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Abstract. We compare a piecewise linear map with constant slope § > 1 and a piecewise
linear map with constant slope —f. These maps are called the positive and negative §-
transformations. We show that for a certain set of s, the multinacci numbers, there exists
a measurable isomorphism between these two maps. We further show that for all other
values of 8 between 1 and 2 the two maps cannot be isomorphic.

1. Introduction

A classical problem in ergodic theory is to classify measure-preserving transformations.
Since the celebrated results of Ornstein in 1970 [Orn70] much research has been done
on finding invariants for invertible maps. For non-invertible systems there are some
methods for comparing one-sided Markov shifts on a finite alphabet (see [AMT97,
CL00, HRO02]), but in general not much is known. In this paper we are interested in
isomorphisms between certain piecewise linear expanding interval maps, called positive
and negative B-transformations. As they are not invertible and they cannot in general
be described by a finite-state Markov shift, these maps do not fit in the framework
of [AMT97, CL00, HR02].

The B-transformation 7x = Bx (mod 1) with I < 8 < 2 is a simple example of a chaotic
dynamical system. There is a close link between the transformation 7 and S-expansions
of real numbers, i.e., expressions of the form x = Y ;2 (bx/ B%), where by € {0, 1} for all
k > 1. Initiated by the works of Rényi [Rén57] and Parry [Par60], this relation has been
extensively studied. Dynamical properties of the map give combinatorial properties of the
expansions and vice versa. In the past few years this link has led to research on negative g-
transformations. Recent results in theoretical computer science have shown that negative
B-expansions, i.e., expansions of the form x = Z,fil (br/(— ,B)k ), have better robustness
properties when used for encoding purposes [AHKOS8]. In [IS09] Ito and Sadahiro studied
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FIGURE 1. The maps T and § for the golden ratio 8, = (1 + +/3)/2.

the relation between negative B-expansions and a specific piecewise linear map with
constant slope —f defined by

P p
Srs(x) = —px {ﬂer—ﬁHJ,

where |y] indicates the largest integer not exceeding y. This transformation maps the
interval [—8/(B + 1), 1/(B + 1)) to itself. Ito and Sadahiro used this map to show that
the positive and negative S-expansions share many properties. Since then, many others
have found similarities between positive and negative B-expansions (see [DMP11, FL09,
MP11, NS12], for example). Piecewise linear expanding interval maps with constant
negative slope in general and the map S;s in particular have also generated a lot of
attention. The papers [DK11, G6r09, Hof12, IS09, LS12] deal, among other things, with
invariant measures, transitivity and attractors of the maps in question.

It seems natural to ask exactly how different the positive and negative slope maps really
are. In this paper we let 1 < 8 < 2 and we compare two maps: the positive and negative
B-transformations T = Tg and S = Sg : [0, 1] — [0, 1] given by

1 1
Bx ifx e |:O, —), 1 —pBx if [O, —i|,
Tx = p and Sx = p

Bx — 1 ifxe[%, 1], 2 — Bx if(%,l].

The map § is measurably isomorphic to the map S;g with isomorphism x — (1/(8 —
1)) — x. As in [LS12], we choose to work with S instead of S;g since S is defined on
the unit interval, it has the same critical point as 7 and, as for T, its dynamical behaviour
depends mainly on the orbit of the point 1. Figure 1 shows both maps for a specific 8. Note
that for all 1 < 8 < 2 the map T has only one fixed point, while $ has two. Hence, T and S
cannot be topologically conjugated, i.e., there are no homeomorphisms 6 : [0, 1] — [0, 1]
that preserve the dynamics by 6 o T = S o §. That is why we study the possibility of 7" and
S being measurably isomorphic.

This paper is organized as follows. We first describe the dynamical properties of the
maps T and S that can be found in the literature. In the two next sections we prove the two
main results. Theorem 3.1 states that for a specific set of Ss, the multinacci numbers, the
maps T and S are measurably isomorphic. It is proved by showing that 7 and S are both
isomorphic to the same Markov shift. The second main result, Theorem 4.1, states that for
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all other values of B the maps 7" and § are not isomorphic. Showing that two maps are not
isomorphic involves showing that no map can qualify as an isomorphism. Therefore the
proof of Theorem 4.1 needed a novel approach. We consider the number of preimages that
points in [0, 1] can possibly have under 7" and S” for an appropriate choice of n > 1. We
then show that these numbers do not coincide on sets of positive measure. For the proofs
of Theorems 3.1 and 4.1 we need a precise description of the dynamical behaviour of the
iterates of 7 and S. The key result is Lemma 3.1.

2. The dynamical properties of T and S

Let 1 <8 <2 andlet T and S be the transformations defined in (1). Let B be the Borel
o-algebra on [0, 1] and A the Lebesgue measure on ([0, 1], B). It is well known that there
exists a unique invariant measure u for T equivalent to A. This measure is ergodic and it
is the unique measure of maximal entropy with entropy 4, (T) = log 8. For S it is known
that a unique invariant measure, absolutely continuous with respect to A, exists and that
this measure is ergodic (see [LY73, LY78]). We call this measure v. Combined results
from [Hof81, HK82] give that v is the unique measure of maximal entropy of S with
hy(S) =log B = h,(T). The dynamics of both maps are largely determined by the orbits
of the point 1, i.e., by the sets {7"1:n > 0} and {S"1:n > 0}.

