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Abstract Linear mod one transformations are those maps of the unit interval given by
fpa(x) = Bx +a (mod 1), withg > 1 and 0< « < 1. The lap-counting function is
Lgo(z) =Y 021 L,z", whereL, essentially counts the number of monotonic pieces of
the nth iterate fz ,. Part | showed that the functiohg ,(z) is meromorphic in the unit
disk |z| < 1 and analytic inz| < 1/8, and part Il showed that the singularitiesiof , (z)

on the circle|z| = 1/p are contained in the s¢{l/p) exp(2mwil/Ngy) : 0 <1 < Ngq},
where Ng, is the period of the ergodic part of a Markov chain associatedtg.

This paper proves that the set of singularities |oh = 1/8 is identical to the set
{(1/B) exp(2rwil/Ngo) : O < I < Ngo}. Part Il showed thatvg, = 1 for g > 2,

and this paper determinégs , in the remaining cases where<1g < 2.

1. Introduction
Linear mod one transformationg , are those maps

fpa@) ={Bx+a}), 0=<x <1,

whereg > 1 and 0< o < 1. (Here{x} = x — |x].) Thelap-counting functionis given
by

o0
Lpa(z) =) La2",
n=0

where L, counts the number of symbol sequences of lengfior the usual symbolic
dynamics of iteratingfs ., i.e. it counts the ‘laps’ in the kneading theory of Milnor
and Thurston 10] and Preston14]. Part | [2] showed thatLg,(z) is analytic in the
open disk|z| < 1/8, and meromorphic in the larger disk| < 1. Part | also observed
that the singularities oLz, (z) in the open diskz| < 1 are identical with those of the
Artin-Mazur—Ruelle zeta functioty . (z).
This paper continues the study of the singularitied gf,(z) on the circle|z| = 1/8

using the auxiliary Markov chairEg, introduced in part Il 8. The main result of
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part Il was that all singularities dfg (z) on|z| = 1/8 are simple poles, and are located
at a subset of(1/8)exp(27il/N) : 0 <l < N — 1}, for someN > 1. Let Nﬁ,a
denote the minimal sucN. The main result of part Il showed thats , always divides
the period Ng, of the ergodic par=g'e* of the Markov chainXs,. In addition, for

B > 2, Theorem 2.3 of part | shows thai; , = 1 and Theorem 5.1 of part Il shows
that Ng, = 1.

Our objective in this paper is to determing;, and Ng, in the remaining range
1 < B < 2. In particular, we show that it is always the case tNat, = Nz, and that
Lg «(z) has a simple pole at every one of the poiftd/8) exp(2ril/Ngy) : 0 < <
Ng.}. Formulae forNg, appear in Theorems 1.1-1.4 below.

The value ofNg, is closely related to the topological transitivity propertiesfgf,,
which we now review. The values @B, o) where fg , is topologically transitive were
determined by Hofbauei], and are given in Proposition 4.1 of part I. It is natural to treat
the cases + 8 > 2 anda + 8 < 2 separately, as they require different considerations.
Fora + 8 > 2 the mapfs,, is topologically transitive exactly whe(B, «) is not in a
setR, called the ‘big bubble’, given by

k::{(ﬂ,a):—<a53—ﬂ—3}, (1.1)

except at the ‘tip'(8, o) = (2, %) of R, in which casefs is topologically transitive.
In particular, fg . is topologically transitive wheneves > 2. In the remaining case
1 <a+ B <2, the mapfs, is topologically transitive if and only if either it is not in
certain regionRy ¢ of the (8, «)-space called ‘bubbles’, which are indexed by positive
integers(N, K) with N > K > 1 and(N, K) = 1, or else is the ‘tip’ of some ‘bubble’
Ry k. (See§3.3 for a definition ofRy x.) The ‘bubble’Ry k is defined to be the region
where f3 , has a certain kind of periodic orbit, a primag¥, K)-cycle in the sense of
Palmer [L1] and Glendinning 4], and these regions coincide with Hofbauer’'s regions
W(k,k, ..., ky, k) (introduced in Hofbauer7]), as is proved in Appendix A.

Our first main result treats the case wherlx + 8 < 2, and gives necessary and
sufficient conditions fovg , = 1, as follows.

THEOREM 1.1. For 1 < o + B < 2, the following are equivalent:

(i) the maximal component of the Markov chain is aperiodic,Ng, = 1;

(i) (B, @) isnotin any ‘bubble’Ry k;

(iii) the lap-counting functiod g . (z) has no singularities on the circle| = 1/8, except
for a simple pole at = 1/8.

We prove this result ir§3. This proof makes heavy use of results of Hofbader [
7], and also requires additional arguments of a combinatorial nature. These include
Theorem 3.1 and lemmas that relate the notion of a ‘bubBlg’x to the criteria of
Hofbauer for non-transitivity.

Let P, count the number of periodic points g%, of period dividingn, i.e. the
number of fixed points offf ,. Hofbauer 8, Theorem 3] proved that if the maximal
component ofX; , is aperiodic, then

P, = p"(1+0(1)) asn— oo.
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Theorem 1.1 above gives sufficient conditions when aperiodicity holds.

Our second main result completely determiiés, in the range 1< o + 8 < 2.
Recall from§4 in part | that to each suctB, «) there is associated a finite sequence of
successive ‘renormalizations’ in ‘bubbleBly, k., ..., Ry, x, (seet4 for definitions).

THEOREM 1.2. Suppose thal < « + 8 < 2, and that fz, has its complete set of
renormalizations in the successive ‘bubbl&s), k,, Ry, k,. - - -, Rn, k.. Then

Ngo = Npo = NiN2--- N;. (1.2)

Furthermore,Lg ,(z) has a simple pole at every one of the poifily 8) exp(2wil /Ng ) :
O0<l< Nﬁ,a}-

We prove this result i§4. The value ofNg , is obtained by combining Theorem 4.3
of part | with Theorem 4.2 of part Il. Theorem 3.3 of part | guaranteesthat(z) has
certain singularities ofy| = 1/8, and Theorem 4.2 of part Il is used to show that there
are no ‘extra’ singularities. The value &f;, is obtained by study of the behavior of
the graph ofZz, under ‘renormalization’.

In §5 and§6 we consider the case2 o« + 8 < 3. (Actually there only remains the
subcase where + 8 > 2 andg < 2, but the arguments cover the wider range.) The
results differ according to whethgg, «) lies inside or outside the ‘big bubble?. In
¢5 we treat the case whel@, «) is outside the ‘big bubble,” and prove the following
theorem.

THEOREM1.3.If 2 < @ + 8 < 3and (8, «) is not in the ‘big bubble’

k={wﬂw35a53—ﬁ—3}
B B
then
Ngoy=Npo =1 (1.3)

Finally, in §6 we consider the remaining case whéfe«) is contained in the ‘big
bubble.” The results involve a ‘rescaling map’ found by Palnidi,[which sendg, «)

to p 1

7 o= . o —
In part | we observed that this ‘rescaling map’ is a homeomorphism from the ‘big bubble
R to the regionT = {(8,&) : 8 > 1 and 1< & + 8 < 2}, and that the lap-counting
functions of fs, and fz; are related by(1 — z)Lg(z) = Ljz(z). We prove the
following theorem.

THEOREM 1.4. Suppose thatg, «) lies in the ‘big bubble'R. If

= Ba—1
(IBaa)_ </3a /3—1)’

thenl <& + B < 2 and
Ngo = Ngo= NB,&' (1.4)
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From Theorems 1.1 and 1.2 we conclude that, for & + g < 2, Ng, = 1 implies
topological transitivity offg , but not vice-versa (becaug® . is topologically transitive
at the ‘tip’ of the bubbleRy x, but Ng, = N > 1). For 2< e+ g < 3, the implications
are in reverse. Indeed, Theorems 1.1 and 1.4 show that there is a substantial region inside
the ‘big bubble’ whereNg , = 1, hence for 2< « + g < 3 the topological transitivity
of fp implies Ng, = 1 but not vice-versa.

Finally, we remark that the quantity := N;, is alternatively characterized by the
fact that{exp(2wil/N) : 1 <[ < N} is the complete point spectrum for the operdigr,
on L?([0, 1)) given byU(g(x)) := g(fs.«(x)). We omit a proof, which can be derived
from the formuIaNﬂ,a = NiN,--- N; of Theorem 1.2 along with arguments given in
Palmer [L1, Theorem 6].

2. Review
We recall basic facts abouyi; , and the Markov chairEg, from part Il, specialized to
the case where X o + 8 < 3. For 1< o + 8 < 2 the graph off has a uniqueurning
point y = (1 —«)/B, while for 2 < o + 8 < 3 it has twoturning pointsy; = (i —«)/8
for i =1, 2. The analysis of the structure &f; , splits into four cases:
() (‘generic’ case) # 0 anda + 8 € Z;
(i) «=0anda+ 8 ¢7Z;
(i) « # 0 anda + B € Z;
(iv) e =0anda+ 8 € Z.
We give detailed proofs only for the ‘generic’ case, because the remaining cases (ii)—(iv)
are covered by earlier work.

The state graphSs . of Xg, hasvertex setDg, consisting of a subset of

D, =1{G.j)eZ?:i,j>0andf (0) < f/(17)}.
We makeDj , into a directed grapl§; , by adding edges using the following rules.
Rule (a).(i, j) = ( +1, j +1), if the open interval £/ (0), f/(17)) contains no turning
point.
Rule (b).(, j) — (i +1,0) and (0, j + 1), if (f(0), f/(17)) contains exactly one
turning point.
Rule (¢).(i, j) — (+1,0), (0, j+1) and(0, 0), if (f'(0), f/(17)) contains two turning
points.

Note that rule (c) only occurs if 2 o« + 8 < 3. The vertex seDg is the set of
all vertices inS; , reachable from0, 0) by a directed path, anfl , is the (directed)
subgraph omDg , induced fromS; ,.

