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A spectral model for stably stratified turbulence
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A solution of the inviscid rapid distortion equations for a stratified flow with
homogeneous shear is proposed, extending the work of Hanazaki & Hunt (J. Fluid
Mech., vol. 507, 2004, pp. 1–42) to the two horizontal velocity components. The
analytical solution allows for the determination of the spectral tensor evolution at any
given time starting from a known initial condition. By following the same approach
as that adopted by Mann (J. Fluid Mech., vol. 273, 1994, pp. 141–168), a model for
the spectral velocity tensor in the atmospheric boundary layer is obtained, where the
spectral tensor, assumed to be isotropic at the initial time, evolves until the breakup
time where the spectral tensor is supposed to achieve its final state observed in the
boundary layer. The model predictions are compared with atmospheric measurements
obtained over a forested area, giving the opportunity to calibrate the model parameters,
and further validation is provided by additional low-roughness data. Characteristic
values of the model coefficients and their dependence on the Richardson number are
proposed and discussed.
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1. Introduction
The knowledge of the instantaneous velocity field characteristics in the atmospheric

boundary layer has crucial importance in both fundamental and applied fluid dynamics.
With the growth of computational power and the increasing availability of numerical
methods, synthetic turbulence has become an important tool to initialise realistic
turbulent fields: one could allow for a natural laminar–turbulent transition of the flow
(necessitating a long domain) or simulate only the region of interest with an opportune
inflow in terms of mean and turbulent velocity fields. Wind turbines are examples of
machines that must be designed to operate in such a turbulent environment, where
the high Reynolds number prohibits simulation of the natural transition process,
so that the only feasible approach is to force a realistic turbulent field at the inlet.
Furthermore, as it is not possible to simulate cyclic boundary conditions for finite-size
wind farms, the generation of realistic inflow turbulence becomes very important.

Sometimes a detailed description of the flow is not needed (as, for instance,
when the knowledge of loads on buildings or wind turbines submerged in the
boundary layer is desired) and numerical simulations can be replaced by simplified
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unsteady strip-element methods where the instantaneous approaching velocity field
is coupled with the instantaneous loads by means of opportune transfer functions
(as, for instance, the Theodorsen function). Since the velocity field is chaotic, a
statistical characterisation of the flow is a possible choice, but this will not give
any information about fatigue loads which must be described in time. An alternative
approach is to implement an autoregressive moving average (ARMA) filter (Bendat &
Piersol 1986) that converts a white noise into a signal with a desired power spectral
density, replicating spectral features of real turbulent flows. The determination of
the loads requires the cross-spectral energy of the different velocity components
(u, v and w, indicating the streamwise, spanwise and vertical velocity components,
respectively) at two arbitrary spatial locations to be known, so that the eventual
two-point correlations and phase lags are accounted for. In an attempt to provide a
description of the atmospheric turbulence for dynamic load modelling, Mann (1994),
hereafter denoted as M94, formulated a model to determine the spectral velocity
tensor in the presence of homogeneous shear by using the rapid distortion theory
(RDT) equations (Townsend 1976; Hunt & Carruthers 1990). The key idea of the
work was to let the spectral tensor evolve from an initially isotropic condition during a
certain (wavenumber-dependent) characteristic time representative of the eddy breakup
time. The model has three parameters which are the initial turbulent kinetic energy
dissipation, ε, the length scale of the large vortices, L, and the anisotropy parameter,
K (denoted as Γ in M94). Since its introduction the model has become an important
tool for wind energy, in terms of load modelling and wind resource estimation
(Chougule et al. 2012), and it has been used in several numerical simulations to
provide a realistic synthetic flow field (Mann 1998; Troldborg et al. 2011; Nilsson
et al. 2014; Sarmast 2014).

The knowledge of the spectral velocity tensor alone is, however, not sufficient in
many applications. For instance, the determination of the scattering of sound waves
by atmospheric turbulence requires the knowledge of the cross-spectral velocity
characteristics, but also the spatial and temporal variation of temperature (Ostashev
1997). Furthermore, the cross-spectral characteristics of atmospheric turbulence are
useful in dispersion modelling and to estimate fluxes of momentum and scalars
through the boundary layer. The M94 model lacks the coupling between velocity
and temperature (or density) that is required to account for non-neutral stratification.
Nevertheless, Chougule et al. (2015) have recently provided the values of the M94
model parameters for stable, neutral and unstable stratification, providing an ad hoc
assessment of the velocity spectrum. The stability-dependent parameters were obtained
by fitting the neutral RDT spectrum to existing measurements, so that the same model
can be applied to stratified conditions with opportune parameters.

A solution of the RDT equations for uniform density stratification and uniform
shear was provided by Hanazaki & Hunt (2004) (hereafter denoted as HH04) for the
density and vertical velocity in terms of Legendre functions under the Boussinesq
approximation. Rapid distortion theory in stratified turbulence has since been used to
estimate fluxes of scalars (as, for instance, by Jefferson & Rehmann 2014) and as a
benchmark to improve turbulence-closure schemes. In the present paper the results of
HH04 are extended to the two horizontal velocity components so that the fluctuating
velocity and density field is known from a generic initial condition and as long as
the flow evolution satisfies the RDT approximations. The M94 approach is therefore
properly extended to diabatic stability by using the analytical solution of the RDT
equations. A similar approach was pursued by Chougule (2013) in his PhD thesis,
where the stratified RDT equations were numerically integrated to extend the Mann
model with encouraging results.
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The paper is structured as follows. Section 2 provides the analytical solution of the
RDT equations and determines the spectral tensor evolution in time. The characteristic
breakup time is introduced to calculate the final spectrum, and it is slightly modified,
compared with M94, to account for the density stratification. Measurements over a
forested area with a 138 m high tower (described in § 3) are used to validate the
model and to determine the characteristic parameters and their dependence on the
stratification properties, as discussed in § 4. Additional data from a low-roughness site
are also included in the validation and scaling analysis. Section 5 concludes the paper
with some final discussion and recommendations. A discussion about the numerical
evaluation of the Legendre functions is presented in appendix A.

