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Abstract

This study proposes a copula-based model that relaxes the multivariate normality assumption among
latent traits in the joint modeling of multimodal data, such as item response and response times. In
the structural model, the joint distribution of latent traits is defined via a copula with tail dependence.
An expectation–maximization algorithm with stochastic approximation is implemented for parameter esti-
mation. A simulation study evaluates the proposed method’s accuracy in ability estimation under various
conditions, comparing it to traditional approaches. By better capturing the dependence structure between
latent ability and speed, the proposed method outperforms the traditional approach with multivariate
normality assumption. Applied to a variety of empirical datasets, the proposed method’s flexibility and
the improvement in model fit are illustrated. The copula-based latent variable modeling can be generalized
to broader applications in psychological testing involving multivariate latent traits.

Keywords: copula theory; hierarchical modeling; item response theory; response times; tail dependence

1. Introduction

In educational testing, item response theory (IRT) models are commonly used to estimate a test-taker’s
latent ability. With the widespread use of computerized testing, there has been a growing interest in
using response time data as collateral information to improve the accuracy of ability estimates in IRT
modeling (van der Linden et al., 2010). The most commonly adopted approach is the hierarchical
modeling approach (van der Linden, 2007). At the first level, the conditional distributions of observed
item responses and response times given the latent ability and speed are defined. At the second level,
the latent traits are assumed to follow a multivariate normal (MVN) distribution, a convenient but often
unrealistic assumption.

Poor model fit of the hierarchical model to empirical data has been discussed in the literature,
suggesting that the dependence between responses and response times is not fully captured by the
model (e.g., Bolsinova et al., 2017; Domingue et al., 2022; Liu & Wang, 2024). Alternative modeling
approaches have been proposed to address these limitations (e.g., Bolsinova et al., 2017; Braeken et al.,
2007; Kang et al., 2023; Liu & Wang, 2024). One line of research relaxes the conditional independence
assumption between item responses and response times given the latent traits. For example, Bolsinova
et al. (2017) explicitly model the conditional dependence (CD) between item response and response
time by incorporating the residual log-response time as a covariate of the IRT model parameters.
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Kang et al. (2022, 2023) introduce diffusion IRT (DIRT) models that allow for CD between responses
and response times by incorporating within-person variation in cognitive components into traditional
IRT models. Another line of research tackles the parametric assumptions of the hierarchical model.
For instance, Liu and Wang (2024) propose a semi-parametric factor analysis framework that more
flexibly models the joint distribution of responses and response times.

This study addresses the potential violation of the structural multivariate normality assumption for
latent traits, particularly when dependence is stronger at one extreme of the distribution. Modeling
asymmetry has generated recent interest in the IRT literature, specifically regarding asymmetric item
characteristic curves (Bolt & Liao, 2022; Lee & Bolt, 2018). However, this study focuses on the structural
asymmetric dependence between latent traits. Asymmetric dependence between speed and accuracy
can manifest at two distinct levels: within-person and population. At the within-person level, for
instance, Domingue et al. (2022) analyzed 29 empirical cognitive test datasets and found a consistent
pattern in the speed–accuracy trade-off. There is a larger variance in the lower tail, that is, individuals
who receive lower estimates of ability tend to vary their speed more. On the other hand, at the population
level (van der Linden, 2007), asymmetric dependence occurs when the strength of dependence between
ability and speed varies across the latent spectrum, in particular, the dependence between speed and
ability can be stronger at one extreme of the distribution than the other. The current study focuses on
the population level, assuming that while an individual’s latent speed is fixed across items, there is an
asymmetric dependence between latent speed and ability across the population.

We present a copula-based joint model for speed and accuracy within the IRT framework. Rather
than modeling conditional dependency between responses and response times, our approach addresses
this model misfit by introducing a more flexible dependence structure between the latent traits
themselves. The proposed model uses a copula function to specify the joint distribution of latent ability
and speed, allowing for asymmetric, stronger tail-dependence structures as exemplified in Figure 1.
This flexibility is expected to yield improved model fit with empirical data compared to the model
based on the MVN distribution while preserving the original measurement models for the conditional
distributions of item response and response times (e.g., two-parameter logistic model [2PL] and
log-normal model).

Copula-based dependence models, particularly asymmetric and heavy-tailed copulas, have become
powerful tools in econometrics, finance, and survival analysis, addressing limitations of traditional
multivariate modeling approaches (see reviews by Genest et al., 2024 and Ghosh et al., 2020). In finance,
for instance, copulas have been used to model default dependence between financial institutions (Zhang
et al., 2024) and among bundled insurance risks (Shi & Zhao, 2024). Similarly, in survival analysis, they
have been applied to model the dependence between tumor progression and patient mortality (Emura
et al., 2017). A seminal turning point was the 2008 global financial crisis, which exposed critical flaws in
relying on Gaussian copulas to model dependencies such as those among corporate defaults (Donnelly
& Embrechts, 2010). During financial crises, corporate defaults occur in clusters, meaning the default
of one company significantly increases the likelihood of defaults among interconnected companies.
However, a key limitation of the Gaussian copula is its assumption of asymptotic independence in the
extreme ends (Donnelly & Embrechts, 2010), meaning it is mathematically structured to model only
weak or nonexistent relationships between variables at their most extreme values. This led to a systemic
underestimation of joint risk, as empirical evidence showed strong tail dependencies during market
collapses. In response, researchers increasingly adopted flexible copula-based models (e.g., Gumbel,
Joe, and Student’s t copulas; Demarta & McNeil, 2005; Gumbel, 1960; Joe, 1997, 2014; Nelsen, 2006)
that can model tail dependence and joint extremes more accurately.

Due to their ability to flexibly model complex dependence structures, copulas offer considerable
potential for psychometrics and latent variable modeling by addressing three key challenges: (1) cap-
turing asymmetric tail dependencies, (2) modeling non-normal joint distributions, and (3) preserving
marginal distributions while modeling flexible dependence structures that better reflect empirical data.
Despite their substantial impact in other fields, applications of copulas in psychometrics remain limited.
This study contributes to bridging this gap by adopting a copula-based approach within the context
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Figure 1. Bivariate distributions constructed with copula functions and standard normal margins.

Note: X and Y were simulated using a bivariate copula with standard normal marginal distributions. The red contours represent the

bivariate density, and the dots indicate the randomly simulated data points.

of IRT. Recent methodological developments have begun to demonstrate the advantages of integrating
copula theory into latent variable contexts. The following provides an overview of key studies that have
applied copula methods in latent variable modeling.

The application of copula theory in latent variable modeling has developed along two main lines of
research. One of the earliest uses of the copula in psychometric modeling focused on modeling local item
dependencies that violate the conditional independence assumptions. Braeken et al. (2007) introduced
copula-based methods for modeling residual dependencies between item responses in the Rasch model.
Copula functions are used to model the residual dependencies within subsets of items. This copula-
based approach for modeling residual dependency has been extended to structural equation modeling
(SEM) with categorical indicators (Braeken et al., 2013) and to the deterministic input, noisy “and” gate
(DINA; Haertel, 1989; Junker & Sijtsma, 2001) model for cognitive diagnosis (Fu et al., 2019). A key
distinction of the current study is its application of copula functions to model the dependence between
latent traits themselves, rather than between residuals.

Another line of research incorporating copulas into latent variable modeling focuses on dependence
structures between item responses and latent traits within the traditional factor analysis framework. In
their paper, Krupskii and Joe (2013) introduced a factor copula model where bivariate copulas are used
to link continuous observed variables to uniformly distributed latent variables. They demonstrate that
the classical factor model based on multivariate normality is a special case of their approach when the
Gaussian copula is used. The copula factor model framework was extended to multivariate discrete data,
such as item responses, in Nikoloulopoulos and Joe (2015). More recent work has further extended this
framework to accommodate complex latent structures, such as bi-factor and second-order models using
vine copulas (Kadhem & Nikoloulopoulos, 2023a, 2023b).

Our proposed work differs from prior work in that we use copulas to model the dependence
between latent traits, rather than between the observed responses, while allowing each trait to follow
its own distinct marginal distribution. A computational challenge in estimating copula-based latent
variable models is the intractability of the marginal likelihood functions, with many prior works using
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two-stage estimation methods, where parameters for the marginal distributions are estimated first
and held fixed in the second step when estimating copula parameters (Kadhem & Nikoloulopoulos,
2023a, 2023b; Nikoloulopoulos & Joe, 2015). We propose an expectation–maximization (EM) algorithm
(Dempster et al., 1977) with stochastic approximation (Robbins & Monro, 1951) that allows full-
information marginal maximum likelihood (MML) estimation and direct derivation of joint posterior
estimates of person-level latent traits, accompanied by a model selection method.

The remainder of this article is organized as follows. The next section provides a brief introduction
to copula theory. It is followed by the proposed copula-based joint model for speed and accuracy.
A Monte Carlo simulation study evaluates how the copula-based approach compares to the tradi-
tional hierarchical modeling approach with normal assumption under various dependency conditions.
The proposed approach is illustrated with a variety of empirical cognitive test datasets. Next, we
provide a theoretical and empirical comparison of the proposed model with the CD model. Finally,
the implications and future directions are discussed.

2. Copula theory

Copula theory allows us to flexibly model a joint distribution of random variables by “coupling” together
arbitrary univariate margins. A copula function C is a multivariate cumulative distribution function
(CDF) defined on the unit cube:

C ∶ [0, 1]J → [0, 1], C(u) = C(u1, . . . , uJ) = P(U1 ≤ u1, . . . ,UJ ≤ uJ), (1)

where each Uj follows a standard uniform distribution, Uniform(0, 1). Sklar’s theorem (Sklar, 1959)
enables extending copula functions beyond uniformly distributed random variables using the fact that
any univariate CDF is defined on the [0, 1] interval. Specifically, the theorem states that any multivariate
CDF FY with univariate marginal CDFs, FY1, . . . , FYJ can be reformulated by these marginal CDFs and
a copula function C as

FY(y1, . . . , yJ) = C(FY1(y1), . . . , FYJ(yJ)). (2)

In the continuous case, the reformulation of a multivariate CDF in Equation (2) is unique; in contrast,
in the discrete case, it is uniquely defined only on the range of the margins.

The theorem also states that a new multivariate distribution can be constructed from a given set
of univariate margins FY1, . . . , FYJ , coupled together through a copula function C to define the joint
CDF. Therefore, a modeling approach can begin by choosing univariate margins that are well-suited
to the problem, and then constructing a joint dependence structure by coupling these margins with
an appropriate copula function. This is possible because copula constructions preserve the univariate
margins as below:

C(1, . . . , 1, FYj, 1, . . . , 1) = FYj . (3)

Then, under the copula framework, the multivariate probability density function (PDF) can be factor-
ized as a product of univariate PDFs and the copula density:

f (Y) = c(FY1, . . . , FYJ)
J
∏
j=1

f (Yj), (4)

where the copula density function c is

c = ∂JC
∂FY1 . . . ∂FYJ

. (5)

Further details on the properties and construction of copula functions can be found in Joe (2014) and
Nelsen (2006).
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Table 1. Examples of copula functions

Copula C(u; ⋅)

Independence C(u) =
J

∏
j=1

uj

Gaussian C(u; Σ) =ΦJ
Σ(Φ

−1(u1), . . . ,Φ−1(uJ))

Frank (δ ≠ 0) C(u; δ) = − 1

δ
log(1−

∏J
j=1 (1−e−δuj)
(1−e−δ)J

)

Clayton (δ > 0) C(u; δ) = (
J

∑
j=1

u−δ
j −J+1)

−1/δ

Gumbel (δ ≥ 1) C(u; δ) = exp(−[
J

∑
j=1

(− log uj)δ]1/δ)

Joe (δ ≥ 1) C(u; δ) = 1−[1−
J

∏
j=1

(1−(1−uj)δ)]1/δ

Note: δ denotes the dependence parameter for Archimedean copulas, and
Σ denotes the correlation matrix for the Gaussian copula. Φ is the CDF
of the univariate standard normal distribution, and ΦJ

Σ is the CDF of the
J-variate normal distribution with correlation matrix Σ.

Some examples of popular copula functions are provided in Table 1. The independence copula
represents an independent case where the multivariate CDF is the product of the marginal CDFs.
All other copulas include a dependence parameter δ that determines the strength of dependence
between the random variables. As an illustration, Figure 1 displays bivariate distributions of x and y with
different copulas with standard normal margins. In this figure, data were simulated so that Kendall’s
τ equals 0.6 for each case. In the bivariate case, δ and Kendall’s τ are in one-to-one correspondence.
Note that the Gaussian copula combined with univariate normal marginals yields the bivariate normal
distribution with correlation matrix Σ. As an illustration, let X and Y be univariate normal random
variables, X ∼ N(μX, σ2

X);Y ∼ N(μY, σ2
Y). Their respective marginal CDFs are defined using the CDF

of the standard normal distribution Φ as u1 = FX(x) =Φ( x−μX
σX
) and u2 = FY(y) =Φ( y−μY

σY
). Plugging in

the marginal CDFs into a bivariate copula from Table 1, the joint CDF of X and Y is

Φ2
Σ(Φ−1 [Φ(x−μX

σX
)],Φ−1 [Φ(y−μY

σY
)]) =Φ2

Σ(
x−μX

σX
,

y−μY

σY
), (6)

which is a bivariate normal distribution with means μX , μY , variances σ2
X, σ2

Y , and correlation matrix Σ.
The shape of the Frank copula is similar to the Gaussian copula, as both have symmetric dependence,

that is, the dependence structure is the same in the lower and upper tails of the distribution. Both
copulas exhibit no tail dependence, which makes them less suitable for modeling dependencies in the
extreme ends of the distribution. On the other hand, the Gumbel and Joe copulas have asymmetric
dependencies with larger variance in one tail, and such a joint distribution modeling could better explain
the relationship between the latent ability and the speed.

3. A copula-based joint model for speed and accuracy

This section presents the proposed copula-based joint model for speed and accuracy. As an alternative
to the conventional hierarchical approach (van der Linden, 2007) with joint normality assumptions,
the proposed model employs a copula function to flexibly model tail dependence between latent
ability and speed at the second level. The following details the model specification and an MML
estimation via an EM algorithm with stochastic approximation, followed by standard error and ability
estimation.
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3.1. Model specification
At the first level, the conditional distributions of the observed item responses and response times given
the latent traits are specified. The choice of the measurement model is flexible. Here, we assume that the
probability that examinee p answers item i correctly, given latent ability θp follows the 2PL model:

P(Ypi = 1∣θp, ai, bi) =
1

1+exp(−ai(θp−bi))
. (7)

And the observed response time Tpi of person p on item i follows a log-normal distribution with an item
time intensity parameter βi and time discrimination αi, conditional on latent speed τp:

Tpi ∼ logN(βi−τp,α−2
i ), (8)

with density

f (tpi) =
αi

tpi
√

2π
exp{− 1

2
[αi(logtpi−(βi−τp))]2}. (9)

Item responses and response times are assumed to be independent conditional on the latent traits
(θp, τp).

At the second level, we assume that the marginal distributions of the latent ability and speed factors
follow normal distributions:

θp ∼N(μθ, σ2
θ),

τp ∼N(μτ, σ2
τ).

(10)

For identifiability of the model, we set μθ = μτ = 0 and σ2
θ = 1. The joint distribution of (θp, τp) is defined

via a copula function C with a dependence parameter δ to model the asymmetric dependence between
the latent ability and speed. Let Fθ and Fτ denote the CDFs of θ and τ. The joint CDF of θ and τ is

F(θ, τ) = C(Fθ, Fτ ;δ). (11)

For instance, if we employ a Gumbel copula to model upper-tail dependence, its copula function in the
bivariate case (Table 1) is

C(u, v;δ) = exp{−([−logu]δ +[−logv]δ)1/δ}, u, v ∈ [0, 1], 1 ≤ δ <∞. (12)

Setting, x = −logu, y = −logv, the copula density is

c(u, v;δ) = exp{−[xδ +yδ]1/δ}[(xδ +yδ)1/δ +δ−1][xδ +yδ]1/δ−2(xy)δ−1(uv)−1. (13)

From Equations (4) and (5), the joint PDF of (θ, τ) is

fθ, τ(θ, τ ∣ σ2
τ , δ) = c(Fθ(θ), Fτ(τ) ∣ δ)fθ(θ)fτ(τ ∣ σ2

τ), (14)

where fθ and fτ denote the respective normal density functions.
Note that the traditional hierarchical model with multivariate normality assumption can be seen as a

special case of the proposed framework when the marginal distributions of the latent traits are normal,
and their joint distribution is defined via a Gaussian copula. In fact, this framework is general and
supports a wide range of copula and marginal specifications. The Gumbel copula could be replaced
with the Joe copula to model even stronger upper-tail dependence as detailed in Appendix B and
implemented in this study. Alternatively, the Student’s t copula could reflect symmetric tail dependence
at both extremes. Similarly, the latent trait marginals are not restricted to a normal distribution. One
might assume, for instance, a gamma distribution for speed to account for skewness (Maris, 1993), or
any other form that best fits the data.

An EM algorithm (Dempster et al., 1977) with stochastic approximation (Robbins & Monro, 1951)
for maximum marginal likelihood estimation is used. Details of the estimation algorithm and inference
are described in Appendix A.
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3.2. Rotated copulas
The standard Gumbel and Joe copulas only model positive association with upper-tail dependence.
However, in practice, the association between latent traits could reflect a negative association (e.g.,
speed–accuracy trade-off) or lower-tail dependence, or both. In order to model different types of
dependence structure, we use rotated copulas (Nelsen, 2006) as illustrated in Figure 2. For instance,
rotating a Gumbel copula by 90○ creates a negative association with lower-tail dependence, while a
270○ rotation also creates a negative association but with upper-tail dependence.

Rotated copulas can be implemented by transforming the arguments u and v within the original
copula functions, typically by replacing them with 1−u or 1− v. For instance, a 270○-rotated copula,
C270(u, v), is derived from its original copula function C(u, v) as follows (Nelsen, 2006):

C270(u, v) = u−C(u, 1−v). (15)

The corresponding copula density, c270(u, v), is then given by

c270(u, v) = ∂2

∂u∂v
C270(u, v) = ∂2

∂u∂v
[u−C(u, 1−v)] = c(u, 1−v). (16)

Similarly, the 90○- and 180○-rotated copula functions are

C90(u, v) = v−C(1−u, v),
C180(u, v) = u+v−1+C(1−u, 1−v),

(17)

Figure 2. Bivariate distributions of latent traits under rotated copulas.

