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For commuting contractions 77, ...,T, acting on a Hilbert space ¢ with

T =[], T;, we find a necessary and sufficient condition such that (71,...,Tn)
dilates to a commuting tuple of isometries (V1,...,V,) on the minimal isometric
dilation space of T' with V' =[], V; being the minimal isometric dilation of T.
This isometric dilation provides a commutant lifting of (74,...,Ty) on the minimal
isometric dilation space of T. We construct both Schiffer and Sz. Nagy—Foias-type
isometric dilations for (771, ...,T») on the minimal dilation spaces of T. Also, a
different dilation is constructed when the product T is a C.g contraction, that is,
T*™ — 0 as n — oco. As a consequence of these dilation theorems, we obtain different
functional models for (771,...,7T) in terms of multiplication operators on vectorial
Hardy spaces. One notable fact about our models is that the multipliers are all
analytic functions in one variable. The dilation when T is a C.¢ contraction leads to
a conditional factorization of T. Several examples have been constructed.

Keywords: polydisc; commuting contractions; isometric dilation; minimality of
dilation; functional model
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1. Introduction

We consider only bounded operators acting on complex Hilbert spaces. A contrac-
tion is an operator with norm not greater than 1.

The aim of dilation, roughly speaking, is to realize a given tuple of commuting
operators as a compression of an appropriate commuting tuple of normal operators.
Let (T1,...,T,) be a tuple of commuting contractions acting on a Hilbert space
. One would like to represent (T4,...,T,) as a compression of an n-tuple of
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commuting unitaries or more precisely as a compression of an n-tuple of commuting
isometries, because, every such tuple of commuting isometries extends naturally to
a commuting tuple of unitaries. A commuting tuple of isometries (V4,...,V;,) acting
on a Hilbert space J# is said to be an isometric dilation of (T, ...,T,) if 7 can be
identified as a closed linear subspace of %, i.e., 7 C J# and for any non-negative
integers, k1,...,kn

TE . TE = Py (VL VE) e,

where Py : £ — J is the orthogonal projection. Moreover, such an isometric
dilation is called minimal if

H = Span (Vi ... VEh . he A, k... k., e NU{0}}.

If (Vh,...,V,) dilates (11,...,T,), then each T; is a compression of V;, that is,
T, = PyVi| . It is well-known that a contraction admits an isometric dilation
(Sz. Nagy, [57]) and that a pair of commuting contractions always dilates to a pair
of commuting isometries (Ando, [4]), though a triple of commuting contractions
may or may not dilate to a triple of commuting isometries (Parrott, [48]). In other
words, rational dilation succeeds on the closed unit disk D and on the closed bidisc
D and fails on the closed polydisc D" when n > 3. Since a commuting tuple of
contractions (T4, ...,T,) does not dilate unconditionally whenever n > 3, efforts
have been made to find classes of contractions that dilate under certain conditions
and some remarkable works have been witnessed, e.g., Agler [1], Arveson [8], Ball,
Li, Timotin, and Trent [13], Ball, Trent, and Vinnikov [14], Bhat, Bhattacharyya,
and Dey [19], Binding, Farenick, and Li [22], Brehmer [23], Crabb and Davie [26],
Curto and Vasilescu [27, 28], Dey [31], Grinshpan, Kaliuzhnyi-Verbovetki, Vinnikov,
and Woerdeman [36], Muller and Vasilescu [46], Popescu [53], and many others. See
the references therein and also see §2 for further details.

In this article, we consider the minimal isometric dilation space J# (which is
always unique up to unitary) of the product 7' = H?zl T; of a tuple commuting
contractions (71, ..., T,) acting on 5. We find a necessary and sufficient condition
such that (T1,...,T,) dilates to a commuting isometric tuple (Vi,...,V,) on 2
with the product V' = [];__, V; being the minimal isometric dilation of T' = []"_, T;.
Note that the space £ is unique in the sense that any two minimal isometric
dilation spaces of the product T are unitarily equivalent. This is one of the main
results in this article and is stated below.

THEOREM 1.1 Let Th,..., T, € B(H) be commuting contractions and let T =
[1ie, T

(a) If A is the minimal isometric dilation space of T, then (T1,...,T,) pos-
sesses an isometric dilation (Vi,...,V,) on & with V =11, V; being the
minimal isometric dilation of T if and only if there are unique orthogonal

projections P, ..., P, and unique commuting unitaries Uy, ..., U, in B(Pr)
with [[;—, Ui = Iy, such that the following conditions are satisfied for each
t=1,...,n:

(1) DrT; = PU; Dy + PU; DT,
(2) P-U;PU; = PRUTPAUY,
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(3) U;P,U; P; = U; P;U; P;,

(4) DpU;PU; Dy = D7,

(5) Pi+ Ui PyUy + UpUs PsUUy + ...+ UpU; .. U PoUp_y ... UslUy =
Io,.

(b) Such an isometric dilation is minimal and unique in the sense that if
(Wy,...,W,) on 24 and (Y1,...,Y,) on J& are two isometric dilations
of (Th,...,T,) such that W = [[\_, W; and Y = [[;—, Y; are minimal iso-
metric dilations of T on J¢1 and s, respectwely, then there is a unitary
U: S — Ho such that (W, ..., W,) = (U*Y1U,. U*YU)

This is Theorem 3.5 in this article and will be proved in §3. We show an explicit
construction of a Schéffer-type minimal isometric dilation for (T4,...,T,) on the
space X = & 12(Pr), where Dy = Ran(I — T*T)2 (see Theorem 3.5). We also
show in Theorem 3.9 that such a dilation can be constructed with the conditions
(1)—(4) of Theorem 1.1 only, though we do not have an exact converse part then. A
special emphasis is given to the case when the product T is a C.¢ contraction, i.e.,
T*"™ — 0 strongly as n — oo. We show in Theorem 4.1 that an analogue of Theorem
1.1 can be achieved for the C.y case with a weaker hypothesis. We explicitly con-
struct an isometric dilation in this case too. This leads to a functional model and
a factorization of a C.g contraction. A notable fact about this model is that the
multipliers involved here are linear analytic functions in one variable. In Theorem
6.1, another main result of this article, we construct explicitly a similar isometric
dilation for (Ti,...,T,) on the Sz. Nagy—Foias minimal isometric dilation space
of T. In §5, we provide several examples describing different classes of commuting
contractions that dilate to commuting isometries conditionally. There we show that
our classes of commuting contractions admitting isometric dilations are not prop-
erly contained in any of the previously determined classes in the literature. Also,
none of such classes from the literature is a proper subclass of our classes; however,
there are intersections. Finally, we present a model theory for a class of commuting
contractions in §7.

2. A brief history of dilation on the polydisc

An isometric dilation (V4,...,V,) of (T1,...,T,) naturally extends to a tuple of
commuting unitaries (Uy,...,U,), and consequently, (Uy,...,U,) becomes a uni-
tary dilation of (7T1,...,Ty). Since (Uy,...,U,) is a tuple of commuting unitaries
having its Taylor joint spectrum on the n-torus T", which is the distinguished
boundary of the closed polydisc D", following Arveson’s terminology (see [7]), we
say that D" is a complete spectral set for (11,...,7,). So, it follows that D" is

a spectral set for (T1,...,T},). Thus, the n-tuples of commutmg contractions that
dilate to commuting isometries or unitaries must have D" as a spectral set. In [37],

Halmos constructed a unitary U on a certain larger space for a contraction T acting
on a Hilbert space ¢ such that T = P U| s, which is to say that T is a compres-
sion of a unitary U. Existence of an isometry satisfying such a compression relation
was proved before it by Julia, e.g., see [41-43]. The unitary dilation of Halmos was
missing the compression-vs-dilation frame for positive integral powers of U and T.
Later, Sz. Nagy resolved this issue in [58] with an innovative idea, where he proved
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that there is a Hilbert space J# containing . and a unitary U on J# such that
T™ = PyU"| 4 for any non-negative integer n. This is well-known as Sz. Nagy
unitary dilation of a contraction. A few years after Sz. Nagy’s famous discovery,
Douglas [32] and Schéffer [55] produced distinct and explicit constructions of such
a unitary dilation (of a contraction). The pioneering works of Sz. Nagy, Douglas,
and Schéffer were further generalized by Ando to a pair of commuting contractions.
Indeed, in [4], Ando constructed an isometric dilation (V1, V2) for a pair of commut-
ing contractions (77, T5). Success of dilation for a pair of commuting contractions
led to the natural question, whether an arbitrary n-tuple of commuting contrac-
tions dilates to some n-tuple of commuting isometries or unitaries for n > 3. This
question was answered negatively by Parrott in [48] via a counter example. One
way of realizing the impact of this dilation result is the celebrated von Neumann
inequality.

THEOREM 2.1 [62] Let T be a contraction on some Hilbert space 5. Then, for
every polynomial p € Clz],

Ip(T| < sup |p(2)].
|2|<1

It was observed that the existence of a unitary dilation is sufficient for a commut-
ing tuple of contractions to satisfy von Neumann inequality. Using this principle,
Crabb and Davie in [26] and Varopoulos in [60] produced examples of a triple of
commuting contractions, which do not satisfy von Neumann inequality and hence
do not admit a unitary dilation. These examples spurred a lot of mathematicians
to look into the von Neumann inequality for commuting contractions at least on
the finite dimensional spaces, [25, 33, 34, 40, 44]. In their seminal article [3], Agler
and McCarthy proved a sharper version of von Neumann inequality for a pair of
commuting and strictly contractive matrices. In [29], Das and Sarkar presented
a new proof to the result of Agler and McCarthy with a refinement of the class
of matrices. The impact of Ando’s dilation is eminent even in the 20th century.
In [12], Bagchi, Bhattacharyya, and Misra have presented an elementary proof of
Ando’s theorem in a C*-algebraic setting, within a restricted class of homomor-
phisms modelled after Parrott’s example. In [54], Sau gave new proofs to Ando’s
dilation theorem with Schéffer- and Douglas-type constructions.

In [23], Brehmer introduced the concept of regular unitary dilation and sys-
tematically studied the existence of such dilation. For any o € Z", let a_ =
(—min{o,a1},...,—min{0,a,}) and oy = (max{0,a1},...,max{0,a,}). For a
given commuting n-tuple of contractions (77,...,T;,) and a tuple of positive inte-
gers m = (my,...,my,), the following notation is used in the literature: T™ :=

LT

DEFINITION 2.2. § 9, [17] A commuting n-tuple of unitaries U = (Uy,...,U,) on
a Hilbert space & is said to be a regular unitary dilation of a commuting n-tuple
of contractions T = (Ty,...,Ty,) on J€ C &, if, for any a € Z™,

T*Oc,Ta+ — R%U*a, Uour‘jf.

