm25~(z(w)+Z(a>)+2"‘0w)(A)dmw(w)(W)

— [ o (aguyz) 25 (AN 2 G)) gy (w)
= My(w)z(0) (27 (AN27-G)) + O(7) = Mys.(z(w)+2(0)) (A) + O(T'),

in view of the 7’'-closure of (Z(w),2"* - W(w)) (inherited since 2" - W(w) c
2"W(w)) and Lemma 5.1 (i) and the fact that G has no 2-torsion.

Sum (8.5) over s, and for s # sg use the lower bound of 0 for the left-hand side,
valid since it is an average over a square. The result follows. ]

With these results in hand we turn to the main technical ingredient of the whole
argument, which we shall iterate to get Corollary 6.2.

Lemma 8.6  Suppose that G has no 2-torsion, A, S c G, and (Q,P) is a probability
space supporting a G-valued random variable z, an N(G)-valued random variable Z,
and an 8(G)-valued random variable T such that for all w € Q, we have

(Z(w), T(w)o) is T-closed, dim T(w) < d, and C"(S; T(w)) < D.

Let 8,v € (0, 1] and r € N be parameters. Then either T < (67'r)°W), or

(i) there is an extension (Q",P") of (Q, P) supporting a G-valued random variable
z", an N(G)-valued random variable Z", and a 8(G)-valued random variable

T" with
[B" sz = Brmaes] < 7
and
(86) ( Z E,,mzs,(zll+zll) (A)z) Z ( Z EmZS.(z+Z) (A)Z) + 80(1),
s=0 s=0

such that for all 0" € Q", (Z" ("), T" (0")0) is v-closed, and
dimT"(0") <d +87°W,  ($;T"(w")) < Dexp ((dkrd ™ logv™)°M);

(i) or there is an extension (Q', ") of (Q,P), supporting a G-valued random vari-
able z' and N(G)-valued random variables Z,, . . ., Zy. such that
(a)
||E,m25z'+Z; - IE’/”2‘-(Z+Z) H <T
foralll<i<kand0<s<r;
(b) (Up-uniformity)
B |maezri2,(A) = mays.(zez) (A < &
foralll<i<kand0<s<r;
(¢) (U,-uniformity)
2
E,H1A0(2521+Z!’) * (lAdmzsz""Zf) - mzs.(ﬂz) (A)2||Lz(mzs+1 142,) <90

foralll<i<j<kand0<s<r;
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and for all ' € Q, (Z;(w'), Zis1(w")) is 8-closed for all 1 < i < k and
CH(S; Zi (")) < Dexp((dkrd"logv)0M),

Proof Let 8y, 01, 82, 03 be related constants to be optimised later. (They will all be of
the shape §°1).)

For each w € Q) we shall create sets Z!(w) and natural numbers m; iteratively. Let
my := r, and suppose that m; has been defined for some 0 < i < k. Apply Lemma 5.7
to the system 27" T'(w) to get a set T(w)m,;+1 € Zi,,(w) € T(w)m, and a natural
number m; ., = m; +log, dréy’v™" + O(1) such that (Z],, (@), T(@)m,.,) is r ' 8ov-
closed. Although the m;s may depend on w, by construction we have the universal
bound m; = O(r + klogdrd,'v™") for 0 < i < k, and we have that

(8.7) (Zi(w), Z!,1(w)) is 7 Sv-closed forall1 < i < kand w € Q,
and (since 2" Z}(w) c 2" T(w)m, = 2" T(w), € T(w)o)
(8.8) (Z(w),2"Z{(w)) is T-closed forall 1< i < kand w € Q.

Apply Lemma 8.5 to z, Z to get an extension (Q',P") of (Q, P). Suppose that there
issomel< ig < kand 0 < sy < r such that

(8.9) E'lmyazrsar.z; (A) = Mo (z12) (A 2 81
Put Z'(w) := 2% - Z; (w) and use conclusion (8.4) of Lemma 8.5 (with W = Z;
applicable in view of (8.8)) to see that
( > E’mzs,(z/+z,)(A)2) > ( > Emzs.(z+z)(A)2) +6, - 0(1r).
s=0 5=0

It follows that either 7! = O(r8;") (and we are done) or else

( z:;)]E'mzs~(z'+z') (A)Z) > ( E:;)]Emzs‘(ﬁz) (A)z) +Q(8).

Let T(w) = 2% - (270 T(w)). By Lemma 5.1(iii), the fact that (2="% T(w))q =
T(®)m,, > and the construction of Z; (w) we have that (Z'(w), T'(w)o) is do-closed.
Moreover, by Lemma 5.5 (iii) and then Lemma 5.5 (ii)

(8.10) C' (ST (w)o) = € (S527* - T(@)m,, )
<exp(0(rd))€C (S T(0)m,, )
<exp(O(rd + m;)))C"(S; T(w)o)
< Dexp ((dkr&}l log v‘l)o(l)).

