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Abstract

In their recent paper Velleman and Warrington (2013) analyzed the expected values of
some of the parameters in a memory game; namely, the length of the game, the waiting
time for the first match, and the number of lucky moves. In this paper we continue
this direction of investigation and obtain the limiting distributions of those parameters.
More specifically, we prove that when suitably normalized, these quantities converge in
distribution to a normal, Rayleigh, and Poisson random variable, respectively. We also
make a connection between the memory game and one of the models of preferential
attachment graphs. In particular, as a by-product of our methods, we obtain the
joint asymptotic normality of the degree counts in the preferential attachment graphs.
Furthermore, we obtain simpler proofs (although without rate of convergence) of some
of the results of Pekoz et al. (2014) on the joint limiting distributions of the degrees of
the first few vertices in preferential attachment graphs. In order to prove that the length
of the game is asymptotically normal, our main technical tool is a limit result for the joint
distribution of the number of balls in a multitype generalized Pélya urn model.
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graph; memory game
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1. Introduction

Consider the following game of memory played with a deck of cards, which has been studied
by Velleman and Warrington [20]. There are 2n cards with n different labels, two cards for each
label. They are shuffled and put in a row, all facing down. A player proceeds in moves which
consist of flipping over a card and then a second card. If the cards match, he/she removes the
cards from the deck; otherwise he/she flips them over again. The goal is to finish the game using
the least number of moves. Each initial configuration of the cards corresponds to a permutation
of the multiset {1, 1, 2,2, ..., n, n}. Following Velleman and Warrington, we assume that the
player has a perfect memory and the initial configuration is given by a permutation chosen
uniformly at random.

The player uses the following optimal strategy. He/she starts from the leftmost card and
flips over the cards from left to right. Before starting round ¢, if he/she knows the places of two
identical cards, i.e. if he/she flipped over one of them at round # — 1 and one of them before
round ¢ — 1 then he/she removes the pair at round ¢. Otherwise, he/she flips over the first (i.e.
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leftmost) card that has not been flipped over yet. In this case, if the matching card has been
flipped over previously, then he/she flips it over once again and removes the pair from the deck;
if not, he/she flips over the next unflipped card. Note that each card is flipped over at least once
and at most twice. Thus, the player finishes in at least » rounds and at most 2n rounds.

We refer the reader to [20] for more details and references about the game. In particular, the
authors of [20] studied the expected values of three parameters: the length of the game (i.e. the
total number of moves), the number of moves until the first match, and the number of lucky
moves, where a lucky move refers to a move at which two (necessarily consecutive) cards of
the same label are flipped for the first (and the last) time in the same round.

In this paper we take the analysis one step further and identify the limiting distributions of
those three parameters as the size of the deck n increases to co; see Theorems 1, 3, and 5 below
for precise statements. Furthermore, we describe below a connection between the memory game
and a version of a model of the preferential attachment graphs introduced in [4], mathematically
formalized in [6], and subsequently studied in a number of papers; see, for example, [5], [7],
[18], and the references therein. Thus, our methods may be used to study the preferential
attachment models. In particular, our analysis allows us to find the asymptotic joint degree
distribution of the first k vertices of a preferential attachment graph, a result that was originally
obtained (in a more precise version) in [16]. We also infer the joint asymptotic normality of
the degree counts in such graphs.

This connection between the memory game and the preferential attachment graphs is made
through linearized chord diagrams (LCDs), i.e. pairings of 2n points. (LCDs appear in
various fields in mathematics; see, for example, [2], [3], [8]-[11], [17], and [19].) First,
the connection between the memory game and LCDs is made by noting that each game is
equivalent to a unique game in which the second occurrence of card i precedes the second
occurrence of card j for i < j. Such games (called standard in [20]) correspond to LCDs by
pairing two cards with the same label.

On the other hand, Bollob4s and Riordan [6] used LCDs to generate a preferential attachment
random graph introduced in [4]. We briefly recall that this graph, §,, is obtained from the
following discrete-time random graph process. Start with 41, the graph with one vertex v; and
aloop on vy. Forn > 1, §, is obtained from §,_1 by creating a new vertex v, and adding a
random edge e incident to v,, where

D .
j”*—'(?’) ifl<i<n-—1,
Ple = vivy) = ’il_
ifi =n,
2n —1

and where Dg (v) denotes the degree of the vertex v in the graph §. (A loop contributes 2 to
the degree.)

Bollobas and Riordan proposed the following method to generate §,. Let C,, be a random
LCD (i.e. random matching of 2n points on a line). Connect the points in each pair by an arc
(chord) above the line. For each arc, there is a left and a right endpoint. Proceeding from left to
right, identify all endpoints up to and containing the first right endpoint to form the vertex vy .
Then, starting with the next endpoint, identify all the endpoints up to the second right endpoint
to form vy, and so on. Then, for each arc, create an edge (possibly a loop) between the vertices
corresponding to the left and right endpoints of the arc; see Figure 1. The graph 4,4+ can be
obtained from §, as follows. Create one endpoint to the right of the last endpoint in C,, and
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FIGURE 1: A linearized chord diagram and the corresponding graph.

then create another endpoint in one of the 2n 4+ 1 intervals, choosing the interval uniformly at
random. Finally, join these two endpoints by an arc and modify the graph to obtain §,,41.

Using this description, Bollobas et al. [7] proved that this graph has power-law degree
distribution, which had been previously observed in [4] using experimental methods. (Power-
law degree distribution means that the number of vertices with degree k is proportional to nk~"
as n — oo for some y > 0. Bollobas et al. [7] showed that y = 3 in particular.)

Recently, Pekoz et al. [15] studied the degree of a fixed vertex in §,. In particular, they
found an asymptotic distribution for Dg, (v;), along with a rate of convergence, as n — co. In
a more recent work [16], they extended their result to the joint distribution of the first k vertices.
One consequence of our approach is a simpler proof for the asymptotic joint degree distribution
of the first k vertices for any fixed k using chord diagrams and the above description of §,,.

In the next section we will introduce our notation and present our main results. In the
subsequent sections, we will give the proofs of these results.

2. Main results

The size of a memory game is the number of pairs of cards a player starts with. Suppose that
we have an infinite number of cards labeled 1, 2, . .. in pairs, and each pair has a blue copy and
ared copy. The colors are only on one side, and when a card is face down one cannot see its
color. A game of size n is simply a permutation of the first n pairs of cards. Since the colors are
not essential for the game, we may assume that a blue card always precedes the red card with
the same label. Let 7;, denote the set of such permutations with n pairs. Thus, the cardinality
of 75, is (2n)!/2". Also let 7, denote the subset of 77, such that the red card with label i comes
before the red card with label i + 1 for every i € [n — 1]. Following [20], we call 7" the set
of standard deals (denoted by M, in [20]). It is easy to see that the cardinality of 7* is the
product of odd positive integers 1 through 2n — 1.

