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In efficiency analysis, the production frontier is defined as the set of the most
efficient alternatives among all possible combinations in the input-output space. The
nonparametric envelopment estimators rely on the assumption that all the observa-
tions fall on the same side of the frontier. The free disposal hull (FDH) estimator of
the attainable set is the smallest free disposal set covering all the observations. By
construction, the FDH estimator is an inward-biased estimator of the frontier.

The univariate extreme values representation of the FDH allows us to derive a
bias-corrected estimator for the frontier. The presentation is based on a probabilistic
formulation where the input-output pairs are realizations of independent random
variables drawn from a joint distribution whose support is the production set. The
bias-corrected estimator shares the asymptotic properties of the FDH estimator. But
in finite samples, Monte Carlo experiments indicate that our bias-corrected estimator
reduces significantly not only the bias of the FDH estimator but also its mean squared
error, with no computational cost. The method is also illustrated with a real data
example. A comparison with the parametric stochastic frontier indicates that the
parametric approach can easily fail under wrong specification of the model.

1. INTRODUCTION

In productivity analysis, the efficiency scores of economic producers are evaluated
by measuring their distance toward a production frontier. This frontier is defined
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as the set of the most efficient alternatives among all possible combinations in the
input-output space. It could be characterized by the maximal achievable amount
of outputs for a given level of the inputs or, conversely, by the minimum level of
inputs allowing production of a given level of the outputs.

The basic economic idea dates back to Debreu (1951) and Farrell (1957), who
used radial distances for defining efficiency measures. The production set, i.e., the
feasible input-output combinations, can be defined as

� =
{

(x, y) ∈ Rp+q
+ | x can produce y

}
, (1.1)

where x ∈ Rp
+ is the input vector required to produce the output vector y ∈ Rq

+.
In the input-oriented1 approach, the goal is to achieve the maximum radial (pro-
portional) reduction in inputs that still allows a producer to give the same output.
Therefore, for any y ∈ Rq

+ we can define the input requirement set X (y) as the
set of all input vectors that yield at least y:

X ( y) = {x∈Rp
+ | (x, y) ∈ �

}
(1.2)

and the corresponding input-oriented Debreu–Farrell efficiency boundary or input
efficient frontier:

∂ X ( y) = {x ∈ Rp
+ | x ∈ X ( y) , θx /∈X ( y) , ∀θ ∈ (0,1)

}
. (1.3)

Consequently, the Debreu–Farrell input-oriented measure of technical efficiency
can be defined as

θ (x, y) = inf{θ | θx ∈ X ( y)} = inf{θ | (θx, y) ∈ �} . (1.4)

A producer (x, y) operating on the frontier has an input efficiency score
θ(x, y) = 1, whereas a value θ(x, y) < 1 indicates the radial reduction in inputs
that producer (x, y) should perform to become input efficient. This allows us to
define for each level of output the efficient level of input, by projecting (x, y)
radially, on the frontier, in the input direction:

x∂ ( y) = θ(x, y)x . (1.5)

Because � is generally unknown, it has to be estimated from an independent
and identically distributed (i.i.d.) sample of n firms X = {(Xi ,Yi ) , i = 1, . . . ,n}.
Farrell (1957) suggested as an estimator of � the minimal convex set covering
all the observations. This idea was formalized as a linear programming model by
Charnes, Cooper, and Rhodes (1978) and is known as data envelopment analysis
(DEA). The approach is thus based on envelopment techniques assuming the con-
vexity of the production possibilities set and the free disposability of inputs and
outputs; i.e., if (x, y) ∈ �, then (x̃, ỹ) ∈ � for all (x̃, ỹ) such that x̃ ≥ x and ỹ ≤ y,
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where the inequalities between vectors are defined element by element. The DEA
estimator of � is

�̂DEA =
{

(x, y) ∈ Rp+q
+ | y ≤

n

∑
i=1

γi Yi ,

x ≥
n

∑
i=1

γi Xi , γi ≥ 0, i = 1, . . . ,n

}
. (1.6)

By relaxing the convexity assumption on the physically attainable set, Deprins,
Simar, and Tulkens (1984) proposed the free disposal hull (FDH) estimator, which
is the smallest free disposal set covering all the observations:

�̂FDH =
{

(x, y) ∈ Rp+q
+ | y ≤ Yi , x ≥ Xi

}
. (1.7)

The efficiency of the arbitrary point (x, y) is then measured with respect to the
boundary of the FDH of the sample. The FDH estimator of the input efficiency
score is thus

θ̂FDH(x, y) = inf
{

θ > 0 | (θx, y) ∈ �̂FDH

}
, (1.8)

and the efficient level of inputs for a firm operating at the level (x, y) is defined
by

x̂∂
FDH (y) = θ̂FDH(x, y)x. (1.9)

Recently Daraio and Simar (2005), extending ideas of Cazals, Florens, and
Simar (2002), proposed a probabilistic formulation of the model and of the Farrell
efficiency scores, with a natural nonparametric estimator. Here the production
process is described by the joint distribution of (X,Y ) onRp

+×Rq
+, whose support

is �, and the observations are drawn independently from this distribution. It is
shown that the input-oriented technical efficiency for a fixed point (x, y) ∈ � can
also be defined in terms of the p-variate conditional distribution F(x |y) = P(X ≤
x |Y ≥ y), as follows:

θ(x, y) = inf{θ | F(θx |y) > 0}. (1.10)

Under free disposability of the inputs and of the outputs, this is equivalent to the
Debreu–Farrell input efficiency score.

A natural nonparametric estimator of θ(x, y), based on the random sample X ,
is obtained by applying the plug-in principle, replacing F(x |y) by its empirical
version:

F̂n(x |y) = ∑n
i=1 1I(Xi ≤ x, Yi ≥ y)

∑n
i=1 1I(Yi ≥ y)

,
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where 1I(·) is the indicator function. The nonparametric estimator of the input
efficiency score θ(x, y) is then

θ̂ (x, y) = inf{θ |F̂n(θx |y) > 0} ≡ θ̂FDH(x, y), (1.11)

where the last identity was noted by Daraio and Simar (2005).
By looking to (1.11), it is clear that the FDH estimator of the input efficiency

score can be computed through a “sample minimum”:

θ̂FDH(x, y) = min
i |Yi ≥y

{
max

j=1,...,p

X j
i

x j

}
, (1.12)

where a j denotes the j th component of a vector a.
This representation as sample extreme value is the most intuitive in the simplest

case of a univariate frontier. Suppose indeed that each firm produces one unit of
output using input X , where X is a random variable with cumulative distribution
function (c.d.f.) FX (x) with support (φ,∞). Then φ can be interpreted as the
lowest level of input required to produce one unit of output:

φ = inf{x |FX (x) > 0} . (1.13)

Also, φ represents the input efficient frontier to be estimated:

φ = x∂ (x,1) = θ(x,1)x . (1.14)

If X = {(Xi ,1) , i = 1, . . . ,n} is a random sample of producers and X(1) ≤ ·· · ≤
X(n) are the order statistics of the input, then φ can be estimated by the sample
minimum X(1):

φ̂ = X(1). (1.15)

The input efficiency score of producer (x,1) is now estimated by

θ̂ (x,1) = X(1)/x, (1.16)

which coincides with the FDH estimator defined in (1.12).
However, by construction, FDH estimators are biased, and this can be easily ob-

served in the univariate frontier case: although the sample minimum is the closest
observation to φ, it is always larger than φ. In what concerns the estimators of the
attainable set, we have �̂FDH ⊆ �; thus θ̂FDH is an upward-biased estimator of
the true input efficiency score.

