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Abstract. In the last two decades, considerable attention has been paid to the dimension
theory of self-affine sets. In the case of generalized 4-corner sets (see Figure 1), the iterated
function systems obtained as the projections of self-affine systems have maps of common
fixed points. In this paper, we extend our result [B. Bardny. On the Hausdorff dimension of
a family of self-similar sets with complicated overlaps. Fund. Math. 206 (2009), 49-59],
which introduced a new method of computation of the box and Hausdorff dimensions of
self-similar families where some of the maps have common fixed points. The extended
version of our method presented in this paper makes it possible to determine the box
dimension of the generalized 4-corner set for Lebesgue-typical contracting parameters.

1. Introduction and statements

We call a set self-affine if it can be represented as a finite union of its affine copies, that
is A C R? is self-affine if there exists a finite list of contracting affine maps {f;(x) =
A;ix +a;}/L, such that A = U;”Zl fi(A), where A; are 2 x 2 real matrices on the plane.
The dimension theory of self-affine sets is far from well-understood, even in the diagonal
case, that is when all A; are diagonal matrices.

We consider the generalized 4-corner set A (e, ), which is the attractor of the self-
affine iterated function system (IFS) of Figure 1. (For a precise definition, see §4.)
The parameters o = («g, o1, o0z, @3) and B = (Bo, B1, B2, B3) are chosen such that the
rectangles Ry, Ri, Ry, R3 in Figure 1 are aisjoint. One of the main goals of the present
paper is to determine the box dimension of this set for Lebesgue-typical parameters.

The most natural upper bound of the box dimension is the subadditive-pressure formula,
which is called the Falconer dimension or singularity dimension, and was introduced by
Falconer [4] and Barreira [2]. The Falconer theorem (see [4]) states that the Hausdorff and
box dimensions of a self-affine attractor coincide for almost every translation parameter,
and are equal to the singularity dimension, whenever the norm of all the IFS affine maps is
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FIGURE 1. Maps of the generalized 4-corner set.

smaller than 1/3. However, in our case, we work with fixed translations and we modulate
the multiplicative part of the affine maps. On the other hand, we do not impose any
conditions on the norm as long as the rectangles in Figure 1 are disjoint.

In the case of the generalized 4-corner set, the singularity dimension can be given by
(see [9], for example)

dsmgzinf{szz > ¢S(i1---i,,)<oo}, (1.1)

n=l11i;-in€{0,...,3}"

where
. ) a(iy -+ -ip)’ if0<s =<1,
d)S(ll..-ln): . .1 X . 1 .
a(iy---inb(iy - - - in)’ ifl1 <s <2,
where
a(iy - - -ip) =max{a;, - - - a;,, Bi; -+ Bi,}
and

b(il e in) = min{a,-l Oy, ﬁ,’l e ﬂ,‘n}.

For another method of calculation of the singularity dimension in our case, see [7].

We will prove that for Lebesgue-typical parameters «, 8, the Hausdorff dimension
and even the box dimension of the generalized 4-corner set are strictly smaller than the
singularity dimension (1.1). The reason for this phenomenon is the very special relative
geometric positions of the rectangles which generate the generalized 4-corner set. The
speciality of the maps is that the fixed points are the corners of the unit square, so they do
not move when we change the parameters «, . Therefore, the orthogonal projection to the
x-axis (and to the y-axis, respectively) is an attractor of a special iterated function system
of four similarities, where the similarities derived from the maps having fixed points with
the same coordinate y (and with the same coordinate x) have common fixed points.

In [3], we considered the IFS {yx, Ax, Ax + 1}, ¥ < X on the real line. See Figure 2
for images of the convex hull of the attractor generated by the functions of this IFS. The
novelty of the result obtained in [3] about the dimension of A was that it tackled the
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FIGURE 2. The first cylinder sets of the IFSs in [3] and of the extended version.

difficulty which comes from the fact that the first two maps have the same fixed point.
In this paper, we extend the scope of that result in the following way.
Principal assumptions.
(A1) Let F be a finite set of linear, real functions such that for every ¢ € F, Fix(p) €
{0, 1} and ([0, 1]) € [0, 1].
(A2) For arbitrary ¢;, ¢; € F, suppose either ¢; ([0, 1]) Ng; ([0, 1]) =9 or Fix(¢;) =
Fix(¢;).
By Theorem 1.1, we will be able to calculate the Hausdorff and box dimensions of the
attractor of iterated function schemes satisfying both of the assumptions (A1) and (A2).
Now we introduce some notation about our iterated function system. Let

©0,1(x) = y0,1xX,
©0,2(x) = yo2x + (1 —y0,2)

and suppose that yp.1 + y0,2 < 1, which is equivalent to ¢g 1 ([0, 1]) N ¢o.2([0, 1]) = @.
Let p, g be positive integers and let

pi1(x) =y1x fori=1,...,p,

@i2(x) =yipx+ A —vyip) fori=1,...,q.
Moreover, suppose that 0 < y;1 <yo,1 for every i=1,..., p and 0 <y;2 < yp,2 for
everyi=1,...,q.

THEOREM 1.1. Let F={y;1x}_y U {yiox + (1 —yi2)}_, such that 0 < y; 1 < yo,1 <1

fori=1,...,pand0<yjr <wa<lforj=1,...,q (seeFigurel). Then

dimp A = dimy A = min{l, s}, (1.2)
where s is the unique solution of

p q

H(l —vi)+ H(l — V=1 (1.3)

i=0 i=0
for Lebesgue almost every (y |, v ,) € (0, v0,1)7 x (0, y0,2)4, where v, =W vp)
and, respectively, V,= (1,2, - -5 Yq,2)-

Moreover, L(A) > 0 for Lebesgue almost every (Zl’ Zz) ifs>1.
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Note that whenever yp 1 4+ 0,2 > 1, the attractor of F is an interval, which immediately
implies Theorem 1.1. In this way, without loss of generality in the rest of the paper, we
may assume that yp 1 + Y02 < 1.

The following shows that we can calculate the box dimension of the generalized
4-corner set from the dimensions of its orthogonal projections to the axis, which are
calculable by Theorem 1.1 as we already mentioned.

THEOREM 1.2. Let A(e, B) be the attractor of the self-affine IFS of Figure 1. Then
dimpA(e, B) = max{dy, dg}, for Lebesgue almost every (e, B), such that
max{e; + aiy2, fi + Bi+2} <1 and
min{o; + @3-, Bi + B3—i} <1 fori=0,1, (1.4)

where dy, and dg are defined in two steps. First, we define two numbers sy, sg as the unique
solution of the equations

otg"‘ + oz‘f“ + oz;“ + ot;”‘ — ag‘”ot‘f‘” — ag‘”otg" =1,
sp sp sp sp 58 pSp 58 pSp
By T8+ By +By =By By — BB =1

Then we can define d, and dg as the unique real numbers such that
3 3
Z a;nin{l,sa}ﬁiziafmin{l,sa} —1, Z ‘B;nin{l,x;;}alflﬁfmin{l,Sﬁ} -1 (1.5)
i=0 i=0

The condition in (1.4) is equivalent to the rectangles Ro, Ri, R>, R3 being pairwise
disjoint.