Note: The marginal distributions of θ and τ are standard normal, and the joint distributions are defined using rotated copulas.
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with their respective densities being

c90(u, v) = c(1−u, v),
c180(u, v) = c(1−u, 1−v).

(18)

The gradients of the joint log-likelihood for the EM algorithm are derived for each rotated copula, as
detailed in Appendix C. For model selection, likelihood-based criteria such as Akaike’s information
criterion (AIC; Akaike, 1998) or the Bayesian information criterion (BIC; Schwarz, 1978) can be
used. However, because each bivariate copula in this framework has the same number of parameters,
comparing their marginal likelihoods is sufficient to find the best-fitting model.

3.3. Functional complexity of bivariate copulas
Although the number of unknown parameters is equal between the MVN and the copula models, the
complexity of the models can be explained beyond counting the number of parameters. This section
compares the functional complexities of the bivariate copulas considered in this study. Specifically,
we compare the bivariate Gaussian, Gumbel, and Joe copulas using the functional complexity penalty
derived from the minimum description length (MDL; Hansen & Yu, 2001; Rissanen, 2002). MDL is
defined as

MDL = − ln(f (y ∣ Δ̂))+(k/2) ln(n/2π)+ ln∫
Δ

√
det(I(Δ))dΔ, (19)

where Δ is the model parameter vector, Δ̂ represents the parameter values maximizing the likelihood,
and I(Δ) is the Fisher information matrix. MDL accounts for three dimensions of model complexity:
the number of parameters, sample size, and functional form (Pitt & Myung, 2002). The last term in
Equation (19) quantifies this functional complexity. To compare the MVN and copula models, we
calculate this term for the bivariate Gaussian, Gumbel, and Joe copulas with uniform margins. Because
evaluating the full joint model for speed and accuracy is computationally intensive, we focus on the
bivariate copulas, as they represent the only structural differences between the full joint models.

For a bivariate copula with copula density c and dependence parameter δ, the Fisher information is

I(δ) = E[( ∂

∂δ
lnc(u, v;δ))

2
] = ∫

1

0
∫

1

0
( ∂

∂δ
lnc(u, v;δ))

2
c(u, v;δ)dudv. (20)

For each bivariate copula, we calculated the complexity term:

ln∫
δ

√
det(I(δ))dδ. (21)

The integration domain depends on the parameter space of each copula: ρ ∈ (−1, 1) for the Gaussian, and
δ ∈ [1,∞) for the Gumbel and Joe copulas. Analytical expressions for the Fisher information of bivariate
Gaussian and Gumbel copulas are available (Schepsmeier & Stöber, 2014) but not for the Joe copula.
In this analysis, the integrals in Equations (20) and (21) were approximated using numerical integration
to maintain consistency across copulas. As a result, the functional complexity for the bivariate Gaussian
copula was 1.99, while the complexities for the Gumbel and Joe copulas were 1.02 and 1.11, respectively.
These results indicate that the functional form of the bivariate Gaussian copula is approximately twice as
complex. The result is expected, as the bivariate Gaussian copula allows for both negative and positive
dependence, whereas the Gumbel and Joe copulas only allow for positive dependence, doubling the
fitting propensity of the Gaussian copula. Although the proposed copula-based approach involves a
model selection step among rotated copulas, the final model used for parameter estimation employs
a single bivariate copula. Admittedly, the process of evaluating multiple rotated models to determine
the appropriate dependence direction increases the overall modeling complexity. However, because
the evaluated copulas have a lower functional complexity than the Gaussian copula, any observed
improvements in model fit of a final selected copula model over the MVN model cannot be merely
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a byproduct of functional flexibility. Rather, such improvements would indicate that the selected copula
captures the true underlying dependence structure.

4. Monte Carlo simulation study

In a simulation study, we compare the proposed copula-based models for speed and accuracy with
the conventional model with MVN assumption (van der Linden, 2007) in terms of the accuracy of
ability estimates. Random test data are generated under various conditions, including true dependence
structure (asymmetric copulas vs. MVN), strength of dependence between latent traits, sample size, and
test length. We evaluate the accuracy of the likelihood-based model selection in identifying the true
data-generating model. The ability estimation accuracy is evaluated based on bias, root mean squared
error (RMSE), and Pearson correlation with true abilities.

4.1. Simulation design
In R = 500 replications, the true latent ability θp and speed τp for N persons were randomly generated
from a Gumbel or Joe copula (both with normal margins) or an MVN distribution. The marginal
distribution of θp was a standard normal, and the marginal distribution of τp was a normal with mean
0 and variance σ2

τ = 0.25 as in Guo et al. (2022). Two levels of latent trait dependence were considered,
corresponding to Kendall’s τ = 0.3 and 0.5, representing moderate and strong dependence, respectively.
The transformations to the copula dependence parameters (Joe, 1997, 2014) are as follows. For the
Gumbel copula,

δ = −1/(Kendall’s τ−1). (22)

That is, Kendall’s τ values of 0.3 and 0.5 correspond to dependence parameter values δ = 1.43 and
δ = 2, respectively. For the Joe copula, there is no closed-form expression for δ(τ). Instead, one finds δ
numerically by solving

Kendall’s τ = 1+2(2−δ)−1[digamma(2)−digamma(2/δ+1)], (23)

where digamma(z) = d
dz logΓ(z). This is implemented in the copula R package (Hofert et al., 2025).

Kendall’s τ values of 0.3 and 0.5 correspond to δ = 1.77 and δ = 2.86, respectively, under the Joe copula.
For the Pearson correlation ρ in a bivariate normal distribution, we have

ρ = sin(π
2

Kendall’s τ) . (24)

Figure 3 displays the bivariate distributions of the latent traits randomly generated under each
dependence condition.

Item responses and response times on I items, conditional on the latent traits, were randomly
generated from a 2PL model in Equation (7) and a log-normal model in Equation (8), respectively.
The number of persons was N = 500 or 1, 000, and the number of items was I = 10 or 20. The true
item parameter values were set according to the parameter estimates from the empirical data on the
2018 Programme for International Student Assessment (PISA) science assessment reported in Guo
et al. (2022) and were held fixed across replications (Table 2). In the I = 10 condition, the first 10 items
were used. In summary, the simulation design resulted in 24 conditions, including three dependence
types (Gumbel, Joe, and MVN), two dependence strengths (Kendall’s τ = 0.3, 0.5), two sample sizes
(N = 500, 1, 000), and two test lengths (I = 10, 20).

Three models were fit to the data in each replication: the conventional hierarchical model
with a multivariate normality assumption (MVN), the Gumbel copula model, and the Joe copula
model. The EM algorithm with stochastic approximation, as described in the previous section, was
used to obtain the MML parameter estimates for the copula-based models. For the conventional
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Figure 3. Bivariate distributions of latent ability and speed under different dependence conditions.

Table 2. True item parameter values in the sim-

ulation

Item a b α β

1 0.76 0.43 2.87 0.29

2 0.18 0.05 2.41 0.00

3 1.10 −0.98 2.37 0.81

4 1.00 −2.86 2.59 0.64

5 0.82 0.08 2.40 0.77

6 1.40 −0.85 3.11 0.72

7 0.70 −0.47 2.61 0.52

8 1.47 0.17 2.23 0.12

9 1.05 −0.69 2.14 0.32

10 1.56 −0.62 2.21 0.52

11 1.66 −3.27 2.69 0.10

12 1.11 −0.58 2.81 0.27

13 1.15 −1.72 2.76 0.20

14 1.24 0.71 2.22 0.77

15 1.18 1.89 2.25 0.40

16 0.92 −2.51 2.93 −0.32

17 0.70 −0.04 3.12 0.27

18 1.03 −0.22 2.43 0.10

19 0.96 −0.78 1.96 −0.60

20 1.32 −1.10 2.54 0.37
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model, parameter estimates were obtained using an EM algorithm described in Glas and van der
Linden (2010). Model convergence was monitored using the change in average individual marginal log-
likelihood (< 10−4). The standard errors of the parameter estimates were obtained from the approximate
information matrix. The 95% confidence intervals were then constructed as

η̂±1.96 ⋅SE(η̂), (25)

where η̂ denotes the vector of model parameter estimates and SE(η̂) represents their corresponding
standard errors. Model selection was evaluated by comparing the marginal log-likelihoods of the fitted
models. For each condition, the proportion of replications in which the proposed model yielded the
highest marginal log-likelihood over the other models was computed. As a baseline, EAP estimates of
latent ability were also obtained from the independence 2PL model (Indep) without response time data.
All simulations were conducted in R, using the copula and mirt (Chalmers, 2012) R packages, and
custom functions.

The bias, mean absolute deviance (MAD), and RMSE for the item parameters, structural parameters,
and ability estimates were calculated as follows:

Bias(η) = 1
R

R
∑
r=1
(η̂(r)−η),

MAD(η) = 1
R

R
∑
r=1
(∣η̂(r)−η∣),

RMSE(η) =

�
��� 1

R

R
∑
r=1
(η̂(r)−η)2,

(26)

where η̂(r) is the estimate at the r-th iteration, and η is the true parameter value. To evaluate the
accuracy of standard error estimates, the ratio between the average standard error estimates and the
empirical standard deviation of the estimates was computed. For a given parameter η, this ratio is
defined as

SE Ratio(η̂) =
1
R∑

R
r=1 SE(η̂(r))

√
1
R∑

R
r=1 (η̂(r)− ¯̂η)2

, (27)

where SE(η̂(r)) denotes the standard error estimate in the r-th replication, and ¯̂η = 1
R∑

R
r=1 η̂(r) is

the average estimate across replications. The 95% coverage rate was computed as the proportion of
replications in which the true parameter value fell within the 95% confidence interval:

95% C.R.(η) = 1
R

R
∑
r=1

I{η ∈ [η̂(r)−1.96 ⋅SE(η̂(r)), η̂(r)+1.96 ⋅SE(η̂(r))]}, (28)

where I is the indicator function.
In general, when the true latent traits are generated under strong upper-tail dependence (i.e., Gumbel

or Joe copula), the copula models are expected to outperform the conventional model. Conversely, when
the data are generated under the MVN distribution, the conventional model is expected to yield better
performance than the copula models. The marginal likelihood-based model selection is expected to
perform well in identifying the true data-generating models.

4.2. Simulation results
4.2.1. Model selection
Table 3 shows the proportion of replications in which each of the three fitted models yielded the
highest marginal log-likelihood under each true data-generating condition. The average marginal log-
likelihood values are presented in Appendix D (Table D1). The likelihood-based model
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Table 3. Marginal likelihood-based model selection result

True: Gumbel True: MVN True: Joe

N I τK Gumbel MVN Joe Gumbel MVN Joe Gumbel MVN Joe

500 10 0.3 0.69 0.16 0.15 0.13 0.87 0.00 0.16 0.00 0.84

1,000 10 0.3 0.89 0.06 0.05 0.07 0.93 0.00 0.12 0.00 0.88

500 20 0.3 0.77 0.10 0.13 0.07 0.93 0.00 0.12 0.00 0.88

1,000 20 0.3 0.94 0.02 0.04 0.02 0.98 0.00 0.03 0.00 0.97

500 10 0.5 0.77 0.20 0.03 0.06 0.94 0.00 0.19 0.00 0.81

1,000 10 0.5 0.92 0.07 0.00 0.02 0.98 0.00 0.11 0.00 0.89

500 20 0.5 0.90 0.08 0.02 0.05 0.95 0.00 0.04 0.00 0.96

1,000 20 0.5 0.98 0.01 0.01 0.02 0.98 0.00 0.02 0.00 0.98

Note: N is the sample size, and I is the test length. τK denotes Kendall’s τ rank coefficient. The main column headings indicate the
true dependence structure used to generate the data. The subheadings indicate the fitted models. Values represent the proportion
of replications in which a given fitted model was selected as the best-fitting model based on the marginal likelihood.

selection proved effective at correctly identifying the true model. For data generated under the Gumbel
and Joe copulas, selection accuracy ranged from 0.69 to 0.98 and 0.84 to 0.98, respectively. When
data were generated under the MVN structure, the MVN model was chosen in 0.87–0.98 of the
replications. Across all conditions, model selection accuracy improved with larger sample sizes and
longer tests.

4.2.2. Model parameter recovery
Table 4 presents the parameter recovery results for the Gumbel copula model, estimated using the
EM algorithm with stochastic approximation, when the data were generated from the Gumbel copula
dependence structure. Note that the item parameter recovery results presented here are averaged across
all items. The full, item-level parameter recovery tables can be found in Appendix D. The proposed
estimation algorithm accurately recovered the true parameter values. Across all conditions, bias for
item parameters ranged from −0.036 to 0.001 (MAD: 0.016–0.226), while the structural parameter
bias ranged from −0.136 to 0.000 (MAD: 0.010–0.146). The RMSE of parameter estimates consistently
decreased as sample size N increased. Note that the relatively large RMSE for the item difficulty
parameter b was largely driven by items with low discrimination (Item 2, ai = 0.18) or extreme
difficulty (Item 11, bi = −3.27), as shown in Table D5. The 95% coverage rates ranged from 0.72
to 0.98, and the SE ratios ranged from 0.86 to 1.41, indicating that the estimated standard errors
generally approximated the empirical standard errors well. The item-level parameter recovery results
were highly similar between the Gumbel model and the MVN model, showing the choice of dependence
model in the trait level has minimal impact on the item parameter estimates (Appendix D, Tables D5
and D6). The parameter recovery for the Joe copula model was generally as accurate as the Gumbel
model, except for the dependence parameter, δ, which was underestimated when dependence was strong
(Appendix D, Table D2).

4.2.3. Latent ability estimation accuracy
Table 5 presents the accuracy of the latent ability estimates under Gumbel copula dependence condi-
tions. The correctly specified Gumbel copula model yielded the lowest RMSE and the highest Pearson
correlation with the true ability across all conditions. While its bias was slightly higher than misspecified
models in some conditions (e.g., δ = 2), its lower RMSE and higher correlation indicate more accurate
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Table 4. Parameter recovery under the Gumbel copula dependence condition

Condition Bias MAD

N I δ a b α β δ στ a b α β δ στ

500 10 1.43 0.011 −0.025 0.013 0.001 −0.009 −0.001 0.150 0.214 0.072 0.023 0.056 0.013

1,000 10 1.43 0.009 0.019 0.009 0.002 −0.008 0.000 0.107 0.158 0.050 0.016 0.039 0.010

500 20 1.43 0.019 −0.016 0.009 0.001 −0.007 −0.001 0.157 0.221 0.067 0.023 0.048 0.013

1,000 20 1.43 0.009 −0.010 0.006 0.002 −0.003 0.000 0.107 0.136 0.048 0.016 0.034 0.009

500 10 2 0.014 −0.032 0.010 0.003 −0.136 −0.004 0.150 0.218 0.072 0.022 0.146 0.013

1,000 10 2 0.007 0.002 0.006 0.003 −0.132 −0.004 0.107 0.136 0.050 0.016 0.134 0.010

500 20 2 0.022 −0.036 0.009 0.002 −0.084 −0.003 0.159 0.226 0.067 0.023 0.104 0.013

1,000 20 2 0.007 −0.009 0.005 0.002 −0.075 −0.002 0.106 0.133 0.048 0.016 0.082 0.009

Condition RMSE 95% coverage rate

N I δ a b α β δ στ a b α β δ στ

500 10 1.43 0.197 0.771 0.091 0.028 0.070 0.016 0.91 0.95 0.96 0.97 0.97 0.95

1,000 10 1.43 0.139 1.340 0.064 0.020 0.049 0.012 0.90 0.94 0.95 0.97 0.96 0.96

500 20 1.43 0.263 1.144 0.085 0.029 0.061 0.016 0.96 0.98 0.97 0.96 0.98 0.97

1,000 20 1.43 0.158 0.386 0.060 0.020 0.042 0.012 0.95 0.97 0.96 0.96 0.97 0.96

500 10 2 0.196 1.056 0.091 0.028 0.167 0.017 0.90 0.95 0.96 0.98 0.84 0.94

1,000 10 2 0.140 0.386 0.064 0.020 0.148 0.012 0.88 0.93 0.95 0.98 0.72 0.93

500 20 2 0.287 1.633 0.085 0.028 0.124 0.017 0.95 0.97 0.97 0.97 0.94 0.98

1,000 20 2 0.155 0.254 0.060 0.020 0.098 0.012 0.94 0.97 0.96 0.97 0.90 0.97

Condition SE ratio

N I δ a b α β δ στ

500 10 1.43 0.93 1.14 1.04 1.14 1.12 1.08

1,000 10 1.43 0.90 1.13 1.01 1.12 1.11 1.01

500 20 1.43 1.07 1.56 1.11 1.08 1.25 1.17

1,000 20 1.43 1.03 1.34 1.05 1.05 1.20 1.10

500 10 2 0.88 1.26 1.04 1.25 1.37 1.06

1,000 10 2 0.86 1.11 1.01 1.20 1.35 1.01

500 20 2 1.04 1.38 1.11 1.17 1.41 1.22

1,000 20 2 0.99 1.20 1.05 1.14 1.38 1.21

Note: N represents the sample size. I represents the test length. a, b, α, and β represent item parameters, and δ and στ represent structural
parameters.

ability estimation. This general finding was consistent across simulations where the model that matched
the true dependence structure consistently outperformed the others in overall accuracy (Table D3).