Brehmer proved in [23] that a tuple of commuting contractions, if admits a
regular unitary (or isometric) dilation, can be completely characterized bysome
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positivity conditions, which is known as Brehmer’s positivity. A tuple T is said to
satisfy Brehmer’s positivity condition if

S (-)FTpTe > 0 (2.1)
FCG

for all G C {1,...n}. It follows from the definition that the existence of a reg-
ular unitary dilation implies the existence of a unitary dilation for a commuting
tuple of contractions. The study of Brehmer was further continued by Halperin in
[38] and [39]. The positivity condition introduced by Brehmer attracted consider-
able attention, e.g., see the novel works due to Agler [1] and Curto and Vasilescu
[27],[28]. Indeed, Curto and Vasilescu generalized the original theorem of Brehmer
together with Agler’s results on hypercontractivity by general model theory for
multi-operators which satisfy certain positivity conditions. An alternative approach
to the results due to Agler, Curto, and Vasilescu was provided by Timotin in [59].
Timotin’s approach had thrown some new light on the geometric and combinatorial
parts of the model theory of Agler, Curto, and Vasilescu. In [22], Binding, Farenick,
and Li proved that for every m-tuple of operators on a Hilbert space, one can simul-
taneously dilate them to normal operators on the same Hilbert space such that the
dilating operators have finite spectrums. On the other hand, there are non-trivial
results on dilation of contractive but not necessarily commuting tuples. In [30],
Davis started studying such tuples, and then, Bunce [24] and Frazho [35] provided
a wider and concrete form to this analysis. An extensive research in the direction
of non-commuting dilation has been carried out by Popescu in [49-53] and also in
collaboration with Arias in [5, 6]. In [19], Bhat, Bhattacharyya, and Dey proved
that for a commuting contractive tuple, the standard commuting dilation is the
maximal commuting dilation sitting inside the standard non-commuting dilation.

In [8], Arveson considered a d—tuple (T7,...,Ty) of mutually commuting
operators acting on a Hilbert space % such that

| Tihy + ...+ Tahal)® < ||ha]]? + ... + ||hal)*

He showed many of the operator-theoretic aspects of function theory of the unit disk
generalize to that of the unit ball By in complex d—space, including von Neumann
inequality and the model theory of contractions. Apart from this, the notable works
due to Athavale [9-11], Druy [33], and Vasilescu [61] were among the early contrib-
utors to the multi-parameter operator theory on the unit ball in C™. In [46], Muller
and Vasilescu analysed some positivity conditions for commuting multi-operators,
which ensured the unitary equivalence of these objects to some standard models
consisting of backwards multi-shifts. They considered spherical dilation of a tuple
of commuting contractions (77,...Ty) on 5. Such a tuple dilates to a tuple of
commuting normal operators (Ny,..., Ng) on & O S satisfying

NNy + - 4+ NjNg=1Ix.

In [46], Muller and Vasilescu gave a necessary and sufficient condition for a com-
muting multi-operator to have spherical dilation in terms of positivity of certain
operator polynomials involving 7' and T*. The dilation results of Sz. Nagy [57] for
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contractions and Agler [2] for m—hypercontractions follow as a special case of the
result due to Muller and Vasilescu. It is evident that, unlike unitary dilation, the
tuple of contractions that admit regular dilations can be completely characterized
by Brehmer’s positivity conditions [23]. So, this means that Curto and Vasilescu in
[28] have found a bigger class of contractive tuples, which admit commuting unitary
dilations. Later Grinshpan, Kaliuzhnyi, Verbovetskyi, Vinnikov, and Woerdeman
[36] extended this result to a bigger class, which was denoted by ,@g’,q. Recently,
Barik, Das, Haria, and Sarkar [15] introduced even a larger class of commuting con-
tractions, denoted by .7, (¢’), which dilate to commuting isometries. Also, Barik
and Das established a von Neumann inequality for a tuple of commuting contrac-
tions belonging to %, .. In the expository essay [45], Levy and Shalit discussed a
finite dimensional approach to dilation theory and have answered to some extent
how much of the dilation theory can work out within the realm of linear algebra.
Also, an interested reader is referred to [47] due to McCarthy and Shalit. In [56],
Stochel and Szafraniec proposed a test for a commutative family of operators to
have a unitary power dilation. For a detailed study of dilation theory, an interested
reader is also referred to the nice survey articles by Bhattacharyya [20] and Shalit
[55].

3. Schiffer-type minimal isometric dilation

Let us recall a few notations and terminologies from the literature. For a contraction
T on a Hilbert space 2, the defect operator of T is the unique positive square
root of I — T*T, and it is denoted by Dy. Also, the closure of the range of Dy is
denoted by Zr, i.e., 21 = Ran Dr. A contraction T € B(.) is called completely
non-unitary or simply c.n.u. if there is no non-zero subspace J# of 7 that reduces
T and on which T acts as a unitary. The classical L? space consists of complex-
valued functions defined on the unit circle T that are square integrable with respect
to the Lebesgue measure on T. A canonical basis for L? is {¢™? : n € Z}, and the
closed subspace of L? generated by the basis {e¢/™® : n =0,1,2,...} is denoted by
H?2. For any Hilbert space E, the space L?(E) is defined similarly as L?, and the
only difference is that the functions in L?(E) are E-valued. It is well-known that
the Hilbert spaces L?(E) and L? ® E are unitarily equivalent. Under this unitary
equivalence, the replica of H2 ® E in L2(E) is denoted by H2(E). A multiplication
operator My on L?(E), where ¢(z) is an essentially bounded function from T to
E, ie. ¢ € L™(E), is defined by Myf(z) = ¢(2)f(z). For any ¢ € L*(E), the
Toeplitz operator T, on H2(E) is defined by Tyf(z) = Po(2)f(z), where P :
L*(E) — H? (E) is the orthogonal projection. For any Hilbert space E, the Hardy
space H?(E) consists of analytic functions from the unit disk D to E with square
summable coefficients in its power series, i.e.,

HQ(E):{f:]D)—>E : f(z):Zanz”, an € Efor all n € NU {0}
=0

o0
<3l <o),
=0
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The Hilbert spaces H2(E) and H2(E) are unitarily equivalent. A multiplication
operator M, on H%(E), where ¢(z) is an analytic multiplier, is defined by M f(z) =
¢(2)f(2).

To explain the results of this section, we begin with the Berger-Coburn—Lebow
model (or, simply the BCL model) for commuting isometries, which will be used
in sequel.

THEOREM 3.1 Berger—-Coburn—Lebow, [18] Let Vi,...,V, be commuting isometries

on J such that V. = H?:l Vi is a pure isometry. Then, there exist projections
Py, ..., P, and unitaries Uy, ..., Uy, in B(Dy~) such that

(‘/1, .. .,Vn,V) = (TPf‘U1+ZP1U17' .. 7j_vanUn_;'_zann7j_vz) on HQ(_@V*)

Later, Bercovici, Douglas, and Foias found a refined operator model for com-
muting c.n.u. isometries in [16]. They introduced the notion of model n-isometries.
A model n-isometry is a tuple of commuting n-isometries (V7,...,V,) such that
each V; is a multiplication operator of the form My, p. .y, p, and [T, Vi =M.,
where P, ..., P, are orthogonal projections and Uy, ..., U, are unitaries acting on
a Hilbert space . The following characterization theorem for model n-isometries
is nothing but a variant of the model due to Bercovici, Douglas, and Foias and a
proof follows from lemma 2.2 in [16] and the discussion below it. This will be used
in sequel.

THEOREM 3.2 Bercovici, Douglas, and Foias, [16] Let Uy, ..., U, be unitaries on
Hilbert space 7 and Py, ..., P, be orthogonal projections on €. For each 1 <
i<, let Vi = My pry.y,p,- Then, (Vi,...,Vy) defines a commuting n-tuple of
isometries with 117 V; = M, if and only if the following conditions are satisfied:

(1) U;U; = U;U; for all1 <i< j<m,

(2) Up. .Uy = Ly,

(3) P;+U;PU; = P; + U PjU; < Ly for all i#j and

(4) Py + U P U, + Ui U PsUsUy + ...+ UtUs ... Ur_ PoUp_y .. . UsUy = L.

The following result is a corollary of Theorem 3.2. In other words, this can be
treated as a variant of Theorem 3.2. We state it here so that we can directly apply
it later.

THEOREM 3.3 Let Uy,...,U, be unitaries on Hilbert space 7 and Py,...,P, be
orthogonal projections on . For each 1 < i < n, let V; = Mpiy«y.pus- Then,
(Vi,...,V,) defines a commuting n-tuple of isometries with I, V; = M, if and
only if the following conditions are satisfied:

(1) U;U; = U;U; foralll1 <i<j<mn,

(2) Uy...Uy,= Ly,

(8) Pj+UPU; = P+ U} P;U; < Ly for all i#j, and

(4) Pi+UFPU, + UtUs PsUsUy + ...+ UfUs ... Ut PoUp—1 ... UsUs = L.
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Now we present a twisted version of lemma 2.2 in [16]. This will be used in the
proof of the main theorem. For the sake of completeness, we give a proof here, and
it goes along with similar arguments as in the proof of lemma 2.2 in [16].

LEMMA 3.4. Consider unitary operators U, Uy, and Uz and orthogonal projections
P, Py, and Py on Hilbert space . If Vi p, Vu,.p, and Vi, p, on H*() are defined
as Vup = Mpry«iopu- Voo, pe = Mprys.puss and Vo, p, = Mprysi.p,u;»
then the following are equivalent:

(1) Vupr = Vu,, 2 Vs, ps s
(ZZ) U=UU; and P = P; +UTP2U1.

Proof. We prove only (i) = (i1), the proof of (ii) = (i) follows trivially. From
(4), we have Vi p = Viy, p, Vi, p,, and thus,

PLU* + 2PU* = (P{U; + 2P U ) (P-Us + 2PUS),
ie., PLU* 4+ 2PU* = P{U; P Us + 2(PyU; PiUs + PLUS PUS) + 22 PU; PUS .

Hence, we have

(1) PrU* = P{U; PLUS;
(2) PU* = PU; P;-U; + P-U; PUs;
(3) AU PUs = 0.
From (2) and (3), by substituting P;* = I — P;, we obtain
PU* = U RU; + AU U;. (3.1)
From (1) and (3), by substituting P;* = I — P;, we obtain
U*—PU*=UU; — Uy RU; — PU;U;. (3.2)
Hence, (3.1) and (3.2) give us U = UsU;. Again, multiplying (3.1) from right by
UsU; and substituting U = UxU;, we obtain P = P; + U{ PU;. The proof is now
complete. 0
We now present a Schéffer-type minimal isometric dilation for a tuple of com-
muting contractions, and this is one of the main results of this article. However,
the proof of this theorem is going to be lengthy, and so, we will split the proof into

several parts. We request the readers to kindly bear with us for once.