A permutationo € T, can be standardized by relabeling the pairs of cards so that the red cards
appear in increasing order. Such a relabeling does not change the game’s characteristics that
we are interested in. Note that there is a unique standard deal corresponding to a permutation
in 7, and, conversely, there are n! permutations equivalent to a given standard deal in 7,*.
A (uniformly) random game corresponds to a (uniformly) random element of 7, or 7,*. We
are free to choose either interpretation for our analyses.

Red cards partition a permutation in 75, into n disjoint blocks. Each block consists of
consecutive cards in the permutation, and for 1 < k < n, the kth block ends with the kth red
card in the permutation. The length of a block is the number of cards it contains. We denote
by By, the number of blocks of length i in a random game with n pairs of cards. We have

ZB,,),’ =n

i>1

and B, ; = Oforeveryi >n+ 1.
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We will use the symbol (n) for the falling factorial. In particular, (i +2)3 =i(i + 1)@ +2)
will appear frequently throughout this paper. The following result gives the joint asymptotic
distribution of the block counts and is crucial for our analysis.

Theorem 1. As n — oo,

L(B A >°o LA (1)
ﬁ n,i (i +2)3 - i)i=1>

D e . . .
where — denotes the convergence in distribution and (W;) are jointly Gaussian with mean 0
and covariance matrix ¥ = [oj;] given by

16 24
(+23(+23 G+j+2a
4 16 24
TE AT +2)2  (2j+24

fi#],
@)

Oij =

fi=j.

Remark 1. In the preferential attachment graphs interpretation, B, ; is the number of vertices
of degree i. Thus, the above theorem gives the joint asymptotic normality for the degree counts
in the preferential attachment graphs. To the best of the authors’ knowledge this result is new.

The following theorem gives us the total number of even length blocks. This is closely
related to the length of the game defined as the minimum number of moves required to finish
the game.

Theorem 2. Let Y, = ) ;.| Byi. Then, asn — oo,
1 > )
—W, — 3—4In2)n) > N(0,0°),

n

Jn

where 62 = (41n2)% + 81n2 — 13 ~ 0.2324.

Denote by G, the length of arandom game with n pairs of cards. Using the previous theorem,
we obtain the distribution of G,,, which is stated next.

Corollary 1. Asn — oo, we have

G,—(3—=2In2)n » o?
— N R
Jn

2

where o“ is as in Theorem 2.

Proof. The length of the game G, satisfies

3 1
Gn=—n+§ZBn,2i_Ln

2 ‘
i>1

as observed by Velleman and Warrington [20, Section 4]. Here L,, denotes the number of lucky
moves (defined in [20] and also below). By Theorem 5, L, is bounded in probability. The
result now follows from Theorem 2. |
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Denote by D, ; the length of the ith block in a random game. In the random preferential
attachment graph described in Section 1, D, ; corresponds to the degree of the ith vertex. The
distribution of D, ; is given by Pekoz et al. [15]. The distribution of D, ; is given in the
following theorem. In Section 3 we provide a short proof for this theorem.

Theorem 3. Let X be a standard Weibull random variable with parameter 2, i.e. a random

variable whose probability density function is 2xe if x > 0 and 0 otherwise. Then, as
n— oo,
Dt n o

2y/n

The next theorem is a generalization of the previous theorem. This result recovers, albeit
without any error bound, the result of Pekoz et al. [16, Theorem 1.1].

Theorem 4. As n — oo, for any fixed positive integer k,

Dn 1 Dn k D
o, — = (Xq,..., X)),
<2ﬁ 2n 0 2
where the joint density function of (X1, ..., Xx) is given by
2K xy(x1 Hx2) - (g e xem @O gy >0,
fxr, .o, x8) = .
0 otherwise.

A lucky move is a move at which we pick two matching cards by mere chance. This happens
when two matching cards are next to each other and neither of these two cards has been flipped
over before this move. We denote by L, the number of lucky moves in a random game with n
pairs of cards.

Theorem 5. As n — oo, the number of lucky moves L,, converges in distribution to a Poisson
random variable with parameter In 2, i.e.

L, > Po(In2).

3. Length of the first block

Recall that the length of the first block corresponds to the degree of the first vertex in the
random preferential attachment graph §,,. When standard deals are used, the first match occurs
at the position of the red card with value 1. For o € 7%, Velleman and Warrington [20] denoted
this position by f (o) and they defined a sequence

a(n, j) =={w € 7,": () = j}.
They noted ([20, Section 3]) that the numbers a(n, j) satisfy the recurrence
an,j)=Cn—1—=j)an—-1,j)+ (G —Damn—-1,j—-1)
with the boundary conditions a(1,2) = 1 and a(n, j) = 0if j < 2 or j > n + 1. They

used this relation to obtain the expression for the expected position of the first match. Their
argument quickly leads to the following statement.
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Proposition 1. Let
n+1
A,(x) = Za(n, Jx!

j=2

be the generating polynomial of the sequence (a(n, j)). Then, forn > 2,
Ap®) = 20— DA () +x(x — DAL (1), Aj(x) = 27 3)

Furthermore, (see [20, Theorem 5] for the first statement) as n — oo,

22n
E[Dy1] = &~ ~ V7n )
)
and
var(Dy,1) = (4 — m)n + O (V/n). (&)
Proof. Let h(j) be any sequence and set
n+1
Hy =Y h(j)a(n, j).
j=2

Then, by [20, Lemma 4] (where h(j) = j is used but the same argument works for any sequence
(h(j))), we obtain

Hy = @2n —DHp—1 + Zj(h(j + 1) —h(j)an -1, j).
j=2

If h(j) = x/ then H, = A, (x), h(j + 1) — h(j) = x/ (x — 1), and we obtain (3).
To prove (4) and (5) let r > 1. The Leibniz formula and (3) imply that

AD (x) = 2n — DAL () + (x(x = DA, ()
= 21— DAY () + Z( )(x(x —)VA )

= 21— DAY (0) +x(x = DAYV () + r@x = DALY, () +r(r — DAY (x)
= @n—14r2x —1)NAY () +r0 = DA V() + x(x — DATP ().