In addition to evaluating the overall accuracy of ability estimates, the RMSE and bias of θ conditional
on the true ability level were computed to assess how estimation accuracy varies across the ability range.
The conditional RMSE and bias values were calculated using equally spaced bins of width 0.5, covering
the range of θ from −4 to 4. Under the Gumbel copula dependence condition (Figures 4 and 5), the
copula models’ advantage over both the conventional model and the independence model is most
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Table 5. Accuracy of ability estimates under the Gumbel copula dependence condition

Condition Bias(θ) RMSE(θ) Cor(θ̂, θ)

N I δ Gumbel Joe MVN Indep Gumbel Joe MVN Indep Gumbel Joe MVN Indep

500 10 1.43 0.005 0.007 0.005 0.005 0.564 0.566 0.569 0.598 0.825 0.824 0.821 0.800

1,000 10 1.43 0.001 0.003 0.001 0.000 0.561 0.563 0.566 0.596 0.828 0.826 0.824 0.803

500 20 1.43 0.005 0.004 0.005 0.005 0.459 0.460 0.463 0.480 0.888 0.887 0.886 0.877

1,000 20 1.43 0.000 0.000 0.001 0.000 0.457 0.458 0.461 0.477 0.890 0.889 0.887 0.879

500 10 2 0.009 0.020 0.006 0.005 0.509 0.515 0.516 0.597 0.860 0.857 0.856 0.801

1,000 10 2 0.005 0.017 0.002 0.001 0.507 0.513 0.513 0.596 0.862 0.859 0.858 0.803

500 20 2 0.007 0.011 0.006 0.005 0.424 0.427 0.430 0.480 0.906 0.904 0.902 0.877

1,000 20 2 0.004 0.007 0.002 0.001 0.421 0.425 0.428 0.477 0.907 0.905 0.904 0.879

Note: N represents the sample size. I represents the test length. The column headers (Gumbel, Joe, MVN, and Indep) indicate the estimating
model, while Gumbel was the data-generating model. Indep represents the baseline independence 2PL model without response time.

prominent in the upper tail of the θ distribution. This effect is even stronger when the dependence
between latent traits increases (Kendall’s τ = 0.5). When the true data structure exhibits strong upper-
tail dependence, response-time data provide more information about high-ability individuals and less
information about low-ability individuals. The copula-based models borrow more information from
response times for upper-tail abilities while borrowing less for lower-tail abilities, which aligns better
with the true data structure in the simulation. In contrast, the conventional model’s MVN assumption
implies asymptotic tail independence and therefore borrows less information from the response time
data in the upper tail of ability. This discrepancy explains the performance gap in the upper tail between
these models. The conditional RMSE shows a similar pattern when data are generated under the Joe
copula dependence structure (Figure D1). Latent speed estimation accuracy was highly similar across
the different dependence models, with negligible differences in bias, RMSE, and correlation (Table D4
and Figure D2).

When the data were generated under the MVN dependence structure, the conventional MVN model
exhibited the smallest overall RMSE and the highest correlation with the true values (Table 6). Similarly,
the conditional RMSE was the lowest for the MVN in both the lower tail and the mid-range of θ,
although the differences were less substantial than in the Gumbel copula condition (Figure 6). These
results confirm that the conventional MVN model provides the most accurate ability estimates when
the underlying dependence structure is MVN.

We conducted additional simulations to evaluate model performance using data generated from
270○-rotated Gumbel and Joe copulas, which reflect a negative association with upper-tail dependence.
These simulations compared five models, including the two 270○-rotated copulas, their unrotated
counterparts, and the MVN model. Parameter recovery for the rotated models was comparable to the
unrotated scenarios, showing minimal bias except for an underestimation of the δ parameter for the
rotated Joe copula in the strong dependence condition. The marginal likelihood-based model selection
effectively selected the true data-generating models, with selection accuracies ranging from 0.71 to 0.99
for the rotated Gumbel and 0.83 to 0.98 for the rotated Joe. Importantly, the misspecified unrotated
models (with positive associations) were never selected. In terms of ability estimation, the rotated copula
models again yielded the lowest conditional RMSE, particularly in the upper tail, outperforming the
MVN model. The baseline independence model and misspecified unrotated copula models were the
least accurate. (See Appendix E for full results.)

In summary, model parameters were recovered accurately, and the true data-generating model could
be reliably identified using the marginal log-likelihood. Most importantly, the simulation results show
that by correctly specifying the dependence structure, particularly tail dependencies, the copula models
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Figure 4. Conditional RMSE of ability estimates under the Gumbel copula dependence condition.

produced significantly more accurate ability estimates than the standard MVN and independence
models. This advantage was most pronounced at the extremes of the ability scale, confirming that the
model’s flexibility improved measurement accuracy.

5. Empirical data illustration

In this section, we apply the proposed copula-based methods to a variety of cognitive test datasets,
summarized in Table 7. For a thorough examination of our model’s empirical utility across different
testing contexts, the datasets span from game-based tests and memory tests to large-scale educational
assessments, including the 2018 PISA data on mathematics and science. The sample size (N) for these
datasets ranges from 389 to 3,035, and the test length (I) ranges from 10 to 144. These datasets were also
analyzed in a meta-analysis of speed and accuracy (Domingue et al., 2022). The data for letterchaos,
addition, multiplication, subtraction, and set tasks (Coomans et al., 2016) are available from the Open
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Figure 5. Conditional bias of ability estimates under the Gumbel copula dependence condition.

Table 6. Accuracy of ability estimates under the MVN dependence condition

Condition Bias(θ) RMSE(θ) Cor(θ̂, θ)

N I ρ Gumbel Joe MVN Indep Gumbel Joe MVN Indep Gumbel Joe MVN Indep

500 10 0.45 −0.004 −0.001 −0.001 −0.001 0.579 0.585 0.575 0.599 0.815 0.811 0.818 0.800

1,000 10 0.45 −0.003 −0.001 0.000 0.000 0.576 0.582 0.572 0.595 0.817 0.812 0.820 0.803

500 20 0.45 −0.004 −0.004 −0.001 −0.001 0.470 0.474 0.467 0.480 0.882 0.880 0.884 0.877

1,000 20 0.45 −0.003 −0.004 0.000 0.000 0.467 0.472 0.464 0.477 0.884 0.881 0.886 0.879

500 10 0.71 0.000 0.013 −0.001 −0.001 0.528 0.541 0.522 0.599 0.849 0.841 0.853 0.800

1,000 10 0.71 0.001 0.014 0.000 0.000 0.526 0.539 0.519 0.595 0.850 0.842 0.854 0.803

500 20 0.71 −0.002 0.002 0.000 −0.001 0.441 0.451 0.436 0.480 0.897 0.892 0.900 0.877

1,000 20 0.71 −0.001 0.002 0.000 0.000 0.438 0.449 0.432 0.477 0.898 0.893 0.901 0.879

Note: N represents the sample size. I represents the test length. The column headers (Gumbel, Joe, MVN, and Indep) indicate the estimating
model, while Gumbel was the data-generating model. Indep represents the baseline independence 2PL model without response time.

Downloaded from https://www.cambridge.org/core. 16 Nov 2026 at 02:13:47, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core


Psychometrika 17

Table 7. Descriptive statistics of the empirical datasets

Dataset N I Mean Prop. Median Time (s)

addition 789 30 0.96 11.70

multiplication 3,035 30 0.97 12.52

set 2,649 10 0.90 11.09

letterchaos 667 10 0.92 6.69

subtraction 2,193 30 0.95 7.71

nomt 389 144 0.75 2.53

pisa_math_C1_DEU 411 12 0.54 91.01

pisa_math_C1_JPN 399 12 0.60 82.62

pisa_math_C1_MEX 567 12 0.31 103.86

pisa_math_C1_NZL 497 12 0.50 85.20

pisa_math_C1_USA 593 12 0.41 83.92

pisa_math_C2_DEU 580 11 0.55 79.34

pisa_math_C2_JPN 633 11 0.57 71.56

pisa_math_C2_MEX 812 11 0.31 95.37

pisa_math_C2_NZL 692 11 0.47 77.87

pisa_math_C2_USA 673 11 0.40 78.03

pisa_math_C3_DEU 525 11 0.60 87.45

pisa_math_C3_JPN 633 11 0.57 82.82

pisa_math_C3_MEX 820 11 0.36 102.14

pisa_math_C3_NZL 680 11 0.59 78.18

pisa_math_C3_USA 673 11 0.46 78.27

pisa_science_C1_DEU 491 20 0.55 63.51

pisa_science_C1_JPN 483 20 0.59 54.54

pisa_science_C1_MEX 735 20 0.30 68.80

pisa_science_C1_NZL 669 19 0.53 58.08

pisa_science_C1_USA 616 20 0.46 55.51

pisa_science_C2_DEU 472 17 0.58 76.82

pisa_science_C2_JPN 595 17 0.59 70.35

pisa_science_C2_MEX 765 17 0.36 83.29

pisa_science_C2_NZL 650 17 0.54 70.61

pisa_science_C2_USA 630 17 0.47 70.39

pisa_science_C3_DEU 422 19 0.67 55.67

pisa_science_C3_JPN 594 19 0.68 41.94

pisa_science_C3_MEX 765 19 0.45 59.22

pisa_science_C3_NZL 652 19 0.63 50.47

pisa_science_C3_USA 608 19 0.58 46.11

Note: N is the sample size, and I is the test length. Mean Prop. is the mean response pro-
portion correct. Median Time (s) is the median response time in seconds. C1–C3 represent
clusters 1–3.
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Figure 6. Conditional RMSE of ability estimates under the MVN dependence condition.

Science Framework (OSF).1 The novel object memory test (nomt; Hooper et al., 2024) data are available
from the Item Response Warehouse (IRW; Domingue, Braginsky, et al., 2024).2 The PISA 2018 data are
available from both the OECD website3 and the IRW.

For data preprocessing, we removed examinees with missing values and items with invariant
responses (all correct or incorrect), and we transformed response time data to seconds. For the PISA
data, we analyzed the first three clusters from the mathematics and science assessments, respectively,
selecting five countries to account for heterogeneity in item response and response time patterns across
countries (e.g., Michaelides & Ivanova, 2022; Pohl et al., 2019): Germany (DEU), Japan (JPN), Mexico
(MEX), New Zealand (NZL), and the United States (USA). Polytomously scored items in the science

1https://osf.io/pbuvj/
2https://itemresponsewarehouse.org/
3https://www.oecd.org/en/data/datasets/pisa-2018-database.html
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Table 8. Model selection results with log-likelihood values from the empirical data analyses

Dataset Selected model Log-likelihood

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J

addition MVN −70,450.8 −73,712.0 −73,291.0 −72,557.4 −70,470.4 −73,535.6 −73,643.6 −72,856.1 −72,681.0

multiplication MVN −253,762.9 −262,843.9 −261,468.8 −262,826.3 −262,828.1 −268,265.1 −258,031.1 −257,703.8 −261,450.5

subtraction MVN −197,955.1 −198,128.1 −198,128.0 −197,990.9 −198,024.1 −198,128.0 −198,128.0 −201,808.9 −202,087.8

set 270G −75,164.3 −75,193.3 −75,512.4 −75,174.4 −75,179.9 −75,418.2 −75,193.3 −75,160.3 −75,475.9

letterchaos 270G −20,606.5 −20,615.3 −20,615.3 −20,611.7 −20,613.6 −20,615.4 −20,615.4 −20,603.8 −20,604.5

nomt MVN −123,058.3 −125,850.4 −125,541.9 −129,930.9 −126,746.2 −125,647.6 −126,061.5 −125,778.4 −123,106.2

pisa_math_C1_DEU MVN −27,565.9 −28,702.9 −27,981.1 −27,980.7 −28,719.4 −27,981.1 −27,981.0 −28,718.6 −28,718.4

pisa_math_C1_JPN MVN −26,859.6 −27,770.3 −27,124.6 −27,124.2 −27,124.1 −27,124.6 −27,124.6 −27,810.6 −27,124.4

pisa_math_C1_MEX 90J −40,044.2 −40,069.7 −40,069.7 −40,036.8 −40,033.3 −40,069.8 −40,069.7 −40,053.7 −40,063.2

pisa_math_C1_NZL MVN −33,770.8 −35,169.8 −34,316.4 −34,927.8 −34,315.9 −34,316.4 −34,316.5 −34,316.2 −34,583.4

pisa_math_C1_USA 90J −40,818.3 −40,833.6 −40,833.3 −40,808.7 −40,806.9 −40,833.3 −40,833.1 −40,826.0 −40,833.2

pisa_math_C2_DEU MVN −36,001.5 −36,564.7 −36,564.7 −36,564.2 −36,564.2 −36,564.7 −36,564.7 −37,605.7 −36,564.3

pisa_math_C2_JPN 90J −39,756.0 −39,793.8 −39,794.0 −39,751.1 −39,750.4 −39,792.5 −39,792.7 −39,765.6 −39,785.2

pisa_math_C2_MEX MVN −52,004.8 −52,026.5 −52,026.5 −52,007.0 −52,009.7 −52,026.5 −52,026.5 −52,012.7 −52,018.8

pisa_math_C2_NZL MVN −43,045.3 −43,585.8 −43,619.4 −43,523.3 −43,489.6 −43,490.8 −43,487.1 −43,354.2 −43,057.9

pisa_math_C2_USA 90G −42,629.0 −42,665.5 −42,665.4 −42,627.7 −42,629.0 −42,665.4 −42,665.4 −42,641.4 −42,655.8

pisa_math_C3_DEU MVN −32,422.4 −32,426.0 −32,426.2 −32,645.7 −32,577.0 −32,426.4 −32,425.8 −32,426.4 −32,426.7

pisa_math_C3_JPN MVN −38,920.9 −39,206.7 −39,377.6 −39,480.6 −39,321.1 −39,198.1 −39,387.9 −39,183.7 −38,939.9

pisa_math_C3_MEX 90J −52,271.5 −52,280.9 −52,280.9 −52,267.1 −52,264.5 −52,280.9 −52,280.9 −52,278.8 −52,280.9

pisa_math_C3_NZL 270G −41,712.5 −41,713.9 −41,713.7 −41,877.2 −42,031.4 −41,712.9 −41,713.7 −41,712.1 −41,714.0

(Continued)
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Table 8. Continued

Dataset Selected model Log-likelihood

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J

pisa_math_C3_USA 90J −41,972.4 −41,990.6 −41,990.4 −41,957.5 −41,952.2 −41,990.6 −41,990.5 −41,983.0 −41,990.2

pisa_science_C1_DEU MVN −51,596.9 −51,620.2 −51,620.1 −52,061.1 −52,322.1 −51,619.8 −51,619.8 −51,610.3 −51,620.7

pisa_science_C1_JPN 90J −49,983.0 −50,016.9 −50,016.8 −49,974.3 −49,970.2 −50,016.7 −50,016.7 −49,995.7 −50,012.7

pisa_science_C1_MEX 90J −78,502.8 −78,525.9 −78,525.9 −78,498.9 −78,497.5 −78,525.9 −78,525.9 −78,511.5 −78,519.0

pisa_science_C1_NZL 90J −66,655.4 −66,688.4 −66,688.3 −66,643.7 −66,639.6 −66,688.4 −66,688.4 −66,669.6 −66,685.4

pisa_science_C1_USA 90J −65,556.4 −65,591.5 −65,591.5 −65,546.8 −65,541.8 −65,591.5 −65,591.5 −65,569.9 −65,586.9

pisa_science_C2_DEU 90J −43,464.3 −43,489.0 −43,489.0 −43,458.4 −43,456.4 −43,489.0 −43,489.0 −43,475.1 −43,487.9

pisa_science_C2_JPN 90J −54,983.2 −55,012.1 −55,011.9 −54,981.6 −54,979.6 −55,012.1 −55,012.3 −54,997.2 −55,011.5

pisa_science_C2_MEX 90J −72,139.6 −72,169.9 −72,169.9 −72,138.2 −72,137.7 −72,169.9 −72,169.9 −72,153.5 −72,164.7

pisa_science_C2_NZL 90J −60,047.0 −60,074.5 −60,074.3 −60,034.9 −60,030.2 −60,074.4 −60,074.3 −60,060.3 −60,074.2

pisa_science_C2_USA 90J −58,852.6 −58,899.3 −58,899.3 −58,844.5 −58,840.3 −58,899.3 −58,874.6 −58,899.3 −58,896.0

pisa_science_C3_DEU 90J −40,631.3 −40,644.1 −40,643.0 −40,626.2 −40,624.0 −40,644.1 −40,644.1 −40,638.9 −40,645.0

pisa_science_C3_JPN 90J −55,177.0 −55,207.8 −55,207.8 −55,167.2 −55,162.8 −55,207.8 −55,207.8 −55,193.8 −55,207.4

pisa_science_C3_MEX 90J −77,565.9 −77,616.8 −77,616.8 −77,560.4 −77,556.7 −77,616.8 −77,616.8 −77,585.6 −77,605.8

pisa_science_C3_NZL 90J −63,354.9 −63,390.1 −63,390.1 −63,342.6 −63,337.5 −63,390.2 −63,389.9 −63,370.6 −63,389.5

pisa_science_C3_USA 90J −59,757.9 −59,821.5 −59,821.5 −59,754.2 −59,751.3 −59,821.6 −59,821.6 −59,778.1 −59,808.4

Note: “addition,” “multiplication,” and “subtraction” are basic arithmetic tests. “set” is a card game, and “letterchaos” is a language learning game. “nomt” is a novel object memory test.
C1–C3 represent clusters 1–3 of PISA Science and Math Data. Bold values indicate the largest log-likelihood for each row.
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assessment were dichotomized by treating only the full score as correct. The code used to preprocess
and analyze the data is available on the OSF.4

For each of the 36 datasets, we analyzed nine models: the MVN model, the Gumbel and Joe copulas,
and their 90○-, 180○-, and 270○-rotated versions. All models were estimated via MML using an EM
algorithm. As shown in Table 8, the best-fitting model based on the marginal likelihood was the
90○-rotated Joe (90J) for 19 datasets, the MVN for 13 datasets, the 270○-rotated Gumbel (270G) for
three datasets, and the 90○-rotated Gumbel (90G) for one. The association between latent ability and
speed was consistently negative, as indicated by the negative Pearson correlation estimates from the
MVN model (Appendix F, Table F1). This negative association means that copula models assuming a
positive relationship (i.e., the unrotated and 180○-rotated versions) were misspecified. As a result, the
dependence parameter (δ) in these models converged to its lower bound of 1.00.

For most datasets from the 2018 PISA science assessment, the 90○-rotated Joe copula provided the
best fit. This implies a strong tail dependence between the lower tail of ability and the upper tail of
speed. In other words, the relationship is strongest at the joint extreme where low ability is associated
with highly fast responses, which may indicate behaviors, such as rapid guessing or speededness.