2. Proposed model
2.1. Solution of the stratified RDT equations

In this section, an orthogonal x1 x2 x3 reference frame is used, where x1 is aligned in
the streamwise direction (with mean streamwise velocity component U0), while x2 and
x3 indicate the spanwise and vertical directions respectively, with zero mean velocity
components. The velocity fluctuations in these directions will be denoted as ui and
their Fourier transforms as ûi, so that

ûi(k, t)= 1
(2π)3

∫
R3

ui(x, t) exp(−i x · k) dx. (2.1)

Let us consider a homogeneously stratified medium (with constant dρ0/dx3) with a
uniform mean velocity shear in the x3 direction. Under these conditions, the velocity
and density fluctuations are homogeneous in space and the Fourier transform (2.1) can
be properly applied in all three spatial dimensions. By introducing the characteristic
length and velocity scales L and Us, the dimensionless inviscid RDT governing
equations can be written as

dûi

dt
= α

(
2kik1

k2
− δi1

)
û3 +

(
kik3

k2
− δi3

)
ρ̂, (2.2)

dρ̂
dt
=N2û3, (2.3)

where

ûi = û#
i

UsL3
, ρ̂ = ρ̂#

ρ0L3Fr2
, (2.4a,b)

t= t#Us

L
, ki = k#

i L, α = L
Us

dU0

dx3
, N = N#L

Us
. (2.5a−d)

Here, N# = [−(g/ρ0)(dρ0/dx3)]1/2 is the Brunt–Väisälä frequency, g is the gravity
acceleration and Fr = Us/(gL)1/2 is the characteristic Froude number. In this section
only, the # superscript indicates dimensional quantities that are scaled with L, Us, ρ0
and Fr, to distinguish them from their dimensionless equivalents which are indicated
with the same symbol (but without the #) for the sake of clarity.

The equation for the evolution of the wavenumber vector is (Townsend 1976)

dki

dt
+ αk1δi,3 = 0, (2.6)
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implying that
k(t)= (k1, k2, k3)= (k1,0, k2,0, k3,0 − αk1,0t), (2.7)

where (k1,0, k2,0, k3,0) is the initial wavenumber vector with magnitude k0. As a
notation, the horizontal wavenumber kh = (k2

1 + k2
2)

1/2 is introduced, a quantity that is
independent of time according to (2.7).

As discussed in the introduction, HH04 provided an analytical solution of the
stratified RDT equations for the vertical velocity and density fluctuations. The
solution is based on the introduction of the variable z= ik3/kh (so that k3=−ikhz and
k2 = k2

h(1− z2)) in the equation, which results by combining the density and vertical
velocity equations, leading to a general Legendre equation

(1− z2)
d2ρ̂

dz2
− 2z

dρ̂
dz
+ λ(1+ λ)ρ̂ = 0, (2.8)

where

λ(1+ λ)=−N2k2
h

α2k2
1
=−Ri

k2
h

k2
1

(2.9)

and Ri=N2/α2 is the gradient Richardson number.
Equation (2.8) can be solved in terms of Legendre functions of first and second

kind as
ρ̂ = APλ(z)+ BQλ(z), (2.10)

while the vertical velocity Fourier transform is

û3 = 1
N2

dρ̂
dt
=− iαk1

N2kh
[AP′λ(z)+ BQ′λ(z)], (2.11)

in which the primes indicate the derivatives of the Legendre functions with respect to
their argument z. To obtain the analytical solution for the û1 component, it is possible
to substitute equations (2.10) and (2.11) into (2.2), obtaining

− iαk1

kh

dû1

dz
= − iα2k1

N2kh

(
2k2

1

k2
h(1− z2)

− 1
)
[AP′λ(z)+ BQ′λ(z)]

− i
k1khz

k2
h(1− z2)

[APλ(z)+ BQλ(z)], (2.12)

which can be rearranged as

dû1

dz
= A

[
2αk2

1

N2k2
h

P′λ(z)
1− z2

− α

N2
P′λ(z)+

1
α

zPλ(z)
1− z2

]

+B
[

2αk2
1

N2k2
h

Q′λ(z)
1− z2

− α

N2
Q′λ(z)+

1
α

zQλ(z)
1− z2

]
. (2.13)

The last terms in the square brackets can be rewritten by means of the Legendre
equation (2.8) as

1
α

zPλ(z)
1− z2

= αk2
1

N2k2
h

[
zP′′λ(z)−

2z2

1− z2
P′λ(z)

]
, (2.14)
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and similarly for Qλ. The substitution of (2.14) into (2.13) gives

dû1

dz
= A

α

N2k2
h
[2k2

1 P′λ(z)− k2
h P′λ(z)+ k2

1 zP′′λ(z)]

+B
α

N2k2
h
[2k2

1 Q′λ(z)− k2
h Q′λ(z)+ k2

1 zQ′′λ(z)], (2.15)

which can be integrated to

û1 = û1,0 + αA
N2k2

h
[k2

1 zP′λ(z)− k2
2 Pλ(z)]zz0

+ αB
N2k2

h
[k2

1 zQ′λ(z)− k2
2 Qλ(z)]zz0

, (2.16)

where z0 = ik3,0/kh indicates the value of z at the initial time.
A similar procedure can be applied to the spanwise velocity component, leading to

û2 = û2,0 + αk1k2A
N2k2

h
[zP′λ(z)+ Pλ(z)]zz0

+ αk1k2B
N2k2

h
[zQ′λ(z)+Qλ(z)]zz0

. (2.17)

At this point it is important to underline that (2.16), (2.17), (2.11) and (2.10) are
the solutions of the stratified RDT equations (2.2) and (2.3) and indeed represent an
extension of the solution of HH04.

To quantify the spectral tensor evolution, (2.16) and (2.17) can be rewritten as

û1 = û1,0 + Fu1A A+ Fu1B B and û2 = û2,0 + Fu2A A+ Fu2B B, (2.18a,b)

where

Fu1A = α

N2k2
h
{k2

1[zP′λ(z)− z0P′λ(z0)] − k2
2[Pλ(z)− Pλ(z0)]}, (2.19)

Fu1B = α

N2k2
h
{k2

1[zQ′λ(z)− z0Q′λ(z0)] − k2
2[Qλ(z)−Qλ(z0)]}, (2.20)

Fu2A = αk1k2

N2k2
h
[zP′λ(z)− z0P′λ(z0)+ Pλ(z)− Pλ(z0)], (2.21)

Fu2B = αk1k2

N2k2
h
[zQ′λ(z)− z0Q′λ(z0)+Qλ(z)−Qλ(z0)]. (2.22)

As discussed by HH04, the A and B constants can be determined from the initial
density and vertical velocity fluctuation Fourier transforms by solving the linear
system [

Pλ(z0) Qλ(z0)

P′λ(z0) Q′λ(z0)

] [
A
B

]
=
[

ρ̂0

(iN2kh)/(αk1) û3,0

]
, (2.23)

obtaining

A= FAρ0 ρ̂0 + FAu30 û3,0 and B= FBρ0 ρ̂0 + FBu30 û3,0, (2.24a,b)

where

FAρ0 = (1− z2
0)Q

′
λ(z0), FAu30 =−(1− z2

0)
iN2kh

αk1
Qλ(z0), (2.25a,b)