Finally, use conclusion (8.3) of Lemma 8.5 with W = 2"~ . Z ' (applicable in view of
(8.8)) and the fact that

AR ~Z1{0(w) c 2"S°Zfo(w) c 2’Z:0(w)
c2'T(W)myy, €2"T(@0)my = 2" T(w)r € T(w)o

to see that
||E,mzr+zl —Emz.;.zﬂ <T.
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Set (Q",P") = (Q",P"), 2" :=7",7" :=7/,and T" := T, and we are in case (i) of
the lemma.

In view of this, we assume that there is no iy or s (in the given ranges) such that
(8.9) holds. Put Z; :=2"- Zi forall1< i < k. Then for1< i < k and 0 < s < r, we have

B maszrsz, = Emye.(242) | = HE,mstwznz; —Emye(z42) |

= HE,mZ'+2'_s'Zi’ _EmZ+Z H S T,

by (8.3) with W = 2" . Z!, since 2" - Z{(w) c 2" Z}(w) c 2" T(w)m, € T(w)o; we
have established the conclusion (a).
Now, by (8.7) and Lemma 5.1(iii) we have that

(8.11) (Zi(w), Z,-+1(w)) is dp-closed forall1 < i < k.

Since Z; (w) > T(w)m,+1> Lemma 5.3(i) and almost exactly the same argument as in
(8.10) shows that

€' (S; Zi(w)) < Dexp ((dkrdy'log v‘l)o(l)).
Since (8.9) does not hold for any 1< i < k or 0 < s < r, we have that
]E,|m2szl+zi (A) - mzs,(z+z) (A)‘z < 61 foralll1<i< k,O <s<r.

Conclusion (b) follows.
Suppose that forall 1 <i < j< kand 0 <s < r, we have

E'Lanrzrezy * (admzeriz)) = may(erzy (AL ompn, ) < 02

Then conclusion (c) follows, and we are in case (ii) of the lemma. Thus, we assume so
that there are not elements 1 < 7; < j; < k and 0 < s; < r such that

> 82.

812)  E'lan@nziz,) * Iadmanziz, ) - mzfl-(z+2)(A)Hixmzsluzqz.-l> >
For each w € Q put T'(w) := 2" - (27" T(w)) so that Lemma 5.1(iii) tells us that
(Zi(w), T'(w)o) is §o-closed.

For each w’ € Q', apply Lemma 8.4 with & = m54.(;(0)+2(w')) (A) and both free
parameters equal to 03 (for reasons that will become clear) to (Z;, ("), Z;, (")) and
(Zj,(w"), T"(@")o) (which are both §y-closed, the former by (8.11)), and the set A —
27" (w').

Out of the lemma, we get a Bohr system B”(w’) with dim B”(w') < 8;0(1) and
C"(G;B"(w')o) < exp(é‘;om) such that for any W"(w’) ¢ T"(w")o N B"(w")o, we
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have

2

HI(A_Z”Z’(LU’)) * mwu(w/) — m2s1‘(z(a)/)+Z(wr))(A)HLZ(MZ‘ (w’))
iy

> HI(A—ZSIZ’(w’))mZ,-l(w’) * (IA—ZSIZ’(w’)dmZ,-I(w’))

= Mot (z(w')+Z(w')) (A)ZHiz

(i, o)
= O(85 + 85280 + 652 Moz (wyez,, () (A) = M ()4 2(0)) (A)])
= 0(85%|manzr(wysz;, () (A) = M (z(wryez(r) (A)])

= [ancaz oy ez, (@) * (Ladman ez, (@)

2
- mzs1~<z(w')+2<w'>)(A)2“Lz<m

2§l+1z’(w’)+Zil(w’))
- 0(83 + 8;280 + 8;2|mzslzl(wl)+zil(wl)(A) - mzsl,(z(w,)+z(w,))(A)|)
_ 0(6;2|m2512’(w’)+zjl(w’)(A) - mzsl,(z(wr)+z(wr))(A)|).

Apply Lemma 5.7 to the system 27%"(T’(w’) A B”(w’)) (which has dimension d +
6;0(1) by (Lemma 5.5(i) and (ii)) to get a set Z"(w") c (T'(w") A B”(w')),, and a
natural number m’ = O(log, d83'r8;") such that (Z" (@), (T (@) AB"(@") ) mr+2r)
is 7180 -closed. Put T"(w') := 27-(2~"*) (T’ (w') AB" (w")) ), which has dimension
d+6;°" and

" (ST (w')o) < Dexp ((dkrd;'8; logv™)0W).

