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ON THE CRITICAL THRESHOLD FOR
CONTINUUM AB PERCOLATION

DAVID DEREUDRE,* Université de Lille
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Abstract

Consider a bipartite random geometric graph on the union of two independent homoge-
neous Poisson point processes in d-space, with distance parameter r and intensities A, .
For any A > 0 we consider the percolation threshold 1. (1) associated to the parameter ji.
Denoting by A the percolation threshold for the standard Poisson Boolean model with
radii 7, we show the lower bound pc(X) > clog(c/(A — XA¢)) for any A > Ac withc > 0
a fixed constant. In particular, there is no phase transition in w at the critical value of X,
that is, (e (Ae) = oo.
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1. Introduction and statement of results

In the continuum AB percolation model, particles of two types A and B are scattered randomly
in Euclidean space as two independent Poisson processes, and edges are added between particles
of opposite type that are sufficiently close together. This provides a continuum analogue to
lattice AB percolation which was discussed in, e.g. [4]. The model was introduced by Iyer and
Yogeshwaran [5], where the motivation was discussed in detail; the main motivation comes
from wireless communications networks with two types of transmitter. As discussed in [9],
a complementary (but distinct) continuum percolation model with two types of particle is the
secrecy random graph [10], [12].

To describe continuum AB percolation more precisely, we make some definitions. Letd € N
with d > 2. Given any two locally finite sets X, Y C R4, and givenr > 0, let G(X, Y, r) be
the bipartite graph with vertex sets X and ¥, and with an undirected edge {X, Y} included for
each X e X and Y € % with |[X — Y| < r, where | - | is the Euclidean norm in R?. Also, let
G (X, r) be the graph with vertex set X and with an undirected edge {X, X'} included for each
X, X € Xwith|X — X'| <r.

For A, u > 0, let %, and @, be independent homogeneous Poisson point processes in R?
of intensity A and y, respectively, where we view each point process as a random subset of R9.
We are here concerned with the bipartite graph G (£, @, r).

Let T be the class of graphs having at least one infinite component. By a version of the
Kolmogorov zero-one law, given parameters r, A, i (and d), we have P[G (P, @, r) € I] €
{0, 1}. Provided r, A, and p are sufficiently large, we have P[G (P, @y, r) € I] = 1; see [5]
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or [9]. Set
pe(r, A) = inf{p: P[G(Pr, Qu, 1) € T] =1},

with the infimum of the empty set interpreted as +o00. Also, for the more standard one-type
continuum percolation graph G (%, r), define

Ac(r) =inf{A: P[G(Py,r) € IT] = 1}.

Thus, A (r) is the critical Poisson intensity for percolation of the occupied region for a spherical
Poisson Boolean model (see [8]) where the balls are all of radius %r. In the notation of [8] it
would be called Ac(37).

By scaling (see [8, Proposition 2.11]) A¢(2r) = r~41¢(2). The value of A.(2) is not known
analytically, but is well known to be finite for d > 2 (see [4] and [8]) and explicit bounds are
provided in [8]. Simulation studies indicate that 1 — e "*?) ~ 0.67635 for d = 2 [11] and
1 — e @ /3%2) ~ 028957 ford = 3 [7].

Obviously, if G(Py, @y, r) € I then also G(Py, 2r) € I, and, hence, pc(r, A) = oo for
A < Ac(2r). In [5] and [9], it was proved that p.(r, A) < oo for A > Ac(2r). Indeed, with 7y
denoting the volume of the unit radius ball in d dimensions, we have, from [9],

e + 8 4re2r)\?

lim sup Pl he +9) < o(2r) d*(d + my. (1.1
—2d

510 ) |10g3| r

It is also indicated in [9] how, for any given A > A.(2r), one can compute an explicit upper
bound for . (r, 1).

