Ergod. Th. & Dynam. Sy$1999),19, 523-534
Printed in the United Kingdom © 1999 Cambridge University Press

Bi-invariant sets and measures have integer
Hausdorff dimension

DAVID MEIRI and YUVAL PERESTt

The Institute of Mathematics, The Hebrew University, Jerusalem 91904, Israel
(e-mail: dafid@math.huji.ac.il)

(Received 1 Decembefl996and accepted in revised forr8 Junel997)

Abstract Let A, B be two diagonal endomorphisms of thedimensional torus with
corresponding eigenvalues relatively prime. We show that for Aigvariant ergodic
measureu, there exists a projection onto a torlis of dimensionr > dimu, that maps
u-almost evernyB-orbit to a uniformly distributed sequenceTii. As a corollary we obtain

that the Hausdorff dimension of any bi-invariant measure, as well as any closed bi-invariant
set, is an integer.

1. Introduction
Leta, b > 1 be relatively prime integers, and letbe a measure ofi = R/Z which is
invariant and ergodic for multiplication mod 1 lay Host (4] proved that ifu has positive
entropy, then the sequené&’x},cx is uniformly distributed mod 1 fop-almost every
x € T. Here we extend this to higher dimensions, where the Hausdorff dimension of the
measure plays a crucial role. All measures we consider are Borel probability measures.
Denote by diny S the Hausdorff dimension of a s&t and for any measure, let

dim s« ZMinf(dimy S | 1(5) = 1).
Denote Lebesgue measureBhby 1.
THEOREM1.1. Let

al bl
A= and B =
aq by
be two diagonal endomorphisms ®f. Suppose that
la;i| > 1, |b;j|]>1 and gcda;,b;))=1 fori=1,...,d. ()
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(i) Letu be anA-invariantergodic measure wittim i > 0. Then there exist an integer
r > dimu and a projectionP : T — T” such that{PB"x},cn is uniformly
distributed foru-almost every e T¢. In particular,

q N1
= PB'u—> i
n=0
weakly. ConsequentlyB"u — A, weakly as1 — oo, for some zero-density

n¢J
setJ C N.
(i) LetS c T be a closed set such thatS ¢ S anddimy S > 0. Then there exist
an integerr > dim S and a projectionP : T¢ — T" with the following property:
for some zero-density sétc N we haveP B"S — T" in the Hausdorff metric as

n —— OQ.
n¢J

The second part of Theorem 1.1 is related to the following conjecture of Furstenberg,
mentioned in Lyons]1]:

If p andg are multiplicatively independent integers afidc T is a
p-invariant infinite closed set, theyt'S — T asn — oo.

Invariant sets for a single toral endomorphism can have fractional Hausdorff dimension.
Using Theorem 1.1 we show that the situation is different for sets invariant under two
diagonal endomorphisms.

THEOREM1.2. LetA, B € EndT¢) be as in Theorem 1.1.

() If uis a measure ofi? which is invariant under bott and B, thenu has integer
dimension. Moreover, ifc is ergodic for the action of the semigroyg, B) and
dimu = r, then there exists a projectiah : T¢ — T" such thatP . is a Lebesgue
measure ofT”.

(i) Every closed sef ¢ T such thatAS ¢ S andBS cC S has an integer Hausdorff
dimension. IHimgz S = 0thens is a finite set, and iflimy S = d thens = T¢.

Remarkln both theorems, ifd is scalar, i.eA = al, then the assumptions ahcan be
relaxed: it suffices thaB has integer eigenvalués, . . ., b, such that (1) holds.

Ford = 1, Theorem 1.2 is well known: Furstenber®, [Theorem IV.1] proved a
strong version of the topological assertion, and Ruddlghgroved the measure-theoretic
assertion, extending earlier work of Lyorisl]. Berend [L] considered a similar problem,
and gave conditions on toral endomorphistis. . ., A, under which every infinite closed
multi-invariant subset must 5&. Berend's work, as well as the recent work of Katok and
Spatzier ¥], concern the irreducible case (no jointly invariant subspaces) and are thus
complementary to the present paper.

The following proposition relates bi-invariant sets and measures.

