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Abstract. Large-amplitude electrostatic solitary structures are investigated in an
unmagnetized charge-varying pair–ion–dust plasma in which electrons and posit-
rons have equal masses. Their spatial patterns are significantly modified by the
presence of the positron component. In particular, it may be noted that an addition
of a small concentration of positrons abruptly reduces the potential pulse amplitude
as well as the net negative charge residing on the dust grain surface. Under certain
conditions, the solitary wave suffers the well-known anomalous damping leading
to the development of collisionless shock waves. This investigation may be taken as
a prerequisite for the understanding of the electrostatic solitary waves that may
occur in space dusty plasmas.

1. Introduction
Recently, low-temperature plasmas containing, in addition to electrons and ions,
finite-sized highly charged particulate matter have been studied by many authors
because of the frequent occurrence of such plasmas in laboratory, space, and astro-
physical plasma environments, such as cometary tails, asteroid zones, planetary
rings, interstellar medium, and the Earth’s ionosphere and magnetosphere [1–7].
Besides these, dust particles have been observed in low-temperature laboratory
discharges including processing plasmas in the semiconductor industry and plasma
crystal. While the importance of such interest cannot be overemphasized, in recent
years there has been phenomenal growth in research activities in this area as
highlighted in recent reviews [4,8,9]. Because of the high charge and large mass of
the grain particulates compared with those of ions, new time and space scales come
into play, giving rise to new wave instabilities in the dusty plasmas. It has been
found both theoretically and experimentally that the presence of static charged
dust grains modifies the existing plasma wave spectra. On the other hand, it has
been shown that the dust charge dynamics introduces new eigenmodes, such as
the dust-acoustic (DA) mode [10], the dust ion-acoustic (DIA) mode [11], the
dust Bernstein–Greene–Kruskal (DBGK) modes [12], etc. The most well studied
of such modes is the so-called ‘dust acoustic wave’ (DAW), which arises owing
to the restoring force provided by the plasma thermal pressure (electrons and
ions) while the inertia is due to the dust mass. One of the most interesting types
of nonlinear waves is the solitary wave. The soliton results from the balance of
two effects, which are the necessary ingredients to obtain a soliton solution for a
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nonlinear wave: nonlinearity gives rise to a process that leads to the well-known
wave-steepening phenomena. The wave steepening, if not stopped by some other
physical phenomena, leads to wave breaking. The plasma dispersion prevents the
wave breaking, which is thereby stopped. Solitons of large amplitude have been
studied extensively in recent years [13–28]. The analysis have been derived on
the basis of the Sagdeev quasipotentials or the reductive perturbation theory,
which leads to the dynamical system being described by the Korteweg–de Vries
or derivative nonlinear Schrödinger type equations.
In the past, there has been a great deal of interest in understanding different

types of collective processes in electron–positron–ion plasmas [29–48]. It is well
known that when positrons are introduced into an electron–ion plasma the response
of the latter changes significantly. In contrast to the usual two component plasma,
it has been observed that the nonlinear waves in plasmas having an additional
positron component behave differently [49]. Such pair (electrons and positrons)–
ion plasmas are common in supernovae, pulsar environments, cluster explosions,
active galactic nuclei, etc. Recently, several authors have discussed the linear as
well as the nonlinear properties of pair–ion plasmas containing heavy charged dust
grains. Shukla et al. [50] investigated the nonlinear propagation of low-frequency
electrostatic waves in a strongly magnetized electron–positron plasma in the pres-
ence of parallel [50] and perpendicular [51] sheared plasma flows and massive
charged dust grains. Cho et al. [52] investigated the dispersion properties of elec-
tromagnetic surface waves in a magnetized dusty electron–positron plasma. Shukla
and Marklund [53] demonstrated the existence of dust acoustic waves in strongly
magnetized electron–positron–dust plasmas. Shin and Jung [54] investigated the
pair annihilation effects on the dust ion acoustic surface wave in semi-bounded
magnetized electron–positron–ion–dust plasmas.
The aim of the present paper is therefore to present a theoretical model to show

the existence and formation of large-amplitude electrostatic solitary potentials in a
charge-varying pair–ion–dust plasma in which electrons and positrons have equal
masses. The grain charge becomes a new self-consistent dynamical variable and
represents an additional degree of freedom. We emphasis here that for the descrip-
tion of such solitary waves we use the model [55] that enabled us to describe non-
linear DBGK modes. The manuscript is organized as follows. In the next section,
we present the basic equations of our model. Our numerical results are presented
and discussed in Sec. 3. A summary of our results is given in Sec. 4.