The same formula as in equation (1.5) appeared in Gatzouras and Lalley [10], and also
in Baranski [1], for different kinds of self-affine sets. The method of the proof of (1.5)
follows the proof of Feng and Wang [8, Theorem 1] and Baranski [1, Theorem B].

Organization of the paper. In §2, we mention some methods for proving the so-called
transversality condition. In §3, we prove Theorem 1.1. We divide this section into three
parts. In §3.1, we introduce some notation for natural projections. In §3.2, we prove the
transversality condition, and in §3.3, we calculate the Hausdorff dimension. Note that our
original system does not satisfy transversality (see the precise arguments given in §3.2).
The method of the proof is that we consider higher-order iterates of the system, we throw
away some of the maps from it and then for this restricted family we apply the transversality
condition. By taking higher and higher iterates, we are approximating the original system.

In §4, we apply Theorem 1.1 to prove the formula of the box dimension of a generalized
4-corner set. We obtain a result for almost all types with respect to the contraction
coefficients. Furthermore, using the method of Barariski [1] and Feng and Wang [8], we
give a general formula (Theorem 4.1) for the box dimension of the self-affine sets on the
plane which are constructed with axes-parallel rectangles having disjoint interiors.

2. Transversality methods

First, let us introduce the transversality condition for self-similar IFSs on the real line
with d-dimensional parameter space. The technique of the transversality condition was
first introduced in [11] to calculate the Hausdorff dimension of A-expansions with deleted
digits.
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The definition corresponds to the definition of Simon ef al [13, 14], which was
introduced for much more general IFSs.

Let U be an open, bounded subset of R? with a smooth boundary and 7 a finite set
of symbols. Let ¥, = {wf(x) =X (t)x +d;(t)}iez, where A;, d; e C'(U) and 0 < o <
Ai(t) < B < 1foreveryi € Zandt € U, and for some o, B € (0, 1). Let AL be the attractor
of W; and mr; the natural projection from the symbolic space ¥ = 7N to AL, More precisely,
fori= (ipi1 - - -) € X, we write

m () = lim ¥ oyi o- oy (0). 2.1)
n—oo n
It is well-known that the limit exists and is independent of the base point 0. Moreover, 7,
is a continuous, surjective function from T onto AL. Denote by o the left-shift operator on
¥, thatis o : (ipiy - - - ) > (i1i2 - - - ). It is easy to see that
(1) = ¥, (ri (o).

Definition 2.1. We say that W, satisfies the transversality condition on an open, bounded
set U  RY, if for any i, j € X with ig # jo there exists a constant C = C (i, jo) such that
Lot eU:|m () —m () <r)<Cr foreveryr >0,

where L is the d-dimensional Lebesgue measure.

In short, we say that there is transversality if the transversality condition holds. This
definition is equivalent to the ones given in, for example, [13, 14]. As a special case
of [13, Theorem 3.1] we obtain the following theorem.

THEOREM 2.2. (Simon, Solomyak, Urbaniski) Suppose that V; satisfies the transversality
condition on an open, bounded set U C R?. Then:

(1) dimyAL=min{s(z), 1} for Lebesgue almost every t € U, and

(2)  L1(AY > 0 for Lebesgue almost every t € U such that s(t) > 1,

where s(t) is the similarity dimension of V,. More precisely, s(t) satisfies the equation

Do k()P =1 22)

iel
We can use the following lemma, which follows from [13, Lemma 7.3], to prove
transversality.

LEMMA 2.3. Let U C R? be an open, bounded set with a smooth boundary and gij(t) =
(1) — 7 (). If for every i, j € X with ig # jo and for everyt , € U

8ij(to) =0= |lgrad,gili= Il > O, (2.3)
then there is transversality on any open subset V whose closure is contained in U.
3.  Proof of Theorem 1.1
3.1.  Natural projection. Let p, q be positive integers and let

wi1(x) =yi1x fori=0,...,p,
@io(x) =viax+ (1 —y2) fori=0,...,q.
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Then our main assumptions (A1) and (A2) are equivalent to 0 < y; 1 < 0,1 < 1 for every
i=1,...,pand0 < y;2 <y <1lforeveryi =1, ..., q. Moreover,

v0,1 +y02 < 1.

Therefore, without loss of generality, we can assume that

Yi,1 =¢€i,1Y0,1,
Yi,2 = Ci 20,2,
where 0 < ¢;1,cjp <1lfori=1,...,pand j=1,...,q. Then F can be written in the

form

F={yo1x, vo2x + (1 — .20} U {ci,ivoax}_, Ulciavoox + (1 — cipvo2)i,-

Let us introduce the vectors of parameters, namely, ¢; = (c1,1, . . ., ¢p,1) € (0, 1)? and
cy=(c1,2,...,¢q4,2) € (0, )?; moreover, c = (¢, ¢,).

Denote the set of symbols of the functions with fixed point O by Aj, and, similarly,
denote the set of symbols of the functions with fixed point 1 by A,. So,

Ar={0,1),....,(p, D} and A2 ={(0,2),...,(q,2)}.

Let ¥ be the symbolic space generated by A; U A, and X* the set of finite words, that is
¥ = (A1 UA)Nand = = |2 (A1 U Ap)™. For any i = ((ig, k0) (i1, k1) - - - (in, kn)) €
¥*, we use the notation

(pL = (piOvKO O Pijky O O Piy iy and yL = 7/l'OvK(J © Vin k-

For an i€ X, we write i(k) as the first k elements of i. In particular, i(k) =
(Gig, ko) - -+ (ig—1, kk—1)) and i((0) =@. For j=1,2 and i =0, ..., p or g, we define
f; ji(k) as the number of (i, j) in i(k). Moreover, for j=1,2 we define f;i(k)
as the number of symbols from A; in i(k). Clearly, fji(k) = f:o fi;11(k) and,
respectively, #i(k) = ?:0 fii 21(k). Using this notation and the definition of the natural
projection (2.1),

0 q . . p ik q itk
7e(i) = Z(Z Birom (1 = nz))y&f“‘)y&zz‘“‘) SOTTE™, 6
k=0 N=0 i=1 i=1

where

sk —
J 0 otherwise.

{ 1 if j =k,

The set of k’s satisfying (ix, kx) € A» gives us non-zero elements in the infinite sum above.
Hence it is useful to define 5; as the number of (i, 2) in i and B! as the number of symbols
from A; in i. Clearly, ,Bl.i = limy_ o0 (;,2)i(k) and ,Bi = Z?:() ,Bli. Mo'reover, let m}C be the
position of the kth symbol from A3 in i. Applying the notation, #i(m}) =k — 1 and

P& ko1 G T fanion) T Za.2iomh)
”C(i)ZZ(IX(;‘Su;n}{,Km}{)(I_71,2)>Vo,2 Yoa ﬂcz,f ‘ ﬂcl,i RN ERS)

k=1
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Foreveryi =1, ..., p, we write (3.2) as the power series of ¢; ;. So, we collect all the
different exponents of ¢; 1 into the set Pii It is easy to see that if 1 =0, then P’ =0,
otherwise
={m=>0:3k>1,4;1i(my) =m} fori=1,...,p.
Then we can write the natural projection in the following form:
me@) = Y h)c ). (3.3)
mePii

For every m € Pii, the coefficient 4" (i) of ¢, is the sum of those elements of (3.2) divided

by ¢} whose indexes k satisfy ji(,-,l)i(m}() = m. Precisely,

5, (1) .