PROPOSITION1.3. LetA = diag(ay, .. ., ag) be a diagonal endomorphism widy; | > 1
fori = 1,...,d. Let B denote any non-singular endomorphism commuting with
Suppose thas ¢ T¢ is a closed set such thatS ¢ S andBS c S. Then there exists an
(A, B)-invariant and ergodic measuye, supported or§, with dim u = dimg S.
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The proof of all our results are simpler when one of the matrices is scalan esgi!.
On first reading, the reader may want to restrict attention to this case.

The paper is organized as follows. In 82, we show how the two theorems can be deduced
from certain lemmas on dimension and entropy and a generalization of a theorem in Meiri
[13] concerning the uniform distribution of orbits of an endomorphism. We also prove
Proposition 1.3. In the non-scalar case we use a formula from Ledrappier and Mdjing [
to relate entropy and dimension. We also need a theorem from Kenyon and 8leres |
ensuring the existence of invariant measures of full dimension. In 83 we prove the various
lemmas. 84 contains the detailed formulation and proof of the aforementioned theorem on
uniform distribution. 85 contains concluding remarks and unsolved problems.

2. Proof of the main results
The proof depends upon the following lemmas, which will be proved in 883 and 4.

LEMMA 2.1. Let (X, B, u) be a probability space and leT, T be two commuting
measure-preserving transformations. Assume thas ergodic for the joint action of

(T, T). Let

n= / mo dv(0)
be the ergodic decomposition@fwith respect td’. Then the entropk(ug, T) is constant
v-a.e.

For the rest of this section, we specializette= T¢ andT a transformation induced by
A = diag(azy, ..., aq). We may assume thaf < a» < --- < aq. The following notation
will be used throughout this paper.

Notation. Denote bys; : T¢ — T’ the projection to the firsi coordinates, i.e.
wi(x1, ..., xq) = (x1,...,%;). Also, denoted; = diag(ay, ..., a;).

In the scalar case, i.e. wheh = al for some integer: with |a] > 1, the relation
between entropy and dimension is simple, and was found by Billinggeyif w« is
A-invariant and ergodic, then

. h(w, A)
dimyu = ——=. 2
%= loga (2
When theg; are not all equal, the relation is less transparent. The correct analogue was
found by Ledrappier and Yound(] in a more general setting. Here we use the notation

of Kenyon and Pere$].
Definition 2.1.Let u be anA-invariant measure ofi¢. Then

1
loga;

d
diy (. A) =y ———T[h(mip, Ai) — h(mi-1p, Ai-1)]
i=1

is called the_edrappier—Young dimensiarf . (By conventiom (wou, Ag) = 0.)

Note that whemA = al we haved|y (i, A) = h(u, A)/loga. Kenyon and Pere®]
show that whenu is A-ergodic,diy (1, A) = dimu. Our next two lemmas examine the
situation in the non-ergodic case.
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LEMMA 2.2. Suppose that is an (A, B)-invariant measure off¢, where
A =diaga1,...,aq) and B =diagb, ..., by)

and assume is ergodic for the joint action ofA, B). Letu = [ g dv(9) be the ergodic
decomposition oft with respect taA. Then

dimue = diy (e, A) = diy (e, A) v-a.e. 3

LEMMA 2.3. Let 4 be anA-invariant measure off?. Letu = [ e dv(9) denote the
ergodic decomposition for the action af or a coarser decomposition. Then

dimu = ess-supyy (g, A).
The following Lemma is the main result of Kenyon and PeB}s [

LEMMA 2.4. Given anA-invariant and closed sef c T¢, there exists ami-invariant
ergodic measurg on S with full dimension, i.edimg S = dim p.

In the scalar case this result is well known. Indeed, the argument of Furstefperg [
Proposition 111.3] yields that for = a1, any A-invariant closed sef satisfies

htop(S, A)

dimg S =
loga

(4)
wherehop is topological entropy. (For another proof, see 82 in Kenyon and P8Jgs [
By the variational principle for expansive maps (see Walt&&) [ there exists an ergodic
measurge with 2 (p, A) = hop(S, A). This measure has full dimension by (2).

Finally, we formulate a variant of Theorem 6.1 from Meitg].