2. Theoretical model
Let us consider an unmagnetized dusty plasma having electrons, positrons, ions,
and dust grains of density ne, np, ni, and nd, respectively. We assume for simplicity
that all the grains have the same charge, equal to qd = −eZ, with Z positive for
negatively charged dust and negative for positively charged dust. All the dust grains
are assumed to have the same size and to be spheres of radius r. Following [12],
let us consider the time-independent Vlasov equation with spatial variation only
in the x̂-direction, (

vx
∂

∂x
− qs

ms

dφ

dx
∂

∂vx

)
fs(x, vx) = 0. (1)
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Here qs, ms, and fs represent the charge, mass and distribution function of a
particle of species s. Poisson’s equation is used to determine self-consistently the
electrostatic potential φ(x) in terms of the equilibrium distribution functions of the
three species that exist in the plasma,

∂2φ

∂x2
= −4π

∑
s=e,i,p,d

qs

∫ +∞

−∞
dvx fs(x, vx), (2)

where it is understood that the vy and vz dependencies of fs(x, vx) have been
integrated over. We already know the solutions of (1). Since the electron, ion,
positron, and dust distributions can be arbitrarily chosen, subject only to the
condition (in one dimension) that

fs(x, vx) = fs(Es) (3)

in the wave frame, we can pick three arbitrary functions, one for each species, insert
these in (2), and solve the resulting equation. The total energy Es of a particle of
species s is given by

Es=e,i,p = 1
2msv

2
x + qsφ(x). (4)

Since the dust grain charge is allowed to change, Ed is rewritten as [55]

Ed =
1
2
mdv

2
x +

∫ φ

0

qd dφ (5)

so that Ed becomes a constant of the motion and thus f(Ed) satisfies the stationary
Vlasov equation. Let us begin to study (2) by looking at a simple case, where each
species is a cold beam of particles, each particle of species s having the same speed
at a given position. Thus, we choose

fα=e,i,p(x, vx) = nα0
vα0

ṽα
δ(vx − ṽα)

fd(x, vx) = nd0
vd0
ṽd

δ(vx − ṽd) (6)

where

ṽα=e,i,p =
(

v2
α0 − 2qα

mα
φ(x)

)1/2

ṽd =
(

v2
d0 − 2

md

∫ φ

0

qα dφ

)1/2

(7)

and α = e, i,p,d refer to electrons, ions, positrons, and variable charge dust grains.
Here, ve0, vp0, vi0, and vd0 are chosen large enough so that (7) always yields real
positive values for ṽe, ṽi, ṽp, and ṽd. Integrating fe, fi, fp and fd over all velocity
space, we find

Nα(x) =
nα(x)
nα0

=
vα0

ṽα
(8)

so that (2) becomes

d2Ψ
dX2 =

2/f1√
1 + α1Ψ

− 2√
1 − Ψ

− 2f2/f1√
1 − α2Ψ

+
2(f1 + f2 − 1)

f1

Z

Z0

1√
1 + βξ

(9)

where

f1 = ni0/ne0, f2 = np0/ne0, α1 = Wi/We, α2 = Wi/Wp, β = Wi/Wd (10)

https://doi.org/10.1017/S0022377806004636 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377806004636


406 M. Tribeche et al.

and

ξ =
∫ Ψ

0

Z dΨ. (11)

The normalized quantities

Ψ = 2
eφ

Wi
, X =

ωi
vi0

x (12)

are introduced and ωi = (4πni0e
2/mi)1/2 is an effective ion plasma frequency.