The focus of this paper is on the existence of isomorphisms between 7 and S. In
general we call two dynamical systems (X, X, my, F) and (Y, ), my, G) (or the two
transformations F and G) (measurably) isomorphic if there are sets X’ € X and Y' € Y
with mx(X’) =1 =my(Y’) and if there exists a map ¢ : X' — Y’ with the following
properties:

(i) ¢ is a measurable bijection;
(i) ¢ is measure-preserving, i.e., for all A € ), mx(¢_1 (A)) =my(A);
(iii) ¢ preserves the dynamics, i.e., ¢ o F = G o ¢.

As was mentioned in the introduction, we will prove Theorem 3.1 by constructing
a suitable Markov shift. A one-sided Markov shift on a finite alphabet is defined as
follows. Let {1, 2, ..., n} be the set of states or the alphabet and let P = (p;j)i<i,j<n
be a stochastic matrix. Define the set

Z={(xn=1 €{1,....n}N: pyy,,, >O0foralln > 1}.
Let 0 : Z — Z denote the left shift, i.e., ox =y with y, = x,11 for all n > 1. The pair
(Z, o) is called the symbolic system for the matrix P. Note that a symbolic system can
also be given by a (0, 1)-matrix instead of a stochastic matrix. Let F be the o-algebra on
X generated by the cylinders, i.e., the sets obtained by specifying the values of the first k
elements of the sequence, k > 1. Let ¢ = (g;)1<i<» be a positive probability vector such
that g P = q. The Markov measure m p associated to P is defined on the cylinders by

mP({X €Z |-xl =ay, ..., Xk :ak}) =dayPajay * * * Pay_ax-
The system (Z, F, mp, o) is called a one-sided Markov shift.

3. The multinacci numbers
In this section we show that the positive and negative fS-transformations are measurably
isomorphic when B is a multinacci number. Multinacci numbers are specific Pisot
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numbers. A Pisot number is a real algebraic integer bigger than 1 with all its Galois
conjugates less than 1 in modulus. For n > 2, the nth multinacci number B,, is the Pisot
number with minimal polynomial

pu(x)=x"—x"1 ... —x—1. )

Then B, is the golden ratio and B3 is usually referred to as the tribonacci number. It is well
known that the sequence {f,},>2 is strictly increasing and lim,_, o 8, =2. We use the
multinacci numbers to give a detailed description of the dynamical behaviour of the maps
T and S.

For the results in this section, we need results from [BB85] on piecewise linear Markov
maps. A transformation F : [0, 1] — [0, 1] is called a piecewise linear Markov map if
there exist points 0 =ap <aj; <---<a, =1 such that for all 1 <i <n, F is a linear
homeomorphism on the interval (a;_1, a;) with

k—1
U(ae, ag+1) € F(aj-1,a;) Claj, ar] forsome0<j<k<1.
=]
The partition {(0, ay), (a1, az), .. ., (a,—1, 1)} of the interval [0, 1] given by ao, .. ., a,

is called a Markov partition for F. Note that when we say partition, we mean a finite

collection of sets with positive A-measure that are pairwise disjoint and cover the whole

interval [0, 1] up to a set of A-measure zero.

The map F is associated to a (0, 1)-matrix M that says which transitions between
intervals (a;—1, a;) are possible. To obtain M, we label these intervals with a number:
(ai—1, a;) = Ej for some 1 < j <n. (We could of course simply take j =1, but later we
want to have the opportunity to choose i # j). Then M, =1if Ex C FE; and M, =0
otherwise. Let (Z, o) be the symbolic system associated to M. Below are some results
from [BB85] adapted to our setting.

(rl) [BBS85, Proposition 1] Suppose that M is an irreducible n x n (0, 1)-matrix with
spectral radius B > 1 and of which the 1s in each row are not separated by Os.
Suppose that T = Tg (or S = Sg) is a piecewise linear Markov map with matrix M.
Then there is a countable set C C [0, 1] and a homeomorphism ¢ : Z — [0, 1]\C
suchthat g oo =T o ¢ (or S o ¢).

(r2) [BBS8S5, Proposition 2] Under the same conditions as in (rl), the symbolic system
(Z, o) given by M admits a unique maximal Markov measure m.

(r3) [BB85, Theorem 2] Under the same conditions as in (r1), the measure p =m o ¢!
is the unique probability measure for 7 (or S) that is invariant for 7 (or S),
maximizes entropy and is equivalent to A.

We will show that for 8 = 8, both T and § are piecewise linear Markov maps with the
same (0, 1)-matrix M. Since u and v are the unique measures of maximal entropy for T
and S respectively, Theorem 2 from [BB85] then gives that 7" and S are isomorphic if M
satisfies the conditions in (r1). As an illustration we first show how this works for §;.

3.1. The golden ratio. In Figure 1 we see both maps T and S for f2=(1 ++/5)/2.
Notethat T1 =8, — 1=1/B2. Set E; = (0, 1/B2) and E;=(1/B2, 1). Then TE1=(0, 1)
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FIGURE 2. The graph corresponding to the dynamics of 7' on the Markov partition from (3).

and TE, = E|. Hence, T is a piecewise linear Markov map on the Markov partition

{E/, E>} with matrix
1 1
M = .

Let (Z, o) denote the symbolic system given by M. Note that M is irreducible and that
the 1s in each row are touching. Moreover, the characteristic polynomial of M is equal to
the minimal polynomial of B8,. Hence, the spectral radius of M is B8, and T and M satisfy
all the conditions of (r1). So, ([0, 1], B, u, T) and (Z, F, m, o) are isomorphic.

