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Abstract. We prove the existence and uniqueness of equilibrium states for a family of
partially hyperbolic systems, with respect to Holder continuous potentials with small
variation. The family comes from the projection, on the center-unstable direction, of a
family of partially hyperbolic horseshoes introduced by Diaz et al [Destroying horseshoes
via heterodimensional cycles: generating bifurcations inside homoclinic classes. Ergod.
Th. & Dynam. Sys. 29 (2009), 433-474]. For the original three-dimensional system we
consider potentials with small variation, constant on local stable manifolds, obtaining
existence and uniqueness of equilibrium states.
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1. Introduction
The thermodynamic formalism, inspired by statistical mechanics, is a part of ergodic
theory that studies the behavior of invariant measures with regular Jacobians, called
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equilibrium states. We formally define an equilibrium state with respect to a potential as
follows.

Definition 1.1. Consider a continuous map G : A — A on a compact metric space A. We
say that a G-invariant probability measure u is an equilibrium state for G with respect to
a potential ¢ : A — R if it satisfies

hM(G)+/¢du:sup{hn(G)+/¢dn},
U]

where the supremum is taken over all G-invariant probability measures.

The theory was introduced by Sinai in the 1970s, and since then it has been studied
extensively by many authors who have made great advances in the area. In [24],
Sinai initiated the study of equilibrium states for Anosov diffeomorphisms, which was
completed by Bowen and Ruelle (see [5, 20, 21]). Sinai, Ruelle and Bowen considered a
system consisting of a uniformly expanding map and a Holder continuous potential. For
that system they proved that it has a unique equilibrium state. Their strategy was to use a
finite Markov partition to build a conjugacy with a Markov shift of finite type. With some
adjustments, the proof extends to the case of uniformly hyperbolic maps.

In the context of non-uniformly hyperbolic maps (in dimension greater than one), we
mention the important contributions made by Sarig (see [22, 23]), Buzzi and Sarig [8],
who studied the existence and uniqueness of Gibbs measures and equilibrium states
for countable Markov shifts, Buzzi er al [7], who studied piecewise expanding maps,
and Oliveira and Viana [17] and Varandas and Viana [25], who studied non-uniformly
expanding maps.

Among those contributions, [17] is the most closely related to the present work.
There the authors proved the existence and uniqueness of equilibrium states for a
family of non-uniformly expanding maps associated with a class of Holder continuous
potentials with small variation. In their work, they considered finite and non-generating
Markov partitions. Some rectangles are uniformly expanding and others could have some
contractive behavior. They used the notion of hyperbolic times introduced by Alves et al
in [2] to construct special Gibbs-type measures.

Later, Leplaideur ef al [15] studied the existence and properties of equilibrium states,
for a family of partially hyperbolic horseshoes introduced by Diaz et al in [12]. The
three-dimensional horseshoes are simultaneously at the boundary of the set of uniformly
hyperbolic systems and the set of persistently non-hyperbolic ones. In [15], the authors
studied the ergodic measures with support in the limit set, showing that there is a spectral
gap on the set of central Lyapunov exponents. As a consequence, there is a phase transition
for the potential ¢ - log | J¢|, where J€ is the (smooth) Jacobian of the system restricted to
the (one dimensional) central direction and ¢ > 0. In fact, for a special value 7, there are
two mutually singular equilibrium states. For ¢ > f, the equilibrium state is unique, and it
is a Dirac measure. They proved the existence of equilibrium states for every ¢ (for every
continuous potential, in fact), but the question of uniqueness for 0 < ¢ < ¢y was left open.
In [11], the authors explored geometric and ergodic properties of a class of horseshoes
with similar dynamical properties.
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Still in the context of the partially hyperbolic horseshoes introduced in [12], Arbieto
and Prudente [3] proved that, for Holder continuous potentials depending only on the
unstable direction (thus constant on the center-stable one), the associated equilibrium
state is unique. This includes constant potentials (proving the uniqueness of measures of
maximal entropy), but not the family studied in [15].

Here we consider the same family of three-dimensional horseshoes, taking the inverse
map. We start by defining a two-dimensional abstract map, obtained by projecting the
system on two center-unstable leaves (center-stable leaves for the original map). We prove
the existence and uniqueness of equilibrium states associated with Holder continuous
potentials with small variation, where by small we mean smaller than a fixed constant
explicitly given. This part is strongly inspired by the work of Oliveira and Viana [17], but
there are many extra difficulties to circumvent in our case: the degree of the map is not
constant, and the number of expanding rectangles of the Markov partition is too small.

Back to the three-dimensional problem, we address the question of uniqueness of
equilibrium states for a special class of Holder continuous potentials that depend only
on the center-stable direction (complementing the direction considered in [3]), and whose
variation has the same bound as before. This class includes the family studied in [15],
which was the motivation of this work, for small values of the parameter ¢.

The results in this paper are stated in the opposite order of their proofs. The first result,
Theorem A, concerns the three-dimensional problem, and, in general terms, is as follows.

THEOREM A. Let F be the partially hyperbolic horseshoe studied in [15], and let ¢ be a
Holder continuous potential with small variation, supported on the horseshoe. Assume
that ¢ does not vary on the 1/2-local unstable manifolds. Then there exists a unique
equilibrium state for the system F with respect to the potential ¢.

Consider a two-dimensional map G defined as the projection of the partially hyperbolic
horseshoe F~! on two center-unstable leaves, crossing the horseshoe at the top and bottom
components (a precise definition will be given later). The next result is central to the entire
work, and can be roughly stated as follows.

THEOREM B. Let ¢ be a Holder continuous potential with small variation, defined on the
non-wandering set of G. Then there exists a unique equilibrium state for the system G with
respect to ¢.

In order to prove Theorem B we study the associated Ruelle—Perron—Frobenius operator
Ly and its dual E;‘). Theorem C states properties of these operators. It has an intrinsic
interest, and it will also be used in the proof of Theorem B.

THEOREM C. Let A be the spectral radius of the transfer operator Ly. There exists a
probability measure v and a positive function h satisfying
Lyv=2rv and Lyh=2rh.
See §2 for precise statements of Theorems A, B and C.
This paper is organized as follows. In §2, we introduce the family F = F) , of

horseshoes constructed in the paper [12] and the projected maps G = G, . We also state
the main results of our work in a precise way.
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FIGURE 1. Function f.

In §3 we prove Theorem C. We establish the existence of a reference measure and
prove the abundance of hyperbolic times for almost every point with respect to it. We
find an eigenfunction for the transfer operator and state some of its properties. In §4 we
prove the existence and uniqueness of the equilibrium state, which is a non-lacunary Gibbs
measure. Finally, in §5, we prove Theorem A. We use the equilibrium state for the map G
to construct an equilibrium state supported on the three-dimensional horseshoe, and prove
the uniqueness.

2. Definitions and main results
We now describe a family of three-dimensional horseshoes introduced by Diaz et al in [12].
Consider R = [0, 1] x [0, 1] x [0, 1] C R3 and let

Ro=10,11x[0,1]1x[0,1/6] and R; =10, 1] x [0, 1] x [5/6, 1].
Define
F()(.x, va) ::F|R0(xv y1 Z):(p'x7 f(y)7 /32),

where 0 <p <1/3, B>6 and f(y)=1/(1 —(1 —1/y)e"!). See the graph of the
function f in Figure 1.
We also define

Fi(x,y, ) =F3 (v, y,2) = (3 —px, a1 = y), iz = ),
where 0 <o < 1/3 and 3 < 81 < 4.
Then, for X € R, we have

Fo(X) if X € Ry,

Fi(X) ifXeR,. )

F(X) = {

Points X € R outside RoU R; will be mapped injectively outside R. Note that F
depends on the parameters p, 8, 1 and 0.

Figure 2 depicts the construction of the map F as a horseshoe map. In [12], Diaz
et al showed that for fixed parameters satisfying the condition above, the non-wandering
set for F is partially hyperbolic, with one-dimensional central direction, parallel to the
y-axis. The vertical direction is expanding and the horizontal direction, parallel to the
x-axis is contracting. The y-axis direction has both behaviors.