It follows that
AP =2n—14+nA” () +re—1DA ).

When r = 0, we obtain

Ap(D) = 2n — DAp_1(1) = --- = 2n — D!
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as was observed by Velleman and Warrington [20, Lemma 3]. This yields the following
recurrence for the factorial moments:

(D AP
[( n,1 r]— An(l)
A(’) (D) AP

_ 2n_1+rA,ﬁ’_’1(1) ror—1) A ”(1)

2n—1 A,_1(D) 2n—1 A,_1(1D)
2n—14+r rir—1)

= ——E[(Dn-1,1)/]1 + E[(Dn—1,1)r-1]
2n —1 2n —1

with the initial condition specified by D11 = 2. Letting r = 1, we have

2n @n)!! 22n
E[Dp-1.1] = =

m—1 T Ty YT

E[Dy1] =

which proves (4).
When we set r = 2, we obtain

1
B[(Dy,102] = 5o EI(Dy 11021+ 5-—BIDy11]
_2tlen 221
=5 [((Dp-1,1)2] + DY) D)

Letting g, := E[(Dy.1)2]/(2n + 1) yields

22n 1

@n+D@n— (>

& = 8n—1+

with g = %. This is solved by

22n+2 T
8n=2— oy 2~ :
(n+l)(r7+l) n+1

Hence, -

2n+12 nt

E[(Dn,1)21 =2@2n + 1) — S =4n+ 0(Vn)
n+l ( nt )
n+1
and, thus,
var(Dy.1) = E[(Dy.1)2] + E[Dn.1] — (E[Dp11)* = 4 — m)n + O(V/n),

which proves (5). 0

Remark 2. Presumably, this process could be continued to determine the asymptotics of the
factorial moments, and possibly identify the limiting distribution of D, ;. For instance, for
r = 3, we can obtain

(T +2)n! N 32
E[(Dn,1)3] = 6(m —4n — 3) 6/7n
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However, computations become progressively more complicated and hence we use a different
approach to find an asymptotic distribution for D, i.

The following simple lemma will be used throughout this paper.

Lemma 1. Let n — oo and let m = m(n) be a positive integer-valued function such that
m = o(n*3). We have
m I’n3
() = n"e~ (/" <1 + 0(—2».
n
Proof. We have

m—1 .
)y, = n" 1‘[( _ _) — exp(Z ln(l — %)) (6)
j=1

Using the expansion In(1 —x) = —x+ O (x?) valid for x — 0 and the assumption m = o(n*/3),
we obtain
m—1 . m—1 . ) m 3
J J J (2) m
Infl—=)= —~4+0|l=5))|=—7=+0|—).
Yu(-3)-Z (i o(R) - o)
j=1 j=1
Substituting this into (6) and using e* ~ 1 4+ x for x — 0 proves the lemma. O

Proof of Theorem 3. For the proof, we use the space of all deals 7;,. Let r; denote the first
red card in the random permutation. If the length of the first block is ¢ then the position of 7|
is ¢, in which case t — 1 blue cards precede r, one of them being the blue counterpart of ry.
Now we want to find the number of games such that the first red card appears at position 7. To
this end, we first choose |, which can be done in n ways. Then we choose and permute the
blue cards preceding r;, which can be done in (’;:21)0 — 1)! ways. Note that we choose only
t — 2 blue cards since one of the t — 1 is already known. Then we permute the remaining cards
that will appear after |, and this can be done in (2n — ¢)!/2"~'*! ways. Finally, to find the
probability P(D,, 1 = 1), we need to divide the product by (2n)!27", the size of 7,,. Hence, for
2<t<n+1,

o (n- Qn—-n! 2" -1 27'(n),y
P(D”’l_t)_"<t >( T o T i1 amy

Let t = 2a/n for some positive «. Using Lemma 1, we have

27 01 _ 2ol ofE

(2n)—1 o exp<—4n + (n) + (n2>>
Dn,l 1 —a?

P(sm =)= (1+0( ) )=

Thus, D,.1/2+/n converges in distribution to a random variable X with density function f(x),
where f(x) =0forx <0, and f(x) = 2xe= for x > 0. In particular, we have

and, consequently,

D
F(2) = P(Z% < Z) S>1—e% for any z > 0. O
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With a little more work, we can bound | F;, (o) — F (o) |, where F is the cumulative distribution
function of X. Define ¢; = (¢/(2n)) exp(—t2/4n). Note that the sequence {e;};>1 is log-
concave. Now fix & > 0 and let N, = |2a.4/n]. By (7), we have

Ne—1

N Ny—1
_y o t 2, NS 2\ 2
Foe@ =3 D=0 = 3 it = (5 0o(2) i

t=1 t=1

2(n); tr—1) r
@), _exp<_ an )(”0(72))'

Combining the previous two equations, we obtain

Using Lemma 1,

Na_l t t3 Na—l 1
Fa(@) = ; e,<1 + 0(; + ;» Y e+ 0(%)’

In fact, by a more careful analysis of (6), we can write

! C +a+a?)
< - @ @ 7

Fo@) — ) e < NG

=1
for an absolute constant C uniformly for all . Considering >_ e; as a Riemann sum, by the
log-concavity of {e}, it is easy to see that for some constant C»,

Ng—1

L'Z e; — F(a)
=1

where e* is the maximum of {e;}, which is at most 1/+/2en. Using the last two equations, for
alla > 0,

< Cae”,

|Fu() — F()| < C3(1 +a 4+ a)n~1/?
for an absolute constant C3. On the other hand, for « > +/logn,

2 1
1 - F(a)=e"¢ =O(—)

n

and

| Fy(@)— F(@)] < [1=F(a)|+|Fy(@)—1] < 0(1)+1—Fn(\/logn) = O((logn)*?n~17%),

n
Proof of Theorem 4. Letty, ..., t; be positive integers and let ¢ = ] 4 - - - + ;. Similarly
to (7), we write

n
P(Dn’l=t1,...,Dn,k=tk)=(k>k!(t1—1)([1+l2—3)-~-(t1+"'+tk—2k+1)

(n—k)(t yoy @11 2"
“Nr—a )V T T
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Here (#; — 1) is the number of possible positions for the blue partner of the first red card,
(t1 + to — 3) is the number of positions for the blue partner of the second red card, and so on.
Simplifying this, we obtain

2K ) (= 1)t + ot =2k + 1)
(2n)r—k @n —t+ k)

P(Dp1=t1,....,Dpx =t) =

Letting ; = 2a;4/n for positive «;, the right-hand side can be expressed as

(ol emn(3) - (2572)

from which the theorem follows. O

4. Blocks of a given size

In this section we will estimate the expected value and the variance of B, ;. We need these
estimates in the next sections. We start with the following easy lemmas.

