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Abstract. Let A,B be two diagonal endomorphisms of thed-dimensional torus with
corresponding eigenvalues relatively prime. We show that for anyA-invariant ergodic
measureµ, there exists a projection onto a torusTr of dimensionr ≥ dimµ, that maps
µ-almost everyB-orbit to a uniformly distributed sequence inTr . As a corollary we obtain
that the Hausdorff dimension of any bi-invariant measure, as well as any closed bi-invariant
set, is an integer.

1. Introduction
Let a, b > 1 be relatively prime integers, and letµ be a measure onT = R/Z which is
invariant and ergodic for multiplication mod 1 bya. Host [4] proved that ifµ has positive
entropy, then the sequence{bnx}n∈N is uniformly distributed mod 1 forµ-almost every
x ∈ T. Here we extend this to higher dimensions, where the Hausdorff dimension of the
measure plays a crucial role. All measures we consider are Borel probability measures.
Denote by dimH S the Hausdorff dimension of a setS, and for any measureµ, let

dimµ
def= inf{dimH S | µ(S) = 1}.

Denote Lebesgue measure onTd by λd .

THEOREM 1.1. Let

A =
a1

. . .

ad

 and B =
b1

. . .

bd


be two diagonal endomorphisms ofTd . Suppose that

|ai | > 1, |bi | > 1 and gcd(ai, bi) = 1 for i = 1, . . . , d. (1)
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(i) Letµ be anA-invariant ergodic measure withdimµ > 0. Then there exist an integer
r ≥ dimµ and a projectionP : Td −→ Tr such that{PBnx}n∈N is uniformly
distributed forµ-almost everyx ∈ Td . In particular,

1

N

N−1∑
n=0

PBnµ −→ λr

weakly. Consequently,PBnµ −→ λr weakly asn −−→
n/∈J
∞, for some zero-density

setJ ⊂ N.
(ii) Let S ⊂ Td be a closed set such thatAS ⊂ S anddimH S > 0. Then there exist

an integerr ≥ dimS and a projectionP : Td −→ Tr with the following property:
for some zero-density setJ ⊂ N we havePBnS −→ Tr in the Hausdorff metric as
n −−→

n/∈J
∞.

The second part of Theorem 1.1 is related to the following conjecture of Furstenberg,
mentioned in Lyons [11]:

If p andq are multiplicatively independent integers andS ⊂ T is a
p-invariant infinite closed set, thenqnS −→ T asn −→∞.

Invariant sets for a single toral endomorphism can have fractional Hausdorff dimension.
Using Theorem 1.1 we show that the situation is different for sets invariant under two
diagonal endomorphisms.

THEOREM 1.2. LetA,B ∈ End(Td ) be as in Theorem 1.1.
(i) If µ is a measure onTd which is invariant under bothA andB, thenµ has integer

dimension. Moreover, ifµ is ergodic for the action of the semigroup〈A,B〉 and
dimµ = r, then there exists a projectionP : Td −→ Tr such thatPµ is a Lebesgue
measure onTr .

(ii) Every closed setS ⊂ Td such thatAS ⊂ S andBS ⊂ S has an integer Hausdorff
dimension. IfdimH S = 0 thenS is a finite set, and ifdimH S = d thenS = Td .

Remark.In both theorems, ifA is scalar, i.e.A = aI , then the assumptions onB can be
relaxed: it suffices thatB has integer eigenvaluesb1, . . . , bd such that (1) holds.

For d = 1, Theorem 1.2 is well known: Furstenberg [3, Theorem IV.1] proved a
strong version of the topological assertion, and Rudolph [15] proved the measure-theoretic
assertion, extending earlier work of Lyons [11]. Berend [1] considered a similar problem,
and gave conditions on toral endomorphismsA1, . . . , An under which every infinite closed
multi-invariant subset must beTd . Berend’s work, as well as the recent work of Katok and
Spatzier [7], concern the irreducible case (no jointly invariant subspaces) and are thus
complementary to the present paper.

The following proposition relates bi-invariant sets and measures.