For S, note that S(1/83) =1 — (1/B2) = 1/p3 and that

s(0.58) = () e ()= 22) v (1)
’32 ’32 '32 :32 ,32

Hence, if we set E} = (1/,322, 1) and E; = (0, 1/,322), then we see that M is also the
appropriate (0, 1)-matrix for S. Hence, ([0, 1], B, v, S) is also isomorphic to (Z, F, m, o)
and therefore to ([0, 11, B, u, T).

3.2. Themaps T and S for B,. The map T behaves very regularly for each multinacci
number B,. Note that foreach 1 <k <n — 2,

Tklzﬁ,’i—ﬂ,’;_l—-~—,3n—1:i+i+~-+ ! >i,
Bn B2 nk T By
and hence
0<i:T"—11<T"—21<...<T1<1. (3)

n
The points in (3) give a Markov partition for 7. Set E; = (0, Tn—1 1) and, for2 < j <
n—1E;= (T”_j‘"1 1, 7" 1). Then T is a piecewise linear Markov map with associated
(0, 1)-matrix

1T 11 --- 1 1
100 --- 00

M=]0 10 - 0 0], @)
o 00 --- 10

In Figure 2 we see the corresponding graph.

Let (Z, o) denote the symbolic system given by M. Note that M is irreducible and that
the Is in each row are contiguous. Since the characteristic polynomial of M is the minimal
polynomial of 8, the spectral radius of M is §,. Hence, all the requirements of (rl) are
fulfilled and ([0, 1], B, u, T) and (Z, F, m, o) are isomorphic.
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For the map S we have to distinguish between even and odd n. Note that the small and
large fixed points of S are x; = 1/(8 4+ 1) and x; =2/(B + 1), respectively. The following
lemma on the orbit of 1 under S is a key result in this paper.

LEMMA 3.1. Foralln>2,ifB>Bpand 1 <k <n — 2, then
Skl>xeifkiseven and Skl<xsifkisodd.

Moreover,

§" M > x, ifnisodd and §" 1 < x, if n is even,
with equality if and only if B = B,.
Proof. To prove the lemma, we also prove the following claim.

Claim. If 8 > B,,thenforall ] <k <n —1,

Skl =gk — gkl gk2 253 4 ... 4 B2 —28+1 ifkiseven, and
SK1 = —gk 42K 1 — gk=2 4 2gk=3 ... _ B4+ 2 ifkis odd.

We prove all statements by induction. Forall 8 > 1, §1 =—8 + 2 < 1/. So the claim
is clear for n = 2. Then

Sl:—,8+2§x3=13;+1<:>,32—,3—120.
Recall from (2) that pp(x) = x> — x — 1 is the minimal polynomial of B. Since B; is a
Pisot number, we know that 8, is the only root of this polynomial in the interval (1, 2).
Hence S1 < x; if and only if 8 > B, and equality holds if and only if 8 = B,. This proves
the lemma for n = 2.
Forn=3,let B > . Then 21 =1— B(—B +2) = B2 — 2B + 1 and thus the claim
is true for n = 3. To prove the statement of the lemma,

521=ﬁ2—2ﬁ+1zxezi@ﬁ3—ﬂ2—ﬂ—1zo.
B+1

Note that the left-hand side of the last inequality is p3(8), the minimal polynomial of the
Pisot number 3. Hence S21 > x, if and only if 8 > f3 with equality if and only if 8 = f.
Now suppose that the lemma and the claim are true for some n > 2 and let 8 > f3,.
Recall that the sequence {8, } is strictly increasing towards 2, so that we only need to prove
the claim and the last statement of the lemma for S 1.
If n is even, then by the induction hypothesis we know that

S = gl g ogn2 _gn3 4082 B 4D <y,
Hence,
S=1-BS"""=p"—2""" + 8"~ =28 + B 28 +1,
which proves the claim in this case. Moreover, $"1 > x; =2/(8 + 1) if and only if

ﬂn+1_ﬁiz_ﬂﬂ—1_..._ﬂ—120.
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FIGURE 3. The relative position of the points Sk1 for Bu_1 <B < Bn-

Since the left-hand side is the minimal polynomial of the Pisot number 8,1, we have that
S"0 > x; if and only if 8 > B,,41 with equality if and only if 8 = B,+1.
Similarly, if n is odd, then the induction hypothesis gives

Sn711 :ﬁﬂfl _2‘8}172_'_’31173 .. _2/33 +/32_2ﬂ+ 1 >.X[,
and thus,

Snl =2—ﬂsn_ll Z_ﬁn +2‘BI‘1—1 _ﬂn—z_’_. . +2ﬂ2 _ﬂ+2
This shows that the claim is correct. Then, S"1 <x;, =1/(8 + 1) if and only if

,BH—H_,Bn_,Bn_]_"'_,B_le,

which proves the lemma as above. O
Remark 3.1. The map S is linear with slope —f on the intervals [0, x5] and [x,, 1].
Therefore, Lemma 3.1 gives us even more information on the orbit of 1 under S. For n > 2
and B,—1 < B < By, the order of the points SK1,0<k<n—1,is completely determined

as shown in Figure 3. Recall that if 8 = f,, then $"~'1 = x, or x; depending on the parity
of n.

Remark 3.1 and Figure 3 give us the Markov partition for S when 8 = g,,. If n is even,
then S"'1 = x; and S is a piecewise linear Markov map with partition

0<S1<81<- <8 31<8" MN=x,<5"?1 <51 <81<1.