Figure 7 presents scatter plots of the ability and speed estimates for representative datasets from three
models. The latent trait distributions from the MVN model (first row) do not show tail dependence.
In contrast, the latent trait distributions for the 90○-rotated Joe (second row) and 270○-rotated Gumbel
(third row) show stronger lower-tail and upper-tail dependence, respectively. Note that the curvilinear
patterns in the bottom row (letterchaos and set) represent examinees who have identical item response
patterns, but varying response times. This demonstrates that the conditional expectation of ability is a
non-linear function of speed when the joint distribution is constructed with an asymmetric copula.

Focusing on a dataset for which the 90○-rotated Joe copula was selected, we compared the ability
estimates from the MVN and the selected model (Figure 8). The largest differences occur in the lower
tail, where the MVN model yields higher ability estimates with a maximum difference of 1.16. This is
because the 90○-rotated Joe copula, with its stronger lower-tail dependence, penalizes fast responses
among low-ability examinees more heavily than the MVN model does. Consequently, both the raw and
squared differences between the ability estimates are largest at the low end of the ability distribution
(Figure 9). On the other hand, when MVN was the best-fitting model (e.g., Math, Cluster 3, JPN;
Figure 10), the 90○-rotated Joe copula model tends to underestimate the latent abilities in the lower
tail of the ability distribution.

5.1. Random-split replication analysis
In addition, we conducted a random-split replication analysis to evaluate the replicability of the model
selection and to test whether asymmetric tail dependence is consistently observed across the PISA
dataset. For both the math and science assessments, we aggregated country data within each cluster
and randomly split the students into five folds. As a result, 30 datasets were fit to the same nine models,
and the best model was selected based on the highest log-likelihood value. The analysis results suggest
that the model selection is consistent within the PISA data, as the 90○-rotated Joe copula model was
selected for 28 of the 30 datasets. This provides strong evidence for the presence of asymmetric tail
dependence in large-scale educational assessments. The log-likelihood values and selected models are
summarized in Appendix F (Table F2).

5.2. Item response-level predictive accuracy
Using the InterModel Vigorish (IMV; Domingue, Kanopka, Kapoor, et al., 2024), the item response-
level predictive accuracy of the 90○-rotated Joe copula model and the MVN model was compared.
IMV is an index that quantifies the predictive gain of a compared model M1 against a baseline model

4https://osf.io/48z2k/overview?view_only=0457bfa01f8448a3a36b48fc49cd52ac
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Figure 7. Scatter plots of θ and τ estimates from empirical data analyses.

Note: Each row displays latent trait estimates obtained from the MVN model, the 90○-rotated Joe copula, and the 270○-rotated Gumbel

copula.
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Figure 8. θ and τ estimates of MVN and 90○-rotated Joe from the 2018 PISA Science Data, Cluster 1, USA.
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Figure 9. Squared and raw differences in θ estimates between MVN and 90○-rotated Joe from the 2018 PISA Science Data, Cluster 1,

USA.

Figure 10. θ and τ estimates of MVN and 90○-rotated Joe from the 2018 PISA Math Data, Cluster 3, JPN.

M0 for binary responses. Let p̂pi denote the predicted item response for examinee p and item i from
a model. For each prediction model, the uncertainty in binary prediction is quantified by finding a
w ∈ [0.5, 1] value such that

w log(w)+(1−w) log(1−w) = log
⎛
⎝

N
∏
p=1

I
∏
i=1

p̂ypi
pi (1− p̂pi)1−ypi

⎞
⎠

1
N×I

. (29)

A w value closer to 0.5 indicates higher uncertainty in binary prediction. Then, the IMV is calculated as

IMV = w1−w0

w0
. (30)
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Figure 11. IMV values from the 2018 PISA Math and Science Data.

Here, w1 and w0 are the levels of uncertainty in M1 and M0, respectively. IMV values greater than zero
quantify the gain in replacing M0 with M1 for binary outcome prediction.

To evaluate the out-of-sample prediction accuracy of the models, the “missing response” paradigm
was implemented for each of the 30 PISA datasets by randomly splitting the response-level data
into five folds. Across five iterations, item responses and response times in each fold were treated
as missing, and the models were fit using the remaining data. The predicted values for the missing
responses were obtained using the item parameter estimates and the latent ability estimates from
the 90J model, the MVN model, and the independence model. For each dataset, the IMV values
were averaged across the five folds. Figure 11 shows the IMV values for the 30 PISA datasets, and
the black diamonds indicate the average IMV across all 30 datasets. The two panels comparing each
model against the independence model show that both hierarchical approaches outperformed the
independence model. The average IMV of the 90J model against the MVN model was 0.00027. This
suggests a weak improvement in predictive accuracy for the 90J relative to the MVN, a magnitude
comparable to the predictive gain of a 3PL model over a 2PL model found in Domingue, Kanopka,
Kapoor, et al. (2024).

Figure 12 presents person-level predicted accuracy against the observed accuracy for the 90J,
MVN, and independence models across the 30 PISA datasets. For each individual i, the predicted
accuracy is the mean of the predicted response probabilities obtained from the five-fold out-of-sample
prediction, while the observed accuracy is the proportion of correct responses across the items. Overall,
the accuracy of low-performing students tends to be over-predicted, whereas the accuracy of high-
performing students is under-predicted. However, the 90J and MVN models mitigate this bias in the
lower tail by incorporating response time information. Specifically, the 90J model applies a stronger
adjustment to fast-responding examinees within the low-performing group (observed accuracy < 0.3),
drawing their predicted accuracy closer to the reference diagonal line. Similarly, Figure 13 plots the
person-level predicted median response time against the observed median response time. For each
individual, the predicted median response time was calculated as the median of the predicted median
response time (i.e., Median(β̂j− τ̂i)). The 90J model better predicts the median response time for slow-
responding examinees (e.g., observed median RT > 150) compared to the MVN model. In terms of
item-level accuracy and response time predictions, the two methods showed negligible differences
(Appendix F, Figures F1 and F2).
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Figure 12. Person-level predicted accuracy versus observed accuracy from the 2018 PISA Math and Science Data.
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Figure 13. Person-level predicted median RT versus observed median RT from the 2018 PISA Math and Science Data.

6. Comparison to the conditional dependence model

This section compares the copula-based models to the CD model described in Bolsinova et al. (2017),
as it is one of the widely used alternative hierarchical models to the MVN model. At the first level, the
observed response times are modeled with a log-normal model (Equation (8), and the item param-
eters for observed responses (Equation (7)) are expressed as a function of the standardized residual
log-response time (zpi) of person p and item i as follows:

api = a0ia
zpi
1i ,

bpi = b0i+b1izpi,
(31)

where zpi = αi (ln tpi−(βi−τp)). At the second level, the latent speed and latent ability follow an MVN
distribution with structural parameters ρ and σ2

τ . As a result, the CD model consists of six parameters
for each item at the first level (a0i, a1i, b0i, b1i,αi, and βi) and two structural parameters at the second
level. A Markov chain Monte Carlo (MCMC) algorithm is implemented for parameter estimation. See
Bolsinova et al. (2017) for full details of the model specification and estimation for the CD model.

Conceptually, the CD model and the copula model capture different aspects of the speed–accuracy
relationship. The CD model relaxes the assumption of conditional independence at the first level
(the observation level). The measurement model allows CD between the observed responses and
response times, after controlling for the latent traits. In contrast, the proposed copula model relaxes the
assumption of a symmetric multivariate distribution at the second level (the latent trait level). Therefore,
the two models are different approaches for capturing distinct dependence structures at the two levels.
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Table 9. Ability estimation accuracy of the Gumbel copula and conditional dependence models

Condition Bias(θ) RMSE(θ) Cor(θ̂, θ)

N I True model Gumbel CD Gumbel CD Gumbel CD

500 10 Gumbel 0.005 0.007 0.564 0.572 0.825 0.819

1,000 10 Gumbel 0.001 0.001 0.561 0.569 0.828 0.822

500 20 Gumbel 0.005 0.006 0.459 0.464 0.888 0.885

1,000 20 Gumbel 0.000 0.000 0.457 0.463 0.890 0.887

500 10 CD −0.003 −0.001 0.740 0.724 0.673 0.690

1,000 10 CD −0.003 0.000 0.732 0.718 0.680 0.695

500 20 CD −0.003 0.000 0.628 0.610 0.778 0.792

1,000 20 CD −0.003 0.000 0.622 0.604 0.782 0.796

We next present a simulation study to provide empirical evidence that the two models represent distinct
data-generating processes.

Through simulation studies, we evaluated the performance of the copula-based model compared to
the CD model when data were generated under either the Gumbel copula or the CD model. The sample
sizes (N = 500, 1, 000) and the test lengths (I = 10, 20) were identical to those in the previous simulation
studies. Under the Gumbel copula condition, the true item parameters were set as in Table 2, and the
true latent dependence structures were the same as in Section 4. Under the CD model condition, data
were generated using the true item parameter and structural parameter distributions given in Table 2 of
Bolsinova et al. (2017). The number of replications under each condition was R = 500. The CD model
was estimated using the MCMC algorithm provided by Bolsinova et al. (2017) with a chain length of
5,000 and a burn-in of 2,500 iterations. The RMSE, bias, and correlation (with the true values) of latent
ability estimates were calculated. In addition, we evaluated the model selection accuracy using the model
likelihood, AIC, and BIC, given the number of unknown parameters k and sample size N:

AIC = −2 ⋅ log-likelihood+2k,
BIC = −2 ⋅ log-likelihood+k logN.

(32)

The model with the lower AIC (or BIC) values was selected. Note that, for calculating the model fit
indices of the CD model, EAP estimates were plugged into the likelihood function for fair comparison
with the copula model, whose parameters were obtained via an MML estimation.

Table 9 shows the accuracy of ability estimates from the Gumbel copula and CD model. Within each
dependence condition (Gumbel or CD), the true data-generating model consistently yielded a lower
RMSE and a higher correlation. Table 10 presents the model selection accuracy by the proportion of
replications in which the true model was selected based on likelihood, AIC, and BIC. When the data
were generated under the CD model, the CD model always produced a higher likelihood. Conversely,
the CD model often yielded a higher likelihood than the Gumbel even when the true data-generating
model was the Gumbel copula. AIC was a more reliable tool for model selection, identifying the true
data-generating model in over 99% of replications. BIC showed lower model selection accuracy than
AIC when the true model was CD at N = 500. In summary, these results indicate that the two models
account for distinct dependence structures between item responses and response times.

When applied to the 36 empirical datasets from the previous section, the estimation algorithm
for the CD model resulted in errors in three datasets, potentially due to outliers in response times.
Out of the remaining 33 datasets, the CD model yielded the lowest AIC values in 28 datasets, and
the 90○-rotated Joe copula model yielded the lowest BIC values in 16 datasets (Appendix F, Tables
F3 and F4). This may suggest that the CD model provides a larger improvement in model fit than
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Table 10. Model selection results under the Gumbel copula and

the CD model

Condition Model selection accuracy

N I True model Likelihood AIC BIC

500 10 Gumbel 0.29 1.00 1.00

1,000 10 Gumbel 0.44 1.00 1.00

500 18 Gumbel 0.66 1.00 1.00

1,000 18 Gumbel 0.72 1.00 1.00

500 10 CD 1.00 0.99 0.49

1,000 10 CD 1.00 1.00 1.00

500 18 CD 1.00 0.99 0.43

1,000 18 CD 1.00 1.00 0.99

Note: Proportions of replications where the true data-generating model is
selected using likelihood, AIC, and BIC.

the copula model. However, these two approaches attempt to address distinct sources of model misfit
within the hierarchical structure, namely, multivariate normality and CD assumptions. Therefore, the
two approaches could be combined, where the measurement model accounts for CD at the observed
response level, while asymmetric latent trait dependence is captured at the second level. Future studies
should explore the utility of such a unified framework. One challenge in implementation is developing
an estimation algorithm that can incorporate both the copula-based joint model structure and the CD
parameters, which extends beyond the scope of this article.

7. Discussion

In this study, a copula-based approach is proposed for jointly modeling speed and accuracy.
The Gumbel and Joe copulas are adopted to capture the tail dependence between the latent ability
and the latent speed. Copula theory was integrated into latent variable modeling, focusing on modeling
tail dependence between latent traits within an IRT framework. By allowing for a flexible, tail-sensitive
association between latent traits, the proposed framework enhances traditional psychometric models’
capacity to represent a wider variety of latent trait relationships.

The simulation results suggest that the proposed framework is robust in both model selection and
ability estimation. The results show that the likelihood-based model selection reliably identifies the
true data-generating model across various dependence structures. When data were generated with tail
dependence, the correctly specified copula models yielded more accurate ability estimates with lower
RMSE than the traditional MVN model. This advantage was most prominent in the tails of the ability
distribution. The practical consequence of the model misspecification is that the conventional MVN
model is likely to misestimate ability for the lowest or the highest performing individuals.

The proposed copula-based models were applied to a variety of empirical cognitive test datasets.
The frequent selection of copula models over the MVN model provides strong evidence that the
relationship between ability and speed is often asymmetric and characterized by tail dependencies.
The prevalence of the 90○-rotated Joe copula, particularly in the PISA science data, suggests that
lower-tail dependence is common in large-scale assessments. This captures a scenario where low-ability
students are disproportionately likely to respond quickly. While this pattern can sometimes arise due to
item difficulty relative to the examinee’s ability (Bolsinova et al., 2017), it is also frequently associated
with test-taking behaviors like rapid guessing or disengagement. Detecting such behaviors commonly
requires mixture models accounting for different latent classes of response processes (e.g., Lu et al., 2023;
Ulitzsch et al., 2024). These mixture modeling approaches aim to explain tail variance by identifying
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specific latent classes (e.g., rapid guessing). They assume that the heteroskedasticity stems from these
discrete classes of pre-specified test-taking behaviors. In contrast, our copula approach does not attempt
to reduce unexplained variance by introducing test-taking behavior classes. Instead, it models the
asymmetric dependence and controls the magnitude of information borrowing between speed and
ability. In regions where tail dependence is weak, the model borrows less information from response
times to estimate ability, reflecting higher uncertainty. In regions of strong dependence, it leverages the
dependence more heavily. This allows the model to accommodate tail heterogeneity without requiring
a priori assumptions about specific aberrant behaviors. Future studies should explore the utility of these
different approaches when diverse test-taking behaviors are present.

The choice of the dependence model can impact the accuracy and fairness of student scoring.
For instance, as demonstrated in the simulations and Figures 8 and 9, when lower-tail dependence
is present but ignored, the MVN model systematically overestimates the ability of low-performing,
fast-responding examinees. The better-fitting 90○-rotated Joe copula model corrects for this by more
appropriately penalizing these response patterns, leading to more valid ability estimates. Furthermore,
the heterogeneity of the best-fitting model across countries underscores that a single model is insuffi-
cient for international assessments. The distinct patterns observed (e.g., 90J for USA/MEX vs. MVN for
DEU) suggest that speed–accuracy dependence varies across populations, making flexible dependence
modeling essential for valid cross-country comparisons.

While the EM algorithm with stochastic approximation demonstrated robust performance, our
results suggest a potential area for refinement. We observed a consistent underestimation of the depen-
dence parameter δ for the Joe copula, particularly in the strong dependence condition. We hypothesize
that this occurs because the numerical quadrature used to approximate the joint distributions struggles
to capture the very strong tail dependence in the Joe copula. Therefore, future research could benefit
from exploring alternative estimation techniques. For instance, implementing a Metropolis–Hastings
algorithm with a tail-heavy proposal distribution could potentially improve both the efficiency and
accuracy of estimation for models with such extreme dependence structures.

In this study, the optimal dependence structure is determined via post-hoc model selection after fit-
ting multiple rotated models. One may consider allowing an arbitrary rotation angle instead of restrict-
ing the rotation to perpendicular orientations. Specifically, the rotated latent traits can be defined as

(θ*

τ*) = R(ω)(θ
τ), (33)

where

R(ω) = [cos(ω) −sin(ω)
sin(ω) cos(ω) ] (34)

is a rotation matrix with an arbitrary angle ω ∈ [0, 2π). However, such an arbitrary rotation angle may
alter the variances and the interpretation of the latent traits, as the rotated variables become linear
combinations of the original latent traits (θ, τ). Alternatively, one could restrict the rotation angle to
the discrete set ω ∈ {0, π

2 ,π, 3π
2 } and estimate ω jointly with the other model parameters. However, this

approach would require a grid search over the discrete space. Practically, this is equivalent to our current
approach of fitting the models separately and selecting the optimal rotation using log-likelihood.

The copula-based joint model can be generalized and extended in several ways. Future research
should evaluate the utility of copula models for modeling the dependence of latent traits other than
ability and speed, such as missing propensity (Holman & Glas, 2005; Moustaki & Knott, 2000) as
the joint-normality assumption for these traits may be violated. Another natural extension is to
computerized adaptive testing (CAT), where a copula-based joint model could be applied to latent ability
and speed estimation on-the-fly (Fan et al., 2012; Kern & Choe, 2021). In addition, the copula framework
can be extended to SEM to address asymmetric dependencies between latent variables. For instance,
copulas could link a latent variable measured by multiple indicators to a dichotomous risk outcome
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underlying a continuous latent variable. This approach will provide a novel method for investigating
risk-sensitive relationships among constructs that are not adequately modeled under traditional Gaus-
sian assumptions. Lastly, the proposed model assumed that an examinee’s latent speed is constant across
items. This assumption can be relaxed to allow examinees to vary their speed during a test. For instance,
when there is a time constraint, examinees may vary their speed and test-taking strategies depending
on the remaining time. Response times under such constraints can have different interpretations, such
as omission time (Guo et al., 2025) and power time (Lee & Ying, 2015). Future extensions can explore
incorporating these alternative response times into the copula-based joint model framework.
Data availability statement. The data and code that support the findings of this study are available in the Open Science
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Appendix A. Marginal maximum likelihood estimation for copula-based joint model

The marginal likelihood function of a copula-based joint model is

L(a, b, α, β, σ2
τ , δ)

=
N
∏
p=1

{∬
I

∏
i=1

[P(Ypi ∣ θp, ai, bi)f (Tpi ∣ τp, αi, βi)]fθ, τ(θp, τp ∣ σ2
τ , δ)dθpdτp}.

(A.1)

A.1. EM algorithm with stochastic approximation
Let η(m) = (ζ(m),ψ(m))′ denote the parameter estimates at the m-th iteration where ζ i = (ai, bi, αi, βi)′ and ψ = (σ2

τ , δ)′.
Denote the latent ability and speed of person p as λp = (θp, τp)′.