. 1,2 1 tiGmd) t</,1)i(m',) ﬁ(z 2i(m})
h?(l)= Z <Z 5((, 1)> i)(l _VI,Z))VOZ Yo.1 ¢ 01’1 k €12 k s
i \=0 " =1 =1

k=5 ® 1%

(3.4)
where

5t (i) = suplk : . i(mb) =m) and s’ (i) =inf{k : £ piGml) = m).

LEMMA 3.1. Leti€ X. Then, foreveryi=1,...,p andeverym € Pii,

gi(m Vi P g, 1)1(
O ) [Te
l;éi

Moreover, if 0 € Pii , then

0 mi—1 12 n(1]>1(m)
hi (1) > Vo’ll V(1= y0.2).
=1

I#i
Proof. Letie X and form € Pii let

in=1(1i, . Km . BRI Km. . .
=m (( M’ ’"gﬁnm) (”’ﬂn(i)’ ’"mm))

By the definition of Eﬁn (i) and s i (i), i , is the segment of i corresponding to the coefficient
h'(i). By (3.4),
gigmt Pt 1)1(m 4 tq, 2)l(m
1 i
hm(l)—yoz(l) m() l_IC[ () l_[C s lm(o)
l;éi
By the definition, Km ;o= =2, which implies that

1—%2<¢,0) =<1
for every m € Pii.
If0e Pii, then before the first (i, 1), there has to be at least one symbol from Aj.
Therefore, gb = 1. Moreover, before the place of the first symbol from A;, the number of
symbols from Ay is m} — 1. This proves the assertion of the lemma. O

3.2. Proof of the transversality condition. For every i, j € A§ (k =1, 2), m(i) and
m:(j) are equal as the functions of ¢. This implies the IFS F does not satisfy the
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transversality condition. The goal of this section is to introduce a sequence of iterated
function systems which satisfy the transversality and are suitable for approximating the
Hausdorff dimension of the attractor of F.

Pip,ic © Piyc = Piy ik © Pip,c holds for every (ip, k), (i1, k) € Ay, which is in the way of
transversality. To eliminate this problem, we choose a sequence of subsets of X* such that
we order the symbols in each word by the first coordinate.

Define
Po ={(0, 1); (0,2)} and (3.5)
Pr={1,2)(O, 1); ---; (g, 2)(0, 1); (1, 1)(0, 2). - - - 5 (p, (0, 2)} ’
By induction, for k > 2,
p q
P = (U U 1);}) U <U U 2);}) (3.6)
J=1 i€Pr_ J=1 i€ePr_
KkoF#1V j<ip Ko#2V j <ig
and
k
U=\ 7. (3.7)
1=0

Denote ¥j = U,i\] and the sequence of IFSs

Wi ={gilicys,- (3-8)

PROPOSITION 3.2. Let & >0 be arbitrarily small, then the system Vi satisfies the
transversality condition on ¢ € (£, 1 — £)PT4 for every k > 1.

Proof. Suppose that ¢ € (§/2, 1 —&/2)P*% and let ¥/, j' € X4 = U, such that i , # Jo€
Uy Denote i’ (and j') as the element of X by i (and j, respectively). To prove transversality
by Lemma 2.3, it is enough to show that

(i) = 7(j) = grad (7 (i) — 7c())) # 0. (3.9)

Suppose that 7. (i) = 7(j). Since yp,1 + y0,2 < 1, the first element of i, (ip, xp), and
the first element of j, (jo, 7o), have to satisfy that kg = 7p. Then i, j can be written in the

form
ro Il rs
i:(O,K)"'(O,K)(l,/()"'(l,/()"'(S,K)"'(S,K)(l1,3_K)"'
fo 1 Is
J=0,6) -0, 6) (L) - (k) - (s,6) - (5, )2, 3—K) - -+,
where rj, t; >0fori=1,...,s,s = pifk =1 and s = g otherwise.
If r <t foreveryi =0, ...,s, and there exists an 1 <i < such that r; < #;, then,
by yo0,1 + 0,2 <1, m(i) # m(j), which is a contradiction. There are therefore two
possibilities: there existi # j suchthatr; >t andr; <t;orr; =¢; foreveryi =0, ..., s.

In the second case

0=m.() —nm.()) = y0§’=0 "i 1_[ C;,ix (ng(aZ?;o Tij) — ng(aZf:o i§)).

i=1
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Since c¢;, > &/2 for every k =1,2 and i =1, ..., porg, and, moreover, i, ;éjo,
without loss of generality, we can assume the first case.
First, let us suppose that k = 1; then i and j are in the form

ro ry Tp
i=010---0, ), D)---A,1)---(s,1)---(s, D{1,2) - -
fo 1 Ip

=0, D0, DA, D0, D (s, Do (s, D2, 2) -+

and there exists 1 < j < p suchthatr; <¢;. There alsoexistsan(0 <i < p suchthatr; > t;
and i # j, but we prove the transversality derivation in c;j ;.
Let

ro rj—1 Tj+1

i'=0,D---OD---G-LD--G-=LDG+LD--G+L D (1,2)

and
1o Lj=rj

Then
(@) — 7 () = vy (e (@) — 7 (7))
Let a(c) = m.(i*) — m.(j*). Since c¢j 1 > &/2, to prove transversality, it is enough to

show that
da

a(c)=0 =
dcj 1

(c)#0

for every ¢ € (§/2, 1 — &/2)P 14, but instead of showing that, we prove

da
dcj1

(¢)=0 = a(c)>0 (3.10)

for every ¢ € (£/2, 1 — £/2)P+4. By (3.3), we have
a(e)=h)E+ Y K = Y KGO

mePL\{0} mePl,

Letc € (§/2, 1 — §/2)P*9 such that (da/dcj 1)(c) = 0; then

da o W WG
0=cj 9o (c¢)= ]’lj(l )( Z hQ(i*) mc’y — Z —ho.(i*) mc; |
’ mePiN0} merj* J
h' (i) h' (i) h (%)
0 e J m J m J m
= hj(l )( Z ho(l*) (m — 1)Cj,1 + Z ho-(i*) Cja— Z ho(l*) Cf,l)'
mePl\{0} mePL\{0} / mer-; J
It is enough to prove that
W (")
Y L —m-DT <L
- h (l*) Js
mePi'*\{O} J
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By Lemma 3.1, we have