LEMMA 2.5. Let A, B be diagonal endomorphisms satisfying (1). Supposethatan
A-invariant ergodic measure ofi such that (mg_1t, Aq—1) < h(u, A). Then for every
V= (v,...,vq) € Z¢ withvg # 0, for u-almost everyx € T¢ the sequence/" B"X},en
is uniformly distributed ifl. In other words,

5 > e(kv"B"x) — 0 for p-a.ex e T? and allk € Z\ {0}, (5)

n=0
wheree(t) = exp(2rit).
See 84 for a proof of this lemma in a more general form.

Proof of Theorem 1.Xi) Sinced,y (¢, A) = dimu > 0, we havéi (i, A) > 0. The proof
proceeds by induction ath. The casel = 1 is covered by HosH].

Assume that the theorem holds in dimensiba 1, and taker = 7;_1. Letz u denote
the image ofw under this map, and note thaj: is an A,_1-invariant ergodic measure on
T, Let B4_1 = diag(bs, . .., by—1). Applying the induction hypothesis tou, we can
find an integes > dimx u and a projectior?’ : T¢~1 — T* such that

{P'B]]_1X},en is uniformly distributed foer x-almost everyk e T-1, (6)

We consider two possible cases. Hfru, Ag—1) = h(u, A), thendyy (u, A) =
diy (mu, Ag_1) and so dimr . = dim . Here we are done, taking= s andP = P’'o .
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In the other caseh(mu, Ay—1) < h(n, A). By Lemma 2.5 it follows that for every
v € Z% with vy # 0, the sequenc&" B"x},c is uniformly distributed foru-almost
everyx € T¢. Now taker def s+ 1andP(x) = (P'(x(X)), xg). In conjunction with
(6), this implies that for every non-zexoe Z’, the sequence/" P B"x},cx is uniformly
distributed foru-a.e.x € T¢. Sincer = s +1 > dimzu + 1 > dimpu, we are done.

By Weyl’s criterion,(1/N) Z,’:’;Ol PB" i —> A,. From a general argument of Johnson
and Rudolph§] if follows that PB"u — X, asn —J> oo, for some zero-density sét

ng
(i) By Lemma 2.4, there exists af-invariant and ergodic measugesupported or§
with dimu = dimg S. Since by the first pa® B" © — A, asn — oo, we obtain
n¢J
SUPAPB" ) —> supr,) =T" asn —> oo,
n¢J

and we are done. O

RemarkThe projectionP : TY — T” constructed above satisfies
P(x1,...,%4) = (xi)ier, WhereR = {i : h(mi—1p, Ai—1) < h(mip, A}y (7)

Proof of Theorem 1.4i) We first consider the case whereis ergodic with respect to the
joint action of (A, B).

Letu = [ g dv(6) be the ergodic decomposition pfwith respect tod. Almost every
componeniug is anA-invariant and ergodic measure (but is not necess&rigvariant).
By Lemma 2.2, dinug = diy(ug, A) is constantv-a.e. Lemma 2.3 implies that
dimu = diy (u, A) = diy (1e, A) v-a.e.

Applying Theorem 1.1 to each ergodic componenuofive can find for a projection
P :T? — T" for somer > dimuy = dim u such that

q V-1
— PB g —> A,. (8)
N

n=0
Strictly speakingy and P depend o, but by (7) they are the same feralmost every.
(The entropie% (7; ug, A;) are constant-a.e. fori = 1,...,d by Lemma 2.1).
Integrating (8) with respect to we get
— PB 'u —> A

N n=0

As u is B-invariant,Pu = A,.

Since a projection cannot increase dimension, dim dimi, = r. Butr > dimpu,
hence dinu = r is an integer. Note that fat = r we getu = A4.

It remains to consider the case wheteis not ergodic for the action ofA, B).
Let © = [ o dn(a) be the ergodic decomposition of with respect to(A, B). The
argument above implies that dim, is an integer fom-almost everyx. By Lemma 2.3,
dimu = ess-sup dinu,, So dimu is an integer in this case as well.