FBρ0 =−(1− z2
0)P
′
λ(z0), FBu30 = (1− z2

0)
iN2kh

αk1
Pλ(z0). (2.26a,b)
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The time evolution of the velocity and density perturbation vector q=[û1, û2, û3, ρ̂]T
from its initial state q0 = [û1,0, û2,0, û3,0, ρ̂0]T can then be written as q=Mq0, where
the matrix M is given by

M(t; k0)=

1 0 Fu1u30 Fu1ρ0

0 1 Fu2u30 Fu2ρ0

0 0 Fu3u30 Fu3ρ0

0 0 Fρu30 Fρρ0

 , (2.27)

with coefficients
Fu1u30 = Fu1AFAu30 + Fu1BFBu30, (2.28)

and similarly for Fu1ρ0 , Fu2u30 and Fu2ρ0 . The other coefficients are given by

Fu3u30 =−
iαk1

N2kh
[P′λ(z)FAu30 +Q′λ(z)FBu30], (2.29)

Fu3ρ0 =−
iαk1

N2kh
[P′λ(z)FAρ0 +Q′λ(z)FBρ0], (2.30)

Fρu30 = Pλ(z)FAu30 +Qλ(z)FBu30, (2.31)
Fρρ0 = Pλ(z)FAρ0 +Qλ(z)FBρ0 . (2.32)

The generic time-dependent spectral matrix Φ(t; k) is now introduced as

Φ(t; k)=Re[q(t)qT∗(t)] =

Φ11 Φ12 Φ13 Φ1ρ
Φ12 Φ22 Φ23 Φ2ρ
Φ13 Φ23 Φ33 Φ3ρ
Φ1ρ Φ2ρ Φ3ρ Φρρ

 , (2.33)

where the ∗ superscript indicates the complex conjugate operator. Now, since the
system composed by the equations (2.2) and (2.3) is real, the evolutional matrix
M(t; k0) must be real as well. Consequently, the evolution of the spectral tensor
(2.33) must be given by

Φ(t; k)=M(t; k0)Φ(0; k0)MT(t; k0). (2.34)

Equation (2.34) is the key result of this work since it determines the evolution of
the spectral tensor of velocity and density fluctuations at a certain time t starting from
a generic initial condition Φ(0; k0).

2.2. Proposed spectral model
Similarly to HH04, it can be assumed that the initial velocity and density fields are
isotropic, so that the initial velocity and density correlations are zero and the initial
spectral tensor is

Φ(0; k0)=

Φ11(0; k0) Φ12(0; k0) Φ13(0; k0) 0
Φ12(0; k0) Φ22(0; k0) Φ23(0; k0) 0
Φ13(0; k0) Φ23(0; k0) Φ33(0; k0) 0

0 0 0 Φρρ(0; k0)

 , (2.35)
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with suitable functions for the velocity and density spectra, Φij and Φρρ respectively.
The dimensionless initial velocity field can be characterised by means of the von
Kármán spectrum (Mann 1994), which, according to the present scaling, becomes

Φij(0; k0)= Qu

4π

δijk2
0 − ki,0kj,0

(1+ k2
0)

17/6
, with Qu = α1ε

2/3L2/3

Us
2 , (2.36)

where ε is the turbulent kinetic energy dissipation rate and α1 is the Kolmogorov
constant (Kaimal et al. 1972). On the other hand, the density spectrum can also be
written as a power law (Goedecke et al. 2004) as

Φρρ(0; k0)=Qu

(
Qρ

Qu

) [
1+

(
k0

Lρ
L

)2
]−11/6

, (2.37)

with
Qρ

Qu
= 5β1

6πα1

1
Fr4

(
Lρ
L

)11/3
ερUs

2

ρ0
2ε
, (2.38)

where ερ is the dissipation rate of half of the density variance and β1 is a universal
constant (Kaimal et al. 1972). Equations (2.36) and (2.37) characterise the initial
spectral tensor (2.35) and allow some flexibility by means of the parameters Qu,
Qρ/Qu and Lρ/L, which represent three important properties of the initial isotropic
field: Qu is the normalised turbulent kinetic energy dissipation of the velocity field (to
the power 2/3), Qρ/Qu is the ratio between the density and turbulent kinetic energy
dissipation and Lρ/L is the relative size of the energy-carrying density fluctuation
eddies to the size of the energy-carrying velocity fluctuation eddies. The advantage
of the normalisation used becomes evident, as L is just a scaling factor for the
wavenumber, while the parameter Qu is a scaling factor for the entire spectral tensor
and can be taken outside the formula (2.34), facilitating its determination.

Given the initial spectral tensor, the obtained analytical solution is able to estimate
the spectral evolution at any time. However, in the atmosphere the velocity and
density fields do not evolve from an initial isotropic state continuously but are
instead characterised by a certain statistically steady state, depending on the imposed
boundary conditions and physical parameters. Since the RDT accounts only for linear
mechanisms, it cannot be taken for granted that the final steady state (if any) will be
the same as that of the real atmosphere (where there is a balance between linear and
nonlinear mechanisms, the latter characterised by continuous structure interactions
and breakups). However, the projection of such a final nonlinear state in the space
spanned by the solutions of the RDT equation might be a good approximation of
the real atmosphere (having, for instance, the same level of anisotropy and two-point
correlations). In other words, there might exist a certain time, τ , where the RDT
solution might be sufficiently close to the real atmospheric state, so that the linear
theory could still be used to describe this state, assuming afterwards a saturated
condition. While using the RDT in this way limits the physical insight because the
application is not similar to the actual physical process, it opens up the possibility of
being used to determine the spectral tensor in real atmospheric conditions, especially
regarding synthetic turbulence generation. The characteristic time scale could be
wavenumber-dependent, since in RDT each wavenumber evolves independently from
each other, allowing a high flexibility in the choice of τ . Mann (1994) proposed that
the dimensionless eddy breakup time scale under neutral stratification, indicated as

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
5.

50
2 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2015.502


A spectral model for stably stratified turbulence 337

kL
10010–2 102

100

102

FIGURE 1. Eddy breakup time scale, τ(k), computed according to (2.40) for different
values of the Richardson number Ri= 0, 0.05, 0.1, 0.2 (ordered according to the arrow)
and α = 2.2. Here, c= 0.15 and K = 3.78, according to the results of § 4.