A (")
Z I (m — 1),
- ho(l*) Js
meP\(0)
i firen”, ) fu,pi*(m L
Eljn(l*)fl s (l*) )4 7)11(*)
0.2 Y0,1 i €1
< ¥ 7i (m — D B
- mi =1 p II(J i) 1 — ’
mePJ\{0) Yo.1 =1 (I =y0.2)
I#]

Since i* does not contain (j, 1) before the first element from Aj, gé(i*) =1 and

ﬁll*(m (*)) > mll +m — 1foreverym € P{L\{O}'

Let g = min Pii\{O} and g = min P*\{O q1}. We define the minimum of the empty

set as infinity. Then gél (i*) > 2 and ng (i*) > 3. This implies that the right-hand side
of (3.11) is less than or equal to

Q1 a2
Y0.170.2 q1 Y0,1%0,2 @
: (1 — Dty + ——=(q2 — D¢’
T2 T l
V032
- ’VO ; E Yo.1(m — 1)c%. (3.12)

mePI\(0,q1.92)

Using that (n — l)y(;"1 < —y0.1/(eln yp,1) for every n € N, we get that (3.12) is less than
or equal to

—v0,1(30,2 + )/022) )/0 )
’ Z(m - Dy,
(1 —y02)eln )/0,1
_ —Y0,1(v0,2 + 7/0,2) 7/(),2 Vo,l(z = 70.1)
(I—y2elnpy 1—y2 (1—11)?

Using the assumption yp 1 + 0.2 < 1, by some algebraic manipulation, we get that

—10.1(n02 + ¥5,) Yoo Yo12—w)
I—y2elny 1—y2 (1—11)?
which implies (3.10).
To prove transversality in the second case, when x =2, we introduce the function
n(x) = —x + 1. Let us observe that n o n(x) = x. Let

Gii(x) :=nogiionx)=y1x+ 1 —y,) fori=0,...,p,
Pi2(x) :=nog20on(x)=yx fori=0,...,q.

The IFS F = {1}/ U {@i.2)"_, and F are equivalent. More precisely, let 7, be the

natural projection of F, then 7 (i) = —m (i) + 1 for every i € . Using this fact, one can
prove transversality in the case k =2 asink = 1.
The proof can be finished by applying Lemma 2.3. O
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3.3. Hausdorff dimension. In the first part of the section, we calculate the Hausdorff
dimension of the attractor of ¥ (see (3.8)) and, in the second part, we will prove that the
limit will correspond with the dimension of the attractor of F.

For k > 0, let
di(s)=)_ 7.
iely
By the definition of U (see (3.7)), fork > 1,

k k
de() =y, +Vor+ Y00 D P+ 15, Y. T,
=1 =1

where

v

1l

e
iem Y01

(ix, hi)=(0,1)

and ,
Vi
Yy = Z -

iep Y02

ik, h)=(0,2)
LEMMA 3.3. Let us denote the attractor of Wi by Ay. Then
dimy Ay = min{1, s;} for Lebesgue-a.e. ¢ € (0, 1)’
where sy is the unique solution of dy(s) = 1.

Proof. By Proposition 3.2, W satisfies the transversality condition on ¢ € (§, 1 — &)P 14
for every arbitrarily small £ > 0. Since di(s) is the sum of the contraction ratios of the
functions in the IFS Wy to the power s, Theorem 2.2 implies that the Hausdorff dimension
of Ay is equal to min{1, s}, where sy is the unique solution of

di(s) =1 (3.13)
for Lebesgue almost every ¢ € (£, 1 — £)PT4. Since £ > 0 was arbitrary, the lemma is

proved. O

LEMMA 3.4. Let sx be the unique solution of di(s) = 1. Then the limit limg_ oo Sk = §
exists and s is the unique solution of

P q
[Ta-wo+]la-rn=1 (3-14)
i=0 i=0

The proof of formula (3.14) is a sequence of tedious algebraic manipulations, carried
out in the following pages.
Proof of Lemma 3.4. Without loss of generality, we can assume that p < ¢. Let
: v . v
D D T D
i€Px Y01 ieP; Y0,2

(ikkx)=(0,1) (i ,kx)=(0,2)
(i1,61)=(i,k) (i1,61)=(i,K)
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Then
P 9. . P 9 .
Q=) @'+ @7 and Te=) T+ TR
i=1 i=1 i=1 i=1

By the definition of Py (see (3.5) and (3.6)), we have

o'=0 fori=1,...,p,

d>’i’2=yif2 fori=1,...,q, G3.15)

Tf’l =)/l.f1 fori=1,...,p,

T{’2:0 fori=1,...,q.

Moreover, for k > 2,

i—1

oft =iy (@a - ot )
- (3.16)

T = <Tk - ZT,ﬂﬂ)

Denote
ag,1 = Z Vil Vja fori=1,....p,
I<jo<-<je—1=p 3.17)

= S8 | —
agp = Z Yio.2 Vi 1.2 fori=1,...,q.

1<jo<<jk-1=q

Applying (3.16), we have, for k > 2,
q
e
P - q i1
z (q>k . zob;;ll)+zyif2(¢k_l—z¢;’2l)
= a1, 1Pk—1 + a1 2Pi— 1—Z Z AR Z Z vy @2 (318)

=1 i=l+1 =1 i=Il+1

D

Il
1 M

and similarly

Y =ai 1 Ye—1 +a12 Tk 1—2 Z via Y, Z Z Vin T (3.19)

=1 i=l+1 =1 i=l+1

Applying (3.16) to (3.18) and (3.19) n times, where | <n <p—landk>n+1, we

get
- 1
bp =Y (D Tan®+ DD O,
=1 I<jo<<ju<p
n
— 2

+ YD T a0 Y v, (3.20)
=1 l<jo<--<Jjn=q
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and

n

— o, 1

Y=Y D ai T+ D" ) Vi Vi,
=1

1<jo<<jn<p
n
— i ‘2
+ ) DT+ (=D Yy sy o (32D
I=1 1=jo<<jnzq

Then, by (3.15) and choosing n =k — 1, we get

k=1 k-1
D = Z(—l)l_lal,lcbk—l + Z(—l)l_lal,zq)k—l + (=D gy,
=1 I=1

1 i (3.22)

Ty = ;(—1)1_101,1"&4 + ;(—1)1_101,2%&1 + (=D gy,

for 2<k<p. If p<gq, we can apply (3.16) to (3.18) and (3.19) n times, where
p<n<g-—1landk>n+ 1, and we have

<1>k—Z( Dy 10 1+Z( D a2 @

=1
DY ey e (3.23)

I<jo<<jn=q
and

p n
Ti=> (D a T+ (=D a Ty
=1

=1
2
HED T T (3.24)

I<jo<-<jn=q

By (3.15) and k = n + 1, we have

p k—1
O =Y (=D + Y (=D an @iy + (1D g,

» i (3.25)
Y=Y (D la T+ (=D a
=1 I=1
for p + 1 <k < gq. By similar methods, we get, for k > g + 1, that
p q
=Y (=)' a Pk + Y (=D @i,
= =l (3.26)

Tk—Z(—l)l a1 Te- z+Z( Dl 2 .