THEOREM 3.5 Let Th,..., T, € B(H) be commuting contractions and let T =
[1ie, T
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(a) If A is the minimal isometric dilation space of T, then (Th,...,T,) pos-
sesses an isometric dilation (Vi,...,V,) on & with V =11, V; being the
minimal isometric dilation of T if and only if there are unique orthogonal

projections Py, . .., P, and unique commuting unitaries Uy, ..., Uy in B(Dr)
with [[;—, Ui = Iy, such that the following conditions are satisfied for each
t=1,...,n:

(1) DrT; = PiJ‘UZ-*DT + PiUi*DTT,

(2) PilUi*leU]fk = PfU;‘PfUi*,

(3) U;P,U;P; = U,;P;U;P;,

(4) DpU;P,Uf Dy = D%,

(5) P+ UfP2U1 + UTUQ*P3U2U1 + ...+ UfU; ce U:;,_lann—l .U UL =
1g,.

(b) Such an isometric dilation is minimal and unique in the sense that if
(Wi,...,Wy) on 2 and (Y1,...,Y,) on 2 are two isometric dilations
of (Tt,...,Ty,) such that W = [[;_, W; and Y =[]\, Y; are minimal iso-
metric dilations of T on 1 and Jt3, respectively, then there is a unitary
U: o6 — Js such that (Wh,...,Wy) = (U1 U,..., U*Y,U).

Proof. (a). (The < part). Suppose there are projections P,..., P, and com-
muting unitaries Uy, ..., U, in B(%r) with []"_, U; = I satisfying the operator
identities (1)—(5) for 1 < i < n. We first show that conditions (1)—(4) guarantee
the existence of an isometric dilation of (77,...,T,). In fact, we shall construct a
co-isometric extension of (77, ..., T¥). It is well-known from Sz. Nagy—Foias theory
(see [17]) that any two minimal isometric dilations of a contraction are unitarily
equivalent. Thus, without loss of generality, we consider the Schéffer’s minimal iso-
metric dilation space £ of T, where 4y = # ©1*(Dr) = A ©Dr S PDr D ... and

construct an isometric dilation on J¢ for (11, ...,T,). Define V; on J£ as follows:
T; 0 0 0
PU!Dr PtU? 0 0 e
Vi = 0 rRUr PrUr 0 ..., 1<i<n. (3.3)
0 0 PU; PrU;
It is evident from the block matrix form that V*|,» = T for each i = 1,...,n.

https://doi.org/10.1017/prm.2024.95 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.95

1654
Step 1. First we prove that (V7,...
have that
T,T;
PU; DyTj + PU; U Dr
ViV = P U P;U; Dr
0
and
T,
PUDrT; + PiJ-Ui*PjU;DT
0

S. Pal and P. Sahasrabuddhe

0
PU;PUY
PU;P-U? + BU; PU;
PU;PU;

0
0
PU;PAUY
PU;PU; + PUS U

0
PU; PU;
PU; PUr 4+ PFUSPU
P,U; P;U;

0
0
PAU;PFU;
PU;PUf + PAUF PU;

, Vi) is a commuting tuple. For each i, j, we

Using the commutativity of T;, T; and U;, U; and applying condition (3) of the the-
orem, we obtain by simplifying the condition (2), i.e., P;-U; P-Ur = P-U; P-U;,

that

PZ‘U;U; + Ui*PjU; = PjUjUi* + U;PiUi*.

Now we show that

PU; PUS + PUSPU;

and

= PU; PUS + PAUS PUS

P;U; DrT; + Pj-U; P,U; Dy = P,U; DrT; + P;-U; P;,U; Dr.
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For showing (3.5), we see that

PU; PU; + P-UF PUS = PU; (U — PU;) + (U — PU;)PU;
= P,U;U; — P;U; RU; + U; PU; — P;U; BU;}
= PU;U; — PU; P;U; + U P;U; — PU; P,U*
= PU;P;-Us + P;*U; P,U;.

Note that the second last equality follows from Eq. (3.4) and condition (3) of
Theorem 3.5.
To prove (3.6), we use a few conditions of Theorem 3.5 here. We have

P;U; DrT; + Pj-U; PU; Dr
= P,US(P;-U;Dr + PU; DrT) + P;-U;P,U; Dy [by condition (1)]
= (P,U; P-U; + P;-U; PU;)Dr + P;USPU; DT
= (PU;P;-U; + P-U; P;UY)Dr + P,U; P;U; Dy'T
[by (3.5) and condition(3)]
= PU; (P;-U; Dy + P;U; Dy T) + P;-U; P;U; Dr
= PU;DrT; + P;-U; P;,U; Dr. [by condition (1)]

Hence, it follows that V;V; = V;V; for all 4, j, and consequently, (V1,...,V,) is a
commuting tuple.
Step 2. We now prove that each V; is an isometry and that (V4,...,V},) is an
isometric dilation of (T, ...,T},). Note that

[T+T; + DrU; P;U; Dr 0 0 T
UijJ'PjU;DT [Jj.PjJ'L];< + UijU; UijPjJ-Uj
* pLlp.r* pDLrr* D.TT*
ViVi= 0 Ui Py B5U; U; Py U5 + U B5Uj
0 0 U; Pi-P;U

By condition (4), we have T3 T;+ DrU; P;U; D = I. Also, the identities U PjJ- Ui+
U;P;UF = I and UijPjJ-U; = Uijle U; = 0 follow trivially. Thus, we have that
V;'V; = I, and hence, V; is an isometry for 1 < j < n. It is evident from the block
matrix of V; that V*|» = T and thus (V4,...,V,,) on J is an isometric dilation
of (Tl, ce ,Tn>
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Step 3. It remains to show that [[; , Vi = V, where V on 4 is the Schaffer’s
T 0
c S

minimal isometric dilation of 7. Note that V has the block matrix V =

with respect to the decomposition ¢y = 5 @ 12(Zr), where

Dr 0 0 O
9 I 0 O 9 9
C= 0 = (QT) and S = 01 0 1l (@T) — 1 (@T)

Similarly, for all 1 < i < n, V; has the following matrix form with respect to the
decomposition #y = # & 12(Zr):

VYZ‘ = ?:Z 9 3
C; S;
where

[PUDy
~ 0 )
Ci = 0 I — (-@T) and

[PrUr 0 0
~ PU;r PrU; 0 ) )

Up to a unitary S = M, and S; = Mpiy-ypuys. for 1 < i < n on H?(9r).
Further (3.4) gives P; + U/P;U; = Pj'—i—'Ul;-*Pl-'Uj. The conditions (1)—(4) of
Theorem 3.3 follow from the hypotheses of this theorem. Therefore, we have
T, Mpiy-y.pys = M. and consequently S = [T, Si. As observed by
Bercovici, Douglas, and Foias in [16], the terms involved in condition (5) are all
mutually orthogonal projections. This is because the sum of projections @; and
@2 is again a projection if and only if they are mutually orthogonal. Now, suppose

E:Tl---le %: Up...Ug, &:P1 +E*P2&+...+Uk_1*PkUk_1.
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Then, clearly, each Uy is a unitary, and P is a projection. Let us define

Ty 0 0 0
P, U,*Dr P, U 0 0
Vi, U.p, = 0 P U PBUS 0 . 1<k<n
0 0 PUS PO

We prove that Vi, v, P V11 ,Usi1,Poys = Vs Usia Py forall 1 <k <n—1
Note that for all 1 < k& < n, V&7%7 Py has the following block matrix form with
respect to the decomposition #y = # @ 12(2r):

T, O
Cr Skl

V1, Uy Py =

where

| P U™ Dr
0
Cr = 0 : A — 12(Pr) and
[PtU 0 0
b Uy Pt U 0 5 5

It is clear from the definition that U1 = UpUk41 and Py = Py + Up" Py 1 U
Hence, Lemma 3.4 tells us that Syy1 = SpSk+1. From the construction, it is clear
that Tj+1 = T3 Tk+1. Hence, for proving V1, Uk, P Vi1 U1, Prgs = VMva%’
it suffices to prove CpTy 41 + SpCri1 = Cry1. Here,

Py, Up*DrTii1 + Py Uy Po Uy Dr
&%*PkHUI:-HDT

CiTyt1 + SiCivr = 0

Note that Syy1 = SkpSk+1 gives

Py U PoviUpy1 =0 Pyt Uy PoUpyy + Py U P Up g = P Uiy .
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Using these two equations and condition (1) of this theorem, we obtain the
following;:

Py Uy DrTiy1 + P Ui* Poya Uiy Dr
= P Uy DrTii1 + Piyt Upir"Dr — P U P Uiy Dr
= Py Us"(DrTit1 — Pi1 U1 Dr) + Piyy Upa " Dr
= Py Uy Py Up 1 DrT + Pyyy Ug " Dr
= Biyr Upa"Dr. (3.7)

This proves that CyTyy1 + SkCry1 = Ci1, and hence, Vi v, P V11 U1, Poyy =

Vi1, Unia, Py for all 1 < k < n — 1. Therefore, by induction, we have that
Vr, v, p, = Vi...V,. Note that we have T, = T, U, = U;...U, = I. Also, it

follows from condition (5) that P, = I. Therefore, Vr, v,.p, =V, where V is the
Schéffer’s minimal isometric dilation. Hence, [, Vi = V.

Step-4. We now show that such an isometric dilation (V1,...,V,,) is minimal. Note
that V = [[;_, V; is a minimal isometric dilation of T' = [, T;. Therefore,

H =Span{V*h : he #, ke NU{0}} = Span {V{*...Vih : he #, k€ NU{0}}.

Again
Span {VI . VFh c he A, ki, ...k, e NU{0}} C 7.
Therefore,
H =Span{V}¥...VFh : he #, ke NU{0}}
= Span {VI ... VFh s he A, k... k, € NU{0} Y,
and consequently, (V1,...,V,) is a minimal isometric dilation of (71,...,Ty).

(The = part). Let (Wy,...,W,) on £ be an isometric dilation of (T1,...,T},)
such that W = II, W; is the minimal isometric dilation of 7. Then, 2" = 52 ®
A+, Suppose W/ = [ Wj for 1 <i <n. So,

H =3span{W"h : h € #, n € NU{0}}.

Since V on # = S @ 1?>(Pr) is the minimal Schéiffer’s isometric dilation of T, it
follows that

Jo =span{V"h : he€ s, ne€ NU{0}}.

Therefore, the map 7 : 5 — % defined by 7(V"h) = W™h is a unitary
which is identity on 5. Thus, #¢is a reducing subspace for 7, and consequently,
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T = o for some unitary 7;. Then, W = 7V 71* = T 0 , where
0 m n1C 78T
V= 0 with
¢ S
Dy 0 00
0 I 00
C= = 1*(Pr) and S = 2 (P7) = 1P (97).
0 0 I 0
Let us consider the commuting tuple of isometries (171, ce \A/n) =

(T*WiT,...,7*W,T). Note that [[I_, Vi = 7*Wr = V. Define V/ = H#i‘/}j for
1 < i < n. Evidently, each \7;’ is an isometry and \7;, ?j’ ,V commute for all ¢, .