We label the partition elements as follows. Set £ = (x;, S"‘zl). Note that

SE —S<<x i]u(i S”—Zl))—[o x5) U (x5, 1)
1_ v ﬁl’l ﬁn’ N ’ g * '

Hence, all other states are mapped into E;. Let E; = (S"_31, Xxs) and note that SE, = Ej.
Next set E3 = (S"_21, S"_41), so that SE3 = E5, and continue in this manner until we
have E,, = (0, S1). Then M from (4) is the (0, 1)-matrix corresponding to S.

If n is odd, then the Markov partition is given by

0<S1<81<- <8"1<8" MN=x; <"1 <85 1<---<S1<1.

The labelling of the state goes in the same way as for the even case with E; = (S n=21, xg).
Then again M from (4) is the (0, 1)-matrix corresponding to the piecewise linear Markov
map S. Since M satisfies all the conditions from (r1), we have the following theorem.
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THEOREM 3.1. Forn > 2, let B, denote the nth multinacci number, i.e., the Pisot number

n—1 _

with minimal polynomial x" — x -+ —x — 1. Then the positive B,-transformation

T and the negative By, -transformation S are measurably isomorphic.

4.  Non-isomorphic transformations

Next we show that for all non-multinacci numbers 8 the transformations 7 and S are not
isomorphic. We do this by studying the iterates of the maps 7" and S. Recall that if ¢ is
an isomorphism, then ¢ o T = S o ¢ and thus ¢ o T" = S" o ¢ for all n > 1. Hence, if we
can show that for some iterate 7" there is an interval (or set of positive p-measure), such
that each point in this interval has k preimages under 7" and that the set of points with k
preimages under the map S” has v-measure zero, then 7 and S cannot be isomorphic. We
make this more precise.

For n > 1 define the sequences of maps ¥,", ¥, : [0, 1] - N by

Ur(x)=#yel0,1]: T"y=x} and v, (x)=#{ye[0, 1]: 8"y =x}.

These maps count the number of preimages that points have under the iterates of 7 and S.
For k, n > 1 define the sets

LTy ={xel0, 1]: ¥, (x) =k} and I, (k)={xel0, 1]:¢, (x)=k}.

Note that the range of the functions v, and ¥, and the shape of the sets 1,7 (k) and I, (k)
depend on the images of the intervals of monotonicity of 7" and S”, respectively. We
call a non-empty, open interval I an interval of monotonicity for T" if T"|; is continuous
and linear and if there is no bigger open interval J O I with the same property. A similar
definition holds for S.

Let I be an interval of monotonicity of 7". Then clearly 7"1 = (0, T'1) for some
0 <i <n. Hence, the sets I,fr (k) are either empty or contain an interval of the form
(T'1, T/1) for some 0<i, j<n, i#j. If I is an interval of monotonicity for the
map S”, then §"1 = (0, S'1) or §"I =(S'1, S/1) for some 0 <i, j <n, i # j. Thus,
the sets I, (k) either are empty or contain an interval of the form (S'1, $71). If ¢ is
an isomorphism from 7 to S, then ¢ (I} (k)) = 1, (k) and thus v(I, (k)) = u(I,; (k)) for
all n, k > 1. What we will do is show that if 8, < 8 < B,+1, then there is a k > 1 such
that (I, (k)) # v(I, (k)). We do this by showing that one of the sets has measure zero,
while the other has positive measure. To illustrate the general approach, we first consider

l<B<pBrand B < B < B3.

4.1. The smallest B. Let 1 <B <pr. Then T1=8—1<1/B. Moreover T?1 =
B> — B < 1/Bifand onlyif B < y, where y is the real root of the polynomial x> — x% — 1.
We see the first three iterates of the map T in the top row of Figure 4. Note that for 8 < y,
T1<T?1 <731 and thus (721, T31) C 157 (2). For B>y we get (T%1, 1) C I;(2).
Hence, ,u(I3+(2)) >(0foralll < B < B,.

Recall that S has two fixed points and that x; = 1/(8 + 1) is the smaller of the two. If
B < Ba,then xg < S1 =2 — B < 1/B. The first three iterates of S are shown in the bottom
row of Figure 4. From Figure 4 we see that for all 1 <8 < B2, v(I5 (2)) =0. Hence,
[,L(I;_ (2)) # v(I; (2)) and the maps T and S cannot be isomorphic.
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1 . 1 1 1
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1
0 1] 0 11 0 1 0
B B
: R \
| | |
| | |
. ! . ! 1
; . L L
0 LI 0 1] LI
B B B
(a) T above, S (b) T2 above, S2 (c)T3for B <y (d)T3for B>y
below below above, S3 below

FIGURE 4. The first three iterates of 7 and S for some 1 < 8 < /32. The grey areas in (c) and (d) indicate the
sets I3 2).
3

1 - 1 _

;

/v : / 5 6 S 6

il 6 |- : 7
T 7 ’ /

0 LI 1 0 LI
B B
@73 < Tl O T3 =TI © T3> Tl

- 1 6
5 5 : AN
471 7 \ 1 7
3 4 [ 4
1 1 0
(d)S3for B <n (e)S3for B=n (f)y S3for B>n