(i) Let S be a closed bi-invariant set. §fis infinite, then the projection of on at least
one of the coordinate axes is closed, infinite and bi-invariant. By Furstengjétgd the
whole circle, hence dijp S > 1.
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In the general case, by Theorem 1.1(ii) there exist some integerdimg S and a
projectionP : T¢ — T” such thatPB"S — T", asn —> oo. SinceBS C S, we

n¢J
haver < dimg(PS) < dimg S, and so ding S = r is an integer. When dig S = d, the
projection mapP is the identity, and s¢ = T¢. a

The proof whenB is not diagonal As remarked before, wheA = al Theorems 1.1

and 1.2 extend to any matri& such that all its eigenvalues are integers greater than one
and relatively prime ta. In the proof of Theorem 1.1 we may assume tBat upper-
triangular, by replacing it with an appropriate conjug@s8 Q1. The measures; . are

still A;-invariant, and Theorem 4.2 shows that (5) remains valid. The proof of Theorem 1.2
does not change, noting that Lemma 2.2 remains valid.

Proof of Proposition 1.3Denotey = dimyz S. By Lemma 2.4,S supports some
A-invariant ergodic measuye such that dinuw = diy (u, A) = y. Thus,

Ix = {1 : wis aprobability measuredp = w, u(S) =1, dry (u, A) =y}

is non-empty.

We claim thatl, is also convex, wedkclosed andB-invariant. The first assertion
follows from the affinity of entropy. As for the second, since entropy is upper semi-
continuous for expansive maps, salis (-, A). Thus it can only increase when we pass to
a limit point; but everyA-invariant measurg on S satisfieslly (1, A) < y by Lemma 2.3,
and thereforel y (u, A) = y for any u which is a limit of measures is. Finally, for
u € I4, the system(S, Bu) is a factor of(S, 1) since B commutes withA. The factor
map B is finite-to-one, whencé(Bu, A) = h(u, A). The same consideration applied to
the other entropies appearing in the definition of Ledrappier—Young dimension shows that
diy (e, A) =diy(Bu, A), S0l is B-invariant.

By Kakutani’s fixed point theoreni, contains a fixed point for the action ofB. This
is a bi-invariant measure supported 8mwith diy (v, A) = y. SincedLy (-, A) is affine,
there exists an ergodic componértf v (with respecttqA, B)), such thatly (v, A) > y.
Asdy (¥, A) =dimv < dimg S = y, we conclude that dimh = y. O

3. Entropy and dimension
In this section we prove Lemmas 2.1-2.3.
Let (X, B, u, T) be a measure-preserving system, and denof®-byhe u-completion
of theo-algebra ofr -invariant sets. Le& be some finite measurable partition. Denote by

04871 —avT lav...vr"tly

the generated-step past algebra. Given a partitiBnwe denote by3(x) the atom ofg
containingx, and let/g(x) = —logu(B(x)) be the corresponding information function.
We haveh, (o, T) = [ Iyjage dpt.

The Shannon—McMillan—Breiman (SMB) theorem states that whenergodic,

1 .
—Ipna(x) — hy(e, T) p-ae. andin.t.
n %
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Without assuming ergodicity we have (cf. Pariy[p. 39]):
=1 na1(x) — Y(x) p-a.e.andin”,
n -o

wherey = E(Iyja5°|B7). The functiomy is T-invariant, and corresponds to the entropy
in ergodic fibres of.. More precisely, lejw = [ 1o dv(9) be the ergodic decomposition
of . with respecttdl'. Thenyr(x) = h(ug, T) ug-a.e. for almost everg, and therefore

/I/fdu=/h(ue,T)dV(9) — hu, T), )

by Rokhlin’s theorem. We will caliy the SMB functiordetermined by the transformation
T and the partition.

Proof of Lemma 2.1We use the above notation. Singeis T-invariant, once we show
that it is T-invariant as well, we will be done by the ergodicity assumption. Since
{T o} is another set of ergodi€-invariant fibres, this set coincides wiflug} by the
uniqueness of the ergodic decomposition. Hem:@x) = h(fug, T) is the entropy of

a factor of (X, g, T), and thereforey(Tx) < ¥ (x). SinceT is measure-preserving,
[¥(Tx)du = [ ¥(x)dpu, soy must beT -invariant. o

To compute the Hausdorff dimension of the measures we need the following lemma,
which can be found in BillingsleyZ].