We associate t85, two sequence$r; : [ > 1} and{s; : I > 1} of positive integers,
defined below, and also their partial sums, given by

]

Ri=)r, 1>0 (2.1a)
i=0
]
Si=Y 5. 120, (2.1b)
j=0
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whererg = so = 0. The sequencds;} and{s;} are defined inductively. Ifr; : 0 <i <1}
is defined, then set

rip1 = min{k > 1: (fR*%0), f*-1(17)) contains a turning poift (2.2a)
Similarly,
5101 = min{k > 1: (f*10), £5**(17)) contains a turning poiht (2.2b)

Next, we recall the description &, given in Proposition 3.1 of part Il, specialized
tol<a+pB8 <3

PropPosITION2.1. (HofbauerSuppose thak # 0anda + 8 € Z, withl <o + 8 < 3.

Then:

(i) The set of vertices Az, is {c; 11 = 1} U {d; : j = 1} U {(0, 0)}, with vertex labels
lof] I(i,i—Rl—l) fOI'R/ <1 §Rl+1,le,
d=G+8—-1)) for$ <j=<841.1=0.

(i) The directed edges 6f , consist of(0, 0) — c1, (0, 0) — d1, the two ‘tracks’

¢ —> Cigi, 120,

d;, — d,url, i >0,
plus the ‘cross-edges’

CR, — dr,a alll > 1,

ds, —> ¢g, alll>1

Finally, if 2 < o« + 8 < 3, then Sz, contains the loop0, 0) — (0,0) and the
additional edges

cg, = (0,00 if I S (fR(0), f17HL7Y),
ds, — (0,0) if I1 € (f*710), f¥(17)).

(iii) For everyl > 1, there exist non-negative integePg/), QO (/) such that

rn=1+s1+--- +sppy = 1+ Spw (2.33)
st=14+r1+---+rop =1+ Rgu- (2.3b)

The graphSg in the ‘generic case’ is pictured in Figure 1. It consists of two ‘tracks’
together with ‘stations{cg, : I > 1} and{ds, : | > 1}, where ‘cross-edges’ occur between
the ‘tracks.’

We also recall the structure of the strongly connected componentsSygf
Proposition 3.2 of part Il proved that there is a finite set of strongly connected components
of the graphSg,, and we denote their vertex sets By, D,, ..., Di. All components
are finite except for the sd?;, which is infinite. We callD, the maximal componenbf
Dg o, and sometimes denote ity We let Sg'5* denote the (induced) subgraph $f.,
restricted to the vertex sddy's", and by analogy we cal§g';* the maximal component

o
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¢y C2 C3

Xy

° o}

(0,0
® [ J [ ]
dy do dj

FIGURE 1. GraphSg . in a ‘generic’ case.

of Sg. The maximal componenlr)gjgX either consists of all verticeg; : i > ig} and
{dj 1 j = Jjo} for some valuego > 1, jo > 1, or elseDge* = Dg .. The latter case never
occurs when k « + 8 < 2. A criterion whean“j[X = Dgq for 2 < o + B < 3 appears
as Lemma 5.2 ir35.

Let M; = M|p, be the incidence matrix of the gragh , restricted to the vertex set
D;, whereDy, D», ..., D; are the components dg,. Let p(M;) denote the spectral
radius of the matrixM;, when viewed as an operator acting on column vectoi&°jror
as an operator acting on row vectors/in It has the following interpretation: for any
m € D;, let N,(m) denote the number of paths in the graphMf that start atm and
are of lengthu. Then

p(M;) = lim N,(m)Y/", (2.4)
with the limit in (2.4) being independent of.

ProPosITION2.2. All non-maximal components 6§, have spectral radius 1, i.e.
p(Mj)) =1 forl<i<k-1 (2.5)

Proof. The graphSs, coincides with Hofbauer's grapli,,. For Sy this is stated in
Hofbauer [f] Theorem 1(ii), and in his equation (1.5). He says that it is proved using
the proofs of Lemmas 2 and 3 and Theorem 2 in Hofba6pr [ d

3. Case 1< o + B8 < 2 outside ‘bubbles’

We suppose that & « + 8 < 2, with the object of proving Theorem 1.1. To prove
Theorem 1.1, we observe th@ = (iii) of that theorem was established by Theorem 4.2
of part Il, while (iii) = (ii) follows from Theorem 4.3 of part I. Thus it only remains to
prove that(ii) = (i), which is accomplished in Theorem 3.3 below.

We need only consider the ‘generic’ case ()@ For the remaining ‘non-generic’
cases (ii)—(iv), the first two parts of Theorem 1.1 are trivially checked. The last part of
Theorem 1.1 is proved in the non-generic cases (ii) and (iv) by Flajtard by Ito and
Takahashi 9]. Case (iii) reduces to case (ii) using the relation

Lgo(z) =Lpa(z) Withe* =Ja+p]—a—8,
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as observed in the introduction of part |. Note that g = 2 falls in cases (iii) and (iv),
so in what follows we suppose thatdo + 8 < 2.

A key part in the analysis is played by the conceptefd cycle described below.
Theorem 3.1 gives a criterion fa¥g, = 1 in terms of the head cycle. Theorem 3.2
converts this criterion to a condition given in terms of the symbolic itinerai@sand
i(17). We then relate these symbolic itineraries to the structure of ‘bubbles’ (these are
defined in§3.3), and obtain Theorem 3.3 by combinatorial arguments.

3.1. The head cycle. The head cycleH;, is the subgraph of§z, which consists
of the shortest cycle among all those cyclesSig, that contain vertices, andd,
that minimizesp + ¢. Proposition 3.1 below asserts that these conditions défig
uniquely. The concept of head cycle is due to Hofbaer]] who calls it the ‘period’.
Roughly speaking, the head cyd# ., is the cycle in the grapliz ., which is ‘closest’
to the vertex (0,0), which explains our choice of name.

The structure of the head cycle and various properties of it are detailed in the following
four propositions and two lemmas. The propositions are due to Hofbauer.

ProOPOSITION3.1. Suppose that < o+ 8 < 2. There exists a unique head cycle fr,
and its vertex set has the form

{Cpa Cp+l’ ) Cp+q71} ) {dq» dq+l7 ) dp+q71}v

where (cp—1, ¢p+q—1) and (dy—1, dp+4—1) are each consecutive pairs of stations, except
that if p = 1 thenc,,_1 is the first station on the;-track, and similarly ifg = 1 then
dy+4-1 is the first station on thé;-track. The head cycle has length+ g.

Proof. This is proved in Hofbauer7] pp. 98-99]. O
We say that the head cycle given in Proposition 3.1 i/p&[p, ¢]. It is pictured in
Figure 2.
Cp Cp+q-1
dq dp+g-1

Ficure 2. The head cycle.

The next proposition describes how the head cycle can be determired the

1 The definition of period in Hofbauef?] is actually in terms of these itineraries. Note that Hofbauer uses the
symbols 1 and 2 where our symbols are 0 and 1.
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symbolic itineraries (0) andi(17). Set

i(0) := A3AIA}. ..
i(17) == CiCiCs ...

Since 1< «a + B8 < 2, only the symbols 0 and 1 appeariif®) andi(17).

Given a finite stringP = pops ... p, of zeros and ones, itength |P| =n + 1. We
say that the finite string® is aninitial segmentof P’ if P is the first|P| symbols of
P’, and we writeP C P’ (here P’ can be finite or infinite). For exampldy ... A* and
Cg...Cy are initial segments of(0) andi(17), respectively. IfP = pop; ... p, and
0 =qoq1- - -9, then PQ denotes the concatenated stripgp1 . .. pnqoq1 - - - qn-

PROPOSITION3.2. Suppose that < o + 8 < 2.

(i) There exists an intege¥ > 1 such that there aréV + 1 initial segmentg P;0} of
i(0) with PO C P,0C --- € PyOand N + 1 initial segmentgQ;1} of i (17) with
Qol C --- C Qn1, that satisfy the recursion:

(@ Po=Qo=¥;
(b) for 0 <k < N — 2 precisely one of the following alternatives hold:

Pii1= P00y and Qiy1= Ok

or
Piy1= P and Q1= QilP;

() Py =Py_100y_1andQy = On_11Py_1.
(i) The typdp, ¢] for the head cycle ofz, is given by

p=IPyal+1l q=|0nyal+1

and
[Py =10Nnl=p+q—1

Proof. This is proved in Hofbauer7] p. 99]. O

The connection of the symbolic itinerariég0) and i(1~) and the head cycle in
Sg.o given in Proposition 3.2 can be made more explicit by assigtémgls to the
directed edges ofg ,, as follows. The directed eddge, j) — (i’, j') is defined so that
[f7(0), f7'(17)) is the image undef;s , of [ f(0), f/(17))NI;, where 0< k < |a+f].
We assign to this directed edge the labelFor 1 < o + 8 < 3 edge labels are unique,
while for @ + 8 > 3, uniqueness may fail, ag{(0), f/(17)) may contain several,’s
over which f has full range, in which casé, j) — (0, 0) will carry more than one
label. As we restrict attention to 4 o« + 8 < 2, edge labels are automatically unique.

The following fact brings out the significance of edge labels.

LEMMA 3.1. Suppose there is a directed path $, between verticesgi, j) to (i’, j)
with edges on the path having labels, ..., a,_1, each drawn from the label sets.
Then(ag, a1, . .., a,—1) is an admissible sequence, ik, ,_, # 9. In the case that
(i, j) = (0, 0), then the restriction off; , t0 I, .4, , has the rangd /' (0), f/'(17)).
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Proof. In the special case thdt, j) = (0, 0), the two properties above follow from the

definition of edge labels. For the general cas€iof), let b, ..., b, be the successive
labels of a path from (0,0) t&, j). bo...bua0...a, is an admissible sequence by the
special case, heneg...a, is an admissible sequence. O

The edge labels can be simply described in terms of the itiner&@®s= {A};} and
I(17) = {C}} (see Figure 3). FirstAj and C§ are the respective labels of the edges
(0,0) — ¢1 and (0,0) — di1. The otherA*'s for n > 1 are the successive labels of
the edges on the;-track and theC;’s for n > 1 are the successive labels of the edges
on thed;-track. For any station on the-track, the edge to its immediate right has the
label 0 and the edge from it to thi-track has the label 1. Similarly, for any station on
the d;-track, the edge to its immediate right has the label 1 and the edge from it to the
¢;-track has the label 0.