Lemma 2. For N, i, and j, we have
N —k\ [k N +1
Z( . )<>=< N ) ®)
P i bi i+j+1
Z(k)(N—k)(N—k—i)_(i—i—j)( N+1 ) ©)
— \! i j Y i+j+l+1)

Proof. The first assertion is [12, Equation (5.26)] with ¢ = 0. For the second equation note
that

N—k\(N—k—i\  (N—k! (N—k—i!  [(i4+j\(N—k
( i )( j )‘i!(N—k—i)!j!(N—k—i—j)!_< i )(z‘ﬂ)‘

Hence, by (8), the left-hand side of (9) is

()2 0)0)= ()6 5)

The next lemma follows from simple algebra and the proof is omitted. |

Lemma 3. For fyy = 6(x+;_1) + 3()51{) + (X-;i—gl), we have

(i+j+4!

Tt b= g e

4.1. Expected number of blocks of a given size

It has been shown by Velleman and Warrington [20] that the expected value of the number
of blocks of size i is asymptotic to 4n /(i + 2)3 as the number of pairs of cards n goes to co.
We will need a more quantitative version of their result.
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Proposition 2. Asn — oo and fori = o(n'/?),

4n i2
E[B,,i] = E[&; - I+o0(—)), 10
(Boi) [E]+(l+2)3< + (n)) (10)

where &; is the indicator of the event that the first block has size i. (Note, in particular, that
& = 0.) Furthermore, for everyn > land 1 <i <n+1,

4e'/2p
(i+2)3

Proof. We use the set of permutations 77, throughout the proof. For x € [n], let xg and xg
denote the blue and the red cards labeled with x, respectively. Recall that the block sizes are
determined by the positions of the red cards. For a # b, let [ ‘; » denote the indicator random
variable which takes the value 1 if the following hold in the random permutation of cards:

E[B,:] < E[&]+

(1)

(1) ar comes before bR;
(i1) there is no red card between ar and bg;
(iii) there are exactly i — 1 blue cards between ar and br.

If all three of these events hold then the contribution of the pair (ar, br) to B, ; is 1. Thus, we

have
Bui=&+Y I, (12)
a#b
and ‘ '
E[B,,] = E[&]+ ZEU;,b] = E[&] +n(n — DE[]] ,], (13)
a#b

where the last identity follows from symmetry. For computing E[/ 1’ »], we can first choose
the positions of 1 and 2g, then choose cards (all blue) to put between 1gr and 2R, and finally
permute everything and divide by the total number of configurations. We write

Ell{,] = Ei + Ea,

where E is the contribution of those configurations such that both 15 and 2g appear before 1R,
and E» is the rest. Of course, E» is positive if and only if 2 < i < n. Now, as explained below,

- =2\, m—k—i—1\.  (2n—2i—2)/2""
El_;;k(k_l)<i—1)(l_l)!< i—1 >(l_1)! (@2n)1/2n :

Explanation. In the sum, k + 1 represents the position of 1g. This implies that the position
of 2r is k + i + 1. We choose the positions of 1 and 2p in k(k — 1) ways. We choose i — 1
cards out of n — 2 blue cards to put in between 1r and 2R, and permute these in (i — 1)! ways.
Next, we choose (i — 1) positions from {k+i +2, ..., 2n} for the red partners of the blue cards
sandwiched between 1r and 2g, and permute these red partners in (i — 1)! ways. The rest of
the numerator is for permuting all the remaining cards.

After simple cancellations, we obtain

223G — D! (n — 2) 1) K\ (2n —k —i —1
b= 2(2)( i—1 )
k>2

(2n) 2i4+2)
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Using (8) for the right-hand side above and simplifying the resulting expression, we have

22— DV (n —2)—1y (2n — i 242 (n—2)i-1
E| = . = — . (14)
(2n)i+2) i+2 i+2)3 (@2n)
Similarly, for i > 2, we have
n—2\ . 2n—k—i—1\ . (2n — 2i)! /2"t
Er=) k -1 S )| s A
2 ; (i—2>(l ) ( i—2 )0 Ty
2= D! (n —2)-o )3 (k) <2n —k—i- 1)
(2n) 2y —\1 i—2
20 (n—2) i
=z (n )(i-2) (15)
i (2n);

Combining (14) and (15), we obtain

2P Y 4n 2f<n)i<1+i2—i+2>. 16
(+232n; " i@n); G +2)5 @n); an

It follows from Lemma 1 that, for i = o(4/n),

2'Mi i1y i? i?
2n); © + n? + n

This, combined with (13) and (16), implies (10). Furthermore, for 1 <i <n + 1,

2mi Ty l-iln 4 j =Y ii—1)
an, ~ =5 ‘E(l “5my) <M1= 5;) ool -5}

j=1

nn—1)(E; + Ez) =

Hence, applying 1 4+ x < e* to the last factor in (16), we obtain

2i(n); i2—i+2 ii—1) i?—i+2 "
1 < — < el/ ,
o Ut T S T, Y, [ =°©

which proves (11). O

4.2. Bound on the variance of the number of blocks of a given size
In this section we estimate var(B;, ;). The following is sufficient for our purposes.

Lemma 4. There exists an absolute constant M such that, for i < nl/3,

var(B,,;) < M. 17)
1

Proof. By (12),

E[B2,] =E[si]+1E[ Z Ié’blc"’d]+2E|: Z I;;J,Ig,c} +2E[g,- le’é,b}

((a,b),(c,d)) (a,b,c) (a,b)
=E[&]+ 21 + 2%, +2X3, (18)
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where different letters in the sums denote distinct numbers from [#] and X denotes the kth sum
before the last equality sign. We will see that the main contribution to IE[B}% ;1 comes from %.

By Proposition 2, there are some absolute positive constants K; and K3 such that E[ B, ;]
lies in the interval [Kln/i3, Kzn/i3] foralli < n!/3 asn — oo. Also, since there are only n
blocks, we have the trivial upper bound B, ; < n. Hence,

2%3 = 2E[§; (Bu,i — &)1 < 2nE[§] < 2i, (19)
since, using (7), we have

i—1 27y i
El&] =P(Dy = i) = =7
[&i] (Dn,1 = 1) 2n—i+1 (Qn)i—1 — n

fori <n+1.