BILLINGSLEY’S LEMMA. Letu be a positive finite measure on thetorusT¢. Assume
K c T is a Borel set satisfying (K) > 0and

l0g Qe ()] _ y}

K C {x e T : liminf
40 loge

Thendimyg K < y. Iftheliminf isy a.e. therdimyg K = y.

Here, following McMullen 7], we can takeQ.(x) to be a box which is an
‘approximate cube’, i.eQ. (x) contains a cube of sidecontainingx, and diamiQ. (x)] <
C¢ for some constant.

Proof of Lemma 2.2The left-hand equality is true for eveéysuch thatuy is ergodic, by
Kenyon and Pered®]. For the right-hand equality, note that foe= 1, . . ., d the measure
7 is invariant forA; = diag(as, ..., ;) andB; = diagb1, ..., b;), and is ergodic for
(A;, B;). From Lemma 2.1 we deduce thatr; ug, A;) is constanb-a.e., and therefore
so isdyLy (g, A). By the affinity of entropydiy (1, A) = [ diy (ne, A) dv(6), and (3)
follows. O

Proof of Lemma 2.3t is enough to prove the lemma for the ergodic decomposition; once
we show this, for a coarser decomposition we use the expression:

dimuy = ess-supdimv : v is an ergodic component oy},

to derive the assertion.
If w(S) =1, thenuy(S) = 1 for almost every. Hence dimuy < dimyg S a.e., and so
ess-supdinuy < dimg S. By definition we get

dimu = inf{dimg S : u(S) = 1} > ess-sup dimy.
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The inequality in the other direction is more difficult, and we first show it in the scalar
caseA = al. Leta denote the partition 6f to a? cubes with side Az. Denote byQ,, (x)
the cube imel containingx (i.e. the mesh cube with edge” containingx). Applying
the SMB theorem ta. we get

1 1
1) = ——logu(@n(X) — Y () p-ae.
Now, ¥ (X) = h(ug, A) ug-a.e., and sincgy is ergodic, by Billingsley 2]
dimug = h(ug, A)/loga.

Writing y def ess-sup dinug we get

lo X
lim _10911(Qnx)) <y u-a.e. (20)
n—00 nloga
From Billingsley’s lemma we conclude that dpm< y.
The proof in the general case follows Kenyon and Pedks/f/e will indicate the proof
in detail in the two-dimensional case= (2 °) with m < n. Here
h(w, A)

1 1
= — Aq). 11
diy (u, A) logn + (Iogm Iogn)h(ﬂm’ 1) (11)

We havey = ess-supdinmuy = ess-suply(ug, A), and we need to prove that
dimu < y.

Let t = logm/logn. For (x,y) € T2, denote byQy(x, y) the rectangle of size
m~* x n=17kl consisting of pointgx’, y’) in T2 for which the firstk digits in the basen
expansions af andx’ agree, and similarly for the fir$t & | digits in the base expansions
of y andy’.

By Billingsley’s lemma it suffices to show that

logu(Qx(x, y)) <y

liminf —

-a.e.
k—o00 klogm ’

Thus Lemma 2.3 reduces to the following variant of the SMB theorem.
LEMMA 3.1. Let Wy, W, W3, ... be a stationary process taking values in
D=1{0,1,....m—1} x{0,1,...,n—1},

with SMB functiony (w). Letw: D — {0,1,...,m — 1} denote projection to the first
coordinate and writeX; = 7 W;. Let x(w) denote the SMB function of tHe process.
Then for any0 < r < 1, almost surely

Jm % logP[W1, W2, ..., Wik; Xekt1, Xeks2, - -5 Xkl = =¥ (@) — (1 — 1) x ().

(12)
HerePlw1, wa, ..., we; x¢+1, . . . , X¢] iS shorthand for
P{{W1 =w1, Wo=wa, ..., Wy = we] N[t Wpy1 = Xp41, ..., 7T Wi = x¢]}.

