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Abstract. In this paper, semidefinite optimization method is proposed to estimate
bounds on linear functionals defined on solutions of linear ordinary differential equa-
tions (ODEs) with smooth coefficients. The method can get upper and lower bounds
by solving two semidefinite programs, not solving ODEs directly. Its convergence
theorem is proved. The theorem shows that the upper and lower bounds series of lin-
ear functionals discussed can approach their exact values infinitely. Numerical results
show that the method is effective for the estimation problems discussed. In addition,
in order to reduce calculation amount, Cheybeshev polynomials are applied to replace
Taylor polynomials of smooth coefficients in computing process.
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1 Introduction

Semidefinite optimization is a very efficient optimization method [1]. It has been success-
fully used to solve many important problems, including combinatorial optimization [2,3],
filter design [4], eigenvalue optimization [5] and mobile communication optimization [6].
Recently, the method was applied to deal with moment problem [7-9], polynomial glob-
al optimization [7,10-17] and bounds on linear functionals defined on solutions of linear
differential equations [18] with polynomial coefficients. Instead of finding out the so-
lutions of linear differential equations, D. Bertsimas and C. Caramanis [18] presented
semidefinite optimization to estimate bounds on linear functionals defined on solutions
of linear differential equations with polynomial coefficients. The numerical results show
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that the method is very efficient for the related problems. The method can easily obtain
good upper and lower bounds of the functionals discussed under a small amount com-
putational burden. At this regard, the discretization-based approaches cannot provide
guaranteed bounds on functionals defined on solutions of the differential equations.

In this paper, we will propose semidefinite optimization method for estimating
bounds on linear functionals defined on solutions of ODEs with general smooth coef-
ficients. The primal problem is first transformed into a series of approximate problems
with polynomial coefficients. Then semidefinite optimization method is applied to solve
these approximate problems. Convergence theorem of the proposed method is proved.
Two numerical examples are given to show the effectiveness of our estimation method.
Our approach generalizes the one in [18] in terms of ODEs case, which can estimate
bounds on linear functionals defined on solutions of ODEs with general smooth coeffi-
cients, including ODEs with polynomial coefficients.

The rest of this paper is organized as follows. In Section 2, we propose semidefinite
optimization method for estimating bounds on the linear functionals defined on solutions
of ODEs with smooth coefficients. In Section 3, we prove that the approach is convergent
for the problems discussed. Numerical experiments are performed in Section 4. We end
the paper with some conclusions and discussions in Section 5.

2 Semidefinite optimization

Suppose that L and G are two linear differential operators operating on some distribution
space A, in which the space F = Span{ 1,x,x2,+,xt - -} is dense. Their orders are r; and
1y (ra <rp), respectively.

We define L and G as follows:

d*u(x
Lu(x)=)_ Lg(x) dx(s ), (2.1a)
s<rq
d°u(x
Gu(x)=)_ Gs(x) dx(s ), (2.1b)
s<ro
where L;(x) and G;(x) are all in C*[0,1].
Primal Problem: Computing
1
/ Gu(x), (2.2)
0

where u(x) € A satisfies the following differential equation
Lu(x)=f(x), xeo1], 23)

with some appropriate boundary conditions at x =0 and x=1. In (2.3), we also suppose

Fx) €A
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Expand L;(x) and Gs(x) as Taylor polynomials at x =0 with orders k and [ (I <k),
respectively, that is,

k ‘ I ‘
Lo(x)~LA(x) = Y al¥, Gu(x)~GA(x)= Y %,
i=0 i=0

We define two differential operators L4 and G as follows,

ds k N dS
A_ A I Ls i\ %
: —S§1Ls (x)dxs _5§1 (i—oai * > dxs’ @42)
GA:ZGA(x)ﬁzz ( ; acsxi)i (2.4b)
s<rp ’ dxs s<rp i=0 ' dx? ' '

Then Primal Problem can be approximated by the following problem:
Approximate Problem: Computing

/O ' GAu(), 2.5)

where u(x) satisfies
LAu(x)=f(x), x€0,1], (2.6)

with the appropriate boundary conditions at x=0 and x=1.
Assume that the solution of the Eq. (2.3) is bounded from below, that is, u(x) > 1 for
all x €[0,1]. We define the following moments on the solution u(x)

1 .
mi:/ (u(x)_u())xl/ izolllzl"'/ (27)
0

even though u(x) may not be a probability distribution.
By the linearity of integration and u(x) € A, we have

1 1
LAu(x) = f(x) <= [ (LAuG)gi= [ f(x)gi Vg€ A,

1 ) 1 )
(z)/o (LAu(x))xl:/O f(x)x', i=0,12,---, (2.8a)

in which ¢; = xt,i=0,1,---, are called the test functions.