Taking W (w") :=2"- Z"(w") (which is contained in T'(w")o n B” (w") by design),
and averaging against P/, we have
B [1a-2s12 % Myr.zm = Mys. (242 (A) ||%,z(mzil)
> 8, — O(83 + 85280 + 05/ |myazriz, (A) = myn.(z42)(A)])
— O(85%E/ [mys sz, (A) = My z12)(A)])
> 85— 085 + 85780 + 05> (Elmas iz, (A) = Myn. (12 (A7)
- O(05*(E|mys 11z, (A) - sz1.(z+z)(A)|2)%)
> 8, - O(65 + 8528, + 85287)

2=

)

by (8.12), the Cauchy-Schwarz inequality, and the fact that (8.9) does not hold for
ig = i; and s = 51, or ip = j; and sp = sy.

Again, since (8.9) does not hold for sy = s; and iy = i;, we have from the Cauchy-
Schwarz inequality that
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E,”LA * Mypr.zn — stlz'+Zi1 (A) Hil(mzslz’JrZ,-l )

> E' |14 * myrzn — mzs"(“Z)(A)Hiz(mzslzuz,.l)
- O(E/|mzsl‘(z+z) (A) = myazriz, (A)])
2 E,H1A72‘lz’ * Mor.zr = Mos1.(z47) (A) Hiz(mzil) - 0(6_%).
Combining all this tells us that

1
E'|[1a * marze = Manzriz, (A) Hi(mzslz,%) > 8~ O(85 + 85780 +85°8}).

Recall that Z; = 2" - Z] and apply Lemma 8.5 to (Q',P’), 2z’ and 2" - Z; to get
(Q",P") and z”. Equation (8.2) combined with the above tells us that

E”|m251 "y 2r. 71" (A) - mzsl.(zr+2r*sl.Z'{1) (A)‘z 2 82 - 0(83 + 6;280 + 8;2512 ).
Since (2" - Z] (w"),2"Z" (")) is r™'8¢-closed (since 2"~ - (2"Z" (w")) c T'(w")o
by design), (8.4) for s = s; tells us that

r
Z E,,mzs.(zll+2r—sl_zlr) (A)2 >
s=0

S E ooz (A) + 8y = O(85 + 8520y + 0,207,
s=0

On the other hand, from (8.4) (when we applied Lemma 8.5 to get (Q2',P")) and the
fact that (Z(w),2"Z; (w)) is 7-closed (8.8), we also have

> E'mzs,(Z,Jrzr-sl.Z’{‘)(A)z > Emzs,(z+z)(A)2 - O(1r).
s=0 s=0

Hence (either 77! = O(85'r™")), or else

Z E,lmzs,(zll+2r—s1,zll) (A)2 >

s=0

Z]Emzs,(z+z) (A)2 + 82 - 0(83 + 8;280 + 8;2815)
s=0

Taking &, = &, 85 = ¢8, &) = ¢8%, and &y = ¢8> for some sufficiently small ¢ gives the
result, and we are in case (i) of the lemma. ]

Corollary (Corollary 6.2) Suppose that G has no 2-torsion; A,S ¢ G; (Q,P) isa
probability space supporting a G-valued random variable z, an N(G)-valued random
variable Z, and an 8(G)-valued random variable T such that for all w € Q,

dimT(w) <d and €' (S;T(w))<D

and (Z(w), T(w)o) is 1-closed. Let § € (0,1] and r € N be parameters. Then either
71 < (87'7)OW), or there is a probability space (', P') extending (Q, P), supporting
a G-valued random variable z' and an N(G)-valued random variable Z' with

HE,mz’+Z’ - EmZ-FZH <6,
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and a further extension (Q", ") of (Q', "), supporting a G-valued random variable
z" and N(G)-valued random variables Z,, . . ., Zy such that
@)
HE”mZSz”+Z,- - IE3,7’125~(z’+Z’) H <4
foralll<i<kand0<s<r
(ii) (U;-uniformity)
E"|myemiz,(A) - mzs-(zurz')(f‘\)|2 <4
foralll<i<kand0<s<r;
(iii) (U,-uniformity)
2
B [Lunzrezy * (dmoeriz) = moazy (A, <8
foralll<i<j<kand0<s<r,
and for all " € Q", (Zi{(w"),Zi1(w")) is d-closed for all 1 < i < k, and
C*(S; Zi(w")) < Dexp((dkrd™)0W),

Proof Let 75! = (r87)°™) be the function in the first conclusion of Lemma 8.6
applied with parameters r and 8. If 77! < 267!, then terminate with 77! = (r871)°(),
so assume not. Let 8y = 6°™ be the lower bound in (8.6) (when that lemma is applied
with parameter &), and let v;' = (r871)°() be such that vy < 7o and vo (r+1)[ 85 ]+ <
8, which is possible, since 7 < 14.