»

C1 e Cq vee Cp+q-2

Ficure 3. Edge labelling of tracks.

Proposition 3.2 allows the following fact to be readily established. ¥ @ < N
and P, # ¢, thencp, is a station, andP; is the sequence of successive labels on edge
(0, 0) — ¢1 followed by the{c;}-track leading to station,p,|. A similar statement holds
for all Q, # @ on the{d,}-track. Furthermore, thosgp, andd,y,| for 1 <k < N, with
[P, |Q«|l = 1 account for all stations up to and including,—1, dp+q-1.

The structure of the labelled head cycle is pictured in Figure 4.

Using part (c) of Proposition 3.2(i), we see th@t _; is the sequence of labels carried
by the edges, — cp,41 — -+ = cp+9—1, and Py_1 is the sequence of labels carried
by the edgesl, — dy41 — -+ = dpig-1.

Another consequence of Proposition 3.2 is a simple restriction on the paig$ that
can be the type of a head cycle. L@t ¢) denote the greatest common divisorpand

q.

LEMMA 3.2.If [p, ¢] is the type of some head cycle, then the greatest common divisor
(p,q) =1

Proof. We use Proposition 3.2 to prove inductively brihat

(1Pl +110+D =1 1=<k=N-1,
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PN-1
Cq -
dy
m P —u
L;l1 'L o L,ﬂ," -
QN-1 PN-1

FiGURE 4. Labelled head cycle.

the caseék = N — 1 giving the lemma. Fok = 0, we have
(IPol +1,[Qol+D) =11 =1
To complete the induction step, the recursions Bpr; and Q1 give either
|Peral +1=(PI+D+ (0 +D and |Qal+1=10k+1,

or
[Pyt +1=1|P]+1 and [Qiual+1=(0«+D+ (Pl+D.

In either case
Pyl + 1, | Qeal + D = (1P + 1,10kl +1D =1,
completing the induction step. O

The next proposition gives more detailed information relaii(@ andi(17) to the
head cycle.

ProPOSITION3.3. Let the head cycle be of type, q].
(i) The itinerariesi(0) andi(1™) have the form

i(0) = POQO. .., (3.1a)
i(1") = Q1P1.. ., (3.1b)

where|P| = p — 1and|Q| = ¢ — 1 and, furthermore,
POQ = Q1P except in the first coordinate. 3.2
(i) If bothp >2andqg > 2, then

i(0) = POQOL..., (3.3a)
i(1") = 01P10.... (3.3b)

We have underlined the last term (8.3) to emphasize the improvement ovarl).
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Proof. (i) Relations (3.1) follow from Proposition 3.2 on takil= Py_1, Q0 = On_1.
Relation (3.2) can also be derived from Proposition 3.2. More generally, we prove

P.0Q; = Q;1P, except in the first coordinate® k < N — 1. (3.4)

The base cask = 0 hasP,0Q¢ = 0 and Q¢1P; = 1, so (3.4) holds. For the induction
step the recursions faP, and Q, in Proposition 3.2 give either

Pry100141 = P000Qr and Qiy11Pii1 = Qr1P00x, (3.5a)

or
Pi1100k41 = POQ 1P, and Qy11Piy1 = Q1P 1P;. (3.5b)

In either case we conclude from (3.5) that (3.4) holds witteplaced byk + 1, which
completes the induction step.

(ii) Equations (3.3) follow from equation (2.9) in Hofbauéf] by noting that the
underlined_land Onecessarily are in location+ k1 + - - - + k,, + k of that equation]

The aperiodicity criteria we develop depend on whether the head éggleis in the
maximal componensgjgx or not;. We have the following dichotomy.

LEMMA 3.3. Suppose that < o + 8 < 2, and that the head cyclHp , is of type[p, g].

Then exactly one of the following conditions holds.

(i) There exists some edge— d; or dy — ¢; in Sg, Withk > p 4+ g and! < p +gq.
In this caseHp , < sgng.

(i) There exists no edgg — d; or dy — ¢; In Sg Withk > p+g andl < p+g4. In
this case the vertex sét'>* of Sg5* has

DR Cfc;ii=p+qlUldi:j=p+aq) (3.6)
and Hg , and S5 are disjoint.

Proof. This lemma follows using Proposition 3.1 as follows.

(i) Suppose that such an edge exists, and let ipe> ¢;. We claim that! = p.
Suppose not. Then Proposition 3.1 implies thdts# p, then necessarily < p, because
eitherc¢;_; is a station or elsé = 1. However, we can now construct a cycle containing
¢ andd,, namelyce; - cip1 = -+ = Cppg—1 = dg = dgy1 — -+ = dx — ¢, and
this cycle had +¢ < p + ¢, which contradicts the definition of head cycle. Thus p.
Similar reasoning shows that if the edgecis— d; thenl = g.

In either of these cases, the strongly connected compadpeoit Sy, that contains the
head cycle contains two independent connected cycles, e.g. if there is ad,edge,
then the two cycles in question are the head cycle@né> cp11 — cpq—1 = dy —
dpy1 — -+ — di — ¢,. This implies that

p(M) >1
using (2.4), and Proposition 2.2 then implies that= Dg'%. Thus Hg , C SF'&

t The condition thats ,  S§'2* can be shown to be equivalent 2’3 being the unique strongly connected
component ofDg . We omit a proof of this fact, as it is not used in what follows.
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(if) Choosec, € DS with k > p +q. From the hypothesis, it follows that no path
starting atc; can lead to any; or d; for whichi, j < p+4. As Dg"gx is the union of
all paths starting at,, we conclude that (3.6) holds. This implies th&f's* and S5
are disjoint. O

The next proposition gives a criterion of Hofbauer for the head cycle to be in

sgng, which involves symbolic dynamics. Let denote the shift operation on symbol

sequences, i.ex(SoS152, ...) = S15253..., and let< denote the lexicographic ordering
on symbol sequences.

PrROPOSITION3.4. Suppose that the head cycl, is of type[p,q]. ThenHg, is
contained in the maximal componesff if and only if

o (i(0)) < o?T(i(0)),

and
o(i(17) > oP (1)),

Proof. This is Hofbauer T, Lemma 7]. O

3.2. Aperiodicity and the head cycle. We next derive two theorems giving necessary
and sufficient conditions for aperiodicity of the Markov chemgg& The first of these
is stated in terms of the head cycle.

THEOREM 3.1. Suppose that < a+ 8 < 2, and that the head cyclH; ,, is of type[ p, g].
() If Hpo & SP2, thenp + g dividesNy ., henceNg, > 1.
(i) If Hpo C S5 thenNg, = 1.

Proof. (i) Proposition 3.1 states thaj,,_; andd,,,_, are both stations, hence there are
integersiop, jo > 1 such that

Rio = Sjo =p +6] — 1 (37)

Our immediate objective is to show that the hypothegjs, £ Sg'¥* implies that all
stations beyon;, and S;, have indices congruent tel (mod p + g), i.e.

Ri=-1(modp+gq) fori > i, (3.83)

and
Si=-1(modp+gq) forj=> jo (3.8b)

To show this, we consider the set of stations
J={R; i =i} U{S;:j > jo}

and we prove (3.8) by induction on the sizerof 7. The base case=p+¢q —1is
established by (3.7). Let> p + ¢ and assume that (3.8) is proved for alk 7 with
u < t. We assume that= R; for somei > io, the argument being similar if= S; for
somej > jo. By Proposition 2.1(iii)

Ri=Ri_1+Spip+1 (3.9
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for some P(i), so by Proposition 2.1(ii)cr, — ds,,., iS an edge ofSg,. Now
Hg, Z s;ggx and Lemma 3.2 tell us theﬂgfgx contains no edges, — d; or dy — ¢
with k > p 4+ ¢ andl < p + ¢. This implies that necessarilf (i) > jo. The induction
hypothesis (3.8) therefore givess;, = R;_1 = —1 (mod p + g), so (3.9) gives

Ri=Ri_1=-1 (modp+q),

thus proving (3.8) for. This completes the induction step.

The periodNg , of 7% is by definition the greatest common divisor of all cycles
contained inSgY, so it suffices to show that any cycle in Sg'5* has length|T'|
divisible by p + ¢. Now Lemma 3.2 shows that the vertices Ibfare contained in
{ci 1i>p+qlUl{d;: j > p+q}). NextsplitI into segments joining consecutive
stations. We prove that each such segment has length divisibje by. If the two
consecutive stations are on the same track, this follows directly from (3.8). If the segment
is a pathcy — d; — dj11 — --- — dj4, then (3.8) implies that both= 0 (mod p + ¢)
and/+r = —1 (modp +gq), sinced, — 1 is a station in7, sop +q dividesd,, —d; + 1,
which is the length of this path. The cage — ¢, — ¢41 — -+ — ¢4, is handled
similarly. Thus(p + ¢) divides the length of every segment, hence it divides the length
of ', and (i) is proved.

(ii) It suffices to produce two cycleEy, I'; in S/Tgx such that(|I"y, [T2)) = 1. We
chooserl'; to be the head cycle, so thdt;| = p +g¢.

We are given thatg, < Sg]zx. The proof of Lemma 3.3(i) shows that there exists
some edgey — d, or dy — ¢, with k > p + ¢. We consider that edge for whichis
minimal.

Suppose first that it is, — d,. Now ¢, is a station so

k=R, for somei > iy,
whereR;, = p + ¢ — 1. By Proposition 2.1(jii) we have
g =R —Ri1. (3.10)
Now consider the set
J ={cr p+q—1<R <kjU{ds:p+q—1=<S8 <k}
We now have for allr;, S; € J’ that
R =-1 (modp + q), (3.114a)

and
S=-1 (modp+q). (3.11b)

This is proved by exactly the same argument used to prove (3.8), using the hypothesis
thatk > p 4+ ¢ was the minimal vertex having an edge going to the head cycle. In
particular, we conclude that

Ri_1=-1 (mOdp +q). (312)
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Now take forT"; the cyclec, — cpp1 — -+ = cx > dy = dgy1 — -+ = dpyg-1 —>
¢p. Using (3.10) and (3.12) we have

k=Ri=qg—1 (modp+q). (3.13)
Thus
Tol=(k—p+D+p=g (modp+q).

