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This paperalong with the companion paper FarHiallin, Lippi, and Reichlinf200Q
Review of Economics and Statist®® 540-554, introduces a new model—the
generalized dynamic factor modefor the empirical analysis of financial and macro-
economic data sets characterized by a large number of observations both cross sec-
tion and over timeThis model provides a generalization of the static approximate
factor model of Chamberlai(l983 Econometricébl, 1181-1304and Chamber-

lain and Rothschild1983 Econometricébl, 1305-1324 by allowing serial cor-
relation within and across individual processes and of the dynamic factor model of
Sargent and Sim&l977 in C.A. Sims(ed), New Methods in Business Cycle Re-
search pp. 45-109 and Gewekd1977 in D.J Aigner & A.S. Goldberger(eds),
Latent Variables in Socio-Economic Modefs. 365-383 by allowing for non-
orthogonal idiosyncratic termg/hereas the companion paper concentrates on iden-
tification and estimationhere we give a full characterization of the generalized
dynamic factor model in terms of observable spectral density mattiueslaying

a firm basis for empirical implementation of the maddbreoverthe common fac-

tors are obtained as limits of linear combinations of dynamic principal compo-
nents Thus the paper reconciles two seemingly unrelated statistical constructions

1. INTRODUCTION
1.1. Outline of the Problem

Data sets with many data points both over time and across sections are becom-
ing increasingly availableThink for instance of macroeconomic series on out-
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put or employment that are observed for a large number of counteg®ns
or sectorsor of financial time series such as the returns on many different
assetsSuch data sets typically present a good deal of regularity along the time
dimension so that each time serigmken in isolationcan be successfully han-
dled by using standard stationary models or their extensByisontrastalong
the cross-sectional dimensiaiata do not have a natural ordering and correla-
tions do not present any regular structuret, the series are strongly depen-
dent on each othgimplying that univariate modeling would waste information

We do not have a satisfactory theoretical framework for extracting and ana-
lyzing the enormous amount of information embedded in such large cross sec-
tions of time seriesVAR models would be suitable for a small subset of time
series but are inadequate for the whole data set because of the huge number of
parameters to estimat&éhe dynamic factor analytic or index modgbargent
and Sims 1977 Geweke 1977 is much better suitecbecause it is both flex-
ible and parsimoniouseach variable is represented as the sum of a common
component—ke., a term dependingpossibly with heterogeneous dynamic re-
sponseson a small number of unobserved factors that are common to all
variables—and an idiosyncratic componewhich is orthogonal at any lead
and lag both to the common factors and to the idiosyncratic components of all
the other variables

This feature mutual orthogonality of the idiosyncratic components at any
lead and lagrepresents a serious weakness of the index mddel assump-
tion is necessary for identification but is severely restrictids a first
example consider the output of different industries linked to each other by
input-output relationsThe output of sectoA may well be related to the output
of sectorB in a way that is intimately “cross-regressivso that an idiosyn-
cratic shock originated iB propagatespossibly with a lagto sectorA. Simi-
lar local interactions can also arise when there are “intermediate” shioeks
shocks that are neither common nor strictly idiosyncratich as local events
affecting directly more than one area or technological shocks affecting a few
sectorsFinally, consider a data set including both employment and income for
many regions and assume that each variable is driven by a national and a re-
gional shock the second being orthogonal to the fir§he regional compo-
nents of employment and incomalthough being orthogonal for different
regions are likely to be correlated for the same regitmsuch a caselthough
employmentor income taken in isolation would satisfy the orthogonality as-
sumption the index model could not be used to handle the whole data set

In this paperand in the companion paper Forhlallin, Lippi, and Reichlin
(2000, a new modelwhich we will call thegeneralized dynamic factor moglel
is introduced and analyze@he model has three important featuréb it is a
finite dynamic factor modeli.e., the variables depend on a finite number of
factors with a quite general lag structu(®) it is based on an infinite sequence
of variables and is therefore specifically designed for the analysis of large cross
sections of time serie$3) it allows for both contemporaneous and lagged cor-
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relation between the idiosyncratic terms and is therefore more general than the
traditional index model

1.2. Brief Summary of Results

Let us briefly summarize the results of the paper Section 2 we give our
basic definitions and assumptioe start with a double sequence of stochas-
tic variables{x;, i € N, t € Z}. We assume thdtx;, t € Z} is stationary for
anyi and costationary withx;, t € Z} for anyj. We do not assume an auto-
regressive moving averag@RMA) structure for thex’s. We only require the
existence of a spectral density matB¥ for the vector(xy; Xpr  +++  Xno)'-

In Section 3 we introduce idiosyncratic sequencis give a simple illus-
tration of the definition of idiosyncratic sequences adopted,heteus con-
sider a sequencgy;, i € N} of mutually orthogonal variablesuch that
var(y;) = o2. Taking a sequence of averagés= > ,a, V., the variance
var(Y,) = 023", a2 tends to zero if and only i ; a3 tends to zerpthis
occurs typically with the arithmetic mean,; = 1/n. Now, the property of a
vanishing variance for sequences of averages whose squared weights tend to
zero does not require that thyes be mutually orthogonalfor example if v,
andy, are correlated with the correlation declining as' il then vary,)
vanishes asymptoticallyrhis vanishing variance of averagemt orthogonal-
ity, is precisely what we need in our constructidmus in our definition the
sequence of the’s is idiosyncratic if convergence to zero occurs for any
weighted averageboth cross section and over time

n k
2 2 Qnih Xit—h»
i=1h=—k

provided that the sum of the squared weights tends ta ¥geqorove(in Theo-
rem 1, which follows) thatx; is idiosyncratic if and only if the maximum eigen-
value of 3% is dominated by an essentially bounded function defined on
[=, 7] and independent af.

In Section 4 we introduce our generalized dynamic factor made] a se-
quencelx;, i € N, t € Z} such that

Xip = big(L)Uge + bp(L)uye + -+ + bjg (L) uge + &,

whereby; (L) is a square-summable filtefu,;, Uy, -+ Ug)' is an orthonor-
mal vector white noiseandé;; is idiosyncratic and orthogonal to this at any
lead and lagwith the filtersb; (L) fulfilling a condition ensuring that no rep-
resentation with a smaller number of “common factors” is posside prove

in Theorem 2which follows that a sequence has a generalized dynamic factor
structure withq factors if and only if(i) the (g + 1)st eigenvalue o, in
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decreasing orders dominated for any by an essentially bounded function of
the frequencyy; (i) asn tends to infinity the qth eigenvalue diverges fat
almost everywhere if—m, 7].

Thus the unobservable factor structure is completely characterized in terms
of properties of the observable matrice$ This resulf besides its theoretical
interest has a very important consequence for empirical anaglyssit pro-
vides the theoretical basis for heuristic criteria or formal tests in which the se-
gquence of nested matric&g is employed to determine whether the model has
a finite dynamic factor structure and what is the number of factdizre pre-
cisely evidence in favor of conditiond) and (ii), with the eigenvalues com-
puted from estimated spectral density matrjaean be interpretedgiven the
“if” part of Theorem 2 as evidence thafirst, the variables follow a general-
ized dynamic factor model andecondthat the number of factors & This is
the main contribution of the present paper with respect to the companion paper
mentioned previous)yin which a generalized dynamic factor model for tig
is assumed to concentrate on identification and estimation of common and id-
iosyncratic components and on criteria to detect the number of common factors

Theorems 3 and,4which follow, establish uniqueness of the idiosyncratic
component; and of the common componeg = x; — &;;. It must be pointed
out that this identifiability result holds for the whole infinite sequence of the
variablesx;;, not for its finite subsetsotherwise stateddentifiability occurs in
the limit, when the size of the cross section tends to infinifypreover note
that identification ofy;, does not imply identification of tha’s or of the filters
b; (L), which might be achieved only by imposing furtheconomically moti-
vated restrictions Such an issue will not be discussed in this paparally, in
Theorem 5which follows we show that the common component@fcan be
recovered as the limit of the projection xf on the dynamic principal compo-
nents This result provides a firm basis for estimation thedvioreover it is
interesting from a theoretical point of view in thdity unveiling the intimate
relationship linking common factors to principal componeiitprovides a rec-
onciliation between two important chapters of statistical analysis