In a customary abuse of notation, we then substitute random variables tordx ;; we
also writetk instead of_ tk | in (12).
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Proof of Lemma 3.1By SMB
1
lim —logP[Wq1, Wo, ..., W] = —1t¢¥(w) a.e,
k—o0 k
and
o1
Iim —logP[X:k+1,..., Xkl =—A—1)x(w) a.e.
k—o0 k

Now one shows as in Lemma 3.2 of Kenyon and Pedethpt

P[W1, ..., W IP[Xepta, ..., Xk
IP)[‘/Vla ey W‘(kv X‘L’k+lv ceey Xk]

— 1 a.e.

This concludes the proof of Lemma 3.1. ]
To complete the proof of Lemma 2.3, observe that

Y (w) + (1 - 1)) (@)
logm

=diy(us, A) pp-a.e.

for alImost every by (11), and we are done in the same way as in the scalar case.

In the d-dimensional case, wheté = diag(as, ..., aq), we proceed as follows. We
canassumethat <ap <--- <ay. Fori =1,...,d, lett; = logai/loga;. Forx € T¢
denote byQ; (x) the collection of points’ € T¢ such that the firstz; k| digits in the base
a; expansions of; andx; agree, fori = 1,...,d. As before, by Billingsley’'s lemma it
suffices to show that

109 14(Qk() _

liminf —

-a.e.
k—00 klogay H

This reduces to the following statement. L&t,} be a stationary process taking values in
D= 1"[,’?’:1{0, 1,...,a;, —1}. Fori =1,...,d, denote by, (w) the SMB function of the
procesqm; W, }. Thenforany O= 1541 < 1y < 1y—1 < --- < 711 = 1, almost surely

1 d
lim ZlogPlm W, :1<i <d. 7k < j <tkl=—) (t — Ti41)¥i (o).
k—oo k i=1
This statement is proved by combining the SMB theorem for the prdeg#8,},>1 for
i=1...,d,andthe proof of Lemma 4.4 in Kenyon and Pef@s [ |

4. Uniform distribution of orbits and proof of Lemma 2.5

In this section we present @-dimensional analogue of Theorem 6.1 of Meiti3],
dealing with uniform distribution of orbits of endomorphisms. In that paper only the two-
dimensional case was considered in detail.

First, some definitions. By a ‘direction vector’ we mean a veeter (v1, . .., vy) € Z¢

other than zero, such that gel def gcdvy, ..., vg) = 1. Forz € Z4 denote by, the

orthogonal projection

7. T — 7z ={xeT?: (z,x) =0}
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given by, : X — |z|2X — (X, 2)z. Here(z, X) d=8f2zixi.
Say that a sequence of integées} hasalmost-sub-exponential collisions (modffpr
everyy > 0 there exists a sé? C N satisfying

IDN{0,1,...,N —1}| -,

VN > 1,
N

(13)
such that for every > 0,

lim #{k,1:0<k,l <d", k,l ¢ D, cx = c; (moda™}/a"® =0.  (14)

n— oo

We quote the following theorem.
THEOREMA4.1. (Meiri [13]) Given an integet;, and number$;, . .., by such that
la] > 1,1b;| > landgcda, b;) = 1fori =1,...,d (15)

the sequence;, = ) fibf‘, if not identically zero, has almost-sub-exponential collisions
(moda) for every choice of integerfy, . .., fi.

Note that these sequences arise naturally in the fgrea v BXw, wherev, w are any
fixed integer vectors, an8l is anyd x d integer matrix with eigenvalués, ..., b;. Fora
generald x d integer matrixB we quote the following result from Meiril[3].

Suppose thagicda, detB) = 1 and none of the eigenvalues Bfor their
ratios are roots of unity (irC). Then for any two non-zero vectorsw e Z¢
such thatw is not an eigenvector oB orthogonal tov, the sequence;, =
v Bfw has almost-sub-exponential collisions (mgd

THEOREM4.2. Let A = diag(ay, ..., aq), and suppose that is an A-invariant ergodic
measure off“. Let B be any endomorphism @,
Assume that for somee Z¢ there exists a direction vectarsuch that:
(i) if Aisnotscalarzis a unit vector;
(i) h(rzi, A) < h(p, A);
(i) ek %\ Bk has almost-sub-exponential collisions (mgdwherea is well defined
if A=al, and we taker = q; if A is non-scalarand = g,.
Then{v" B"x} is uniformly-distributed ifil" for u-almost everk € T¢, i.e.
1 N-1
ey & 5 > e(mv'B"x) — 0 p-a.e. forallm e Z\ {0}, (16)
n=0

wheree(r) = 271,

Note that if (16) holds for all non-zero vectovs € Z¢, then {B"x} is uniformly-
distributed foru-almost everi e T¢, by Weyl's criterion.