A.1.1. E-step
In the E-step, based on η(m), we compute the expected complete-data log-likelihood given the observed data with respect to
the posterior distribution of latent traits:

Q(η ∣ η(m)) = E[logh(η ∣ Ỹ, T̃, θ, τ)∣η(m), Ỹ, T̃], (A.2)

where

h(η ∣ Ỹ, T̃, θ, τ) =
N
∏
p=1

I
∏
i=1

P(Ypi ∣ θp, ai, bi)f (Tpi ∣ τp, αi, βi). (A.3)

The Q-function can be written as

Q(η ∣ η(m)) =
I
∑
i=1

Qi(ζ i, σ2
τ , δ ∣ η(m)), (A.4)

where

Qi(ζ i, σ2
τ , δ ∣ η(m)) =

N
∑
p=1

E{logP(Ypi = ypi ∣ θp)+ logf (tpi ∣ τp)∣η(m), Ỹ, T̃} . (A.5)

For person p, the posterior distribution of latent traits is proportional to L(η(m) ∣ Ỹp, T̃p, θp, τp).

p(θp, τp ∣ η(m), Ỹp, T̃p) =
L(η(m) ∣ Ỹp, T̃p, θp, τp)

∬ L(η(m) ∣ Ỹp, T̃p, θ, τ)dθdτ
, (A.6)

where L(η(m) ∣ Ỹp, T̃p, θp, τp) is

I
∏
i=1

[P(ypi ∣ θp, a(m)
i , b(m)

i )f (tpi ∣ τp, α(m)
i , β(m)

i )f (θp, τp ∣ σ2(m)
τ , δ(m))] . (A.7)

We approximate the posterior distribution in Equation (A.6) via numerical integration, using 21× 21 = 441 equally spaced
cubature points on the domain [−4, 4]× [−4σ(m)

τ , 4σ(m)
τ ]. Let Δ denote the set of cubature points. Then Qi is approximated

by

Q̂i(ζ i, σ2
τ , δ ∣ η(m)) =

N
∑
p=1

∑
(θ, τ)∈Δ

{[logP(Ypi = ypi ∣ θ)+ logf (tpi ∣ τ)]p̂(θ, τ ∣ η(m), Ỹp, T̃p)}, (A.8)

with

p̂(θ, τ ∣ η(m), Ỹp, T̃p) =
L(η(m) ∣ Ỹp, T̃p, θ, τ)

∑(θq, τq)∈Δ L(η(m) ∣ Ỹp, T̃p, θq, τq)
. (A.9)
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Accordingly, the Q-function can be approximated by

Q̂(η ∣ η(m)) =
I
∑
i=1

Q̂i(ζ i, σ2
τ , δ ∣ η(m)). (A.10)

A.1.2. M-step
In the M-step, the Q̂-function is maximized to obtain the parameter estimates for the (m+1)-th iteration:

η(m+1) = arg maxηQ̂(η ∣ η(m)). (A.11)

This process consists of two steps, as in Guo et al. (2022). Let ωp(⋅) denote a generic operator for a first-order derivative of
logP(yp, tp, λp, η) with respect to any subset of parameters in η. From Fisher’s identity, the first-order derivatives of the log
marginal likelihood are expressed as the expected first-order derivatives of the complete data log-likelihood. Then

∂

∂η
L(η) =

N
∑
p=1

E[ωp(η)∣Ỹp, T̃p, η]

=
N
∑
p=1

E[ ∂

∂η
logP(Ỹp, T̃pλp, ζ)∣Ỹp, T̃p, η]

+
N
∑
p=1

E[ ∂

∂η
logf (λp ∣ σ2

τ , δ)∣Ỹp, T̃p, η] .

(A.12)

In the first step, the maximum likelihood estimates for the structural parameters ψ are obtained by equating the last term in
Equation (A.12) given η(m) to zero and solving for ψ:

N
∑
p=1

E[ ∂

∂ψ
logf (θp, τp ∣ σ2

τ , δ)∣Ỹp, T̃p, η(m)]

= E
⎡⎢⎢⎢⎢⎣

N
∑
p=1

∂

∂ψ
logf (λp ∣ ψ)

�����������
Ỹ, T̃, η(m)

⎤⎥⎥⎥⎥⎦
= 0.

(A.13)

A stochastic approximation (Robbins & Monro, 1951) is used to find the root. Let g (ψ(m), λ(m)) =
∑N

p=1 { ∂
∂ψ logf (λ(m)

p ∣ ψ(m))∣ψ=ψ(m)}. Then ψ is updated:

ψ(m+1) = ψ(m) −γmg (ψ(m), λ(m)), (A.14)

where λ(m) is randomly sampled from Equation (A.6), and γm ∝ 1
mκ , κ ∈ (0.5, 1] is the step size at the m-th iteration. λ(m) can

be generated with an M-H sampler using the fact that the posterior distribution of λp is proportional to L(η(m) ∣ Ỹp, T̃p, θ, τ)
in Equation (A.7). The gradient with respect to ψ is derived in Appendix B.

In the second step, the MML estimates for the item parameters can be updated by maximizing each Q̂i using a gradient
descent with a backtracking line search. For instance, update the slope parameter ai at each step by

a(m+1)
i = a(m)

i + ξ(m)
i ⋅ ∂Q̂i

∂ai
, (A.15)

where ξ(m)
i is the step size determined by backtracking line search. Similarly, update b(m+1)

i , α(m+1)
i , and β(m+1)

i as in Equation
(A.15). The partial derivatives in Equation (A.15) are in Appendix B.

A.2. Standard error and latent trait estimation
Standard errors of the parameter estimates are obtained as in Glas and van der Linden (2010) by inverting the approximate
information matrix:

I(η) =
N
∑
p=1

E[ωp(η) ∣ yp, tp, η]E[ωp(η) ∣ yp, tp, η]
′
. (A.16)

The standard errors are then given by the square roots of the diagonal elements of the inverse information matrix:

SE(η) =
√

diag(I(η)−1). (A.17)
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The expected a posteriori (EAP) estimates of the latent traits of each person, given the parameter estimates η̂, are computed
as follows:

θ̂p = E[θ ∣ η̂, Ỹp, T̃p] ≈ ∑
(θ, τ)∈Δ

θ ⋅ p̂(θ, τ ∣ η̂, Ỹp, T̃p),

τ̂p = E[τ ∣ η̂, Ỹp, T̃p] ≈ ∑
(θ, τ)∈Δ

τ ⋅ p̂(θ, τ ∣ η̂, Ỹp, T̃p).
(A.18)

Appendix B. Gradient of the log joint PDF with Gumbel and Joe copulas

B.1. Gumbel copula
Here, we derive the gradient of the log joint PDF of θ and τ with Gumbel copula with respect to ψ = (δ, σ2

τ ):

logf (θ, τ) = logc(u, v)+ logfθ(θ)+ logfτ(τ), (B.1)

where u = Fθ(θ) and v = Fτ(τ).
The partial derivative of logf (θ, τ) with respect to δ is

∂logf (θ, τ)
∂δ

= ∂logc(u, v)
∂δ

= [−1+ 1
A+δ−1

+ 1−2δ
A

]∂A
∂δ

+ 1
A+δ−1

−2logA+ logx+ logy,
(B.2)

where x = −logu, y = −logv, and A = (xδ +yδ)1/δ with

∂A
∂δ

= A
δ
( xδ logx+yδlogy

xδ +yδ
− logA) . (B.3)

The partial derivative of log f (θ, τ) with respect to σ2
τ is

∂logf (θ, τ)
∂σ2

τ
= ∂logc(u, v)

∂σ2
τ

+ ∂logfτ(τ)
∂σ2

τ

= ∂logc(u, v)
∂v

∂v
∂σ2

τ
+ ∂logfτ(τ)

∂σ2
τ

,

(B.4)

where

∂logc(u, v)
∂v

= [−1+ 1
A+δ−1

+ 1−2δ
A

]∂A
∂v

− δ−1
yv

− 1
v
, (B.5)

with ∂A
∂v = − 1

v A1−δyδ−1, and

∂v
∂σ2

τ
= ∂Fτ(τ)

∂σ2
τ

= − τ
2(σ2

τ )3/2
ϕ
⎛
⎝

τ
√

σ2
τ

⎞
⎠
, (B.6)

with ϕ() being the PDF of the standard normal distribution. The last term in Equation (B.4) is

∂logfτ(τ)
∂σ2

τ
= τ2 −σ2

τ

2σ4
τ

. (B.7)

B.2. Joe copula
Let u = Fθ(θ) and v = Fτ(τ). The copula density of the bivariate Joe copula is

c(u, v) = (ūδ + v̄δ − ūδv̄δ)−2+1/δūδ−1v̄δ−1[δ−1+ ūδ + v̄δ − ūδv̄δ], (B.8)

where ū = 1−u and v̄ = 1−v.

logc(u, v) = (−2+δ−1)logB+(δ−1)logūv̄+ log(δ−1+B), (B.9)

where B = ūδ + v̄δ − ūδv̄δ .
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The partial derivative of logf (θ, τ) w.r.t. δ is

∂logf (θ, τ)
∂δ

= ∂logc(u, v)
∂δ

= −δ−2logB+(−2+δ−1)B−1 ∂B
∂δ

+ logūv̄+ 1
δ−1+B

(1+ ∂B
∂δ

),
(B.10)

where
∂B
∂δ

= ūδlogū+ v̄δlogv̄− ūδv̄δlogūv̄. (B.11)

And the partial derivative of logf (θ, τ) w.r.t. σ2
τ is obtained by replacing ∂logc(u, v)

∂v in Equation (B.4) with

∂logc(u, v)
∂v

= (−2+δ−1)B−1 ∂B
∂v

+(1−δ)v̄−1 + 1
δ−1+B

∂B
∂v

, (B.12)

where
∂B
∂v

= −δ(1− ūδ)v̄δ−1. (B.13)

B.3. Partial derivatives of Q̂i in Equation (A.15)

∂Q̂i

∂ai
=∑

p
∑
(θ, τ)

ωp(ai) ⋅ p̂(θ, τ ∣ η, Ỹp, T̃p),

∂Q̂i

∂bi
=∑

p
∑
(θ, τ)

ωp(bi) ⋅ p̂(θ, τ ∣ η, Ỹp, T̃p),

∂Q̂i

∂αi
=∑

p
∑
(θ, τ)

ωp(αi) ⋅ p̂(θ, τ ∣ η, Ỹp, T̃p),

∂Q̂i

∂βi
=∑

p
∑
(θ, τ)

ωp(βi) ⋅ p̂(θ, τ ∣ η, Ỹp, T̃p),

(B.14)

and H(z) = 1/(1+ exp(−z)). The first-order derivatives for the item parameters are given by

ωp(ai) = ypi(θ−bi)−H (ai(θ−bi))θ,

ωp(bi) = [H (ai(θ−bi))−ypi]ai,

ωp(αi) = α−1
i −αi(logtpi +τ−βi)2,

ωp(βi) = α2
i (logtpi +τ−βi).

(B.15)

These derivatives are invariant to the choice of copula function and its rotation.

Appendix C. Gradient of the log joint PDF with rotated copulas

C.1. 270○-rotated Gumbel copula
The joint PDF is of θ, τ is

f (θ, τ) = c270(u, v)fθ(θ)fτ(τ). (C.1)

The Gumbel copula density is

c(u, v) = exp{−[xδ +yδ]1/δ}[(xδ +yδ)1/δ +δ−1][xδ +yδ]1/δ−2 (xy)δ−1(uv)−1. (C.2)

Let ȳ = −log(1−v), v̄ = 1−v, and Ā = (xδ + ȳδ)1/δ . The 270○-rotated Gumbel copula density is

c270(u, v) = c(u, 1−v)
= exp{−Ā}[Ā+δ−1] Ā1−2δ(xȳ)δ−1(uv̄)−1.

(C.3)
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Taking the logarithm,

logc270(u, v) = −Ā+ log(Ā+δ−1)+(1−2δ)logĀ+(δ−1)log(xȳ)− log(uv̄). (C.4)

The partial derivative of logc270(u, v) w.r.t. δ is

∂logc270(u, v)
∂δ

= [−1+ 1
Ā+δ−1

+ 1−2δ
Ā

] ∂Ā
∂δ

+ 1
Ā+δ−1

−2logĀ+ log(xȳ), (C.5)

where

∂Ā
∂δ

= Ā
δ
( xδ logx+ ȳδlogȳ

xδ + ȳδ
− logĀ) . (C.6)

The partial derivative of f (θ, τ) w.r.t. σ2
τ is obtained by replacing Equation (B.5) with

∂logc270(u, v)
∂v

= [−1+ 1
Ā+δ−1

+ 1−2δ
Ā

] ∂Ā
∂v

+ δ−1
ȳ(1−v)

+ 1
v̄
, (C.7)

where

∂Ā
∂v

= 1
v̄

Ā1−δȳδ−1. (C.8)

C.2. 90○-rotated Gumbel copula
The joint PDF is of θ, τ is

f (θ, τ) = c90(u, v)fθ(θ)fτ(τ). (C.9)

The Gumbel copula density is

c(u, v) = exp{−[xδ +yδ]1/δ}[(xδ +yδ)1/δ +δ−1][xδ +yδ]1/δ−2 (xy)δ−1(uv)−1. (C.10)

Let x̄ = −log(1−u), ū = 1−u, and Ā = (x̄δ +yδ)1/δ . The 90○-rotated Gumbel copula density is

c90(u, v) = c(1−u, v)
= exp{−Ā}[Ā+δ−1] Ā1−2δ(x̄y)δ−1(ūv)−1.

(C.11)

Taking the logarithm,

logc90(u, v) = −Ā+ log(Ā+δ−1)+(1−2δ)logĀ+(δ−1)log(x̄y)− log(ūv). (C.12)

The partial derivative of logc90(u, v) w.r.t. δ is

∂logc90(u, v)
∂δ

= [−1+ 1
Ā+δ−1

+ 1−2δ
Ā

] ∂Ā
∂δ

+ 1
Ā+δ−1

−2logĀ+ log(x̄y), (C.13)

where

∂Ā
∂δ

= Ā
δ
( x̄δ logx̄+yδlogy

x̄δ +yδ
− logĀ) . (C.14)

The partial derivative of f (θ, τ) w.r.t. σ2
τ is obtained by replacing Equation (B.5) with

∂logc90(u, v)
∂v

= [−1+ 1
Ā+δ−1

+ 1−2δ
Ā

] ∂Ā
∂v

− δ−1
yv

− 1
v
, (C.15)

where

∂Ā
∂v

= − 1
v

Ā1−δyδ−1. (C.16)
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C.3. 180○-rotated Gumbel copula
The joint PDF is of θ, τ is

f (θ, τ) = c180(u, v)fθ(θ)fτ(τ). (C.17)

The Gumbel copula density is

c(u, v) = exp{−[xδ +yδ]1/δ}[(xδ +yδ)1/δ +δ−1][xδ +yδ]1/δ−2 (xy)δ−1(uv)−1. (C.18)

Let x̄ = −log(1−u), ū = 1−u, ȳ = −log(1−v), v̄ = 1−v, and Ā = (x̄δ + ȳδ)1/δ . The 180○-rotated Gumbel copula density is

c180(u, v) = c(1−u, 1−v)
= exp{−Ā}[Ā+δ−1] Ā1−2δ(x̄ȳ)δ−1(ūv̄)−1.

(C.19)

Taking the logarithm,

logc180(u, v) = −Ā+ log(Ā+δ−1)+(1−2δ)logĀ+(δ−1)log(x̄ȳ)− log(ūv̄). (C.20)

The partial derivative of logc180(u, v) w.r.t. δ is

∂logc180(u, v)
∂δ

= [−1+ 1
Ā+δ−1

+ 1−2δ
Ā

] ∂Ā
∂δ

+ 1
Ā+δ−1

−2logĀ+ log(x̄ȳ), (C.21)

where

∂Ā
∂δ

= Ā
δ
( x̄δlogx̄+ ȳδlogȳ

x̄δ + ȳδ
− logĀ) . (C.22)

The partial derivative of f (θ, τ) w.r.t. σ2
τ is obtained by replacing Equation (B.5) with

∂logc180(u, v)
∂v

= [−1+ 1
Ā+δ−1

+ 1−2δ
Ā

] ∂Ā
∂v

+ δ−1
ȳv̄

+ 1
v̄
, (C.23)

where

∂Ā
∂v

= 1
v̄

Ā1−δȳδ−1. (C.24)

C.4. 270○-rotated Joe copula
The copula density of the bivariate Joe copula is

c(u, v) = (ūδ + v̄δ − ūδv̄δ)−2+1/δūδ−1v̄δ−1[δ−1+ ūδ + v̄δ − ūδv̄δ], (C.25)

where ū = 1−u and v̄ = 1−v. The 270○-rotated copula density is

c270(u, v) = c(u, 1−v)

= (ūδ +vδ − ūδvδ)−2+1/δūδ−1vδ−1 [δ−1+ ūδ +vδ − ūδvδ] .
(C.26)

Then taking the logarithm,

logc270(u, v) = (−2+δ−1)logB̄+(δ−1)log(ūv)+ log(δ−1+ B̄), (C.27)

with B̄ = ūδ +vδ − ūδvδ . The partial derivative of logf (θ, τ) w.r.t. δ is

∂logc270(u, v)
∂δ

= −δ−2logB̄+(−2+δ−1)B̄−1 ∂B̄
∂δ

+ logūv+ 1
δ−1+ B̄

(1+ ∂B̄
∂δ

), (C.28)

where

∂B̄
∂δ

= ūδlogū+vδlogv− ūδvδlogūv. (C.29)

The partial derivative of f (θ, τ) w.r.t. σ2
τ is obtained by replacing Equation (B.5) with

∂logc(u, v)
∂v

= (−2+δ−1)B̄−1 ∂B̄
∂v

+(δ−1)v−1 + 1
δ−1+ B̄

∂B̄
∂v

, (C.30)
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where

∂B̄
∂v

= δ(1− ūδ)vδ−1. (C.31)

C.5. 90○-rotated Joe copula
The copula density of the bivariate Joe copula is

c(u, v) = (ūδ + v̄δ − ūδv̄δ)−2+1/δūδ−1v̄δ−1[δ−1+ ūδ + v̄δ − ūδv̄δ], (C.32)

where ū = 1−u and v̄ = 1−v. The 90○-rotated copula density is

c90(u, v) = c(1−u, v)