The case in which th&'s are either difference or trend stationary is briefly
discussed in Section. 5

1.3. Related Research

Correlated idiosyncratic factgralong with infinite cross-sectional sizhave

been introduced in a static model for asset markets by Chamb¢t@&® and
Chamberlain and Rothschild983. Our Theorem 2 is a generalization to sto-
chastic processes of results proved in the static case by Chamberlain and Roth-
schild Also, the link between principal component and factor analysis has been
observed by Chamberlain and Rothschild in the static.dskted models can

also be found in Quah and Sarg€t®93, Forni and Reichlin(1996 1998,

Forni and Lippi(1997), and Stock and Watso{1999.
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2. NOTATION, BASIC DEFINITIONS, AND LEMMAS
2.1. Notation and Some Results

Given a complex matrixD, finite or infinite, we denote byD the com-
plex conjugate of the transpose Df Inner product and norm i€s are the
usual Euclidean entitiesv,w) = 3> ,u;W, and |v| = 3_,|v |2, respec-
tively. Moreover © denotes the real interv@hm, 7].

LetP = (Q, F, P) be a probability space and le;(P,C) be the linear space
of all complex-valuedzero-meansquare-integrable random variables defined
on Q. We recall thal,(P, C), with the inner product defined &%, y) = E(xy) =
cov(x,y) and the norm agx| = VE(|x|?) = Vvar(x), is a complex Hilbert
spacelf Qis a subset of ,(P,C) we denote byspar{Q) the minimum closed
linear subspace df,(P,C) containingQ. If V is a closed linear subspace of
L,(P,C) andx € L,(P,C), we denote by prajx|V) the orthogonal projection
of xonV.

The paper will deal with a double sequence

X ={X,1 EN,t € Z},
wherex;; € L,(P,C). We adopt the following notatian

(@) X = spar(x).

(b) xqis the infinite column vectotxyy Xor --- X --- ).

(c) Xnt is then-dimensional column vectdiX;; Xo;  +++ Xnt)'.

(d) X, =5span{xs, s=1,2,...,n, t € Z}). ObviouslyX, C X = U;X;.

Often when no confusion can arisee speak of the procegg meaning the
processz, t € Z}. Moreover considering amm-dimensional vector process

y={(Yu Yar -+ Ym), tEZ}

we say thaty belongs toW C L,(P,C) if y;; belongs toW for anyj andt. In
the same waywe usesparty) to indicatespar({y;, j = 1,2,...,m, t € Z}).

Assumption 1 For anyn € N:

(1) the procesx,, is covariance stationary
(2) the spectral measure of,; is absolutely continuougwith respect to the
Lebesgue measure df), i.e., X, has a spectral densitfsee Rozanqvl1967,

pp. 19-20.

Assumption 1 will be the basis for all definitions and results that follow and
will be tacitly supposed to hold throughout the pape denote by} the spec-
tral density matrix ofx,, and recall tha&y is Hermitian nonnegative definite
for any § € 0, integrable and that Ex,X,_x) = (1/27)[™_e*3X(6) df.
Last 3* denotes the infinite matrix whoseXx n top-left submatrix i
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Remark 1 Note that our definition of the spectral density is equal to the
usual definition(seg e.g., Brockwell and Davis1991 p. 120, Rozanoy 1967,
pp. 19-20 times the factor 2. This is a conveniengéaving the effect that all
the orthonormak-dimensional white-noise vectors appearing in Section 4 will
have spectral densitly, instead ofl 3/277.

If adenotes the infinite row vectgp; a, --- a, ans1 --- ), wede-
note byal"! the infinite row vector(a; a, --- a, 0 0 ... )and by
a'" the n-dimensional row vectofa; a, --- ap).

We denote byL7(0,C,3*) the complex linear space of all infinite row
vectorsf = (f, f, ... f, --- ), such that(i) f; is a measurable com-

plex function defined ord, (i) [7_f(8)2*(8)f(8)de = lim, 7 _fi"(6) x
3X(0)fi"(9)dd < oo. The termsf and g are to be considered equivalent
if [7_(f(8) — g(0))2*(68)(f(#) — g(8))ds = 0. Defining the inner product as
f, o)< = (1/27) [7 . 1(0)2*(0)5(6)d6, and the norm a§f|sx = A/(f,f)sx, the
spacelZ(®,C,3%) is a Hilbert space

The space.5(0,C) is defined as previously witB* replaced by the infinite
identity matrix(i.e., the matrix having , as then X n top-left submatrix. Inner
product and norm i3 (®,C) are indicated by(f,g) and|f|, respectivelywe
will also refer to the Banach spatg(®,C), whose elements are functiofis
such thatf”_| f(0)|d# < co, with norm | f|, = (1/27) [ .| f(0)|d. The def-
inition of the space&%(®,C,2%) andL}(®,C) is obvious with n-dimensional
in place of infinite-dimensional vector functians

We denote byl the Lebesgue measure @&n Let us recall that an extended
real functionf: ® — R is essentially boundei there exist a reat and a subset
D of ® such thatZ(D) = 0 and|f(#)| = c for § € ® — D. Moreover for any
real functionf, esssupf) = inf{M: L{y:f(y) > M}) = 0} (Royden 1988
p. 119. The functionf is essentially bounded if and only if ess dp < co.
We denote by " (0, C) the complex linear space of altdimensional row vec-
torsf = (f, f,--- f,), with f, measurablesuch thatf| is essentially bounded

Last the spacd.77%(0,C, ), whereX is ans X s spectral density matrjx
is the set of allm X s matricesA such thatASA is integrable If A €
LT*s(®,C,3), then each row ofA belongs toL$(0,C,3). Analogously for
LT*5(@,C). By LT*5(®,C) we denote the set of the matrix functions whose
entries are essentially bounded

Strictly speakingthe elements of5(0,C,3*), L5 (0,C), and so forthare
equivalence classes of functignst functions(see Royden1988 footnote
p. 119. However because no confusion can atigsee speak of functionswvith
the understanding that different functions are equivalent if their distance is zero
Thus statements such B% (0, C) C L3(0,C), or L7*%(0,C) C LT*(0,C) N
LT*5(@,C,3), for any 3, make sense and are obviously true

The following lemma shows thdt; (0, C,3*) is the straightforward gener-
alization of the vector-function space occurring in the spectral representation
of finite-dimensional vector stochastic processes
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LEMMA 1. Let X = UZ X, and L3 = UZ L35, where($ = {f5l:f €
L3 (0,C,=%)}. Define@: X — L5 as the linear extension of

QX)) =€V By S =+ S 0 ), 1)

wheredp, = 1if h = k, 8ux = 0 if h # k. The map@ can be extended in
a unique way into a ma@®: X — L3 (0,C,3*). Morewer, Q is an isomof
phism i.e., oneto-ong onto and norrrpresewing.

Proof The restriction of to X, is an isomorphism betweefs andL$ (see
Rozanoy 1967, p. 32). This implies that} is an isomorphism betweex and
I:‘;. The conclusion follows from the fact thxt andL> (0, C,3*) are the clo-
sure ofX andL%, respectively [ ]

The following lemma ensures that all vector stochastic processes belonging
to X and costationary with thg’'s have a spectral density

LEMMA 2. Assume that the s-dimensional vector procgss {y;, t € Z}
belongs toX and is costationary with the x’s. Then

(1) there exists a sequence of integepsakd coefficients g, independent of t,
such that y = lim, 2m_1 S CrmknXme_ki

(2) y has a spectral density; i.e., there exists a Hermitian, nonnegative definite, in-
tegrable sx s matrixSY such that By,y, ) = (1/27) [7_e*?3Y(9) df.