=1 =1

The convergence of the infinite series Y o, ®; and ) 2, Y; depends on the roots
of the characteristic polynomial of (3.26). More precisely, > jo, ®; and Y ;o Y; are
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convergent if and only if the roots of the characteristic polynomial are strictly less than 1.
The characteristic polynomial is

)4 q
2 =)Dt Y (= g pxd
=1 =1

Since the roots of a polynomial depend continuously on the coefficients of the polynomial,
except for the coefficient of x4, the coefficients tend to zero as s tends to infinity. Therefore,
the roots tend to zero as s tends to infinity. So, there exists a § > 0 such that Z[’il (o]
and )72, Yy are convergent for s € (8, 00). Let & be the infinum of s such that Y ;°, &,
and Y ;°, Y; are convergent. Let

(0.¢] o
dS) =V, +Yor+¥o1 D Pr+¥5, Y T forse (s, 00). (3.27)
=1 I=1

Then there exists a unique s* € (§, co) such that d(s*) = 1. The sequence s; (see (3.13))
is monotone increasing and bounded by s*, therefore it is convergent. It is easy to see that
limg—, 00 Sk = supy, sk = s™.
Let
o0 o0
=Y & and T=) Ti

k=1 k=1

Then, by (3.26),

00

q
o= Z CI>k+Z<I>k

k=g+1

Z (Z( D' a1 @ 1+Z( Dy 0 1>+Z<Dk

k=q+1

=Z(—1>l—l > d>k+2< Dlan Y d>k+2<1>k
=1

k=q+1-1 k q+1-1
)4 q—! q-—!

4 q
= E (—l)l_lam(d’— E ‘bk) + E (—1)1_1611,2((1)— E Cbk> + E Dy
k=1 =1 k=1 k=1

Therefore,
o YL (=Dl YO o+ L (D6 Y1+ Y0, (3.28)
L+ 20 (=Dlagy + X (=Dl 2 .
and, similarly,
Y= Yl =D Y Tk+21 1 (= 1)1‘11221( T+ 2 1Tk (3.29)
L+ Y0P (—Dliagy + Y (=Dl » '
Applying (3.15), (3.22) and (3.25), we get
q
Z®k=¢1+z¢k+ Z D
k=1 k=p+1
4 — k—1
=ai2+ Z(Z(_l)l_lal,lq)k—l + Z(—1)1_101,2®k—1 + (—l)k_lak,2>
k=2 \i=1 =1
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. k=1
+ ZI<Z(—1)1_101,1®1<1 + Z(—l)l_laza@kJ + (—l)k_lak,z)

k=p+1 N=1
P q— q

q9—
( D= 1akz+ZZ( '~ 1an<1>k+22< D' laa@r (3.30)

I=1 k=1 =1 k=1

I
i MQ

and, by similar arguments,

q

g r p q-—l q—1
D=0 o+ )Y D e e+ Y Y (=D aa e (3.31)
k=1 k=1

=1 k=1 =1 k=1
Hence the numerator of (3.28) is Zzzl(—l)k_lak,z and the numerator of (3.29) is
>0 (=D g 1, which implies that
Y (=D g,
T (< Dlany + 2 (~Daro
Yh Dk
T+ D+ 2 (< Diary|
Then d(s) =1 (see (3.27)) is equivalent to

and

(3.32)

p q
Yo+ Yoo+ Z(_l)l_lal,l + Z(—l)l_laz 2
=1 =1

p q
+ Yo Z(—l)lam + 0.2 Z(—l)lal,z =1.
=1 =1

Let us observe that
1 Z P
p+l _ _1\m R | p—m __ .8
* 2D Y vhao vt =Tl -w
m=0 0§j0<"'<jm§p k=0

and
q

q
LD D D DI SR i | CatE%

m=0 0<jo<-<jm=<q k=0

Then, by x = 1, we get that d(s) = 1 is equivalent to

14 q
2-[Ja-wp-[a-vwy=1
k=0 k=0

which is (3.14).
The proof will be complete if we show that (3.14) has a unique solution. We have that
the left-hand side is equal to 2 if s = 0 and the derivative is

Z)’zllog)/ll H(1—7k1)+ZV12108712H(1 —sz)
k;él k;él

which is negative for s > 0. This completes the proof. O
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Now we show that the unique solution of (3.14) is an upper bound for the Hausdorff
dimension. To give a good cover of the attractor, we need to introduce another sequence of
subsets of X*. Let

Co={(0, 1), (0, 2)} (3.33)

and, by induction, let

p q
a=U U woiuly U G2 (3.34)

j=0  ieCry j=0  ieCry
KkoF#LV j<ip KoF2V j<io

LEMMA 3.5. Let sy be the unique solution of
2 n=1L
ieCy

and let’s = supy, s, then
dimg A <min{l,5}.

Note that the sequence 5 is bounded since C; € (A; U Az)k+1.
Proof. Using that for every (i, «), (j, k) € A,
D) ©Pje) = P(jk) ©Plii)s
and y; ., ¥i.« < Yo,x» we have that the set of closed intervals
{%i ([0, 1D}iec,
gives a cover of A with diameter at most ylﬁax, where ymax = max; {Vi«}. Then
GAUSED DITTURITES DM e
ieCy ieCy ieCy

This proves the lemma. O

Proof of Theorem 1.1. By the definition of Cy, we have that, for every k > 1,

k
aclJu. (3.35)
=1

More precisely, every i € Cx can be decomposed as a juxtaposition i = ] -+ J r, Where
each j; € Z/{k By similar arguments as in the proof of Proposition 3.2, one can show that
the system \IJk = {¢i}icc, satisfies the transversality condition on (§, 1 —§ yP+4. Since
& > 0 was arbitrary, by Theorem 2.2, we have

dimy Ay = min{1,35;} for L-ae. ¢ € (0, )P4, (3.36)

where IN\k denotes the attractor of {¢;};cc,. Using (3.35), we have IN\k C Ar € A, which
implies

dimHAk < dimHAk < dimHA.
Therefore, by Lemmas 3.3 and 3.5, we have

min{1, 5;} < min{1, sz} < min{1, 3}.

https://doi.org/10.1017/5014338571100023X Published online by Cambridge University Press


https://doi.org/10.1017/S014338571100023X

1206 B. Bdrdny

By Lemma 3.4, s; is convergent and limy_, oo Sk =supy sy =s. This implies that
min{1, s} = min{l, 5 }; moreover,

dimy A = min{1, s}.

To complete the proof, we have to prove the measure claim. If s > 1, then there exists a
k > 2 such that s; > 1. Therefore, by Theorem 2.2 and Proposition 3.2, L(A) > L(Ag) >0
for almost every ¢ € (0, D?T4 N {c:s > 1}. 0

4. Box dimension of the generalized 4-corner set

In this section, we show an application of the results for two-dimensional, diagonally self-
affine iterated function systems. Before we compute the box dimension of the generalized
4-corner set (see Figure 1), we state a general theorem on the box dimension of diagonally
self-affine sets.