= (uδ + v̄δ −uδv̄δ)−2+1/δuδ−1v̄δ−1 [δ−1+uδ + v̄δ −uδv̄δ] .
(C.33)

Then taking the logarithm,

logc90(u, v) = (−2+δ−1)logB̄+(δ−1)log(uv̄)+ log(δ−1+ B̄), (C.34)

with B̄ = uδ + v̄δ −uδv̄δ . The partial derivative of logf (θ, τ) w.r.t. δ is

∂logc90(u, v)
∂δ

= −δ−2logB̄+(−2+δ−1)B̄−1 ∂B̄
∂δ

+ loguv̄+ 1
δ−1+ B̄

(1+ ∂B̄
∂δ

), (C.35)

where

∂B̄
∂δ

= uδlogu+ v̄δlogv̄−uδv̄δloguv̄. (C.36)

The partial derivative of f (θ, τ) w.r.t. σ2
τ is obtained by replacing Equation (B.5) with

∂logc(u, v)
∂v

= (−2+δ−1)B̄−1 ∂B̄
∂v

+ δ−1
v−1

+ 1
δ−1+ B̄

∂B̄
∂v

, (C.37)

where

∂B̄
∂v

= −δ(1−uδ)v̄δ−1. (C.38)

C.6. 180○-rotated Joe copula
The copula density of the bivariate Joe copula is

c(u, v) = (ūδ + v̄δ − ūδv̄δ)−2+1/δūδ−1v̄δ−1[δ−1+ ūδ + v̄δ − ūδv̄δ], (C.39)

where ū = 1−u and v̄ = 1−v. The 180○-rotated copula density is

c180(u, v) = c(1−u, 1−v)

= (uδ +vδ −uδvδ)−2+1/δuδ−1vδ−1 [δ−1+uδ +vδ −uδvδ] .
(C.40)

Then taking the logarithm,

logc180(u, v) = (−2+δ−1)logB̄+(δ−1)log(uv)+ log(δ−1+ B̄), (C.41)

with B̄ = uδ +vδ −uδvδ . The partial derivative of logf (θ, τ) w.r.t. δ is

∂logc180(u, v)
∂δ

= −δ−2logB̄+(−2+δ−1)B̄−1 ∂B̄
∂δ

+ loguv+ 1
δ−1+ B̄

(1+ ∂B̄
∂δ

), (C.42)

where

∂B̄
∂δ

= uδlogu+vδlogv−uδvδloguv. (C.43)
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The partial derivative of f (θ, τ) w.r.t. σ2
τ is obtained by replacing Equation (B.5) with

∂logc(u, v)
∂v

= (−2+δ−1)B̄−1 ∂B̄
∂v

+ δ−1
v

+ 1
δ−1+ B̄

∂B̄
∂v

, (C.44)

where

∂B̄
∂v

= δ(1−uδ)vδ−1. (C.45)

Appendix D. Simulation results

Table D1. Average log marginal likelihood in the simulation study

True: Gumbel True: MVN True: Joe

N I τK Gumbel MVN Joe Gumbel MVN Joe Gumbel MVN Joe

500 10 0.3 −8,516.8 −8,519.1 −8,519.0 −8,511.8 −8,509.5 −8,517.5 −8,507.6 −8,513.9 −8,505.7

1,000 10 0.3 −17,058.1 −17,062.7 −17,062.6 −17,041.6 −17,036.9 −17,053.4 −17,037.3 −17,049.6 −17,033.8

500 20 0.3 −14,193.3 −14,197.1 −14,196.2 −14,188.4 −14,184.4 −14,196.5 −14,180.9 −14,190.7 −14,178.0

1,000 20 0.3 −28,431.0 −28,438.6 −28,437.1 −28,421.6 −28,413.9 −28,437.8 −28,406.6 −28,426.6 −28,400.8

500 10 0.5 −8,465.6 −8,467.8 −8,471.4 −8,455.8 −8,452.4 −8,467.4 −8,456.1 −8,464.6 −8,453.7

1,000 10 0.5 −16,953.0 −16,957.7 −16,964.3 −16,928.6 −16,921.8 −16,952.1 −16,929.3 −16,946.1 −16,924.6

500 20 0.5 −14,127.9 −14,132.7 −14,135.1 −14,113.9 −14,108.2 −14,130.7 −14,107.1 −14,122.1 −14,101.6

1,000 20 0.5 −28,293.1 −28,302.9 −28,307.4 −28,273.9 −28,262.9 −28,307.4 −28,253.6 −28,284.1 −28,242.7

Note: τK denotes Kendall’s τ rank coefficient. The main column headings indicate the true dependence structure used to generate the data.
The sub-headings indicate the fitted models.
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Table D2. Parameter recovery under the Joe copula dependence condition

Condition Bias MAD

N I δ a b α β δ στ a b α β δ στ

500 10 1.77 0.012 −0.004 0.013 0.003 −0.099 −0.003 0.149 0.230 0.071 0.022 0.117 0.014

1,000 10 1.77 0.006 0.002 0.009 0.003 −0.104 −0.002 0.103 0.131 0.050 0.016 0.112 0.010

500 20 1.77 0.014 −0.040 0.008 0.001 −0.058 −0.003 0.153 0.221 0.068 0.022 0.089 0.013

1,000 20 1.77 0.008 −0.011 0.004 0.001 −0.059 −0.002 0.105 0.130 0.048 0.016 0.079 0.009

500 10 2.86 0.013 −0.008 0.011 0.008 −0.516 −0.006 0.151 0.247 0.071 0.022 0.516 0.014

1,000 10 2.86 0.005 0.001 0.007 0.008 −0.504 −0.007 0.103 0.135 0.049 0.017 0.504 0.011

500 20 2.86 0.014 −0.021 0.008 0.003 −0.337 −0.007 0.153 0.281 0.068 0.022 0.339 0.014

1,000 20 2.86 0.007 −0.013 0.003 0.003 −0.335 −0.006 0.107 0.134 0.048 0.016 0.335 0.010

Condition RMSE 95% coverage rate

N I δ a b α β δ στ a b α β δ στ

500 10 1.77 0.194 1.548 0.091 0.028 0.140 0.017 0.91 0.94 0.95 0.98 0.94 0.95

1,000 10 1.77 0.135 0.300 0.064 0.020 0.129 0.012 0.91 0.94 0.95 0.97 0.83 0.95

500 20 1.77 0.259 1.083 0.087 0.028 0.109 0.016 0.96 0.98 0.96 0.97 0.98 0.97

1,000 20 1.77 0.153 0.252 0.061 0.021 0.095 0.011 0.95 0.97 0.96 0.95 0.95 0.97

500 10 2.86 0.200 1.186 0.090 0.028 0.535 0.018 0.90 0.94 0.96 0.98 0.42 0.92

1,000 10 2.86 0.134 0.362 0.063 0.021 0.516 0.013 0.89 0.94 0.95 0.96 0.13 0.89

500 20 2.86 0.244 2.716 0.087 0.028 0.366 0.018 0.95 0.98 0.97 0.97 0.78 0.96

1,000 20 2.86 0.164 0.278 0.061 0.021 0.354 0.013 0.93 0.97 0.96 0.96 0.47 0.93

Condition SE ratio

N I δ a b α β δ στ

500 10 1.77 0.93 1.16 1.03 1.15 1.41 1.05

1,000 10 1.77 0.92 1.10 1.01 1.09 1.24 1.03

500 20 1.77 1.08 1.45 1.09 1.12 1.50 1.20

1,000 20 1.77 1.03 1.31 1.04 1.01 1.24 1.14

500 10 2.86 0.88 1.06 1.04 1.24 1.76 1.01

1,000 10 2.86 0.88 1.06 1.02 1.15 1.51 1.03

500 20 2.86 1.03 1.47 1.09 1.18 1.70 1.19

1,000 20 2.86 0.97 1.19 1.04 1.09 1.42 1.13

Note: N represents the sample size. I represents the test length. a, b, α, and β represent item parameters, and δ and στ represent structural
parameters.
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Table D3. Accuracy of ability estimates under the Joe copula dependence condition

Condition Bias(θ) RMSE(θ) Cor(θ̂, θ)

N I δ Gumbel Joe MVN Indep Gumbel Joe MVN Indep Gumbel Joe MVN Indep

500 10 1.77 0.004 0.005 0.001 0.000 0.554 0.552 0.566 0.597 0.832 0.833 0.824 0.801

1,000 10 1.77 0.003 0.004 0.000 −0.001 0.551 0.549 0.563 0.595 0.834 0.836 0.826 0.803

500 20 1.77 0.003 0.003 0.001 0.000 0.451 0.449 0.460 0.479 0.892 0.893 0.887 0.878

1,000 20 1.77 0.002 0.001 0.000 −0.001 0.449 0.448 0.458 0.477 0.893 0.894 0.889 0.879

500 10 2.86 0.007 0.016 0.000 −0.001 0.501 0.497 0.518 0.598 0.865 0.867 0.855 0.801

1,000 10 2.86 0.006 0.016 −0.001 −0.002 0.498 0.493 0.514 0.595 0.867 0.869 0.857 0.803

500 20 2.86 0.005 0.008 0.000 −0.002 0.415 0.410 0.431 0.479 0.909 0.912 0.902 0.877

1,000 20 2.86 0.004 0.008 0.000 −0.002 0.412 0.408 0.428 0.477 0.911 0.913 0.903 0.878

Note: N represents the sample size. I represents the test length. The column headers (Gumbel, Joe, MVN, and Indep) indicate the estimating
model, while Gumbel was the data-generating model. Indep column represents the baseline independence 2PL model without response
time.

Table D4. Accuracy of speed estimates under the Gumbel copula dependence condition

Condition Bias(τ) RMSE(τ) Cor(τ̂, τ)

N I δ Gumbel Joe MVN Gumbel Joe MVN Gumbel Joe MVN

500 10 1.43 0.001 0.003 0.001 0.124 0.124 0.124 0.969 0.969 0.969

1,000 10 1.43 0.002 0.003 0.002 0.123 0.123 0.123 0.969 0.969 0.969

500 20 1.43 0.000 0.001 0.000 0.090 0.090 0.090 0.984 0.984 0.984

1,000 20 1.43 0.002 0.002 0.001 0.088 0.088 0.088 0.984 0.984 0.984

500 10 2 0.003 0.009 0.001 0.122 0.123 0.123 0.970 0.969 0.969

1,000 10 2 0.003 0.010 0.002 0.122 0.122 0.122 0.970 0.970 0.970

500 20 2 0.002 0.004 0.002 0.089 0.089 0.089 0.984 0.984 0.984

1,000 20 2 0.002 0.005 0.002 0.088 0.088 0.088 0.985 0.985 0.985
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Table D5. Item parameter recovery under Gumbel copula condition (N = 500, I = 18, and δ = 1.43)

Bias RMSE MAD

Gumbel MVN Gumbel MVN Gumbel MVN

Item a b α β a b α β a b α β a b α β a b α β a b α β

1 0.003 0.016 0.007 0.001 0.003 0.015 0.006 0.001 0.133 0.152 0.090 0.028 0.133 0.152 0.090 0.028 0.106 0.117 0.071 0.022 0.106 0.117 0.071 0.022

2 0.005 0.282 0.011 0.000 0.005 0.282 0.011 0.000 0.107 4.353 0.080 0.029 0.107 4.353 0.080 0.029 0.084 0.920 0.061 0.023 0.084 0.920 0.061 0.023

3 0.004 −0.010 0.017 0.000 0.004 −0.011 0.014 0.000 0.156 0.147 0.082 0.030 0.156 0.147 0.081 0.030 0.122 0.113 0.065 0.024 0.122 0.113 0.065 0.024

4 0.029 −0.117 0.016 0.001 0.029 −0.116 0.014 0.001 0.250 0.710 0.090 0.030 0.250 0.710 0.089 0.030 0.200 0.491 0.072 0.024 0.200 0.491 0.071 0.024

5 0.002 0.011 0.012 0.000 0.002 0.010 0.010 0.000 0.130 0.135 0.084 0.030 0.129 0.135 0.083 0.030 0.104 0.107 0.067 0.024 0.103 0.107 0.066 0.024

6 0.014 −0.005 0.028 0.000 0.014 −0.007 0.026 0.000 0.192 0.115 0.108 0.027 0.192 0.115 0.109 0.027 0.156 0.090 0.085 0.021 0.156 0.090 0.085 0.021

7 0.009 0.000 0.015 0.001 0.009 0.000 0.014 0.001 0.129 0.174 0.091 0.027 0.129 0.174 0.091 0.027 0.102 0.132 0.072 0.022 0.102 0.132 0.071 0.022

8 0.009 0.010 0.005 0.001 0.009 0.007 0.005 0.001 0.207 0.087 0.073 0.030 0.207 0.087 0.073 0.030 0.161 0.070 0.058 0.024 0.161 0.069 0.058 0.024

9 0.007 0.003 0.008 0.000 0.007 0.002 0.007 0.000 0.155 0.130 0.067 0.030 0.155 0.130 0.067 0.030 0.123 0.100 0.053 0.024 0.123 0.100 0.052 0.024

10 0.017 −0.001 0.009 0.001 0.017 −0.003 0.008 0.001 0.217 0.099 0.074 0.029 0.217 0.099 0.074 0.029 0.170 0.078 0.060 0.023 0.170 0.077 0.059 0.023

11 0.168 −0.412 0.005 0.001 0.168 −0.410 0.005 0.001 0.892 2.473 0.088 0.028 0.892 2.473 0.088 0.028 0.569 0.849 0.070 0.022 0.569 0.851 0.070 0.022

12 0.014 0.004 0.009 0.001 0.014 0.003 0.008 0.000 0.162 0.118 0.098 0.028 0.162 0.117 0.098 0.028 0.129 0.090 0.078 0.022 0.129 0.089 0.078 0.023

13 0.018 −0.025 0.001 0.001 0.018 −0.024 0.001 0.001 0.201 0.244 0.088 0.028 0.201 0.244 0.088 0.028 0.160 0.189 0.070 0.022 0.160 0.189 0.071 0.023

14 0.017 0.011 0.013 0.002 0.017 0.009 0.011 0.002 0.187 0.117 0.074 0.030 0.187 0.118 0.074 0.030 0.145 0.091 0.058 0.024 0.145 0.092 0.058 0.024

15 0.029 0.015 0.009 0.000 0.029 0.016 0.008 0.000 0.222 0.268 0.074 0.029 0.222 0.268 0.074 0.030 0.170 0.202 0.059 0.024 0.170 0.202 0.059 0.024

16 0.005 −0.086 −0.002 0.000 0.005 −0.086 −0.001 0.000 0.192 0.485 0.091 0.027 0.192 0.485 0.092 0.027 0.155 0.355 0.073 0.021 0.155 0.356 0.073 0.021

17 0.002 0.000 −0.001 0.000 0.002 0.000 −0.001 0.000 0.123 0.142 0.102 0.027 0.123 0.142 0.103 0.028 0.100 0.111 0.083 0.022 0.100 0.111 0.083 0.022

18 0.007 −0.003 0.002 0.000 0.007 −0.005 0.001 0.000 0.147 0.110 0.078 0.029 0.147 0.110 0.079 0.029 0.117 0.085 0.063 0.023 0.117 0.084 0.063 0.023

19 0.007 −0.003 0.007 0.001 0.007 −0.004 0.007 0.000 0.150 0.151 0.064 0.032 0.150 0.151 0.064 0.032 0.120 0.120 0.051 0.025 0.120 0.120 0.051 0.025

20 0.007 −0.008 0.015 0.001 0.007 −0.009 0.014 0.001 0.190 0.140 0.083 0.029 0.190 0.140 0.083 0.029 0.150 0.112 0.065 0.023 0.150 0.112 0.065 0.023

Note: Data were simulated under the Gumbel copula condition. Results show the bias, RMSE, and mean absolute deviance (MAD) recovered using the Gumbel copula model and the MVN model. The MAD is calculated

as MAD(η) = 1
R ∑

R
r=1(∣η̂

(r) −η∣).
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Table D6. Item parameter recovery under MVN dependence condition (N = 500, I = 18, and ρ = 0.45)

Bias RMSE MAD

Gumbel MVN Gumbel MVN Gumbel MVN

Item a b α β a b α β a b α β a b α β a b α β a b α β

1 0.025 0.003 0.003 0.001 0.025 0.004 0.003 0.001 0.134 0.153 0.099 0.027 0.134 0.153 0.100 0.027 0.106 0.120 0.079 0.021 0.106 0.120 0.079 0.021

2 −0.002 −0.320 0.008 −0.001 −0.002 −0.320 0.008 0.000 0.108 6.946 0.084 0.028 0.108 6.946 0.084 0.029 0.084 1.334 0.067 0.023 0.084 1.334 0.067 0.023

3 0.010 −0.020 0.017 0.000 0.010 −0.020 0.016 0.001 0.169 0.160 0.082 0.029 0.169 0.160 0.082 0.029 0.132 0.121 0.064 0.024 0.132 0.121 0.064 0.024

4 0.029 −0.091 0.020 0.000 0.029 −0.091 0.019 0.001 0.236 0.670 0.092 0.028 0.236 0.671 0.091 0.028 0.187 0.461 0.073 0.022 0.187 0.462 0.072 0.022

5 0.014 −0.006 0.007 0.000 0.014 −0.006 0.005 0.001 0.136 0.133 0.086 0.031 0.136 0.133 0.086 0.031 0.107 0.103 0.070 0.024 0.107 0.103 0.070 0.024

6 0.018 0.001 0.028 0.000 0.018 0.001 0.027 0.000 0.196 0.125 0.113 0.027 0.196 0.125 0.113 0.027 0.153 0.099 0.087 0.022 0.153 0.098 0.087 0.022

7 0.003 −0.015 0.014 −0.001 0.003 −0.015 0.013 −0.001 0.131 0.173 0.095 0.028 0.131 0.173 0.095 0.028 0.103 0.134 0.074 0.023 0.103 0.134 0.074 0.023

8 0.003 0.003 0.004 0.000 0.003 0.003 0.004 0.000 0.197 0.086 0.077 0.029 0.197 0.087 0.077 0.029 0.156 0.068 0.061 0.023 0.156 0.068 0.061 0.023