Therefore, the problem of efficiency estimation is connected with the classi-
cal problem of estimating the bounds of random variables. Several authors who
studied this issue proposed point estimators for φ that attempt to improve the
extreme-order statistics in terms of the bias, without affecting the mean squared
error.
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For the twin problem of estimating the upper bound of the support of a distribu-
tion, Robson and Whitlock (1964) applied Quenouille’s bias reduction technique
and obtained the family of estimators

T (k)
n =

k

∑
i=0

(−1)i
(

k +1
i +1

)
X(n−i), (0 < k < n) (1.17)

with a bias of order n(−k−1) but with the mean squared error increasing with k.
Yet, the bias adjustment involving only the second largest observation does not
affect the mean squared error; i.e., T (1)

n = X(n) + (X(n) − X(n−1)

)
and X(n) are

subject to the same mean squared error. In terms of the lower bound, the statistic

W (1)
n = X(1) −

(
X(2) − X(1)

)= 2X(1) − X(2) (1.18)

partially corrects X(1) for bias and has the same mean squared error as X(1).
Cooke (1979) also discussed this issue and proposed the following estimator

for φ:

φ̂n = 2X(1) −
n

∑
i=1

[
(1− (i −1)/n)n − (1− i/n)n] X(i), (1.19)

which, for large n, is asymptotically equivalent to

φ̃n = 2X(1) − (e −1)
n

∑
i=1

e−i X(i). (1.20)

In this paper we propose nonparametric estimators for the efficient frontier and
for the efficiency scores that attempt to improve the FDH estimators in terms of
bias using Cooke’s ideas, without affecting the mean squared error. We denote
our bias-corrected FDH estimator FDHbc. We will first introduce the idea by fol-
lowing the presentation of Cazals et al. (2002), where the minimum input frontier
function is estimated for one input and several outputs; then using the Daraio and
Simar (2005) extension, we generalize to the full multivariate case.

Deriving a bias-corrected nonparametric estimator of efficiency scores, with-
out computational burden, is useful because, to the best of our knowledge, there
are no real alternatives: (a) Park, Simar, and Weiner (2000) derive the asymptotic
bias and variance of the FDH estimator that depend on unknown characteristics
of the data generating process (DGP), but their Monte Carlo study indicates that
the noise introduced by estimating these characteristics reduces the quality of the
inference unless the sample size is very big (see the subsequent discussion of the
curse of dimensionality); (b) Jeong and Simar (2006) have shown that the boot-
strap based on subsampling is consistent for the FDH estimator, but the quality of
the inference here relies on the size of the subsamples, and no practical rules have
been proposed so far to select the appropriate subsample size.
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The paper is organized as follows. Section 2 presents the idea for constructing
the bias-corrected estimator of the input efficient frontier and introduces a “condi-
tional bootstrap” that permits derivation of the same estimator using bootstrap ar-
guments. Section 3 introduces the full multivariate extension with the asymptotic
properties of our bias-corrected estimator. Section 4 provides numerical results
from Monte Carlo simulations to investigate the finite-sample properties of the es-
timator and its significant improvement relative to the FDH estimator. The results
show indeed that not only is the bias of the FDH efficiency estimator clearly re-
duced but also the mean squared error. We also consider several examples of sim-
ulated and real data for which we compare the FDH and FDHbc efficiency scores
with those derived from estimating a parametric stochastic frontier. Section 5
concludes and an Appendix follows.

2. BIAS CORRECTION FOR THE FDH EFFICIENT FRONTIER

2.1. Estimation of a Minimum Input Function

To present the basic ideas of our bias-corrected estimator, we first analyze, as
in Cazals et al. (2002), the estimation of a “input” function2, i.e., a minimum
univariate input function for several outputs. Let us consider the production pro-
cess defined by the continuous joint distribution of a random vector (X,Y ) on
R+ ×Rq

+, where X represents a scalar input used to produce an output vector Y .
The production possibilities set � is the support of the input-output pairs, and we
assume here that � is free disposal.

The joint distribution of (X,Y ) is characterized by the joint survivor function:

S (x, y) = P (X ≥ x, Y ≥ y) ,

and we consider the conditional distribution of X given Y ≥ y:

F (x |y) = P (X ≤ x |Y ≥ y) ,

whose survivor function is

S (x |y) = P (X ≥ x |Y ≥ y) .

The input efficient frontier is thus defined as

x∂ ( y) = inf {x |F (x |y) > 0} = inf {x |S (x |y) < 1} (2.1)

and represents the lower boundary of the support of F (x |y). As shown in Cazals
et al. (2002, Thm. 2.1), this is a monotone function nondecreasing in y that coin-
cides, under free disposability, to the efficient frontier as defined in (1.5).

Consider now the observations in the random sampleX such that Yi ≥ y; we de-
note this sample by

{
X y

1 , . . . , X y
ny

}
, where ny is the number of such observations.
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Conditionally on Y ≥ y, this can be considered a random sample of size ny gen-
erated by the conditional distribution F(x |y). Denote X y

(1) ≤ ·· · ≤ X y
(ny)

the cor-

responding order statistics. The random variable X y
(1) is, in this univariate input

case, the FDH estimator of the efficient level of input (corresponding to x̂∂
FDH (y)

as defined in (1.9)). It has the conditional distribution

P
(

X y
(1) ≤ x |Y ≥ y

)
= 1− [1− F (x |y)]ny = 1− [S (x |y)]ny (2.2)

and conditional mean

E
(

X y
(1)|Y ≥ y

)
=
∫ ∞

x∂ ( y)
xd(1− [S(x |y)]ny ) = −

∫ ∞
x∂ ( y)

xd[S(x |y)]ny

= x∂ ( y)+
∫ ∞

x∂ ( y)
[S(x |y)]ny dx,

because S (x |y) = 1 for any x ≤ x∂ ( y) and limx→∞ x [S (x |y)]ny = 0, by assum-
ing the existence of the expectation. Therefore, we obtain

x∂ ( y) = E
(

X y
(1)|Y ≥ y

)−∫ ∞
x∂ ( y)