Also, ‘7; = ‘Z’*V for i = 1,...,n. Suppose the block matrix of ‘7; with respect to

the decomposition J# @ 12(Zp) be Vi = Zf Si . Now by the commutativity of
171- and 17, we have )
T, Allr o] [r o]l [n 4
G, Si||¢ S |C S||Ci S
T+ AC AS| [T TA; 58)
CiT + 8;C S;S CT, +SC; CA; +SS;| '

Since T; and T commute, considering the (1,1) position, we have A;C = 0. We
now show that A; = 0. Suppose 4; = (4;1,As2...) on D7 & Pr @ .... Then, the
fact that A;C = 0 implies A;; =0 on Z7. Again A;S = TA; gives

S N O
~N O O

[0 A2 Au -] ~[0 Tan Tay -],

which further implies that Aj = 0 and A;, = T'A;—1) for all k > 3. Hence, induc-
tively, we have A;; = 0. This proves that A; = 0. A similar argument holds if we
consider the commutativity of V/ and V. Thus, with respect to the decomposition
H = ©12(Pr), Vi and V/ have the following block matrix forms:

~ : /
C; S; ¢ S itg

for some bounded operators C;, C! and S;, S;. It follows from the commutativity
of V;, V! with V that S;, S/ commute with S. Evidently, S = M, on H*(Zr) and
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by being commutants of S, S; = My and S; = My, for some ¢;,¢; € H*(B(Zr)).
The relation V; = V/*V gives

T; O
C, S;

T O
0 s

T 0
c s

(3.10)

T*T + CI*C CI*S
SC AT

where T} is as in (3.9). Form here, we have the following identities for each i =

1,...,n:
(a) T, — TVT = CI*C,
(b) Ci = (Mgy)*C,
(¢) My, = (Mgy;)"M..

Again, V/ = V*V leads to

T! 0 T Cy\|T o |T;T+C:C CrS (3.11)
cl S 0o Sr||Cc S S;iC S;Ss ' '
and hence, we have, for each i =1,...,n,

() T; - T;T = C; C,
(b7) Cj = (My,)*C,
(c) My, = (Mg,)"M..

From (c¢) above and considering the power series expansions of ¢; and ¢}, we have
that ¢;(z) = F; + F/*z and ¢}(z) = F] + F}z for some F;, F! € B(2r). Therefore,

FE 0 0 -- F/' 0 0
E* F 0 - E* F 0
Si = M¢,i = and S: = Md’; =

0 F* F 0 Ff F

From (b) and (b'), we have that
FI*Dy Fr Dy

C; = 8i*C = and O =8;C =

The fact that ‘A/Z and ‘A// are isometries gives us F}F; = F;F] =0, F}F, + F/F/* =
F[*F| 4+ F;F;} = I and DpF]F/*Dy = D7, for 1 < i < n. Again, by the commu-
tativity of ‘Z-, XA/j and considering the (2,2) entries of their 2 x 2 block-matrices,
we have the commutativity of ¢, and ¢;. From here, we have [F;, F;] = 0 and
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[}, Fj] = [F}, F]], and they hold for all 1 <4, j < n. Similarly, by the commuta-

tivity of XA/Z-’ , V], we have that [F], F}] = 0 for each i, j. Thus, combining all together,

we have the following identities for 1 < i,j < n:

(i) FiFy =F;F;  [F7, Fj] = [F}, F] (3.12)
(ii) F{F]=FJF] (3.13)

(i) F/F, = F;F] =0 (3.14)

(iv) FfFy+ F/F/* = F*F + F;Ff =1 (3.15)
(v) DrF/F/*Dy = Dj. (3.16)

For 1 <i < n,let us define U; = Fy + F/, U/ =F;—F/, and P, = $(I-U/"U;).
Applying the above identities involving F; and F}, we have that U;, U/ are unitaries.
Note that F; = (U} + U[*)/2 and F} = (U; — U/})/2. Hence, F!F; = 0 implies that

1
UiU{* = ULU;, and FiF] = 0 implics that U7 U = U/*Uy. Thus, P = 2 (I = U;U}).

271
It follows from here that P; is a projection. It can be verified that F} = U, P; and
F, = PU;. From (3.8), we have C;T+S;C = CT;+SC; for each i and substituting
the values of C;,.S; and C' we have

F*DrT + F,Dr = DrT; (3.17)
We now show that the unitaries Uy, ..., U, commute. For each ¢, j we have

UU; =(F; + F))(F} + F})
=F/F} 4+ (F/F; + F{F}) + F/F}
* Tk * 1/ ! & nl
=F]Ff + (F]F) + FiF7) + FjF;  [by the second part of (3.12)]
=U,;U;.

Thus, substituting F/ = U; P; and F; = P-U}, we have from (3.17), (3.12)-part-1,
(3.13), and (3.16)

) DrT; = P-U; Dy + PUf Dy T,
) PrU;PFUr = PRUSPAUY,

) UiP,U; P; = U;PU P,

)

(
(
(
(4) DrU; P,U; Dy = D%,

1
2
3
4

respectively, where Ui,...,U, € H(PDr) are commuting unitaries and
Pi,...,P, € B(Pr) are orthogonal projections. Since H?:lffi =V, the (2,2)
entry of the block matrix gives [, S; = S. Note that S; = My, for each i, where
¢i = Fi+2F/* = P{rUS + 2PU;. So, we have [[[_} Mp.1y+ . py> = M. Thus, by
Lemma 3.3, [[;_, U; = I and (5) holds.
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Uniqueness. From (a) and (a’) we have D%,TZ- = Dy F!Dr and D%i T! = DrF;Dr,
respectively. If there is G} € #(%r) such that D2, T; = DrGDr, then Dy (F] —
G})Dr = 0, and thus, for any h,g € S, we have

((F{ — G})Drh, Drg) = (Dr(F; — G;)Drh, g) = 0.

This shows that F} = G and hence F] is unique. Similarly one can show that F;
is unique. Now F; = PilUi and F] = U, P; and thus U; = F + F/ and P, = F/*F].
Evidently the uniqueness of F;, F/ gives the uniqueness of U;, P; for 1 <i < n.

(b). The minimality of the dilation follows from the fact that V = [[\_, V; is the
minimal isometric dilation of the product 7' = [[;-, T;. Following the proof of the
(=) part of (a) we see that any commuting isometric dilation (W7y,...,W,,) of
(Th,...,T,) on a minimal isometric dilation space J#; of T is unitarily equivalent
to the isometric dilation (V4,...,V;,) on the Schéffer’s minimal space .%;. The rest
of the argument follows and the proof is complete. 0

REMARK 3.6. Note that Theorem 3.5 actually provides a commutant lifting in
several variables. In Theorem 3.5, the isometric dilation (V1, ..., V,,) of a commuting
contractive tuple (77,...,T,,) is constructed in such a way that the product V =
[T;-, Vi becomes the minimal isometric dilation of the contraction T' = ]}, T;.
Also, it is evident from the block matrix form of V; as in (3.3) that J# is co-
invariant under each V; and V;*|,» = T;. Thus, each T; is a commutant of 7" and
is being lifted to V;, which is a commutant of the minimal isometric dilation V' of
T.

NoOTE 3.7. Ando’s theorem tells us that every pair of commuting contractions
(Th,Ts) dilates to a pair of commuting isometries (V1,V3), but (Th,T2) may not
have such an isometric dilation (Vi,Va) such that V- = V1 V4 is the minimal isomet-
ric dilation of T = T1T5. The following example shows that there are commuting
contractions Ty, Ty that violate the conditions of Theorem 3.5.

EXAMPLE 3.8. Let us consider the following contractions on C?:

0 0 0 0 0 0
=113 0 0 T = 0 0 0
0 1/3V/3 0 ~1/v/3 0 0

Evidently, T = T1T> = 0, and thus, Dy = I. We show that (77,7%) does not
dilate to a commuting pair of isometries acting on the minimal dilation space of T.
Suppose it happens. Then, there exist projections P;, P, and commuting unitaries
Up,Usy in B(2r) with UjU; = I satisfying conditions (1)—(5) of Theorem 3.5.
Following the arguments in the (=) part of the proof of Theorem 3.5, we see that
Ty, Ty satisfy (a) for i = 1,2 (see the first display after (3.10)), i.e.,

DrU P \Dr =T;, DrUyPDr =T1T.
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Since Dy = I, we have that Uy P, = Ty and Us P, = T. Now we have

DU, PU; Dy = Uy PLUT = TuTy

0 0 0\ (0 0 —1/V3 00 0
= 0 0 0]fo o 0 =|l0 0 o0
-1/v/3 0 0/ \0 0 0 0 0 1/3
Also,
1 00 0 1/3 0 0 0 0
Dy =I-TiTyv=|(0 1 o|—|0 0 1/3v3]|[1/3 0 0
0 0 1 0 0 0 0 1/3v3 0
Thus,
89 0 0
Dy =1 0 26/27 0
0 0 1

Hence, DU, P\U; Dy # D%l, which contradicts condition (4) of Theorem 3.5.
Hence (T1,T5) does not dilate to a pair of commuting isometries (V7, V3) acting on
the minimal isometric dilation space of T'= T1T5.

It is evident from the first part of the proof of Theorem 3.5 that such an isometric
dilation (V4,...,V,) can be constructed for (71, ...,T,) with the help of conditions
(1)—(4) of Theorem 3.5 and without even assuming that []}"_, U; = I. Condition (5)
was to make the product [])_; V; the minimal isometric dilation of [];-_, 7;. Thus,
a different version of Theorem 3.5 can be presented based on a weaker hypothesis
in the following way. Needless to mention that a proof to this follows naturally from
the proof of Theorem 3.5.

THEOREM 3.9 Let Th,...,T, € B(H) be commuting contractions and let T =
H?’Zl T;. Then, (Ty,...,T,) possesses an isometric dilation on the minimal isomet-
ric dilation space of T if there are projections Py, ..., P, and commuting unitaries

Ui,..., U, in B(Dr) such that the following hold fori=1,... n:

(1) DyT, = PAU Dy + PU; Dy T,
(2) AU PLUS = PRUSPAUY,
(3) U;P,U;P; = U, P;U, P,

(4) DrU;P,U; Dy = D2..

Conversely, if (T, ..., T,) possesses an isometric dilation (‘71, e ‘A/n) with V. =
H?zl V; being the minimal isometric dilation of T, then there are unique projections
Pi,..., P, and unique commuting unitaries Uy, ..., U, in B(Dr) satisfying the
conditions (1)—(4) above.
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4. Minimal isometric dilation and functional model when the product
is a C.; contraction

In this section, we consider a tuple of commuting contractions (77, ..., T,) with the
product T' = H?zl T; being a C.g contraction, i.e., T*" — 0 strongly as n — oo.
Such a tuple dilates (on the minimal isometric dilation space of T') with a weaker
hypothesis than that of Theorem 3.5 as the following theorem shows. This is another
main result of this article.