As mentioned in [9], it is of interest to give complementary lower bounds for (7, A). In this
paper we make some progress in this direction by showing that there exists ¢ > 0 (depending
on d) such that for all § > 0, we have

m(%, e(1) + 5) > clog<§). (1.2)

We make no attempt here to state an explicit numerical value for ¢ as a function of d. In principle,
it should be possible to do this by keeping track of the constants at each step of the proof, but
it would undoubtedly give extremely small values for c.

By scaling arguments, the previous lower bound holds for any radius r > 0 (after changing
the constant c), so, in particular,

%if(} we(r, Ae(2r) +8) = +o00.

Immediately, we obtain
pe(r, Ac(2r)) = +oo. (1.3)

We note from (1.1) that if A > A.(2r), we can find finite @ such that G(Py, @, r) € T
almost surely. If we were able to prove this under the weaker hypothesis that G (P, 2r) € T
almost surely, then combining this with (1.3) we would have shown that, in fact, G(;., 2r) ¢ 1
almost surely, which would solve the classic open problem of proving nonpercolation at the
critical point (in any dimension) for this continuum percolation model.

We will prove (1.2) in the next section. Our strategy of proof goes as follows. We deem
all A-particles having no B-particle nearby to be useless, since they cannot be used in any
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percolating AB cluster. Given p, we use a version of the technique of enhancement to show
that there exists a value of A such that &, is supercritical for A-percolation (with distance
parameter 2r) but becomes subcritical after removal of all the useless particles (a thinning
process with only local dependence).

We will provide an outline of the enhancement argument in the next section. The technique
of enhancement has previously been applied to one-type continuum percolation in [2] and [3],
and further discussion of enhancement can be found there.

2. Proof of the lower bound
This section is devoted to proving the following theorem.

Theorem 2.1. There exists ¢ > 0 (depending on d) such that for all § > 0, we have (1.2).
In particular,
lim uc (3. ke(1) +8) = +oc. @1

Fix u > 0. To prove (2.1), we need to show that there exists A > A.(1) such that
G(Py., Ay, %) ¢ 1 almost surely. To obtain (1.2), we need a suitable quantitative lower
bound for this A (or rather, for A — A.(1)) in terms of pu.

We fix some A9 > Ac(1). Given a realization of (£, @,), we say that a point x € R is
useless if no point of @, lies within distance % of x. Otherwise, we say x is useful. We will
apply these notions mainly (but not always) in the case where x is itself a point of &;,,.

Given also p, g € [0, 1], let £, p.4 be a thinned version of #, where each useful point
is independently retained with probability p and each useless point is independently retained
with probability ¢g. In particular, £y, ,, , has the same distribution as &, .

For R > 0, let B denote the Euclidean ball of radius R centred at the origin. Let 0(p, q)
be the probability that there exists an infinite component of G(Py,, p 4, 1) that includes at least
one vertex in By, and, forn € N, let 6, (p, g) be the probability that there exists a component of
G(Pyy,p,q- 1) that includes at least one vertex in B and at least one vertex outside B,,. Then,
for all p, g, we have 0(p, q) = lim, . 6, (P, q).

Before giving further details, we now sketch out our enhancement strategy. By a continuum
version of Russo’s formula (Lemma 2.1 below), the partial derivative 96, /dp (respectively,
d6,/0q) can be expressed as an integral over x € B, of the probability that x is useful and
pivotal (respectively, useless and pivotal), where we say x is pivotal, loosely speaking, if event
Ax.n,p,q (defined in Lemma 2.1) occurs.