We consider the general term x*d/ /dx/ of the linear differential operators L and G#
in (2.4a) and (2.4b).

By (2.7), (2.8a) and integration by parts, we get

1 j . . o
/ (ka>xldx:/ xk+lu(])(x)dx:/ K Fdu =1 (x)
0 0 0

dx/
— ki) ()| = (k4) 10072 ()2 4

https://doi.org/10.4208/aamm.2013.m316 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2013.m316

602 G. M. Zhou, C. Deng and K. Wu / Adv. Appl. Math. Mech., 8 (2016), pp. 599-615

) 1 .
+(—1)f(k+i)(k+i—1)---(k+i—j+1)/ ATy (x)
0
=ul V(1) = (k+i)ul=2 (1) + -+ (= 1) (ki) (k+i=1) - (k+i—j+D)mpi . (2.9)
From the equality (2.9), we know that the integral fol xkul) (x)dx can be represented by
the moments my.,;_;, boundary values uk) (0) and uk) (1), k=0,1,---,j—1. Therefore, the

integral fol(LAu(x))xi can be expressed by the moments m;, j =0,1,---,i+k, unknown
I/l(]) (0) and u(])(]-)/ j:0/1/' o /rl _1, that iS,

1 itk ri—1 ) ri—1 )
/0 (LAu(x)x' =Y ami+ Y Bl (0)+ Y yud)(1), (2.10)
i=0 i=0 i=0

where aj, ,B]-, 7;j are constants.

Similarly, the integral fol GAu(x) in (2.5) can be written as the following linear combi-
nation on m;, j=0,1,---,1, unknown u(j)(O) and u) (1),j=0,1,---,r2—1,

1’2—1 1’2—1

1 ! , ,
/ Glu(x)=Y am;+} bju(])(0)+ ) cju(])(l)év(l), (2.11)
0 " ‘ 4
j=0 j=0 j=0

where 4;, b;, ¢ are constants.
By the equivalency (2.7) and (2.10), the differential equation (2.4b) can be written as
a series of linear equations whose variables are mj, j=0,1,---,i+k, unknown ulh) (0) and

ul)(1),j=0,1,---,r1—1, that is,
i+k ri—1 r=1

Y oami+ Y Bu(0)+ Yy (1)=g, =01, 2.12)
j=0 j=0 j=0

where )
&= [ fox

For x €[0,1], we have the following semidefinite constraints by the method in [18]

Qo=0, Q1=0, Qo—Q1=0, Q1—0Q2=0,

in which
mo my e Mgk
mq my st Mgk
Qo= ) ,
Mivk Mitk+1 0 Mo(iqk)
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my my o Myt
ma ms e Mt k42
Q1= ) ) . ) ,
Mitk+1 Mipk2 00 M(i4k+1)
ma ms s Mt k42
ms My o Mygg4s
Qo= .
Mitkt2 Mipk3 0 Mo(ipk+2)

Q;,1=0,1,2, are only dependent on the interval [0,1] (see [18]).
In fact, the above constraints can be simplified to

Qo—Q1=0, Q1—Q2=0, Q1=0. (2.13)

Now, we present semidefinite optimization method for estimating the bound on the
integral (2.2) in Primal Problem with smooth coefficients Ls(x) and Gs(x) in the space
C*>[0,1].

Algorithm 2.1.