[S (x |y)]ny dx. (2.3)

Replacing on the right-hand side of the previous formula the unknowns
E
(

X y
(1)|Y ≥ y

)
and x∂ ( y) by X y

(1) (the FDH estimator of the frontier), and the
unknown survivor function by its empirical correspondent, we can define the fol-
lowing estimator:

x̂∂
ny

( y) = X y
(1) −
∫ ∞

X y
(1)

[Ŝ (x |y)]ny dx = X y
(1) −
∫ X y

(ny )

X y
(1)

[Ŝ (x |y)]ny dx,

where the empirical conditional survivor function is defined as

Ŝ (x |y) =

⎧⎪⎨⎪⎩
1, if x < X y

(1)
ny−i

ny
, if X y

(i) ≤ x < X y
(i+1), for 1 ≤ i ≤ ny −1

0, if x ≥ X y
(ny)

.

We thus obtain a new estimator of the minimum input function:

x̂∂
ny

( y) = X y
(1) −

ny−1

∑
i=1

(
1− i

ny

)ny (
X y

(i+1) − X y
(i)

)
, (2.4)

where the first term is the FDH estimator of the frontier and the second term can
be interpreted as a bias correction of the FDH estimator. The estimator can also
be written as

x̂∂
ny

( y) = 2X y
(1) −

ny

∑
i=1

[(
1− i −1

ny

)ny

−
(

1− i

ny

)ny
]

X y
(i) (2.5)

and will be called the FDHbc estimator of the minimum input function.
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The asymptotic properties of our estimator will be derived in the full multivari-
ate case in Section 3, and the finite-sample behavior will be investigated by Monte
Carlo experiments in Section 4.

Remark 2.1. For large ny , the estimator defined in (2.5) is asymptotically
equivalent to

x̂∂
ny

( y) = 2X y
(1) − (e −1)

ny

∑
i=1

e−i X y
(i) (2.6)

and coincides with the estimator proposed by Cooke (1979) for the case of uni-
variate i.i.d. random variables.

Remark 2.2. Surprisingly, our estimator is a symmetric version of the order-m
minimum input function proposed by Cazals et al. (2002), relative to the FDH
estimator. Indeed, the order-m estimator can be written as

ϕ̂m,n ( y) = X y
(1) +

ny−1

∑
i=1

(
1− i

ny

)m (
X y

(i+1) − X y
(i)

)
, (2.7)

which can be compared to (2.4). Choosing the order m = ny , both estimators are
symmetric with respect to the FDH estimator X y

(1), with a minus sign to correct
for the bias and with a plus sign for the order-m that provides an estimator that
does not envelop all the data points.

2.2. A Conditional Bootstrap Version of the
Bias-Corrected Estimator

We show in this section that the bias-corrected estimator (2.5) can also be derived
by using a conditional bootstrap argument. Consider as previously

{
X y

1 , . . . , X y
ny

}
,

a random sample generated by the conditional distribution F(x |y), and X y
(1) ≤ ·· ·

≤ X y
(ny)

, the associated order statistics.

Let
{

X∗
1

y, . . . , X∗y
ny

}
be a bootstrap sample from the empirical conditional dis-

tribution of X given Y ≥ y. Such a bootstrap sample can be obtained by sampling
with replacement from

{
X y

1 , . . . , X y
ny

}
. Let P∗ be the associate resampling prob-

ability, which here is the uniform, and X∗y
(1) ≤ ·· · ≤ X∗y

(ny)
, the order statistics.

We call the method “conditional bootstrap” because the original sample (from the
“true world”) is generated by a conditional distribution.

PROPOSITION 2.1. The conditional bootstrap bias-corrected FDH estimator
of the minimum input function coincides with the FDHbc estimator defined in
(2.5). Consequently, the conditional bootstrap estimator of the bias admits an
exact formula, and no simulations are required.
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Proof. The FDH estimator of the efficient level of input is X y
(1), and in the

bootstrap world, it is replaced by X∗y
(1). Because X y

(1) is a biased estimator of

x∂ ( y), a correction for bias involves computing

X y
(1) −bias(X y

(1)) = X y
(1) −
[
E(X y

(1)|Y ≥ y)− x∂ ( y)
]
. (2.8)

However, the right-hand side depends on unknown quantities, hence it cannot be
computed in practice. In the bootstrap world, bias(X y

(1)) can be estimated by

bias∗(X y
(1)) = E∗

(
X∗y

(1)|Y ≥ y
)− X y

(1), (2.9)

where E∗ is computed with respect to the resampling probability P∗. Now, a bias-
corrected estimator of x∂ ( y), based on the conditional bootstrap, can be defined
as

x̂∂ ( y) = X y
(1) −bias∗

(
X y

(1)

)= 2X y
(1) −E∗

(
X∗y

(1)|Y ≥ y
)
. (2.10)

The interesting feature of this bootstrap argument is that E∗(X∗y
(1)) can be com-

puted analytically and does not require bootstrap resampling and Monte Carlo
approximations. We have indeed

P∗
(

X∗y
(1) < X y

(i+1)|Y ≥ y
)= 1−

(
1− i

ny

)ny

(2.11)

for i = 1, . . . ,ny − 1 and where in the bootstrap world we condition also on the
observed values of (Xi ,Yi ). Consequently,

E∗
(

X∗y
(1)|Y ≥ y

)= ny

∑
i=1

[(
1− i −1

ny

)ny

−
(

1− i

ny

)ny
]

X y
(i). (2.12)

Therefore, replacing E∗(X∗y
(1)|Y ≥ y) in (2.10), we obtain the FDHbc estimator

defined in (2.5) and an exact formula for the conditional bootstrap estimator of
the bias:

bias∗
(

X y
(1)

)= ny−1

∑
i=1

(
1− i

ny

)ny (
X y

(i+1) − X y
(i)

)
. (2.13)

n

Remark 2.3. The conditional bootstrap based on uniform resampling gives for-
mula (2.5). Adapting previous results from Loh (1984), it can be shown that using
other resampling schemes, different than the uniform, one could derive other bias-
corrected estimators with an exact formula for the bootstrap bias, provided that
the bootstrap mean E∗(X∗y

(1)|Y ≥ y) can be derived analytically.
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3. MULTIVARIATE EXTENSION

In the full multivariate case, the frontier set cannot be described by a function.
But for a fixed point (x, y) ∈ �, we can describe the frontier, e.g., through x∂ ( y),
the efficient level of the inputs for this level of outputs y, as defined in (1.5).
Because x∂ ( y) = θ(x, y) x , the frontier, for any (x, y), can be characterized either
by x∂ ( y) or by θ(x, y). In the full multivariate setup, the latter is the easier for
doing inference.