Remark 2.1. Note that the definition of F does not depend on the z coordinate, both in
Rp and R;. This implies that the Jacobian of F restricted to the central direction (parallel
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FIGURE 2. The map F.

to the y-axis) does not depend on the z-coordinate in these regions, being constant on the
1/2-1ocal strong unstable manifolds.

We are now able to establish the first main result. Let @ = (1 4 +/5) /2.

THEOREM A. Let F:RyUR| — R be the three-dimensional partially hyperbolic
horseshoe defined as above. Let ¢ : Ro U R — R be a Hélder continuous potential with
sup ¢ — inf ¢ < (log w)/2. Assume that ¢ does not depend on the z-coordinate in each set
Ro and Ry. Then there exists a unique equilibrium state for the system F with respect to
the potential ¢.

Now we define the map G, which is related to the projection of F~! in two center-stable
planes (see §5). We consider an abstract space consisting of three rectangles Ry, R, and
R3 defined as follows:

R =10, p] x [0, 1] x {0},
Ry =[3/4—p,3/4]1 x [0, o] x {0},
R3 =10, p] x [2, 3] x {5/6}.

The rectangles are inside two planes called Py and P as in Figure 3. Compare with
Figure 5. Let go:[0, 1] —> R, go(y) = f_l(y) and let g :[0, 1] > R be defined by
g1(y) =1 —o~1y. See their graphs in Figure 4.

Let @ = p~'. We define a map G : U?:l R; — Py U Pj by its restrictions G; to each
rectangle R; as follows:

Gi(x, y, z2) = (ax, go(y), 0),
GQ()C, Y, Z) = (C((3/4 - -x)? 81()’), 5/6)7
G3(x, y, z) = (ax, go(y), 0).
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R,

FIGURE 3. Rectangles R{, Ry and R3.

0 o 1

FIGURE 4. Functions gg and g7.

Py

FIGURE 5. Horizontal planes.

The behavior of the map G is similar on R; and Rs3. In these rectangles, the vertical
direction is expanding. In the horizontal direction G sends the points from the right side to
the left, except for the extreme points whose x coordinates are fixed. In the rectangle R,
both directions are expanding.

We consider A the maximal invariant set of the union of the rectangles:

A= G‘"(CJ R,~>,

neN i=1

and from now on we call G the restriction G|p : A — A.
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FIGURE 7. Third generation.

Let A be the matrix
1 10
A=|0 0 1],
1 10
and consider X4 the finite-type subshift with transition matrix A:
Za=1{0= (006102 --) € {1.2,3)" | Agq,, = 1).

According to this, the following transitions are allowed:

1—-1,2
2—->3
3—>1,2.

A sequence in X4 will be called admissible. Finite sequences respecting the transition
rules will be called admissible words.

The map G is semi-conjugated to the shift o on X 4. This result is an adaptation of a
result in [12] (see Lemma 5.2 therein).

Note that the points belonging to the rectangles 1 and 2 have two pre-images, while
points in the rectangle 3 have just one pre-image.

In Figures 6 and 7, the steps in the generation of the set A are depicted. Note that A
is not a Cantor set: it contains infinitely many line segments. We point out that G is not
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conjugated to the shift o. The entire segment [0, 1] is associated to a unique sequence on
Y 4: the constant sequence (- -- 1, 1, 1--+).
The topological entropy of the subshift o is given by

1+\/§>
=log w.

htop (0)= lOg( )

By the semiconjugacy we have hy,(G) > log w. We are ready to state the next main result
of this paper.

THEOREM B. Let G: A — A be as above and let ¢ : A — R be a Holder continuous
potential satisfying sup ¢ — inf ¢ < (log w)/2. Then there exists a unique equilibrium state
for the system G with respect to the potential ¢.

We point out that our class of potentials includes the zero potential, constant potentials,
and - |0G/dy]||, for small values of ¢ > 0, related to the potential J¢ studied in [15]. In
particular, for # = 0 we have a unique measure of maximal entropy, both for F" and for G.
For F, this result was obtained before in [3]. There the authors consider potentials that are
invariant on center-stable leaves, and this class contains the constant potentials.

2.1.  Ruelle—Perron—Frobenius operator. Let C(A) be the set of real continuous
functions on A. For a Holder continuous potential ¢ we define a transfer operator
Ly :C(A) — C(A), called the Ruelle—Perron—Frobenius operator, which associates to
each ¢ € C(A) a function Ly () : A — R by

Lov(x)= > Oy). )

yeG~1(x)

For each n € N we consider the Birkhoff sum S,¢(x) = Z;f;(l) ¢ (G/(x)). Note that,
iterating the operator, we obtain, for each n € N,

Lopn= Y eVy(). (3)

yeG™"(x)

We also consider the dual operator of Ly, ,C;; : M(A) - M(A), that satisfies

/wﬁi;,n =/c¢<w>dn,

for every ¥ € C(A) and every n € M(A). Now we can establish the third main theorem
of this paper. Consider ¢ as in the statement of the Theorem B.

THEOREM C. Let A be the spectral radius of the transfer operator Ly. There exist a
probability measure v € M(A) and a positive function h : A — R which satisfy

E;’;)v =Av and Lyh=Ah.
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3. Proof of Theorem C

We consider K = {f € C(A) | f > 0} the cone of continuous non-negative functions on
A. Then K is a normal cone which gives a partial order on C(A). Since Ly is a positive
and bounded operator, we get the following result from Mazur’s theorem (see [13]).

PROPOSITION 3.1. If A is the spectral radius of Ly, then there exists a probability measure
v satisfying
Lgv = .

Thus, Proposition 3.1 gives the existence of an eigenmeasure of the dual of the transfer
operator, proving the first part of Theorem C. To prove the second part, the strategy
will be to construct a sequence of functions that has an accumulation point which is an
eigenfunction for the transfer operator.

First we establish a lower bound on the eigenvalue of E;’;.

LEMMA 3.1. The spectral radius of Ly, r(Ly) = A, satisfies

A > enfetloge pore o = ! +2ﬁ.

Proof. By definition A = V(£¢,) = lim sup ||£:;) I I/n Therefore,
||[,gl(x)|| = Z S0 > #G " (x)} - " inf ¢
yeG"(x)
Then, we have
A> lim Sup[#{G_"(x)} el inf¢]1/n — ginfq)elogw — einfq)—i—logw

since lim sup,,_, o, (1/n) log #{G™"(x)} = log w. O

To overcome the lack of hyperbolicity, we introduce the next definitions, which are key
tools for the estimates to be done.

3.1.  Hyperbolic times and hyperbolic cylinders.  The concept of hyperbolic time, which
was introduced by Alves in [1] and extensively studied in [2] by Alves et al is defined as
follows.

Definition 3.1. We say that n € N is a (G,c)-hyperbolic time for x € A, for some ¢ > 0 if

n—1
[TIPGG e~ I =P, 0<k<n—1.
j=k

Remark 3.1. A useful property of hyperbolic times was given in [2]. Roughly, they proved
that if n is a hyperbolic time for x, there exists a neighborhood of the nth iterate of x for
which every inverse branch is exponentially contracting. Moreover, the radius € > 0 of the
neighborhood depends only on ¢ and on the map.
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For the precise statement and its proof, see [2].
Givenn € Nand n symbols a; € {1, 2, 3} we define the cylinder set of length n by

R™(ap, ..., an-1) ={x € A | x € Ryy, G(x) € Ry, ..., G" 1 (x) € Ry, ).

When there is no risk of confusion, we denote R" to refer to R"(ao, . . ., ay_1).

We say that a cylinder set R (ag, . . ., a,—1) is a hyperbolic cylinder if, for all x € R",
we have that n is a hyperbolic time for x. Our goal is to prove that the map G admits many
hyperbolic cylinders. Intuitively, points that visit more often the expanding region of the
system (the rectangle R») have better expansion rates.

For each y € (0, 1) and n > 1, let I(y, n) be the set of admissible words of length n
such that the proportion of symbols 1 and 3 is at least . More precisely, if the admissible
word (ag, ai, ..., an—1) € I(y, n), we have

#H0<j<n—-1]a;=1,3}>yn.