THEOREM 4.1 LetTy,..., T, be commuting contractions on a Hilbert space 7€ such
that their product T = H?:l T; is a C.o contraction. Then, (Ty,...,T,) possesses
an isometric dilation (Vq,...,V,) with V. = [[;_, Vi being a minimal isometric
dilation of T if and only if there are unique orthogonal projections Py, ..., P, and
unique commuting unitaries Uv, ..., U, in B(Dr~) with [[;_, U; = I such that the
following conditions hold fori=1,...,n:

(1) Dp-T; = P;-U; Dy~ + PU; Dp-T*,

(2) PilUi*PjL U;k = P]#U;PilUi*,

(3) UiPinPj = UijUiPi,

(4) P —|—U1*P2U1 +UfU2*P3U2U1 —+... +U{kU§ ... U;:_lann—l .UU = I@T* .

Proof. First, we assume that there exist orthogonal projections Pi,..., P, and
commuting unitaries Uy, ..., U, in B(Zr-) such that H?:l U; = I and the above
conditions (1)—(4) hold. Since T is a C.q contraction, H?(Zr«) is a minimal iso-
metric dilation space for T. We first construct an isometric dilation (V1,...,V;,)
for (T1,...,T,) on the minimal isometric dilation space H?(%7~) of T with the
assumptions (1) — (3) only. Condition (4) will imply that [, V; = V, the mini-
mal isometric dilation of 7. Let us consider the following multiplication operators
acting on H?(Zp-):

Vi= My, psi.vu.p, (I<i<n).
Since U; is a unitary and P; is a projection, it follows that
(PLU; + zPU})(U; P + 2U;P) = P+ P =1,

and thus, V; is an isometry for each . Now we show that (V7,...,V,,) is a commuting
tuple. Note that for any 1 <14 < j <n, V;V; = V;V; if and only if

(Ui P+ 2U; P)(U; P~ + 2U; Py) = (U; P~ + 2U; Py) (Ui P~ + 2U; ),
which happens if and only if the given conditions (2) and (3) hold along with
U P,U;P;- + U P;U; Py = U; P-U; P + U; P;U Py (4.1)

which we prove now. From the given condition (2), we have [U; P, U ijJ-] =0, and
this implies that

Uin — UZUJPJ — UZRUJ + UZPZUJPJ — UJUZ + UlePZ + UJPJU,L — []JPJ(JZI)Z =0.
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From here we have that
U PU; +UU; Py = U;U Py + U P U; (4.2)
‘We now prove that
(U:PU; P}~ + U; P;-U; Py) = (U; P;-U; P; + U; P;U; P;-). (4.3)
We have that
(U;P,U; P~ + U; P;"U; P;) — (U; P;-U; P; + U; P;U; P;")
= U;P,U; P}~ — U;P;-U;P; - U;P;,U;P;* + U; P;"U; P;
=UPRU; - U,PU;P; — U;U;P; + U; P;U, P, — U; P;U;

+ Uy PULP, + UU; Py — Uy PUS Py
= UiPin — U]Ulpl — UijUi + UinPj

= 0. [by (4.2)]
Therefore, (4.1) is proved, and consequently, (V4,...,V,,) is a tuple of commuting
isometries. We now embed 7 inside H?(Zr+). Let us define W : 3¢ — H?(Z7+)
by
W(h) =Y 2"Dp.T*"h. (4.4)
0

It can be found in the literature (e.g., [17]) that the map W is an isometry. However,
we include a proof here for the sake of completeness and for the convenience of a
reader.

o0 oo (oo}
[Wh|?> = || Y 2"Dr-T*"h|* = <Z Z"DpT*"h, > szT*T*mh>

n=0 n=0 m=0
= > (" 2"(Dp-T*"h, Dp-T*"h)
m,n=0
= (T"D7.T""h,h)
n=0

NE

(T™(I — TT*)T*"h, h)

n=0

=Y _((T"T*"h, by — (T TR, hY)
n=0

_ . *M 2 *n+1 2

= lim Z;)(HT A" = T A[%)

= [[Al* = lim | T*"A|>
m—roo

= [|R]I*.

https://doi.org/10.1017/prm.2024.95 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.95

1666 S. Pal and P. Sahasrabuddhe

The second last equality follows from the fact that lim ||[T*"h|> =0as T isa C.g
n—oo

contraction. Thus, W is an isometry. We now determine the adjoint of W. For any
n >0, € Pp«, we have

(W*(z"€),h) = (z"¢, Y 2"Dp-T*"h) = ({, Dp-T*"h) = (T" Dy-, h).

n=0

Therefore, W*(2"¢) = T Dp+§. Now for any 1 <4 < n, for all £ € NU {0} and for
each £ € Pp«, we have

W*V;(Zkf) = W*MUiPil+zU1-Pi<Zk£)
= W*(FUPte + XU Pig) = TE Dp- U PH€ + T*H Dy U Pig
= T*(D7-U;P;"¢ + TDrp-U; Pi£)
= TH(T;Dr-€) [by condition (1)]
= T;(T* Dr-¢€)
= T,W*(F¢).

Therefore, W*V;, = T,W*, ie., VW = WITI; = WI;W*W, and hence,
Vi*lw(wy = WT; W*|yw (). This proves that (Vi,...,V,) is an isometric dilation
of (Th,...,T,). Now (4.2) gives us P; + U} P;U; = P; + UrPUjfor1<i<j<mn
and condition (4) yields P; + U;P;U; = P; + Ui P;U;j < Ig,.. Hence, by an appli-
cation of Lemma 3.2, we have that that []_, V; = M., which is (up to a unitary)
the minimal isometric dilation of 7.

Conversely, suppose (Y1,...,Y,) acting on . is an isometric dilation of
(Ty,...,T,), where Y = [[",Y; is the minimal isometric dilation of T. Let
Y/ :Hj#Yj for 1 < ¢ < n. Then,

H =3span{Y"h:h e, necNU{0}}.

We first show that Y;*|,» = T for each i = 1,...,n. Note that for any i = 1,...,n,
k € NU{0} and h € 5, T; Py (Y*h) = T;T*h = Py Y;(Y*h), and as a consequence,
we have T; Py = P,Y;. Now, for any h € 7 and k € &,

(Y7 h, k) = (h,Y;k) = (h, PyY;k) = (h, T; Pyk) = (T h, Pyek) = (T; h, k).

Hence, Y;|» = T; for each i. Therefore, the block matrix form of each Y; with

" . T;
respect to the decomposition # = # @ #+ isY; = | ' for some operators
i Oi
. T
Ci, S;. Also, since Y = II" ,Y;, we have ¥ = o for some operatorsC, S.
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Again V = [[;_, Vi = M, on H?(Zp~) is also a minimal isometric dilation of T.
Therefore,

H?*(9r+) =span{V"(Wh):hec #,n c NU{0}}.

Now the map 7 : H*(%r+) — # defined by 7(V"Wh) = Y"h is a unitary, which
maps Wh to h and 7* maps h to Wh for all h € 7. Therefore, with respect to the
decomposition # = # @ #+ and H?(Dr-) = W () @ (W#)* the map 7 has

block matrix form 7 = w 0] for some unitary 71. Evidently, V = 7*Y 7. Now
T1
X W o||T; Of[W* 0
YT =
0 Tf C;, S; 0 T1
| WT; 0 w* o (WL 0
7-1*01 TikSl O T1 TszW* Tl*SiTl '

Therefore, 7*V*r(Wh) = WIT;W*(Wh) = WT;h. For each i = 1,...,n, let us
define V; := 7*V;7. Therefore,

ViWh=WT;h forall he #, (1<i<n). (4.5)
Therefore, (171, e ‘7”) = (7*Ya7,...,7*Y,T) on H?(Zr«) is an isometric dilation

of (T,...,T,) such that [T, V; = V. We now follow the arguments given in the
converse part of the proof of Theorem 3.5. Since V; is a commutant of V (= M,),
Vi= My,, where ¢;(z) = F}* + F;z € H®(A(Zr+)). Evidently, U; = F} + F; and
U] = F} — F/ are commuting unitaries and P, = 5([ —U/*U;) is a projection for all
i =1,...,n. A simple computation shows that F; = U;P; and F] = PU;. Also,
[Fi, Fj] = [F], Fj] = 0 for all 7, j. Therefore,

Obviously conditions (2) and (3) follow from the commutativity of F;, F; and F}, I/,

respectively. It remains to show that conditions (1) and (4) hold. From (4.5), we
have V;*Wh = WT;h for every h € 5. Now for any h € JZ, we have
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ViWh =V (Y 2" Dr-T" )
k=0

— -PlJ_UZ*DT*h + Z Zk.PlJ_U:DT*T*kh + Zk_l.PiUi*DT*T*kh
k=1

o0
= Z Zk(PiLUi*DT*T*k + PiUi*DT*T*(’H-l))h
k=0

=Y #(PU; Dy- + PU; Dy T*)T**h.
k=0

Also,
o0 o0
W(Trh) =Y DT h = 3 2Dy T T,
k=0 k=0

Comparing the constant terms, we have Dp-T} = P}UfDrp- + P,UDp.T*.
This proves condition (1). Now, since we have [[',V; = V = M, and V; =

My, pt 4 .u, p,» condition (4) follows from Theorem 3.2. The uniqueness of Py, ..., P,
and Uy, ..., U, follows by an argument similar to that in the proof of the (=) part
of Theorem 3.5. The proof is now complete. a

Now we present an analogue of Theorem 3.9 when the product T is a C.
contraction, and obviously, a proof follows from Theorem 4.1 and its proof.

THEOREM 4.2 Let Ty,..., T, € B(H) be commuting contractions such that T =
[1_, Ti is a C.o contraction. Then, (Tt,...,T,) possesses an isometric dilation
on the minimal isometric dilation space of T if there are projections P, ..., P,
and commuting unitaries Uy, ..., Uy, in B(Dr+) such that the following hold for
1=1,...,n:

(1) DrT; = PiLUi*DT + RUDrT,
(2) PLUFPFUF = PAU? PAUY,
(3) U;PU; P; = U, P,U,P..

Conversely, if a commuting tuple of contractions (T4, ...,T,), with the product
T =1, T; being a C.o contraction, possesses an isometric dilation (Vi,...,V,),
where V = H?:l Vi is the minimal isometric dilation of T, then there are unique
projections Py, ..., P, and unique commuting unitaries Uy,..., U, in B(Dr+)
satisfying the conditions (1)—(8) above.

4.1. A functional model when the product is a C.j contraction

For a contraction T acting on a Hilbert space 2, let Ap be the set of all complex
numbers for which the operator I — 2T is invertible. For z € Ap, the characteristic
function of T is defined as
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Or(2) = [T 4 2Dp+(I — 2T*) ' Dr)|9,. (4.6)

Here, we recall a few definitions and terminologies from the initial part of § 3. The
operators Dy and Dp- are the defect operators (I — T*T)Y/? and (I — TT*)'/?,
respectively. By virtue of the relation 7Dy = Dp«T (section 1.3 of [17]), ©1(z)
maps P = RanDry into 97« = RanDrp- for every z in Arp.