The nonparametric FDH estimator, θ̂FDH(x, y), was defined in (1.12). It is then
easy to derive the following conditional distribution:

P(θ̂FDH(x, y) ≤ u |Y ≥ y) = 1− P

(
min

i=1,...,ny

{
max

j=1,...,p

X j
i

x j

}
> u |Y ≥ y

)

= 1−
[

P

(
max

j=1,...,p

X j
i

x j
> u |Y ≥ y

)]ny

= 1−
[

1− P

(
max

j=1,...,p

X j
i

x j
≤ u |Y ≥ y

)]ny

= 1− [1− P(X ≤ ux |Y ≥ y)]ny

= 1− [1− F(ux|y)]ny .

Following the same idea as in the univariate case, we first derive the expectation
of θ̂FDH(x, y) with respect to the preceding conditional distribution,

E(θ̂FDH(x, y) |Y ≥ y) = −
∫ ∞
θ(x,y)

ud[1− F(ux|y)]ny

= θ(x, y)+
∫ ∞
θ(x,y)

[1− F(ux|y)]ny du,

obtaining

θ(x, y) = E(θ̂FDH(x, y) |Y ≥ y)−
∫ ∞
θ(x,y)

[1− F(ux |y)]ny du, (3.1)

where the integral represents exactly the bias of the FDH estimator. Because the
integral depends on the unknown θ(x, y), one cannot attempt to define an unbi-
ased estimator for the efficiency score. A bias-corrected estimator can be defined

by replacing the expectation E
(
θ̂FDH(x, y)|Y ≥ y

)
with the FDH estimator it-

self and applying the plug-in principle to estimate the integral. So we obtain our
bias-corrected estimator of the efficiency score:

θ̂FDHbc(x, y) = θ̂FDH(x, y)−
∫ ∞
θ̂FDH(x,y)

[1− F̂n(ux |y)]ny du. (3.2)

In the multivariate case, we lose the nice formula (2.5) based on order statistics,
which allowed an easy computation of our estimator. Instead, we have to compute
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the FDH estimator θ̂FDH(x, y) and compute the integral on the right-hand side of
(3.2). But, because the integral is univariate, an appropriate numerical method can
easily solve the problem, at no computational cost.

To establish asymptotic properties of θ̂FDHbc(x, y) we need some assumptions
on the production process and also regularity conditions on the production possi-
bilities set. Note that, for the case p = 1, a similar result can be derived for the
bias-corrected estimator of the efficient level of input because for a given point
(x, y), x̂∂ ( y) = θ̂FDHbc(x, y) x . The regularity assumptions are the same as those
proposed in Park et al. (2000), where the asymptotic properties of the FDH esti-
mator are given. We summarize them here.

Assumption 1. � is a free disposal set.

Assumption 2. The input requirement set X ( y) is compact.

Assumption 3. The sample observations are realizations of i.i.d. random vari-
ables on � with joint distribution F(x, y) that has a continuous, strictly positive
density at the frontier.

THEOREM 3.1. Under Assumptions 1–3, for any (x, y) in the interior of �,
θ̂FDHbc(x, y) shares the same asymptotic properties as the FDH estimator.

Proof. Park et al. (2000) established the rate of convergence and derived the
asymptotic distribution for the FDH estimator of efficiency score. Under Assump-
tions 1–3 we have

L(n1/(p+q)(θ̂FDH(x, y)− θ(x, y))) → Weibull(μx,y, p +q) as n → ∞, (3.3)

where μx,y is a constant defined in the Appendix of Park et al. (2000) that depends
on the DGP. As shown there, we have

P(X ≤ (θ(x, y)+h)x,Y ≥ y) = μx,y h p+q + O(h p+q+1),

so that, for small h > 0, μx,y is proportional to the probability of observing a firm
dominating a point near the frontier below (x, y). Therefore, μx,y will be larger
(smaller) if F(x, y) provides more (less) mass in the neighborhood of the frontier
that dominates the point (x, y).

For the bias-corrected estimator we have

n1/(p+q)[θ̂FDHbc(x, y)− θ(x, y)] = n1/(p+q)[θ̂FDH(x, y)− θ(x, y)]

−n1/(p+q)
∫ ∞
θ̂FDH(x,y)

[1− F̂n(ux |y)]ny du.

From Park et al. (2000) we know that θ̂FDH(x, y) − θ(x, y) = Op(n−1/(p+q)).
Therefore, to derive the result, we need the last term of the previous expression to
be op(1) as n → ∞.
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If (x, y) is the point with the largest output value from the sample, then F̂n(ux
|y) = 1, ny = 1, and θ̂FDHbc(x, y) = θ̂FDH(x, y) = 1. Otherwise, we have 0 <

F̂n(ux |y) < 1. Under Assumption 2 and using a mean value theorem, the last
term of the preceding expression becomes

n1/(p+q)
∫ maxi |Yi ≥y

{
maxj=1,...,p (X j

i /x j )
}

θ̂FDH(x,y)
[1− F̂n(ux |y)]ny du

= n1/(p+q)

(
max

i |Yi ≥y

{
max

j=1,...,p

X j
i

x j

}
− θ̂FDH(x, y)

)
×exp
[
ny log(1− F̂n(ũx |y))

]
,

where θ̂FDH(x, y) ≤ ũ ≤ maxi |Yi ≥y

{
maxj=1,...,p (X j

i /x j )
}

. Moreover, this term

can be approximated by

n1/(p+q)

(
max

i |Yi ≥y

{
max

j=1,...,p

X j
i

x j

}
− θ̂FDH(x, y)

)
exp[−nSY ( y)B], (3.4)

because ny � nSY ( y), where SY (·) is the q-variate survivor function of Y and B is

a positive quantity. As n →∞,
(
maxi |Yi ≥y

{
maxj=1,...,p (X j

i /x j )
}

− θ̂FDH(x, y)
)

is bounded because X ( y) is compact by Assumption 2, n1/(p+q) is dominated by
exp[−nSY ( y)B], and, consequently, n1/(p+q) exp[−nSY ( y)B] = op(1).

Therefore we have

n1/(p+q)

(
max

i |Yi ≥y

{
max

j=1,...,p

X j
i

x j

}
− θ̂FDH(x, y)

)
exp[−nSY ( y)B] = op(1), (3.5)

which leads to

θ̂FDHbc(x, y)− θ(x, y) = Op(n
−1/(p+q)), (3.6)

and the conclusion follows. n

In other words, this theorem tells us that our bias-corrected estimator is asymp-
totically equivalent to the FDH estimator, but for finite samples we hope that the
bias correction will improve its performance without increasing the mean squared
error. The Monte Carlo experiments presented in Section 4 will confirm this fact.