Step 1 Transform Primal Problem into Approximate Problem according to the above
analysis. Leti:=1, k:=1, [:=1 and give a tolerance €;

Step 2 Generate linear constraints (2.12);
Step 3 Generate the semidefinite constraints (2.13);

Step 4 Construct the following semidefinite Programs (I)
max/mino!"), st (2.12) and (2.13),

in which the decision variables are m;, j=0,1,---,2(i+k+2), unknown ul)(0) and
uli(1),j=0,1,+,n-1;

Step 5 Apply SeDuMi 1.1R3 [19] to solve the Programs (I). Then get upper and lower
bounds on o). Leti:=i+1;

i+1)

Step 6 Decide whether the iteration goes on or not. If |m]( —m](i) ,j=0,1,---,i+k, where

m](i) means moment 1; when the highest degree of the test functions in Algorithm
(i+1)

2.11isi, and m j has similar meaning, are less than the given tolerance €, then

we stop the iteration, output v() and all decision variables, or increase k:=k-+1
and /:=[+1 by turns, go to Step 2.

Remark 2.1. Obviously, if the interval [0,1] is replaced by the general interval [2,b] CR,
Algorithm 2.1 can also work well.
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Remark 2.2. If L;(x) and Gs(x) in (2.1a) and (2.1b) are all in the polynomial ring R[x],
then Algorithm 2.1 is just the proposed method in [18] for ODEs with polynomial coeffi-
cients. If Ls(x) € C*[0,1], s=0,1,---,r1, but Gs(x) € R[x], s=0,1,---,72 (r2<r1), and vice
versa, then Algorithm 2.1 still work well. Similarly, Theorem 2 in Section 3 holds still for
these cases.

Remark 2.3. There are two programs in Step 4 of Algorithm 2.1. They are maximize and
minimize programs, respectively. In one iteration, we have to solve them, respectively.
Upper bounds are gotten by solving the former, and lower bounds are just the opposite.

Remark 2.4. Generally, lower bound u is unknown. We can first set a small value to
uo. When the iterative number is large, if |m}“ax —m}“m], j=0,1,---,i+k, where m}m" and
mi"" are the two moment 1;’s gotten by solving maximize and minimize programs in
the Programs (I), respectively, are small enough, then for x € [0,1], u(x) > up holds, or a

smaller value will be given to u.

Remark 2.5. Before iterative computing is performed, we usually set two appropriate
positive integers to k and I, respectively. This means that solving the Programs (I) need
not start from k=1and /=1.

Remark 2.6. The semidefinite constraints only depend on the interval [0,1] and not on the
operators LA and G4. In the semidefinite constraints, there are some moments Miiki1, ",
My(i+k42) Which are not appearing in the linear constraints. They are extension moments
(see [9] or [18] for details).

Remark 2.7. In Algorithm 2.1, in order to reduce calculation amount under the same
precision, we may expand the coefficients Ls(x) and G,(x) as Chebyshev polynomials,
instead of Taylor polynomials.

3 Convergence analysis

We first introduce a theorem which is a special case of Theorem 3 in [18] when x € [0,1].

Theorem 3.1. Given M= {m;,i=0,1,2,---}, there exists a function u(x) > ug such that

1 .
mi= [ (u(x)=uo)l, Vi=0,1,2,--,
0

if and only if for all subsets I C{1,2}, and all n >0, the matrix obtained from the expression

[ - )R () T L),

iel

in which F,(x)=[1 x x% --- x"]T, f1(x) =x and fo(x) =1—x, be replacing fol(u(x) —ug)x' by
m;, which is positive semidefinite.
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Now, we give the following lemma:

Lemma 3.1. Assume u*(x) is the unique solution of the differential equation

Z Ls(x dx(S *) =f(x), x€l[01],

s<rq

605

(3.1)

with some appropriate boundary conditions at x =0 and x =1. In (3.1), f(x) and Ls(x),
s=0,1,---,r1, are all in C*[0,1], and every Ls(x) can be expanded as the following Taylor poly-

nomials at x=0

=Y ax, xe[0,1].
i20

Suppose a series of differential equations

3 (Za“ VD p), k=012,

s<r{ i=

(3.2)

(3.3)

with the same boundary conditions just like the above exist a unique series of solutions {iiy(x), k=

0,1,2,---} in the space C*[0,1]. Then we have the following conclusion

Jim 1y (x0) =" (x).

Proof. Let
Ry (x) = ZaLS x'.