Wα = mαv2
α0 is twice the particle unperturbed kinetic energy. Charge neutrality at

equilibrium requires
Z0nd0/np0 + 1 = f1 + f2. (13)

Dust grains become charged owing to different processes, such as collection of
charged particles from the surrounding plasma, photoionization, secondary elec-
tron emission, sputtering by energetic ions, etc. For simplicity, we assume that the
collection of charged particles is the prevailing charging process although other
charging mechanisms such as photo-, thermal-, or secondary electron emission
can substantially affect the dust charging in realistic cases. In the standard probe
model for the dust grain, the latter is charged by the plasma currents at the grain
surface [56–61]. The charging current originates from electrons, positrons, and ions
hitting the grain surface. Typically, the net effect of these currents is to negatively
charge the dust grains in equilibrium. The variable dust charge qd = −eZ is
determined self-consistently by (note that we consider a one-dimensional stationary
plasma)

ṽd
∂qd
∂x

= Ie + Ii + Ip

= −e

∫ ∞

vmin

fe(x, vx)vxσe(vx, qd) dvx + e

∫ ∞

0

fi(x, vx)vxσi(vx, qd) dvx

+ e

∫ ∞

0

fp(x, vx)vxσp(vx, qd) dvx (14)

which describes charge conservation. Ie, Ip, and Ii are the average microscopic
electron, positron, and ion currents entering the dust grains, as governed by the
potential difference between the grain surface and the local plasma. They are
obtained by averaging the effective collision cross section σe,p,i for charged particles
impacting the dust grains over the electron, positron, and ion distribution functions.
vmin = (−2eqd/meC)1/2 is the minimum speed an electron must have in order to
arrive at the grain surface. C = r(1 + r/rDe) � r is the effective grain capacitance,
r the dust grain radius, and rDe the electron Debye length. After performing the
integrals in (14) and rearranging the terms, one can obtain the following normalized
equation,

dZ

dX
=

πr2ne0ve0vi0
ωivd0

1
[1 + βξ]1/2

{(
1 − 2e2

rWe

Z

1 + α1Ψ

)

− f1

√
α1

me

mi

(
1 +

2e2

rWi

Z

1 − Ψ

)
− f2

√
α1

α2

(
1 +

2e2

rWp

Z

1 − α2Ψ

)}
(15)

provided that vmin ≺ ṽe (this constraint originates from (14) after performing
the plasma electron current integral). Equation (15) is the additional dynamical
equation that is coupled to the plasma equations through the plasma currents. The
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Figure 1. Soliton solution for the electrostatic potential Ψ for various values of f2 with
Z0 = 10, f1 = 3, r = 3 ţm, α1 = 4, α2 = 1, β = 1/50, and nd0 = 105 cm−3. The values of
vi0 deduced from (16) are vi0 = 3.01 × 105 cm s−1 (f2 = 0.2), vi0 = 4.09 × 105 cm s−1 (0.3),
and vi0 = 8.69 × 105 cm s−1 (f2 = 0.4). The values of f2 are indicated on the figure.

dust electric charge becomes a dynamical variable that is coupled self-consistently
to the other dynamical variables such as the particle densities and the electrostatic
potential. Initially, in the absence of any perturbation (Ψ = 0), (15) yields

Wi =
2e2Z0

r

α1 + f1

√
α1me/mi + f2

√
α1α2

1 − f1

√
α1me/mi − f2

√
α1/α2

. (16)

It may be useful to note that (16) does not represent the condition for balancing the
plasma currents that determines the floating potential. In the following numerical
simulation, the value of Wi is deduced from the above relation while the other
remaining parameters are given first.

3. Numerical results
We now proceed with the presentation of our numerical results. One can numerically
solve the system of equations (9), (11), and (15) either as a boundary-value problem
or as an initial-value problem. For simplicity, we have solved it as an initial-value
problem. Equations (9), (11), and (15) are then integrated numerically using a
Runge–Kutta scheme suitable for stiff problems and assuming a hydrogen plasma
with dust grains of mass density ρ = 3 g cm−3. To start the numerical integration, a
small edge (X = 0) electric field E0 = −(dΨ/dX) = −10−11 is assumed. It is worth
noting that one can take some other values of (dΨ/dX): an increase (decrease) in
its value only shifts the potential or density profile towards (away from) the origin.
For the sake of comparison, we have plotted the results for various values of f2

in Fig. 1. The electrostatic potential Ψ exhibits a spatially localized (soliton-like)
structure. The parameters Z0 = 10, f1 = 3, r = 3 ţm, α1 = 4, α2 = 1, β = 1/50,
and nd0 = 105 cm−3 have been chosen so that the conditions for the existence
of soliton solutions are fulfilled. Any vanishingly small initial disturbance E0 will
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Figure 2. Phase plane trajectories (dΨ/dX,Ψ). The values of the relevant parameters are
those used for Fig. 1. The values of f2 are indicated on the figure.