Next we estimate 2.
Computation of X1. Let A = A(n, i) be the following event:

(a) {Ir, 2R, 3R, 4r} appear in the order 1R, 2R, 3R, 4r in the permutation;
(b) 1R and 2R are separated by i — 1 blue cards;

(c) 3r and 4R are separated by i — 1 blue cards.

Let p; be the probability of A. Note that, for each permutation in A, the contribution of the
4-tuple (1R, 2R, 3R, 4r) to X7 is 2, and we have

n
X = 2<4>4! pi = 2(n)4p;.

We now estimate p; for i = O(n'/3). Before we start, we introduce some notation. The
positions of the red cards 1R, 2R, 3r, and 4r determine five disjoint intervals in a permutation.
We denote the jth interval by /; for 1 < j < 5. Depending on which interval(s) the blue
cards {1g, 2B, 3B, 4B} lie, we have different cases. Let 7, be the number of blue cards from
{18, 2B, 3B, 4g} in the interval [, for 1| < u < 4. Note that /5 cannot contain any of these four
blue cards. Since xg must appear before xgr for any x € [n], we have the following constraints
for the nonnegative integers 1, 2, 3, and #4:

v
Ztu >v forve{l,?2, 3} (20)

u=1

t1 + 1t + 13+ 14 = 4. Both intervals I and I4 have lengths i — 1, i.e. there are i — 1 positions in
each interval. We denote by k and £ the lengths of I; and I3, respectively. Thus, the length of
Isis(2n—4)—k—€—-2(i—1)=(2n—-2i—2—k—{). Foragivent = (#1, t2, 13, 14) meeting
the conditions in (20), let K (¢) be the number of allocations of {1g, ..., 4g} into intervals I,
I, I, and I4, respecting ¢. By considering the number of blue cards in the intervals and the
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red partners of the blue cards in I and 14, we obtain

k i—1 ¢ i—1
P = K(t 1! B! 13! 14!
P=2 ()Z(t1>](tz>2(t3>3<t4)4
t k.,
n—4 Qi —2—1) —1)!
X —2—1n—)!
20—2—1) — 14 ! E

2n —2i —k—4€—2\ .
x( >(1—1—t4)!

i—1—1
2n—3i—k—1—13+¢
x<” b 3+4)(i—1—t2)!
i—1—n
Q2n —4i — 4+ 21 + 2t4)! 2"
x n—=2i=24n+1y (Zn)! :

After cancellations and taking the factors that do not depend on & or £ out of the inner sum, we
have

22i+2—t2—t4

pi=Y KOG —D?nt5'(n—4)i0pyty ——
l Xt: TR @n)aira2n -2

K\ (2n—3i—k—1—-13+41 e\ (2n—2i—k—t—2
XX,}(n)( i—1-1n )XE:(m)( i—1-1 )

Using Lemma 2,
Z I\ (2n—2i —k—4£—2 _ 2n —2i —k—1
n 13 i—1—1n - i+1—1 ’

so we need the sum

k\(2n—3i—k—1—1t3+1¢ 2n —2i —k—1
1311 T (v B
1 i—1—n i+13—14

k

For the product of the second and the third terms in the sum, we write
2n—3i—k—1—t3+1\(2n—2i —k—1
i—1—0n i+13—1
_ 2i—1—t+B3—1 2n —2i —k—1
- i—1—n 2i—1—th+t3—1t1)

Using this identity, the sum in (21) can be written as

2l —1—th+13— 14 Z k 2n—2i—k—1
i—1—n P n)\2i—-1—-t+n—-1)

Using Lemma 2 once again, this can be expressed as
20 -1 —th+t3—1 2n —2i
i—1—1n Qi+t —th+ts—1t4)
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Combining the results in the previous lines and using the identity 4 —2¢) —2t4 = t] —tr +13 — 14,
we obtain

(mapi =Y K@ — D0l ()it2nr
t

22i+2-n—1 <2i —1l—th+1t3— t4>< 2n —2i )
D S — . .
(2n)4i+4-20—214 i—1-n i+t —ht+t—1
i — 1? 2i —1—th+13—1)!
:ZK(t)tlltg! . (@ ‘) (f 2+ 13— 14)
p (G—1—-0)+B— 1) Qi+t —tr+1t3 —14)!

XA ()i o gy
(2n)7;

Defining a := 2i + 2 — t, — t4 and using Lemma 1 for the falling factorials in (22), we obtain

(22)

i — D2 Qi—1—t+1t3—14)!
i—1=-)(+n—10) Qi+t —tr+13—14)!

(m)ap; = Z K@)t !5 C
t
x (2m)N1 =2 exp<—_2(2;

o]

20 +G) _ 2 (_)

where

=——+40
2n n+

Hence, fori = 0(n1/3), we have
;2
(n)ap; = (1 + 0<—)) Z K(t)t!t3! (2n)”+’3_2 F(1), (23)
n
t

where
(G — 112 Qi—1—t+1—t)!

G—1—tN(+B—t) Qi+t —tr+13—tg)!
Note that there exists an absolute constant y such that for any i > 1 and ¢,

F(t) = (24)

F(t) < Y i—l—l‘3+l‘2+l‘4 i—]—l[ =y i2_2tl_2t3.

Consequently, the sum in (23) over the vectors ¢t = (¢, 2, 13, t4) with t; + 13 < 3 is only
O/ i*). Also, there are three vectors ¢ with the sum of the first and the third components
being 4: ;1 = (4,0,0,0), t» = (3,0,1,0), and 3 = (2,0,2,0). For these ¢, we have
K(t)) =1,K(tp) =2,and K(t3) = 1. Then
n i2
(n)api = O (1—4) + (1 + O <—))(2n)2(24F(t1) + 12F () + 4F (13)). (25)

n

Using (24), we have

2UF () + 12F (1) + 4F () = 487D [ (2 = 1) 5 & 2i + 1
() + 12F (1) + (”‘(m+w[<i >+(H4)+ﬁ+2ﬂ_
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Using Lemma 3 with i = j, we obtain
2i — 1 2i 2i +1 2i +4)!
6 3 = 7
[( i )+ <i+1>+(i+2>:| 2(i +2)1?