PROPOSITION1.3. LetA = diag(a1, . . . , ad) be a diagonal endomorphism with|ai | > 1
for i = 1, . . . , d. Let B denote any non-singular endomorphism commuting withA.
Suppose thatS ⊂ Td is a closed set such thatAS ⊂ S andBS ⊂ S. Then there exists an
〈A,B〉-invariant and ergodic measureµ, supported onS, with dimµ = dimH S.
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The proof of all our results are simpler when one of the matrices is scalar, e.g.A = aI .
On first reading, the reader may want to restrict attention to this case.

The paper is organized as follows. In §2, we show how the two theorems can be deduced
from certain lemmas on dimension and entropy and a generalization of a theorem in Meiri
[13] concerning the uniform distribution of orbits of an endomorphism. We also prove
Proposition 1.3. In the non-scalar case we use a formula from Ledrappier and Young [10]
to relate entropy and dimension. We also need a theorem from Kenyon and Peres [9]
ensuring the existence of invariant measures of full dimension. In §3 we prove the various
lemmas. §4 contains the detailed formulation and proof of the aforementioned theorem on
uniform distribution. §5 contains concluding remarks and unsolved problems.

2. Proof of the main results
The proof depends upon the following lemmas, which will be proved in §§3 and 4.

LEMMA 2.1. Let (X,B, µ) be a probability space and letT , T̃ be two commuting
measure-preserving transformations. Assume thatµ is ergodic for the joint action of
〈T , T̃ 〉. Let

µ =
∫

µθ dν(θ)

be the ergodic decomposition ofµ with respect toT . Then the entropyh(µθ , T ) is constant
ν-a.e.

For the rest of this section, we specialize toX = Td andT a transformation induced by
A = diag(a1, . . . , ad). We may assume thata1 ≤ a2 ≤ · · · ≤ ad . The following notation
will be used throughout this paper.

Notation. Denote byπi : Td −→ Ti the projection to the firsti coordinates, i.e.
πi(x1, . . . , xd) = (x1, . . . , xi). Also, denoteAi = diag(a1, . . . , ai).

In the scalar case, i.e. whenA = aI for some integera with |a| > 1, the relation
between entropy and dimension is simple, and was found by Billingsley [2]: if µ is
A-invariant and ergodic, then

dimµ = h(µ,A)

loga
. (2)

When theai are not all equal, the relation is less transparent. The correct analogue was
found by Ledrappier and Young [10] in a more general setting. Here we use the notation
of Kenyon and Peres [9].

Definition 2.1.Let µ be anA-invariant measure onTd . Then

dLY (µ,A) =
d∑

i=1

1

logai

[h(πiµ,Ai)− h(πi−1µ,Ai−1)]

is called theLedrappier–Young dimensionof µ. (By conventionh(π0µ,A0) = 0.)

Note that whenA = aI we havedLY (µ,A) = h(µ,A)/ loga. Kenyon and Peres [9]
show that whenµ is A-ergodic,dLY (µ,A) = dimµ. Our next two lemmas examine the
situation in the non-ergodic case.
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LEMMA 2.2. Suppose thatµ is an〈A,B〉-invariant measure onTd , where

A = diag(a1, . . . , ad) and B = diag(b1, . . . , bd)

and assumeµ is ergodic for the joint action of〈A,B〉. Letµ = ∫ µθ dν(θ) be the ergodic
decomposition ofµ with respect toA. Then

dimµθ = dLY (µθ ,A) = dLY (µ,A) ν-a.e. (3)

LEMMA 2.3. Let µ be anA-invariant measure onTd . Let µ = ∫
µθ dν(θ) denote the

ergodic decomposition for the action ofA, or a coarser decomposition. Then

dimµ = ess-supdLY (µθ ,A).

The following Lemma is the main result of Kenyon and Peres [9].

LEMMA 2.4. Given anA-invariant and closed setS ⊂ Td , there exists anA-invariant
ergodic measureµ onS with full dimension, i.e.dimH S = dimµ.