In consequence
(T2, P2 =(p+4.9) = (p.q) =1,
using Lemma 3.2. Thus (ii) holds in this case.
The remaining casé, — c, is handled by a similar argument. (]

By combining Theorem 3.1 with Proposition 3.4 we obtain a criterion for aperiodicity
in terms of the symbolic dynamics ¢€0) andi(17).

THEOREM 3.2. Suppose that < o+ 8 < 2 and that the head cyclHy , is of type[p, g].
Then the periodVg , of the Markov chain=g'eX is greater than 1 if and only if

o (i(0)) < a7 (0)), (3.14)

and
o(i(17)) > o716 (1)). (3.15)
Proof. Immediate. O

3.3. ‘Bubbles’. We now relate the notion ofbubblé Ry x in Palmer L1 and
Glendinning f] to the periodNg, of the Markov chainflg]z". Given a pair of integers
(N,K)with 1 < K < N and(N, K) =1, aprimary (N, K)-cyclefor fz, is a set of
points{zi, z2, ..., zn} € (0, 1) such that:

(@) if y =(1—a)/p is the (unique) turning point ofg ,, then

O<zm<zp<--<znk <y <in-gks1<--<zy <1
(b) forl<i <N,
Sfp.a(zi) = zivks
where subscripts are interpreted (my;
(c) the valuesfs,(0) and fg (1) satisfy
Ik = fﬂ,a(o) < fﬁ,a(l) =< ZK+1-

The ‘bubblé Ry x consists of all pairgg, «) with 1 < o + g < 2 such thatfz , has a
primary (N, K)-cycle.
The object of the rest of3 is to prove the following result.

THEOREM 3.3. For 1 < o 4+ 8 < 2, the following two conditions are equivalent:
(S1) The periodNpg , of Xg'5¢ is greater than 1.

o
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(S2) (B, @) lies in some ‘bubbleRy k. In this case the typfp, ¢] of the head cycléi; ,
is related to(N, K) by

N=p+qg and pK=-1 (modN). (3.16)

This result implies(ii) = (i) of Theorem 1.1, which completes the proof of
Theorem 1.1, as explained at the beginning&f

The main work in the proof of Theorem 3.3 is contained in three preliminary lemmas.
They use the symbolic dynamics criterion of Theorem 3.2Ngr, > 1 to construct a
symbolic primary(N, K)-cycle with (N, K) given by (3.16). Lefo+ denote the closure
of the one-sided subshif, of {0, 1} consisting of all itinerariesi[x) : 0 < x < 1}. A
symbolic primary(N, K)-cycle consists o3, ..., Zy € E}r which obey analogues of
conditions (a)—(c) of a primargN, K)-cycle, with< denoting the lexicographic ordering
on symbol sequences, and the symbolg/,A being replaced by (0),i(y),i(17),
respectively.

To begin, for any integem, definer(m) by r(m) = m mod p + ¢ with 1 < r(m) <
p+q.

LEMMA 3.4. Suppose that the head cydt; , has type[p, g]. Write i(0) = POQ...
where|P| = p — 1and|Q| = g — 1. Then the number of 0's iIROQ equals! where

1<l<p+g—-—1 and pi=1 (modp+q). (3.17)
These 0's are located exactly in the positions
r(l—jp), 0<j=<l-1 (3.18)
in POQ, henceP0Q is uniquely determined b, g].

Proof. Suppose first thap = 1, so thatP = . Now (3.2) of Proposition 3.3 states
that 00 = Q1 except in the first coordinate, which witld| = ¢ — 1 givesQ = 1971,
(Forg > 1, 1971 is defined to be the string af — 1 consecutive 1's; foy = 1, 1971
is defined to be.) Thus POQ = 01971, so we havd = 1. Now (4.17) and (4.18) are
easily checked, so the lemma holds in this case.

The case thay = 1 is handled by a similar argument which we omit.

Suppose now thap > 2, ¢ > 2, so thatP # ¢ and Q # @. Sincei(0) begins with
a 0 andi(17) begins with a 1, these are the leading termgiand Q, respectively, so
we may write

P=0P, Q=10,

where|P| = p — 2 and|Q| = ¢ — 2. Now the criterion (6.2) asserts that
P010 = Q10P. (3.19)

We reformulate this as
P01001 = Q10P01, (3.20)

and note that these are zero-one strings of lepgthg.
We view (3.20) as expressing the statement #@1001 is a fixed point of a certain
permutationd of zero-one stringéS(1), ..., S(p+¢q)) of lengthp+¢q. The permutation
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@ first exchangesS(p +¢ — 1) and S(p + ¢) and then cyclically permutes this vectpr
coordinates to the left. The right-hand side of (3.20) just expresses the actibroof
the left-hand side of (3.20). Setting(1), ..., S(p + ¢)) = P01Q01, (3.20) says that

1-Sm) ifm=0,-1 (modp+q),

S(r(m —p)) = { S(m) otherwise.

Taking 1 < I < p + g with I[p = 1 (mod p + ¢), these relations imply that
Sr(—(j+1)p)) = S (—jp)) unlessj = 0orl, whenS(r(—(j+1)p)) = 1-Sr(—jp)).
SinceS((0)) = S(p +g) =1 andS(r(-Ilp)) = S(p + ¢ — 1) = 0, we conclude that

Sr(=jp) =0 1<j<I,
{S(r(—jp)) =1 I+1<j<p+gq. (3.21)

Now (3.21) shows that there are exadthalues of 0 inP01Q01 which occur in positions
{r(—jp),1< j <I}. SincePOQ = 0P01Q, we conclude that there are exactlgeros
in POQ. The zeros inP0Q are obtained from those ¢f01001 by removing the zero in
position p + ¢ — 1 and inserting it in front ofP. Thus the zeros oP0Q are in positions
1+r(—jp)=r(d—jp)for0<j<i-1 O

LEMMA 3.5. Suppose that the head cyd#;, is of type[p, ¢g] and is not contained in
Sge Then necessarily
i(0) = POQOL1... (3.22a)
i(17) = Q01P10..., (3.22b)

where|P| = p—1and|Q| =q — L.

When p > 2 andg > 2 the conclusion of this lemma already follows from
Proposition 3.3(ii). The point of this lemma is that the conditions (3.22) still hold
in certain cases whep =1 org = 1.

Proof. We need only treat the casps= 1 andqg = 1.
Suppose thap = 1. Then Proposition 3.3 implies th& = ¢, Q = 1971, as indicated
in the proof of Lemma 3.3, and (3.1) becomes

i(0) =0197%0..., (3.23a)
i(17) =19+ . (3.23b)
In this case the vertices in the head cyélg, are given by{ci, c, ..., ¢} U{d,}. The
symbolic itineraries (3.23) imply thak, do, .. ., d, are stations and; — ¢y, ...,d; —

c1 are edges and, furthermore, tlaatis the first station on théc; }-track, and that there is
anedge, — d,. Ifi(17) = 19t2 thend, 11 would also be a station witl, ;1 — c1.
According to Lemma 3.2 this implies thds, < Sg'5% contradicting our hypothesis.
Thus
i(17) =110,
verifying (3.22b).
Similarly, if ¢ = 1, then the above argument withandgq interchanged gives

i(0)=0"1. .,
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verifying (3.22a). Hence (3.22) holds for=¢ = 1. If p = 1 andg > 2, then (3.23a)
gives
i(0)=01... and o%@i(0) =0.... (3.24)

Sincei(0) < ¢4(i(0)), we conclude from (3.24) that
a?(i(0)) = 01. ..
and combining this with (3.23a) gives
i(0) =0197%01.. .,

S0 (3.22a) is verified. This completes the case 1.
Finally, the casey = 1 is treated analogously to = 1. O

The next lemma assumes the criterion of Proposition 3.4 and establishes the existence
of a symbolic primary(N, K)-cycle. To explain this, letPOQ1 denote the periodic
symbol sequence

POQ1 := POQ1 POQ1 POQ1...,

where|P| = p — 1 and|Q| = g — 1. Next, for all integers, set
Q; =o' Y(POQT)

and defineZ; by
Zi = Q1_-1p-

ThenQitptq = 2 andZ;, ., = Z; for all i. The set{Z; : 1 <i < p+gq} is called
the symbolic (p + ¢g)-cycle associated tgP, Q). In the following lemma< denotes
lexicographic ordering on symbol sequences.

LEMMA 3.6. Suppose that the head cyd#, is of type[p, ¢g] and is not contained in
sgng. Theni(0) = POQ...with|P|=p—1,|Q0|=g—1,andlet{Z; : 1 <i < p+gq}
be the symboli€p + ¢g)-cycle associated toP, Q). Define(N, K) with1l < K < N by

N=p+qg and pK=-1 (modN).

Then eachz; e Z}L and theZ;’s satisfy:
(a) the Z;’s are ordered, and ify = (1 — «)/8, then,

i <Zi<- - <Zygx<i(y)<Zy-gs1<---<Zy<i(1);

(b) forl<i <N,
0(Z;) =Ziyk;
(c) there holds
Zg <0(i(0) <0o(i(17)) < Zk11.

The properties (a)—(c) above, together with &ll E}’, define asymbolic primary

(N, K)-cycle. Lemma 3.6 states that a symbdlic+ ¢)-cycle can also be identified as
a symbolic primary(N, K)-cycle, with (p, ¢) and (N, K) related by (3.16).
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Proof. We prove the lemma in six steps. To simplify some notation, we set
a:=i), b:=i(1"), and y:=i(y).