Let R > 0. Suppose, in the event that x is useful and pivotal, that we resample P ), , inside
the translated ball Br(x) := x 4+ Br (leaving the Poisson process unchanged outside this ball).
In Lemma 2.2 we will show there exists a fixed R > 0 such that with (conditional) probability
bounded away from O (uniformly in x and n) the point x is useless and pivotal in the resampled
process, given that x is useful and pivotal in the original process. Therefore, (06, /dq)/(36,/9p)
is bounded away from 0, uniformly in n. Using this and setting p. := A¢/A¢, we can show that
for some sufficiently small ¢ > 0O (depending on our initial choice of w), if we change (p, q)
from (p. — &, pc — €) to (pc + €, 0) the ‘bad’ effect of reducing ¢ to 0 outweighs the ‘good’
effect of increasing p by 2¢, so that 0 (p. +¢,0) < 8(p. — ¢, pc — ) = 0, so removing useless
vertices of &) 4.3, makes it subcritical.

Lemma 2.1. Given x € RY, denote by Axon,p,q the event that G(Py,p,q U {x}, 1) contains
a path including vertices both in By and in By, but G (P, p.g> 1) does not, and let F. be the
event that x is useful.
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Then, foranyn > 1 and p,q € (0, 1),

00, (p, q) _
ap

00, (p, q) _

PlAs.np.o N Felhodx,
/Bnﬂ X,n,p.q X 86]

/ PlAxn.pq N FIAo dx.
Bn+1

Proof. Adapting the proof of [2, Lemma 1], we prove only the first identity since the second
is obtained in exactly the same way. We denote by ¥ the o -algebra generated by (£, @,).
In particular, ¥ does not contain any information on the thinning procedures for the useful and
useless vertices. We denote by A, the event that there exists a path in G(P),,p,4. 1) from B;
to outside B,,. We note that the distribution of #,, , 4, given the o-algebra ¥, consists of a
collection of independent Bernoulli variables which indicate whether the vertices are retained
or removed by the thinning procedure. Then, applying the standard coupling of Bernoulli
variables and Russo’s formula (also attributed to Margulis but, in fact, dating back at least to [1,
Equation (5.2)]), we obtain, for any 42 € (0, 1 — p],

0 =< ]P)[g))\o,p+h,q € An | ‘?"] - P[?)»o,p,q € An | T] = h#(j)}»o N Bn+1)

and
o1
lhlir(% }_l(P[f?)»o,erh,q €A | F1=PlPuy.pg € Au | FI) =E[Nypg | F1,

where N, p 4 is the number of useful vertices in &5, that are pivotal for the occurrence of A,
(with the (p, ¢)-thinning applied to all of the vertices of &;,, except for the one being counted
as pivotal). Recall that a vertex x in a configuration X is said to be pivotal for an increasing
event 4 if X belongs to A whereas X \ {x} does not.

By the dominated convergence theorem, we obtain

3 O(pg) . 1
T = 2% EE[P[IP)»O,p+h,q €Ay | F1—=PlPry.p.q € An | FII
1
— 5|l £ FLPi o € An | F1=FIPhp g € An | 711
= E[E[Nn,p,q | F1]
=E[Ny,pql

By the Mecke formula (see [6]), it follows that

]E[Nn,p,q] = E[ Z l{x is useful and pivotal for A,l}] = / IEJJ[Ax,n,p,q N Fx])"O dx.
B

XE?AO n+1

One may argue similarly for the left derivative. The lemma is proved. (I

Now we want to apply enhancement arguments as in [2] and [3]. For this we need to control
the ratio between 96, (p, q)/dq and 36, (p, q)/dp. The crucial lemma is given here.

Lemma 2.2. Given o € (0, 1) and Ly > 0, there exists a constant ¢ > 0 such that for any
p>a,q>a,u>0n>c"! andx € B4,

]P)[Ax,n,p,q n F_)?]