Proof Statementl) is a trivial consequence of the definition ¥fand the
costationarity assumptioifo prove(2), let %Y be the matrix whoséi, j) entry
is Q(yit)zxﬁ(yjt); call it S(yy, Y;i;6). By the definition of@, and by statement
(1), S(y,Y;i;0) is independent of. Note thatSY is Hermitian nonnegative
definite, and integrableBy the definition ofQ and Lemma 1

1 (™
E(Vi B_/jt—k) = <Yit,th—k> = <Q'(Yit),Q(th—k»iX = ;f elkes(yit,yjt;e)dO

(S(yit, Yje:0) is usually referred to as the cross-spectrum betwgeandy;; ).
[ ]

DEFINITION 1. As usual, we denote by L the lag operator, definedoy
linear extension of Lx= Xx;_,. Givenf € L3 (0,C,3*), we definef(L)x; by

f(L)x, = @~ *(fe™). (2)

The spectral density of the proce$L)x,, t € Z} is f3*f. The expression
f(L) must be used carefullySuppose thaBX = |, (x, is an orthonormal
white noise. Then the Fourier expansiditd) = >y _. Fle * whereF{ =
(1/27) f™_1(0)e*?dg, converges i3 (®,C,2%) (which is equal in this case
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to L3 (0®,C)). In this case we can defingL) as the linear filter> ;. __ FfLX
with

f(L)x, = lim i FiX ek 3

S k=-s

being of finite variance and therefore making sens&itHowever in general
f(L)x;, although the limit of finite linear combinations of the variablgs x,
cannot be represented as the sum of a series &.iln other wordsin gen-
eralf(L) does not admit a separate definition as a filter and makes sense only
within the expressiofi(L)x;, defined in(2). Givenf € L%(0,C,35), f(L)Xn iS
defined using the isomorphis®,, betweenX,, andL%(0,C,2¥), whereQ,, is
defined mutatis mutandisasQ in equation(1) in Lemma 1

If y; is ans-dimensional vector belonging % and costationary with thes,
andA € LT7%(0,C,3Y), the m-dimensional vectoA(L)y, is defined apply-
ing Q;l to each row ofAel, where Q, is defined asQ in equation(1) in
Lemma 1If Aism X sandB is n X m, and BA belongs toL}*5(0,C,3Y),
then we writeB(L)A(L)y, for BA(L)y,. Last in expressions such &(L) or
C(L)y, it must be understood théitst C is transformed by andsecond_ is
applied

Remark 2 Giveny € X, by definition y = lim, =n-1 35 %m0,
for some coefficientSame, Defining yi = lim, Zn_1 S, 8l the
processy;, t € Z} belongs toX, is costationary with the’s, and containgy.
With the preceding argument in minthe generic element of will often be
referred to ay, z, etc, rather thany, z etc, wherey,, z, etc, are costation-
ary and costationary with thg's. Analogous considerations hold if we con-
sider a vectoy belonging toX.

2.2 Properties of the Spectral Density Matrices 3}

Now we give some definitions and results on eigenvalues and eigenvectors of
the spectral density matric&s.

DEFINITION 2. Fori =12,...,n, letA};: ® — R be defined as the func-
tion associating wittd € 0 the ith eigenvalue, in descending order,3}{6) .
The functions\y; will be called the dynamic eigenvalues3J.

Remark 3 We use “dynamic” for eigenvectors and eigenvalue& pfo in-
sist on the difference between the dynamic analysis developed here and the
static approachbased on the eigenvalues of variance-covariance matues
eigenvalues and eigenvectors of spectral density majraces related filters
see Brillinger(1981, Ch. 9).

The following lemma is an elementary consequence of well-known results
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LEMMA 3. The functions\}; are Lebesgue-measurable and integrabl@®in
foranyne Nand i=n.

Proof Measurability is a consequence @ continuity of the eigenvalues
with respect to the entries & (for continuity of the roots of a polynomial
see e.g., Ahlfors, 1987, pp. 300—306; (b) measurability of the entries af; as
functions of@ (recall that3} is integrable; (c) measurability of a continuous
function of a measurable functiqsee for the real caseRoyden 1988 Prob-
lem 25 p. 71; extension to the complex case is immedjateor integrability
note that for anyn, i = nand@, 0 = X%,(0) = X0, A%(0) = tracg3%(#)) and
that (1/27) [7_traceZ%(0)) dd = E(|Xn|?) < co. u

Let us recall some properties of the eigenvalues of Hermitian nonnegative
definite matrices

FACT M.
(a) LetD andE be mXx m Hermitian nonnegative definite afkl= D + E. Then
AS=A2+25, AS=AD+4+2E, AS=A2, AE=AE 4)

forany s=1,2,...,m.
(b) LetD be as in (a) and leG be the top-lef{m — 1) X (m — 1) submatrix ofD.
ThenA2 = ASfors=12,...,m— 1.

Proof BecausdD + A§l,) — F = A§l,,— E andF — D = E are Hermitian
nonnegative definitethe first and third inequalities i4) follow from Lan-
caster and Tismenetsk$¥985 Theorem 1p. 301); analogously for the second
and fourth statemenib) follows from Corollary 1 p. 293 in the same book

[ ]

Because the spectral density matri&sare nested as in Fact ,Mtate-
ment(b), then we can state the following lemma

LEMMA 4. Given i, for n= i, A};(6) is nondecreasing as a function of n
foranyd € 0, i.e., A%(0) = Af.qi(0).

A consequence of Lemma 4 is that |jm;(#) exists for anyi and 6 and
equals supAy;(0).

DEFINITION 3. For any i we define the functio by A¥(0) = sup, A%i(0) .

It must be pointed out that} is an extended real functiohe,, its value may
be infinite Note also thatA¥ is measurablésee Royden1988 Theorem 20
p. 68) and that{#: A¥(#) = oo} may be of null or positive measure and may
even coincide witho.

Now consider the system of equations

P(O)[ZR(6) — A7a(0)1,]1 =0, [p(6)]=1. (5)
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Because the functions}; are measurable by Lemma tBe coefficients of5)
are measurabl®etermining a solution t@5) that is continuous with respect to
the coefficientsand therefore measurable with respectias a simple exer-
cise Call p¥; such a solutionRecursivelyfor i > 1, we can determing}; as a
measurable solution to

P(O)[ZR(0) — A%(0)1,]1=0, p()py(0)=0, 1=j<i, [p(d)=1

Thus we have the following lemma

LEMMA 5. There exist n functiong}, i = 1,2,...,n, belonging to
L".(©,C), and therefore to &(©,C,3*) N L%(6,C), such that

(1) Ipri(0)| =1, for any 6 € ©;
(2) pri(0)pyi() =0, fori # jand anyd € 0;
(3) Pri(0)Z5(0) = A%i(0)pyi(0) for anyd € ©.

DEFINITION 4. An n-tuple of functiongy; fulfilling (1)—(3) of Lemma 5
will be called a set oflynamic eigenvectorassociated withx .

DEFINITION 5. If the functionspy;, j = 1,2,...,n, form a set of dynamic
eigenvectors, thepy; (L)X, j = 1,2,...,n, is a set ofdynamic principal com-
ponentsassociated withx ;.

Remark 4 Note that dynamic eigenvectors and dynamic principal compo-
nents associated witk,; are not unique

3. DYNAMIC AVERAGING SEQUENCES, AGGREGATION SPACE,
IDIOSYNCRATIC VARIABLES

In the Introduction we have considered averages okthién which the sum of
the squared weights tends to zefde function spaces introduced in Section 2
now permit a precise definition

DEFINITION 6. Leta, € L3(0,C) N LF(0,C,3*) for n € N. The se-
guence{a,, n € N} is a dynamic averaging sequencBAS henceforth, if
lim,|la,| = 0, i.e., ifa, converges to zero in the norm o} (0, C).