Step 1.Z; < Z, < -+ < Zy. To show this, we hav&; = POQ1l. Lemma 3.4 shows
that the zeros irf2; among the firspp +¢ symbols are located at position€l — jp) for

0 < j <1 - 1. Hence the zeros a2, among the firsip + ¢ symbols are at positions
r(2—k—jp),0<j <1-1, all k. Replacingk by k + p, we conclude that the zeros
of Q4+, among the firstp 4+ g symbols are in positions(2 —k — jp), 1 < j < L
ComparingQ; and Q4,, we see that the firsp + g symbols are identical except for
those in positiong(1 — k) = r(2 — k —Ip) andr(2 — k). At these respective positions
Q; has symbols 1 and 0, whil@,;, has 0 and 1. Now

r(l—k)<r(2—k) ifk#£1 (modp+gq), (3.25

while if £ =1, thenr(1—k) = p+ g > r(2—k) = 1. Consequently,
Qpyp < fork#1 (modp+q), (3.26a)
Qiyp > fork=1 (modp+ q). (3.26b)

This yields
Q]_ < Qj__p << Ql—(p+q—l)p = Ql+p,

which is justZ; < Z, < .-+ < Zy, whereN = p +g.
Step 2.i(0) < Z; and Zy < i(17). To show this, using Proposition 3.3 we obtain
i(0) = POQO... < POQ1...= Q1 = Z;.
Similarly, we obtain
i17)=Q1P1...> Q1PO... = Qi,, = Zy.

Step 3.Zy_x <P < Zy_g+1- TO show this, frompK = —1 (mod N) we get

Zn-k = Qi-v-k-1p = 2p = 001P,

Zn—k+1 = Q1-(v_k)p = Q0 = 1P0Q.
Since f(y) = 0, we havey = 1la = 1P0QO0.. ., hence

Zy_-x=0...<1...=7,

and
Zy_x+1=1P0Q1... > 1P0Q0...= 7.

Step4.0(Z;)=Z;,x forl<i < N.SincepK = —1 (modp + q), this follows from
0(Z) = Q_-1p+1 = Qi—(i+k-1p = Zi+k-

Step 5.Z¢ < 0(i(0)) ando (i(17)) < Zg41. By assumptionHg, € Sg... Hence by
Lemma 3.5,

a = i(0) = POQOLsP*+1+1(q), (3.27a)
b:=i(1") = Q1P1007++1(p), (3.27b)
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and by Proposition 3.4,
o(a) < oPtitl(a), (3.28a)
o (b) > oPtiti(p). (3.28b)

Suppose first thap > 2 andg > 2. We may thus writeP = 0P = 10, and, using
(3.23), (3.27a) and (3.28a), we get

o(a) = PO0100l 7 (q) = Q10P0lo " 1+ (a)
>  (Q10P01o (a).
Iterating this inequalityad infinitum we obtain
o(a) > QTI;Ol: Qpi2 = Q1_(k-1)p = Zk+1.
Similarly, from (3.2), (3.27b) and (3.28b), we get
o(b) = Q10P10c7* 1+ (h) = PO1Q10s7T1 (D)
< P010100 (b).
Repeating this inequalitad infinitum we obtain
o(b) < POLO10= Qp = Qikp = Zg+1.

There remain the casgs= 1 andg = 1. We describe only the cage= 1, the case
g = 1 being handled analogously. Fpr= 1 we haveP = ¢ and Q = 171, From
(3.27a) and (3.28a) we get
o(a) = 1971015711 (q)
1971010 (a).

v

Repeating this inequalitgd infinitum gives
o(a) > 19701=Q,,» = Z.

Similarly, from (3.27b) and (3.28b) we obtain

o(b) = 1900P+1+1(p)

< 1900 (b).

Repeating this inequalitad infinitum we obtain

o(b) <190 =Qp = Zg.1.
This completes the cage= 1.

Step 6. Eacl¥; € E}T. To show this, we use the criterion of Hofbaué&r Theorem 2]:
Z € ¥} if and only if

i(0)<o'(Z)<i(1™) foralli=>D0.
Since the{Z;} have periodV, we need only show that
i0)<Z <i(1™) forl<i <N,

which follows from Steps 1 and 2. O
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Proof of Theorem 3.3(S1) = (S2). Suppose thatVg, > 1. Theorem 3.2 and

Lemma 3.6 together imply thaf , has a symbolic primargN, K)-cycle, whergN, K)

have the relations (3.16) tgp[g]. We now show thatfs , has a primaryN, K)-cycle.
We claim that there exidtz; : 1 < k < N} in [0, 1) whose symbolic itineraries are

i(zt) =Zr, 1<i<N, (3.29)

i.e. that eachZ; € ;. To prove (3.29), we use the following sharper form of the
nested intervals theorem. K, = [a,, b,) is a sequence of nested half-open intervals
I, 21,2132 ---, such that the,’s are not identical from some point onwards, then
ﬂ;"’:o I, # . We observe thak; = Q; = P0Q1 is a sequence of edge labels of a path
v(Z;) in Sg, beginning at vertex, and wrapping infinitely around the head cycle, see
Figure 4, noting thatPy_1 = P and Qy_1 = Q. SetZ; = apaias ..., and note that
by Lemma 3.1 the sequencesu; ...a,, n > 0 are admissible, i.el, := I, 4 7 9.
The sequencé; D I, D --- is a nested sequence of half-open intervals. The pa#)
passes infinitely often throug,,—1, thusa, = 0 for infinitely manyn. Furthermore,
for thesen, bothagas . ..a,_10 andagas . ..a,_11 are admissible by Lemma 3.1. Now

I

ag...ap_1 — Iao...an,lo ) Iaoal...a,,,llv

hence the right endpoint af,, ., _, does not equal the right endpoint &f, ,,. The
nested intervals theorem quoted above applies to yield a poiat(,—, 7,. We have
i(z1) =aopay...a,...asz € I,, hence

i(Zl) = POQl = Z]_.

This proves (3.29) foZ,. A similar argument works foZ;, 1 < i < n. Alternatively,
it suffices to define
zii=f"Yz1), 2<j<p+qg=N,
with j = 1— (i —1)p (mod p+¢), and then use (i (f/~1(z))) = o/ (i(z)) to conclude
(3.29).
Next we claim that{z; : 1 <i < N} is a primary(N, K)-cycle. We use the fact that
the itinerary map (1) is order-preserving:

X1 < x2 & i(x1) <i(x2), (3.30)
together with Lemma 3.6. The properties
O<z1<zp<- - <zZygk <y <in-g1<---<zy<1l (3.31)

and
f8.a(zi) =ziyx, 1=<i <N,

immediately follow from Lemma 3.6(a) and (b). We consider Lemma 3.6(c), which
states
Zg <0(i(0) <o(i(17)) < Zg+1-

We now claim that
Zg <0(i(0) <o) < Zgq1. (3.32)
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This is certainly true ifo (i(17)) = o(i(1)). The remaining possibility is(i(17)) <
o (i(1)), which only occurs if somef” (1) = 0. Choosing the minimal such/, the
itineraries are

i(1) = B3B; ... Bu_21(3(0)), (3.33a)
i(17) = B3B3 ... B;,;_,06(17)), (3.33b)
according to Lemma 2.3 of Part I. S&tx,1 = bibobs.... It remains to show that

0(i(1)) < zg41. From (3.33b) and (i(17)) < zx1, We obtain

bi...by_1> Bi...Bj;_,0. (3.34)
We now treat three cases.
Case 1.by...by_1 > B} ... B}, _,1. We conclude from (3.33a) that(i (1)) < zx41.

Case 2.by...by_1 = Bf ... B}, _,1. We know thato (Z;) = Z;, ¢ and thati(z;) = Z;,
hences™~1(Zg 1) = i(zx+1+km—1)) > i(0). Combining this with (3.33a) gives

o(i(1)) = B}...B}, ,1i(0) < By ... B} L0 N Zg1) = Zg 1.

Case 3.by...by-1 < B ...Bj,_,1. This inequality, together with (3.34), implies that
by...by_1 = Bj...B},_,0. Hence

Zxw1= B} ...B}; ,00M%(Zg,1).
Similar to Case 2, this converts to
Zxi1= B ... By _0i(zxm+1)- (3.35)
Comparing this with (3.33b) and usingi(17)) < Zg.; yields
i(zgp+1) = i(17).

However, the only point € [0, 1] with i(z) > i(17) is z = 1. Thuszgy+1 = 1, which
contradicts (3.31). This completes Case 3.
Now (3.32) is proved, and (3.29) and (3.30) then give

Zr < fﬁa(o) < fﬂ,a(l) < ZK+1-

Hence{z; : 1 <i < N} is a primary(N, K)-cycle, i.e.(8,a) € Ry k.

(82) = (S1). We prove the contrapositive. SuppoSg, = 1. Then Theorem 3.2
states that the lap-counting functidry . (z) has no singularities on the circle| = 1/8
except atz = 1/8. Now Corollary 3.3 of part | shows tha, o) cannot lie in any
‘bubble’ RN,K- O

4. Case 1< o + B < 2 inside ‘bubbles’

In this section we prove Theorem 1.2, which determiﬁ9§ andNg, forl < a+pg < 2.
The notion of ‘renormalization’ traces back to Palméd][and Parry 12], and is

made explicit in Glendinning4]. Various equivalent definitions of it are given §4 of
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part I. We take here a definition of ‘renormalization’ implied by Theorem 3.2(i) of part I.
If (8, ) € Ry ¢ then there exists a ‘renormalized’ pag, @), given by

5 = fa O }

N — £2H0) 1)

g=p" and &=1=ﬂN[

with 1 < @+ B < 2. We call(B, @) therenormalizationof (8, ). Theorem 4.2 of part |
states that the lap-counting functions @ «) and (8, &) are related by

L I Y 4.2
ga(z) = ARy 5a@). (4.2)
For any pair(8,«) := (B1,21) € R, k,, there exists a finite sequence of pairs
(Bi,i) € Ry, for 2 < i < s, plus (Bs+1, s+1), such that each;, w;) is a
renormalization of(8;_1,a;-1),2 < i < s + 1, and the final painB,1, o;11) has
1 < o541+ Bs+1 < 2 with the property thats;.1, @s;+1) does not lie in any ‘bubble’. In
this case we say thaf; , has acomplete set of renormalizatioging in the successive
‘bubbles’ Ry, k,, ..., Ry, k,- Theorem 1.1 implies that a set of renormalizations is

complete if and only itNg_, o.., = 1.