In the scalar case this result is well known. Indeed, the argument of Furstenberg [3,
Proposition III.3] yields that forA = aI , anyA-invariant closed setS satisfies

dimH S = htop(S,A)

loga
, (4)

wherehtop is topological entropy. (For another proof, see §2 in Kenyon and Peres [8].)
By the variational principle for expansive maps (see Walters [16]), there exists an ergodic
measureµ with h(µ,A) = htop(S,A). This measure has full dimension by (2).

Finally, we formulate a variant of Theorem 6.1 from Meiri [13].

LEMMA 2.5. Let A,B be diagonal endomorphisms satisfying (1). Suppose thatµ is an
A-invariant ergodic measure onTd such thath(πd−1µ,Ad−1) < h(µ,A). Then for every
v = (v1, . . . , vd) ∈ Zd with vd 6= 0, for µ-almost everyx ∈ Td the sequence{vtrBnx}n∈N
is uniformly distributed inT. In other words,

1

N

N−1∑
n=0

e(kvtrBnx) −→ 0 for µ-a.e.x ∈ Td and allk ∈ Z \ {0}, (5)

wheree(t) = exp(2πit).

See §4 for a proof of this lemma in a more general form.

Proof of Theorem 1.1.(i) SincedLY (µ,A) = dimµ > 0, we haveh(µ,A) > 0. The proof
proceeds by induction ond. The cased = 1 is covered by Host [4].

Assume that the theorem holds in dimensiond − 1, and takeπ = πd−1. Letπµ denote
the image ofµ under this map, and note thatπµ is anAd−1-invariant ergodic measure on
Td−1. Let Bd−1 = diag(b1, . . . , bd−1). Applying the induction hypothesis toπµ, we can
find an integers ≥ dimπµ and a projectionP ′ : Td−1 −→ Ts such that

{P ′Bn
d−1x}n∈N is uniformly distributed forπµ-almost everyx ∈ Td−1. (6)

We consider two possible cases. Ifh(πµ,Ad−1) = h(µ,A), then dLY (µ,A) =
dLY (πµ,Ad−1) and so dimπµ = dimµ. Here we are done, takingr = s andP = P ′ ◦π .
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In the other case,h(πµ,Ad−1) < h(µ,A). By Lemma 2.5 it follows that for every
v ∈ Zd with vd 6= 0, the sequence{vtrBnx}n∈N is uniformly distributed forµ-almost

everyx ∈ Td . Now taker
def= s + 1 andP(x) = (P ′(π(x)), xd). In conjunction with

(6), this implies that for every non-zerov ∈ Zr , the sequence{vtrPBnx}n∈N is uniformly
distributed forµ-a.e.x ∈ Td . Sincer = s + 1 ≥ dimπµ+ 1 ≥ dimµ, we are done.

By Weyl’s criterion,(1/N)
∑N−1

n=0 PBnµ −→ λr . From a general argument of Johnson
and Rudolph [6] if follows that PBnµ −→ λr asn −−→

n/∈J
∞, for some zero-density setJ .

(ii) By Lemma 2.4, there exists anA-invariant and ergodic measureµ supported onS
with dimµ = dimH S. Since by the first partPBnµ −→ λr asn −−→

n/∈J
∞, we obtain

supp(PBnµ) −→ supp(λr ) = Tr asn −−→
n/∈J
∞,

and we are done. 2

Remark.The projectionP : Td −→ Tr constructed above satisfies

P(x1, . . . , xd) = (xi)i∈R, whereR = {i : h(πi−1µ,Ai−1) < h(πiµ,Ai)}. (7)

Proof of Theorem 1.2.(i) We first consider the case whereµ is ergodic with respect to the
joint action of〈A,B〉.

Let µ = ∫ µθ dν(θ) be the ergodic decomposition ofµ with respect toA. Almost every
componentµθ is anA-invariant and ergodic measure (but is not necessarilyB-invariant).
By Lemma 2.2, dimµθ = dLY (µθ ,A) is constantν-a.e. Lemma 2.3 implies that
dimµ = dLY (µ,A) = dLY (µθ ,A) ν-a.e.