τM94(k), could be estimated as the ratio between a characteristic length scale, k−1,
and a characteristic velocity scale, [∫∞k E(k) dk]1/2, where E(k) indicates the energy
spectrum function (Pope 2000). By assuming the von Kármán spectrum for E(k),
M94 determined the breakup time scale in terms of the hypergeometric function

τM94 = K
α

k−2/3

[
2F1

(
1
3
,

17
6
; 4

3
; −k−2

)]−1/2

, (2.39)

where K (denoted Γ in M94) is the anisotropy parameter. Since the wavenumber
vector evolves as αt in (2.7), K alone identifies its evolution, regardless of the value
of the shear, α. The widespread use of the M94 model to generate realistic synthetic
turbulence (even when compared with alternative techniques, such as precursive
simulations), suggests that the time scale approximation provides a useful description
of the atmospheric turbulence, entailing most of the complex features of the spectral
tensor, such as its level of anisotropy.

The presence of the oscillation time scale introduced by the Brunt–Väisälä
frequency suggests a new time scale, τ , here assumed to be of the form

1
τ
= 1
τM94
+ cN −→ τ = τM94

1+ cNτM94
. (2.40)

Although the linear combination in (2.40) is just based on dimensional arguments, it
can also be seen as a Taylor series expansion of 1/τ in the limit of N → 0, and
thus provides a first-order estimation of the modification of τM94 by stratification. The
advantage of this approach is that the neutral time scale is kept exactly as in M94
while the stability dependence comes from an independent parallel coupling with N
by the sensitivity constant c. Figure 1 shows the time scale computed from (2.40) for
different Richardson numbers ranging from neutral to stable conditions. It can be seen
that the proposed time scale implies a decrease in the evolution time scale for the
small wavenumbers, while the large ones (small scales) remain practically unaffected,
so that their level of anisotropy remains unchanged by stratification.

For a given dimensionless wavenumber vector, k0 = (k1,0, k2,0, k3,0), Brunt–Väisälä
frequency, N, and shear, α, the eddy breakup time is determined according to equation
(2.40), where τM94 is first computed from (2.39) with

k= [k2
1,0 + k2

2,0 + (k3,0 − αk1,0τM94)
2]1/2, (2.41)

and assuming a value of K and c to determine the breakup time.

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
5.

50
2 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2015.502


338 A. Segalini and J. Arnqvist

Besides the scaling quantities Us and L and the initial spectral tensor parameters Qu,
Qρ/Qu and Lρ/L, two other parameters are therefore needed to complete the model by
determining the breakup time scale, namely K and c. Their values will be discussed
in § 4.

A relevant point concerns the validity of the RDT approximation in the atmospheric
boundary layer. According to the analysis reported by Hanazaki & Hunt (2004), in
order to neglect the nonlinear terms in both the momentum and temperature transport
equations, it is necessary that the Froude number FrL = σw/(NL) � 1, with σw

indicating the vertical velocity standard deviation. This condition was never met with
the available dataset, and FrL ranged between 0.8 and 2.5. On the other hand, even
the mean shear time scale, α−1, was comparable to the turbulent time scale, TKE/ε
(with TKE indicating the turbulent kinetic energy), so that αTKE/ε = O(1) and
RDT equations should not be applicable even in the unstratified case. Nevertheless,
the discussion above regarding the possibility to introduce the artificial time scale
suggests that the use of RDT equations could still be acceptable to develop a model
able to estimate the spectra, although outside of the range of application of RDT.

2.3. Numerical implementation

Once τ was determined from (2.40), it was used in the M matrix with an evaluation
of the Legendre functions of first and second kind at z0 and z. Since the evaluation of
the M matrix had to be carried out for a large number of wavenumber vectors, a fast
evaluation of the Legendre functions was needed. This was achieved by approximating
the Legendre equation (2.8) at ordinary and singular points as well as by means of
a Wentzel–Kramers–Brillouin (WKB) approximation (Bender & Orszag 1999) of the
Legendre functions in the limit of large −λ (1+ λ). Some details about the resulting
formulae are provided in appendix A.

Once the isotropic initial condition (2.35) was determined (via the parameters Qu,
Qρ/Qu and Lρ/L), (2.34) was used to determine the spectral tensor, while the final
wavenumber vector was given by (2.7). The observed two-point velocity and density
spectra were obtained by integrating the spectral tensor at time τ as

Fij(k1;1x2, 1x3, τ )=
∫
R2
Φij(τ ; k) exp[ik21x2 + ik31x3] dk2 dk3, (2.42)

where the integration was performed by discretising each wavenumber component into
Nk elements in the positive and negative directions (including the origin there were
2Nk + 1 points). The points were logarithmically spaced in the range 10−3 < k< 104.
To save some computational time, it can be noted that, for a given set of k1,0 and k3,0,
the M matrix is an even function of k2,0, except for the terms Fu2u30 and Fu2ρ0 which
are odd functions of k2,0. This allowed a reduction by a factor of 2 of the operations
needed for the integrated spectra evaluation.

The Nk parameter was also changed and it was found that a good compromise
between accuracy and computational time was provided already by Nk ≈ 100, where
an error of less than 1%, compared with the spectral tensor evaluated with Nk = 500,
was observed. The majority of the results shown in the paper have been obtained for
Nk = 150, with the exception of the five- and four-parameter optimisations, reported
in § 4, where Nk = 70 was adopted due to the high computational demands.
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3. Measurements
In order to validate the model and to determine the various parameters, field

measurements with a 138 m tall meteorological tower located over a forested site
were used. The measurement site is situated in a production forest approximately
30 km inland of the Swedish south-eastern coast. The average forest height is
approximately hc≈ 20 m. The tower was placed in the north-west corner of a 200 m
by 250 m large clearing, and two wind turbines, located to the south and north-east
directions respectively, were placed approximately 200 m from the measurement
tower. To minimise the effect of these heterogeneities, only data coming from wind
directions between 240◦ and 280◦ were used in the present study. More details
about the set-up of the measurements and data quality control have been reported by
Arnqvist et al. (2015).

In this study we used data from six Metek sonic anemometers at measurement
heights of z = 40, 59, 80, 98, 120 and 138 m and sampled at 20 Hz to determine
the velocity and temperature time series. The mean temperature was measured at
z = 40, 98, 120 and 138 m with independent Risø PT-100 temperature sensors,
while the atmospheric pressure was monitored at z= 40 m with a Vaisala PTB100B
barometer. The time series were divided into 30 min segments, where horizontal
velocity components were locally rotated (so that the mean spanwise velocity was
V0 = 0 m s−1), identifying the direction of the local mean wind.

The Brunt–Väisälä frequency was computed as N = (g/Θ0 dΘ/dz)1/2, where Θ =
T0(P0/P)R/cp is the potential temperature, P is the local mean static pressure, R is the
gas constant and cp is the specific heat capacity. Since the pressure was only measured
at the lowest height, the hydrostatic equation and the gas law were used to determine
the pressure at the other measurement levels as

P(z)= P0

[
T(z)
T0

]−(g/R)(dT/dz)−1

. (3.1)

The velocity shear α = dU0/dz was determined for each available height from the
mean velocity profile by approximating the differential operator with finite differences.
The Richardson number was finally calculated by means of its definition, Ri=N2/α2.