LEMMA 4.1.1f (B,a) hasl < o + B < 2, with fz, having a complete set of
renormalizations lying in successive ‘bubbléy, k,, ..., Rn, k,, then

Ngo = NiNa. .. N;. (4.3)

Proof. According to Theorem 4.3 of part |, after setting = 1, we have
1—gM-Noy NoN1...Niy—1 Ni..N
Lpa(z) = <1—Z> ,1:([)(1_Z O T L g g (27, (4.4)

where g = pMNo-Ni - Also, Nz, = 1 since this set of renormalizations is complete.
Thus L; ;(z) has no singularities on the circle| = 1/B except for a simple pole at

z = 1/8, according to Theorem 4.2 of part Il. Now (4.4) says that,(z) has poles

on |z| = 1/8 exactly at the sef(1/8) exp(2ril/N1No...Ns) : 0 <1 < NiN>... N},
because all other factors on the right-hand side of (4.4) are non-vanishing on the open
disk |z] < 1. ThusNg, = N1Na...N. O

We proceed to determin&,. Given (8, @) € Ry ¢ we determine the relation of
the state graphs;, and S ; of the Markov chains¥s, and ¥z ;. Lemmas 4.2 and
4.3 below formulate relations betweep , and S; ; and betweenVg, and Ny 5, from
which Theorem 1.2 is an easy consequence.

Let Dy, andSg , denote the state space and the state graph of the Markov Epgin
Assume(B, ) € Ry k. We construct a new grapby; , from Sz, by ‘contracting by
the factorN’. (This notion is explained below in the comments preceding Lemma 4.2.)
The verticesDy , of Sg, consist of

(0.0} U{c i =1 U(d ) =1,
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where we identifyc; andd; with certain vertices oD , by the correspondence
Cl( = C(i+1)N-1 and dj{ = d(j+1)N_1, for i > 1.

To describe the edges ¢ ,, recall from Theorem 3.3 that the head cyélg, of
Sg.« is Of type [p, ¢q], wherep + g = N. Thuscy_1 anddy_; are the rightmost vertices
of Hg, and are both stations, and all verticgsandd; are to the right ofHg,. The
proof of Theorem 3.1 showed that every stationSef, to the right of Hg , is either a
ci or ade. By Proposition 2.1, inSg, any cg+yv—1 With i > 1 that is a station has
a cross-edge td;y for some; > 1, and similarly anyd(j+1n—1 with j > 1 that is a
station has a cross-edge to some for somei > 1. In what follows, we denote directed
edges in the grapliy , by = and inSs, by —. The directed edges ifi; , are given
by (0, 0) = c1, (0, 0) = d,, the ‘tracks’

=iy 121,
. 4.5a
{d]/':>dj{+l’ ]211 ( )
together with the ‘cross-edges’
c=d, fc —>dy
i j? i JIN
{d; =, ifd = . (4.5b)

We call the vertices; andd; which satisfy (4.5b) thestationsof S; ,. The vertices;
(respectivelyd;) are stations inS , if and only if they are stations i ,; if they are
stations then their destination vertices on the other track depend on whether they are in
Spq OF N Spq.

The above edge rules not involvin@, 0) can be alternatively described as follows.
If x,y € Dy, —{0,0}, thenx = y if and only if there areN distinct vertices
X = X1,X2,...,xy = y With x; - x — --- — xy, such thatxp, ..., xy_y are
not in Dy , but are inDy .. This explains the phrase ‘contracting by the factor

LEMMA 4.2.1f (8, o) € Ry x, let (B, @) be its renormalization. Then the grapﬂg,a is
isomorphic to the state grapby ; of the Markov chainzz ;.

Proof. Let {r;} and {s;} denote the sequences of gaps between statiorn$s pfgiven
by Proposition 2.1, and I€f;}, {5;} be the corresponding sequences $gr;. We now
construct analogous sequen¢&$ and{s;} for the graphS; , as follows. Let{cg, : 1 > 1}
and{ds, : I > 1} be the successive stations on ffag}- and {d;}-tracks of fz,. Since
cy—1 anddy_, are stations, we hav®/ — 1 = R, = S, for somem andn. Hence
{cr., 11 =1} and{ds,, : I > 1} are the stations to the right of the head cyélg,.
Note that these satisfy

The stations ofS; , are{c’R’, 1> 1} and{dy, : [ > 1}, where

Rl+m = (R]/ + 1)N - 19 l > 17 (463)
Stn=(S/+DN -1, 1>1. (4.6b)
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We have 1< R} < R, < ---and 1< §; < §, < ---, and we seR;, = S; = 0. Next we
define the sequencegs, };~o0 and{s; },>o0 by

By Proposition 2.1,

c/Rl, — dyy and dgl, — CoN-
Thus (4.5b) can be rewritten as

dy = c/r/[. 4.7)
! S

{ C;e,’ = d,
The directed edges o , are given by(0,0) = c1, (0,0) = di, (4.5a) and (4.7).
Hence, to prove thas; , is isomorphic toS; ;, denoted byS,;,a ~ S5 5 We must show
that the sequenceis;} and {s;} are identical to the sequencgs} and {5;} associated
to S5 ; by Proposition 2.1. Herér;} and {s5;} are defined by (2.2), aftef, r;, s, are
replaced byfz s, 71, 51, respectively. It therefore suffices to show tigf§ and {s;} also
satisfy (2.2) forf = f3 ;. Sincey := (1—a)/p is the unique critical point of 5, this
amounts to proving the following claim.

CLAIM. For each integel > 0, r;,, is the smallest positive integér> 0 for which

. l1-« Ri+k
y=—= €(f3}
ﬁ N3

0), f551@). (4.8)

A similar statement holds foy_ ,,

with §; replacing R; in (4.8).

We prove (4.8) forr; ,, the proof fors; , being similar. We first derive a relation
(4.10) betweeny; ; and f3 ., valid for (8, «) € Ry k, and use it to transform (4.8) into
an equivalent statement (4.15) formulated in terms of

l-«
f=fsa and y:= 5 (4.9)

and then we prove (4.15).
We recall several facts proved in part |. (See there the proof of Theorem 4.2.) For
(B, @) € Ry g, We have:
i) YN0 <y < YA,
(i) fN|; mapsI :=[fN"10), fN1(1)) to itself;
(iii) the graph of fV|; consists of two linear segments of slope= ", with a turning
point aty;
(iv) if
x — Y10
L) = VR0
is the linear map sendingto [0, 1], then

pofVodpt = fia (4.10)

¢ (x) =
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To use these facts, we iterate (4.10)imes to obtain

¢ o fl = Mo (4.11)
Also, from (4.10) and (4.11),
O =10, o= o) =y (4.12)
Applying ¢~ to both sides of (4.8) and using the formulae above, we obtain
y = 1;“ € (FNEED ROy, MDD (4.13)

The proof of Theorem 4.2 of part | shows thg ~(z) is continuous at = 1. Hence
N1+ VY1) asr 1 1, so that

PRI = lim R @) = SR,
Thus (4.13) is equivalent to
y € (fNEFIHEL ), pYL ). (4.14)
Using (4.6a), we rewrite this as
y € (ffe M), M), (4.15)

We must show that;,, is the smallest positive integér for which (4.15) holds. But
riem+1 1S by definition the smallest positive integgrfor which

y € (fRnt(0), f1(1)). (4.16)
SubtractingR; ., from R;4,,+1 in (4.6a), we obtain
Figmyr = Nrjyq, 1> 1 (4.17)

Combining (4.16) and (4.17) gives the desired conclusiom;fgr proving the claim and
the lemma. 0

LEMMA 4.3. Let (8, a) € Ry x have the ‘renormalization(8, @). Then
Ngoa =N - Ng;. (4.18)

Proof. We have established in Lemma 4.2 t1$3t, ~ S5 ;. Let (S; )™ be the image

of Sg'%* under this isomorphism. Every path (8 ,)™® of lengthk lifts to a unique path

of length Nk in SF'5% as described just before Lemma 4.2. Conversely, every cycle of
Sge has length divisible by, call it Nk, and lifts to a cycle of S ,)™® of lengthk. To
show this, note that every cycle §}'y* decomposes into a set of paths between stations,
and each such path further decomposes into subpaths between vertﬁggf tfat are

in (Sﬁ )M Finally, each subpath has length exacly and corresponds to a single

edge of(S; )™ (see the discussion before Lemma 4.2). HeNgg = N - N; ,, where
Nl;’a is the period of s;,.a)ma& As (S;,a)maxae (S5.5)™®, we conclude thavg , = Ng 5,
which yields (4.18). a
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Proof of Theorem 1.2Repeated application of Lemma 4.3 gives
Npa = NiNy...N;Njg;.

Butng, =1 by Theorem 1.1, since it is not in any ‘bubble’. ThAlg, = N1N3... Ny,
hence Corollary 3.3 of part | guarantees thaj,(z) has poles at every point of
{(1/B) exp(2rwil/Ng o) : 0 <1 < Ngo}. Applying Lemma 4.1 completes the proofO

Remarks.(1) Lemmas 4.2 and 4.3 determine the complete structure of the strongly
connected components 8k, in the general case, as follows. We omit a proof.

THEOREM 4.1. Suppose thal < B; + a1 < 2 and that(B;, «1) has the complete set
of ‘renormalizations’(8;, «;) € R, x, for 1 < i < s. ThenSg, has exactlys + 1
strongly connected componeri®s, Do, ..., Dy, 1 With D, 1 = Dg]zx. Forl<i <sthe
componentD; consists of the vertices in a cycle of ord€{N,. .. N;, and the maximal
componentD,; has periodN;N, ... N;.

(2) Theorem 4.1 of part Il states that fof = Ny, the following limits exist

. Liynk
l'l:kILngow, 0§l<N
It is of some interest to know how many distinct values are assumed by the numbers
This seems a difficult question. Fer= 1, we can use the formula fdrg .(z), derived
in part |, to show that; is unimodal inl. It follows that, in this case, the's assume at

least[Ng /2] distinct values.