In [17], Sz.-Nagy and Foias proved that every C.; contraction P acting on
S is unitarily equivalent to the operator T = Py, M, |m, on the Hilbert space
Hr = H*(9r+) & Mo, (H?*(2r)), where M, is the multiplication operator on
H?(Z7+) and Mg, is the multiplication operator from H?(%r) into H?(Zr~) cor-
responding to the multiplier ©7. This is known as Sz. Nagy—Foias model for a C.g
contraction. Indeed, M, on H*(Zr+) dilates T € B(), and W : S — H?*(Drp~)
as in (4.4) is the concerned isometric embedding. In an analogous manner by an
application of Theorem 4.1, we obtain a functional model for a tuple of commuting
contractions with C.g product. A notable fact about this model is that the multi-
plication operators involved in this model have analytic symbols which are linear
functions in one variable.

THEOREM 4.3 Let Ty,...,T, be commuting contractions on a Hilbert space ¢
such that their product T = II7_T; is a C.o contraction. If there are projections
Py,..., P, and commuting unitaries Uy, ..., U, in B(Dr~) satisfying the following
for1<i<n:

(1) DpeTy = PUf Dp- + PUF Dp-T*,
Lrrsplyrr+ — pLlyrxplyr*

(2) PrU;PUF = PFUSPAUT,

(3) Ulsz]PJ = UijUiPiy

then (T1, ..., Ty,) is unitarily equivalent to (Tl, . ,Tn) acting on the space Hy =
H?*(971+) © Mo, (H*(97)), where T; = P (My,ptyzv,p,) |y for 1 <i<mn.

Proof. For a C. contraction T, we have from literature (e.g., [17] or lemma 3.3 in
[21]) that
WW* + M@TMéT = IHQ(@p*)-

It follows from here that W(s#) = Hy, where W : 2 — H?*(Zp«) is as
n (4.4). Since V*|w ) = T}, where Vi = (My, pry .y, p,), Wwe have that T; =
PHT(MUiPiJ‘JrZUiPi)HT fOIiZl,...,n. D

4.2. A factorization of a C.y contraction

The model for commuting n-isometries, Theorem 3.2, can be restated in the
following way.

THEOREM 4.4 Let Vi,...,V, be commuting isometries acting on a Hilbert space
A and let V = [[i_, V;. Then, V.= T['_, Vi is a pure isometry if and only if
there are unique orthogonal projections Py, ..., P, and unique commuting unitaries
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Ui,...,Up in B(Dy~) with [[;—, U; = I such that the following conditions hold for
1=1,...,n:

(1) PLUFPLU; = PUTPAUL,
(2} U,PU;P; = U; P;UF;,
(3) P+ U RU+UTUS PO UL+ ...+ UfUS .. U PoUp—1 ... UUy = Ig,.

Moreover, (2T 7 18 unitarily equivalent to
2
(My, pit izt pro - s Mu, Pt vev,p,) o HY (D).

Proof. First, suppose (Vi,...,V,) on Hilbert space J# is a commuting n-tuple of
isometries with []_; Vi = V being a pure isometry. Thus, . can be identified
with H?(Zy+) via a unitary 7 : 5# — H?(Zy+), and V can be identified with M,
on H?(Py+). Let Vi = 7Vir* for i = 1,2...,n. Hence, (‘71, ceey \7n) is a commuting
n-tuple of isometries with [];-_; Vi = M. on H2(%y-). Therefore, (Vi,...,V,) is
an isometric dilation of (Vi,...,V,,) with M, being the minimal isometric dilation
of V. Therefore, by Theorem 4.1, there are unique commuting unitaries Uy, ..., U,
and unique orthogonal projections Py, ... P, in B(%y«) such that [[;_, U; = I and
that the conditions (1)—(3) are satisfied.

Conversely, suppose there are unique orthogonal projections Pi,..., P, and
unique commuting unitaries Uy, ..., U, in Z(%y+) such that H?Zl U; = I and that
the conditions (1)-(3) are satisfied. Let V; = My, p1 .y, p, for each i =1,2...,n.
Then, as seen in the proof of Theorem 4.1, (V1,...,V,) is a commuting n-tuple of
isometries with []}, V; = M, on H?*(%y-). O

Also, Theorem 3.2 provides a factorization of a C.q isometry (i.e., a pure isome-
try) in terms of n number of commuting isometries. Our result, Theorem 4.1, gives
a factorization of a C.¢ contraction in the following way:

THEOREM 4.5 Let Ty,...,T, be commuting contractions on a Hilbert space F
and let their product T = [[;_,T; be a C.o contraction. Then, (Ty,...,Tr) =
(Vi¥loes - Vil e) for a model n-isometry (Vi,...,V,) on H*(Zr+) if and only
if there exist unique orthogonal projections Py, ..., P, and unique commuting uni-
taries U, ..., Uy, in B(Dr~) such that [, U; = Ig,.. and the following conditions
are satisfied:

(1) Dp-T} = PU; D+ + PU; Dp-T*,

(2) LU PAUF = PRUT PAUTY,

(3) UZPZUJPJ = UijUZ'Pi,

(4) P+ UfPQUl +UikU;P3U2U1 +...+ Ul*UQ* ce U;flannfl UUL = I@T.

Proof. First suppose there are projections Pi,..., P, and commuting unitaries
Ui,...,U, in B(Pr-) such that [[_, U; = Iy,. and that the conditions (1)—(4)
are satisfied. Then, Theorem 4.1 provides commuting n-isometries Vi,...,V, on
H*(Pr-) with V; = My, p1 .y, p, for each i such that
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(T7,....T5) = Vlweys - Vi lw o))

where W is the isometry as in (4.4).

Conversely, suppose (T7,...,T7) is equivalent to (Vi*|s,..., V.| #) for some
model n-isometry (Vi,...,V,) on H?(Z7-). Then, by the (=) part of Theorem
4.1, there are projections P, ..., P, and commuting unitaries Uy, . .., U, in B(Dr~)

such that [[}", U; = Iy,. and that the conditions (1)—(4) are satisfied. O

5. Examples

In this section, we present several examples to compare our classes of commuting
contractions admitting isometric dilation with the previously determined various
classes from the literature. We shall show that neither our classes are properly
contained in any of these classes from the literature nor any previously determined
classes are contained properly in our classes. However, there are always non-trivial
intersections. Note that our theory is one-dimensional in the sense that the operator
models that we obtained are all having multiplication operators with multipliers of
one complex variable.

Suppose (T, Tz) is a commuting pair of contractions admitting isometric dilation
(V1, Va) on the minimal dilation space of T' = T Ts. If there are unitaries Uy, U and
projections Pi, P» such that U; P; = U; P, for i = 1,2 and that the condition (1) of
Theorem 3.9 holds, then it can be verified that the conditions (2),(3), and(4) hold
as a consequence. Hence, (T7, T») has an isometric dilation on the minimal isometric
dilation space of T. Now one may ask a question: if (T3, T») admits isometric dilation
on the minimal isometric dilation space of T, then will the corresponding unitaries
commute with the projections? The following example gives a negative answer to
this:

EXAMPLE 5.1. Let T} = 15 = 8 (1) be commuting pair of contractions on C2.

Then, clearly, T'= T1T> = 0, and hence, D7 = I. Hence, we need to find commuting
Uy, U, and projections Py, Py such that DyT; = P*U; Dy + P,U DT for i = 1,2.
Substituting D7 = I and T =0, the above equations are equivalent to Ty = P{-U;
0 0 1
10
satisfy the above two equations. It is clear that Uy, U, are commuting unitaries and
Py, Py are projections. Further as 17,75 commute with each other, it follows that
Pi-U; commutes with P;-Uj. Simple calculation shows that U; Py = Ty and Us Py =
T,. Therefore, Uy P commutes with Uy P,. Further DrU,P,UDr = U;PBU; =

and Ty = PQLUS. One can observe that P = P, =

?] and U1 :U2 =

UPPU! =TT = Lo = D2 . Also P, + U;jP,U; = I. Hence, the conditions
0 0 '
(1)—(5) of Theorem 3.5 hold. But one can clearly observe that U; do not commute

with Pj as U,PJ =

0 1 andeUi:
0 0

00
1 0|
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Before going to the next example let us note down the following observation from
the proofs of the previously stated dilation theorems:

NOTE 5.2. Let Ty,...,T,, € B(H) be commuting contractions. Suppose there are
projections Py, ..., P, € B(Pr) and commuting unitaries Uy, ..., U, € B(Dr)
such that [\, U; = I and conditions (1)-(5) of Theorem 3.5 are satisfied. Then,
by Theorem 3.5, (T4,...,T,) possesses an isometric dilation (Vi,...,V,) on the
minimal isometric dilation space & of T such that H?Zl Vi =V is the minimal
isometric dilation of T. Without loss of generality, we can assume V; to be as in
(5.3) and V to be the Schiffer’s minimal isometric dilation. So, if V{' =[], V;,

then
T 0 0 0
UiP}-Dr  UP; 0 0
V! =VV = 0 UP- UP 0
0 0 UP*+ UP

Thus, (2,1) entries of both sides of V/V = VV! give DyT! = U; PiDr + U; P+ DT
for1 <i<n.

Let % ™(4) be the class of commuting n-tuples of contractions on . satisfy-
ing conditions (1)—(4) of Theorem 3.9 and let ." (%) denote the class satisfying
conditions (1)—(5) of Theorem 3.5. The following example shows that .7"(.5¢) is
properly contained in %™ ().

EXAMPLE 5.3. Let us consider the following doubly commuting contractions acting

on C3:
1 0 0 0 0 O 0 0 O
Tiy=10 0 0|,Te=1{0 1 0|,T5=1(0 0 O
0 0 0 0 0 0 0 0 1

We show that (T1,Ts,T3) ¢ #3(C3) though it belongs to % 3(C3). Note that T} =
T5T5 = 0 and similarly T) = T4 = 0. Also, it is clear that T' = T1T>T3 = 0, and
hence, Dy = I on C3. Thus, 21 = C3. Now suppose there are commuting unitaries
Uy, Uy, Uz and projections Py, P, Py in %(C?) satisfying the hypotheses of Theorem
3.5. Then, for each 4, we have that D T; = PZ-J-UZ»*DT + P, U D7T. Since T =0 and
Dy =1, it reducesto T; = Pf‘ U;. Again, from Note 5.2, it is clear that the unitaries
and projections satisfying (1)—(5) must also satisfy DyT! = U;P;Dr + U} P+ D7 T,
which is same as saying that 7/ = U, P;. Thus, T} + T/ = U, P~ + U; P; = U;. Since
T! = 0, we have that U; = T + T/ = T;. This contradicts the fact that U, is a
unitary. Hence, (T, Ty, T3) ¢ #3(C3). Now if we take U; = I and P; = I — T for
i = 1,2,3, then one can easily verify that the conditions (1)—(4) of Theorem 3.9
hold.