9 0.027 −0.004 0.007 0.000 0.027 −0.004 0.007 0.001 0.156 0.132 0.070 0.032 0.156 0.132 0.070 0.032 0.123 0.102 0.056 0.026 0.123 0.102 0.056 0.026

10 0.018 −0.003 0.005 −0.001 0.018 −0.004 0.005 −0.001 0.217 0.094 0.070 0.028 0.217 0.094 0.070 0.028 0.171 0.075 0.055 0.023 0.171 0.075 0.055 0.023

11 0.115 −0.160 0.004 −0.001 0.115 −0.159 0.004 −0.001 0.740 2.720 0.092 0.027 0.740 2.720 0.092 0.027 0.515 0.825 0.075 0.022 0.515 0.826 0.075 0.022

12 0.007 −0.008 0.004 −0.001 0.007 −0.008 0.004 −0.001 0.159 0.119 0.092 0.027 0.159 0.118 0.092 0.027 0.127 0.093 0.074 0.022 0.127 0.093 0.074 0.022

13 0.015 −0.032 0.006 0.000 0.015 −0.031 0.006 0.000 0.197 0.244 0.089 0.028 0.197 0.244 0.089 0.028 0.152 0.183 0.072 0.022 0.152 0.183 0.072 0.022

14 0.008 0.008 0.013 0.000 0.008 0.009 0.012 0.000 0.171 0.123 0.074 0.033 0.171 0.123 0.074 0.033 0.135 0.097 0.056 0.027 0.135 0.098 0.056 0.027

15 0.019 0.029 0.007 −0.001 0.019 0.034 0.007 −0.001 0.216 0.297 0.074 0.031 0.216 0.297 0.074 0.031 0.167 0.215 0.059 0.024 0.167 0.214 0.059 0.024

16 0.007 −0.098 −0.010 −0.001 0.007 −0.097 −0.009 0.000 0.192 0.492 0.093 0.027 0.192 0.492 0.093 0.027 0.155 0.374 0.073 0.021 0.155 0.374 0.073 0.021

17 −0.001 0.003 −0.001 0.000 −0.001 0.004 −0.001 0.001 0.120 0.153 0.103 0.027 0.120 0.153 0.103 0.027 0.093 0.120 0.083 0.021 0.093 0.120 0.083 0.021

18 0.007 0.001 0.007 −0.001 0.007 0.001 0.007 0.000 0.148 0.112 0.081 0.029 0.148 0.112 0.081 0.029 0.119 0.086 0.064 0.023 0.119 0.086 0.064 0.023

19 0.006 −0.015 0.004 0.000 0.006 −0.015 0.004 0.001 0.144 0.143 0.064 0.033 0.144 0.143 0.064 0.033 0.116 0.113 0.051 0.026 0.116 0.113 0.051 0.026

20 0.037 −0.003 0.009 −0.001 0.037 −0.003 0.008 −0.001 0.209 0.148 0.088 0.029 0.209 0.147 0.088 0.029 0.164 0.118 0.072 0.023 0.164 0.118 0.072 0.023

Note: Data were simulated under the MVN dependence condition. Results show the bias, RMSE, and mean absolute deviance (MAD) recovered using the Gumbel copula model and the MVN model. The MAD is calculated

as MAD(η) = 1
R ∑

R
r=1(∣η̂

(r) −η∣).
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Figure D1. Conditional RMSE of ability estimates under the Joe copula dependence condition.
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Figure D2. Conditional RMSE of speed estimates under the Gumbel dependence condition.
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Appendix E. Additional simulation results: 270○-rotated copulas

Table E1. Model selection result under the 270○-rotated Gumbel copula

Condition Model

N I δ Gumbel Joe MVN 270G 270J

500 10 1.43 0.00 0.00 0.15 0.71 0.14

1,000 10 1.43 0.00 0.00 0.06 0.88 0.07

500 20 1.43 0.00 0.00 0.11 0.79 0.10

1,000 20 1.43 0.00 0.00 0.03 0.94 0.04

500 10 2 0.00 0.00 0.18 0.77 0.04

1,000 10 2 0.00 0.00 0.09 0.91 0.00

500 20 2 0.00 0.00 0.06 0.92 0.02

1,000 20 2 0.00 0.00 0.01 0.99 0.00

Note: τK denotes Kendall’s τ rank coefficient. 270G and 270J refer to the 270○-rotated
Gumbel and Joe copula models, respectively.

Table E2. Model selection result under the 270○-rotated Joe copula

Condition Model

N I δ Gumbel Joe MVN 270G 270J

500 10 1.77 0.00 0.00 0.00 0.16 0.83

1,000 10 1.77 0.00 0.00 0.00 0.11 0.89

500 20 1.77 0.00 0.00 0.00 0.12 0.88

1,000 20 1.77 0.00 0.00 0.00 0.04 0.96

500 10 2.86 0.00 0.00 0.00 0.17 0.83

1,000 10 2.86 0.00 0.00 0.00 0.12 0.88

500 20 2.86 0.00 0.00 0.00 0.05 0.95

1,000 20 2.86 0.00 0.00 0.00 0.02 0.98

Note: τK denotes Kendall’s τ rank coefficient. 270G and 270J refer to the 270○-rotated
Gumbel and Joe copula models, respectively.

Downloaded from https://www.cambridge.org/core. 16 Nov 2026 at 02:13:47, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core


46 Sunbeom Kwon and Susu Zhang

Table E3. Parameter recovery under the 270○-rotated Gumbel copula

Condition Bias MAD

N I δ a b α β δ στ a b α β δ στ

500 10 1.43 0.010 −0.028 0.014 0.000 −0.006 −0.001 0.149 0.229 0.072 0.023 0.054 0.013

1,000 10 1.43 0.003 0.002 0.009 0.001 −0.009 0.001 0.107 0.153 0.049 0.016 0.039 0.010

500 20 1.43 0.012 −0.032 0.008 0.001 −0.003 −0.001 0.154 0.210 0.067 0.023 0.051 0.013

1,000 20 1.43 0.009 −0.020 0.005 0.001 −0.004 0.001 0.107 0.137 0.048 0.016 0.034 0.009

500 10 2 0.011 −0.013 0.012 −0.001 −0.131 −0.005 0.153 0.227 0.071 0.023 0.139 0.013

1,000 10 2 0.002 −0.015 0.007 −0.001 −0.135 −0.003 0.105 0.140 0.049 0.016 0.137 0.010

500 20 2 0.010 −0.025 0.008 0.000 −0.076 −0.004 0.153 0.213 0.067 0.023 0.096 0.013

1,000 20 2 0.008 −0.016 0.004 0.000 −0.077 −0.003 0.108 0.138 0.048 0.016 0.085 0.009

Condition RMSE 95% coverage rate

N I δ a b α β δ στ a b α β δ στ

500 10 1.43 0.196 0.740 0.092 0.029 0.068 0.016 0.91 0.95 0.96 1.00 0.97 1.00

1,000 10 1.43 0.139 0.606 0.063 0.020 0.049 0.012 0.89 0.94 0.95 1.00 0.97 1.00

500 20 1.43 0.242 0.673 0.086 0.029 0.063 0.016 0.96 0.98 0.97 0.97 0.98 1.00

1,000 20 1.43 0.158 0.438 0.060 0.020 0.042 0.012 0.95 0.98 0.96 0.97 0.98 0.99

500 10 2 0.202 0.695 0.091 0.029 0.162 0.017 0.90 0.96 0.96 1.00 0.96 1.00

1,000 10 2 0.137 0.467 0.063 0.020 0.152 0.012 0.90 0.96 0.96 1.00 0.92 1.00

500 20 2 0.235 0.662 0.085 0.029 0.119 0.017 0.95 0.98 0.97 0.98 0.96 1.00

1,000 20 2 0.154 0.508 0.060 0.020 0.100 0.012 0.95 0.97 0.96 0.98 0.94 0.98

Condition SE ratio

N I δ a b α β δ στ

500 10 1.43 0.93 1.93 1.04 1.60 1.28 1.73

1,000 10 1.43 0.90 1.30 1.03 1.55 1.22 1.60

500 20 1.43 1.10 1.58 1.11 1.16 1.29 1.50

1,000 20 1.43 1.06 1.36 1.05 1.10 1.27 1.39

500 10 2 0.91 1.57 1.04 3.69 2.16 2.69

1,000 10 2 0.91 1.41 1.03 3.58 2.05 2.54

500 20 2 1.08 1.39 1.11 1.29 1.53 1.37

1,000 20 2 1.01 1.26 1.05 1.21 1.46 1.26

Note: N represents the sample size. I represents the test length. a, b, α, and β represent item parameters, and δ and στ represent structural
parameters.
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Table E4. Parameter recovery under the 270○-rotated Joe copula

Condition Bias MAD

N I δ a b α β δ στ a b α β δ στ

500 10 1.77 0.012 −0.004 0.013 −0.002 −0.099 −0.004 0.149 0.230 0.071 0.022 0.120 0.014

1,000 10 1.77 0.006 0.002 0.009 −0.003 −0.103 −0.002 0.103 0.131 0.050 0.016 0.111 0.010

500 20 1.77 0.014 −0.040 0.009 −0.001 −0.058 −0.002 0.153 0.221 0.068 0.022 0.090 0.013

1,000 20 1.77 0.008 −0.011 0.005 −0.002 −0.059 −0.002 0.105 0.130 0.048 0.016 0.078 0.009

500 10 2.86 0.013 −0.009 0.011 −0.007 −0.516 −0.008 0.151 0.247 0.070 0.022 0.516 0.015

1,000 10 2.86 0.005 0.001 0.007 −0.008 −0.500 −0.007 0.103 0.135 0.050 0.017 0.500 0.011

500 20 2.86 0.014 −0.021 0.008 −0.002 −0.336 −0.006 0.153 0.281 0.068 0.022 0.339 0.014

1,000 20 2.86 0.007 −0.013 0.003 −0.003 −0.336 −0.006 0.107 0.134 0.048 0.016 0.336 0.010

Condition RMSE 95% coverage rate

N I δ a b α β δ στ a b α β δ στ

500 10 1.77 0.194 1.548 0.091 0.028 0.143 0.018 0.91 0.94 0.96 0.97 0.90 0.93

1,000 10 1.77 0.135 0.300 0.064 0.021 0.129 0.012 0.91 0.94 0.95 0.96 0.83 0.93

500 20 1.77 0.259 1.083 0.087 0.028 0.110 0.017 0.96 0.98 0.96 0.97 0.98 0.97

1,000 20 1.77 0.153 0.252 0.061 0.020 0.096 0.012 0.95 0.97 0.95 0.95 0.93 0.97

500 10 2.86 0.200 1.186 0.090 0.028 0.537 0.019 0.90 0.94 0.96 0.98 0.45 0.92

1,000 10 2.86 0.134 0.362 0.063 0.022 0.514 0.014 0.89 0.94 0.95 0.96 0.14 0.87

500 20 2.86 0.244 2.716 0.087 0.028 0.367 0.018 0.95 0.98 0.97 0.97 0.77 0.96

1,000 20 2.86 0.164 0.278 0.061 0.020 0.356 0.013 0.93 0.97 0.96 0.96 0.45 0.93

Condition SE ratio

N I δ a b α β δ στ

500 10 1.77 0.93 1.16 1.04 1.14 1.36 1.00

1,000 10 1.77 0.92 1.10 1.01 1.07 1.23 1.02

500 20 1.77 1.08 1.45 1.09 1.10 1.49 1.17

1,000 20 1.77 1.03 1.31 1.04 1.02 1.22 1.13

500 10 2.86 0.88 1.06 1.04 1.22 1.67 1.02

1,000 10 2.86 0.88 1.06 1.02 1.14 1.47 0.99

500 20 2.86 1.03 1.47 1.09 1.19 1.66 1.18

1,000 20 2.86 0.97 1.19 1.04 1.10 1.40 1.10

Note: N represents the sample size. I represents the test length. a, b, α, and β represent item parameters, and δ and στ represent structural
parameters.
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Figure E1. Conditional RMSE of ability estimates under the 270○-rotated Gumbel copula.
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Figure E2. Conditional RMSE of ability estimates under the 270○-rotated Joe copula.
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Appendix F. Empirical data analysis results

Table F1. Dependence parameter estimates from the empirical data analyses

Dataset Selected model Dependence parameter estimates

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J

addition MVN −0.44 1.00 1.00 1.21 1.38 1.00 1.00 1.45 1.62

multiplication MVN −0.50 1.00 1.00 1.49 1.63 1.00 1.00 1.63 1.79

set 270G −0.33 1.00 1.00 1.31 1.30 1.00 1.00 1.37 1.43

letterchaos 270G −0.26 1.00 1.00 1.10 1.09 1.00 1.00 1.27 1.35

subtraction MVN −0.58 1.00 1.00 1.56 1.64 1.00 1.00 1.67 2.01

nomt MVN −0.47 1.00 1.00 1.14 1.35 1.00 1.00 1.22 1.32

pisa_math_C1_DEU MVN −0.17 1.00 1.02 1.29 1.19 1.04 1.00 1.00 1.19

pisa_math_C1_JPN MVN −0.23 1.00 1.02 1.34 1.49 1.00 1.00 1.28 1.46

pisa_math_C1_MEX 90J −0.42 1.00 1.00 1.41 1.65 1.00 1.00 1.31 1.35

pisa_math_C1_NZL MVN −0.24 1.00 1.00 1.14 1.40 1.02 1.04 1.24 1.19

pisa_math_C1_USA 90J −0.31 1.00 1.00 1.25 1.38 1.00 1.00 1.20 1.18

pisa_math_C2_DEU MVN −0.25 1.01 1.05 1.39 1.61 1.00 1.00 1.06 1.58

pisa_math_C2_JPN 90J −0.45 1.00 1.00 1.46 1.82 1.00 1.00 1.53 1.76

pisa_math_C2_MEX MVN −0.34 1.00 1.00 1.34 1.46 1.00 1.00 1.24 1.31

pisa_math_C2_NZL MVN −0.24 1.00 1.00 1.35 1.59 1.00 1.00 1.21 1.15

pisa_math_C2_USA 90G −0.42 1.00 1.00 1.33 1.53 1.00 1.00 1.36 1.40

pisa_math_C3_DEU MVN −0.17 1.00 1.00 1.22 1.31 1.01 1.04 1.06 1.00

pisa_math_C3_JPN MVN −0.31 1.00 1.00 1.29 1.41 1.00 1.00 1.29 1.15

pisa_math_C3_MEX 90J −0.21 1.00 1.00 1.18 1.29 1.00 1.00 1.07 1.04

pisa_math_C3_NZL 270G −0.13 1.00 1.00 1.18 1.24 1.00 1.00 1.06 1.00

pisa_math_C3_USA 90J −0.31 1.00 1.00 1.23 1.35 1.00 1.00 1.18 1.10

pisa_science_C1_DEU MVN −0.36 1.00 1.00 1.35 1.42 1.00 1.00 1.27 1.17

pisa_science_C1_JPN 90J −0.43 1.00 1.00 1.40 1.49 1.00 1.00 1.40 1.35

pisa_science_C1_MEX 90J −0.30 1.00 1.00 1.24 1.38 1.00 1.00 1.19 1.21

pisa_science_C1_NZL 90J −0.37 1.00 1.00 1.25 1.39 1.00 1.00 1.28 1.22

pisa_science_C1_USA 90J −0.38 1.00 1.00 1.31 1.47 1.00 1.00 1.29 1.24

pisa_science_C2_DEU 90J −0.38 1.00 1.00 1.26 1.36 1.00 1.00 1.31 1.25

pisa_science_C2_JPN 90J −0.38 1.00 1.00 1.28 1.37 1.00 1.00 1.37 1.27

pisa_science_C2_MEX 90J −0.34 1.00 1.00 1.28 1.45 1.00 1.00 1.23 1.25

pisa_science_C2_NZL 90J −0.35 1.00 1.00 1.23 1.36 1.00 1.00 1.25 1.16

pisa_science_C2_USA 90J −0.43 1.00 1.00 1.37 1.57 1.00 1.00 1.34 1.31

pisa_science_C3_DEU 90J −0.29 1.00 1.00 1.22 1.26 1.00 1.00 1.21 1.12

pisa_science_C3_JPN 90J −0.37 1.00 1.00 1.26 1.37 1.00 1.00 1.27 1.12

pisa_science_C3_MEX 90J −0.44 1.00 1.00 1.39 1.64 1.00 1.00 1.34 1.44

pisa_science_C3_NZL 90J −0.39 1.00 1.00 1.24 1.36 1.00 1.00 1.30 1.17

pisa_science_C3_USA 90J −0.50 1.00 1.00 1.43 1.61 1.00 1.00 1.47 1.47

Note: C1–C3 represent clusters 1–3. The dependence parameter was ρ for the MVN model and δ for the remaining models.
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Table F2. Cross-validation results from the empirical data analyses