We proceed inductively to define Q(?), P(") such that (Q(),P()) is a probability
space, z{!) is a G-valued random variable, Z(") is an N(G)-valued random variable,
and T is an 8(G)-valued random variable such that for all (" ¢ Q("), we have

(Z(i)(w(i)), T(i)(w(i))) is T-closed if i = 0, and vo-closed if i > 0,
dim T (o) < d +i67°W,
e’ (S; T(i)(w(i))) < Dexp(i(dkré ™ logvy')OW),

. 0 ifi=0
8.13 EDm_ i,y — Emgiz| < ,
(813) B im0 20 ~Emz] {T+(i—1)v0 if i >0,
and
(8.14) ZE(i)mzs,(Z(i)+Z(i))(A)2 > idp.

s=0
We initialise with Q) := Q, P() := P, 2(9) := 2, Z(?) := Z, and T(*) := T, which
satisfies the above requirements trivially. At stage i apply Lemma 8.6 to the space
(O, P(D); random variables z("), Z(!), and T(); parameter v, in place of v; v, or
7 in place of 7 (as named in Lemma 8.6) depending on whether i =0 or i > 0; and §
and r as given.

Since vy' > 7;", we are not in the first case of the lemma. (And if i = 0, we can
assume we are not in the first case or else we are in the 7 large conclusion of the
corollary.) We shall terminate if we are in case (ii) of the lemma, so assume not. It
follows we are in case (i) of the lemma, which gives us an extension (QU*1, PU+D) of
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(QM, P4 and random variables z(*V), Z(*) and T+ with (8.13) being a result
of the triangle inequality.

In view of (8.14), this iteration cannot proceed for more than (r +1)[8;'] steps, at
which point we are in case (ii) of Lemma 8.6. The conclusion follows from the triangle
inequality again. ]

9 Counting

In this section, we prove the following lemma, which is the analogue of the model
Lemma 4.5. The key feature is that the bound on € in the third of the four possible
conclusions only depends on k. If we were prepared to admit a-dependence, then the
uniformity of hypothesis (iii) would not be necessary.

Lemma (Lemma 6.3) Suppose that A,X c G; zy € G; (Z;, Zi+1) is 1-closed for all
1<i<k, and

(i) |mz,(A-zp)—a|<Tfor1<i<k;
(i) mgz, (X -2z9) <eforalll<i<k;
(iii)

2 .
HI(A*Zo)ﬂZ,’ * (1A—zodn’lzj) - (szLz(mz.) <Sforalll<i<j<k.

Then either ' = O(k*a™*), 7' = O(ka™"), ¢! = O(k?), or

k
(9.1) [ ( H'I(zi+220)\x(zi + Zj + ZZO)IZ,« (Z,' + Zj)) HIIA(Z,' + Zo)dﬂ’lzi(zi)
i<j i=
= Q(ab).
Proof Replacing A by A + zy and X by X + 2z, we can assume that z; = 0¢. Recall

the inequality
M (-xip)21= > xiy

I<i’<j'<k 1<i’<j'<k

whenever 0 < x;: < 1foralll < i’ < j' < k; this is what we call the pigeonhole

principle. Write I for the integral in (9.1). Then using the stated pigeonhole principle
and integrating, we have

k
I= f (151'13'51( lz,(zi + Zj)) il:[llA(Zi)dmzi (zi)

-3 fIsz,.,(Zi'*'Zj')( I1 1Z,v(zi+Zj))ilf[11A(Zi)dmZi(Zi)~

1<i’<j'<k 1<i<j<k
()35

Since the Z;s are nested, for fixed 1 < i < k, we have

[T 17,(zi +zj) 21;-(zi) forallziy € Zisy,. .., 2 € Z.
i<j<k !
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From this and hypothesis (i), we conclude that

k k
> Mma(AnZ) = 3 [ sz, Gz +2) TTa(e)dmz, ()

1<i’<j’'<k

> (a-27)F - (a+1)F2 > flxﬁzi,
jr<k

1<i’<j
x (zir + zj )a(zir)dmz, (zir)la(zy )dmz, ()

=(a-20)F—(a+ D) 3 (L, lunz, * (Ladmz, )1, (ms,)-

1<i'<j'<k

Now for fixed 1 < i’ < j' < k, the Cauchy-Schwarz inequality and hypothesis (iii) tell
us that

1 1
(1x, Lanz, * (1Adij/)>L2(mzi,) -(1x, ‘XZ)Lz(mzi,)| <0rmg,(X)?,

and so by (ii), we see that

(Ix,1anz, * (lAdij/)>L2(mzi,) <
(Lt &%) 1y (my ) + (8, (X))? < ea® + (8)7.

Combining all this, we get that
k 1
1> (a-21)F - (2)((x +1)F 2 (ea® + (e8)?).

It follows that either 87! = O(k?a™*), 77! = O(ka™!), or ! = O(k?), and if none of
these holds, then I = Q(a*) as claimed. The result is proved. [
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