4. NUMERICAL RESULTS

In this section we investigate the finite-sample performance of the FDHbc estima-
tor in several Monte Carlo experiments. We also provide empirical comparisons
of our method with FDH and with the maximum likelihood estimator (MLE) of
efficiency, derived using a parametric stochastic frontier model. The comparison
is made using both real and simulated data sets.
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4.1. Monte Carlo Experiments

We conducted several Monte Carlo experiments to analyze the performance of
our bias-corrected estimator on convex and nonconvex technologies. Our data are
simulated according to several models considered in Kneip, Simar, and Wilson
(2008) and Simar (2007).

• Model 1: Convex technology with input orientation and p = q = 1. We
generated the efficient level of input xeff uniformly on [10, 20] and then
perturbed it by the inefficiency e0.2|ε|, with ε ∼ N (0,2) in a first scenario
and then with ε ∼ N (0,4), the ε’s being independent on the input. The
input observation is computed as x = xeff e0.2|ε|. The output level is y =
x0.8

eff = x0.8e−0.16|ε|, which defines the true DGP. The fixed point considered
is (x0, y0) = (20.69,7.5) with an input efficiency score θ(x0, y0) = 0.6. We
simulated samples of size n = 25,50,100,200,400,800, and we estimated
the efficient input by the average over 200 Monte Carlo simulations of the
FDH estimator and the bias-corrected estimator FDHbc. Table 1 compares
the bias and the mean squared error (MSE) of the FDH estimator and the
FDHbc estimator for the cases ε ∼ N (0,2) (left) and ε ∼ N (0,4) (right),
respectively. The line “Ratio” represents the ratio FDHbc/FDH in terms
of bias and mean squared error. The numerical results show that the bias-
corrected estimator improves the FDH input efficiency estimator, reducing
its bias and the mean squared error. The bias of the FDH estimator is reduced
around 25–30%, and the reduction of the mean squared error is of the order
of 50% depending on the sample size and the variance of the inefficiency
term. So a significant improvement exists relative to the FDH estimator.
We also notice, as expected, that the effect decreases when the sample size
increases.

• Model 2: Convex technology with input orientation and p = q = 2. In this
multivariate setup, we first draw the efficient level of input by generating
x1eff , x2eff ∼ Uniform[10,20] and ω ∼ Uniform[(π/18), (8π/18)] for com-
puting the output components:

y1 = x0.4
1eff x0.4

2eff · cosω,

y2 = x0.4
1eff x0.4

2eff · sinω.

The input components are computed as x1 = x0.2|ε|
1eff , x2 = x0.2|ε|

2eff , where
ε ∼ N (0,2) and ε ∼ N (0,4) as for Model 1. The input efficiency score is
estimated for the fixed point x0 = (20.69,20.69), y0 = (5.59,5.59), with a
true efficiency score θ(x0, y0) = 0.6. In this case, we simulated samples of
size n = 50,100,200,400,800. As shown by Table 2, because of the curse of
dimensionality, the improvement in terms of bias reduction is less evident in
this case. However, we still achieve at least 10% bias reduction and 20–40%
MSE reduction, at an insignificant computational cost.

https://doi.org/10.1017/S0266466609090513 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466609090513
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TABLE 1. Results from Monte Carlo experiments with data simulated according
to Model 1: y = x0.8

eff = x0.8e−0.16|ε|

Panel A. ε ∼ N (0,2) Panel B. ε ∼ N (0,4)

n Estimator Bias MSE n Estimator Bias MSE

25 x̂∂
FDH( y0) 2.1432 4.6008 25 x̂∂

FDH( y0) 3.1167 9.7297

x̂∂
FDHbc( y0) 1.5816 2.5111 x̂∂

FDHbc( y0) 2.2862 5.2465
Ratio 0.7380 0.5458 Ratio 0.7335 0.5392

50 x̂∂
FDH( y0) 1.5250 2.3289 50 x̂∂

FDH( y0) 2.2351 5.0028

x̂∂
FDHbc( y0) 1.1252 1.2704 x̂∂

FDHbc( y0) 1.6627 2.7739
Ratio 0.7378 0.5455 Ratio 0.7439 0.5545

100 x̂∂
FDH( y0) 1.0248 1.0517 100 x̂∂

FDH( y0) 1.4537 2.1161

x̂∂
FDHbc( y0) 0.7639 0.5854 x̂∂

FDHbc( y0) 1.0659 1.1399
Ratio 0.7454 0.5566 Ratio 0.7332 0.5387

200 x̂∂
FDH( y0) 0.6493 0.4223 200 x̂∂

FDH( y0) 0.9318 0.8696

x̂∂
FDHbc( y0) 0.4655 0.2177 x̂∂

FDHbc( y0) 0.6574 0.4340
Ratio 0.7169 0.5154 Ratio 0.7055 0.4991

400 x̂∂
FDH( y0) 0.5117 0.2622 400 x̂∂

FDH( y0) 0.7297 0.5331

x̂∂
FDHbc( y0) 0.3865 0.1499 x̂∂

FDHbc( y0) 0.5523 0.3060
Ratio 0.7555 0.5718 Ratio 0.7569 0.5740

800 x̂∂
FDH( y0) 0.3476 0.1210 800 x̂∂

FDH( y0) 0.4842 0.2347

x̂∂
FDHbc( y0) 0.2601 0.0679 x̂∂

FDHbc( y0) 0.3550 0.1264
Ratio 0.7483 0.5610 Ratio 0.7331 0.5386

• Model 3: Nonconvex technology with output orientation and p = q = 1.
Next we consider a nonconvex frontier model. Because we can no longer
rely on the convexity assumption, the single alternative for nonparametric
estimation of efficiency is the FDH estimator. We generated samples of size
n = 25,50,100,200,400,800, according to the following theoretical model
from Simar (2007):

y = 10
exp(−3+10x)

1+ exp(−3+10x)
exp(−u), (4.1)

with X ∼ Beta(1,2) and U ∼ Exp( 1
3 ). We have E(X) = 1

3 and E(U ) = 1
3 .