Let
filx, y) = (aix +1;, Biy +u;) 4.1)
fori =0, ..., m such that
O<a;, Bi <1,
£q0, 113 € [0, 11> fori=0,...,m, 4.2)

fi(©, D) N £(0, D) =9 fori # ).
Denote the attractor of ¥ = {fi(x, y)}i", by A and define proj, A (and proij) as the
projection of A onto the x-axis (and y-axis, respectively).

THEOREM 4.1. Let f; be in the form (4.1) for i =0, ..., m and let us suppose that
U = {fi(x, V)i, satisfies (4.2). Then the attractor A of V satisfies

dimp A = max{dy, dg},

where dy and dg are the unique solutions of
S, —Sq __ SpAB—SB __
doolplT =1 and Y B =1,
i=0 i=0

where sq = dimp proj, A and sg = dimp proj, A.

Using this and [12, Theorem 2.1], we can compute the box dimension of the attractor,
at least for almost all translations such that (4.2) holds.

COROLLARY 4.2. Let f; be in the form (4.1) fori =0, ..., m and let T C R*"*2 be the
set of translation vectors such that W = { f; (x, y)}/, satisfies (4.2). Then the attractor A
of W satisfies

dimp A = max({dy, dg} for almost every translation in T with respect to
the 2m + 2)-dimensional Lebesgue measure,

where dy and dg are the unique solutions of

m . . m . .
Z amm{l,sa}ﬂ;ia—mm{l,sa} =1 and Z ﬁimm{l.,s,g}aflﬂ min{1,sg} —1,

L
i=0 i=0
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and sy, sg are the unique solutions of

m m
Z(xisa =1 and Zﬂlsﬂ =
i=0 i=0

In the proof of Theorem 4.1, we follow the proofs of Feng and Wang [8, Theorem 1] and
Baranski [1, Theorem B], with slight manipulations. For the convenience of the reader, we
present this lengthy calculation here. The proof is broken into Lemmas 4.3, 4.4 and 4.5.

Before we prove the theorem, let us introduce some notation. Let & = {0, . .., m}N and
T* =Upeof0, ..., m}". Denote the right cut on £* by §. More precisely, let §(¥) =
and

8o -+ ix) =io -+ ik—1-

Foranyie X% let f; = fi,o0---0 fi, i =t - - -, and ; = B;, - - - B, . For every

O<r<l,let
Ay = {l_ ex* :min{a(gi, ﬁgi} >, min{ozi, ﬂL} <r}

and
A*={ieA a;>p) and AP =(ieA, 0 <B)

It is easy to see that A, is a partition of X.

For every i € AY, we set wy(i) =[o;/Bi] and, similarly, for every i € A,ﬁ we set
wg(i) =[Bi/ai]. For any i € AY, we divide f;([O, 11%) into wq (i) equal rectangles
with height g; and width o;/wy (i), and denote the kth rectangle by R{ (i) for k =
I, ..., wg(i). Similarly, for i € A’f, we divide f; ([0, 17%) into wg(i) equal rectangles
with width «; and height B; /wg(i), and denote the kth rectangle by Rf (i) for k=
1, ..., wp(i).

Let
Co={R{(i) i€ A% 1 <k <wu(i), RE(D) N fi(A) # 0},
Cl=(RE(i):ie Al 1 <k <ws(i), RE()N fi(A) #0).

Moreover,
ny (1) =8{RY(1) 1 1 <k <we(i), RE(D)N fi(A) #0} forie AT

and
n2() =8{RE ()1 <k <wp(i), RE(D)N fi(A) #0)  forie AP

LEMMA 4.3. Let f; be in the form (4.1) for i= ,m, and let us suppose that
= {fi(x, WYL, satisfies (4.2). Moreover, let N = ﬁ(C"‘ U C ). Then the attractor A of
‘lf satisfies

~

_ log N, log N,
dimp A = lim sup 08 Ar and dimp A = lim inf i
r—04+ —logr r—0+ —logr’

Proof. Let N, be the minimal number of squares with side length r covering the
attractor A.
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By definition, C¥ U Crﬂ covers A. For every real number ¢ > 1 where %c <[c] <c, we

have that every rectangle in C¥ U C}g has side length at most 2r, therefore
Ny < ﬁr-

Let atin= min;—g_ .. m Bi; moreover, let p = min{&'min, Bmin}-

Then every rectangle in C¥ U Cf has a side of length at least pr. Therefore, by
condition (4.2), every square with side length (p/2)r can intersect at most four rectangles
in C2 U €/, which implies that

=u,...,

4N pyr = Ny
One can finish the proof using the definition of the lower and upper box dimension. a

For i € A¥, by some simple manipulation, we get that

my (1) = H{Ry (1) : 1 Sk < wo (i), RE (D) N fi(A) # 0}

- _u « 0,1]1:1 <k <wy(i)
_ﬁ{_a)a(i)’a)a(i) x[0,1]: T =k =wa(i),

[k —1 k

_wa(iy we (i)

x [0, 1]m\¢@}

= { k=1 11<k< (i)
B | PRTT PR ] B
[k —1 k] .
o)) wa(D) | POAF @} @3

and by similar arguments for i € A’,s

(z)—ﬁ{[ -1k ]:1<k<wﬁ(i),[k_1 k :|ﬂprOJA7é(/)} (4.4)
wp(i) wp(i) - T Lwp(i)” wp(i) Y

Let us divide the unit interval into n € N equal parts and denote by Ny, (proj, A) (and
Ni/n(proj,A)) the number of intervals with length 1/ that intersect the set proj, A (and
proj, A, respectively). Since proj, A and proj, A are self-similar sets, the box dimensions
exist. Therefore, for every ¢ > 0, there exists a ¢ = c(¢) > 0 such that for every integer

n>1
cIpse—e < Ni/n(proj,A) < cn*et®  and “5)
¢ 'n% ¢ < Nyjn(proj, A) < cn®# ¢, .
where s = dimp proj, A and sg = dimp proj, A. Using (4.3) and (4.4), we have
Ne= Y02+ Y b)) e Y wa(i) ™ +c Y wp(i)*F
icas ical icas ical
Sq+€ Bi sgte
< —
cZ( ) +cz<ai> (4.6)
€AY LEArﬂ =

and, similarly,

~ 1 —(sq—8) o R —(sp—¢) Bi e
N, >c 12 > +c 12 > . 4.7
ie A%

. oi
ﬁL leAﬁ t
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Let d (¢) and dg(¢) be the unique solutions for ¢ > —min{sa, sg} of

m S+t
a; d () _ Bi G
— B: and ( ) =1.
>(5) # >
We remark that dy (0) = dy, and dg(0) =

LEMMA 4.4. Let f; be in the form (4.1) for i =0, ..., m and let us suppose that ¥ =
{fi(x, y)};.”:0 satisfies (4.2). Then the attractor A of WV satisfies dimgA < max{dy, dg}.