Proof. Since we need this theorem only for unit directions, i.e. whisone of the vectors

e, ..., e from the standard basis, we will first prove it in this case, and then indicate how
the general case can be handled. For this particular case we may assume, without loss of
generality, that = e;. If v satisfies (iii), then so does every multipter; thus it suffices

to prove (16) form = 1.
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Define measures, = >9_g" 1#38;,-n¢, andlety, = dyu/dw, be the Radon—Nikodym
derivative. Leth’ = h(u, A) — h(mwzu, A) > 0. By Lemmas 6.2 and 6.3 in Meirl§],

go,}/" ——— u-a.e. a7
Thus, following Host §],

Ig/vl2

dﬂ</|gN| dwy
©n

a”—l

= /!gN<x+Ja "en)|? dp

N—-1ad"-1

1
== Z Z /e(V”(Bk BYy(x+ ja "e))du
k,/=0 j=0
1 N—-1a"-1
<~z > 2 e(VI(BE = Bherja™)
k,1=0 j=0

n

a
= ﬁ#{o <k,l <N :c=c (moda™)}.

As in Meiri [13], taking N ~ " it follows thatgy (X) —> O u-a.e.

When A = al andz is an arbitrary integer vector with g& = 1, we proceed as
follows. Find some integer vectar; such that(z, u1) = 1. There exist integer vectors
us, ..., Uy, orthogonal taz, such that the matrix/ with rowsus, ..., uy is unimodular.
Let w' = Uu. Clearly, h(n, A) = h(i/, A), and we claim that alsé (e u', A) =
h(mzu, A). Indeed, lettingV denote the regular matrix with rows uy, ..., uy, we see
thatVr, = |z|?7e U, and so

h(mzpt, A) = h(Vrgp, A) = h(|2)*me U, A) = h(me i/, A).
Now, as in Meiri [L3], write:

|gN|2 /|gN|2oU ! W
§0n°U '

From (17) we see tha&l/" — e u'-a.e., and repeating the estimate we computed

before, we should replacd BXe; by vl BKU ~1e; = v"B¥z = ¢. Thus the proof extends
to this case as well. O

5. Concluding remarks and questions
1. In Theorem 1.2, when dip = 0, is u atomic? This part of Furstenberg’s conjecture
from 1967 B] is still unsolved.

2. WhenS c T is a closed bi-invariant set and9dimy S < d, can more be said on
the structure of ? Is S necessarily a finite union of rational tori?

3. Ford = 1, the case of bi-invariant sets was understood long before measures (cf.
Furstenberg3]; Rudolph [L5])). The proof of Theorem 1.1(ii) in the scalar case relies on
the well-known variational principle for entropy. However, in the non-scalar case it is based
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on Theorem 1.1 of Kenyon and Per8§ which in turn relies on an explicit calculation due
to McMullen [12] of the dimension of self-affine sets. This also applies to Theorem 1.2(ii).
Is there a simpler way to derive these topological results?

4. Can the assumptions en B be relaxed, e.g. does it suffice to assume dhat; are
multiplicatively independentinstead of relatively prime? After seeing a previous version of
this paper, J-P. Thouvenot indicated to us an argument that extends Theorem 1.2(i) to this
case, using the main result of Johnsbjds the basis for the induction. Together with our
Proposition 1.3 this implies that Theorem 1.2(ii) holds for this case as well. However, even
the one-dimensional case of Theorem 1.1 is still open wheandb4 are not relatively
prime.

5. More generally, define two endomorphismsB to be strongly multiplicatively
independernif for any common eigenvectar, the moduli of the corresponding eigenvalues
are multiplicatively independent. We expect that Theorems 1.1 and 1.2 should be valid for
all suchA, B.

6. Does every bi-invariant measure have the same dimension as its closed support?

Acknowledgements.We thank Hillel Furstenberg and Dan Rudolph for helpful
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