Example 1

Define L", as{fl":f € L3(0,C), fi" € L2 (0,C)}. Note thatL3(®,C) N
L7(0,C,3%) D I:[,‘o for any n and is therefore never trivialn particular the
sequence

1 N
d,=-1 1 .. 1 0 0 .)eln,
n —

n

producing arithmetic averages obviously a DAS
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DEFINITION 7. Lety € X. We say thatyis anaggregatef there exists a
DAS{a,, n € N} such thatlim,a,(L)x; = y;. The set of all the aggregates will
be denoted by (x) and called theaggregation subspacd X .

LEMMA 6. The setG(x) is a closed subspace f.

Proof Assume that; = lim, Yme, With Yo € G(X). Let Yt = limamn(L) Xy,
where{a,,, n € N} is a DAS for anym. Let m; be such thalz, — y,, | < 1/i
andn; such thatla,, , | < 1/i and |y — am, (L)X| < 1/i. The sequence

@mn, 8mpn, - )

is a DAS and

1Ze = 8, (L)X = 120 = Yo el + [ Yim e = 8y, (L)X ]| < 271 u
DEFINITION 8. Consider the projection equation

Xt = Proj(xi |G(x)) + 8. (6)

Decomposition (6) will be called theanonical decompositioof x.

DEFINITION 9. We say thak is idiosyncraticif lim,a,(L)x; = 0 for any
DAS{a,, n € N}.

If x is idiosyncratic then obviouslg(x) = {0} and the canonical decompo-
sition is trivial with 6; = x;. However as the next example showthe con-
verse does not hold

Example 2
Assume thak; Lx;_ for anyi # j and anyk € Z, thatx; is a white noise for
anyi, and thatx; |?> = i. Define
! (0 0 01 0 0 ..)
C,= — o).
" \/ﬁ %(—}

n

The sequencéc,, n € N} is a DAS Moreover|c,X;|? = 1, so thatx is not
idiosyncratic Now lety, be an aggregatso that

Yt = ”T a,(L)x, = "T E Ay (L)x; = lim 2 E Anjk Xjt—k»
=1

N j=1k=—oo

where{a,, n € N} is a DAS Becauseg, € X and thex;'s are mutually orthog-
onal white noisesthen

Yo = 2 E By X k- (7)

j=1k=—00
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Moreover representation7) is unique and lim, a,y = by for anyj andk. On
the other handbecausda,, n € N} is a DAS lim, > 37 |a,xl* = 0, so
that by, = 0 for anyj andk, i.e,, y; = 0. ThusG(x) = {0} althoughx is not
idiosyncratic

If the vectorx,, is a white noise for any, i.e, if the matrix 3} and its
eigenvalues are constant as functiongpthenx is idiosyncratic if and only
if A¥; is bounded as a function af (see Chamberlajn1983 Chamberlain
and Rothschild1983. Theorem 1 generalizes this result to axyulfilling
Assumption 1

THEOREM 1 The following three statements are equivalent:

(a) x is idiosyncratic.

(b) A% is essentially bounded.

(c) Consider the spac#& = L5 (0,C) N L3 (0,C,=%), with the|-| norm, and define
Y: ¥ - LP(0,C,3*) asY(f) = f. HereY is continuous.

Proof Let us recall that continuity at,@ontinuity everywhereand bound-
edness are equivalent for linear maps between normed vector gfmeden
1988 Proposition 2 p. 220). Becauseg|a, (L)X = |a,|sx = Y (a,)]sx, Defi-
nition (9) is equivalent to continuity o¥ at 0. Thus (a) and (c) are equiva-
lent Moreover defining | Y| = supeg rj—1|Y (f)|sx, boundedness ot is
equivalent to|Y| < co (Royden 1988 p. 220). Because we prove thd¥| =

\/esssupry), (b) and(c) are equivalent

To show thaf] Y| = \/ess supA¥), let ¢, = supcy =1 Y (F1")|sx. Because
3X(#) is Hermitian for anyé, then (see Lancaster and Tismenetsk®85

Theorem 4p. 285

T

1 -
pi= sup —— [ fiN(O)Zx(6)F"(6)do

few, |f|=1 €T J—7

o

= sup [h(8)2X%4(6)do, (8)

hew,, [hj=1 27 J
where ¥, = L,(0,C) N L,(0,C,A%,;). Applying a standard argument to the
last term of(8) (seg e.g., Conway 1985 Theorem 15, p. 28), we havey; =
ess supA’;). The result follows from|Y| = lim,¢,, and lim, ess supx¥,) =
ess suplim, A¥;) = ess supAy). u

COROLLARY. If x is idiosyncratic then

supf Ny (0)do = "T f N (0)do < co.
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Proof Because)¥ is essentially boundedwe have [7_A%(0)do < co.
Moreover A}, converges monotonically.@ in ©® to A5. Thus by the monotone
convergence theorefiRoyden 1988 p. 87),

Iimf )\fﬂ(ﬁ)d0=f X(0)d6 < oo. m

n —ar

The following example shows that the converse of the corollary is false
Example 3

Assume thak; is orthogonal tax;;_ for anyk and anyi # j and suppose that
the spectral density of the stationary procggsss any nonnegative functiof)
independent of, with f € L,(0,R) — L,(0®,R). In this case the matrig} is
diagonal X} = f, which is not essentially boundethusx is not idiosyncratic
even though sypf™,. A%,(0)do < oo.

Adapting the argument wused to obtain(8) we have
\(@2m) 7 f(9)2X(0)f(0)do = yesssup)})|f| for anyf € L5 (©,C). Thus
if x is idiosyncraticLZ(0,C) C L3(0,C,2%), and therefore? = L3 (0,C).
The inclusion can be stricas the following example shows

Example 4

Let 3X(A) = |1 — e '?|2l,. In this casex is idiosyncrati¢ so thatL3 (®,C) C
L7 (0,C,=%). However the opposite inclusion relation does not hofon-
sider eg., f() = (1 — )1 0 O ... ). Here f belongs to
L7 (0,C,=%) but not toL3(0,C).

4. A FINITE NUMBER OF DYNAMIC COMMON FACTORS

4.1. The Generalized Dynamic Factor Model

Note that dynamic averaging of according to Definition §is nothing but
averaging simultaneously both in the cross section and the time dimeiision
is easy to show that the same aggregation space would result by taking finite
averages in one of the two dimensions or in bdthparticular if y € G(x),
then there exist a sequence of integegsand a sequencéa,, n € N,
a, € L3(0,C) N L3(0,C,3%)} such that lim|a,| = 0 and lim, a,(L)Xs, =
Vi. Thus an equivalent definition of a DASvhich will be used in the present
section is that of a sequence, € L3(0,C) N L3(6,C,%5) such that
limp[a,| = 0.

Let us now give a formal definition of the generalized dynamic factor model
and state our main results
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DEFINITION 10. Let g be a nonnegative integer. The double sequerise
a g-dynamic factor sequencg-DFS henceforth, if 4P, C) contains an ortho-
normal g-dimensional white-noise vector process

u={(uy Uy .. Uy, tEZ}={u,tEZ}

and a double sequenge= {&;, i € N, t € Z} fulfilling Assumption 1, such
that

(i) Foranyi e N,
Xit = Xit T it
Xit = bia(Lug + bip(L)up + -+ + big (L) ug = by (L) uy, 9)

whereb; € L3(0,C).

(i) Foranyi € N,j=12,...,q, and KE Z, we have;; Luj;_. As a consequence
it Lyxsexforanyie N, se N, and ke Z.

(iiiy A is essentially bounded, i.€t,is idiosyncratic.

(iv) Puttingx = {xit, i €N, t € Z}, A{(#) = 0 a.e. inO.

The double sequencgsand ¢ are referred to as the common and the idiosyn-
cratic component of representation (9).

THEOREM 2 The double sequenceis a g-DFS if and only if

(i) X§+1is essentially bounded,;
(i) A5(0) = o a.e.in®.