In order to characterise the diabatic stability condition of each 30 min block, the
Obukhov length was calculated as

Lo =− u3
∗Θ0

κgw′θ ′
, (3.2)

where u∗ = [u′w′2 + v′w′2]1/4 is the friction velocity (computed at the lowest available
level above the forest, z= 40 m), Θ0 is the potential temperature at z= 40 m, κ = 0.4
is the von Kármán constant used, g= 9.81 m s−2 is the gravitational acceleration and
w′θ ′ is the vertical temperature flux from the sonic anemometer at 40 m.

In order to examine the performance of the spectral model in various conditions,
averages of the velocity and temperature spectra were performed by subdividing the
data in terms of diabatic stability and velocity classes. Four stability classes were
introduced as very stable (Lo < 100 m), stable (100 m < Lo < 400 m), near-neutral
stability (400 m < Lo < 1000 m) and neutral (|Lo| > 1000 m). Additionally, velocity
bins based on the mean velocity at z = 80 m (with increments of 1 m s−1) were
selected, similarly to Chougule et al. (2015), to identify possible Reynolds-number

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
5.

50
2 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2015.502


340 A. Segalini and J. Arnqvist

effects. The spectra were computed for each 30 min time series belonging to a
given class at all the available heights, and the resulting multipoint spectra were
averaged within the respective bins. For every velocity and stability class, six heights
were available, so that 21 possible height combinations and 10 possible component
combinations could be obtained, for a total number of 210 multipoint spectra available.

In order to obtain the density cross-spectra or the velocity–density cross-spectra
from the available velocity and temperature fluctuations, the Boussinesq approximation
was used, so that 1ρ/ρ0 =−1T/T0.

4. Results
According to § 2, the spectral tensor is defined from the velocity and length scales

Us and L and the parameters Qu, Qρ/Qu, Lρ/L, K and c. The local streamwise
velocity standard deviation was chosen as the velocity scale, so that Us = σu in the
present work. The parameters Qu, Qρ/Qu, Lρ/L, K, c and L were determined from
the minimisation of

J =
14∑

m=1


3∑

i=1

[
QukmF(est)

ii (km; 0, 0)− fmF(meas)
ii ( fm; 0, 0)

U2
s

]2

+
[

QukmF(est)
13 (km; 0, 0)− fmRe(F(meas)

13 ( fm; 0, 0))
U2

s

]2

+ 100

[
QukmF(est)

3ρ (km; 0, 0)+ fmRe(F(meas)
3θ ( fm; 0, 0))
Us T0 Fr2

]2
 . (4.1)

The last term was weighted arbitrarily by a factor 100 to increase its importance
and to make it comparable to the spectral velocity densities. The difference in sign
and the presence of the Froude number and temperature in the denominator are the
results of the Boussinesq approximation and the non-dimensionalisation adopted in
equation (2.4). The wavenumber k was computed from the frequency, f , by means of
the Taylor hypothesis as k= 2πf /U0. The minimisation of (4.1) implies the search for
the parameters that provide the least-square deviation (at 14 logarithmically spaced
frequencies) between the pre-multiplied single-point spectral densities fFuu, fFvv, fFww,
and co-spectra f Re(Fuw) and f Re(Fwθ), while the spectra fFuv, fFvw and fFvθ were
not compared since they are zero from the model due to symmetry reasons. No
requirement was introduced about the agreement between the measured and predicted
single-point fFuθ and all the two-point spectra. Therefore, the comparison of the
model with the latter quantities will be the benchmark to assess its quality.

The power spectrum of the temperature was omitted from the comparison and
parameter search since the quality of the sonic power temperature spectra was found
to be lower than that of the cross-spectra of temperature and velocity. The raw signals
of the sonic anemometer were corrected according to Liu, Peters & Foken (2001), but
still the power spectrum of the temperature showed consistent high-frequency noise.
By examining the effect of different filters and corrections on the spectra from sonic
temperature measurements, Nielsen & Larsen (2002) showed that the power spectra
of the temperature may be affected by high-frequency noise, while the cross-spectra
are almost unaffected, provided that the temperature is derived from several sonic
paths (which is done in the algorithms of Liu et al. 2001). However, besides the
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experimental uncertainty at high frequencies, the disagreement between the model
and the measurements in the temperature spectrum could also be a result of the
model approximations (large FrL, introduction of the artificial time scale τ , etc.) and
only numerical simulations or high-quality experiments will be able to clarify this
issue.

As is clear from (4.1), the Qu parameter can be found by means of a linear least-
square approach, so that, for a given set of parameters L, Qρ/Qu, Lρ/L, K and c, there
exists only one Qu that will minimise J. The purpose of (4.1) is the identification
of the remaining five nonlinear coefficients to reveal their (eventual) dependence on
the velocity magnitude and Richardson number. Among the available velocity and
stability classes, 156 spectra from the six different heights were available to identify
the parameters. Additional measurements over a low-roughness site called Maglarp
(Smedman & Bergström 1984) were used to provide further support to the obtained
parameters and to identify their sensitivity to the surface roughness. However, due to
the limited amount of data, the spectra from Maglarp were not averaged over different
30 min segments, so the scatter is expected to be larger. Rather, they were subdivided
into 40 windows to reduce the random error, following the guidelines of Bendat &
Piersol (1986).

Initially, all five parameters were allowed to vary and the algorithm fminsearch of
Matlab was used to identify the local optimum. This allowed identification of the
averaged value of Lρ/L≈ 1 with a limited amount of scatter. By recognising that the
optimisation algorithm performs better and faster in a reduced dimensional search
space, the parameter Lρ/L was kept fixed to 1 and a four-parameter optimisation
was performed to identify c, and so forth. The values of the optimal parameters and
the associated averaged error function J are reported in table 1 with their respective
95 % confidence intervals. It can be noted that, as already anticipated, the expected
Lρ/L is approximately 1, namely the large-scale density-carrying eddies have the
same size as the equivalent energy-carrying eddies. Surprisingly, the value of the K
parameter is systematically higher than the value reported by Mann and co-workers
(where K ≈ 3). A possible explanation for this discrepancy might be that the present
objective function J, stated by (4.1), is different from the χ 2 fit proposed in M94,
which is not focused on pre-multiplied spectra but rather on velocity spectra weighted
by the statistical (frequency-dependent) random error. Furthermore, the presence of
a stratification correction term in (2.40) will reduce the breakup time, virtually
reducing the value of K if the stratification has not been considered. As a result of
the optimisation process, constant values of K≈ 3.78 and c≈ 0.15 have been obtained,
reducing the number of free parameters of the model. Since c was allowed to vary
freely in the optimisation scheme, the possibility of c= 0 existed, which would have
meant that no effect of stratification on τ could be seen. The obtained non-zero c
value indicates that the stratification indeed has an effect in the time scale, opposite
to the assumption of Chougule (2013).