24F (1)) 4 12F (ty) + 4F (t3) =

and, consequently,

(i +2)3)%

Finally, using this equation and (25), we have

=1 = 2(n) '_0<£>+<1+0(i>> =T +0(£) -
1=2mapi = 0| 5 n)) (G +232 " (i +2)3)? it)

Computation of ¥,. Let A’ denote the event {1 f,z =1= Iﬁl 3} in a game with n pairs of cards
and let ¢ = P(A’). Thus, we have X3 = (n)3q and we need to estimate g. On the event A’, I
appears before 2g, which appears before 3g. These three red cards determine four intervals, I;
through I4, numbered in the order they appear. Both /> and /3 contain i — 1 blue cards and no
red cards. For 1 < j < 3, let ¢; denote the number of elements from {1g, 2g, 3g} contained
in /;. We have the following possibilities for ¢ = (t1, 12, 13):

t1=(3,0,0), HL=(210), 3=(2,0,1), 4 =(1,2,0), ts= (1,1, 1.

Let K, be the number of ways to place {1g, 2, 3g} in 1, I, and I3 respecting #,. We have
Ki=1,K,=2,K3=1, K4 =1,and Ks = 1. Let k denote the length of /1, so the length
of Iyis 2n — 2i — k — 1. We need to put 2i — 2 — t, — t3 blue cards other than {1g, 2, 3g} in
1> U I3 and we need to put the red counterparts of these blue cards in 14. Hence, using Lemma 2
in the last step below, we have

> K\ (i — 1\ (i —1 n—73
= K 1l 3! 20 —2—1) —13)!
q 8 Zk: u<t1>( s )( & )1 2!13 <2i_2_12_t3)(l 2—13)

u
m—k—2—1\ (2n —4i — 2+ 20 4 213)! 2"
8 <2i —2—1— z3>(2’ TETho ) =2i-THn 4 2n)!

5 .
) 20—2—1Hh — 13
= - 1)!2 E K, ! ( i—1-1 )(ﬂ —3)2i-2-1-13

22i+1—t2—t3 k m—k—2i —1
T 2 )G 200 )
Cn)aiva-an-26 T/ \11/\20 =2 -2 =13

5 .
. 2i —2—t2 — 13
=(@i—-D? E K.t! ( )(fl = 3)2i—2-1—13

i—1—1n

22i+1—lz—l3 ( o — 2§ )
X — | . .
Cn)ait2-26-26, \2i =1+t —h — 13

u=1

u=1
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Now, using 2i — 1 + 1] —tp — 13 = 2i + 2 — 2t — 213, we simplify the last expression and write

22i+l —h—13

5 .
202 —1h — 13
= Kun! (i — DP? —3i2—ty—ts—————
g=7)_ Kun!(i )( 1o, )(n Ri-2-n-n

u=1

1
X Rit2-2n—2n)

> of 1 ma 1
Z l‘472t272t3 (zn)Zi n2+t2+l3
u

1 1
l‘4—2t2—2t3 n2+lz+t3

1 i2 h+t3
Oo| — | — .
o (7))

Since i = o(n'/3), the main contribution comes from u = 1, i.e. when (¢1, 2, 3) = (3, 0, 0),
in which case we have O (n=2i~%). In other words, we have g = O (n=2i~*). Then,

—

Il
Mu-
Q

S
I

I
Mm

u

$h = (n)3q = 0(%) 27)

Combining (18), (19), (26), and (27), we obtain (17) for some absolute constant M. O

As a corollary of the previous two lemmas, we obtain the following concentration result for
the B, ;s. Let B,; = B, — E[B, ;] fori > 1.

Corollary 2. Letl = o(n'/3) and let ® — oo. Then
B B 1
P(1By1| < vno, ..., Byl < vVnw) =1 - 0(5>

Proof. Using Lemma 4, and Chebyshev’s inequality, for any i < [/, we obtain

_ M
P(|Bpil > Vo) < FEP

where M is a constant from Lemma 4. Hence,

4
S BBl = Viw) = 0(1),
i=1

w
from which the corollary follows. O

5. Lucky moves

The asymptotics of the expected value of lucky moves in a random game of size n was
derived in [20, Corollary 18]. Here we prove Theorem 5, which gives the limiting distribution
of the number of lucky moves as n — oo.
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Proof of Theorem 5. Let us write L instead of L, for simplicity of notation. We will
compute, asymptotically, the factorial moments E[(L),] for k¥ > 1. Fix k and let & be the
event that the pairs of cards labeled n — k + 1, ..., n constitute lucky moves in a random deal
in 7;,. Clearly,

E[(L)x] = )¢P(€) ~ n*P(€).

Thus, we need to find P(&) asymptotically. To this end, we use the following algorithm to
generate a random deal with n pairs of cards.

Start with an uncolored deck of cards and put the cards in a row one by one in the following
way. At the first round put one of the two cards labeled 1 in a row. For k > 1, at round k + 1,
insert a card with label [(k + 1) /27 into an interval chosen uniformly at random from the (k+ 1)
intervals determined by the first k cards already in the row, where an interval refers to a space
either between two cards, or before the first card, or after the last card. After a pair of identical
cards are inserted, which happens after each even-numbered step, color the one on the left with
blue and the one on the right with red. We denote by (ay, ..., ar) the permutation after the kth
step of this algorithm, so (ay, ..., az,) denotes a random game from 77,.

After m pairs of cards are put down, there are 2m + 1 intervals. Let them be Iy, ..., Iy41
from left to right. For m > 1, let So denote the set of intervals following red cards in
(ai, ..., axy) together with the first interval, i.e.

SO = {I;: a;_y is red} U {I}}.
Recursively, for ¢t > 1, define
S = {I;: a;_y isblueand i — 1 € S™)}.

Let S := | i>0 52 ") be the set of * good’ intervals. A good interval is an interval such that if
two identical cards are inserted into this interval, then those two cards constitute a lucky move.
Note that the intervals are alternately good and bad as long as a red card does not interfere. The
sets §; (m) partition the set [2m + 1] and

1S = 1S = m + 1.