FIGURE 5. The transformations 73 and §3 for B2 < B < B3. The numbers to the right of the graphs give the
values of the functions Iﬁ;— and 5 on the corresponding intervals. The grey areas indicate the intervals where

points have three or six preimages for T3,

4.2. B between the golden ratio and the tribonacci number. If By < f < B3, then
Tl=B—-1>1/8,T*1 <1/Band T?1 < T>1 < 1. This allows us to calculate the range
of Y, forn =1, 2, 3. For §, Lemma 3.1 implies that S1 =2 — 8 < x, and x; < S21 < xy.
To accurately describe the first three iterates of S, we have to know if $?1 =1 —28 + g% >
1/ or not. Therefore, let i denote the real root of the polynomial x*> — 2x? 4+ x — 1. Then
S?1 < 1/Bif B < B <nand §?1 > 1/Bif n < B < B3. This allows us to calculate ¥, (x)
forn=1, 2,3 and all x € [0, 1]. In Figure 5 we show the graphs of T3 and S3. There we
see that for all B, < B < B3, M(I3+(3)) > 0 and ,u(13+ (6)) > 0. These are the grey areas in
the top line of Figure 5. On the other hand, for S3 we have v(l; (6)) =0if B <n (see
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Figure 5(d) and (e)) and v(I; (3)) =0 if B > n (see Figure 5(¢) and (f)). Hence, T and §
cannot be isomorphic for these fs.

4.3. Between B,_1 and B,. To prove that T and S cannot be isomorphic if 8,_1 < 8 <
B, we follow the approach from the previous section. We will look at the ranges of ¥,
and v, and therefore we study 7" and S”. We begin with 7.

4.3.1. The positive B-transformation between B,_1 and B,. For B,_1 < B < Bu,n >4,
we know that

1
O<T"_11<E<T"_21<T”_31<~~-<T1<1 (5)

and T"~'1 < T"1 < 1. We are interested in the range of ;5. To determine this exactly,
we will take a closer look at the images of the (open) intervals of monotonicity of the
iterates of 7' and we will assign a type to each of them. The map T has two intervals of
monotonicity: (0, 1/8) and (1/8, 1). The images of these intervals are (0, 1) and (0, T'1),
hence there are two different types of images and both types occur exactly once for 7. We
call an interval of monotonicity with image (0, 1) type 0 and the one with image (0, T'1)
type 1. This gives that

ifxe©, T C 1),

2
+ _
Y= {1 if x € (T1, 1) C I (1),

Since we are only interested in the u-measure of sets, it is enough to consider open intervals
here. T2 has four intervals of monotonicity, but only three different types:

(0 i)withTz(O i)—(0 ) (1 i+i) wimTZ(l 1+i)—(0 h
e ) =0 TR g g p)”0

(1 1) 'thT2<1 1) 0, T1) (1+ : 1) 'thT2<1+ ! 1) 0, T?1)

— o | Wi —, 7| =0T, |-+ 1])wi —+ =, 1]=(0, :
B* B B> B B B B B

There are two of type 0, one type 1 and one new type, (0, T21), which we call type 2.

Moreover, we see that a type 0 interval splits into a type 0 and a type 1 for the next iteration
and a type 1 interval splits in a type 0 and a type 2. This gives

4 ifxe(0,T*1) C I (@),
v (x)=143 ifxe(T*1,T) CLf3),
2 ifxe(T1, 1) C ().

Going one step further, we see that for 7' the type 2 interval splits into a type 0 interval and
a type 3 interval with image (0, T731). Since 1/8 < T" 21 <T" 31 <--- < T1 < 1 this
pattern continues up to 7"~ and we can recursively determine the numbers with which
each of the types of intervals occur for 7"~!. Let « j(m) denote the number of type j
intervals that 7" has. We have the following lemma.

LEMMA4.1. Forall n>4, 1<m<n—1and 0<j<m—1, k;j(m)=2""'"J and
km(m) = 1. For all other values of j, k;(m) = 0. Moreover, ko(n) = 21 1 kp(n) =1
and, for1 < j <n —1, kj(n) =n—1=j,
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FIGURE 6. The images of the different types of intervals of monotonicity of 7. We need to add the numbers
« j (n) for the right j to determine w;f.

Proof. Fix some n > 4. First note that for 1 <m <n — 1, T™ can only have intervals of
type 0, 1, ..., m, which proves the middle part of the lemma. We prove the first statement
by induction on m. We have already proved the statement for m = 1, 2. Now suppose
that the statement is true for some m < n — 1. Each type j interval, 0 < j <m, has image
(0, T71) under T™. Hence, by (5) each type j interval splits into a type O interval and a
type (j + 1) interval for 7"*1. Thus,

m m—1
kom+1) =3 kjmy=1+) 2/ =2".
=0 j=0

Moreover, kj(m + 1) =« j_1(m) for all 1 < j <m and the first statement of the lemma is
proved.

For the last part, first note that 7"~!1 < 1/8 implies that the type n — 1 interval of 77!
does not split into two intervals of monotonicity for 7". Hence, the type n — 1 interval only
produces a type n interval for 7". This implies that

n—2 n—2 )
Ko(n) = ij(n 1= Z 2/ =1,
j=0 j=0

Forall 1 < j <n we still have kj(n) = kj—1(n — 1), which gives the lemma. O

The points Tk1 partition the interval [0, 1] into intervals on which Ip,;“ is constant. By
adding the appropriate numbers k; (n) we get the values of v/, . Note that ¥, is a monotone
decreasing function on [0, 1). The next lemma gives some information about the range of

v

LEMMA 4.2. Letn > 4. Then y, (x) is even for T" 'l <x <T"1 and V,F(x) is odd for
x € (0, T" ') u (T, 1).