Apart from the parameters obtained by means of the optimisation routine, the value
of Qu must be found, as it determines the magnitude of the normalised spectra. By
looking at (4.1), it is evident that the optimal Qu must ensure a good fit for several
spectra. However, it can be expected that the integral of the (normalised) streamwise
velocity spectrum should be the same, so that

Qu

∫ ∞
0

F(est)
uu (k1) dk1 ≈ 1−→Qu ≈

[∫ ∞
0

F(est)
uu (k1) dk1

]−1

. (4.2)
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Number of parameters Parameter obtained Value Average J Nk

5 Lρ/L 1.015± 0.034 0.015± 0.002 70
4 c 0.15± 0.01 0.019± 0.004 70
3 K 3.78± 0.07 0.013± 0.002 150
2 — — 0.015± 0.004 150

TABLE 1. Values of the model parameters after the optimisation process and averaged
error J. The number of wavenumbers used in each optimisation, Nk, is also reported.

Figure 2 shows the comparison between the observed Qu (which accounts for all
of the spectra) and the estimated one, providing a reasonable collapse between the
data. The second parameter is the relative importance between the initial density and
velocity spectra, Qρ/Qu. In this case a significant Richardson-number dependence is
observed and the parameter can be approximated by means of the parabola

Qρ

Qu
≈ 0.712 Ri2 + 0.04 Ri. (4.3)

Looking at figure 2(b), the agreement of the points with the proposed fit is also good
and the only deviation comes from the highly stable data. The deviation from the
curve might be due to the limited amount of data used to compute the averages of the
experimental data at such highly stable conditions, but it should be noted that there
the Richardson number is greater than 0.25, which corresponds to the critical Ri where
the linear mechanisms should suppress turbulence (Miles 1961), and the stratified RDT
equations follow similar dynamics as well.

The characteristic length scale, L, follows a scaling similar to the one proposed by
Sullivan et al. (2003) for the peak of the pre-multiplied vertical velocity spectrum,
Lw: the ratio (z− d)/L seems to be function of the stability parameter (z− d)/Lo as
(z − d)/Lw does. Clearly, this suggests that the ratio L/Lw should be constant, and
figure 2(d) shows its probability distribution, which is reasonably well approximated
by a Gaussian curve. It is noteworthy that both the forested and low-roughness data
peak at L/Lw ≈ 1.9.

Going back to the parameter Qρ/Qu, it is interesting to note that such a
parameter can be approximately obtained by considering its definition (2.38) and
the approximation that the turbulent kinetic energy and density-variance dissipation
of the initial field are close to the final ones. That assumption applies when τ is
small, which implies that α or N is large. The turbulent kinetic energy dissipation of
a stratified medium is given by (Wyngaard 2010)

ε = ν
(
∂u′i
∂xj

)2

≈−u′w′
dU
dz
− g
ρ0
ρ ′w′ =−u′w′α − g

ρ0
ρ ′w′, (4.4)

while the dissipation of half of the density variance is provided by

ερ = κθ
(
∂ρ ′

∂xj

)2

≈−ρ ′w′ dρ0

dz
= ρ0

g
N2 ρ ′w′, (4.5)

where κθ is the thermal diffusivity of the fluid.
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FIGURE 2. Parameters of the spectral model: (a) Qu as a function of the inverse integral
of the estimated streamwise power density spectrum; (b) Qρ/Qu as a function of the
Richardson number (the solid line is (4.3)); (c) scaled length scale L as a function of
the stability parameter (z− d)/Lo (the solid line is equation (4.5) of Sullivan et al. 2003,
divided by 1.9, namely the averaged L/Lw); (d) probability density function of the ratio
L/Lw. A Gaussian distribution is plotted for visual aid. The empty circles are Ryningsnäs
data while the filled circles are Maglarp data. The vertical dashed line in (b) indicates the
critical Richardson number, Ric = 0.25.

In stable conditions it is possible to approximate the gradient Richardson number
with the flux Richardson number (Kaimal & Finnigan 1994), leading to

Rif = (g/ρ0)ρ ′w′

−u′w′α
≈ Ri= N2

α2
−→ g

ρ0
ρ ′w′ =−u′w′αRi, (4.6)

so that the dimensionless dissipation ratio is

ερU2
s

ρ2
0ε
≈ Fr4

(
NL
Us

)2 Ri
1− Ri

(4.7)

and (
Qρ

Qu

)
est

≈ 5β1

6πα1

(
NL
Us

)2 Ri
1− Ri

(
Lρ
L

)11/3

≈ 5β1

6πα1

(
NL
Us

)2 Ri
1− Ri

. (4.8)
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FIGURE 3. Comparison between the observed Qρ/Qu parameter and the one estimated
from (4.8). The empty circles are Ryningsnäs data while the filled circles are Maglarp
data.

Expression (4.8) provides a simple estimation of the Qρ/Qu parameter, related to the
amplitude of the initial density fluctuation spectrum compared with the velocity one.
Figure 3 shows a scatter plot with a comparison between the estimated and calculated
parameters. The agreement is fairly good for Qρ/Qu < 0.02 (namely for Ri < 0.15),
supporting this simplified estimate.

Figure 4 shows the comparison between the single-point spectra, Fuu, Fvv, Fww, Fuw,
Fuθ and Fwθ , for the velocity bin 7 m s−1 and for three stability classes at z=100 m. It
can be seen that the single-point velocity spectra are well fitted by the present model,
and similarly for the Fwθ spectrum. Interestingly, the Fuθ (the only one that was not
accounted for in the J function in (4.1)) does not agree with the model in the small-
wavenumber range for neutral stratification, but it agrees reasonably well already for
slightly stable conditions, although with a slightly faster decay than the measurements.
For Fwθ both the model and the measurements follow the −7/3 law in the inertial
subrange.