The efficient level of output, ŷ∂
FDH(x0) and ŷ∂

FDHbc(x0), is estimated for
the fixed point (x0, y0) = (0.6,4). The results in Table 3 are average re-
sults over 200 Monte Carlo simulations. In this case also, we notice that our
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TABLE 2. Results from Monte Carlo experiments with data simulated from
Model 2: The evaluated point is x0 = (20.69,20.69), y0 = (5.59,5.59)

Panel A. ε ∼ N (0,2) Panel B. ε ∼ N (0,4)

n Estimator Bias MSE n Estimator Bias MSE

50 θ̂FDH(x0, y0) 0.3257 0.1061 50 θ̂FDH(x0, y0) 0.4108 0.1689
θ̂FDHbc(x0, y0) 0.2802 0.0786 θ̂FDHbc(x0, y0) 0.3098 0.0962
Ratio 0.8602 0.7401 Ratio 0.7542 0.5694

100 θ̂FDH(x0, y0) 0.2706 0.0732 100 θ̂FDH(x0, y0) 0.3285 0.1079
θ̂FDHbc(x0, y0) 0.2409 0.0580 θ̂FDHbc(x0, y0) 0.2817 0.0794
Ratio 0.8901 0.7925 Ratio 0.8576 0.7357

200 θ̂FDH(x0, y0) 0.2278 0.0519 200 θ̂FDH(x0, y0) 0.2654 0.0704
θ̂FDHbc(x0, y0) 0.2051 0.0421 θ̂FDHbc(x0, y0) 0.2345 0.0550
Ratio 0.9004 0.8108 Ratio 0.8836 0.7809

400 θ̂FDH(x0, y0) 0.1926 0.0371 400 θ̂FDH(x0, y0) 0.2211 0.0489
θ̂FDHbc(x0, y0) 0.1732 0.0300 θ̂FDHbc(x0, y0) 0.1971 0.0389
Ratio 0.8996 0.8095 Ratio 0.8915 0.7950

800 θ̂FDH(x0, y0) 0.1640 0.0269 800 θ̂FDH(x0, y0) 0.1891 0.0358
θ̂FDHbc(x0, y0) 0.1473 0.0217 θ̂FDHbc(x0, y0) 0.1688 0.0285
Ratio 0.8982 0.8069 Ratio 0.8927 0.7970

estimator performs well, providing around 30% bias reduction for the FDH
estimator and more than 50% of reduction for the MSE.

We propose also in what follows, under three scenarios, a comparison be-
tween nonparametric and parametric approaches. We simulate the data under
the models y = f (x,β)exp(−u). One of the most popular parametric stochas-
tic models (see Aigner, Lovell, and Schmidt, 1977) for estimating efficiencies
is based on the model y = f (x,β)exp(v − u) where f (x,β) is appropriately
specified (Cobb–Douglas, . . . ), U ∼ N+(0,σ 2

u ), and V ∼ N (0,σ 2
v ). Individual

efficiencies are then estimated through an estimate of E(ui | ε̂i ), where ε̂i =
log( yi )− log( f (xi , β̂)) (for details, see Jondrow, Lovell, Materov, and Schmidt,
1982). Note that these stochastic parametric models encompass the deterministic
models analyzed in this paper because the latter correspond to the case σ 2

v = 0
(no noise). In our Monte Carlo scenarios, we will consider three distributions
of inefficiencies: the half normal, N+(0,σ 2

u = 1), and two truncated normals,
N+(1,σ 2

u = 1) and N+(2,σ 2
u = 1). We expect of course that the parametric ap-

proach will outperform the nonparametric approaches when the specification of
the model is correct, but we will investigate how the parametric approach is robust
to specification error either only for the stochastic part of the model or only for
the frontier function compared to the FDH and FDHbc estimators.
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TABLE 3. Results from Monte Carlo experiments with data
simulated from Model 3: The evaluated point is (x0, y0) =
(0.6,4)

n Estimator Bias MSE

25 ŷ∂
FDH(x0) 1.3966 1.9545

ŷ∂
FDHbc(x0) 0.9667 0.9396

Ratio 0.6922 0.4808

50 ŷ∂
FDH(x0) 0.9765 0.9551

ŷ∂
FDHbc(x0) 0.6992 0.4910

Ratio 0.7161 0.5140

100 ŷ∂
FDH(x0) 0.6472 0.4196

ŷ∂
FDHbc(x0) 0.4759 0.2275

Ratio 0.7353 0.5421

200 ŷ∂
FDH(x0) 0.4127 0.1706

ŷ∂
FDHbc(x0) 0.2946 0.0872

Ratio 0.7139 0.5110

400 ŷ∂
FDH(x0) 0.2717 0.0739

ŷ∂
FDHbc(x0) 0.1940 0.0378

Ratio 0.7142 0.5112

800 ŷ∂
FDH(x0) 0.1996 0.0399

ŷ∂
FDHbc(x0) 0.1428 0.0205

Ratio 0.7154 0.5129

• Model 4: Nonparametric FDH and FDHbc versus stochastic parametric;
Cobb–Douglas–type frontier with p = q = 1. Here we simulate our data from
the true model y = x0.8 exp(−u), where X ∼ U [0,2] and U ∼ N+(0,σ 2

u = 1)
in a first case, U ∼ N+(1,σ 2

u = 1) in a second case, and finally U ∼ N+
(2,σ 2

u = 1). Table 4 summarizes the mean results for the three cases. The
figures in the tables are the average value of the output efficiency scores,
averaged over the n observations. The columns with the heading λFarrell are
the true values of these averages. As expected, there is no hope to do better
than the parametric MLE when the specifications of the parametric frontier
and of the stochastic part of the model are correct (Table 4A). Note however
that, as pointed out by Simar and Wilson (in press), in small to moderate
sample sizes, the MLE can fail to estimate the inefficiencies (this happens
when the ordinary least squares (OLS) residuals have the wrong skewness:
this is the case for n = 25 in Table 4A). But the parametric approach is
very sensitive to the correct specification of the model, even with a correct
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TABLE 4. Cobb–Douglas Model 4

n λ̂FDH(x, y) λ̂FDHbc(x, y) λ̂MLE(x, y) λFarrell(x, y)

A. Correct specification for MLE, normal–half normal case
25 2.0375 2.2193 1.0000 3.2771
50 1.7846 1.9189 2.2861 2.5144
100 2.0454 2.1516 2.5317 2.6684
200 2.5411 2.6515 2.8857 2.9004
400 2.4578 2.5230 2.7656 2.8053
800 2.4534 2.5040 2.6475 2.6500

B. Correct frontier model but wrong specification for MLE: Normal–
truncated normal case N+(1,σ 2

u = 1), estimated by normal–half
normal stochastic frontier model
25 3.6759 4.1269 1.0000 7.1177
50 3.7941 4.1578 1.0000 6.6008
100 5.0266 5.4963 4.0704 6.3710
200 5.0968 5.4058 4.4434 6.1714
400 4.7873 5.0274 4.0695 5.5661
800 4.7936 4.9529 4.5341 5.4412

C. Correct frontier model but wrong specification for MLE: Normal–
truncated normal case N+(2,σ 2

u = 1) estimated by normal–half
normal stochastic frontier model
25 4.2193 4.7942 1.0000 12.0749
50 4.9737 5.6265 1.0000 14.0809
100 6.3217 6.8029 3.5111 14.7054
200 7.3730 8.1083 3.8555 12.2322
400 9.5753 10.3263 2.4921 13.9324
800 9.9437 10.5424 2.9322 13.4269

specification of the frontier function. We see indeed in Tables 4B and 4C that
the MLE fails to estimate the inefficiencies (with a complete failure here for
n = 25,50). The nonparametric estimators behave much better in these two
cases. Note also that in both cases the bias-corrected FDH is much better
than the basic FDH estimator, mainly for small to moderate sample sizes.