We can associate words in 7 (y, n) with cylinders sets that may fail to be hyperbolic. We
will study the exponential growth of the cardinality of the sets /(y, n). We can estimate
#1 (y, n) by counting the number of admissible words of length n with at most (1 — y)n
symbols 2.

By definition, to compose a word with k£ symbols 2 we have to follow the rules below:
e asymbol 2 is always followed by a 3;

e asymbol 3 is followed by 1 or 2;
e asymbol 1 is followed by 1 or 2.

This means that, once we have distributed the symbols 2, the other symbols, except
possibly for the first one, are already determined. Following these rules the number of
words of length n with k symbols 2 is less than or equal to 2(";"). The factor 2 comes
from the fact that if the first symbol in the word is not a 2, we have two choices: 1 or
3. The other term is the number of different ways of distributing the 2s (followed by 3s).
According to this we can estimate:

anm
#l(y.m< ) 2( B ) )

k=0
LEMMA 3.2. Foreachn €N, and 0 < k < n we have

k k
n—=k - e (" |
( k >— S22k - el/(12k+1) <k ) ’
Proof. In fact,

n—k\ -k mw-kh-k-1)---(n—k—(k+1))
k ) kln—2k) k!
k
L=
- k!
By Stirling’s formula, see [4], we have

k k
k! = ¢2nk<’f) M > vznk<’f> !/ (12k+1)
e e
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Then
(n — k) - (n — k)
k - M(k/e)kel/(ukﬂ)
_ ¢ . (” 1>k
V2rk - el/Q2k+D \ k ’
which finishes the proof of the lemma. O

LEMMA 3.3. For n large enough and 0 < o < (V2 - 1)/2 we have

n—k n—((k+1)
(k )<< K+ 1 ) forall k <[an].

Proof. In fact, we have that the inequality

(n—k)_ (n —k)! (n — (k+ D)!
k

TR =20 "+ DI — 2k + 1))!
_(n—(k+1)
o k+1

n—k-(k+1)
(n—26) - (n—2k — 1)

If we have n? — 4nk — n + 4k> + 2k > 0, then the previous inequality is equivalent to the
following:

holds, if and only if
< 1.

—5k* + (5n — 3)k + (—n* +2n) < 0.
Since this is always true, it is enough to obtain conditions for n>— 4nk — n + 4k> + 2k >
0. By taking k < [an] we get
n? — dkn > n? —dan® —n > 4a?n? + 2an > ak* + 2k,
where the first and the last inequalities always hold. To get the second inequality, it is

enough to prove that
nz(—4a — 40+ 1) — n(l —2a) > 0.

Taking 0 < & < (+/2 — 1)/2, the coefficient of n? is positive, and the inequality is true for
n large enough. O

Let 0 < < (+/2 — 1)/2 and consider &« = a(y) = 1 — . Then

n — [an]
#1(y, n) <2[an] < (an] > .
Applying Lemma 3.2 we obtain

eOtl’l n an
#1 <an- an !
(y,n) <an V2man - el/(12an+1) (om )

< on

eon 1—a\*]"
- . V2man - el/(12ant1) . |:( o ) ] .
Note that, if we make y — 1, we have @ — 0 and hence ((1 — «)/a)* converges to 1.
Then we can establish the following proposition.
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PROPOSITION 3.2. If B = (log w)/2, then there exists 0 < y < 1 which satisfies
#I1(y, n) < ePr for n large enough.

Proof. We consider

1 eon ]l —« on

f(a,n):= ;111(“”\/%&/“2"‘”“)( o ) >
_I(lna+Inn 1 In(27)
= ) 12an + 1 2

+o+aln(l —a)—alna.

Taking the limit in n we have

1—
h(a) ::nl_i)n;of(a,n):a—i—aln(l—a)—alna:a—i—aln( aO[).

Since limg_o h(a) =0 and h((~/2 —1)/2) > 0.48, there exists ag € (0, (v2 — 1)/2)
with k(o) = (log(w)) /4 since (log w)/4 < 0.3. We have that f(«, n) converges to h(o)
uniformly on any compact subset of ]0, 1[. Then, for n sufficiently large, |f(xg, n) —
h(ap)| < (log w) /4.

Thus, f(ag, n) < (logw)/2 and, therefore, there exists y = y(xg) satisfying the
lemma. O

We point out that if y satisfies

1 14
o171 (-) > 1, (5)
e

1 Y
o= (—) > e > 1, (6)

e

there is ¢ > 0 such that

for that it is enough to consider 0 < y < (log(o~1))/(log(c ! + 1)) .

3.2. Positive proportion of hyperbolic times. From now on we will fix ¢ > 0 as in
equation (6) and we will omit ¢ and G in the notation, calling (G, c¢)-hyperbolic time
simply a hyperbolic time.

In our setting we can prove that good admissible words are associated with cylinder sets
with positive proportion of hyperbolic times. For this, we use the well-known Pliss lemma
(see [19)).

PROPOSITION 3.3. There exists 0 > O such that for every n > 1 and every admissible word
(ag, ..., an—1) ¢ I(y, n) there are | > On and numbers 1 <n| < --- <n; <n such that
R"ilio, ..., in;—1]is hyperbolic forall j =1, ..., 1.

Proof. Giveni = 1,2, 3, consider b; = inf{log |[DG(x)~!||~! | x € R;}. Since we have in
each rectangle the following:

IDGx) | =0 ifxeRs,

IDG(x)"!|| < e ifxeR;orR;,
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1
logl - )=—-1 ifi=1,3,
b > g(‘f) o

log(c ™) ifi =2.
Defining a; =b;, where t=0,...,n—1, and since (io, ..., i,—1) belongs to the
complement of /(y, n), we have
n—1
ar+-+ap1 =Y by, =1 —ynloglc™")+yn(-1)
t=0
> dcn

we can estimate b; by

where the last inequality follows from the choice of ¢ (see equation (6)).

Let A =sup,,{log [IDG~'(x)|”'}. Then a, <A for every t=0,...,n— 1. We
consider ¢ =2c¢ and ¢y =4c and then by the Pliss lemma, there exist [ > 6n with
6 =2c/(A —2c) and [ integer numbers 1 <nj < --- <n; <n for which the following
inequality holds

ak + -+ an; >2c(nj—k) foral0<k=<n; -1, j=1,...,L
Therefore, for each x € R"/ we have
n_/-—l n_,-—l
log(l_[ ||DG(G’(x>1)||1) = Y log [DG(G' (x)™ I
i=k i=k
nj—l
> Z a; >2c(nj — k).
i=k
Thus, n; is a hyperbolic time for x. Since this holds for all x € R"/ and all j =1, ...,]
we prove the result. O

We will prove a type of distortion condition on Birkhoff sums of the potential ¢. In
the case of a system given by a hyperbolic map and a Holder continuous function, this
property holds for every cylinder, and is referred to as the Bowen property. In our setting,
we prove that it holds for hyperbolic cylinders.

PROPOSITION 3.4. There exists a constant Ko > 0 such that if x, y belong to a hyperbolic
cylinder R", the following holds:
1516 (x) = Sup (M| < K d(x, )° < Ko.

Proof. Assume ¢ is Holder continuous with constants (C, §). Then, given x, y € R",
a hyperbolic cylinder, we have

D oG () — (G ()

j=1

[Snp (x) = Spp (V)| =

<Y 16(G" T (x) = ¢(G ()

j=1

<CY dG"I (), G ().
j=1
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Since x and y belong to the same hyperbolic cylinder, by Remark 3.1 foreach 1 < j <n
we have
d(G" T (x), G" T () <e .

Then, there is a constant Ko > 0 which depends only on §, ¢ and C which satisfies
[Snd (x) = S (¥)| < Ko. O

3.3. Jacobians and conformal measures. In this section we define a Jacobian of a
probability measure. Then we derive some properties for a Jacobian of the reference
measure v obtained as an eigenmeasure for the transfer operator. This will allow us to prove
that the closure of the set of points that belong to infinitely many hyperbolic cylinders has
full measure with respect to v.