> ce H/e,
IP)[A)c,n,p,q N Fy]

The proof, based on geometrical arguments, can be found at the end of the section.
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Proof of Theorem 2.1. Set Ac = Ac(1) and p. = Ac/Ag. Choose o = %pc. Then, by
Lemmas 2.1 and 2.2, there exists ¢ > 0 such that for any p,q € [«, 1), any u > 0, and any
n > ¢!, we have

(P @) _ (ce,ﬂ/c)aen(p,q)’
aq - op

Given u > 0, let § > 0 be small enough so that p. +8 < 1 and p. — 8(1 + (2/c)e!/¢) > a,
that is, 8(1 4 (2/c)e!/) < %pc. There exists ¢/ > 0 such that the choice

2.2)

§ = cle H/¢ (2.3)

is suitable for all u > 0. By the finite-increments formula on the segment [(p. — &, pc —
8); (pc + 8, pe — 8(1 + (2/c)e/?))] and (2.2),

2 e
On| pc +8, pc — 8 l—i-;e“ <0, (pc — 8, pc — ).
By passing to the limit # — 400 and noting that 8 (p. — 8, pc — §) = 0, we obtain
2
0(pc+6,0) < 6’(pc + 38, pe — 8<1 + —e"/c>) <0(pc—38,pc—8) =0,
¢

50 G(Pry, pe+8,0, 1) ¢ T almost surely and, hence, G (P sny, @y %) ¢ 1 almost surely.
In conclusion, setting A := Ac + dAg with § given by (2.3), we have G(Py, @, %) ¢ 1

almost surely. Hence,
1 ) > " roc’
A - =c 10 )
Me ) n g r— A

so the theorem is proved. |

It remains now to show Lemma 2.2. We first state two geometrical lemmas. We denote by
By (x) the translated ball x 4+ By and for each point a € R? and subset S ¢ R?, we denote by
d(a, S) the Euclidean distance from a to S.

Lemma 2.3. There exists K > 10 such that for all R > K and all r,§ € (0, 1/K), we have:
forallx,y € Bryr(0)\ Br—(0) with|x —y| > 1, there existx’, y’ € B(0, R — %) satisfying

) x—x'1<1-=34;
(i) ly—yl=1-4;
(i) |x" —y'| = 1+28;
(iv) d(x’, BR(0)°\ B(x)) = 1 +;
(v) d(y', BR(O)*\ B1(y)) = 1 +3.
See Figure 1.

Proof. Givenx,y € Bgy,(0)\ Bgr—,(0) with |[x — y| > 1, setx’ :== x — (1 —38)x/|x]|, and
(1-=38)x 25(y—x)

y if [y —x| <3,
. x| v =l
' (1—-3%)y .
y— Iy—l otherwise.
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B(x) e

FIGURE 1: An example of configuration x, y, x’, and y’ in Lemma 2.3.

It is clear that for R > 99 and r, § small enough, x’, y' € B(0, R — %). Moreover, item (i)
holds trivially, as do items (ii) and (iii) by the triangle inequality. Finally, provided R is large
enough and r, § small enough, the distances d (x’, Bg(0)°\ B;(x)) andd(y’, Bg(0)°\ B{(y)) are
bounded below by +/1.9. Therefore, choosing large enough R and small enough r, 8, items (iv)
and (v) are satisfied. [l

Lemma 2.4. Let r > 0. Then there exists K' > 10 such that for any R > K' and any
8 € (0,1/K’), we have the following: for all x € Bg(0) \ Bg_,(0) and y € Bg_,(0) with
|x —y| > 1 and d(y, BR++(0) \ B1(x)) < 1, there exist x’, y' € B(0, R — %) satisfying

@ x=x<1-¢;
() ly—yI=1-4¢
(iii) |x' —y'| = 14 25;
(iv) ¥ =yl =1+4;
W) Y =x|=1+3;
(vi) d(y', BR(0)°\ B1(y)) > 1 +6;
(vii) d(x’, BR+r(0)°\ Bi(x)) > 1+34.

See Figure 2.

Proof. Letx € B\ Bg—r and y € Bg_, with |[x — y| > 1 and d(y, B4+ \ B1(x)) < 1.
Without loss of generality, we assume that |[x — y| < 3; otherwise, an accurate construction as
in the previous lemma is possible. Let ¢ := 10~> be fixed, and note that sin(%rr —3e) > %
Note also that provided R is large enough, the vector y — x is at an angle at most %n + ¢ with
the hyperplane tangent to By at x.