Figure 3. Spatial profile of the dust grain charge Z for various values of f2 = 0.2 (full curve),
0.3 (dashed curve), and 0.4 (dotted curve). The values of the relevant parameters are those
used for Fig. 1.

develop into a highly localized nonlinear structure. The results reveal that the spa-
tial patterns of the electrostatic solitary wave are significantly modified by the pres-
ence of positrons. With an increase of the parameter f2 = np0/ne0, the pulse amp-
litude decreases and the addition of a small concentration of positrons (f ∼ 0.45)
can even prevent soliton formation. This behavior of Ψ can be best understood
by plotting phase plane trajectories (dΨ/dX, Ψ). Each separatrice shown in Fig. 2
represents a bounded localized structure. The dust charge adopts a double-humped
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Figure 4. Spatial profile of the dust number density Nd for various values of f2 = 0.2 (full
curve), 0.3 (dashed curve), and 0.4 (dotted curve). The values of the relevant parameters are
those used for Fig. 1.

Figure 5. Spatial profile of the positron number densityNp for various values of f2 = 0.2 (full
curve), 0.3 (dashed curve), and 0.4 (dotted curve). The values of the relevant parameters are
those used for Fig. 1.

solitary profile and remains negative (Fig. 3). It is seen that an addition of minute
quantities of positrons abruptly reduces the net negative charge of the dust grain.
In fact, as np0 increases, the dust grain collects more positrons, therefore redu-
cing the net negative charge residing on the dust grain surface (the dust grain
charge becomes least negative). The dust particle density Nd is given in Fig. 4.
The dust particles are locally expelled and pushed out of the region of the soliton’s
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Figure 6. Soliton solution for the eletrostatic potential Ψ versus X for various values
of α2 = 0.9 (dashed curve), 1 (full curve), and 1.1 (dotted curve). The remaining
parameters are those used for Fig. 1 with f2 = 0.4. The values of vi0 deduced from
(16) are vi0 = 1.64 × 106 cm s−1 (α2 = 0.9), vi0 = 8.69 × 105 cm s−1 (α2 = 1), and
vi0 = 6.85 × 105 cm s−1 (α2 = 1.1).

Figure 7. Spatial profile of the dust grain charge Z for various values of α2 = 1.1 (dotted
curve), 1.2 (dashed curve), and 1.3 (full curve). The values of the remaining parameters
are those used for Fig. 6. The values of vi0 deduced from (16) are vi0 = 6.85 × 105 cm s−1

(α2 = 1.1), vi0 = 5.96 × 105 cm s−1 (α2 = 1.2), and vi0 = 5.41 × 105 cm s−1 (α2 = 1.3).
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Figure 8. Shock-like solution for the electrostatic potentialΨ with Z0 = 50, f1 = 3, f2 = 0.2,
r = 0.1 ţm, α1 = 5, α2 = 1, β = 1/50 (vd0 = 360.07 cm s−1), and nd0 = 105 cm−3. The
values of vi0 deduced from (16) are vi0 = 4.41 × 106 cm s−1.

Figure 9. Spatial profile of the electron, positron, ion, and dust densities. The values of the
relevant parameters are those used for Fig. 8.

localization, a phenomena which can generate an intense and spiky electric field
in the medium. This dust depletion is caused by a balance of the electrostatic
forces on the grains and contributes to the positive electrostatic potential field.
Note that an increase of f2 would lead to a decrease of the depth as well as the
width of the localized dust void (hole): the dust void shrinks (enlarges) when f2 is
decreased. These nonlinear localized structures (holes) are self-consistent solutions

https://doi.org/10.1017/S0022377806004636 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377806004636


412 M. Tribeche et al.

Figure 10. Shock-like solution for the electrostatic potential Ψ for various values of f2. The
values of vi0 deduced from (16) are vi0 = 4.41×106 cm s−1 (f2 = 0.2), vi0 = 5.26×106 cm s−1