Event & is equivalent to the following event. Recursively, for 1 < j < k, the two cards labeled
n — k + j, which are inserted at rounds 2n — 2k + 2j — 1 and 2n — 2k + 2 in the algorithm
are inserted next to each other and the first one is inserted into a good interval, i.e. into an
interval in S@—*+i=1D Note that, after such an insertion, both the number of good intervals
and the number of bad intervals increase by 1, i.e. | S —k+0)| = |§(r=k+i=D| 4 1. Let s denote
the number of good intervals after n — k pairs of cards are placed, i.e. s = |[S”|. Since
s >n — k + 1, conditionally on s, the probability of & is

m s+ N <L)k
i (2n 2k+2/+1)+2n 2k +2j+1 m2 )’

where the numerator on the left-hand side is the number of good intervals and the denomrnator is
the number of ways to insert the two cards with labelsn —k+ j + 1. Since |S0 | =n—k+1
and IS(" b = > j>2i41 Bk, j fori > 1, we have

s=Y USSP =14 -0+ > Y Bk

i>0 i>1 j>2i+1
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Hence, by Proposition 2 and the identity

Z 4 _ Z (2 4 n 2 )_ 2 2 08)
j22i+l(j+2)3 PeniaV J+1 o j+2 2i4+1 242

Elsl=n—k+1+) Y E[Byy,l

i>1 j>2i+1

APIIDY (J+2)3

i>1 j>2i+1

2
_”+”Z<21+1 2l+2>

i>1

1 1
:2 J—
”Z[2i+1 2i+2]
i>0

= (2In2)n.

we obtain

Next we show that s /E[S] — 1 in probability. For this, it is enough to show that, for every
e >0,
P(ls — E[s]]| > en) - 0 asn — oo.

This probability is bounded by the sum

(£ 5 5ol 2) o

i=1 j>2i+1
Since Zj B, j = m for every m > 1, we have

P(ZI: Z By >—>— (Zi:i:_n —k,j

ZZ Bn—t.j

i>l j>2i+1

en
>_

en
>—.

i=1 j=2i+1
. . — en
< PP thereexists 1 < j <2l: [By_¢ ;| > m .
By Corollary 2 applied with @ = £%n/(2[(I 4 1))?, the right-hand side above goes to 0 for
[ =o(n'*.

Now consider the second probability. Since ]P’(|7| >t) < 2E[X]/t for a nonnegative
random variable X and any ¢ > 0, using Proposition 2, we obtain

(5 ¥ Aa]-2) =ty 3 an

i>l j>2i+1 i>l j>2i+1
4 4e'/2n
==> > (E[f;‘,]+ )
en i>l j>2i+1 ( +2)
4 . cn
<~ Z(P(Dn_k,l > 2+ 1)+ l—2>
i>l
4 cn
< —\|ElDu—a1l+ ).
en l
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By Proposition 1, E[D,—¢.1] = O(4/n) so that the right-hand side goes to 0 as long as [ — oo

with n — oo. Thus,
21n2)n \f
EL(Ly] ~ nt( E2MY _ nop,
2n2

and L converges in distribution to Po(In 2). O

6. Length of the game

In this section we prove Theorem 2 and, thus, also the asymptotic normality of the length of
the game (see Corollary 1 in Section 2). The proof is an application of Theorem 1 which will
be discussed at the end of this section.

We first note that by using (13), (16), the fact that ) ;_; E[&;] = 1, and by letting i, be an
integer of order /n/logn, we have -

ZE[Bn 2i] = ZE[Bn 2] + Z IE[Bn 2i]

i>1 i>ip

' 4n 1 n
=3 (e + iy, (7)) +o(Z 5)

in
i=1 i>iy,

)

where the last equality follows by the partial fraction decomposition used in (28). Hence,

_004—71 0 (log n) 0<
_;(21+2)+ o8m ¥

=B —-4In2)n + O(logn),

:N[\.)l S

1 logn
Zr =G —4l2m) = IZBM <ﬁ)

i>1

and it suffices to show that the first term on the right-hand side is asymptotically normal.

Forj > 1,letV; = Z{zl Woi and V = Y72, Wy, where (W;) are defined in Theorem 1.
Pick any ¢ > 0. Pick Ny such that for every N > Ny, we have P(|V — Vy| > ¢/2) < ¢/3.
This is possible since the variance of V — Vjy goes to 0 as N — oo and hence V — Vy goes
to 0 in probability. Take any x € R and any N > Ny and pick ng such that, for n > no,

‘ ( ZBVL21<x+ )_P<VN§X+£> ¢
2 3
i<N
and
ZBn2,<x—— —-P VN<x—E <£.
- - 2 3
l<N

This is possible since by Theorem 1 there is a joint convergence, and thus also convergence of
any finite sums.
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Now, for n > ng, we have

1 — 1 — 1 —
P ﬁXi:Bn,Zifx =P _n Bn,2i+_- Bn,2i§x

Similarly,

1 —— 1 ——
P(—=Y Buai<x)2P(—=) Buai <
(ﬁ n.2 _x) - <ﬁ - n2i =

ZBn2z

i i>N
2¢e 1 — £
> P(V 5x—8)———IP’<— > Buoi| > —>.
3 ﬁ i>N 2
As we will show below, ng and Ny can be chosen so that
( > Bua|> -)<§ forn > ng, N > No. (29)

i>N
‘We then have

1 —
P(V<x—¢)—¢ 51@(—23,,,2,» §x> <P(V<x+e¢)+e.
N
Letting ¢ — 0 and using the fact that the distribution of V is continuous, we conclude that

P(% ;Ew < x) — P(V <x).

Finally, note that V 2N O, 02), where

2= var(Z W2i>

i>1

= ZUZi,Zi +2 Z 02i,2]

i>1 l<i<j
=4) ————+16 —24
; 2i +2)3 1.2::1 2i +2)3(2j +2)3 IJX: Qi + 21 +4)

1
j—1

S Qi+ 2j + 44 2] +4)

J
1 In2 T 13 T 7In2
= (3—4In2)@4—4In2) - 24| —— + = - )48 =+ — - =%
(3—4In2)4—4In2) ( + ) (24+48 8)
= (41n2)*> +8In2 — 13.
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It remains to prove (29). Pick i, > N of order n!/)~" where 0 < n < 1]—2 The left-hand side

of (29) is bounded by
Y Buai|> ) ( > Buai ) (30)

1
u»(_
ﬁ N<i<i, i>iy
16 16
Sovar( D0 Baai) = D0 var(Baa) 42 Y0 cov(Buai Baoj) ).

The first probability by Chebyshev’s inequality is at most
N<i<iy N<i<iy N<i<j<iy,

It follows from Lemma 4 and the choice of i, that the first sum is O (n/N?). By the Cauchy—
Schwarz inequality,

n
|cOV(By 21 Bu2j)| < (var(By i) var(By2j)'/? = O(W>

Thus, the second sum is of order at most

1 1
Z 3/22 j32 SC”ZWW:()(%)

i>N ]>l i>N

so that the first probability in (30) is O(1/N). The second probability, by Markov and (11), is

bounded by
[ZBn21i|§ I:ZBnZti|

i>iy, i>iy,

4o\
fg( il (i+1)<i+2)>
:8\/—P(Dn] >ln)+0<:/_>

_ 1 2—1/6
= O<ﬁ> + O )
= o(1),

I /\

n

by our choice of i,,. Thus, for a given ¢ > 0 each of the probabilities in (30) can be made
smaller than £/6 by choosing Ny and n¢ sufficiently large. This implies (29).