Remark 5 Forni et al (2000 propose a heuristic criterion to determine in
empirical cases the numbersuch that(i) and(ii) hold. Because they only rely
on the “only if” part of Theorem 2their criterion provides evidence on the
number of common factorsinder the assumption of a generalized dynamic
factor model Once the “if” part is provegdevidence that for some (i) and(ii)
hold becomes evidence both that the series follow a generalized dynamic fac-
tor model and that the number of factorsgis

THEOREM 3 If x is a g-DFS with representation (9) then
spar( x) = spar(u) = G(x).
Moreover,
Xit = Proj(xy |G(x)). (10)

An immediate but very important consequencéid) is that ifx is ag-DFS
then the componenig; and¢;, are uniquely determine®reciselywe can state
the following theorem
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THEOREM 4 Suppose thax is a g-DFS with representation (9). Suppose
further that there exists an s-dimensional orthonormal white-noise vector pro-
cessv, withv;; € L,(P,C), such that

Xip = o + L,
Wiy = gi(L)Vlv

wherec; € L$(0,C), and thatA§ and A2 fulfill, respectely, conditions(iii )
and (iv) of Definition 10. Then s= q, wiy = xit, and iy = &;;.

Several observations are in order

Remark 6 Theorem 3 implies that botlg;, and¢;; belong toX. Theorem 4
implies that no representation fulfilling Definition 10 is possible with the com-
mon or the idiosyncratic component not belongingXto

Remark 7 It must be pointed out that the components are uniogoe u,
or the filtersb;(L). Preciselyif (9) holds all possible representations gf;
are obtained by setting;; = d;(L)w;, w, = C(L)u, d; = b;C, whereC €
L3*9(e,C) andCC = I,

Remark 8 Becausau is an orthonormal white noise the functibn(L)u; €
L,(P,C) if and only if b; € L3(®,C). As a consequendg (L) has a represen-
tation as a filten(see Section.2). Note that Definition 10 does not exclude that
the filtersb; (L) are two-sided|If representatior{9) must have a structural in-
terpretation then it is reasonable to assume that the filigis) are one-sided
However one-sidedness of thg (L) has no consequences on the eigenvalues
Anj or A%, nor does fulfillment of conditionsi) and (i) have implications on
the existence of one-sided representations of the common compadmehis
paper we deal only with the number of common shotks, the dimension of
u;, which is uniquely determine@Theorems 2—) and with the reconstruction
of yir and¢;; (see Theorem ,Swhich follows). Existence and identification of
one-sided representations of the common component are left to further study

Remark 9 The results = g in Theorem 4 can be restated by saying that if
is ag-DFS thenqis minimal i.e., no representation fulfilling Definition 10 is
possible with a smaller number of factotsis important to point out that this
is no longer true if conditioriv) in Definition 10 does not hold~or example
suppose that

Xip = by + &,

with £ idiosyncratic and>|b; |? < co. In this case\f < . As a consequenge
b,u; + &, is idiosyncrati¢ so that a representation with zero factors is possible

Remark 10 Suppose thax,; is a vector white noise for ang, so that the
model is “isomorphic” to the static model in Chamberlain and Rothschild
(1983. Then the eigenvaluesy; are constant as functions 6f As a conse-
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quenceif X5 < oo, the model hag factors with g < s. Unfortunately in the
general dynamic casehere exist cases whetg is essentially bounded but
the sequence does not fulfill Definition 10 for angy< s. Consider

X = b(L)u; + &,
with ¢ idiosyncratic and

1 ifoe[-11]
0 otherwise

b(o) = {

Here X%(0) is essentially boundedbut A% () is infinite only foro € [-1,1],
finite elsewhereThe analysis of such cases is left to further work

The proofs of Theorems 2 and 3 will require several stepSection 42 we
introduce an additional assumption grand show that it does not imply any
loss of generalityln Section 43 we prove that conditiong) and (ii) in Theo-
rem 2 are necessary for@DFS which is very easyThe converse is much
more complicatedin Section 44 we prove thatj(x) contains ag-dimensional
orthonormal white-noise vector procezsso thatG(x) D span(z). In Sec-
tion 4.5 we prove that actuallg(x) = span(z), so that the canonical decompo-
sition has the form

Xit = proj(xit |Q(X)) + 6it = gi (L)Zt + ait'

Last in Section 46 we show tha® is idiosyncrati¢c thus completing the proof
of Theorem 21In Section 47 we prove Theorem.3

4.2. An Additional Assumption on X
Theorems 2 and 3 will be proved supposing that the following assumption.holds
Assumption 2 For anyn € N, j = nandf € 0, X};(0) = 1.

To show that Assumption 2 does not imply any loss of generalibgerve
that, possibly by embeddin@ into a larger probability spaceve can assume
thatL,(7,C) contains a stationary sequerég, i € N, t € Z} such that;, L X
for anyi andt, var(&;) = 1 for anyi andt, andé; 1 & for anyt, k andi # j.
Now definey = {x; + &, i € N, t € Z} and suppose that Theorems 2 and 3
have been proved under Assumptiarve have

(@ ZY=3%+ 1, Aﬁ,— = A}; + L. Thus if conditions(i) and(ii) in Theorem 2 hold for
X, then they hold foy alsa By Theorem 2 is ag-DFS with representatioy; =
Xit + &t By Theorem 3 ¥i = proj(yi|G(y)). But the definitions ofé andy
imply that y;; = proj(x;;|G(x)). Therefore

Xy = Proj(x |G(x)) + (git - éi[)' (11)
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Becausefit is orthogonal tax andf —£is idiosyncrati¢ then(11) is ag-DFS
representationThus if (i) and(ii) hold for x, thenx has ag-DFS representation

(b) If x has theg-DFS representatior; = xi; + &it, theny has theg-DFS represen-
tationyy = yit + (& + &¢). Applying Theorem 2 toy, we obtain conditionsi)
and(ii) for A% = X5 + 1 andAy, 1 = A%, + 1 and therefore for; and A ;. In
conclusionif Theorems 2 and 3 hold under Assumptigrtteen Theorem 2 holds
in general

(c) In the same wayapplying Theorems 2 and Supposedly proved under Assump-
tion 2 toy, Theorem 3 can be proved in general

4.3. The Necessity of Conditions (i) and (ii) for a g-DFS

Let us prove that ifx is a g-DFS then(i) and (ii) in Theorem 2 hold By
Definition 1Q 3X(0) = 3X(0) + 24(). By Fact M the third inequality in(4),
Niq(0) = Aq(0), so that(ii) is proved By the first inequality in(4),

Rigr1(0) = Mg a(0) + X50(0) = A5 (0), (12)
so that(i) is proved Moreover (12) implies the following interesting inequality
Ng1(0) = A5(0) (13)

(the opposite inequality is proved in Sectio@

4.4. Construction of a g-Dimensional White-Noise Vector

Now we start assumingi) and (i) in Theorem 2 First we prove thagG(x)
contains ag-dimensional white-noise vectorhe proof goes as followd/Ne
start with ag-dimensional orthonormal white noiseall it ¢, whose entries
are linear combinations of theth order principal componentsy, (L)X, for
j =12,...,9, t € Z. Then we projecty, on the space spanned by thth
order principal componentsy (L)X, j = 1,2,...,0, t € Z, for n > m, call y,
the projection We show that whemm and n become large the distance be-
tweeny, andy, becomes smallThis leads to the construction of a sequence
of g-dimensional white-noise vectors whose components are Cauchy sequences
and converge t@j(x).