(0.25), and vi0 = 6.81 × 106 cm s−1 (f2 = 0.3). The values of f2 are indicated on the figure.
The values of the remaining parameters are those used for Fig. 8.

of the Vlasov equation representing saturated states of a four-stream unstable
collisionless dusty plasma. The saturation is provided by an interplay between
the nonlinearities (principally due to particle trapping) and dust charge variation.
Note that an increase (decrease) of f2 would lead to a weak (strong) localization of
the positrons (Fig. 5). In Fig. 6, we show the spatial patterns of the electrostatic
potential Ψ for different values of α2 = Wi/Wp, which exhibits a localized solitary
structure. As α2 decreases, the amplitude of the soliton is enhanced. Figure 7 shows
that, as we increase α2, the grain charge becomes least negative. This causes the
grain charge to increase and eventually become positive. In Fig. 8, we show that
under certain conditions (Z0 = 50, f1 = 3, f2 = 0.2, r = 0.1 ţm, α1 = 5, α2 = 1,
β = 1/50, and nd0 = 105 cm−3) the effect of the dust charge variation can be
quite important: the nonlinear electrostatic potential, after some spatial oscillatory
decaying, levels off at a constant value. The latter represent a collisionless shock
wave [62,63] in the sense that no viscous or damping effects resulting from collisions
between dust and plasma particles are involved. Thus, the dust charge variation
leads to an unusual dissipation of the electrostatic oscillation, which consumes
some energy in sustaining the self-consistent dust charge variation. This is a novel
feature of dusty plasmas when compared with the ordinary electron–ion plasmas.
The energy is given to the current carriers, which drain the charge of the dust
grains. This damping is somewhat similar to, but quite distinct from, the nonlinear
Landau damping arising from the resonant wave–particle interaction. This process
of collisionless power dissipation is of fundamental interest in dusty plasma physics.
The spatial profiles of the electron, ion, positron, and dust densities Ne, Ni, Np,
and Nd are given in Fig. 9 (note that Ni ≡ Np since α2 = 1). The influence
of the positrons on the shock front width is displayed in Fig. 10. We note the
effect of the charge separation, which is manifested by an appearance of some
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Figure 11. Shock-like solution for the electrostatic potential Ψ for various values of β. The
values of the remaining parameters are those used for Fig. 8. The values of β = 1/30
(vd0 = 278.90 cm s−1), 1/20 (vd0 = 227.72 cm s−1), and 1/15 (vd0 = 197.21 cm s−1) are
indicated on the figure.

oscillations in the shock wave profile. This effect decreases when the number of
positrons increases. Figure 11 indicates that an increase of β (a decrease of vd0 =
278.90 cm s−1, 227.72 cm s−1, 197.21 cm s−1) gives rise to shocks for which the
structure is monotonic instead of being oscillatory as in the case of Fig. 8 (vd0 =
360.07 cm s−1).

4. Summary
To conclude we have addressed the problem of nonlinear electrostatic solitary waves
representing saturated states of a four-stream unstable collisionless charge-varying
pair–ion–dust plasma. Our results show that in such a plasma (which is, to our
knowledge, yet unexplored and not yet described in the dusty plasma literature)
spatially localized structures can exist. Their spatial patterns are significantly
modified by the presence of the positron component. In particular, it may be noted
that an addition of a small concentration of positrons abruptly reduces the potential
pulse amplitude as well as the net negative charge residing on the dust grain surface.
The dust density is found to be highly perturbed by the field of the solitary wave.
The dust particles are locally expelled and pushed out of the region of the soliton’s
localization. Furthermore, our results show that the dust charge variation provides
an alternate physical mechanism causing dissipation and, as a consequence, causes
the wave amplitude to decay and transfer to the so-called noise tail. At present,
we do not have any experimental observations of solitary structures in a pair–
ion–dust plasma with variable charge to compare with our theoretical predictions.
However, considering the wide relevance of nonlinear oscillations in laboratory and
space dusty plasmas, our investigation may be taken as a prerequisite for the
understanding of the large, but finite-amplitude, solitary waves that may occur
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in space and laboratory plasmas. It may be stressed here that the time evolution
and stability analysis of these nonlinear plasma structures are problems of great
importance but beyond the scope of the present work.
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