Definition 3.2. Let n be a probability measure on A. We say that a function J,G is a
Jacobian of n with respect to G if it satisfies

n(G(A)) = / JyG dn,
A
for all measurable sets A such that G| 4 is injective.

In other words, given the measure 1, G.n(B) = n(G(B)) for all measurable subsets
B e A.

The Radon-Nikodym theorem ensures that the Jacobian is essentially unique. Further,
it coincides with the Radon—-Nikodym derivative of the measure G.n with respect to 7,
JyG =dGyn/dn. We will get a useful property regarding the Jacobian with respect to an
iterate of G.

PROPOSITION 3.5. Ifthe Jacobian of i with respect to G, J,, G, exists, then for eachn € N
the map G" also has a Jacobian and it is given by

n—1
JuG" =[] G oG
j=0

Proof. For each function ¥ : A — R we define the support of ¥ by supp(y) = {x € A |
¥ (x) # 0}

For topological spaces, one can establish another definition of Jacobian which is
equivalent to that given in the Definition 3.2. We say that J,G is a Jacobian of G with
respect to u, if for any open set U satisfying that G|y is injective, and for all ¢ € C(A)
such that supp(y¥) C G(U), the following holds:

Wd,u:/ WYoG)JuGdu.
GWU) U

Using this definition we can prove the proposition. We only need to treat the case n = 2
since the general case follows by induction. Given an open set U, suppose that G|y is
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injective and i is such that supp(y) C G2(U). We have to show that JMG2 =J,G-
J,,G o G. In fact, we have

/ wdu:/ WoG)JGdu
G2(U) G(U)

= /U[[(l/f 0G)-J,GloGl-1,Gdu

- /U[wf 0 G- (JuG 0 G)]- G du. .

In the next lemma we compute the Jacobian of the dual operator eigenmeasure.

PROPOSITION 3.6. If the spectral radius of Ly, . =r(Ly), is an eigenvalue associated
with an eigenmeasure v, then we have

J,G = e ?.

Proof. Given A which satisfies G|4 is injective, we have to show that v(G(A)) =

[ Ae™® dv. We have
/ re ?dv = / e . XA d\v
A
= / e xa dLyv
:/£¢(e_¢ - xa) dv.

Let x4 denote the characteristic function on A. By the injectivity of G on A we get

Lo xn = Y ey

yeG~1(x)
= Z xa(¥) = X6 (x).
yeG~1(x)
Thus,
/A re ™ dv = / XG(4)(x) dv =v(G(A)). O

A measure which has a Jacobian is said to be conformal with respect to its Jacobian
or a J-conformal measure. In the case of a reference measure v associated with a Perron—
Frobenius operator and a potential ¢ we simply say that v is a conformal measure when its
Jacobian depends on ¢ as in the last proposition. For more about conformal measures see
e.g. [10].

Combining Propositions 3.6 and 3.5 we obtain the following result.

LEMMA 3.4. There exists K1 > 0 satisfying

n
WG

—_— — 1’
b = 5G6my)

forall x, y € R", where R" is a hyperbolic cylinder.
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Proof. Given n € N, by Proposition 3.5 the Jacobian of v with respect to G” can be
calculated using the Jacobian of v with respect to G. Thus, by Proposition 3.6 for each
x e A:
n—1 n—1 )
1,G"x) = [[ JuG oG/ =] re~?©' )
i=0 j=0
— WP | ,—b(G) | ,—h(G" T ()
— = Sb()

Consider R" a hyperbolic cylinder of length n and x, y € R". By Proposition 3.4:

JyG"(x)
1 — )| =S -5 < Ky.
‘ Og(JVG"(y) 1546 () — Sa6 (M| < Ko
To finish the proof, consider K| = eKo, O
Given n € N, let B" be the collection of cylinders R"(ao, ..., a,—1) generated by
words (ag, ..., az—1) € [(y, n).
Let P" be the collection of cylinders generated by words of length n belonging to
I(y, n).

PROPOSITION 3.7. The measure of the cylinders in P", with respect to v, decreases
exponentially when n goes to infinity. Therefore, v almost every point x € A belongs to
elements of B" for infinitely many values of n.

Proof. Letn € N and let R" € P" be a cylinder. Then we have
v(G"(R")) = / J,G" dv
RY!

:/ e ™S dy

> Ale TSPy (R,

Since v(G™(R™)) < 1 it follows that v(R™) < A "¢" %P ¢ _ If we take the sum over all

cylinders generated by words (ag, . . ., a,—1) € I(y, n) and use Proposition 3.2, we obtain
Z V(R™) < A "SRR
I(y,n)

On the other hand, Lemma 3.1 gives us A > exp(inf ¢ + log w). Since § =log(w)/2, we
prove the result. O

We use the notation R} to refer to hyperbolic cylinders of length n. In Proposition 3.3
we obtained plenty of hyperbolic times associated with words which do not belong to the
set I(y, n).

Let H be the closure of the set of points x € A which belong to infinitely many
hyperbolic cylinders Rj,. Next, we prove that # is a full measure set with respect to v.

PROPOSITION 3.8. Let ni(x) be the first hyperbolic time of x. We have that n1 is integrable
andv(H) = 1.
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Proof. By Proposition 3.3, for each x € B" we have n|(x) < n. Therefore, if x is such that
n1(x) > n we have x € P". Then

/nl dv = Z v({x:ni(x)>np) <1+ Z v(P").
n=0 n=1

According to Proposition 3.7, the measure of the sets in P” decreases exponentially with
n, which implies that the sum in the last inequality is finite. Then, the first hyperbolic time
is integrable with respect to v. Since B” consists of cylinders generated by words in the
complement of 7 (y, n), Proposition 3.3 guarantees that every point belongs to at least /
hyperbolic cylinders, where [ > 0n. In addition, by Proposition 3.7, for n large enough, v
almost every point belongs to a set in B”. Thus, v almost every point x in A belongs to
infinitely many hyperbolic cylinders, and v(H) = 1. O

For each x € H, let nx(x) be the kth hyperbolic time of x. Consider also 6 as in
Proposition 3.3. According to the proof of Proposition 3.8 we have the following corollary.

COROLLARY 3.1. For v every point x € A and n large enough the following holds:
#k>1:n(x) <n}>0n.

In the next proposition we estimate the measure of hyperbolic cylinders with respect
tov.

PROPOSITION 3.9. There exists a constant Ko >0 such that for every x € R}, a
hyperbolic cylinder of length n, and every n € N, we have:
n
K< X <
exp(Sp¢ (x) — Pn)

K>,
where P =log A.

Proof. Givenn € N, R" = R"(ag, a1, . .., ay—1) and x € R". By Proposition 3.1 we have
(E;@)”v =)\"v foralln e N.

And then, we obtain
eV (R = " / Xgrn dv
ePn
= /\—,,/Eg(x;en)dv
=/£$(X1en)dv,

where xg» denotes the characteristic function on R” and e” = A. According to the transfer
operator definition, we can write

ﬁgXR” (x) = Z eSn¢(y)XRn (y) = Z eSO

yeG"(x) yeG"(x)NR"

https://doi.org/10.1017/etds.2016.21 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.21

318 L. Rios and J. Siqueira
Therefore, given n € N for each x € R" there exists a unique y € G~"(x) N R"(x). We
define A(n) = {y € G7"(x) N R"} and then

Sn
fA(n) e5? dv
eSn9(x)

V(R")
exp(Sn¢ (x) — Pn)
By Proposition 3.4 there exists a constant Ko > 0 satisfying

1Sn¢p (x) = Spd ()| < Ko,

for all x, y in the same hyperbolic cylinder, which is enough to finish the proof. O

3.4. Transfer operator eigenfunction. In this section we will show the existence of an
eigenfunction of the Ruelle-Perron—-Frobenius transfer operator. We will, therefore, show
the second part of Theorem C and finish its proof. In addition, we will show that any
eigenfunction is positive and Holder continuous.

THEOREM 3.1. There exists a positive eigenfunction h : A —> R for the operator Ly
associated with the eigenvalue ). =r(Lgy):

Lyh = Ah.
We define, for each n € N, the function 7,, : A — R by

T,(x) = Z e forall x € A.

yeG" (x)NR"
R"™ hyperbolic

We also define, for eachn € N,

1 n—1
hy =~ > AT
i=1
Consider the following sequence of real numbers

Zo= Y ewSewler),
R"™ hyperbolic

Note that for every x € A we have
T, (x) < Z,.