The two-point velocity and temperature cross-spectra are shown in figure 5 for
a separation distance of approximately 1z ≈ 20 m. Here, the spectral parameters
Qu, Qρ/Qu, Us and L as well as the mean velocity (to convert the frequency to
wavenumber) are averaged between the two heights, as suggested by Chougule
et al. (2015). It is visible that the real part is well predicted (although slightly
overestimated), while for the imaginary part there is underestimation in u and
overestimation in v. This has some effect on the coherence, here defined as

γ 2
ij =

|Fij(k1)|2
Fii(k1)Fjj(k1)

, (4.9)

while little discrepancy is observed in the phase ϕ for small wavenumber where the
coherence is high. The fact that the characteristic length scale L increases with height
z leads to the expectation that the present model will give better results (in terms
of two-point cross-spectra) in horizontal planes (see M94) than when a significant
vertical separation is present, since the flow is only horizontally homogeneous and
new RDT equations should be developed to account for the vertical inhomogeneity.
The present model with the present set of parameters seems to lose accuracy at large
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FIGURE 4. Comparison of the pre-multiplied spectra at z ≈ 100 m and U(z) ≈ 7 m s−1

for (a,b) neutral conditions (Ri≈ 0.07), (c,d) near-neutral stability conditions (Ri≈ 0.10)
and (e,f ) stable conditions (Ri ≈ 0.14). Experimental data: (◦) Fuu, (+) Fvv , (∗) Fww,
(@) Fuw, (5) Fuθ , (4) Fwθ . Model prediction: (solid line) Fuu, Fuw, Fuθ , Fwθ ; (dashed line)
Fvv; (dash-dotted line) Fww. Since the model predicts only real single-point cross-spectra,
only the real parts of the cross-spectra are shown.

vertical separation distances, as demonstrated by figure 6, where the two-point spectra
are shown for a separation distance of 1z ≈ 60 m (at lower separation distance the
agreement is still qualitatively similar to figure 5). The agreement is lost in the real
part of the spectrum as well, suggesting that the present model (with the present set
of parameters) should be used with caution for 1z > 40 m.
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FIGURE 5. Comparison of the pre-multiplied two-point velocity and temperature spectra
for z1 ≈ 80 m, z2 ≈ 100 m and U(z2) ≈ 7 m s−1 for near-neutral stability conditions
(Ri≈ 0.10). (a) Real part and (b) imaginary part of Fuu, Fvv and Fww. (c) Coherence and
(d) phase functions. (e) Real part and (f ) imaginary part of the temperature cross-spectra
Fuθ and Fwθ . See figure 4 for the list of symbols.

5. Conclusions

In the present paper an analytical solution of the rapid distortion equations is
proposed for a homogeneous turbulent flow subjected to uniform shear and stable
stratification. The solution allows determination of the timewise evolution of the
Fourier transform of the velocity and density fluctuations starting from an arbitrary
initial state, as long as the RDT closure is valid. By following the same approach
as Mann (1994), a spectral model is proposed based on the stratified RDT solution,
where the time-dependent spectral tensor is calculated at a wavenumber-dependent
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FIGURE 6. Comparison of the pre-multiplied two-point velocity and temperature spectra
for z1 ≈ 40 m, z2 ≈ 100 m and U(z2) ≈ 7 m s−1 for near-neutral stability conditions
(Ri≈ 0.10). (a) Real part and (b) imaginary part of Fuu, Fvv and Fww. (c) Coherence and
(d) phase functions. (e) Real part and (f ) imaginary part of the temperature cross-spectra
Fuθ and Fwθ . See figure 4 for the list of symbols.

eddy breakup time scale, where it is assumed that at such a time scale the state
described by the RDT equations is close to the one observed in the atmosphere.

The model is a function of a number of scaling quantities (the streamwise velocity
variance, σ 2

u , and the momentum-carrying large-eddy size, L) and parameters (the
dimensionless dissipation (to the power 2/3), Qu, the ratio between the initial
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density-variance dissipation and turbulent kinetic energy dissipation, Qρ/Qu, the
ratio between the density- and energy-carrying eddy sizes, Lρ/L, and two additional
parameters related to the breakup time, namely K and c, related to the original Mann
model time scale and its sensitivity to the stratification respectively). These have all
been determined by optimising the comparison with measurements over a forested
area (Arnqvist et al. 2015) and further supported by low-roughness data (Smedman
& Bergström 1984). The availability of these two datasets allowed the determination
of the parameters, providing some rationale about them in terms of the Richardson
number.

The model parameter L was shown to scale with the similarity function proposed
by Sullivan et al. (2003), originally proposed for the peak of the vertical velocity
spectrum Lw, suggesting that L/Lw is approximately constant (here found to be
approximately 1.9). Since Lw increases with height, L changes with z accordingly, an
issue that could be included in the analysis to extend the model and to improve the
two-point cross-spectra evaluation with significant vertical separation.

The proposed model is able to determine reasonably well the single-point velocity
spectra and the velocity and temperature cross-spectra (including Fuθ which was
purposefully kept out of the optimisation approach) for different Richardson numbers.
When evaluated against vertically separated two-point spectra, the model showed
promising results for the phase lag and the co-spectra, but a positive bias was found
for the coherence.

In order to test the model predictions of single-point temperature spectra against
measurements of high quality, the model was compared with single-point temperature
spectra and with estimations provided by Kaimal et al. (1972), showing little
agreement at neutral conditions and increasing agreement as Ri increased. The
model and measurements agreed only for very stable data, despite the fact that the
temperature–velocity cross-spectra agree also for lower Richardson numbers. This
implies that the present parameters Qρ/Qu, Lρ/L and c may not correspond to
the ones that ensure agreement between both velocity and temperature spectra and
cross-spectra. Other possible causes of this discrepancy might be the use of the
artificial time scale τ(k) or the fact that RDT equations are not strictly applicable
to the present atmospheric boundary layer dataset, according to the scaling argument
proposed by Hanazaki & Hunt (2004). Further studies comparing the modelled
temperature power spectra with high-quality measurements are needed to examine the
cause of the discrepancy in near-neutral stratification.
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Appendix A. Series expansions of the Legendre functions

The Legendre equation

(1− z2)
d2y
dz2
− 2z

dy
dz
+ λ(1+ λ)y= 0, (A 1)
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has three regular singular points at z=±1 and z=∞. For any ordinary point z0, a
Taylor series can be assumed of the form

y=
∞∑

n=0

an(z− z0)
n, (A 2)

where the coefficients an satisfy the recurrence relationship

an+2 = 2z0(n+ 1)
(1− z2

0)(n+ 2)
an+1 + n2 + n− λ(1+ λ)

(1− z2
0)(n+ 1)(n+ 2)

an. (A 3)