Applying Theorem 1.1 to each ergodic component ofµ, we can find for a projection
P : Td −→ Tr for somer ≥ dimµθ = dimµ such that

1

N

N−1∑
n=0

PBnµθ −→ λr . (8)

Strictly speaking,r andP depend onθ , but by (7) they are the same forν-almost everyθ .
(The entropiesh(πiµθ ,Ai) are constantν-a.e. fori = 1, . . . , d by Lemma 2.1).

Integrating (8) with respect toν we get

1

N

N−1∑
n=0

PBnµ −→ λr .

As µ is B-invariant,Pµ = λr .
Since a projection cannot increase dimension, dimµ ≥ dimλr = r. But r ≥ dimµ,

hence dimµ = r is an integer. Note that ford = r we getµ = λd .
It remains to consider the case whereµ is not ergodic for the action of〈A,B〉.

Let µ = ∫
µα dη(α) be the ergodic decomposition ofµ with respect to〈A,B〉. The

argument above implies that dimµα is an integer forη-almost everyα. By Lemma 2.3,
dimµ = ess-sup dimµα , so dimµ is an integer in this case as well.

(ii) Let S be a closed bi-invariant set. IfS is infinite, then the projection ofS on at least
one of the coordinate axes is closed, infinite and bi-invariant. By Furstenberg [3] it is the
whole circle, hence dimH S ≥ 1.

https://doi.org/10.1017/S014338579912100X Published online by Cambridge University Press

https://doi.org/10.1017/S014338579912100X


528 D. Meiri and Y. Peres

In the general case, by Theorem 1.1(ii) there exist some integerr ≥ dimH S and a
projectionP : Td −→ Tr such thatPBnS −→ Tr , asn −−→

n/∈J
∞. SinceBS ⊂ S, we

haver ≤ dimH(PS) ≤ dimH S, and so dimH S = r is an integer. When dimH S = d, the
projection mapP is the identity, and soS = Td . 2

The proof whenB is not diagonal.As remarked before, whenA = aI Theorems 1.1
and 1.2 extend to any matrixB such that all its eigenvalues are integers greater than one
and relatively prime toa. In the proof of Theorem 1.1 we may assume thatB is upper-
triangular, by replacing it with an appropriate conjugateQBQ−1. The measuresπiµ are
still Ai-invariant, and Theorem 4.2 shows that (5) remains valid. The proof of Theorem 1.2
does not change, noting that Lemma 2.2 remains valid.

Proof of Proposition 1.3.Denoteγ = dimH S. By Lemma 2.4,S supports some
A-invariant ergodic measureµ such that dimµ = dLY (µ,A) = γ . Thus,

IA = {µ : µ is a probability measure, Aµ = µ,µ(S) = 1, dLY (µ,A) = γ }
is non-empty.

We claim thatIA is also convex, weak∗-closed andB-invariant. The first assertion
follows from the affinity of entropy. As for the second, since entropy is upper semi-
continuous for expansive maps, so isdLY (·, A). Thus it can only increase when we pass to
a limit point; but everyA-invariant measureµ onS satisfiesdLY (µ,A) ≤ γ by Lemma 2.3,
and thereforedLY (µ,A) = γ for anyµ which is a limit of measures inIA. Finally, for
µ ∈ IA, the system(S, Bµ) is a factor of(S, µ) sinceB commutes withA. The factor
mapB is finite-to-one, whenceh(Bµ,A) = h(µ,A). The same consideration applied to
the other entropies appearing in the definition of Ledrappier–Young dimension shows that
dLY (µ,A) = dLY (Bµ,A), soIA is B-invariant.

By Kakutani’s fixed point theorem,IA contains a fixed pointν for the action ofB. This
is a bi-invariant measure supported onS with dLY (ν,A) = γ . SincedLY (·, A) is affine,
there exists an ergodic componentν̃ of ν (with respect to〈A,B〉), such thatdLY (ν̃, A) ≥ γ .
As dLY (ν̃, A) = dim ν̃ ≤ dimH S = γ , we conclude that dim̃ν = γ . 2

3. Entropy and dimension
In this section we prove Lemmas 2.1–2.3.

Let (X,B, µ, T ) be a measure-preserving system, and denote byBT theµ-completion
of theσ -algebra ofT -invariant sets. Letα be some finite measurable partition. Denote by

αn−1
0 = α ∨ T −1α ∨ · · · ∨ T −n+1α

the generatedn-step past algebra. Given a partitionβ, we denote byβ(x) the atom ofβ
containingx, and letIβ(x) = − logµ(β(x)) be the corresponding information function.
We havehµ(α, T ) = ∫ Iα|α∞1 dµ.