LEMMA 3.5. There exists a constant K3 > 0 satisfying

3
|
—_

AT, <A7"Z, <Kz and Ki'< VA

0

S| =
Il

Proof. The first inequality on the left-hand side is trivial because A > 0. So, it is enough
to get an upper bound for A™"Z,. Given n € N, Rj a hyperbolic cylinder and y € R} by
Proposition 3.9 we have

K5 'w(R™) < a5 < KHu(R™).
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By taking the supremum over every y € R" and taking the sum over all hyperbolic
cylinders R" of length n, we get

Ky' YT wR < Y0 AT <Ky Y w(R"). (7)
R™ hip. R™ hip. R™ hip.

Thus,

A" Zy <Ko - v( U R") < K.

R™ hip

Now, to prove the second part of the lemma, we consider the first inequality in (7), to

obtain
1 n—1 1 n—1
-1 i i
kYU #)=, Yaiz,
j=0 RJ hip Jj=0

For every jeNlet R;:=J R/ be the union of hyperbolic cylinders of length j.

Rl{n.ip
According to Corollary 3.1, for almost every point x € A and n large enough, we have

n—1

1

) v(R,~>=/fo,(x> dv(x) dm, ()
j=0

= f / R, (X) dmy(j) dv(x) = 0 > 0.

Note that we use Fubini’s theorem in the second equality. To finish the proof take K3 =
K>/6. O

We will prove that {4, } is an equicontinuous family. Let § be the Holder constant of the
potential ¢ in Theorem B.

LEMMA 3.6. There exists a constant K4 > 0 such that for every n € N, the function ™" T,
is Holder continuous with constants K4 and §.

Proof. Since the rectangles R;, i = 1, 2 or 3, are mutually disjoint, it is enough to consider
points in the same rectangle. Letn € N and x1, x € R;. Then [\ 7" T, (x1) — A" T, (x2)] is

equal to
‘r"< T Y esnfz)(z))‘.

yEG" (x)NR} 2€G" (x2)NR}!

We group terms whose pre-images of x| and x» belong to the same hyperbolic cylinder.
Thus, if y € G™"(x1) and z € G™"(x) belong to the same hyperbolic cylinder of length
n, by Proposition 3.4

116 (¥) = Su¢p ()| < Kod (x1, x2)°.

On the other hand, we can write

|eSn¢(}') _ eSn¢(Z)| < ema"{S"¢’(”*S"¢(Z)}|anb(y) — $,02)|

< RSO0 Ko (x. 1),
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By definition of Z,,
Z eSn¢(y) _ Z eSn(P(Z)
YeG(x1)NRy z€G7"(x2)NRy
< d(x1.x)°Kg Y ™MD < d(x), x2) Ko Zy.
7,YER]
Thus

AT (1) — AT T ()| < AT Zy Kod (x1, x2)° < Kad(x1, x2)°,
where we consider K3 as in Lemma 3.5 and K4 = K¢ K3. O

PROPOSITION 3.10. The sequence |1~F (LyTi — Tr1)| converges uniformly to zero when
k goes to infinity.

Proof. Given k > 0 and x € A, by definition we have

LeTe) = Y O Ti(y)

yeG~1(x)
D DU S T
yeG~1(x) 2eGk(y»)NRE
We consider the set A1 of cylinders R¥t[ag, a1, ..., a;] that are not hyperbolic, such
that R¥[ay, . . ., a;] are hyperbolic. In other words, A4 is the set of every cylinder of

length k + 1, such that considering the k last symbols which generate the cylinder, we have
that the cylinder of length k is hyperbolic but the cylinder of length k + 1 is not hyperbolic.

Note that there is no 0 <i <k that is a hyperbolic time for every element of R¥T!.
Otherwise, by concatenation, Rt would be hyperbolic, which does not happen. By
definition of T}

WHLeTh — Tien)l < 075 Y 519

zeG71(»)NA
A€Ak+1

< ATE Ay e ETDRY)

However, Axy1 C (R (ao, ..., a)\(ao, . .., ax) € I(y, k + 1)}, where y is given
by Proposition 3.2. In fact, since no cylinder R/ (ao, . . ., a;) is hyperbolic, the proportion
of indices i € {0, . ..k + 1} such that (ag, . .., ax+1) is hyperbolic is zero, thus smaller

than 6. See Proposition 3.1. Then, by Proposition 3.2 we have
#App1 < PUD fork large enough.

Remember that we take 8 = log(w)/2. From Lemma 3.1, we have that A > " #+loge
thus
|)¥_k(£¢>Tk _ Tk+1)| < e—k(inf¢+log ) .eﬁ(k—&-l) . e(k—H) sup ¢
— ¢ K(=B—Gupp—inf@)tlogw) ,Stsup¢

Since sup¢ —inf¢p < B we have that the last term in the inequality converges
exponentially to zero when k goes to co. O
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Recall that

1 n—1 y
fin () = ~ > ATT(x) forallx € A.
i=0
According to Lemma 3.6 every function A™"7}, is (K4, §)— Holder continuous, but since

h,, is the average of the functions A ™" T,, we have that £, is also (K4, §) Holder continuous
and, then, the family (h,),cN is equicontinuous.

PROPOSITION 3.11. The sequence of functions (hp)neN has at least one accumulation
point. Moreover, any accumulation point h satisfies

Lyh = Ah.

Proof. Lemma 3.5 ensures that the &, is uniformly bounded, since it is also
equicontinuous, by the Ascoli-Arzeld theorem we have existence of an accumulation
point. Let 4 denote one accumulation point:

h= lim hy,,.
k—o00
Then we have
Loh = Lp( lim hy )= lim Ls(hn,)
k— 00 k—o00
1
= lim —[LyTo+ 1 'LoTi 4+ 2Ly T 1]

k—o00 Ny

1 _ _
Zklirﬂo[aWTw--.H"k ") = ATo + 27T, ]

1 ni—1
—— > A TLTi - Tim]
ng *
i=1
By Proposition 3.10 the last term converges to zero. Since, by Lemma 3.5, A7"T, is
uniformly bounded, we have

1
Loh= lim —[A(Ty+ - -+ A" 71T, _1)] = Ah. o
k—o0 ng

LEMMA 3.7. There exists a constant K5 > O such that, for every n € N and for every
X €A,
Zy < Ks5T,(x).

Proof. Let x € A and n > 1, and fix m > 3. Note that each rectangle R;, i =1, 2 or 3,
covers A after, at most, three iterations. Let y, z € G™"(x) N R}. By Proposition 3.4, since
v, z belong to the same hyperbolic cylinder, we have

S92 (Ko pSib (),

On the other hand, one can write

Sn®(2) = Sn4m® (2) — Sm@(G"(2)) < Sn4m¢(z) —m - inf ¢.
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Fixing y and taking the supremum over z in the hyperbolic cylinder R", we get

S Siblrn < Ko p=m-inf g Syend(v)

Note that each cylinder of length n 4+ m is included in a cylinder of length n. Adding over
every hyperbolic cylinder of length n, we obtain

7, < eKog=m-inte Z Srim®0) < Kogmminfép (.

Comparing T},4,, (x) and T, (x), we have

Ty (x) = Z eSntm® ()
yeG=rtm ()N Ry
< Z Sn®(G" (M) +Snd(y)

— +i
YEG—(rtm) (1) RIH™

log(w)e™ sup ¢ Z 519
2€G~M (x)NR}!

< log(w)e™ PO T, (x).

IA

Let K5 = log(w)eXKotm@sup ¢=inf ) Thyg,
Z, < KsT,(x) forallx € A. O

Using Lemma 3.5, we have

|
_

1 n ' 1 n—1 .
Ki'<=>"3772; < Ks=— > AT Tj(x) = Kshy (x).
" 0 ny 0
j:

~.
Il

We just proved the following lemma.