It is obvious that R,I;S (x) €C*[0,1]. By (3.2), we have

hmRLs( )=0.
k— o0
Denote ;
“u(x) i\ du(x)
; Ls(x dxs ; (;)QIL x) dxs
s<ry s<ri i=
Then
k d°u(x) d°u(x)
_ _ Ls 1
Hi(x)= T (L= Lar) == DReW =

For u(x) € C*[0,1], there exists a positive real number M satisfying

‘dju(x)

dxj ‘ SMO/ xe[oll]/ j:0,1,"',7’]
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By (3.7) and (3.8), we have

He(x)| < Y [RE (x)]- ( (<M021RLG (39)
s<rq s<rq
The fact that
lim Hy(x)=0 (3.10)

k—o0

can be deduced easily from (3.5) and (3.9). Then, by (3.10) and (3.6), we get

d*u(x)

lim ) (Z: als l> I Y L(x) TS

k_>°°s<r s<r

Therefore, the conclusion (3.4) holds because the solution of the Eq. (3.1) with some ap-
propriate boundary conditions exists and is unique. O

The following theorems show Algorithm 2.1 is convergent.

Theorem 3.2. If the conditions in Lemma 3.1 hold and the linear differential operator G in (2.2)
can be written as

G=Y G(x ds,

s<rp

where Gs(x), s=0,1,---,r2, (r2 <r1), are all polynomials, then

lim/ Giiy(x /Gu
k—00

Furthermore, applying Algorithm 2.1 to solve the semidefinite Programs (I) with the test
functions @; =x,i=0,1,---,N, we can get two upper and lower bounds series {pxn, k=0,1,---}
and {xn, k=0,1,-- } of the integral fol Gu(x), respectively, where, for two fixed positive integers
kand N, pxn and Gy are the optimal values of the maximization and minimization programs in
the Programs (1), respectively. Then the two series satisfy

lim lim pxn = hm/ Giiy(x / Gu™( (3.11a)
k—ooN—c0
lim lim Gy = hm/ Giiy(x / Gu*( (3.11b)
k—coN—o0

Proof. By iy (x) € C*[0,1], i*(x) € C*[0,1] and (3.4), we have
S iy S %
lim dig(x)  du (x)

= a2
k—oo dxs dxs (3 )

Because G;(x) € C*[0,1], there exists a positive real number M; satisfying
|Gs(x)| < M. (3.13)
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UkZ/OlGM*(x)—/OlGﬁk(X)-

tim | = lim | [ G ()~ ()

- ! d® (u* (x) —iix(x))
= lim Z/ Gs(x) o ‘

<tim ¥ [ 6.0 | 2B

Let

We get

k%oos<r dxs
by (u” (x) — g (x))
<M1 Z ]{151010 0 dxs ‘ :0/
s<rp
by (3.12) and (3.13). Then
lim Nk :0,
k—o0
that is,
lim / Gty (x / Gu( (3.14)

For a fixed positive integer k, Wthh is the index in 7 (x), we apply Algorithm 2.1 to
solve the Programs (I), and get the upper and lower bounds series {pxny, N=0,1,--- } and
{Cxn, N=0,1,---}, respectively. By Theorem 3.1, we get

1 1
lim poy= [ Gi(x),  lim Gov= | Gie(x)

Therefore, by using the conclusion (3.14), we have

lim lim pxy = hm/ Giiy(x / Gu™( (3.15a)
k—coN—o0
lim lim ey = lim / Gty (x / Gu*( (3.15b)
k—ooN—00

Thus, we complete the proof. O

Theorem 3.3. If the conditions in Lemma 3.1 hold and the linear differential operator G in (2.2)
can be written as

G=) Gs(x ds’ (3.16)

s<rp

where ry <ry and Gs(x) €C*®[0,1], s=0,1,---,r2, which can be expanded as the following Taylor
polynomials at x =0