The Shannon–McMillan–Breiman (SMB) theorem states that whenT is ergodic,

1

n
I
αn−1

0
(x) −→ hµ(α, T ) µ-a.e. and inL1.
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Without assuming ergodicity we have (cf. Parry [14,p. 39]):

1

n
I
αn−1

0
(x) −→ ψ(x) µ-a.e. and inL1,

whereψ = E(Iα|α∞1 |BT ). The functionψ is T -invariant, and corresponds to the entropy
in ergodic fibres ofµ. More precisely, letµ = ∫ µθ dν(θ) be the ergodic decomposition
of µ with respect toT . Thenψ(x) = h(µθ , T ) µθ -a.e. for almost everyθ , and therefore∫

ψ dµ =
∫

h(µθ , T ) dν(θ) = h(µ, T ), (9)

by Rokhlin’s theorem. We will callψ theSMB functiondetermined by the transformation
T and the partitionα.

Proof of Lemma 2.1.We use the above notation. Sinceψ is T -invariant, once we show
that it is T̃ -invariant as well, we will be done by the ergodicity assumption. Since
{T̃ µθ } is another set of ergodicT -invariant fibres, this set coincides with{µθ } by the
uniqueness of the ergodic decomposition. Henceψ(T̃ x) = h(T̃ µθ , T ) is the entropy of
a factor of(X,µθ , T ), and thereforeψ(T̃ x) ≤ ψ(x). SinceT̃ is measure-preserving,∫

ψ(T̃ x) dµ = ∫ ψ(x) dµ, soψ must bẽT -invariant. 2

To compute the Hausdorff dimension of the measures we need the following lemma,
which can be found in Billingsley [2].

BILLINGSLEY ’ S LEMMA. Let µ be a positive finite measure on thed-torusTd . Assume
K ⊂ Td is a Borel set satisfyingµ(K) > 0 and

K ⊂
{
x ∈ Td : lim inf

ε↓0
logµ[Qε(x)]

logε
≤ γ

}
.

ThendimH K ≤ γ . If the lim inf is γ a.e. thendimH K = γ .

Here, following McMullen [12], we can takeQε(x) to be a box which is an
‘approximate cube’, i.e.Qε(x) contains a cube of sideε containingx, and diam[Qε(x)] ≤
Cε for some constantC.

Proof of Lemma 2.2.The left-hand equality is true for everyθ such thatµθ is ergodic, by
Kenyon and Peres [9]. For the right-hand equality, note that fori = 1, . . . , d the measure
πiµ is invariant forAi = diag(a1, . . . , ai) andBi = diag(b1, . . . , bi), and is ergodic for
〈Ai, Bi〉. From Lemma 2.1 we deduce thath(πiµθ ,Ai) is constantν-a.e., and therefore
so isdLY (µθ ,A). By the affinity of entropy,dLY (µ,A) = ∫

dLY (µθ ,A) dν(θ), and (3)
follows. 2

Proof of Lemma 2.3.It is enough to prove the lemma for the ergodic decomposition; once
we show this, for a coarser decomposition we use the expression:

dimµθ = ess-sup{dimν : ν is an ergodic component ofµθ },
to derive the assertion.

If µ(S) = 1, thenµθ(S) = 1 for almost everyθ . Hence dimµθ ≤ dimH S a.e., and so
ess-sup dimµθ ≤ dimH S. By definition we get

dimµ = inf{dimH S : µ(S) = 1} ≥ ess-sup dimµθ .
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The inequality in the other direction is more difficult, and we first show it in the scalar
caseA = aI . Letα denote the partition ofTd to ad cubes with side 1/a. Denote byQn(x)

the cube inαn−1
0 containingx (i.e. the mesh cube with edgea−n containingx). Applying

the SMB theorem toµ we get

1

n
I
αn−1

0
(x) = −1

n
logµ(Qn(x)) −→ ψ(x) µ-a.e.