Proof. Let ¢ > 0 be arbitrarily small. Then, by (4.6),
log N, log ¢ 10g(}_; c ac (i/ B+ + Z,-GA{? (Bi /o))
< i
—logr = —logr + —logr

Io Io
< 289 1 max{da(e), dﬂ(e)}<1+ﬂ>
—logr log r
fiﬁ(s)

log(ZLGAg (O@/,Bi)swrsﬂida © + ZieA’f (ﬂi/ai)xﬁJreaL
i —logr
Since A, is a partition, 3¢ » (0i/B)% B = 1and 3y (Bifeiy oo =1,

which implies that
+
o da(e) <,31) ' dﬂ(g)
— + <2.
> (%) >

i o
IEAY

)

Therefore

log ]V, log

+ max{dy (o), dﬁ(a)}<1 + logp> 4 log2

—logr — —log log r —logr’
Taking the limit superior as r tends to 0, and by Lemma 4.3,
dimp A < max{dy (¢), dg ()}

for every ¢ > 0. Finally, since ¢ > 0 was arbitrary, we have proved the lemma. O

LEMMA 4.5. Let f; be in form (4.1) for i =0, ..., m, and let us suppose that ¥ =
{fi(x, W)L, satisfies (4.2), then
dimz A > max{dy, dg}.

Before we prove the lower bound of the lower box dimension, we have to state another
lemma about the dimension of the projections. To state this lemma, we need a sublemma
about the partitions of X. First, let us introduce some notation. Let G be a partition of ¥
containing only cylinder sets, and denote by [G] the length of the longest and denote by
|G| the length of the shortest cylinder set of G.

SUBLEMMA 4.6. Let G be a partition of £ = {0, . .., m}N containing only cylinder sets
and let y;, i =0, ..., m be positive real numbers such that y ;- v; > 1. Then

Z viz <i Vi)LgJ.

ieg i=0
Proof. We prove the statement of the sublemma by induction for the length of the longest
cylinder set of G.
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For [G] = 1, the statement holds trivially. Let us suppose that for every partition with
the length of the longest cylinder set equal to n the statement is true. Let G be a partition
containing only cylinder sets with [G] =n + 1.

If [G] = |G|, then the statement is true since

m 91
Y ovi= <Z Vi) :
ieG i=0
Therefore, without loss of generality, we may assume that |G| < [G]. Let [ig---i,] €G
be one of the longest cylinder sets of G. Since G is a partition of X, [ig - - - i,—1j] € G for
every j =0, ..., m. Using this fact, we can define a partition G, such that foreveryi € G

with length strictly less than n + 1, i € G, and for every i € G with length n + 1, i|, € G».

Then
m 9]

SrzYnz(Ln)

ieG i€Gy i=0
In the last inequality, we used the inductional assumption and |G| = |G, by the definition
of Gs. O
LEMMA 4.7. Let f; be in the form (4.1) for i =0, ..., m and let us suppose that
V= {fi(x, Y}, satisfies (4.2). Then

m
> ol <1, (4.8)

Proof. We begin the proof of the lemma by dividing the [0, 1] interval on the x- and
y-axes into intervals with length r. Let & > O be arbitrary small but fixed. Let us take
the intervals which intersect proj, A on the x-axis and proj, A on the y-axis; moreover,
take the left and the right neighbor intervals of those intervals. Then, for every sufficiently
small r, the number of intervals on the x-axis (and y-axis) is at most 3(1/r)%™¢ (and
3(1/r)#%¢). Let us take the direct product of these intervals. It is easy to see that the
cover constructed in this way covers the approximate squares C U Cf and this implies
that the area of C U Cf is less than or equal to the area of the squares constructed above,
that is

9(1)5(1-‘:-6(1)&3-5-8 _1 Z ,3 © (l)s"‘ 8+C—l Z o ﬁ ® (l)slg £
r r ,eM‘aU"‘ Lwp(i)"”

Y Boa(D) T e Y aiwﬁ(w*ﬂ

LeA} ieaf

where c is a constant depending only on ¢, as in (4.5). By simple algebraic manipulations

and using the definitions of wy (i), wg(i) and AY, Af, we have

2 S \Sq—€ .S +sp—2 3 Sa oS
E Biwa (D) r o™= = cr E o By
ieAY ieAY

and

2 \Sg—E . Sq+sg—2 Sa pSB
3 dop(i) etz et Y kg,

ienf ieaf
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where ¢| depends only on ¢. Then there exists a constant ¢ depending only on & such that
for every sufficiently small r
o > Z ais"‘ﬂisﬂ.

[ASAV

Since ¢ was arbitrary, we have

log Yjea, @B,
0 < lim inf tedr 7L P

4.9
r—0+ log r “9)

Now let us suppose indirectly that ) ;. af" ﬂfﬁ > 1. Then, by using Sublemma 4.6,

we have
m

S 0SB Sa 0SB LAr]
Do o8 = (Z ;"B ) :
0

ieA, i=

It is easy to see that | A, | = [log r/log p1, where p = min;{¢;, B;}. This implies that

Sor S/S R
i log X ien, @B log Y1y o B
im sup =< <
ro 04 logr log p

which contradicts (4.9). O

0’

Proof of Lemma 4.5. By Lemma 4.7, we divide the proof into two parts. First, let us
assume that

m
Z a g’ =1. (4.10)
i=0
Let us observe that in this case dy = dg = s4 + sg. Then, by inequality (4.5), we have

log N, _ log(3 e ns (@i /Bi)™ ™ + 30, pp (Bi/ei) ™)

—logr — —logr
— (X+ —_ E(+
log(Yicag (o BB + X, pp (Bife) ")
> Sq + 58+ - - — -
—logr
[A] log max; (ei/Bi, ifei) | 108 ica, @A)
> Sy +Sg—€ + —.
—log r —log r

It is easy to see that [A,] =logr/(log max;{c;, B;i}). Applying this fact and our
assumption (4.10), we get, for every ¢ > 0, that
log N, 1

lim inf > Sq +5g—¢ ’
r—~0 —logr — * P —log max;{a;, Bi}

and this completes the proof in the first case.
In the second case, let us assume that

m
> a g <1, (4.11)
i=0

Without loss of generality, we assume that d, > dpg.
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Then there exists a ¢* > 0 by (4.11) such that, for every 0 < ¢ < &¥,

m

Z oef"‘_gﬂ;ﬂ_s <1
i=0
This implies that
dg(—¢), dy(—¢) < 5o + 5 — 2¢. 4.12)

Then, for every i € Af ,

Sq—€ pdy(—€)—sy+e
aia ﬁia “ <0[[

a:ia(—s)—d,s(—S) < alz_ia(—e)—d,s(—s) (4.13)

Sq+sg—26—dy(—€)
.Sﬂ —eafiﬂ(—a)—Sﬂ+e )

B ol B

and, for every i € AY,

sg—& d/g(—g)—slg+g
:3;/3 ; Ao (—8)—d (—
L L p(—&)—do(—¢)

afa—sﬂl{la(fs)fsa+s = 'BL . 4.14)

Now we prove the lemma in the case when d, > dg. Then there exists a £** > 0 such
that for every 0 < & < ™, dy(—¢) > dg(—¢). Then, by (4.13),

- —e)— 1 —& dg(—e)— 1

o—¢€ pdy(—&)—Sq+e sp—e dg(—e)—spg+e

Z 0{; B; = 3 Z ,3; a; < 3
ieaf ieaf

holds for sufficiently small > 0. Therefore

1

3 e pleterete 5 - (4.15)
) i L 2
ieAy
Using (4.7),
log ]Vr log(c—lz—(sa—s) ZLEA‘,?‘ (O‘L/IBL)S&_S + c—12—Gp—o) ZieAﬁ (,BL/“L)W_S)
- i
—logr — —logr
_ log(c—l2—(max{sa,sﬂ}—£)) . log 7~ da(—8) ZLEA‘;‘ (ai/ﬂi)sa—gﬁga(—s)
= —logr —logr ’
and, by (4.15),
los N log (¢~ 12— (max{sa,s5}—¢) log 2
N ey + 2 L2
—logr —logr log r

Taking the limit inferior » to 0 and Lemma 4.3, we get
dimpg A > do(—e).