Let u and v be unit vectors in the vector space generated by x and y such that the angle
between y — x and u is equal to %n + ¢, the angle between y — x and v is equal to %n +2¢, and
such that both u and v have negative scalar product with x. (The choice of u and of v is unique
provided that R is large enough.) Then we setx’ = x + (1 —38)vand y’ = y + (1 — 38)u.
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FIGURE 2: An example of configuration x, y, x’ and y" in Lemma 2.4.

It is clear that for § small enough, x’, y’ € B(0, R — %). Moreover, items (i) and (ii) are
trivially true, and (iii) holds provided § is small enough. The quadrilateral x, y, y’, x is almost
a parallelogram; the opposite edges (y, y’) and (x, x") are the same length, and at an angle
of ¢ to each other. The angle between y — x and x’ — x is equal to %n + 2¢, and all sides of
this quadrilateral are of length at least 1 — 35. Provided § is small enough, the norms of the
diagonals |y’ — x| and |y — x’| exceed 1+ §8; that s, items (iv) and (v) hold. Also, for sufficiently
large R, the angle between y — y’ and y is smaller than %n + 2¢. Moreover, y € Bg_(0) so
d(y', BR(0)°\ B1(y)) > 1+ %r. Item (vi) follows for small enough 8. The proof of item (vii)
is similar. O

Proof of Lemma 2.2. Assume now that parameters R > 10, r > 0, and § > 0 are chosen
such that all items in Lemmas 2.3 and 2.4 are satisfied. Assume also that R € N and that
8 < 91—9R. Noting that

]P)[Axvn;qu N F;] _ P[F)? | Ax,n,p,q] > IP)[FC | A ]
- jtl x,n,p,qls
PlAx . pg N Fxl  PlFy | Axnpgl x P

we have to find a lower bound for P[FY | Ay, p.q] of the type ce /¢ Assume for now that
Br(x) C B, \ B1. (We will consider the other cases at the end.)

Consider creating the Poisson processes &, @, and Py, p 4 in stages, as follows (this is
similar to arguments seen in [2] and [3]).

First we generate the points of &, outside Bg(x), the points of @, outside Bj,>(x), and
the retained points £y p 4 outside Bg(x).

At this stage, we let V be the set of vertices of P, , , created so far which are connected
by a path (in G(Py,p,q \ Br(x), 1)) to By, and let T be the set of vertices of &, p 4 created
so far which are connected by a path to B;. Let V| and T; denote the 1-neighbourhood of
V, T, respectively. Let Eq be the event that T NV} = @ and (T \ Vi) N B # & and
MN\T)NBg #@. If Ay, p 4 is realized, x is pivotal and, therefore, £ occurs.

Now, assuming that £ occurs, build up the point process of retained vertices &, p,; inwards
into Br(x) N (V1 ATy) from the boundary of the ball Bg (x) until the appearance of the first new
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vertex (here, A denotes symmetric set difference). Denote this new vertex X. Let E; be the
event that such a vertex exists, that is, £y := {Pyy,p,q N Br(x) N (V1ATY) # @} If Ay p g
is realized then E, must occur.

Assuming that E, occurs, we suppose X € T (the other case, X € Vi, can be treated in the
same way). We now have to distinguish several cases.

Case 1: X € Br(x) \ Br—,(x), which means that X is close to the boundary of Bg(x).
Now we have also two sub-cases to consider.