Now,ψ(x) = h(µθ ,A) µθ -a.e., and sinceµθ is ergodic, by Billingsley [2]

dimµθ = h(µθ ,A)/ loga.

Writing γ
def= ess-sup dimµθ we get

lim
n→∞−

logµ(Qn(x))

n loga
≤ γ µ-a.e. (10)

From Billingsley’s lemma we conclude that dimµ ≤ γ .
The proof in the general case follows Kenyon and Peres [9]. We will indicate the proof

in detail in the two-dimensional caseA = (m 0
0 n

)
with m ≤ n. Here

dLY (µ,A) = h(µ,A)

logn
+
(

1

logm
− 1

logn

)
h(π1µ,A1). (11)

We haveγ = ess-sup dimµθ = ess-supdLY (µθ ,A), and we need to prove that
dimµ ≤ γ .

Let τ = logm/ logn. For (x, y) ∈ T2, denote byQk(x, y) the rectangle of size
m−k × n−bτkc consisting of points(x ′, y ′) in T2 for which the firstk digits in the basem
expansions ofx andx ′ agree, and similarly for the firstbτkc digits in the basen expansions
of y andy ′.

By Billingsley’s lemma it suffices to show that

lim inf
k→∞ −

logµ(Qk(x, y))

k logm
≤ γ µ-a.e.

Thus Lemma 2.3 reduces to the following variant of the SMB theorem.

LEMMA 3.1. LetW1,W2,W3, . . . be a stationary process taking values in

D = {0, 1, . . . ,m− 1} × {0, 1, . . . , n− 1},
with SMB functionψ(ω). Let π : D → {0, 1, . . . ,m − 1} denote projection to the first
coordinate and writeXj = πWj . Let χ(ω) denote the SMB function of theX process.
Then for any0 < τ ≤ 1, almost surely

lim
k→∞

1

k
logP[W1,W2, . . . ,Wτk;Xτk+1,Xτk+2, . . . , Xk] = −τψ(ω)− (1− τ )χ(ω).

(12)

HereP[w1, w2, . . . , w`; x`+1, . . . , xk] is shorthand for

P{[W1 = w1,W2 = w2, . . . ,W` = w`] ∩ [πW`+1 = x`+1, . . . , πWk = xk]}.
In a customary abuse of notation, we then substitute random variables forwi andxj ; we
also writeτk instead ofbτkc in (12).
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Proof of Lemma 3.1.By SMB

lim
k→∞

1

k
logP[W1,W2, . . . ,Wτk] = −τψ(ω) a.e.,

and

lim
k→∞

1

k
logP[Xτk+1, . . . , Xk] = −(1− τ )χ(ω) a.e.

Now one shows as in Lemma 3.2 of Kenyon and Peres [9] that

P[W1, . . . ,Wτk]P[Xτk+1, . . . , Xk]
P[W1, . . . ,Wτk;Xτk+1, . . . , Xk] −→ 1 a.e.

This concludes the proof of Lemma 3.1. 2

To complete the proof of Lemma 2.3, observe that

τψ(ω)+ (1− τ )χ(ω)

logm
= dLY (µθ ,A) µθ -a.e.

for almost everyθ by (11), and we are done in the same way as in the scalar case.
In thed-dimensional case, whereA = diag(a1, . . . , ad), we proceed as follows. We

can assume thata1 ≤ a2 ≤ · · · ≤ ad . For i = 1, . . . , d, let τi = loga1/ logai . Forx ∈ Td

denote byQk(x) the collection of pointsx′ ∈ Td such that the firstbτikc digits in the base
ai expansions ofxi andx ′i agree, fori = 1, . . . , d. As before, by Billingsley’s lemma it
suffices to show that

lim inf
k→∞ −

logµ(Qk(x))

k loga1
≤ γ µ-a.e.