The proofs would be considerably easier if we could assumethad) =
an, ae. in 0, where lim,a,, = co. However this condition is false in this one-
factor moded

Xig = (L=LD)u, + &, (14)

with 3¢ = |,,, in which 3% is continuous an&%(0) = I, for any n. Unfortu-
nately to include cases such &54) our proofs must be carried over piecewise
on @.
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For g = n, we denote byP, the g X n matrix
(P’ PR2 - PRG)S

i.e., the matrix having the dynamic eigenvectgrs, j = 1,2,...,q, on the rows
and byQ, the (n — g) X n matrix

X X X
(pnq+l, pnq+2, pnn’),~

Moreover let us callA, the q X g diagonal matrix having on the diagonal the
eigenvalues\y;, j =1,2,...,q, and denote by, the (n — q) X (n — q) diagonal
matrix having on the diagonal the eigenvalugs j = q + 1,...,n. The matri-
ces3X andl, can be rewritten in their spectral decomposition fqisee Lan-
caster and Tismenetsky985 Exercise 5p. 175):

3h= IBnAnPn + an)nQn,
= IAjnpn'i_(ann- (15)

BecauseA,! is bounded in® by Assumption 2A,1P, € L™X"(®,C), so that
the definition

U=l ¥8 o Y@) = AMA(L)B(L)Xy

makes sense ang” is an orthonormal white noisélote that the processes,
j=12,...,q, are the dynamic principal components associated with the largest
g eigenvectorsrescaled so that the spectral density is equal to

DEFINITION 11 Let M C ©. We denote by K the subset of £%®,C)
whose element8 are such that

(i) C(6) = 0qfor 6 & M,
(i) C(0)C(0) = 14for o € M.

In the sequelso as not to complicate notatiowe write matrix product#\B
in which the number of columns & is smaller than the number of rows Bf
In this case we implicitly assume thaAthas been augmented with columns of
zeros to match the number of rows Bf For examplewe write B, (L)X, for
n > m, this meaning nothing other tha®, (L)X In the same waywe have
equations with a X m matrix on one side and a X n matrix on the other
with m < n, this meaning that the X m matrix has been augmented with zeros
Now let C € Ky, so thatC(L)¢™ makes sense as a vector belongingto
We want to determine thélement by elementorthogonal projection of the
vectorC(L)¢™ on the space

spar{yst,j = 1.2,...,q, t € Z})
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for n > m. From (15) we get

= Ba(L) Py (L)Xt + Qn(L) QL)X = By(L) AL (L) + Qn(L) Qn(L) Xt
(16)

(note that integrability of the eigenvalugsee Lemma Bimplies thatP, AY? €
L5*9(@,C)). Because, (8)2X(0)P,(68) = ®,(0)Q,(0)P,(6) = 0 for any#, the
two terms on the right-hand side 6f6) are orthogonal at any lead and lag
element by elemenso that the first is the projection o, on spar{y{, j =
12,...,0,t € Z}) and the second is the residual vecfidre required projection
equation is then obtained by applying on both si@&)A,>?(L)P,(L) and
noting thatA,Y2(L) P, (L)X, = A,Y2(L)P (L)X = ¥™; that i

C(L)g" = D(L)¢" + R(L) X,
where
D= CATﬂl/z P ﬁnA:Ih/Zy R = CATnl/Z Pan Qn- (17)

Note thatR belongs toL¥"(®,C) and therefore td_3*"(0,C,=X). More-
over, becauseAY? € L3*%®,C) and CA,Y2P,,P, € L¥%0,C), thenD €
L3*9(®,C). Note too thatD, and alsoA, H, and F, which are defined sub-
sequentlydepend orC, m, andn. However as no confusion can arisee do
not make explicit this dependence for notational simplicliye following re-
sult holds

LEMMA 7. Suppose that (i) and (ii) hold in Theorem 2. Letm, M C 0,
andC € K,,. Consider again the projection equation

C(Ly" = D(L)¢" + R(L) X, (18)

whereD and R are defined as in (17), and calk(#) the largest eigenvalue
of the spectral density matrix of the residu&(L)x,;. Then u(6) =
X X
nq+1(0)/)‘mq(9)-

Proof The matrix I, — Q,Q, is nonnegative definite by(15) and
nq+lQ Q, — 0,®,Q, is nonnegative definite by the definition &, so that
Yar1ln — Qn®nQ, is also nonnegative definit®remultiplying byCA,2P,,

and postmultiplying byP,,A,,»2C it is seen that

Nqr1CALC — R3XR

is also nonnegative definitd he desired inequality follows from Fact,Nhe
third and fourth inequalities i¢4). [ |

Now let us begin the construction of our converging sequehate thaf
under assumption@) and(ii) in Theorem 2there exists a sél C ® and a real
W such that® — IT has null measure antbr 6 € TI: (1) A}4.1(0) = W for any
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n € N and anyd € II; (2) X3(0) = oo for # € I1. Obviously if a statement
holds ae. in II, then it holds @. in ® and vice versa

Let M be a positive measure subsetlbfsuch that\}4(0) = a, for 6 € M,
where{a,,, N € N} is a real positive nondecreasing sequence satisfyingaljns
0. AssumeC € Ky, and consider(18). Taking the spectral density of both
sides we getfor 6 € M,

l4=D(6)D(6) + R(0)ZX(0)R(H). (19)

Applying Lemma 7 we obtaimu(0) = A}y, 1(0)/A%q(0) = W/ay, for 6 € M.
Hence by Fact Mcalling A;(0), j = 1,2,...,q, the eigenvalues dd(9)D(9) in
descending ordewe have

1=4400)=1—Way (20)
for any @ in M. Thus if m* is such that

W/a, <1,

we have

Ag(0) =1—W/a, >0 (21)

everywhere irM for anym = m*.

Now assumeam = m*. Denote byA the diagonal matrix having; in place
(J,]) and byH (#) a matrix that is measurable M and fulfills for any6 € M
the following conditions(a) H(8)H(8) = 14, (b) H(#)A(0)H(6) = D(0)D(9).
Inequality (21) ensures that/l\/Aj(o) is bounded inM for j = 1,2,...,q, SO
that the definition

H(0)A(0) V2H(0)D(9) ifoeEM
Fo) = 22
©) [Oq if 0 &M (22)
makes sensé\ote thatF belongs toKy,.

LEMMA 8. Suppose that (i) and (ii) in Theorem 2 hold. Let M be a positive
measure subset @f and{«,, n € N} a real positive nondecreasing sequence
such thatlim,«,, = co. Assume that

(a) Cce KM,
(b) X3g(0) = an for 6 € M;

Then, giverr, such that2 > 7 > 0, there exists an integer nsuch that, first,
W/, < 1and, second, for > m= m,, the largest eigenvalue of the spectral
density matrix of

CL¢"—EL)y"

is less thanr for any 6 € 11, whereF is defined as in (22), witld defined as
in (17).
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Proof From(18) we get

CL)¢" — E(L)¢" = R(L)Xpy + (D(L) = E(L) ¢

The terms on the right-hand side are orthogonal at any lead andddpat the
spectral density matrix of the sum is equal to the sum of the spectral density
matrices Hence calling S the spectral density matrix on the left-hand side and
using(19), we see thatfor 6 € M,

S=2l,— DF —FD =2l 2HAY?H = 2H (I, — AY?)H,

whose largest eigenvalue is 2 Z\IAQ(H), which is less than or equal to
2[1 — Aq(0)] = 2W/arm, by (20). Thus for F to make sense and the statement
of the lemma to hold we needZa,, < min(2,7). Becauser < 2, m, must
fulfill

2W/ay, < 7. (23)

The following lemma will be repeatedly employels proof is a conse-
guence of the following statement

FACT L. Suppose thaff,, n € N} is a sequence of functions belonging to
L(®,C), with k equal to 1 or 2, which is convergent in the norm gf@, C) .
Then there exists an increasing sequencsush thatlim; f, (6) = f(0) a.e. in
0 (see Apostol, 1974, p. 298).

LEMMA 9. Suppose that A {Ay, t € Z} and B= {B,, t € Z} belong to
X and are costationary with the x's, and thiain , A, = A; andlim B, = B;.
Then, for a sequence of integets s

lim S(Aq 1, Bg1;0) = S(A;, By;0)
I

(S has been defined in the proof of Lemma 2) a.edin

Proof (An,Bn) = (1/27) [7, S(Ay, By;0)do (see the proof of Lemma
2). Continuity of the inner product implies thdl/27) [™,|S(An, Bni;0) —
S(A,B;0)|do — 0, i.e., that (A, By; 0) converges ta&S(A;, Bi;6) in L1(0, (C)
The result follows from Fact L

LEMMA 10. Suppose that (i) and (ii) in Theorem 2 hold and let M dnd,
n € N} be as in Lemma 8. There exists a g-dimensional vector praceash
that

(a) vjt is an aggregate for = 1,2,...,q;
(b) the spectral density matrix efequalslq for 6 a.e. in M,Q, for 6 & M.
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Proof Let F, be any element oK,,. Setr = 1/22 ands, = m,, wherem,
satisfies(23). Then setG; = F; A Y?P; andv{ = G;(L)x,. It is easily seen
that the spectral density matrix of equalsl, for 6 € M, O, for 6 & M.