Gs(x) = ZbGsx—hmZbGsx, x€[0,1], s=0,1,---,r. (3.17)

i—0 l%oo
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Then
lim / Gity(x / Gu( (3.18)

k—o0

Furthermore, applying Algorithm 2.1 to solve the semidefinite Programs (I) with the test
functions qoz-:xi, i=0,1,---,N, we can get upper and lower bounds series {éxn, k=0,1,---} and
{win, k=0,1,---} of the integral fol Gu(x), respectively, where, for three fixed positive integers
k, I and N which are the indexes in tix(x), (3.17) and the test function ¢y, respectively, Syn and
wyN are the optimal values of the maximization and minimization programs in the Programs (I),
respectively. Then the two series satisfy

lim lim lim §yn = hm/ Gri(x / Gu*( (3.19a)
k—o0l—00N—00
lim lim lim wy = hm/ Giiy(x / Gu*(x). (3.19b)
k—ool—00o N—00

Proof. By (3.16) and (3.17), we have
d°u(x)

Gu(x)=) (ZbGS l) T

SSTQ =0

It is obvious that there exists a positive real number M, satisfying
b& x| <M,, x€[0,1], s=0,1,--,m
Denote

R (x)= ZbGs

Then RZGS (x) €C*[0,1] and by (3.17), it is obvious that

hmRGS( )=0.
[—o0
Denote
Guu(x)=Y. (EbGs 1) Fulx) (3.20a)
s<rp i=
Akl:/o G(l)u*(x)—/o G(l)ﬁk(x). (3.20b)
We have
Gu(x) = lim Gu(x).
By (3.14), we get

lim ’)\kl ’ =0.
k—o0

https://doi.org/10.4208/aamm.2013.m316 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2013.m316

G. M. Zhou, C. Deng and K. Wu / Adv. Appl. Math. Mech., 8 (2016), pp. 599-615 609

Furthermore,
lim lim [Ay|=0. (3.21)
|—o0k—r00

The following equality holds by (3.20b) and (3.21)

lim lim [Ay| = hm hm Mkl| = (3.22)

k—o0l— 00

Then

fim| , 00| =pim] [ (imGio) "))

= lim th G (u*(x)—ﬁk(x))(

k—ool—00

=lim lim |Ay|=
k—rocol—r00

lim / Gty (x / Gu(
k—00

For two fixed positive integers k and I which are the indexes in #x(x) and Gu(x), re-
spectively, we apply Algorithm 2.1 to solve the Programs (I), and get the upper and lower
bounds series {0y, N=1,2,---} and {wyn, N=1,2,---}, respectively. By Theorem 3.1,
we get

Therefore,

I\lliglofsklN:/olG(l)ﬁk(x)/ I\lliglowklN:/Olc(l)ﬁk(x)-
The equality that
fim im, | Gum(s)= | G 62
can be deduced easily from the conclusion (3.11a). So, by (3.22) and (3.23), we get
1
fm i fm = G0
fm fm fm = [ 613

So, we complete the proof of the theorem. O

4 Numerical experiments

In this section, two numerical examples will be given to illustrate that Algorithm 2.1 is
effective.
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Example 4.1. Computing
1.
/ x'u(x), (4.1)
0

where u(x) satisfies

u'cosx+usinx=1, x€[0,1], (4.2)
with boundary condition u(0) =1.

The exact solution of the Eq. (4.2) is

u(x)=sinx+cosx.

Let d1=0.9974, d,=—0.1563, h1 =1.0005, h, = —0.5040, h3=0.0440. Chebyshev polynomial

with degree 3 of sinx and Chebyshev polynomial with degree 4 of cosx are as follows
sinx~y;(x) =dix+drx>, (4.3a)
cosx=yy(x)=h +hox?+hsxt, (4.3b)

respectively. |sinx—y;(x)| and |cosx—y(x)| are all less than 8 x 10~* for x € [0,1]. We

apply the two polynomials to replace sinx and cosx in (4.2), respectively. Then we get
the following problem:

Approximate Problem: Computing (4.1), where u(x) satisfies
(hy +hox® +hax)u' + (dyx+dax®)u=1, x€[0,1], (4.4)

with boundary condition u(0) =1.
In this example, u(x) >0 for all x € [0,1]. We set zero to uy.
Let