This reduces to the following statement. Let{Wn} be a stationary process taking values in
D = ∏d

i=1{0, 1, . . . , ai − 1}. For i = 1, . . . , d, denote byψi(ω) the SMB function of the
process{πiWn}. Then for any 0= τd+1 < τd ≤ τd−1 ≤ · · · ≤ τ1 = 1, almost surely

lim
k→∞

1

k
logP[πiWj : 1 ≤ i ≤ d, τi+1k < j ≤ τik] = −

d∑
i=1

(τi − τi+1)ψi(ω).

This statement is proved by combining the SMB theorem for the process{πiWn}n≥1 for
i = 1, . . . , d, and the proof of Lemma 4.4 in Kenyon and Peres [9]. 2

4. Uniform distribution of orbits and proof of Lemma 2.5
In this section we present ad-dimensional analogue of Theorem 6.1 of Meiri [13],
dealing with uniform distribution of orbits of endomorphisms. In that paper only the two-
dimensional case was considered in detail.

First, some definitions. By a ‘direction vector’ we mean a vectorv = (v1, . . . , vd) ∈ Zd

other than zero, such that gcd(v)
def= gcd(v1, . . . , vd) = 1. Forz ∈ Zd denote byπz the

orthogonal projection

πz : Td −→ z⊥ = {x ∈ Td : 〈z, x〉 = 0}
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given byπz : x 7→ |z|2x− 〈x, z〉z. Here〈z, x〉 def= ∑
zixi .

Say that a sequence of integers{ck} hasalmost-sub-exponential collisions (mod a)if for
everyγ > 0 there exists a setD ⊂ N satisfying

∀N ≥ 1,
|D ∩ {0, 1, . . . , N − 1}|

N
≤ γ (13)

such that for everyε > 0,

lim
n→∞ #{k, l : 0 ≤ k, l < an, k, l /∈ D, ck ≡ cl (modan)}/an(1+ε) = 0. (14)

We quote the following theorem.

THEOREM 4.1. (Meiri [13]) Given an integera, and numbersb1, . . . , bd such that

|a| > 1, |bi| > 1 and gcd(a, bi) = 1 for i = 1, . . . , d (15)

the sequenceck = ∑
fib

k
i , if not identically zero, has almost-sub-exponential collisions

(moda) for every choice of integersf1, . . . , fd .

Note that these sequences arise naturally in the formck = vtrBkw, wherev, w are any
fixed integer vectors, andB is anyd × d integer matrix with eigenvaluesb1, . . . , bd . For a
generald × d integer matrixB we quote the following result from Meiri [13].

Suppose thatgcd(a, detB) = 1 and none of the eigenvalues ofB or their
ratios are roots of unity (inC). Then for any two non-zero vectorsv, w ∈ Zd

such thatw is not an eigenvector ofB orthogonal tov, the sequenceck =
vtrBkw has almost-sub-exponential collisions (moda).

THEOREM 4.2. Let A = diag(a1, . . . , ad), and suppose thatµ is anA-invariant ergodic
measure onTd . LetB be any endomorphism ofTd .

Assume that for somev ∈ Zd there exists a direction vectorz such that:
(i) if A is not scalar,z is a unit vector;
(ii) h(πzµ,A) < h(µ,A);

(iii) ck
def= vtrBkz has almost-sub-exponential collisions (moda), wherea is well defined

if A = aI , and we takea = ai if A is non-scalar andz= ei .
Then{vtrBnx} is uniformly-distributed inT for µ-almost everyx ∈ Td , i.e.

gN(x)
def= 1

N

N−1∑
n=0

e(mvtrBnx) −→ 0 µ-a.e. for allm ∈ Z \ {0}, (16)

wheree(t) = e2πit .

Note that if (16) holds for all non-zero vectorsv ∈ Zd , then {Bnx} is uniformly-
distributed forµ-almost everyx ∈ Td , by Weyl’s criterion.