Since & > 0 was arbitrarily small, we proved the lemma in the case d, > dg.
Now let us consider the case d, = dg. The facts (4.12 and 4.13), (4.14) imply, for every
sufficiently small ¢ > 0, that

Sa—€ pdy(—€)—Ssy+e sgp—e dg(—e)—spg+e
DAY <D By or

N ieAf
sg—e dg(—e)—sp+e Sa—€ pdy(—&)—Sy+e
2B =D o H :
icAe ieAY
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Therefore . .
a; \ S~ 3 N\ SB— _
(=) BT+ BT g0 oy, (4.16)
e \Bi - ai -
IEAY = ic Af; =
Using (4.7),

log N, N log(c ™12~ (maxisa,sp}—e))

—logr — —logr

+ min{dy (—¢), dg(—¢)}

)

_ o (— _¢ dp(—¢)
102(Y e e (@i /BB 32, a(Bifo)? ~oa;"
+ — — — —

and, by (4.16),

—logr

log N, _ log(e™12-maxlse.sp)-)

—logr — —logr

+ min{dy (—), dg(—e)}.

Taking the limit inferior 7 to 0 and Lemma 4.3, we have

dimp A > min{dy(—¢), dg(—¢)}.

Since ¢ > 0 was arbitrarily small and d, =

Proof of Theorem 4.1. The proof is the combination of Lemmas 4.4 and 4.5.

dpg, this completes the proof of the lemma. O

O

Now we consider the generalized 4-corner set. Let ¥ = { fo(x), f1(x), fo(x), f3(x)}
be an iterated function system on the real plane such that

fo(&)—(oé)o
f@):(i;
f2(£)=<082
fa(£)=<o(l)3

Assume that W satisfies (4.2), see
(4.18)—(4.23):

ap+ a3 <1

o] t+ay <1

Let R be the set of possible parameters,

0

o)

D) (1 05)

’30‘ i ~ 5; 4.17)

ﬂ2>)_c+ < 0 )

0 1 —a3

/33)“ (1 —/33>'

Figure 1. This condition is equivalent to
oty <1 (4.18)
o +az <1 4.19)
Bo+p1 <1 (4.20)
B2+ B3 <1 (4.21)

or Bo+pB3 <1 (4.22)

or Bi+pB<1. (4.23)

that is

R ={(a. B) € (0, D : (. P) satisfies (4.18)—(4.23)}.
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FIGURE 3. Generalized 4-corner sets with box dimension *1.394 44 and ~21.408 19 for sufficiently small
perturbation.

THEOREM 4.8. Let ¥V be as in (4.17). Let A be the attractor of V. Then
dimp A = max{dy, dg} for L-a.e. (a, B) € R,
where
3 3 . .
Z a;nin{l,sa}ﬂfla—min{l,sa} —1 and Z 'Bimln{l,S,s}aflﬁ—mm{l,Sﬁ} =1,

i=0 i=0
where sy is the unique solution of

oy + o) + a3 + oy — oy — sy =1. 4.24)
Similarly, sg is the unique solution of

Bo+Bi+ B+ B3 — BBy — BB =1 (4.25)
Proof. The proof is an easy consequence of Theorems 1.1 and 4.1. O

For two examples, see Figure 3.

Acknowledgements. The author is grateful to Professor Karoly Simon for useful and
helpful discussions. The author is also grateful to Professor Michat Rams for his help
in the proof of the box dimension. The research was supported partially by the EU FP6
Research Training Network CODY and by OTKA Foundation grant # K 71693.

REFERENCES
[1] K. Baranski. Hausdorff dimension of the limit sets of some planar geometric constructions. Adv. Math.
210 (2007), 215-245.
[2] L. Barreira. A non-additive thermodynamic formalism and applications of dimension theory of hyperbolic
dynamical systems. Ergod. Th. & Dynam. Sys. 16 (1996), 871-927.
[3] B. Béarany. On the Hausdorff dimension of a family of self-similar sets with complicated overlaps. Fund.

Math. 206 (2009), 49-59.
[4] K. Falconer. The Hausdorff dimension of self-affine fractals. Math. Proc. Cambridge Philos. Soc. 103(2)
(1988), 339-350.

https://doi.org/10.1017/5014338571100023X Published online by Cambridge University Press


https://doi.org/10.1017/S014338571100023X

(51
[6]
[71
(8]
91
[10]
[11]

[12]
[13]

[14]

Dimension of generalized 4-corner set 1215

K. Falconer. Fractal Geometry: Mathematical Foundations and Applications. Wiley, New York, 1990.
K. J. Falconer. Techniques in Fractal Geometry. Wiley, New York, 1997.

K. Falconer and J. Miao. Dimensions of self-affine fractals and multifractals generated by upper-triangular
matrices. Fractals 15(3) (2007), 289-299.

D.-J. Feng and Y. Wang. A class of self-affine sets and self-affine measures. J. Fourier Anal. Appl. 11(1)
(2005), 107-124.

I. Hueter and S. P. Lalley. Falconer’s formula for the Hausdorff dimension of a self-affine set in R2.
Ergod. Th. & Dynam. Sys. 15(1) (1995), 77-97.

S. P. Lalley and D. Gatzouras. Hausdorft and box dimension of certain self-affine fractals. Indiana Univ.
Math. J. 41(2) (1992), 533-568.

M. Pollicott and K. Simon. The Hausdorff dimension of A-expansions with deleted digits. Trans. Amer.
Math. Soc. 347(3) (1995), 967-983.

K. Simon and B. Solomyak. On the dimension of self-similar sets. Fractals 10(1) (2002), 59-65.

K. Simon, B. Solomyak and M. Urbariski. Hausdorff dimension of limit sets for parabolic IFS with
overlaps. Pacific J. Math. 201(2) (2001), 441-478.

K. Simon, B. Solomyak and M. Urbanski. Invariant measures for parabolic IFS with overlaps and random
continued fractions. Trans. Amer. Math. Soc. 353 (2001), 5145-5164.

https://doi.org/10.1017/5014338571100023X Published online by Cambridge University Press


https://doi.org/10.1017/S014338571100023X