There are two parameters in (A 3), namely a0 and a1, representing the value of
the solution and its derivative at z = z0. With the two parameters, two independent
solutions of (A 1) can be obtained with

a0 = 2F1

(
−λ, λ+ 1; 1; 1− z0

2

)
, (A 4)

a1 = 1
2
λ(λ+ 1)2F1

(
−λ+ 1, λ+ 2; 2; 1− z0

2

)
(A 5)

for Pλ(z) and

a0 = K1 z 2F1

(
1− λ

2
,
λ

2
+ 1; 3

2
; z2

0

)
−K2 2F1

(
−λ

2
,
λ+ 1

2
; 1

2
; z2

0

)
, (A 6)

a1 = K1 2F1

(
1− λ

2
,
λ

2
+ 1; 3

2
; z2

0

)
+ (1− λ) (λ+ 2)

3
K1 z2

2F1

(
3− λ

2
,
λ

2
+ 2; 5

2
; z2

0

)
+ λ(λ+ 1)K2 z 2F1

(
1− λ

2
,
λ+ 3

2
; 3

2
; z2

0

)
(A 7)

for Qλ(z), with

K1 =
√

π cos
(

πλ

2

)
Γ

(
1+ λ

2

)
Γ

(
1+ λ

2

) , K2 =
√

π sin
(

πλ

2

)
Γ

(
1+ λ

2

)
2Γ
(

1+ λ
2

) , (A 8a,b)

where Γ is the gamma function (Abramowitz & Stegun 1964).
Since in the present work z belongs to the imaginary axis, the only regular singular

point of interest is z= i∞. By introducing the transformation x= 1/z, (A 1) becomes

(x4 − x2)
d2y
dx2
+ 2x3 dy

dx
+ λ(1+ λ)y= 0. (A 9)

Since x= 0 is a regular singular point for (A 9), a Frobenius series can be used as

y= xα
∞∑

n=0

bnxn = z−α
∞∑

n=0

bn

zn
, (A 10)
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where the exponent α is a root of the characteristic polynomial P(α) = α(α − 1) −
λ(λ+ 1). Two solutions are indeed possible (y1(z) with α1 =−λ and y2(z) with α2 =
λ+ 1), corresponding to a linear combination of the two Legendre functions. The even
coefficients bn satisfy the general recursive relationship

bn+2 = (n+ α)(n+ α + 1)
(n+ α + 1)(n+ α + 2)− λ(λ+ 1)

bn, (A 11)

with b0 = 1 while the odd coefficients are 0. This allows the construction of two
linearly independent solutions of (A 1), named y1 and y2, linearly related to the
Legendre functions. As z→∞, and for λ 6= −1/2, the Legendre functions behave as

Pλ(z)= 2λ+1Γ (−2λ− 1)
Γ 2(−λ) z−(λ+1) + Γ (2λ+ 1)

2λΓ 2(λ+ 1)
zλ, (A 12)

Qλ(z)= c1z−(λ+1) + c2zλ, (A 13)

where

c1 =
√

πΓ

(
−1

2
− λ
)

i±(λ+1)

 K1i±1

2Γ 2

(
1− λ

2

) − K2

Γ 2

(
−λ

2

)
 , (A 14)

c2 =
√

πΓ

(
1
2
+ λ
)

i∓λ

 K1i±1

2Γ 2

(
1+ λ

2

) − K2

Γ 2

(
λ+ 1

2

)
 (A 15)

and the ± depends on the sign of the imaginary part of z. The Legendre functions
can therefore be expressed as

Pλ(z)= 2λ+1Γ (−2λ− 1)
Γ 2(−λ) y1(z)+ Γ (2λ+ 1)

2λΓ 2(λ+ 1)
y2(z), (A 16)

Qλ(z)= c1y1(z)+ c2y2(z). (A 17)

In the special case of λ = −1/2, α1 = α2 = 1/2 and only one solution can be
expressed as (A 10) (say y1), while the other can be expressed as (Bender & Orszag
1999)

y2 =− ln z√
z

∞∑
n=0

bn

zn
+ 1√

z

∞∑
n=0

(
∂bn

∂α

)
α=1/2

z−n, (A 18)

with
∂bn+2

∂α
= 4n+ 5

2(n+ 2)3
bn + (2n+ 1)(2n+ 3)

4(n+ 2)2
∂bn

∂α
(A 19)

and ∂b0/∂α = 0. Consequently, P−1/2(z) is given by

P−1/2(z)= 3
√

2 ln 2
π

y1(z)−
√

2
π

y2(z), (A 20)
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while Q−1/2(z) is given by

Q−1/2(z) =
√

π

[
K1

Γ 2(3/4)
i±3/2

(
∓i

π

2
− γ −ψ

(
3
4

))
− 2K2

Γ 2(1/4)
i±1/2

(
∓i

π

2
− γ −ψ

(
1
4

))]
y1(z)

−√π

[
K1

Γ 2(3/4)
i±3/2 − 2K2

Γ 2(1/4)
i±1/2

]
y2(z), (A 21)

where ψ is the digamma function (Abramowitz & Stegun 1964).
If (Nkh/(αk1))

2=−λ(1+ λ)� 1 the Legendre functions become rapidly oscillating
and the regular point expansions become increasingly inaccurate. A WKB approxima-
tion (Bender & Orszag 1999) is therefore pursued based on the small parameter ε =
[−λ(1+ λ)]−1/2 for (A 1) rewritten as

ε2

[
(1− z2)

d2y
dz2
− 2z

dy
dz

]
− y= 0. (A 22)

As usual in the WKB approach, the solution y(z) is assumed to be of the form

y(z)∼ exp
[

1
ε

S0(z)+ S1(z)+ εS2(z)+ ε2S3(z)+O(ε3)

]
. (A 23)

By substituting the ansatz (A 23) into (A 22), it is possible to obtain the expressions
for the unknown functions Sn as

S0(z)=± arcsin(z), (A 24)
S1(z)=− 1

4 ln(1− z2), (A 25)

S2(z)=∓1
8

[
z√

1− z2
+ arcsin(z)

]
, (A 26)

S3(z)= 1
16(1− z2)

. (A 27)

As ε → 0 the Legendre functions can therefore be approximated as Pλ(z) ≈
c+y+(z)+ c−y−(z) (and similarly for Qλ(z)), where the functions y+(z) and y−(z) are

y+(z)= 1
(1− z2)1/4

exp
[

arcsin(z)
ε

− ε
8

(
z√

1− z2
+ arcsin(z)

)
+ ε2

16(1− z2)

]
,

(A 28)

y−(z)= 1
(1− z2)1/4

exp
[
−arcsin(z)

ε
+ ε

8

(
z√

1− z2
+ arcsin(z)

)
+ ε2

16(1− z2)

]
(A 29)

and the constants c+ and c− are obtained from the knowledge of the Legendre function
value and derivative at a certain point (z= 0 in the present implementation).
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