Proof.Since we need this theorem only for unit directions, i.e. whenz is one of the vectors
e1, . . . , ed from the standard basis, we will first prove it in this case, and then indicate how
the general case can be handled. For this particular case we may assume, without loss of
generality, thatz = e1. If v satisfies (iii), then so does every multiplemv; thus it suffices
to prove (16) form = 1.
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Define measuresωn =∑an−1
j=0 µ∗δja−ne1

and letϕn = dµ/dωn be the Radon–Nikodym
derivative. Leth′ = h(µ,A)− h(πzµ,A) > 0. By Lemmas 6.2 and 6.3 in Meiri [13],

ϕ
1/n
n −→ e−h′ µ-a.e. (17)

Thus, following Host [4],∫ |gN |2
ϕn

dµ ≤
∫
|gN |2 dωn

=
an−1∑
j=0

∫ ∣∣gN(x+ ja−ne1)
∣∣2 dµ(x)

= 1

N2

N−1∑
k,l=0

an−1∑
j=0

∫
e(vtr(Bk − Bl)(x+ ja−ne1)) dµ

≤ 1

N2

N−1∑
k,l=0

an−1∑
j=0

e(vtr(Bk − Bl)e1ja−n)

= an

N2
#{0≤ k, l < N : ck ≡ cl (modan)}.

As in Meiri [13], takingN ≈ an it follows thatgN(x) −→ 0 µ-a.e.
WhenA = aI andz is an arbitrary integer vector with gcd(z) = 1, we proceed as

follows. Find some integer vectoru1 such that〈z, u1〉 = 1. There exist integer vectors
u2, . . . , ud , orthogonal toz, such that the matrixU with rowsu1, . . . , ud is unimodular.
Let µ′ = Uµ. Clearly, h(µ,A) = h(µ′, A), and we claim that alsoh(πe1µ

′, A) =
h(πzµ,A). Indeed, lettingV denote the regular matrix with rowsz, u2, . . . , ud , we see
thatV πz = |z|2πe1U , and so

h(πzµ,A) = h(V πzµ,A) = h(|z|2πe1Uµ,A) = h(πe1µ
′, A).

Now, as in Meiri [13], write:∫ |gN |2
ϕn ◦ U

dµ =
∫ |gN |2 ◦ U−1

ϕn

dµ′.

From (17) we see thatϕ1/n
n −→ e−h′ µ′-a.e., and repeating the estimate we computed

before, we should replacevtrBke1 by vtrBkU−1e1 = vtrBkz= ck. Thus the proof extends
to this case as well. 2

5. Concluding remarks and questions
1. In Theorem 1.2, when dimµ = 0, is µ atomic? This part of Furstenberg’s conjecture
from 1967 [3] is still unsolved.

2. WhenS ⊂ Td is a closed bi-invariant set and 0< dimH S < d, can more be said on
the structure ofS ? IsS necessarily a finite union of rational tori?

3. Ford = 1, the case of bi-invariant sets was understood long before measures (cf.
Furstenberg [3]; Rudolph [15]). The proof of Theorem 1.1(ii) in the scalar case relies on
the well-known variational principle for entropy. However, in the non-scalar case it is based
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on Theorem 1.1 of Kenyon and Peres [9], which in turn relies on an explicit calculation due
to McMullen [12] of the dimension of self-affine sets. This also applies to Theorem 1.2(ii).
Is there a simpler way to derive these topological results?

4. Can the assumptions onA,B be relaxed, e.g. does it suffice to assume thatai, bi are
multiplicatively independent instead of relatively prime? After seeing a previous version of
this paper, J-P. Thouvenot indicated to us an argument that extends Theorem 1.2(i) to this
case, using the main result of Johnson [5] as the basis for the induction. Together with our
Proposition 1.3 this implies that Theorem 1.2(ii) holds for this case as well. However, even
the one-dimensional case of Theorem 1.1 is still open whena1 andb1 are not relatively
prime.

5. More generally, define two endomorphismsA,B to be strongly multiplicatively
independentif for any common eigenvectorv, the moduli of the corresponding eigenvalues
are multiplicatively independent. We expect that Theorems 1.1 and 1.2 should be valid for
all suchA,B.

6. Does every bi-invariant measure have the same dimension as its closed support?
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