Dataset Selected model Log-likelihood

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J

pisa_math_C1_fold_1 90J −34,187.3 −34,186.3 −34,188.5 −34,178.8 −34,175.3 −34,186.2 −34,187.9 −34,188.5 −34,188.4

pisa_math_C1_fold_2 MVN −34,174.2 −34,466.5 −34,539.8 −34,598.6 −34,637.1 −34,479.3 −34,405.6 −34,465.9 −34,239.3

pisa_math_C1_fold_3 90J −34,129.7 −34,129.6 −34,129.6 −34,124.6 −34,121.4 −34,127.3 −34,125.5 −34,129.6 −34,129.6

pisa_math_C1_fold_4 270J −33,986.2 −34,423.2 −34,419.8 −34,348.6 −34,481.1 −34,491.9 −34,420.1 −34,326.4 −33,985.9

pisa_math_C1_fold_5 90J −34,205.4 −34,205.0 −34,205.1 −34,198.7 −34,194.9 −34,205.1 −34,204.9 −34,204.9 −34,205.3

pisa_math_C2_fold_1 90J −42,950.5 −42,960.3 −42,960.7 −42,936.7 −42,933.3 −42,960.7 −42,961.0 −42,958.9 −42,961.0

pisa_math_C2_fold_2 90J −43,086.9 −43,088.0 −43,087.9 −43,082.3 −43,080.8 −43,087.4 −43,087.9 −43,088.1 −43,088.5

pisa_math_C2_fold_3 90J −42,887.8 −42,895.1 −42,895.1 −42,883.6 −42,883.4 −42,895.0 −42,895.2 −42,894.3 −42,895.1

pisa_math_C2_fold_4 90J −42,952.4 −43,124.1 −43,073.2 −43,030.0 −42,951.0 −43,069.1 −43,130.6 −42,956.5 −42,957.0

pisa_math_C2_fold_5 90J −43,162.7 −43,172.6 −43,172.5 −43,155.0 −43,152.8 −43,172.7 −43,172.5 −43,170.4 −43,172.9

pisa_math_C3_fold_1 90J −41,738.6 −41,743.4 −41,743.3 −41,723.2 −41,716.7 −41,743.3 −41,742.6 −41,743.1 −41,743.3

pisa_math_C3_fold_2 90J −41,984.7 −41,984.1 −41,984.5 −41,977.6 −41,974.9 −41,983.1 −41,981.8 −41,984.2 −41,984.2

pisa_math_C3_fold_3 90J −41,872.5 −41,874.8 −41,874.8 −41,866.1 −41,862.3 −41,874.7 −41,874.6 −41,874.7 −41,874.5

pisa_math_C3_fold_4 90J −41,759.6 −41,759.3 −41,759.2 −41,754.2 −41,752.3 −41,757.1 −41,755.5 −41,759.2 −41,759.4

pisa_math_C3_fold_5 90J −41,845.2 −41,844.6 −41,844.1 −41,835.6 −41,832.4 −41,844.0 −41,843.0 −41,845.1 −41,845.7

pisa_science_C1_fold_1 90J −49,614.6 −49,623.4 −49,623.3 −49,608.6 −49,603.9 −49,623.3 −49,623.4 −49,622.0 −49,623.3

pisa_science_C1_fold_2 90J −49,758.8 −49,765.8 −49,765.8 −49,756.6 −49,755.3 −49,765.8 −49,765.8 −49,763.8 −49,765.9

pisa_science_C1_fold_3 90J −49,791.2 −49,802.0 −49,802.0 −49,787.0 −49,784.1 −49,802.0 −49,802.0 −49,798.5 −49,802.3

pisa_science_C1_fold_4 90J −49,794.9 −49,799.3 −49,799.3 −49,787.7 −49,783.1 −49,799.3 −49,798.6 −49,799.3 −49,799.3

(Continued)
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Table F2. Continued

Dataset Selected model Log-likelihood

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J

pisa_science_C1_fold_5 90J −49,933.2 −49,941.5 −49,941.5 −49,930.7 −49,928.6 −49,941.5 −49,941.5 −49,939.2 −49,941.6

pisa_science_C2_fold_1 90J −58,473.7 −58,491.8 −58,491.8 −58,466.9 −58,462.9 −58,491.8 −58,491.8 −58,486.5 −58,492.2

pisa_science_C2_fold_2 90J −58,435.9 −58,445.1 −58,445.1 −58,429.8 −58,426.2 −58,445.1 −58,445.1 −58,444.3 −58,445.1

pisa_science_C2_fold_3 90J −58,648.4 −58,661.6 −58,661.6 −58,644.6 −58,641.7 −58,661.6 −58,661.6 −58,658.7 −58,661.6

pisa_science_C2_fold_4 90J −58,564.5 −58,593.6 −58,594.2 −58,558.1 −58,556.2 −58,593.7 −58,593.8 −58,577.9 −58,592.7

pisa_science_C2_fold_5 90J −58,537.6 −58,551.7 −58,551.7 −58,526.7 −58,520.5 −58,551.7 −58,551.7 −58,548.4 −58,551.7

pisa_science_3C3_fold_1 90J −60,278.9 −60,290.8 −60,290.8 −60,270.2 −60,264.0 −60,290.8 −60,290.8 −60,289.8 −60,290.8

pisa_science_C3_fold_2 90J −60,040.9 −60,049.8 −60,049.6 −60,032.1 −60,026.1 −60,049.7 −60,049.9 −60,049.1 −60,049.6

pisa_science_C3_fold_3 90J −59,808.2 −59,818.1 −59,818.1 −59,801.0 −59,796.2 −59,818.1 −59,818.1 −59,816.7 −59,818.1

pisa_science_C3_fold_4 90J −60,206.8 −60,227.4 −60,227.4 −60,192.2 −60,182.7 −60,227.4 −60,227.4 −60,222.7 −60,227.4

pisa_science_C3_fold_5 90J −59,782.8 −59,807.3 −59,807.5 −59,778.7 −59,776.2 −59,807.3 −59,807.8 −59,797.7 −59,807.8

Note: C1–C3 represent clusters 1–3. Folds 1–5 refer to the five cross-validation folds.
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Table F3. Model selection results with BIC values from the empirical data analyses

Dataset Selected model BIC

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J CD

addition MVN 141,715.4 148,237.8 147,395.9 145,928.7 141,754.6 147,885.1 148,101.0 146,526.0 146,175.8 142,036.7

multiplication MVN 508,504.0 526,665.9 523,915.9 526,630.9 526,634.3 537,508.5 517,040.4 516,385.8 523,879.2 508,692.5

subtraction CD 396,848.9 397,194.8 397,194.5 396,920.4 396,986.7 397,194.5 397,194.5 404,556.3 405,114.0 396,600.5

set CD 150,659.6 150,717.7 151,355.9 150,679.9 150,690.8 151,167.5 150,717.7 150,651.7 151,282.8 150,578.7

letterchaos 270G 41,486.1 41,503.7 41,503.7 41,496.6 41,500.4 41,503.9 41,503.8 41,480.8 41,482.0 41,780.4

nomt MVN 249,563.5 255,147.7 254,530.8 263,308.8 256,939.3 254,742.2 255,570.0 255,003.8 249,659.4 253,645.8

pisa_math_C1_DEU MVN 55,432.8 57,706.7 56,263.0 56,262.4 57,739.7 56,263.1 56,263.0 57,738.1 57,737.8 55,476.2

pisa_math_C1_JPN MVN 54,018.7 55,840.1 54,548.6 54,547.8 54,547.7 54,548.6 54,548.6 55,920.7 54,548.3 54,084.9

pisa_math_C1_MEX 90J 80,405.4 80,456.4 80,456.4 80,390.6 80,383.7 80,456.6 80,456.5 80,424.5 80,443.4 80,516.4

pisa_math_C1_NZL MVN 67,852.0 70,650.1 68,943.2 70,166.0 68,942.2 68,943.3 68,943.3 68,942.8 69,477.3 –

pisa_math_C1_USA 90J 81,955.8 81,986.5 81,985.9 81,936.6 81,933.0 81,985.9 81,985.4 1,971.3 81,985.7 82,045.7

pisa_math_C2_DEU MVN 72,295.7 73,422.0 73,422.1 73,421.1 73,421.1 73,422.0 73,422.0 75,504.1 73,421.3 –

pisa_math_C2_JPN 90J 79,808.8 79,884.4 79,884.7 79,799.0 79,797.4 79,881.8 79,882.1 79,828.0 79,867.1 79,842.5

pisa_math_C2_MEX CD 104,317.8 104,361.1 104,361.1 104,322.1 104,327.7 104,361.1 104,361.2 104,333.5 104,345.8 104,302.7

pisa_math_C2_NZL CD 86,391.4 87,472.5 87,539.7 87,347.3 87,280.1 87,282.4 87,274.9 87,009.3 86,416.7 86,314.6

pisa_math_C2_USA 90G 85,557.5 85,630.4 85,630.3 85,554.9 85,557.6 85,630.4 85,630.4 85,582.4 85,611.1 85,630.9

pisa_math_C3_DEU CD 65,132.9 65,140.2 65,140.5 65,579.6 65,442.0 65,141.0 65,139.7 65,141.0 65,141.5 65,029.1

pisa_math_C3_JPN MVN 78,138.6 78,710.1 79,051.9 79,257.9 78,938.8 78,692.9 79,072.6 78,664.0 78,176.5 78,157.8

pisa_math_C3_MEX 90J 104,851.7 104,870.5 104,870.4 104,842.8 104,837.6 104,870.5 104,870.4 104,866.3 104,870.5 104,856.0

pisa_math_C3_NZL CD 83,725.0 83,727.8 83,727.4 84,054.4 84,362.9 83,725.9 83,727.4 83,724.3 83,728.1 83,581.2

pisa_math_C3_USA CD 84,244.4 84,280.8 84,280.2 84,214.5 84,203.9 84,280.7 84,280.6 84,265.6 84,279.9 84,176.0

pisa_science_C1_DEU MVN 103,701.9 103,748.4 103,748.3 104,630.4 105,152.2 103,747.7 103,747.8 103,728.6 103,749.5 103,745.9

pisa_science_C1_JPN 90J 100,472.8 100,540.6 100,540.3 100,455.4 100,447.1 100,540.2 100,540.2 100,498.1 100,532.1 100,493.1

(Continued)
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Table F3. Continued

Dataset Selected model BIC

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J CD

pisa_science_C1_MEX 90J 157,546.7 157,593.0 157,593.0 157,538.9 157,536.1 157,593.0 157,593.0 157,564.2 157,579.1 157,709.0

pisa_science_C1_NZL 90J 133,818.3 133,884.3 133,884.1 133,794.8 133,786.7 133,884.3 133,884.4 133,846.6 133,878.2 133,874.4

pisa_science_C1_USA 90J 131,639.6 131,709.7 131,709.7 131,620.4 131,610.4 131,709.7 131,709.7 131,666.4 131,700.6 131,721.5

pisa_science_C2_DEU 90J 87,359.6 87,409.1 87,409.1 87,347.8 87,343.8 87,409.0 87,409.0 87,381.1 87,406.8 87,366.4

pisa_science_C2_JPN CD 110,413.6 110,471.3 110,471.0 110,410.4 110,406.4 110,471.4 110,471.7 110,441.5 110,470.3 110,251.9

pisa_science_C2_MEX 90J 144,744.0 144,804.7 144,804.7 144,741.2 144,740.1 144,804.6 144,804.7 144,771.8 144,794.2 144,763.8

pisa_science_C2_NZL CD 120,547.4 120,602.4 120,602.1 120,523.2 120,513.8 120,602.1 120,602.1 120,574.0 120,601.8 120,506.1

pisa_science_C2_USA 90J 118,156.4 118,249.8 118,249.8 118,140.2 118,131.8 118,249.8 118,249.8 118,200.4 118,243.2 118,163.4

pisa_science_C3_DEU 90J 81,734.1 81,759.7 81,757.5 81,723.9 81,719.6 81,759.7 81,759.6 81,749.3 81,761.4 81,854.6

pisa_science_C3_JPN 90J 110,852.1 110,913.8 110,913.8 110,832.6 110,823.8 110,913.8 110,913.8 110,885.7 110,913.0 110,892.3

pisa_science_C3_MEX 90J 155,649.8 155,751.5 155,751.5 155,638.7 155,631.3 155,751.5 155,751.5 155,689.0 155,729.6 155,736.8

pisa_science_C3_NZL 90J 127,215.2 127,285.6 127,285.7 127,190.6 127,180.4 127,285.8 127,285.3 127,246.7 127,284.4 127,238.1

pisa_science_C3_USA 90J 120,015.8 120,143.1 120,143.1 120,008.3 120,002.5 120,143.1 120,143.1 120,056.3 120,116.7 –

Note: C1–C3 represent clusters 1–3.
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Table F4. Model selection results with AIC values from the empirical data analyses

Dataset Selected model AIC

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J CD

addition MVN 141,145.5 147,668.0 146,826.0 145,358.9 141,184.8 147,315.3 147,531.1 145,956.1 145,606.0 141,186.6

multiplication CD 507,769.8 525,931.8 523,181.7 525,896.7 525,900.1 536,774.3 516,306.2 515,651.6 523,145.1 507,597.2

subtraction CD 396,154.3 396,500.2 396,499.9 396,225.8 396,292.2 396,499.9 396,500.0 403,861.8 404,419.5 395,564.3

set CD 150,412.6 150,470.6 151,108.8 150,432.9 150,443.8 150,920.5 150,470.6 150,404.7 151,035.8 150,214.1

letterchaos 270G 41,297.0 41,314.6 41,314.5 41,307.5 41,311.3 41,314.7 41,314.7 41,291.7 41,292.9 41,501.3

nomt MVN 247,272.6 252,856.8 252,239.8 261,017.8 254,648.3 252,451.2 253,279.1 252,712.8 247,368.4 250,213.3

pisa_math_C1_DEU CD 55,231.8 57,505.8 56,062.1 56,061.5 57,538.8 56,062.2 56,062.1 57,537.2 57,536.9 55,178.8

pisa_math_C1_JPN CD 53,819.2 55,640.6 54,349.1 54,348.3 54,348.3 54,349.1 54,349.1 55,721.2 54,348.9 53,789.7

pisa_math_C1_MEX 90J 80,188.3 80,239.3 80,239.4 80,173.6 80,166.6 80,239.6 80,239.5 80,207.5 80,226.3 80,195.2

pisa_math_C1_NZL MVN 67,641.5 70,439.7 68,732.8 69,955.5 68,731.8 68,732.9 68,732.9 68,732.3 69,266.9 –

pisa_math_C1_USA 90J 81,736.5 81,767.2 81,766.7 81,717.3 81,713.7 81,766.6 81,766.1 81,752.1 81,766.5 81,721.2

pisa_math_C2_DEU MVN 72,095.0 73,221.3 73,221.4 73,220.4 73,220.4 73,221.3 73,221.3 75,303.4 73,220.6 –

pisa_math_C2_JPN CD 79,604.1 79,679.7 79,680.0 79,594.2 79,592.7 79,677.1 79,677.4 79,623.3 79,662.3 79,539.9

pisa_math_C2_MEX CD 104,101.6 104,144.9 104,144.9 104,105.9 104,111.5 104,144.9 104,145.0 104,117.3 104,129.6 103,983.1

pisa_math_C2_NZL CD 86,182.6 87,263.6 87,330.8 87,138.5 87,071.2 87,073.5 87,066.1 86,800.4 86,207.8 86,005.9

pisa_math_C2_USA CD 85,350.0 85,422.9 85,422.7 85,347.4 85,350.1 85,422.9 85,422.8 85,374.9 85,403.5 85,324.1

pisa_math_C3_DEU CD 64,936.8 64,944.1 64,944.4 65,383.5 65,245.9 64,944.9 64,943.6 64,944.8 64,945.3 64,739.2

pisa_math_C3_JPN CD 77,933.8 78,505.3 78,847.2 79,053.2 78,734.1 78,488.2 78,867.9 78,459.3 77,971.8 77,855.1

pisa_math_C3_MEX CD 104,635.1 104,653.9 104,653.7 104,626.1 104,621.0 104,653.8 104,653.7 104,649.7 104,653.9 104,535.7

pisa_math_C3_NZL CD 83,517.0 83,519.8 83,519.4 83,846.3 84,154.9 83,517.8 83,519.4 83,516.3 83,520.1 83,273.7

pisa_math_C3_USA CD 84,036.8 84,073.2 84,072.7 84,006.9 83,996.4 84,073.1 84,073.1 84,058.0 84,072.3 83,869.2

(Continued)
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Table F4. Continued

Dataset Selected model AIC

MVN Gumbel Joe 90G 90J 180G 180J 270G 270J CD

pisa_science_C1_DEU CD 103,357.8 103,404.3 103,404.1 104,286.3 104,808.1 103,403.6 103,403.7 103,384.5 103,405.4 103,233.9

pisa_science_C1_JPN CD 100,130.0 100,197.9 100,197.5 100,112.7 100,104.3 100,197.4 100,197.4 100,155.4 100,189.4 99,983.2

pisa_science_C1_MEX CD 157,169.5 157,215.9 157,215.9 157,161.7 157,158.9 157,215.8 157,215.8 157,187.1 157,201.9 157,147.8

pisa_science_C1_NZL CD 133,466.9 133,532.9 133,532.6 133,443.3 133,435.3 133,532.9 133,532.9 133,495.2 133,526.8 133,351.7

pisa_science_C1_USA CD 131,276.9 131,347.0 131,347.0 131,257.7 131,247.7 131,347.0 131,347.0 131,303.7 131,337.9 131,181.9

pisa_science_C2_DEU CD 87,068.6 87,118.1 87,118.1 87,056.8 87,052.8 87,118.0 87,118.1 87,090.1 87,115.8 86,934.1

pisa_science_C2_JPN CD 110,106.4 110,164.1 110,163.8 110,103.2 110,099.2 110,164.2 110,164.5 110,134.3 110,163.1 109,795.5

pisa_science_C2_MEX CD 144,419.2 144,479.9 144,479.9 144,416.4 144,415.3 144,479.8 144,479.9 144,447.0 144,469.4 144,281.2

pisa_science_C2_NZL CD 120,234.0 120,289.0 120,288.7 120,209.8 120,200.5 120,288.7 120,288.7 120,260.6 120,288.4 120,040.5

pisa_science_C2_USA CD 117,845.2 117,938.6 117,938.6 117,829.0 117,820.6 117,938.6 117,938.6 117,889.2 117,932.0 117,701.1

pisa_science_C3_DEU CD 81,418.6 81,444.2 81,442.0 81,408.4 81,404.0 81,444.2 81,444.1 81,433.8 81,445.9 81,385.4

pisa_science_C3_JPN CD 110,509.9 110,571.6 110,571.6 110,490.5 110,481.6 110,571.6 110,571.6 110,543.5 110,570.8 110,383.5

pisa_science_C3_MEX CD 155,287.9 155,389.6 155,389.6 155,276.8 155,269.3 155,389.6 155,389.6 155,327.1 155,367.7 155,198.6

pisa_science_C3_NZL CD 126,865.7 126,936.2 126,936.3 126,841.2 126,831.0 126,936.4 126,935.8 126,897.2 126,935.0 126,718.4

pisa_science_C3_USA 90J 119,671.8 119,799.1 119,799.1 119,664.3 119,658.5 119,799.1 119,799.1 119,712.3 119,772.7 –

Note: C1–C3 represent clusters 1–3.
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Figure F1. Item-level predicted accuracy versus observed accuracy from the 2018 PISA Math and Science Data.
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Figure F2. Item-level predicted median RT versus observed median RT from the 2018 PISA Math and Science Data.
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