In [15], Barik, Das, Haria, and Sarkar introduced a new class of commuting

contractions that admit isometric dilation. For each natural number n > 3 and for
every number p,q with 1 <p < ¢ <n, let I, (A2) be defined as follows:
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T () ={T € T"(H) : T, T, € Su_1(H), and Tjis pure}, (5.1)

where for any natural number i < n, T; = (T, ..., Ti—1,Tix1, ... Ty), Tp(5€) is a
set of commuting n-tuple of contractions on space . and

Su( ) ={T € 7"(A): > (-1)HTrT* >0},
ke{o,1}"

Note that S,,(77) is the set of all those n-tuples of contractions on . that satisfy
Szego positivity condition, i.e., Ypc g 1yn (=1)FITHT** > 0. The class obtained by
putting an additional condition ||T;|| < 1 for each i on the elements of 7" () is
denoted by &2 ,(¢). This class has been studied in [36] by Grinshpan, Kaliuzhnyi,
Verbovetskyi, Vinnikov, and Woerdeman. In [15], it is shown that &} () C

T () for 1 < p < ¢ < n. The following example shows that an element of our
class may not satisfy the Szego positivity condition.

0

EXAMPLE 5.4. Let T7 = Ty = and 75 = I. Then, T' = T 1575 = 0, and

1 0

hence,DT:I.LetP1:P2: 0],P30&IldU1U2 0 é,UgZI.

Then Uy, Us, Us are commuting unitaries and Py, Py, P3 are projections satisfying
U,U2Us = I and the conditions (1)—(5) of Theorem 3.5. Hence, (71, T3, T3) belongs
to .#3(C?). Note that

0 o] fo o 0 0
I—TT; —TyT5 —TTy =1 — - —I= 0.
Pt s L) 1] [0 1] [0 —2]%

Also,

00 0 0
I—ToTy —TsTy =1 — —I= 0
e Tens [0 11 [0 _1]%

0 O
oo 8]

Thus, if we consider fl = (T», T5), fg = (T1,T5) and fg = (T1,T3), then fl, fg
do not belong to Sg(2°). So, for any p,q satisfying 1 < p,q < 3, we have that
(T17T27T3) ¢ %?q(%)

and

0 0

I—T\T; —TsT; =1 — L) X

Note that example 5.4 does not satisfy Brehmer’s condition. Recall that T =
(Th,...,T,) satisfies Brehmer’s conditions if

Y ()T >0
FCG
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for all G C {1,...n}. See (2.1) for the definition. For v = (v1,...,7,) € N, Curto
and Vasilescu [27, 28] introduced a notion of y contractivity. For v = (1,...,1) :=e,
the notion agrees with Brehmer’s condition. The notion of v contractivity is defined
in such a way that for each v € N™ if an operator T = (T4, ..., T},) is v contractive,
then it is e contractive. Since example 5.4 does not satisfy Brehmer’s condition, it
does not have a regular unitary dilation, and it is not e contractive. Hence, it cannot
be 7 contractive, and consequently, it does not belong to the ‘Curto—Vasilescu’ class.

ExAMPLE 5.5. As observed by Barik, Das, Haria, and Sarkar in [15], there
is an operator tuple (M,,..., M., ) in 7" (H*(D")) that does not belong to
27 (H?*(D™)). This class was introduced in [36] by Grinshpan et al. Since T' =
M,, ... M, on H?(D") is an isometry, 97 = 0. So the minimal isometric dilation
space of T is ¢, = H?(D"). Since each M,, = T; is an isometry on H%(D"), we
have that (M.,,..., M, ) is an isometric dilation of (71,...,T;) on the minimal

dilation space of T with the product being the minimal isometric dilation of 7.
Thus, (M,,...,M,,) € #™(5) by Theorem 3.5.

EXAMPLE 5.6. Let us consider the following commuting self-adjoint scalar matrices
acting on C3:

0 0 0 1 00 1 00
Ti=10 1 0|,72=1]0 0 0|,75=1|0 1 0
0 0 1 0 0 1 0 0 0

Let P, =1—T; and U; = I for ¢ = 1,2,3. Note that Dy = 0 and the projections
Py, Py, P3 satisfy Py + Py + P3 = I. Thus, the condition (5) holds. Also, it can be
easily verified that the conditions (1)—(4) hold. Therefore, this triple of commuting
contractions belongs to .#3(C3).

EXAMPLE 5.7. Let us consider the commuting self-adjoint scalar matrices

0 1/3 0 /2 1/3 0 00 0
Th=1|1/3 0 0|, Te=|-1/3 1/2 0|,T3=10 0 0
0 0 0 0 0 0 0 0 1

acting on C3. Evidently, T = T1T5T3 = 0, and thus, Dy = I. Now suppose there
are projections Py, Py, P3 and commuting unitaries Uy, Us, U3 satisfying conditions
(1)—(4) of Theorem 3.5. So, in particular, we have

DrTy = P-U; Dy + PU; DT,

which implies that T7 = Pf-Ul*. We also have DprU, PLU{ Dy = I — 17T, and this
gives P, = U; (I — TyT,)Uy, and hence, we have

/9 0 0
Pl =1-UfI-TyT)U, =U; Ty WU =U; | 0 1/9 0] Uy
0 0 0
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Therefore,
/9 0 0
"=Uf{0 1/9 0
0 0 0
Again
3 0 1/9 0 o0f (0 0
ol =T1|9|=U; |0 1/9 0| |9| =U; |1
0 0 0 0 0] |0 0

This contradicts the fact that Uy is a unitary. Hence, (11, T, T3) ¢ % 3(C3).

ExaMPLE 5.8. Let 731,75 be as in example 3.8 and let 75 = I. Then, it is evident
that (T1,T»,T3) does not belong to our class .#3(C3). This can be verified using
an argument similar to that in example 5.7. However,

0 0 O 00 O
I =Ty —TT; + TLI3T;T7s =1—-0 0 0| —1+1]0 0 0 |=0.
0 0 1/3 0 0 1/3
Alo,
0 0 O 0 0 0
I-TTy DI +TWLIYTy =I-0 0 0|—10 1/9 0 |+0
00 1/3 0 0 1/27
1 0 0
=10 8/9 0 > 0.
0 0 17/27

Hence, ﬁ and fg belong to S3(C?). Clearly T}, T, are pure contractions, and hence,
Ts is pure. Thus, (T1, T3, Ts) € F;%(C?).

We now consider a few examples of contractions acting on infinite dimensional
Hilbert spaces and study their dilations.

EXAMPLE 5.9. Let # = [? and let T, T, be the following weighted shift operators

acting on J7:
Tl(h()a hla v ) = (07a0h07 070,1]7/2,0, CL2h47 s )7
TQ(h07 h17 s ) = (07 b0h0707 b1h2707 b2h47 cee )7
where {ap, a1, ...} and {bg, by, ...} are bounded sequences of non-zero real numbers

with |a,| < 1 and |b,| < 1 for every n € N. Clearly, T = T1T» = T>T; = 0. Hence,
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Dy = I and 97 = > = . We show that (Ty,T:) does not possess isometric
dilation (4, V3) on the minimal isometric dilation space of T with V' = V1 V; being
the minimal isometric dilation of 7. Let us assume the contrary. Then, by Theorem
3.5, there are projections Pj, P, commuting unitaries Uy, Us in B(9r) = B(IH),
with U;Us = I satisfying conditions (1)—(5). Condition (1) gives us T; = P U} for
1 =1,2. From condition (4), we have

U\PUS =1~ T;T,
— Tl*leUl(prl)Uik
— T1*T1:U1T1 [as T1:P1J_Uf]

Simple calculation shows that 77Ty = diag(a3,0,a?,0,a3,...). Hence,

UiTi(ag*,0,...) = TiTy(ag*,0,...)
= U1(0,1,0,0,...) = (ap,0,0,...).

Since U; is a unitary, ||U1(0,1,0,0,...)| = 1/(0,1,0,0,...)|, and thus, it follows
from here that ||(ao,0,0,...)|| =1/(0,1,0,0,...)||. This is a contradiction as |ag| <
1. Hence, we are done.

EXAMPLE 5.10. Let ## = [? and let {eg,eq,...} be the standard orthonormal
basis of I2. For k = 1,...,n, let Ty be defined on J# by Ti(e,,) = 0 if m =
(k — 1)modn and Ty (e,,) = e, otherwise. We show that (11,75, ...,T,) possesses
an isometric dilation on the minimal isometric dilation space % of T' =[]}, T;.
Evidently, T =0, and thus, 9 = JZ. So, we have that # = & H & ... is
the minimal isometric dilation space of T. Now for each k, define P, = I — T}, and
Uy, = I on 97 = S. Then, it follows that Uy, ..., U, are commuting unitaries
with U1Us ... U, = I and Py,..., P, are projections. Also, the conditions (1)—(5)
of Theorem 3.5 are satisfied straightway. Therefore, Theorem 3.5 guaranties the
existence of an isometric dilation of (71, ...,T),) as desired.

6. Sz. Nagy—Foias-type isometric dilation and functional model

Recall that a c.n.u. contraction T on a Hilbert space # is a contraction such that
there is no non-zero subspace J# of ¢ that reduces T and on 7 the operator
T acts as a unitary. In simple words, a c.n.u. contraction is a contraction without
any unitary part. Let 7" on S be a c.n.u. contraction and let V on J; be the
minimal isometric dilation of T. By Wold decomposition, J#; splits into reducing
subspaces %01, #o2 of V such that J& = J£1 @ Ao and that V|, is unitarily
equivalent to a unilateral shift and V|, is a unitary. Then, ) can be identified
with H2(Zr+) and o2 can be identified with Ap(L2(2r)), where Ar(t) = [Ig, —
O7(e™)*Or(e™)]}/? and Or being the characteristic function of the contraction 7.
For further details, see chapter VI of [17]. Thus, %y = 1 & Hp2 can be identified
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with Ky = H?(Z7+) ® Ap(L2(Z7)). Also, the isometry V on J can be realized
as M, & M, AT Therefore, there is a unitary

T=T BT Ky B Koy — (H>® D) ® Ar(L2(Z1)) =K, (6.1)

such that V on ) can be realized as (M, ® Ig,.) & M, |W on K.

If (T1,...,T,) is a tuple of commuting contractions acting on J# satisfying the
hypotheses of Theorem 3.9, then it possesses an isometric dilation (Vi,...,V,) on
the minimal isometric dilation space £ of T. By Wold decomposition of commuting
isometries, we have that J#3; and J#y5 are reducing subspaces for each V; and that

Viz = Vilota (6.2)

is a unitary for 1 < ¢ < n. Now we state our dilation theorem and functional model
in the Sz. Nagy—Foias setting. This is another main result of this article.