Proof Let 1 <m <n — 1 be such that 71 < T"1 < T™~'1. In Figure 6 we can see
which numbers «; (n) we need to add in order to get the values 1//2‘ can take on each interval.
Forall 1 < j <m — 1 on the interval (771, T/=11) we have ¥,/ (x) = Z{;l ki (n). Also,
VU (x) = Z;":_Ol ki (n) on the interval (7”1, T"~11). The last part of Lemma 4.1 implies
that these numbers are odd. Furthermore, ¥} (x) = Z:'n:_ol ki(n)+1 on (T™1,T"1),
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which is even, and for m+1<j<n—1 we have the even value 1/fﬁ‘_(x) =
2{;& ki(n)+1 on (T/1, T/=1). On (0, T"') we have ¥} (x) =" (ki(n)=
2" — 1, which is odd. O

Remark 4.1.

(i) By Lemma 4.2 we know a few values of v, explicitly. For example, ¥} (x) =
2" — 1 on (0, T"_ll), which is also the maximum of w,j'. Since T" 11 < T"1 we
also know that ¥,7 (x) =2" —2 on (T"'1, min{7T"21, T"1}). The minimum of
¥+ is attained on the interval (max{T'1, T"1}, 1) and here y,;" (x) = 2"~! — 1. Since
the exact position of 7”1 is unknown, we cannot say more.

(i) Lemma 4.2 also implies that all the odd values in the range of ¥, other than the
maximum are smaller than the even values.

4.3.2. The negative B-transformation between B,—1 and B,,. For the map S the situation
is more complicated. Let n > 4. We will describe the structure of the images of the
intervals of monotonicity of the iterates of S, just as we did for T'. Recall that Figure 3 gives
the relative positions of the points S¥1. Note that the point $” 1 can be either to the left
or to the right of 1/8. This means that for all 8,1 < 8 < B, the maps Sk 1<k<n-—1,
have the same structure and the map S” can behave in two different ways, according to
where the point $”!1 lies relative to 1/p.

Consider the maps S¥, 1 <k <n — 1. As before, we assign a type to each of the (open)
intervals of monotonicity of S* according to the shape of their images under S*. We are
interested in determining the numbers of intervals of each type. For S, we have two types,
S0, 1/8)=(0,1) and S(1/8, 1) = (S1, 1), and both occur once. We call the one with
image (0, 1) type 0 and the other one type 1. Then,

2 ifxe(S1,1)Cl(2),
1 ifxe (0, S ci (D).
Again we are not bothered with the endpoints of the intervals, since we are only interested
in the measures of the sets. For S the intervals of monotonicity are (0, 1/8 — 1/8%),

(1/8—1/8%1/B), (1/8,2/B —1/p%) and (2/B — 1/, 1). Then

S2<0 1—i>—52<1 %—i>—(51 1)
Bopr) T\ pr) T

52<1 ! 1)—(0 1) 52<2 11)—(0 $%1)
s g p) O ST )=OSD

So, the type 0 interval for S splits into a type 0 and a type 1 interval for S? and the type
1 interval for S splits into a type 1 interval and an interval with image (0, $?1), which we
call type 2 for S2. Hence, for S*> we have one type 0, two type 1s and one type 2. This
gives

wf(x)={

4 ifxe(S1, S’ C I, (),
Yy (x) =13 ifxe(S?1, D)y (3),
2 ifxe (0, S Cl (2.
For S3 we only have to determine how the type 2 interval splits. Since S?1 > x; > 1/8,
the interval becomes a type 0 interval and a type 3 interval with image (S31, 1). If n > 5,
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FIGURE 7. The subdivisions of the interval types for sn=l Bn—1 < B < By and n even. The numbers in the
nodes are the interval types. For odd values of n, the arrow starting from the node labelled n» — 2 would end at
node 1 instead of 0.

then S31 < x; < 1/B and the type 3 interval splits into a type 1 and a type 4 for S*. We
can continue in this manner up to $"~!; see Figure 7.

We can now inductively determine the number of intervals of monotonicity of each type
for $”~! and then also for S”. Let ¢ j(m) denote the number of intervals of type j that §™
has. Hence, we know that (g(1) =¢;(1) = 1 and (¢(2) = 12(2) = 1 and ¢; (2) = 2.

LEMMA 4.3. Foralln >4 and3 <m<n—1,
om) =2""2, Lu_1(m) =2, uy(m) =1,
andforalll§j§m—2,tj(m)=3'2m_2_j.
Proof. Fixn > 4. Note that forall3 <m <n — 1,
wmy= Y m=1, um=wm-D+ Y  m=1, (6

0<j<m-—1: 0<j<m-—1:
Jj even j odd

tjim) =tj1(m—1), 2=<j=<m. (7
We prove the lemma by induction. By (6) and (7) we have for m = 3 that (9(3) = 12(3) =2,
1t1(3)=3and 3(3) = 1.
Now, suppose that the lemma is true for some odd 3 <m <n — 2. Then, for m + 1 the
induction hypothesis gives

m—2

om+1)= Y jm=2""7+43.2"F 4. . 43.242=)" 2 41=2"".
0<j<m: i=0
J even
Also,
nm+ D =wm+ Y ym=2""2414 Y 3.2
0<j<m: 0<i<m—3:
j odd i even

— szl + 2m72 =3. 2m72'

For 2 < j <m + 1 the result follows from the fact that ¢;(m + 1) = ¢;_1(m).
If m is even, then

L()(m+1)22’"_2+3.2m_4+...+3+1

and
Hm4+1)=2""243.2"343.2m5 4 ... 43.242,

The rest of the proof is exactly the same. O
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FIGURE 8. The images of the different types of intervals of monotonicity of $”. We need to add the numbers
¢j (n) for the right j to determine v, . The (1), (3), (1*) and (3*) indicate the different cases from Lemma 4.4.