The corresponding samples of sizes n = 25,50,100,200,400,800 are also
illustrated for the three cases in Figures 1–3, where the FDH, the FDHbc,
and the MLE estimators of the frontier are displayed. The analysis of these
pictures confirms the preceding comments.3

• Model 5: Nonparametric FDH and FDHbc versus stochastic parametric
model; logit frontier with p = q = 1. Here we analyze an example where
the parametric stochastic frontier model uses a wrong specification of the
frontier itself (estimating a Cobb–Douglas frontier, whereas the frontier is
a logit). We generate our data using Model 3 described previously, and we
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FIGURE 1. Comparison of FDH, FDHbc, and stochastic frontier model under
correct specification for the distribution of efficiency: normal–half normal case.
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https://doi.org/10.1017/S0266466609090513 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466609090513


B
IA
S
-C
O
R
R
E
C
T
E
D
FR
O
N
T
IE
R
E
S
T
IM
A
T
O
R

1309

FIGURE 2. Comparison of FDH, FDHbc, and stochastic frontier model under
wrong specification for the distribution of efficiency N+(1,σ 2

u = 1).
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FIGURE 3. Comparison of FDH, FDHbc, and stochastic frontier model under
wrong specification for the distribution of efficiency N+(2,σ 2

u = 1).
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FIGURE 4. Comparison of FDH, FDHbc, and stochastic frontier model under
wrong specification of the model.
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TABLE 5. Logit model 5 estimated by normal–half normal Cobb–
Douglas–type frontier

n λ̂FDH(x, y) λ̂FDHbc(x, y) λ̂MLE(x, y) λFarrell(x, y)

25 1.6914 1.8042 2.8251 1.9427
50 1.2241 1.2805 1.0000 1.3777
100 1.3416 1.3931 1.0000 1.4848
200 1.3245 1.3574 1.0000 1.4267
400 1.4188 1.4410 1.0000 1.5088
800 1.3940 1.4093 1.0000 1.4521

estimate it by a Cobb–Douglas normal–half normal stochastic frontier model.
The results for random samples of sizes n = 25,50,100,200,400,800 are
reported in Table 5 and the corresponding pictures in Figure 4 allow us to
compare the different estimators. As expected, the MLE estimator behaves
dramatically badly under wrong specification of the frontier model: it is
unable to detect any inefficiencies in most of the cases.

4.2. Real Data Example

To illustrate the behavior of the FDHbc estimator on real data, we use a data set
from the NBER Manufacturing Productivity Database.4 The database covers 408
manufacturing industries in the United States from 1958 to 1996. For analysis we
use the data of year 1995, four inputs (Total payroll, Total cost of materials, Cost
of electric and fuels, Total real capital stock), and an aggregated output (Total
value added).

We report the results for the first 30 units of the sample in Table 6, where
the mean in the last row of the table is computed over all 408 observations. For
MLE estimation we used the normal–half normal stochastic frontier model. As
we see from the first two columns of the table, the FDHbc estimators of the out-
put efficiency score are less optimistic than the biased FDH estimators. For some
units the difference is important (e.g., 18% for unit 4). With this data set, the
MLE estimation (using a normal–half normal Cobb–Douglas model) fails to de-
tect any inefficiencies for the reasons explained previously (wrong skewness of
OLS residuals; for details, see Simar and Wilson, in press). Of course in this real
data example we do not know what is the truth, but nonparametric estimates are
more robust to specification errors, and our FDHbc tries to correct for the inherent
bias of the FDH.

5. CONCLUSIONS

We proposed in this paper a simple bias-corrected nonparametric estimator for
the efficient frontier and the efficiency score of a producer, which improves the
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TABLE 6. Results for the first 30 units of a random sample of n = 408 obser-
vations from the NBER Manufacturing Productivity Database; output-oriented
analysis

Units λ̂FDH(x, y) λ̂FDHbc(x, y) λ̂MLE(x, y) ŷ∂
FDH(x, y) ŷ∂

FDHbc(x, y) nx

1 2.4989 2.9245 1.0000 22,264.1000 26,055.1026 354
2 1.5032 1.5543 1.0000 9,371.9000 9,690.7103 325
3 1.3991 1.4793 1.0000 14,448.3000 15,275.8371 356
4 1.0000 1.1844 1.0000 180.6000 213.9078 7
5 1.5536 1.6261 1.0000 5,782.2000 6,051.7551 239
6 1.9640 2.3422 1.0000 5,782.2000 6,895.5483 161
7 2.3539 2.8598 1.0000 5,782.2000 7,024.9266 158
8 3.5058 4.1092 1.0000 22,264.1000 26,096.5012 335
9 1.3107 1.4892 1.0000 5,782.2000 6,569.3721 163

10 3.7831 4.6164 1.0000 22,264.1000 27,168.4148 299
11 1.6389 1.7971 1.0000 2,050.8000 2,248.7123 102
12 1.4447 1.6352 1.0000 5,782.2000 6,544.8633 158
13 1.5379 1.5797 1.0000 6,023.4000 6,187.2038 263
14 1.1606 1.2020 1.0000 5,782.2000 5,988.5289 223
15 2.8912 3.5304 1.0000 5,782.2000 7,060.4003 131
16 1.0000 1.1681 1.0000 8,922.1000 10,422.0996 185
17 3.3536 4.2143 1.0000 1,600.0000 2,010.6509 29
18 2.4521 3.0092 1.0000 5,782.2000 7,096.0584 117
19 1.0000 1.1389 1.0000 4,075.8000 4,641.9399 132
20 1.7633 2.0870 1.0000 5,782.2000 6,843.6197 138
21 1.1697 1.2121 1.0000 5,782.2000 5,992.0214 249
22 1.7809 2.0294 1.0000 22,264.1000 25,371.0168 345
23 1.0000 1.0306 1.0000 6,376.3000 6,571.2315 238
24 1.2095 1.3022 1.0000 1,600.0000 1,722.6816 69
25 2.8129 3.2561 1.0000 1,600.0000 1,852.0417 45
26 2.9619 3.4298 1.0000 1,600.0000 1,852.8013 51
27 2.3320 2.5754 1.0000 2,050.8000 2,264.7960 79
28 1.0236 1.0403 1.0000 6,023.4000 6,121.2861 241
29 1.3245 1.4422 1.0000 2,050.8000 2,233.1635 89
30 1.6322 1.9374 1.0000 1,600.0000 1,899.2104 27