Proof of Theorem 1. We consider the following dynamic version of the game. For k > 1,
at step k, we insert the pair of cards labeled k into the game so that the position of the blue
card is chosen uniformly at random from 2k — 1 positions first and then the red card goes to
the end of the row. We can represent the evolution of blocks as a generalized Pélya urn model
with infinitely many types of balls: 0, 1,2, .... Drawing a ball of type i > 1 corresponds to
inserting the blue card of the new pair in an existing block of length i. Drawing a type 0 ball
represents a situation when the blue and red cards of the arriving pair are both put at the end
thus creating a block of size 2.

The evolution of the urn is as follows. We start with one ball of type 0. If, at any time, a
ball of type i, i > 1, is drawn, it is replaced by one ball of type 1 and one ball of type i + 1. If

https://doi.org/10.1017/apr.2016.16 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.16

On a memory game and preferential attachment graphs 607

a ball of type 0 is drawn, it is returned to the urn along with one ball of type 2 and the process
is continued in the same manner. After n draws, there will be one ball of type 0 and n balls
of other types. With this interpretation, the number of blocks of length i when 2n cards have
been played, By, ;, is the number of balls of type i in the urn after the nth draw; their asymptotic
distributions have been studied widely in the literature.

In fact, if not for the ball of type 0 it would be exactly the situation of outdegrees in a random
plane recursive tree studied by Janson in [14] (see Theorem 1.3 in particular) and in a much
more general setting in [13] except that hisi + 1 (and i + 2,7 + 3) areouri,i 4+ 1, and i + 2,
respectively.

To deal with this type 0 ball, we wish to apply [21, Theorem 2.1]. In [21], a type O ball is
referred to as an immigration ball. Let us call the vector (am,k),fzo representing the number
of balls added to the urn after an immigration ball is drawn the immigration vector. Our
immigration vector (d, k) lf:() (see [21, p. 646, item (a)]) is time independent and is given by

[am,07 ey am,k] =[0,0,1,0,...,0].

Similarly, the addition (or replacement) matrices are time independent, nonrandom, and the
number of balls in the urn increases when a nonimmigration ball is drawn. Thus, our situation
falls into the second of the three cases described in [21, Section 2.3] and in this case [21,
Theorem 2.1] states that the immigration is asymptotically negligible and the urn has the same
asymptotics as without immigration.

The urn without immigration was studied by Janson [13], [14], who reduced infinitely many
types to finitely many and used a ‘superball trick’; see [13, Remark 4.2].

After these reductions, in Janson’s notation (and including the immigration balls), if & =

(%0,i,&1,i, ..., &m,i) is the replacement (column) vector when a ball of type i is drawn, then
with §; ; denoting the Kronecker delta, &y ; = 25 ;,i.e. § = (0,0,2,0...,0).
Forl <i <M,

Ei,j 281,]‘ —iai,j +(i+1)8i+l,j =(,1,0...,0,—i,i+1,0,...,0),
where —i is on the (i + 1)th position (we start enumeration at 0). Finally,
ém,j =981, +0m,;=1(0,1,0,...,0,1).

The replacement matrix Ao (which has vectors &; as its columns) is

00 0 0
00 1 1 1 1
A H 2 2 =2 0 ... 0 0
0= = >
o0 ... 0 M-—1 -M+1 0
00 ... 0 0 M 1

where H was the notation used in [21]. Note thatif A is a matrix obtained from A¢ by removing
its first column and its first row, then it is exactly the matrix considered by Janson [14] for the
random plane recursive tree (with i shifted by 1 since he starts enumeration at i = 0 and ours,
after discarding balls of type O, starts at i = 1). It follows from his argument (see the proof
of [14, Theorem 1.3] and Remark 3(ii) below) that the eigenvaluesof A are 2, —1, ..., —(M —1)
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and, consequently, that (1) holds with covariances of (W;) given by
zi o DR (o (2R 14D kDU D
+l+4 k l (k+3)({+3) k+3)1+3))

k=0 1

~.

Il
=}

As was shown in [1, Proposition 1], this expression simplifies to (2). |

Remark 3. (i) It is tempting to incorporate the ball of type O in the general framework of
Janson, i.e. to consider Ag as the replacement matrix. An additional eigenvalue is 0, so we are
still in the regime Re(X;) < %)»1 so that Janson’s general theory [13] would apply. Accordingly,
for the joint distribution of (B ;);>0, we would have

1 0 4 o0
—(Bn,i)iZzo ~ |0, [ = almost surely as n — 00
n

(i+2)3/);1
and
L (B,o—1.(B i\ D (W)
— -1, | — — —- (W2, asn — oo,
«/ﬁ n,0 n,i (l +2)3 i i)i=0

where (W;) are jointly Gaussian with covariances o; ; given by (2)if i, j > 1, and 0;; = 0 if
i =0orj = 0. In particular, Wy is degenerate, as it should be. The formal difficulty is that
the condition in [13, Equation (A6)] is not satisfied: there are two equivalence classes {0} and
{1,2, ...} and the first one is dominating while the second is not (a ball of type 0 is never put
in unless it is drawn). Probably Janson’s theory could be extended to include such cases, but
we do not know this.

(ii) Janson found the eigenvalues and eigenvectors of A by directly solving the system of linear
equations. Alternatively, as he himself suggested, one can proceed by induction. Indeed, after
expanding Ag — Al with respect to the first row and then repeatedly expanding the resulting
cofactors with respect to their last rows, we see that the characteristic polynomial of Ay is
M—1
Pay®) = (D" —2) [T+ i
j=0

The eigenvalues then may be computed by solving the system (Ag—AI)v = 0. For example,
when A = 2 this gives vop = 0 and

Av]=2vi, jvj,1=()»+j)vj, 2<j<M, Mvy—1 = (A — Doy,

which are solved by vy—1 = vy /M, and

j+3
V-1 = Fm FESEAL

_ UG DMt
G+DG+2)---M

_ M+

T G+nG+

l<j<M-2.
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Choosing vy = 2/(M + 1) normalizes v so that ) jvj = L. This is exactly what Janson gives
(see [14, Equation (5.6)]) except that our j is his i + 1.

The other eigenvectors (left and right) can be computed in a similar fashion. We skip further
details.
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