LEMMA 3.8. The eigenfunction h of the transfer operator obtained as an accumulation
point of the sequence (h;,)eN satisfies h > 0.

In this section, we obtained an eigenfunction for the transfer operator, and an
eigenmeasure for its dual, both associated with the same eingenvalue, and this ends the
proof of Theorem C. Moreover, we proved that the eigenfunction 4 is positive.

4. Equilibrium states for the map G
Consider the probability measure w := hv, where v is the reference measure from the
previous section. More precisely, u is defined on each Borelian A by

w(A) = / hdv.
A
Since h > 0, the measures 1 and v are equivalent. We will prove that u is an equilibrium

state for G with respect to the potential ¢. Some of the statements here are analogous to
those in [16, 15], we will adapt them to our context, omitting some of the proofs.
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4.1. Properties of the measure L = hv.
LEMMA 4.1. The probability measure p is invariant under G.

Proof. We will show that every ¥ € C°(A) satisfies

/IﬁoGdMZ/IﬁdpL.

In fact
/wocduzf(woc;).hdv (8)
:%/(woG)-hdL*v ©)
:%/£¢[(woG)~h]dv (10)
:%/w-ﬁd,(h)dv (11)

:/w~hdv=/wdu. (12)

Note that (9) and (10) follow from the fact that v is an eigenmeasure and 4 is an
eigenfunction. We get (11) from the definition of the transfer operator. To finish, (12)
follows again from the fact that 4 is an eigenfunction and by the definition of u. O

We say that a sequence (a;) of integers is non-lacunary if it is increasing and satisfies
ajy1/aj — 1.
Definition 4.1. An invariant probability measure 7 is said to be a non-lacunary Gibbs
measure if there exist a constant K > 0 and a real number P satisfying

n(R% (x))
exp(Sg; ¢ (x) — Paj) —
for n almost every x and for a non-lacunary sequence a; = a;(x), where R% (x) is the
cylinder of length a; containing x.

K<

PROPOSITION 4.1. The sequence of hyperbolic times ny(x) is a non-lacunary sequence
for w almost every x € A.

Proof. According to Proposition 3.8 we have that n; is v-integrable. Since % is bounded,
ny is u-integrable. In addition, p is invariant and w(H) =1, by Proposition 3.8.
Following [17, Proposition 3.8], we have that n(x) is non-lacunary for 4 almost every
point. O

PROPOSITION 4.2. The probability w is an invariant non-lacunary Gibbs measure.

Proof. Combining Proposition 3.9 and the fact that /& is bounded, both from below and
above, we have that there exists K > 0 satisfying

-1 < W(R") <K,
exp(Sp ¢ (x) — Pn)
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for every hyperbolic cylinder R" and every x € R". By Proposition 4.1, the sequence of
hyperbolic times is a non-lacunary sequence and, then, the proposition is proved. O

LEMMA 4.2. The Jacobian of u with respect to G is given by
hoG
J, G =——J,G.
h
In particular, J,,G = L((h o G)/h)e™?.

Proof. Given a Borelian A where G is injective, we have to show that
hoG

n(G(A)) :/ JG.

A

According to Proposition 3.6 we have J,G = re~?. Consider (¥n) =1y a sequence of
continuous functions on A such that 1, — x4 v almost every point and ||y, | < 2 for all
n > 1 where [ || = sup,=; [ (x)|. Thus,

Loy = Y Ve tVyy= Y 4.
yeG=1(x) yeG=lx)

Note that the last term converges to xg(a)(x) for p almost every point x, since A is
such that G is injective on A.
By the dominated convergence theorem we have

w(G(A)) ——/ XGA) dp = lim /£¢(e*¢¢n) du.
A n——+00
Therefore, by Theorem C, we obtain

#(G(A) = lim /A Lole™ ) du

n—-+00

= lim /cq;(e*w,,)hdv
A

n——+00

lim / Ly((ho Ge™Py,) dv
A

n—-+00

. 7¢ *
ngrfm/[\(hoc)(e V) Ly

n—-+00

= lim A(h o G)(e ®Y) dv
A

/)L(hoG)~e_¢-XAdv
A
h
=/,\-ﬂ.e—¢du,
A h

which finishes the proof of the lemma. O

Let o be a partition of A and define for each n € N a new partition

n—1
oy = \/ G ().
j=0
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Namely, an element P € «, is written as
P=P, UG (P)U--- UG (P,_))

where P;, € a forevery iy =0,...,n— L.
Fix ¢ > 0 as in equation (6) and € as in Remark 3.1.

LEMMA 4.3. Let n be a invariant probability measure whose Lyapunov exponents are
larger than 8c, and a a partition with diameter smaller than €. Then, for n almost every
point x € A, o, (x) goes to zero when n — oo. In particular, o is a G-generating partition
with respect to 1.

The proof is analogous to [16, Lemma 4.3]. We want to verify that the Lyapunov
exponents of u = hv satisfy the conditions of the last lemma.

LEMMA 4.4. Let (a,) € X o be a recurrent sequence for the shift o with ag = 2. Then there
exist k € (0, 1) and an increasing subsequence of times (an;) j>0 such that

IDG |} (x)| = C - k/

where x belongs to the cylinder of length n j generated by the first n j terms of the sequence

(an).
This statement is adapted from [15, Lemma 3.2] and its proof is analogous.
LEMMA 4.5. The Lyapunov exponents of (L = hv are larger than 8c.
Now we state a version of the Roklin’s formula proved by Oliveira and Viana in [16] to

compute the metric entropy of G with respect to some measure, by integrating the log of
the Jacobian of this measure with respect to G. See [16] for the proof.

Roklin’s formula. If n is an invariant probability measure and there exists a G-generated
partition with respect to 1, then we have

hn(G):/log(JnG) dn.

PROPOSITION 4.3. If A is the spectral radius of the transfer operator Ly, then the
following holds

hﬂG)—}—/q&d,u:logk:P.

Proof. Lemmas 4.5 and 4.3 imply that there exists a G-generating partition. Then,
according to the Roklin’s formula we have

hu(G) = f 10g(J,G) dyu.
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On the other hand, Lemma 4.2 shows that J,,c = A((h o G)/ h)e~?, which gives us

hM(G)+/¢dM=/10g(JuG) du—l—/d)d,u

=/log<AhOGe_¢> d,u—l—/qﬁdu

=/logkdu—k/log(hoG)dM—/loghdM

=/logkdu=10gA=P.

The fourth equality follows from the fact that the probability measure is invariant
under G. o

We have to check that p is an equilibrium state for the system (G, ¢). Actually, any
expanding non-lacunary Gibbs measure is an equilibrium state. This proof was given
in [17] (combining Proposition 6.1 and Corollary 6.7) and still holds in our context. We
will give the idea here. We first remember that

Sup{hn(G) + f ¢d77} = Piop(G, @) = sup{Pop(G, A\H), Piop(G, H)},

where the last equality is a result due Pesin in [18], and Pp(G, A\H) denotes the
topological pressure relative to the set A\#. Then, using the last proposition it is enough
to prove that P > Piop(G, A\H) and P = Pyp(G, H). For P > Pop(G, A\H) see [17,
Proposition 6.4]. To see that P coincides with the topological pressure relative to the set
‘H, we construct a family of partitions &/ of H formed by hyperbolic cylinders and whose
diameters go to zero as m — oo. If U e U™ is a hyperbolic cylinder of length n, then, by
Proposition 4.2, we have

K™' <) exp(Su¢(U) — Pn) < K.
veld

Note that changing P for an arbitrary o € R, the second inequality above fails to be true
for every n if o« 7 P. Then from the definition of topological pressure relative to a set, we
have P = Py, (G, H). Hence, u is an equilibrium state for the system (G, ¢).

4.2. Uniqueness. In this section we finish the proof of Theorem B, proving the
uniqueness of the equilibrium state for the system (G, ¢). For this we will compute the
Jacobian of an equilibrium state. Applying Jensen’s formula from basic calculus to the
logarithm function, we have the following useful lemma.