1 .
m]-:/ Yu(x), j=0,1,2,---.
0

We generate linear equality constraints. By (4.4), we have

1 . 1
/xl((hl+h2x2—|—h3x4)u’+(d1x+d2x3)u):/ x'. (4.5)
0 0
Then we get
i=0 = (h+hy+h3)u(l)+(dy —2do)my +(do—4h3)mz=1+hy, (4.6a)
. 1
i=1 :>(h1+h2+h3)u(1)—h1m0+(d1—3h2)m2+(d2—5h3)m4:E,---, (4.6b)
i=N :>(h1+h2+h3)u(1)—NhlmN_l—i—(dl—(N+2)h2)mN+1
1
+(d2_(N+4)hl>mN+3—N—+1/"'; (4.6¢)

by (4.5) and boundary condition u(0) =1.
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Table 1: Upper and lower bounds for Example 4.1 for N =50.

UN-Ob | LLFoS ULFoS ELFoS Errors
mg 1.301208 | 1.301208 | 1.301168 | 0.000040
my 0.682963 | 0.682963 | 0.682941 | 0.000022
My 0.462387 | 0.462387 | 0.462377 | 0.000010
ms 0.348839 | 0.348839 | 0.348836 | 0.000003
n 0.279725 | 0.279725 | 0.279727 | 0.000002
ms 0.233397 | 0.233397 | 0.233300 | 0.000003
Mg 0.200093 | 0.200093 | 0.199998 | 0.000095
my 0.175057 | 0.175057 | 0.174962 | 0.000095
mg 0.155559 | 0.155559 | 0.155464 | 0.000095
Mg 0.139951 | 0.139951 | 0.139856 | 0.000095
myg 0.127178 | 0.127178 | 0.127083 | 0.000095

M0 0.066315 | 0.066315 | 0.066319 | 0.000004
M3 0.044831 | 0.044831 | 0.044834 | 0.000002

Mg 0.033855 | 0.033855 | 0.033857 | 0.000002

In these linear constraints, unknown variables are m;, i=0,1,---, u(1).
For x €[0,1], the semidefinite constraints are the same as (2.13). So, for solving Exam-
ple 4.1, we construct the following semidefinite programs

max /minm;, s.t. (4.6a)—(4.6c) and (2.13).

Let e =108 and N =50. We applied SeDuMi 1.1R3 to solve the above programs. Nu-
merical results are listed in Table 1. In Table 1, UN-Ob, LLFoS, ULFoS and ELFoS mean
unknown variables or objective functions in max/min programs, lower bounds, upper
bounds and exact values on linear functionals defined on solution of the differential e-
quation (4.2), respectively. Errors mean |ULFoS—ELFoS|. These signs in Table 2 have the
same meanings. From Table 1, we can see that Algorithm 2.1 is effective since the numer-
ical results of lower and upper bounds are accurate to several decimal points of the exact

values. We also solve the max/min programs when N =49. Numerical results show that

50) _(49)

j ,j=0,1,---,50, are all less than 10~°. The following example is similar.

(
]m].

Example 4.2. Computing

1
/ Gu(x), @47)
0
where the operator G is
d
_,2 4
G=x e +3, (4.8)
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and u(x) satisfies
—u" 41/ cosx+ (e —sinx)u=1, x€]0,1], (4.9)

with boundary conditions #/(0) =1 and u/(1) =e*"*cos1.

The exact solution of the Eq. (4.9) is u(x) =es"~.

Let go=1.0000, g, = —1.9973, g =0.5000, g3 =0.1563, g4 = —0.1250, g5 =0.0583. Cheby-
shev polynomial with degree 5 of e~ *"* —sinx is as follows

—sinx

e M —sinx = ys(x) =qgo+q1X+q2x° +q3%° +qax* +g5x°. (4.10)

le™SIn¥ —sinx—y3(x)| is less than 3x 1072 for x€[0,1]. We apply (4.3b) and (4.10) to replace
cosx and e~ *"* —sinx in the differential equation (4.9), respectively. Then we get

Approximate Problem: Computing (4.7), where u(x) satisfies
—1" + (1 +hx® + 3 )i’ + (go+ g1 X+ 423 +32° +gax* +45x° )u =1 (4.12)

with boundary conditions #/(0) =1 and u'(1) =e*"*cos1.
In this example, we let up=0. In fact, u(x) >1 for all x€[0,1].
Let