Now setr = 1/2% ands, = m., wherem. satisfies(23) andm. = s;. Then
determineD as in(17), with F; in place ofC, s, in place ofn, ands; in place
of m, and determineF, as in (22). Finally setG, = F,AY?P, and v =
G2(L)Xn. The spectral density matrix of equalsl 4 for 6 € M, O, for 6 & M.
Moreover by the definition ofs; and Lemma 8calling A; the largest eigen-
value of the spectral density matrix of — v2, we haveA,(0) < 1/22 for any
¢ €11, so that|v} — v? < 3, forj=12,...,0q.

By recursion setr = 1/2?¢ ands, = m,, wherem., satisfies(23) andm, =
S« 1. Then determin® as in(17), with F,_, in place ofC, s in place ofn and
Sc—1 in place ofm, and determin&, as in(22). Finally setG, = F, A P, and
vE = Gy(L)X. The spectral density matrix of< equalsl , for 6 € M, 0, for
0 & M. Moreover by the definition ofs,_; and Lemma 8calling A,_; the
largest eigenvalue of the spectral density matrix wf! — vk, we have
A-1(0) < 1/226D for any 6 € 11, so that|vfi > — vff| < 1/2%* for j =
12,...,0

Because we have

loff = oM = loff = of A+ oo+ o = o < 17247,

then each component ¢¥¥, k € N} is a Cauchy sequenc€all v, the vector
of the limits To prove(a), we have to show that each row {f&,,, n € N} is a
DAS. We have

Gn(0)G(0) = F(0)AH(0)F, (),

whose diagonal entrigg),;()|? cannot be larger tharyas ,(0) becausd=, €
Kum. The latter ratio converges to zeraean ® and is less than 1 by Assump-
tion 2, so that its integral o® converges to zero by the Lebesgue convergence
theorem(Royden 1988 p. 91).

Finally, (b) follows from Lemma 9 and the fact that the spectral density ma-
trix of v¢ equalsl, for 6 € M, 0, for 6 & M. u

LEMMA 11. Suppose that (i) and (ii) in Theorem 2 hold. There exists a
g-dimensional orthonormal white-noise vector processich that z is an ag-
gregate for j=1,2,...,qQ.

Proof DefineMg = II. Then by recursiondefiner,, a € N, as the smallest
among the integemn such that

L{O E Ma_q, Xo(0) >a}) > 7
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and
M, = {0 € M,_q, A} 4(0) > al.
The measure of the set
Ny=M;NM,N---NM,N ---

is not less thanr. Now defineN, starting withIl — N, instead offI, and using

L(IT — N;)/2 instead ofr, N,, b > 2, starting withII — N; — N, — --- — Ny,
and usingC(IT — N; — N, — -+ — Np_1)/2, etc SettingN =N; U N, U -+,
we have

L(N)=L(Ny) + L(Ny) + --- + L(N,) + -+ = 277.

Lemma 10 can be applied to the subbit with the sequence,, defined as
an, = a, wherea is the only integer such that, = n < v,,;. We obtain a
g-dimensional vectov? = (vf, v8 ... vg) such thati) v is an aggregate
forj=1,2,...,q; (ii) its spectral density matrix ik, a.e. in Ny, Oy for 6 & N,.
Now setz, = i, vP. It is easily seen that the spectral density matrixois
I4ae. in 0, so thatz is ag-dimensional orthonormal white noise proces#

4.5. The Space Spanned by z

We now prove that the space spannedzbyg G(x). Lety, be an aggregate and
consider the projection

y: = proj(y,/spanz)) + r,.

We want to show that; is necessarily zerdConsider theq + 1)-dimensional
vector proces$z, r). Its spectral densifycall it W, is diagonal withl  in the
g X g upper-left submatrixso that

detW(0) = S(r,ry;0).

Becausez; andr, belong toG(x), there exist DAS's{aj, n € N}, for j =
1,2,...,q + 1 such that

limay(L)Xs =2z, forj=12,...,q,
n
III;n an+1(|—)xsnt = rt'
Moreover (1) [~ |a,;(6)|°dg converges to zero fgr=1,2,...,q + 1, so that a

subsequence af,; converges to zero.a in © (Fact L); (2) calling Z, the spec-
tral density matrix of the vector process

(in(l—)xsnt an(l—)xsjt an+1(|—)xsqt),
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a subsequence &, converges taV a.e. in ® (Lemma 9. Thus with no loss
of generality we can assume tha} converges to zero and, converges to
W ae. in 0.

Now, forj =1,2,...,q + 1, setf,; = a,; If’Sn andg, = ay — f; P, so that

an = frj P, + Oy
and
|anj(0)|2 = |fnj(6)|2 + |gnj(0)‘2

Becausea,; converges to zero.@ in 0, theng,; converges to zero.a in 6.
Moreover the definition ofg,; andf,; implies that

Q—nj(l—)x%t = tnj(L)_Pg,(L)Xs.,t + gnj(l—)xsjt

is the orthogonal projection of the left-hand side on the space spanned by
pPsk(L)xg1, fork=1,2,...,qgandt € Z. As a consequencéhe spectral density
matrix Z, is equal to the spectral density matrix of

(Inl(L)_Psn(L)qut th(L)_Psn(L)Xsnt tnq+1(L)_Psn(L)qut),
call it 2%, plus the spectral density matrix of
(gnl(L)Xsnt an(L)Xsnt 9nq+l(|—)xsnt),

callit 22: z,= 2% + Z2.
Now observe first thatz? is singular for anyd. Second becausey,;(0) is
orthogonal tops (), for k= 1,2,...,q, then

9nj ()25 (0)Grj (0) = A% 4119 (0)12

(Lancaster and TismenetskiQ85 Exercise 1p. 287). Essential boundedness
of A4+1 along with convergence to zerceaof g,; implies thatz? converges to
zero ae. in O. This implies that deg,, converges to zero.@ in ® and there-
fore that detV(6) = S(r,r;0) = 0 ae. in 0, so thatr, = 0.

4.6. Proof of Theorem 2

So far we have proved that (f) and(ii) in Theorem 2 hold then the canonical
decomposition is

Xit = Vit + Sit,
Yie = Proj(xq |G(x)) = ¢;(L)z,,

wherez is a g-dimensional orthonormal white noise ande L%(®,C). Sup-
pose tha® is idiosyncratic By Fact M(a), A}q(68) = Ajq(6) — A%1(6), so that
A3(0) = oo ae. in O. Thus to complete the proof of Theorem 2 we must only
show thatd is idiosyncratic
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We need some additional preliminary resulBsippose that = {v,, t € Z}
andw = {w,, t € Z} are orthonormaf-dimensional white-noise vectors be-
longing toX. Moreover suppose that andw are costationary with the's and
therefore with one anotheket A be the matrix whoséh, k) entry is the cross
spectrumS(vn, Wit; 6). Note that all the entries o0& have modulus bounded by
1 for 6 a.e. in . The orthogonal projectigrelement by elemenbf v, on the
processwv is A(L)w;, whereasA(L)v, is the orthogonal projection af; on the
processv.

DEFINITION 12 Letv, = {vy, t € Z}, n € N, be a g-dimensional ortho-
normal white-noise process belonging Xoand costationary with the x’s, so
that v,, and v,,, are costationary for any n and m. Consider the orthogonal
projection

Ve = A™(L) Ve + p™ (24)

and letD™" be the spectral density @f™". The sequencfs,, n € N} generates
a Cauchy sequence of spadgsgivene > 0, for # a.e. in® there exists an
integer m(0) such that for pm > m_(9), trace D™(9)) < €.