5. Case 2< « + 8 < 3 outside ‘big bubble’
In this section we treat the case<2a + 8 < 3, and prove Theorem 1.3. We treat in
detail the ‘generic’ case (i) df2, that ise > 0 anda + 8 ¢ Z, so that 2< o« + 8 < 3.
For the remaining non-generic cas¥g, = 1 is trivially checked. For cases (ii)
and (iv) the remaining statement in Theorem 1.3 concerning singularitiés ofz) is
covered by Flatto]] and Ito and TakahashB]. For case (iii), we again reduce to case
(i) using the fact thatlg o (z) = Lg o+ (z) for o* = [a + ] —a — B.
For o + B > 2 the graphSg, always contains the loof0, 0) — (0, 0). We begin
with the following simple sufficient conditignfor aperiodicity.

LEMMA 5.1. For a + g > 2, the Markov chainzg'e* is aperiodic if (0, 0) is in S§'%%.

Proof. By definition, the periodNs, of 7% is the greatest common divisor of the
lengths of cycles 552, The loop(0, 0) — (0, 0) has length 1, so if0, 0) is contained

o

in Sﬁ’a, thenNﬁ’a =1. O

LEMMA 5.2.If « 4 B > 2, then(0, 0) is in S32% if and only if Sg , contains either some
edgec; — (0, 0) or some edgd; — (0, 0).

1 The set of(8, @) in the regione + B > 2 that do not satisfy this sufficient condition is in fact the ‘big
bubble’ R.
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Proof. If (0,0) € g% then such an edge clearly exists. Conversely, suppose such an
edge exists, and suppose itds— (0,0). Then there is a 1000, 0) — ¢; — ¢2 —

- — ¢ — (0,0) in Sg,. Thus the componenD,; containing (0, 0) also contains
{c1,..., ¢}, and it contains two cycles of length+ 1, namely the one above, and the
cycle which traverses the loof®, 0) — (0, 0) exactlyi + 1 times. Thus the number
of different paths inD; of lengthm (i 4+ 1) which start from(0, O) is at least 2. Now
formula (2.4) gives

p(My) = 240D,

Proposition 2.2 force®; = Dk, s0(0, 0) € S Finally, a similar argument applies if
the edge is; — (0, 0). O

Proof of Theorem 1.3f suffices to establish thaVs , = 1, since Theorem 4.2 of part Il
then implies thatLg ,(z) has no singularities ofz| = 1/ except atz = 1/8. The

hypothesis 2< o + B < 3 means that the graph of := fz, consists of three line
segments, and it has a unique fixed pointwhich is located in the middle interval

I =[1-a)/B, (2—a)/p]. Now
xp=o+Bxs—1 (5.2)

soxr =(1—a)/(B—1). Also, f(17) =a+p—2<a = f(0), and elementary algebra
shows that

f(7) <x; < f(0) & (B, @) € R. (5.2)

Thus (B8, ) ¢ R means that eithef' (0) < xy or x; < f(17). Suppose thaf (0) < xy.
If £(0), £2(0),..., f"(0) are all in the middle intervaly, then the relations

YO =a+ B0 -1, for0<;j<n,

together with (5.1) yield

f7HO0) = xp = B((0) — xp),
which in turn gives

[0 —xp = " Hf(O) — xp). (5-3)
This guarantees that som&(0) ¢ I,. If n > 1 is minimal with this property, then
f(0) < xy and (5.3) gives

n l-« n—1 n—2
f (O)<T§f 0 < f790) < -+ < f(0) < xp.

The rules of constructings, in §2 and Proposition 2.1 now show that= (i, 0) for
1 <i < n and thatc, — (0,0) in Sg,. In the remaining case that, < f(17), we
conclude similarly that/, — (0, 0) for somen > 1.

In either case Lemma 5.2 applies, and Lemma 5.1 then yiglds= 1. O
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6. Case 2< « + 8 < 3inside ‘big bubble’
We suppose throughout thét, «) lies in the ‘big bubble’

~ 1 1
R={B,a):B>1land= <a <3-— _}’
{ B.o): B 5 B 3
and our objective is to prove Theorem 1.4. Recall that Theorem 5.1 of part | showed that
if (B,&) = (B, (@fp—1)/(B—1)),thenl<a+p <2andLg,(z) = (1/(1—2)L;5(),
which implies that
Npo = Ngg- (6.1)

We prove the following theorem.

THEOREM 6.1. For (8, «) € R, the state graphs,, and S & of the Markov chain& ,
and X3 ; are identical, except for the loof®, 0) — (0, 0), which is present irfz , and
absent inS; ;. Consequently,

Nﬁ’a = NB’&. (6.2)

This theorem immediately yields the following.
Proof of Theorem 1.4This follows by combining (6.1), (6.2) with Theorem 1.2. O

To establish Theorem 6.1 we first relate the itinerafjes(0) andis (1) to iz 5(0)
and iz ;(17). For convenience we abbreviate thesei(0), i(17), i(0) andi(17),
respectively. These relations depend on whettferr) lies in the interior of R or
on its boundary, and these two alternatives are treated below in Lemmas 6.2 and 6.3,
respectively.

The mapf; . is pictured in Figure 5(a).

As an intermediate step we considgy, restricted to the domain

== [0 o[ 1) i dou
J=Jgoe =|0,—— JU|=,1):=JpU Jo.
! [ B B
For B < 2, the intervals/y and J, are disjoint, withJp lying to the left of J,. We prove
below that if (8, @) € R, then

foalJ) S .
Figure 5(b) pictures the graph g§q|;.

LEMMA 6.1. Let (8,@) € R. Then/J is invariant underfs,, i.€. fs4(J) € J. The
piecewise linear map

] ﬂl . ifxed,
hix) = gx 1 ) (6.3)
,3 1 s if x € Jz,
is a bijection fromJ, to [0, 1) and also fromJ, to [0, 1). The restricted mapfs.«l;
satisfies
ho fgalj= fgach- (6.4)
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Iy I I I I I L
—_—— —A—n P s b 7—*—«
1 * S 1
S P
A
B-1 ]
/
/ arp2 B a+B-2
é ! . ./ : /
0 1-a Xy 2-a R X ~
1-a 2« 7. B 15
B B ° B B ™
(). fpa ®). fpal;

FIGURE 5. Graphs offs . and fq|;, whereJ = Jo U Ja.

Remark.This lemma should be contrasted with Lemma 5.1 of part | which produced an
invariant set/ C [0, 1] and a bijection:z : J — [0, 1) such thath o fg | = fz5 0 h,
whence fg «|; is conjugate tofz .. Here the map: is two-to-one, whencef; ; is a
factor of f3 .|;. Use of the two-to-one factor map facilitates keeping track of symbolic
dynamics betweerfs , and f; ;. We note that/ C J.

Proof. Let f := fz,. The condition 18 <« <3 — B — (1/B) for (B, ) € R yields
B—1 l1-a 1
a+p—-2<——<xs= <-—<ao 6.5
B 5 FT o155 (6.5)
Also, since(8 — 1)/8 and /8 then lie in the interior off;,

(55 =ars-2 s(3)=e (©6)
Now define the intervals
[1-a p-1 .o 1 2—01)
Il = JL—=), == =—=). 6.7
! [ B B ) ! [ﬂ B 6.7
which satisfy
I, I Ch.

Thenlp and ] are contiguous, and so af¢ andI». Also,
Jo=hhUL, L=IUl (6.8)

and 1 )
Mo = 1) = =5 and At = i1y = %
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wherei denotes Lebesgue measure. These facts are indicated in Figure 5(b). Next, (6.5)
and (6.6) yield

flo) = fU)) =[a,1) C ] (6.9a)
f) = fU)=[0,a+B—-2 C (6.9Db)

These facts implyf (J) < J.

The bijective property of: follows directly from definition (6.3), and relation (6.4)
can then be verified by a direct calculation.

We now describe an alternative ‘cut-and-paste’ construction leading fgonto f3 ;
that makes transparent the appearance of the/rgpand relation (6.4). The mafk | 7
in Figure 5(b) consists of four line segments contained in the four ‘corner’ squares with
side length equal t¢8 —1)/8. The graphs in the two upper ‘corner’ squares are identical,
as are those in the two lower ‘corner’ squares. The four squares are glued together and
then scaled by a factgs/(8 — 1), to obtain the graph of a functiofi : [0, 2) — [0, 2)
depicted in Figure 6(a).

2

o [

1 1

o] *)

[

0 1-a 1 2 0 1

B=1
@. f ®). foa

FIGURE 6. Graphs off andg = f; 5.

Now f(x+1) = f(x), hencef (x) has the factor map derived from it by identifying
x andx + 1, forx € [0, 1), depicted in Figure 6(b). We claim that= f; ;. The graph
of g is obtained by superposing the left upper corner of Figure 6(a) on top of the left
lower corner, so thaf is a linear mod one transformation consisting of two line segments
of g = fz4, Where 1< f + & < 2. It remains to determing anda. Clearly 8 = B,
anda is determined by computing the turning pointin two ways. First, by definition
7 = (1 - @)/B, and tracing it through the factor map givgs= (1 — a)/(8 — 1).
Equating these expressions and usfhg= g, yieldsa = (Ba — 1)/(8 — 1). Finally,
tracing through the variable changes in the construction gives (6.4), wierés given
by (6.3). O

We now use Lemma 6.1 to relate the symbolic dynamicgsof and f5 ;. Note first
that f3.,(J) € J implies that the iterateg ,(0) and f},(17) remain insideJ. Let
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0, 1, 2 denote the symbols used in the symbolic dynamicsffqy, and let 01 denote
the symbols forf; ;. We first treat the case thgs, o) € Int(R).

LEMMA 6.2. If (8, @) € Int(R), then £, has the itineraries

i(0)=01:222015. .., (6.10a)
ilI)y=211021 21 (6.10b)

where{j;} and{k;} are infinite sequences of integers0. The corresponding itineraries
for (B, @) are

i(0) = OVt 11+72 Qltis (6.11a)
i(0) = 14k Qlthe qltks (6.11b)

Remark.The symbols in (0), i(17) consist of an alternating pattern of 0's and 2's with
blocks of 1's interlaced between them. Als@() is obtained fromi(0) by replacing
each block 0 # with 0%/, and each block 271 with 1t/; {(17) is obtained from
i(17) similarly.