LEMMA 4.6. Let p; and q; be positive real numbers for each i =1, ..., n. The next
inequality holds:
n n
Zizlnpi log g; < log(Z,:l Piqi )
> i=1 Pi D i1 Pi
Moreover, the equality holds if and only if the q; are all equal for everyi =1, ..., n.
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PROPOSITION 4.4. Let 1 be an equilibrium state for the system (G, ¢) of the Theorem B.

The Jacobian of n is given by

hoG
° re ?.

1,G =

Proof. Since w = hv is an equilibrium state (according to the previous section) it
maximizes the topological pressure. If 1 is also an equilibrium state, we have

hy(G) + / ¢dn=h,(G)+ [ ¢du=IlogAh.
Note that the last equality follows from Lemma 4.3. Define the function g on A by

_ h(x)g¢(X)
$0) = o oHm

We want to show that J,G = 1/g. By the definition of g we have

h(x)e"’(") > in

i@+ [0 dn =1, + [ 1og({G0ETS

:hn(G)—i-/q&dn—log)»
+ /log(h)—log(hoG) dn
= /log(h)—log(hoG) dn=0.

We point out that the last equality follows from the invariance of 7. On the other hand,
using Roklin’s formula we have

hyG = / log J,G dn.

Substituting in the previous equation, we have

_ — _ &
0_h,,(G)—i—/loggdn—/log((JnG)_l)dn

_ gy
=/ §:<%aw>H@<————:)m.
= (4G ()
Since 7 is G-invariant it yields
1
Z =1, nalmosteveryx € A. (13)
e JnG(y)

Note that any x € A has, at most, two pre-images. Let f, (x) be the number of pre-images

of x by G". Consider y; € G™"(x) withi =1, ..., f,(x) and take
. 80D
L GO LG o)
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By equation (13), we have > p; = 1. Applying Lemma 4.6 we have
Sa(x) Jn(x)

Z piloggi = log(Z Pi%‘)
i=1 i=1
Jn(x)
= log(Z g(yo) =log 1 =0.

i=1

Integrating with respect to n

Sn(x) Sn(x)

0= [ 3 pitogardne sflog(z piqi> dn(x) =0,
i=1

i=1

Then the equality holds. So Lemma 4.6 also guarantees that the g; are equal. Thus, there
exists a constant which depends on x, such that

__ 8O
(JyGyN~!

By (13), again, we have

=c(x) forallye G '(x).

i

ZyeG—l (x) g()’)

l - =
Y ve 1 IGON!

c(x).

Then g coincides with (J,,G)_1 in every pre-image of points in an n full measure set.
Finally, the invariance of 1 implies that they coincide for 1 almost every point. O

As in the last Proposition let 1 be an equilibrium state for (G, ¢). From Lemma 3.8 we
have that 2 > 0, so the measure given by t = (1/h)n is well-defined. We will prove that T

is an eigenmeasure for the dual transfer operator.

LEMMA 4.7. Let n be an equilibrium state for the system (G, ¢). Then the measure T =
(1/h)n is an eigenmeasure for E; associated with the spectral radius of Ly:

E(’;t =AT.

Proof. We will show that every continuous function ¥ : A — R satisfies

/wdﬁj,rz)»/wdr.

f¢dﬁ21=f£¢wdr
1
Z/ﬁdﬂﬂ'}—ldﬂ

1
— § é () |4 )
/ [e v h(G(y))i| e

yeG~1(x)

In fact,
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Since 7 is an equilibrium state, Proposition 4.4 ensures that for every y the Jacobian of
n satisfies

e 1
=A- .
h(G(y)) JnG(Mh(y)

(14)

Thus,

Z 1 _ Z e . h(y)
LG Ah(G
e &) i (G)
_ Zyerl(x) e?O ~h(y) _ £¢h(x) _
Ah(x) Mh(x)
The last equality comes from the fact that 4 is an eigenfunction of Lg. According to the
equation (14), we have

A
/‘”dﬁ"” ‘/ 2() LG

4D
=A/ Y e dn)
g GO A

lﬂ(y)
_A/ 2 (y)

yeG~1(x)

= zd:k dr,
/h 1 /‘”

which finishes the proof. O

As consequence of this result, any equilibrium state associated with (G, ¢) is equivalent
to an eigenmeasure so it is an expanding measure, i.e. it gives full measure to the set H.

PROPOSITION 4.5. Consider the system (G, ¢) as in Theorem B. Any equilibrium state of
G associated with the potential ¢ is a non-lacunary Gibbs probability measure.

Proof. Let n be an equilibrium state. By Lemma 4.7 the measure v = (1/h)n is an
eigenmeasure of the dual operator /32 associated with the eigenvalue A. Therefore, 7 is a
non-lacunary Gibbs measure. On the other hand, we can write n = ht. So Proposition 3.9
guarantees that t is a non-lacunary Gibbs measure. O

LEMMA 4.8. Let ju1 and iy be expanding non-lacunary Gibbs probability measures. Then
1 and wy are equivalent.

This result is proven in [17]. In our context, it follows easier since the rectangles have
empty boundaries.

We are now able to finish the proof of Theorem B. Let n be an ergodic equilibrium
state for the system (G, ¢). Then 7 is expanding, and Proposition 4.5 ensures that 7, is a
non-lacunary Gibbs invariant measure. On the other hand, the probability measure u =
hv (where h and v are given by Theorem C) is also expanding and an invariant non-
lacunary Gibbs measure. But Lemma 4.8 ensures that two expanding non-lacunary Gibbs

https://doi.org/10.1017/etds.2016.21 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.21

330 L. Rios and J. Siqueira

probability measures are equivalent. Then u is ergodic and we have pu = 7. This concludes
the proof of Theorem B.

5. Equilibrium states for the horseshoe
In this section we prove Theorem A. Some of the ideas in this section are based in the
constructions in [9]. Let G : A — A be the map defined in §2. Consider the horseshoe
map F : Q — €, also defined in §2, and its inverse F~L

We define a projection of the parallelepipeds Ry and R; onto the planes Py and Pj,
JT:R1UI§2—>POUP1 by

_ @20 if (. 2) € R,
w(x,y,z):= 5. ~
(x,y,3) 1if(x,y,2) €Ry.
It is straightforward to check that i is continuous, surjective and
ToF '=Gon.
LEMMA 5.1. For each X € A we have h(F~', 171 (X)) = 0.

Proof. Since the inverse horseshoe is contracting in the direction of the z-axis, for each
X € A its restriction to the fiber 7 ~!(X),

Fl gy im0 —» 71 (G (X)),

is a contraction. The number S(n, €, P (X)) which is the maximum of the cardinalities
of the (n, €)-separated sets in 7 NXx ) is constant and it depends only on € (and not on n).
Thus,

1
h(F~', 771(X)) = lim lim — log S(n, €, 7 ~' (X)) =0. o
e->0n—0n
Since the projection 7 is actually a semiconjugacy between the inverse horseshoe F~!
and the map G, we have (see [5])
hiop(F ™) < hiop(G) + sup(h(F ™!, m = (X)), X € A).

By Lemma 5.1 we get
iop(F™1) < hop(G).

On the other hand, because r is a semiconjugacy, we have the other inequality immediately
(see [6]), which gives us

hiop(F 1) = hiop(G). (15)
Thus, we have proved that the topological entropies of these two maps are equal.

5.1. Existence. Consider the system (G, ¢), with G as defined in §2 and ¢ a Holder
continuous potential with small variation

1
sup ¢ —inf¢ < %w).

Let ug be the unique equilibrium state associated with the system (G, ¢) obtained in
Theorem B. Let A, be the Borel o-algebra in A and define Ay := 7" (A,) .
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Thus, A is a o-algebra on the horseshoe, whose elements are given by A = 7 ~!(B),
where B is a Borelian. Note that Ay C F~1(Ap). If for each n € N we define A, :=
F~"(Ap), we have an increasing sequence of o-algebras

AcAicAC---CA C---
For each n define a probability measure u) : A, — [0, 1] by
pn (F"(Ag)) = g ((Ag)) forall Ag € Ap.

Note that u; depends also on ¢. Using the semiconjugacy it is straightforward to prove that
each w} is invariant under F ~!. Finally, we consider A := U;ﬁo Ay, which is a o-algebra
on 2.