Remark 11 Note that if v, convergesit generates a Cauchy sequence of
spacesbecausgdenoting byE™(6) the spectral density matrix of, — Vi,
we have tracéD™(0)) = tracd £™(0#)). By contrast the converse does not
necessarily holdAs we show subsequentlthe normalized principal compo-
nentsy," generate a Cauchy sequence of spatksvever they do not con-
verge in generalfor example takeq = 1 and assume tha" is a normalized
principal component converging #f; then(—1)"¢;" is also a normalized prin-
cipal component that does not converge

LEMMA 12. Assume that

(1) the sequencér,, n € N} fulfills Definition 12;
(2) y={w, t € Z} belongs toX and is costationary with the x’s.

Let Y, be the orthogonal projection of,yon the processv,, i.e., Y =
proj(y;|spar(v,)) . Then Y¥; converges irnX.

Proof We have
Vi = Yoo+ o = Ba(L) Vi + I,
Vi = Yt + Tt = BDn(L) Vit + Tt
wherebg € L3(0,C). Hence
DA (L)Vnt = Br(L)Vime = T = Mg

The spectral density of the left-hand side is the cross spectrum between the
left- and the right-hand side$he lattey as a result of the definition af,,; and
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I'nt, IS the sum of the cross spectrum betwegrandb,,(L) v, call it S;, and
the cross spectrum betweeg, andb,(L)v,,, call it S,. Using (24), S is the
cross spectrum betweep andb,,(L)A™(L)vy + b(L)p™, which reduces
to the cross spectrum betwegpandb, (L) p™", call it C,,.. Now observe that
both the spectral density of; and the squared entries bf, are bounded in
modulus by the spectral density gf Thus becausdv,, n € N} generates a
Cauchy sequence of spac€s,, converges to zero.a in ® asmn — oo. The
same argument holds fd,, so that the spectral density ¥f, — Y, converges
to zero ae. in ® asm,n — co. Because both the spectral densityYgfand the
spectral density o¥f,,, are dominated by the spectral densityyafby the Leb-
esgue convergence theoréRoyden 1988 p. 91), the integral of the spectral
density ofY,; — Y, also converges to zero agn — oo, so thaty,, is a Cauchy
sequence |

LEMMA 13. The sequencéy"”, n € N} generates a Cauchy sequence of
spaces.

Proof Forn > m consider(18) for C = I:
"= D)y + p™. (25)

Calling D™ the spectral density @™", convergence to zero of trac@™"(0))
for 6 ae. in ® andn > mis a consequence of Lemma@n the other hand

¥ = D(L)'/’tm + p™ (26)
From (25) and(26) we get

lq= D(0)D(9) + D™(9) = D(9)D(9) + D"™(0)

ae. in 0. By taking the trace on both sides and noting that the tra@ 6§D (6)
is equal to the trace dD(9)D(8) we get tracéD™(6)) = tracg D"™(9)) a.e.
in ©. Finally D™™(#) = 0. Thus tracéD™"(#)) converges to zero.a in O for

any divergingn andm. u

Now let us go back to equatidi6) and concentrate on a single liriee., the
orthogonal decomposition obtained by projectiagon the normalized princi-
pal~componentgxﬁ, i=12,...,q. Qalling @,i(L) theith (g-dimensional row
of B,(L) andqy(L) theith row of Q,(L), we get

Xiy = 'Lrni(L)A]f'l/z(L)'/'tn + gni(L)Qn(L)Xnt'
The following theorembesides being useful to show thats idiosyncratic

is important per sebecause of its implications for the estimation of common
and idiosyncratic componenfsee Forni et a) 1999.
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THEOREM & The sequence of projectiongf = ., (L)AY2(L)¢" =
7ni(L)P, (L)X, N € N, converges in mean square 4Q = proj(x; |G(x)), for
any i.

Proof By Lemmas 12 and 13 converges in mean square to an elemgnt
in X. Therefore the sequence of the residud]s= x; — v also converges to
an elemend;; in X. Moreover vy;; is an aggregatdecauser,; P, is a DAS To
see thisconsider that the spectral densityf, i.e., 7, A 7, iS not smaller
thanar,; 7, A}q and is bounded above by the spectral densityofcall it o3,
implying 7, (0) @, (0) = 0,(0)/A34(6). The latter ratio converges to zerea
in ® and is bounded above hy(0) by Assumption 2so that the Lebesgue
convergence theorefiRoyden 1988 p. 91) applies

Last by construction & is orthogonal tog", for any k € Z. Because
G(x) = spar(z), and because the processas been obtained by taking limits
of linear combinations of th¢g's (Lemmas 78, 10, 11), continuity of the inner
product implies thas;; L G(x). The conclusion follows from uniqueness of the
orthogonal decomposition [ ]

The following lemma concludes the proof of Theorem 2

LEMMA 14. & is idiosyncratic.

Proof Let us fixmand denote b2, the spectral density matrix of the vec-
tor processd,; = (61t &2t ... Omy)’. We want to show that the largest
eigenvalue of such matrjx.e., A>,(0), cannot be larger than SWPY g 1(0) =
Ng+1(0) forany6 € 0. LetS2', n > m, be the spectral density matrix 8§, =
(60 8% ... &) andAd; be its largest eigenvaluBy Theorem 557 con-
verges tod; in mean square for = 1,2,...,m, so thaf by Lemma 9 a sub-
sequence oBJ, converges t&?, ae. in ©. Assuming that lims2’ = 32 ae.
in ® avoids further complication in notation and does not imply any loss of
generality Continuity of the eigenvalues as functions of the matrix en{iids-
fors, 1987, pp. 300—-306 implies that

IiLn 220(0) = A2,(0), (27)

ae. in ®. Moreover note thats?, is them X m upper-left submatrix 082", so
that by Fact M(b),

X (0) = A21(0) = Xqr1(0)

for anyn = mand anyd in ©. Hence by(27) A5, (6) = A%.1(0). Because this
is true for anym,

A3(0) = X§14(6), (28)

so thatA3 is essentially boundedhe statement follows from Theorem 1 B
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4.7. Proof of Theorem 3
Now we prove Theorem.RAssume thak fulfills Definition 10, so that
Xie = Xit T it
Xit = bi(L)ut’
whereu is g-dimensional As we have proved in Section5} x has also the
canonical representation
Xit = Vit T Oits
Yie = Proj(xy|G(x)) = ¢;(L)z,
wherez is g-dimensional andpar(z) = G(x). Becausef is idiosyncratic then
G(x) C spary), and obviouslyspar y) C spar{u), so thatsparz) C
spanu). Because botlu and z are g-dimensional white-noise processéisen
spar(z) = spar(u), so that
G(x) = spartx) = spar{u).
This implies thaty;; € G(x) and &, LG(x), so thaty; = proj(x;|G(x)) and
& = Ot

Remark 12 Because we have proved tht= &;, (13) and(28) imply that
Xga(8) = A5(6)

ae. in 0.

5. NONSTATIONARY VARIABLES

The case of trend stationary or difference stationary variables can be easily
accommodated in our modeAssuming that the nature of nonstationarity is
correctly detectedthen in the first casei.e, Xz = T, + z;, where T, is a
deterministic trendour results should be applied to the stationary components
Z;. In the second casassumefor the sake of simplicitythat the variables

X;; arel(1). Consider the differenceg, = (1 — L)x; and suppose thdt) and

(i) in Theorem 2 hold for)\f‘+1 and AY, respectively Then we have the
representation

(1—-L)xe = xie + &its
Xit = l_)i(L)ut’

whereu, is g-dimensional and is idiosyncratic Now observe that the vectors
xnt and &, are unique and so are the spectral density matriGs and 3¢,
Therefore all the information necessary to determine whethetheor the
&'s, arel (1) or 1(0), and whether cointegration relationships hold among the
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x’s or the¢'’s, can be recovered starting with the spectral density matrices of
the x’s.
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