Mean 1.6292 1.8374 1.0000 5,493.4936 6,155.6028 137.8

FDH estimator in terms of the bias. Our presentation focuses on input orienta-
tion, but similar results are easy to derive in the output-oriented case (see the
Appendix). In one input, the multioutput case, we provide a formula based on
order statistics for computing the estimator. We also define a conditional boot-
strap that allows derivation of the same formula for the estimator and hence does
not require bootstrap replications for computational purposes. Moreover, using
the ideas proposed by Cazals et al. (2002) and developed by Daraio and Simar
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(2005), a full multivariate extension is also presented. The computation is very
fast in both univariate and multivariate situations. Our bias-corrected estimator
shares the asymptotic properties of the FDH estimator as derived in Park et al.
(2000), and so the correction will be suitable only for finite-sample situations. As
the Monte Carlo experiments show, the correction is more evident and significant
for small samples and also when the inefficiency term has a larger variance. These
experiments show also that the FDHbc has better finite-sample mean squared error
than the FDH. This is not surprising because the inherent bias of the FDH dom-
inates its variance as already pointed out in Park et al. (2000). The comparisons
with MLE presented in the previous section prove that although the nonparamet-
ric approach requires large samples to provide reliable estimators in a multivari-
ate setup, the parametric approach can easily fail under wrong specification of the
model. We know from Simar and Wilson (in press) that the drawbacks of MLE
can even be more severe even if the parametric model is correctly specified.

NOTES

1. In the presentation of the paper, we will follow the input orientation; the presentation for the
output orientation is summarized in the Appendix.

2. For the case of a “production” function (one output and several inputs), see the Appendix.
3. Other similar Monte Carlo experiments, with higher dimension for x , confirmed our comments

but without the possibility of drawing pictures. The results are not displayed to save space.
4. National Bureau of Econometric Research, Cambridge, MA, U.S.A. This database is available

at http://www.nber.org/nberces/nbprod96.htm.
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APPENDIX: The Output-Oriented Approach

We first present the problem of estimating a production function, so that here, the produc-
tion process is defined by the joint distribution of the random vector (X,Y ) on Rp

+ ×R+,
with support �:

F (x, y) = P (X ≤ x, Y ≤ y)

and consider the conditional distribution of Y given X ≤ x ,

F ( y|x) = P (Y ≤ y|X ≤ x) .

The output efficient frontier can be defined as

y∂ (x) = sup{y|F ( y|x) < 1} (A.1)

and represents the upper boundary of the support of F (y|x).
Now consider the observations

{
Y x

1 , . . . ,Y x
nx

}
, where nx is the number of observations

in X with X ≤ x . It can be viewed as a random sample generated by the conditional distri-
bution F(y|x). Let Y x

(1) ≤ ·· · ≤ Y x
(nx ) be the order statistics. The random variable Y x

(nx ) is
the FDH estimator of the efficient level of output and has conditional distribution

P
(

Y x
(nx ) ≤ y | X ≤ x

)
= [F ( y|x)]nx (A.2)

and conditional mean

E
(

Y x
(nx ) | X ≤ x

)
=
∫ y∂ (x)

0
yd([F ( y|x)]nx ) = y∂ (x)−

∫ y∂ (x)

0
[F ( y|x)]nx dy,

because F (y|x) = 1 for any y ≥ y∂ (x). Therefore, we have

y∂ (x) = E
(

Y x
(nx ) | X ≤ x

)
+
∫ y∂ (x)

0
[F (y|x)]nx dy. (A.3)

Replacing the unknown expectation and y∂ (x) by Y x
(nx ) and the distribution function by

its empirical correspondent, we obtain the following bias-corrected estimator of the output
efficient frontier:

ŷ∂
nx

(x) = Y y
(nx ) +

∫ Y x
(nx )

0
[F̂n (y|x)]nx dy.
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Because the empirical conditional distribution function is defined as

F̂n (y|x) =

⎧⎪⎨⎪⎩
0, if y < Y x

(1)
i

nx
, if Y x

(i) ≤ y < Y x
(i+1), for 1 ≤ i ≤ nx −1

1, if y ≥ Y x
(nx ),

we obtain

ŷ∂
nx

(x) = Y x
(nx ) +

nx −1

∑
i=1

(
i

nx

)nx (
Y x
(i+1) −Y x

(i)

)
(A.4)

or, equivalently,

ŷ∂
nx

(x) = 2Y y
(nx ) −

nx −1

∑
i=1

[(
1− i

nx

)nx

−
(

1− i +1

nx

)nx
]

Y x
(nx −i). (A.5)

In the full multivariate case, we focus on the Debreu–Farrell output efficiency score,
which can be characterized as

λ(x, y) = sup{λ|S(λy|x) > 0}, (A.6)

where S(y|x) = P(Y ≥ y|X ≤ x). Here, for each level of input x , the efficient level of
output characterizing the frontier set is given by

y∂ (x) = λ(x, y) y. (A.7)

A nonparametric estimator for the output efficiency score λ(x, y) is

λ̂(x, y) = sup{λ|Ŝn(λy|x) > 0}, (A.8)

where Ŝn( y|x) is the empirical version of S( y|x), defined by

Ŝn( y|x) = ∑n
i=1 1I(Xi ≤ x, Yi ≥ y)

∑n
i=1 1I(Xi ≤ x)

.

As in the input-oriented case, λ̂(x, y) defined in (A.8) coincides with the FDH estimator of
output efficiency score

λ̂FDH(x, y) = max
i |Xi ≤x

{
min

j=1,...,q

Y j
i

y j

}
. (A.9)

Adapting formula (3.2) accordingly, we obtain the bias-corrected estimator for the
output efficiency score of the point (x, y):

λ̂FDHbc(x, y) = λ̂FDH(x, y)+
∫ λ̂FDH(x,y)

0
[1− Ŝn(uy|x)]nx du. (A.10)

Here the bias-corrected estimator shares the asymptotic properties of the FDH estimator
established in Park et al. (2000), namely,

L(n1/(p+q)(λ(x, y)− λ̂FDH(x, y))) → Weibull(νx,y, p +q) as n → ∞, (A.11)

where νx,y is such that

P(X ≤ x, Y ≥ (λ(x, y)−h)y) = νx,y h p+q + O(h p+q+1),

so that, for small h > 0, νx,y is proportional to the probability of observing a firm domi-
nating a point near the frontier above (x, y).
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