Define u* : A — [0, 1] by

pr(A) =pi(A) ifAcA,.

It is easy to see that pu* is well-defined. We have to prove that u is o-additive. For this we
will use the following criterium from classical measure theory.

PROPOSITION 5.1. Let A be a o-algebra on Q2 and p* : A — [0, 1] satisfying

n
WHATU - UA,) =Y u*(A)

i=1
for every finite family (A;) of disjoints sets in A. If there exists a family C C A which
satisfies the following.
(1)  The class C is compact: if C1 DCyD---DCy D+ - are elements of the family C

then (2 Cy # 9.

(2) The class C has the approximation property: for all A € A we have

w*(A) =sup{u*(C) | C C A, CeC;

then w* is a probability measure on A.

We will construct a family C which satisfies the conditions (i) and (ii) in the above
proposition.

We consider K the collection of all compacts on A and we define Ko := 7" '(K ),
which is a subfamily of the o-algebra Ay.

We define C := UZO:() F~"(Kp) which is contained in A and it is a compact class with
the approximation property.

(1) LetC;DCyD---DCy,D--- besets of C. For every i € N there exists D; C K
and there exists n; € N such that C; = F~" (w ~1(D;)). Since 7 ~1(D;) is a closed
set in a compact space A, x~N(Dy) is compact. By the continuity of F~1(Cien is
a family of nested compact sets, therefore (2, C, # @.

(2) Let A e A Using the regularity of the measure ug on A we have ug(B) =
sup{ug(D) | D C B, D € Kp} for all D e Ax. By the definition of C, for all
C e C there exist D € K and n € N such that C = F~"(z~1(D)). Thus u*(C) =
p*(F (= 1(D))) = pg(w (1 (D))) = g (D). Then

sup{ug(D) | D C B, D € Kp} =sup{u.(C)|C CA,CeC}.

To finish it is enough to note that for all A € A, there exists B € K5 such that
w*(A) = pny(B).
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Then, by the criterion, we proved that ;* is a probability measure on A. Since every w is
invariant under F~! the measure p* is also F~!-invariant.

LEMMA 5.2. The extension of the o-algebra A coincides with the Borel o -algebra on .

Proof. Since 7 is continuous we have that A is contained in the Borel o-algebra. It is
enough to prove that for all X € € there exists a fundamental system of neighborhoods of
X contained in A.

Let X € © and remember that p < 1 is the contraction factor in the direction of the z-
axis. For each n € N, by the uniform continuity of G” there exists 8, such that d(z, w) < 8,
implies d(G"(y), G"(z)) < 1/n.

We define B, (X) = F~"(r " (B (F"(X)), 8,))). Therefore, for everyn € Nand X €
B, (X), we have diam B, (X) = p" + 1/n which goes to zero when n goes to infinity. O

LEMMA 5.3. We have hy«(F~') > h,, (G).

Proof. Using the well-known Brin—Katok theorem, we can compute the entropy by the
formula (see [26]):

1 1
h,, (G)=lim li —log —————
ne (G = By B P o8 B X, )

for almost every X in A with respect to 1, where B, (X, €) denotes the dynamical ball of
G centered at X. with radius € and length n. We note that, given € > 0, by the continuity
of 7 (on a compact space), there exists 0 < § < € such that

w(B(Z,8)) C B(w(Z),e) forevery Z € Q.
Using this fact it is straightforward to check that
By (Y, 8) C n_l(Bg(X, €)) forevery Y € =1 (X).
By the definition of the measure p©* we have
WrB_ (Y, 8) < u* (ot (BE(X, €)) = up (B (X, €)).
If we consider M C A a full measure set with respect to (1, then 71 (M) C Q satisfies

(' (M) = py(M) = 1. Thus,

1 1
hu,(G) < lim lim sup — lo = h,(F7h. O
€

D0 RIS 0 % us (B (X, )
Consider ¢ := ¢ o . Thus, ¢ is a real function on 2.

PROPOSITION 5.2. The probability measure u* is an equilibrium state associated with the
system (F~1, Q).

Proof. Let 1z be an F~l-invariant probability measure on . Consider a probability
measure on A, defined by n:= o 71, We have,

hn(F_l)+/¢0ﬂdﬁ§hn(G)+/¢dn+/ hop(F~', 771 (X)) dp(X).
A

https://doi.org/10.1017/etds.2016.21 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.21

On equilibrium states for partially hyperbolic horseshoes 333

This follows from a result of Ledrappier and Walters [14]. For a proof of the statement
see [3, Theorem 4.1]. According to Lemma 5.1 we have

[ enF 7 00 dia) =0,
A

By the semiconjugacy, n is G-invariant, thus

hy(G) + / ¢ dn < Pop(G, ¢).
Going back to the inequality we get
)+ [ @0 dit < Pup(G. 9.
Moreover, the last inequality holds for any F~!-invariant measure:
Pop(F ™', ) < Pup(G, ¢).
On the other hand, 7 is a semiconjugacy, which implies (see [6])

Pop(G, ¢) < Pop(F1, ).

Therefore, the topological pressures of both systems coincide. Note that, by a change of

variables, we get
[oans=[oonan = [oan

Using the fact that h,, (F H>n 114 (G), proved in Proposition 5.3, and the fact that the
topological pressures coincide, we have

hu*(F_1)+f¢ondM*Zhu¢(G)+/¢dM¢=Ptop(F_la ®).

Thus, * is an equilibrium state associated to (F~!, ¢). O

5.2. Uniqueness. In the last section we constructed a probability measure related to the
equilibrium state on the space A. We proved that this measure is actually an equilibrium
state for the horseshoe associated with a potential which projects onto the potential on A.

Consider the equilibrium state ;* for (F~!, @) obtained in the §5.1. Assume that there
is another equilibrium state n* which is different from pu*. We define a probability measure
on A by the push-forward of n*:

n(A) = n*(n_l(A)) for all Borelian sets A.

We will prove that the measure 7 differs from the unique equilibrium state on A, given by
Theorem B.

LEMMA 5.4. The probability measure 1 is different from the equilibrium state 1.

Proof. We suppose that n* # p* which implies that there exists an A € A satisfying
n*(A) # u*(A). The o-algebra A, which coincides with the Borelians on A, was obtained
as A=AgUF 'AyU---UF"AyU---. Thus, there exist Ay € A and ng € N such
that A = F7"0(Ap).
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Remember also that Ay = 7 ~1(A4,) and therefore there exists B € A such that Ag =
7~ Y(B). Using that p* is invariant under F —1 we have

n(B) =n*(x~"(B)) =n"(Ao) = 1" (F "°(Ap)) = n*(A).
On the other hand, we have
g (B) = g (m(A0)) = w*(Ag) = u*(F~ "0 Ag) = u*(A).
Since n*(A) # u*(A) we have that n(B) # s (B) and the lemma is proven. O

By assuming the existence of another equilibrium state for the horseshoe, we have
defined a probability measure on A, denoted by 7, that does not coincide with the unique
equilibrium state on A. We are going to prove that n is an equilibrium state on A. This
will contradict the uniqueness of equilibrium states for the system (G, ¢) and therefore
we will prove that there is only one equilibrium state for the horseshoe associated with the
potential ¢.

LEMMA 5.5. The probability measure 1 is an equilibrium state associated with the system

(G, 9).

Proof. We have to prove that
hy(G) + / ¢ dn = Pop(G, ¢).

In §5.1 we proved that Piop(G, @) = Prop(F -1 ¢). In addition, we proved that n* is an
equilibrium state to (F -1 ¢). Thus, we have

Piop(G, ¢) = Ptop(Fils ®) :hn*(Fil) +/¢dn*-

Then it is enough to prove

hn(G)+/¢d77Zhn*(F_1)+/<pdn*~

The integrals in the inequality coincide (by a change of variables). By Lemma 5.3 we have
hy(G) = h,,*(F_l) which completes the proof. O

Thus, if the horseshoe admits two different equilibrium states associated with ¢ we
derive that the system (G, ¢) also admits two different equilibrium states. Since it is not
possible, by Theorem B, the equilibrium state for the horseshoe is unique.
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