Proof. For x € J, leti(x) be the itinerary ofx with respect tof| 7 for the partition
P ={lp, I, I}, I}, where A = {0, 1,, 1,, 2} is the symbol alphabet fdP. Thusi(x) is
a sequence of symbols from. Fora, b € A, leta — b indicate thatf(1,) N I, # @,
and leta - b indicate thatf (1,) N I, = . Now (6.8) and (6.9) yield

0,1 »0 1, and 2 1, » 2, 1,. (6.12)
Now, as long as, f(x),..., f"(x) € I, we have
@) — xp = B (x — xp). (6.13)

If (B, @) € Int(R), thenx; ¢ J, hence from (6.13) we conclude that tiidterates of any
x € J must exit from1! after finitely many iterations, and similarly fd¢. We conclude
from this and (6.12) that

i0=01'2101"..., (6.14a)
iA)y=2101201°.... (6.14b)

Now i (0) andi (1) are obtained froni(0) andi(1™) simply by replacing 1and 1 by
1, hence (6.10) follows.
To continue, let
.. 1-a l1-«
y = — = s
B g-1

and define the partition
Ip:=100,9), L:=[7.1
of [0, 1). From (6.3) we get

h(lo) = h(I]) = Io;  h(I2) = h(I}) = @. (6.15)
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Givenx € J, its imagey := i(x) lies in [0, 1). Leti(y) denote thef; s-itinerary of y
with respect to the partitio® := {Io, I1}. From (6.4) and (6.15) it follows thai(y) is
obtained fromi (x) using the symbol substitutions

0,1 -0 and 2 1, — 1 (6.16)
Since 2(0) = 0 and (1) = 1, we obtain the itineraries (6.11) from (6.14) via this
substitution. 0

There remains the case whéf, ) € 9R. We partition the boundar§R as
IR :=3dR UIR, U{(2, D)},
in which 1
AR, = {(ﬂ,a):ot:;,l<ﬁ<2},
is the left boundary ofk, and
- 1
oR, == {(ﬂ,a):a:S—ﬂ—E, 1<p8 <2},
is the right boundary oR, and (2, 3) is the ‘tip’ of R. In all these cases; € J, with
1 ~
xXp = 5= a for (B,a) € IR U{(2 )},

xfz"g;l:a+ﬁ—2 for (B, &) € 3R, U{(2 D)}

Consequently, one of the itinerarie®) or i(17) has only finitely many symbols O or
2, and this necessitates a separate treatment.

LEMMA 6.3.
(@) If (B, ) € 3Ry, then
i(0)=01° (6.17a)
i(17)=2140 12 1% . (6.17b)

Thek;’s are either an infinite sequence of non-negative integers, or a finite sequence of
odd length in which casgi~) ends in0 1%°. The corresponding itineraries fai, &)

are
i(0) =0® (6.18a)
i(17) = 1MthQlthkeiths (6.18b)
(b) If (B, @) € 3Ry, then
i(0)=011212015% ... (6.19a)
i(17) =2 1%, (6.19b)

The j;'s are either an infinite sequence of non-negative integers, or a finite sequence of
odd length in which cas&0) ends in2 1. The corresponding itineraries faB, @) are

i(0) = QMi1l+iQltss (6.20a)
i(17) = 1. (6.20b)
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(©) If (B,@) = (2, 3), then
i(0)=01%; i(0)=0~,
i(17)=21% i(1)=1%.

Proof. Similar to Lemma 6.2. Note in (a) thatl™) < 2 1*°. A similar remark applies
in (b). O

Proof of Theorem 6.1Let {r; : I > 0} and{s; : I > 0} denote the integers defined by
(2.2), for the mapfs ., and let{r; : I > O} and{s; : I > O} denote the corresponding
integers forf; ;. To show that the state grapis, andS; ; are identical except for the
loop at(0, 0), is suffices to prove that

rp=r and s;=38, 1 >1,

because, by Proposition 2.1, these determine all ‘cross-edgéy,ofrespectivelyS, ;.
Since 2< o + f < 3 while 1 < @ + 8 < 2, we conclude thafg, contains the loop
(0,0) — (0, 0), while Sj ; does not.

Leti(0) = {A}, i(17) = {C}}, i(0) = {A}}, andi(0) = {A}}, i(17) = {C;}. We
use the prescription of Hofbaue?,[p. 93] for computing{r; : [ > 1}. We partition
{A, 1 n > 1} into blocks {A% .4, A% ,»....A%} for I > 1, and the sequence
{r; : 1 > 1} is determined by the properties

{ A i =Cly forl<i<n-—-1,
AR = A} #Cr .

Ri—1+n

(6.21)

We now prove that; = r;, holds for/ > 0 by induction onl/. By definition
ro = ro = 1. Suppose the equality holds uprfo;, and consider;. Since{A;,} < {C;}
lexicographically (see Hofbaueb,[ Theorem 2]) for any > 0, we have

{Al i1 AR} < {CE.CL, ... CE_y). (6.22)

From (6.21) and (6.22) we get
A, < Cr g,

which impliesA% =0 or 1. We proceed by cases.
Case (i).r; > 2and Ay = 1. ThenC;_; = 2. Lemmas 6.2 and 6.3 give

{AR i1 AR} =2 o, .0 2kt (6.23a)
{Cs, -, Cr 4} =2 1. ..0 12, (6.23b)
for somen > 2, with ky,...,k, > 0. From (6.23), combined with Lemmas 6.2 and

6.3, we conclude that (6.21) holds when all symhélandC are replaced byl andC,
respectively. Thug; = r; in this case.

Case (ii). » > 2and A} = 0. ThenC;_; = 1 or 2. Leti be the largest index
satisfying R,_1 < i < R; such thatA} = 2. From (6.21), we obtairC; = 2 and

Cf,y=---=C}_,=1. Since the 0's and 2's form an alternating patterfdtj}, we
also conclude thaf? ;, = 1. Again by Lemmas 6.2 and 6.3, we conclude that

(A% 410 ARt =212 150, (6.24a)

{C§.....Cr_y =212 1", (6.24b)
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for somen > 1 and allk; > 0. From (6.24), Lemmas 6.2 and 6.3, we conclude that
(6.21) holds with all symbolst, C replaced byA, C, respectively. Thusg; = r; in this
case.

Case (iii). r, = 1. If A% =0, then Lemmas 6.2 and 6.3 give;, = 0 andCj = 1,
hencer, = 1. If AR =1, leti be the largest index witlh < R; for which A} # 1.
We claim thatA} = 0. If i = O this is clear. Ifi > 0 andA; is in a block with more
than one element this follows from either (6.23a) or (6.24a); # 0 and{A}} is a
block of one element, theh= R, for somek, and we conclude from&j; < CZ , that

Af = A} =0. ThusA; =0, and Lemmas 6.2 and 6.3 then yielg =0 andCj =1,
hencer; = 1, completing this case.

This completes the induction step that=r; for [ > 0.

We proves; = § for all I > 0 by a similar induction, using Hofbauer’s prescription
for computing{s; : I > 1}.

Finally, to show thatVg, = Nz, it suffices to show thaSmaX and Sg’a" do not
contain the vertex0, 0). This is trivially true forSl[}”"’_‘X, and the condmor(O 0) & Sg&
is satisfied if and only if(8, «) is in the ‘big bubble’, segHofbauer [, p. 111]. 0
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Appendix A. Relations between ‘bubbles’ and Hofbauer regigios, k1, . . ., k.., k).

In studying the support of the maximal measurefgf,, Hofbauer ¥, p. 107] defines
setsW(k, k1, ..., kn, k) consisting of all pairg8, «) such that:

(i) fpo has itineraries

i(0) = 0F- 11011 011001 ..
i(17) = 1021011, .. 011011, ..

with eachk; =k ork—1for2<i <m;
(i) S,g,a has a head cycle of typg[g] with p+q =k + ko +--- + ky, + k — 1 such

that POQO0 = 0F-1102-11. . 011081,
(iii) this head cycle isot contained in the maximal component i}f,a;
(iv) 1 <p <2Vr+a),

The condition (i) above actually determines the type {] of the head cycle

uniquely (if one exists), because (ii) shows that the number of zero®d® is
l=k+ky+---+k, +k—m—2, whence Lemma 4.4 now gives

p=1/tk+k+---+ky+k—m—2) (modp+q). (A.D)
We have the following lemma.

1 Also compare equation (3.8) of Hofbauéf] with Lemma 5.1, after noting that Hofbauer's symbol213
correspond to our symbols 0, 2 respectively.
1 See Hofbauer7, equation (2.9)].
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LEMMA A.1. The regionW (k, k1, ..., kn, k) is either the empty set or else is exactly the
bubbleRy x with its tip removed, wher®/ = p + g and

All ‘bubbles’ Ry k arise in this way, from a uniqu@ (k, k1, . . . , k., k).

Proof. The parametergV, K) for the ‘bubble’Ry ¢ are deduced from Theorem 4.3 from
those of(p, ¢) given above. Eacl (k, ki, ..., k,) is contained in that ‘bubbleRry g
determined from p, ¢] in (ii) above. The union of théV (k, k4, ..., k,, k) exhausts the
union of all Ry x excluding their tip; see Proposition 3.1 of part (i). (The tipR¥ «
hasp = 2N = 2Y/r+4 and is excluded by condition (iv).) Thus all pait¥, K) with
(N,K)=1and 1< K < N occur associated to th& (k, k4, ..., k,). However, each
pair (N, K) occurs exactly once, becaug€é, K) determinesp, ¢, and [p, ¢] determines
the itineraryi (0), by Lemma 3.4, sufficiently to uniquely specify, k1, .. ., k,, k). Thus
that regionW (k, k1, ..., k,, k) must be exacthyRy x minus its tip. O
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