As for T, we are interested in ;. Therefore, we also need to know ¢;(n) for all
0 < j < n. These values depend on the position of $”~!1; see Figure 8.

LEMMA 4.4. Let n > 4 be an even number.

1) If "' < 1/B, then 1o(n) =2""2, 1,_1(n) =2, 1,(n) =1 and, for all 1 < j <
n—21n)=3- 21=2=J  Moreover, the type n interval has image (0, S"1) under
S™.

Q) If S*'1=1/B, then 1o(n) =2""2, 1t,_1(n) =2, 1,(n) =0 and, for all 1 < j <
n—21;(n)=3- =2,

3) If " M1 >1/B, then 19(n) =2""2 1;(n)=3-2"3—1, ,,_1(W) =2, 1,(n) =1
and, forall 2 < j<n—2, 1j(n)=3- 2"=27J. Moreover, the type n interval has
image (S1, S"1) under S".

Now let n > 4 be odd.

(%) IfS" 1 < 1/B, then 19(n) =2""2 — 1, t_1(n) =2, 1,(n) = 1 and, forall 1 < j <
n—21n)=3- 2"=2=J Moreover, the type n interval has image (S"1, 1) under
S".

Q%) If S*"'1=1/B, then 1o(n) = 2"=2 1, 1(n) =2, 1,,(n) =0 and, forall 1 <j<
n—21(n)=3-2""27J,
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(3*) If "7 '1 > 1/B, then 10(n) =2""2, 1,_1(n) =2, 1,(n) =1 and, for all 1 < j <
n—21jn)=3- 2"=2=J_ Moreover, the type n interval has image (S"1, 1) under
S".

Proof. By Lemma 4.3 we know that (g(n — 1) = n=3, lh—o(n—1)=2,1,1(n—1)=1
and, forall 1 <j<m—-2,(i(n—-1)=3- 27=3=J  First assume that n is even. Recall
that the image of the type n — 1 interval under $"~! is (§"~'1, 1). We treat each case
separately.

(1)  Suppose that S"~!'1 < 1/B. Then the type n — 1 interval splits into an interval with
image (S1, 1), i.e., a type 1 interval, and a type n interval with image (0, $” 1) under
S". Hence, the recursions (6) and (7) still hold and this gives the result in this case.

(2) If "7 '1=1/B, then S(S"~'1, 1) = (S1, 1). Hence, there is no type n interval for
S”, but (6) and (7) still hold for the other types. This gives the lemma for (2).

(3)  Suppose that $”~!'1 > 1/8. Then S(S"~'1, 1) = (S1, §*1). Thus, the type n — 1
interval does not split and becomes a type n interval for S”. This implies that there is
one type 1 interval less than there would be according to (6). This gives the lemma
in the even case.

Now, let n be odd and recall that the image of the type n — 1 interval under S"! is

0, s*~11).

(1*%) Suppose that $”~!'1 < 1/8. Then S(0, S"~'1) = (5"1, 1). Thus, the type n — 1
interval does not split and becomes a type n interval for S”. Therefore, there is one
type O interval fewer than there would be according to (6). For all other values of j,
(6) and (7) still hold.

(2*%) If $"'1=1/B, then S0, S"~'1) = (0, 1). Hence, there is no type n interval for
S", but (6) and (7) still hold for the other types. This gives the lemma for (2%).

(3*) Suppose that S”~'1 > 1/B. Then the type n — 1 interval splits into a type O interval
and a type n interval with image (S"1, 1) under S”. Hence, the recursions (6) and
(7) still hold and this gives the lemma. O

With this information we are in a position to prove the next theorem.

THEOREM 4.1. For n > 2, let B, be the nth multinacci number, i.e., the Pisot number

with minimal polynomial x" — x"~' — ... —x — 1. Fix n and let By_1 < B < Bn. Then
the positive B-transformation T and the negative -transformation S are not measurably
isomorphic.

Proof. For the proof of this theorem we calculate some values in the range of v, and
compare them to the information about ¥, obtained in Lemma 4.2 and Remark 4.1. Our
goal is to show that in all cases ¥, takes a value that does not occur for v, or vice versa.
Just as for T, the points S¥1 determine a partition of the interval (0, 1) into intervals on
which ¥, is constant. To determine the values of v, we need to add the numbers ¢ ; () for
the right j. For even n the function , takes its maximum on the interval (8711, §7721)
and for odd n the maximum is attained on the interval (S”_2 1, §71 1); see Figure 8.

First, let n be an even number. We treat the three cases (1)-(3) from Lemma 4.4
separately.
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(1) IfS$"'1<1/B,then0< §"1 < x;. For x € (§"~11, §"21),

n—1 n—3
Yy @)=Y i) =2"242+) 3.2
j=0 i=0
n—3
=2"7 424> @M +2)=2"—1.
i=0

Hence, according to Remark 4.1(i), the maxima of w,f and 1, are equal. For x €
(max{S"1, $"=31}, $"~'1), we have Y, (x)=2"—1—1,_1(n) =2" —3. Note
that 2" — 3 is an odd number smaller than the maximum of ¥,7. On the other hand,
on (0, min{S"1, S1}),

Y (x) = Z L) =2""2 41+ Z 3.2"70

0<j<n: 0<j<n—4:
Jj even j even

— 21172_,[_ 1 +2n72 _ l =2}’l71'

Recall that by Remark 4.1(ii), all the odd values in the range of ¥, other than the
maximum must be smaller than the even values. Since 2"~! is an even number
and 2"~ < 2" — 3, either w(IF@2" —3))=0 or ,u(InJF(Z”’l)) =0. On the other
hand, v(1,” (2"~ 1)) > 0 and v(I, (2" —3)) > 0. This implies that 7 and S cannot be
isomorphic transformations.