Case 1.1: there exists Y in V N Br4r(x) \ Br(x). Note that X and Y are exactly in position
for applying Lemma 2.3. By that result, there exist x1 and y; in Bg—1,2(x) such that any point
in Bs(x1) (respectively, Bs(y1)) can be the next point for the path from B,, (respectively, B1)
going to x. These points are now sufficiently far from the boundary of Bg(x) to create two
paths (x;)1<i<r+2 and (¥;) 1<i<r+2 of R+2 points (deterministic, given what has been revealed
so far) from T to x and V to x, where each step size in each path is at most 1 — 2§ (that is,
[xi+1 — xi] < 1 —26 and |y;+1 — yil < 1 — 26 for each i, and |x — xg42| < 1 — 2§ and
|x — yr42| < 1 — 26), and such that these paths remain a distance greater than 1 + 2§ from
each other; see Figure 3.

If each ball Bs(x;) or Bs(y;), 1 <i < R+ 2, contains a single (retained) point, and there
are no other points of &, N Bg(x) besides those already considered, and there are no points
of @, inside By2(x), then A, , 4 N Fy occurs. Recall that p and g are at least . Then
the probability that all of the above occur is clearly bounded from below by ce 7d#/ 2 for a
suitable constant ¢ > 0 (depending on Ag, R, r, §, and «), where ;4 is the volume of the unit
ball in R,

Case 1.2: the set V. N Bryr(x) \ Br(x) is empty. In this case we continue to build inwards
the point process of retained vertices #y, .4, but only in V; \ T7. Continue until the next new

FIGURE 3: Example of paths (x;)1<i<r+2 and (¥;)1<i<r+2-
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vertex appears, denoted Y and then stop. Let E3 be the event that such a new vertex Y does
indeed appear. If this occurs then two sub-cases are possible.

Case 1.2.1: the point Y is close to the boundary (thatis, Y € Br(x) \ Bgr—-(x)). Then X
and Y are exactly in position for applying Lemma 2.3 as in case 1.1 and we conclude this case
in the same way.

Case 1.2.2: the point Y is in Br_,(x). Then X and Y are exactly in position for applying
Lemma 2.4. So there exist x1 and y; in Bg_1,2(x) such that any points in Bs(x1) (respectively,
Bs(y1)) can be the next point for the path from B,, (respectively, B1) going to x. These points
are now sufficiently far from the boundary of Bgr(x) to create two paths (x;)1<i<r+2 and
(¥i)1<i<r+2 asin case 1.1.

Case 2: X € Br_r(x), which means that X is far from the boundary of Bg(x). Then we
continue to build inwards the point process of retained vertices &, p 4, but only in Vq \ T7,
as in case 1.2. Continue until the next new vertex appears, denoted Y; let E4 be the event that
such a vertex Y does appear, and assume that £4 occurs. Now X and Y are sufficiently far from
the boundary (both in Bg_,(x)) in order to build (x;)1<;<r+2 and (yi)1<i<r+2 as in case 1.1.

Let E be the event that events Ey, E», and (if in case 1.2) E3, and (if in case 2) E4 (along
with corresponding events for the case when X € Vy) all occur. If Ay, 4 occurs then E must
occur and, therefore,

PFEN Ay npg N E]
]P[Ax,n,p,q]

]P[F; | Ax,n,p,q] = = ]P)[F; N Ax,n,p,q | E].

Thus, the conclusion of all these cases is that there exists a constant ¢ > 0 such that
PFS | Ay pgl > ce M.

Recall that we have been assuming that Bg(x) C B, \ Bj. A similar proof can be derived in
the other two cases; namely, the case with Bg(x) N B # @ and the case with B (x) N B, # @.
We may assume that n > 99R. When Bg(x) N By # &, consider a path (x;)1<i<2r+2
from outside Bagr(x) to x and a path (y;)1<i<r+2 inside Bog(x) joining x to B;. When
Br(x)NBS # @, considerapath (x;)1<;<2r+2 from outside B (x) to x and apath (¥;)1<i<r+2
inside Bog(x) joining x to BS. For brevity we omit the details of these cases here (which are
similar to the corresponding cases treated in [2]). Lemma 2.2 is proved. U
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