THEOREM 6.1 Let (T1,...,T,) be a tuple of commuting contractions acting on
H such that T = 117 |T; is a c.n.u. contraction. Suppose there are orthogonal
projections Py, ..., P, and commuting unitaries Uy, ..., Uy in B(Dr) satisfying

(1) DyT, = PAU? Dy + PU D1 T,
(2) PLUrPLUT = PLUZPAUY,
(3) UiP,U; Py = U; PU P;,

(4) DrU; P,U;} Dy = D7,

for 1 <i < j <n. Then, there are projections Q1,...,Qyn and commuting unitaries
Ui, ..., Up in B(Dr~) such that (T1,...,T,) dilates to the tuple of commuting
isometries (Vi1 ® Vig, ..., Va1 © Vo) on Ky = H?> @ D1« ® Ar(L2(2r)), where

Vi =1 UQf + M. ®U;Q; ,
Vio = moViaTs
for unitaries T4 and Vo as in (6.1) and (6.2), respectively, for 1 <i < n.

Proof. By Theorem 3.9, we have that (T1,...,T;) possesses an isometric dilation
(Vi,..., V) on Hy = H# ®1%(Pr), which in fact satisfies V*| = T} for 1 <i < n.
Now .#; has an orthogonal decomposition J#, = %5 ® #j2 such that J7); and
Hp2 are common reducing subspaces for Vi,..., Vi, Vil .-, Vala, ) is a pure
isometric tuple, i.e., []" Vilx, is a pure isometry and (Viluxg,, ..., Valxs,) Is a
unitary tuple. Let [T, Vi =V, Vi|x, = Vi1, and Vj| s, = Via for 1 <i < n. Also,
let [T, Vi1 = Wy and []}_, Vio = Wa. So W1 on J is a pure isometry and Wy
on %2 is a unitary. So,

* * * * * *
(TWit*, . 7Vur™) = (mViry @ Viets, ., Va7 @ 1aViats)

is an isometric dilation of (T%,...,T,) on K4, where 7 = 7 @7 is as in (6.1). Thus,
the tuple (11Vi177, ... 71 Vo17y) on H? ® P7- is a pure isometric tuple. Hence, by
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Theorem 3.1, there exist commuting unitaries ﬁl, ceey Tj’n and orthogonal projec-
tions Q1, ..., Qn in B(Zr-) (= B(Dw;)) such that the tuple (7 V1177, ... 71 Vi 7f)
is unitarily equivalent to

QT + M. ®UhQ1,.... I ®UQp + M. ®U,Q,) on  H?*® Ir-

via a unltaury7 say Z. For 1 < i < n, let us denote V1 =1® UQl + M, ®
U Q; and ‘/;2 = 1oVio75. So, (tVi1*,..., 7V, 7*) is unitarily equivalent to (V11 &)
Vlg, . an &) Vng) via the unitary Z & I Thus, (V1,...,V,) is unitarily equivalent
to (Vi1 ® Via, ..., Vy1 ® Viyo) via a unitary

Y =271 D1 Ky D HKoa — H? Q Drps @AT(LQ(@T))

Let ‘71 = ‘72»1 &) \7;2 for i = 1,...n. Since for each 4, V;*|,» = T}, we have, for any
he s,

Vi (Yh) = (YViY*)'Yh =YV Y*Yh =YV h = YT/h.

Therefore, V lywey = YT;Y " |y () for 1 < i < n. So, we have T]Cl Tk =
Y*Vk1 Vk »Y . Thus, (Vn @ V12,... Vi @ Vnz) is an isometric dilation of

(Th,...,T,), where Vi —I®UQL+M ®UQl and Viy = 1oViory for 1 <i < n.
This completes the proof. O

7. A model theory for a class of commuting contractions

In this section, we present a model theory for a tuple of commuting contractions
satisfying the conditions of Theorems 3.5 and 3.9.

THEOREM 7.1 Let (Th,...,T,) be commuting tuple of contractions on a Hilbert
space H and let T = 11", T;. Suppose there are projections P, ..., P, € B(Dr+)
and commuting unitaries Uy, ..., U, € B(Dr~) such that for eachi=1,... n,
(1) DT} = PrU}Dy+ + P,U DT
(2) Pl-lUi*PjLU;‘ = leU;‘PfUi*,

(8) U;P,U;P; =U;P;U; P;,

(4) Dp+U;P,U} Dy~ = D%;,

)

Let Zy, ..., Zy on K = O 1*(Dr~) be defined as follows:

T, Dp-UP; 0 0
0 UP- UP 0o ...

Zi= |0 0 U.p- UP ..., (1<i<n).
0 0 0 UPH
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Then,

(i) (Z1,...,2Z,) is a commuting n-tuple of co-isometries, S is a common
invariant subspace of Z1,...,Zn, and Zi|w = T;.

(ii) there is an orthogonal decomposition H = JH1 & JHa into common
reducing subspaces of Zy,...,Z, such that (Zi|x, ..., Znlw) is a pure
co-isometric tuple, that is, Z|x = NI 1Z;|# is a pure co-isometry and
(Z1loys -+ Znlo,) s a unitary tuple.

Additionally, if
(5) P+ UikPQUl + UTU;P3UQU1 + ...+ UikU; .. -U;_lann—l U U = I@T,

then

(iii) ¥, can be identified with H*(9z), where 9 has same dimension as that
of Dr. Also, there are projections E,...,ﬁ\n and commuting unitaries
U,...,U, such that the operator tuple (Zil sy Znlw,) is unitarily
equivalent to the multiplication operator tuple

(Muiﬁﬂaﬁz’ S Mzzﬁmaz)
acting on H*(9r).

Proof. We apply Theorem 3.9 to the tuple (T5,...,T;) of commuting contractions
to have an isometric dilation (X7,...,X,,) on J#y = 5 @ [>(Dr+), where

T; 0 0 0
PU:Dr- PrUF 0 0o ...
X = 0 RUr PrUr 0 ..., (1<i<n).
0 0 PU; PrU;

Clearly, Z; = X for each ¢, and it is evident from the block matrix that J¢ is
a common invariant subspace for each Z; and Z;|» = T;. This proves (). Since
(X1,...,Xy) is a commuting tuple of isometry, X = II7_, X, is an isometry. By
Wold decomposition, £ = J# & #5 and that X| ., is a pure isometry, X| ., is a
unitary. Also, they are common reducing subspaces for each X;. Indeed, if

C; D, 0 Xk
with respect to the decomposition & = J# @ 5, then X; X = X X, implies that

BiXgo = Xg1B; CiXg1 = XkoC.
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Therefore, for all k£ € N, we have
XihnBf = BI Xy XiAC; = Ci Xy,

Now X1 is a pure isometry and Xgo is unitary, so on the one hand, we have
|1 X:EB:|| = ||B;|, and on the other hand, ||BfX;%| — 0 as k — oco. Hence,
B; = 0. Similarly, C; = 0 for 1 < ¢ < n. Thus, with respect to the decomposition
K = K ® A, the operator X; takes form

P (1<i<n).

Now since X; is an isometry, so will be X;1, X/, = II;4X;1 and X0, X/, =
II;+; X 2. Further from the block matrix of X; and from the fact that X = II}"_, X;,
it is clear that Xgo = IT7"; X;5. Again, Xgo is a unitary, X/, is an isometry, and
X;E,XKQ = Xig. SO7 we have

XiQX:Q = X;Q/XKQX}F(QXQI = I, (1 S ) S n)

Thus, X5 is a unitary on J# for each i = 1,...,n. Further, (X11,...,X,1) is a

pure isometric tuple as Xg; = II; X;; is a pure isometry. Since Z; = X/, we

have that (Z1]x;, ..., Zn|x ) is pure co-isometric tuple and (Z1|xs, ..., Znlxs) is
a unitary tuple. Hence, (i) holds.

Additionally, if (5) holds, then the dilation (X7, ..., X)) satisfies the condition
that X is the Schéffer’s minimal isometric dilation of T by Theorem 3.5. Let us
denote Z = X*. Then, Z is a co-isometry as X is an isometry and

0 0 Iy. O

Z=1lo o 0 Ig,.

Note that the dimensions of Z; and Zr are same. Indeed, if 7 : Y1 — P is defined
by 7Drh = Dzh for all h € J# and extended continuously to the closure, then 7
is a unitary. We recall the proof here. Since X is the minimal isometric dilation of
T*, we have
A =span{ X h: k>0, h€ A} =3span{Z**h: k>0, h € H#}.
Now for n € N and h € JZ, we have
D%7*"h = (I — Z*Z)Z*"h = Z*" — Z*Z"Z*h = 0.

Therefore, Dz X™h = 0 for any n € Nand h € J. So, Dz = Dz % = Dz . Also,

IDzR|* = {(I = Z*Z)h, h} = [Ih]|* = || ZR]|* = [|Al|* — | Th||* = | Drh|*.
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Therefore, 7 is a unitary. By Theorem 3.1, we have that

(Xlly cee 7Xn1) = (Mﬁle'FZﬁlQl’ s aM[NJHQTJL-—',-ZﬁnQn)a

where @1,...,Q, are projections and [71, ..U, are commuting unitaries from
B(Dx.,) satisfying

D% X} = Dx;, QiU Dx;. (7.1)
and
D% Xii = Dx;, UiQiDx;,, (7.2)

for all 4 = 1,...,n. Using the fact that X;o,..., X, are unitaries on %, it follows
that

D% =1Ly — I R
: 0 Xh| [0 XB

fI%l_ 2{1 Z/T 0 i‘I:%/l_ 1(1 ﬁ 0
0 Loy — Xip X5 0 0]

Therefore, Dy~ = Dxs» @ 0. Similarly, we can prove that Dx» = Dxy @ 0
for 1 < i < n, with respect to the above decomposition of % So, DX* =

Dx: & 0. Hence .@X;ﬂ = Dx« = .@Z Let us denote U = *UZT and
Q; = 131 for 1 < 4 < n. Thus, Ul,... Un are commuting unitaries and

Py,..., P, are projections in B(Z(T)) such that (Z1|x,...2Zn|x ) is unitar-

ily equivalent to (M , which can be realized as

ﬁle-ﬁ-ZﬁlQl’ T ’MﬁnQ#-i-ZﬁnQn

2 . . .
(MI/J\I}/)\IJ_+[7;E27...7MUZ?”L+UZ?"2) on H*(2r) via the unitary 7. This proves
(éi1) and the proof is complete. O

Apart from having the explicit constructions of isometric dilations and func-
tional model for a commuting contractive tuple, another interesting consequence of
Theorem 3.5 is that it gives a commutant lifting in several variables as discussed in
Remark 3.6. We conclude this article here. There will be two more articles in this
direction as sequels. One of them will describe explicit constructions of minimal
unitary dilations of commuting contractions (77,...,7T,) on the minimal unitary
dilation spaces of T' =[], T;. The other article will deal with dilations when the
defect spaces P, P~ are finite dimensional and their interplay with distinguished
varieties in the polydisc.
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