1.
m]-:/ ¥u(x), j=0,1,2,. 4.12)
0
We generate linear equality constraints. By (4.11), we have

1 1
/Oxl(—u”+(h1+h2x2+h3x3)u’+(qo+q1x+q2x2+q3x3+q4x4+q5x5)u):/0 X' (4.13)

Then we have

i=0 = qomo—+ (ql —2h2)m1 +qgomy+ (Q3 —4]/13)1’1’13 +gamy+qsms
+ (hy +hy+h3)u(1) =e™cos1, (4.14a)
i=1 = —hymo+qomi+(q1—3h2)ma+qgamz+ (g3 —5h3)my+qams

+gsme+ (h1+hy+h3+1)u(1) —u(0) :esinlcos1+%,---, (4.14b)

i=N = —N(N—l)mN,z—NhlmN_1+qomN+ [ql - (N+2)h2]mN+1 +gomn42
+ (93— (N+4)hs]mn 3 +qamna+qsmns5+ (b +ha+hs +N)u(1)

; 1
:ESIH1C051+N+1,“‘, (414C)

by (4.13), boundary conditions #’(0) =1 and u'(1) =¢*"¥cos1.
In above linear constraints, unknown variables are m;, i=0,1,---, #(0) and u(1).
The semidefinite constraints are the same as (2.13) for x € [0,1].
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Table 2: Upper and lower bounds for Example 4.1 for N =50.

LFoS LLFoS ULFoS ELFoS Errors
fol Gu(x) | 2.664893 | 2.664893 | 2.665011 | 0.000118
1(0) 0.999854 | 0.999854 | 1.000000 | 0.000146
u(1) 2.319768 | 2.319768 | 2.319777 | 0.000009
my 1.631814 | 1.631814 | 1.631864 | 0.000050
My 0.929146 | 0.929146 | 0.929152 | 0.000006
My 0.658212 | 0.658212 | 0.658210 | 0.000008
ms 0.511281 | 0.511281 | 0.511277 | 0.000004
My 0.418444 | 0.418444 | 0.418439 | 0.000005
ms 0.354302 | 0.354202 | 0.354297 | 0.000005
Mg 0.307205 | 0.307205 | 0.307271 | 0.000066
my 0.271298 | 0.271298 | 0.271294 | 0.000004
mg 0.242876 | 0.242876 | 0.242872 | 0.000004
Mo 0.219851 | 0.219851 | 0.219848 | 0.000003
mio 0.200818 | 0.200818 | 0.200815 | 0.000003
Mo 0.107648 | 0.107648 | 0.107646 | 0.000002
M3 0.073533 | 0.073533 | 0.073531 | 0.000002
My0 0.055836 | 0.055836 | 0.055835 | 0.000001

By (4.8) and (4.12), the integral fol Gu(x) in (4.7) can be written as

/OlGu(x) =3my—2my+u(1).

Now, we construct the following semidefinite programs

max / min3mg—2my +u(1),

for solving Example 4.2.

s.t. (4.14a) —(4.14c) and (2.13),

613

Let e=10"% and N=>50. We applied SeDuMi 1.1R3 to solve above programs. Numeri-
cal results are reported in Table 2. From Table 2, we can see that Algorithm 2.1 is effective
since the numerical results of lower and upper bounds are accurate to several decimal

points of the exact values. In addition, we also see that the errors of fol Gu(x) and u(0)
are more than 10~%. In order to decrease these errors, we can replace e SN _giny and
cosx with approximate polynomials with higher degree.

5 Conclusions and discussions

In this paper, we propose semidefinite optimization method to estimate bounds on linear
functionals defined on solutions of linear ODEs with smooth coefficients, and prove that
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the approach is convergent. The numerical results show that the proposed method are
effective for the problems discussed. In [18], the authors also propose semidefinite opti-
mization method for linear partial differential equations (PDEs) whose coefficients are all
polynomials. Because unknown variables grow exponentially with dimension, solving
the semidefinite programming constructed on PDEs case is very difficult, and must draw
support from the commercial software AMPL (see [18]). Theoretically, our method can
be generalized to linear PDEs case, but the same computing issue will be run into.
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