(2) If 711 =1/p, the maximal value of Y, can be calculated just as for (1) and is
equal to 2" — 1. Then

Y () =2 —1— 1, 1 (n)=2" =3 ifxe ("1, 8",
Yy (1) =2" =1 =1, 0(n) =2" -4 ifxe (S, 5",

and 1, (x) < 2" — 4 for all other x € [0, 1]. This means that ¥, does not take the
value 2" — 2, i.e., v(I (2" — 2)) = 0. By Remark 4.1(i), we know that p(I,7 (2" —
2)) > 0, showing that 7" and S cannot be isomorphic in this case.
(3) 511> 1/B, then $"21 < §"1 < 1. For x € (§"~11, §"~21),
n—4
Um0 =2"243.203 14y 3.0 4241 =20 - 1,
i=0
Since $"721 < $"1,
Y () =2" =1 —t,1(n)=2" -3 ifxe($" 31, 8",
Yo(x) =2"— 1 — 1, 2(n) =2"—4 ifx € (§"721, min{S"1, §"7*1}),

and ¥, (x) <2" — 4 for all other x € [0, 1]. Again ¥, does not take the value
2" — 2 and thus by Remark 4.1(i) T and S cannot be isomorphic. This finishes
the proof for even n.

For odd n the proof goes more or less along the same lines. Recall Figure 3(b) and
recall that the function v, takes its maximum on the interval (§"21, §"~'1). Similar to
the foregoing, it can be shown that also for odd n this maximum is equal to 2" — 1 in all
cases. We will use Lemma 4.4 to determine other values of v, as above and therefore we
treat the three cases (1*)—(3*) separately.
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(1*) Suppose that S”~'1 < 1/8. Then 0 < §"1 < §"~21, which implies that

Yy (1) =2" =1 =1, () =2" =3 ifxe ("1, 571,
YU (x) =2" =1 —1,2(n) =2" —4 if x € (max{S"1, $"*1}, §"~21),

and ¥, (x) <2" — 4 for all other x € [0, 1]. This means that v, does not take the
value 2" — 2, i.e., v(I, (2" — 2)) = 0. By Remark 4.1(i), we know that (5 (2" —
2)) > 0, showing that 7" and S cannot be isomorphic in this case.

(2*%) If §"~11=1/B, then

Yo()=2"—1—1,1(n)=2"—3 ifxe(S"'1, 573D,
Y (x)=2" —1—1, 2(n) =2" —4 ifxe($"*1, §"21),

and ¥, (x) <2" —4 for all other x € [0, 1]. Again ¥, does not take the value
2" — 2 and thus by Remark 4.1(i) T and S cannot be isomorphic.

(3* If N P 1/8, then x; < §"1 < 1. According to Remark 4.1, the maxima of
¥t and v, are equal. For x € (S"~'1, min{$"1, $"31}), we have ¥, (x) =
2" — 1 —1,_1(n) = 2" — 3, which is an odd number smaller than the maximum of
¥+, On the other hand, on (max{S"1, §?1}, 1),

Yy @ =wm) + Y ) =2"" 432" 34 1=
O0<j<nm:
j odd
which is an even number and smaller than 2" — 3. By Remark 4.1(ii), either
w(IF@2"242""1) =0 or u(I;F(2" —3)) =0, while v(I;7(2"242""1)) >0
and v(/, (2" —3))>0. This implies that 7 and S cannot be isomorphic
transformations. O

Remark 4.2. Note that the previous theorem gives an illustration of the well-known fact
that two one-sided Markov shifts on a finite alphabet with the same topological entropy
do not necessarily have to be isomorphic. For all Pisot numbers § the maps T and S are
isomorphic to a one-sided finite alphabet Markov shift with topological entropy equal to
h, (T) =log B. Since the set of Pisot numbers between 1 and 2 has infinitely many limit
points, there are many Pisot numbers in this interval for which the maps 7 and S are not
isomorphic. Hence, the same holds for the associated Markov shifts.

Remark 4.3. One can still wonder how different the dynamics of positive-slope and
negative-slope piecewise linear maps really is. For example, if 1 < <2 is not a
multinacci number, does there exist any piecewise linear map with constant slope S that
is isomorphic to the map S? If the map S is a piecewise linear Markov map for the g in
question, then one can always construct an isomorphic piecewise linear map with constant
slope B based on the Markov partition and the corresponding (0, 1)-matrix. But what if S
is not a piecewise linear Markov map?

Remark 4.4. Theorems 3.1 and 4.1 will most likely extend to S-transformations with
more than two digits, i.e., with 8> 2. We then define Tgx = Bx — |Bx] and Sgx =
1 + [Bx] — Bx. The two maps T and Sg are probably isomorphic if and only if B is an
integer or a ‘generalized multinacci number’. The generalized multinacci numbers are the
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numbers satisfying 1 = |B]/8 +---+ |B]/B" + j/B"! with j€{0,1,...,[B]} and
n > 1. For 1 < B8 < 2 this leaves only the multinacci numbers.
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