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This paper, along with the companion paper Forni,Hallin, Lippi, and Reichlin~2000,
Review of Economics and Statistics82, 540–554!, introduces a new model—the
generalized dynamic factor model—for the empirical analysis of financial and macro-
economic data sets characterized by a large number of observations both cross sec-
tion and over time+ This model provides a generalization of the static approximate
factor model of Chamberlain~1983, Econometrica51, 1181–1304! and Chamber-
lain and Rothschild~1983, Econometrica51, 1305–1324! by allowing serial cor-
relation within and across individual processes and of the dynamic factor model of
Sargent and Sims~1977, in C+A+ Sims~ed+!, New Methods in Business Cycle Re-
search, pp+ 45–109! and Geweke~1977, in D+J+ Aigner & A+S+ Goldberger~eds+!,
Latent Variables in Socio-Economic Models, pp+ 365–383! by allowing for non-
orthogonal idiosyncratic terms+Whereas the companion paper concentrates on iden-
tification and estimation, here we give a full characterization of the generalized
dynamic factor model in terms of observable spectral density matrices, thus laying
a firm basis for empirical implementation of the model+Moreover, the common fac-
tors are obtained as limits of linear combinations of dynamic principal compo-
nents+ Thus the paper reconciles two seemingly unrelated statistical constructions+

1. INTRODUCTION

1.1. Outline of the Problem

Data sets with many data points both over time and across sections are becom-
ing increasingly available+ Think for instance of macroeconomic series on out-
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put or employment that are observed for a large number of countries, regions,
or sectors, or of financial time series such as the returns on many different
assets+ Such data sets typically present a good deal of regularity along the time
dimension, so that each time series, taken in isolation, can be successfully han-
dled by using standard stationary models or their extensions+ By contrast, along
the cross-sectional dimension, data do not have a natural ordering and correla-
tions do not present any regular structure+ Yet, the series are strongly depen-
dent on each other, implying that univariate modeling would waste information+

We do not have a satisfactory theoretical framework for extracting and ana-
lyzing the enormous amount of information embedded in such large cross sec-
tions of time series+ VAR models would be suitable for a small subset of time
series but are inadequate for the whole data set because of the huge number of
parameters to estimate+ The dynamic factor analytic or index model~Sargent
and Sims, 1977; Geweke, 1977! is much better suited, because it is both flex-
ible and parsimonious: each variable is represented as the sum of a common
component—i+e+, a term depending, possibly with heterogeneous dynamic re-
sponses, on a small number of unobserved factors that are common to all
variables—and an idiosyncratic component, which is orthogonal at any lead
and lag both to the common factors and to the idiosyncratic components of all
the other variables+

This feature, mutual orthogonality of the idiosyncratic components at any
lead and lag, represents a serious weakness of the index model+ The assump-
tion is necessary for identification but is severely restrictive+ As a first
example, consider the output of different industries linked to each other by
input-output relations+ The output of sectorA may well be related to the output
of sectorB in a way that is intimately “cross-regressive,” so that an idiosyn-
cratic shock originated inB propagates, possibly with a lag, to sectorA+ Simi-
lar local interactions can also arise when there are “intermediate” shocks, i+e+,
shocks that are neither common nor strictly idiosyncratic, such as local events
affecting directly more than one area or technological shocks affecting a few
sectors+ Finally, consider a data set including both employment and income for
many regions and assume that each variable is driven by a national and a re-
gional shock, the second being orthogonal to the first+ The regional compo-
nents of employment and income, although being orthogonal for different
regions, are likely to be correlated for the same region+ In such a case, although
employment, or income, taken in isolation would satisfy the orthogonality as-
sumption, the index model could not be used to handle the whole data set+

In this paper, and in the companion paper Forni, Hallin, Lippi, and Reichlin
~2000!, a new model, which we will call thegeneralized dynamic factor model,
is introduced and analyzed+ The model has three important features: ~1! it is a
finite dynamic factor model, i+e+, the variables depend on a finite number of
factors with a quite general lag structure; ~2! it is based on an infinite sequence
of variables and is therefore specifically designed for the analysis of large cross
sections of time series; ~3! it allows for both contemporaneous and lagged cor-
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relation between the idiosyncratic terms and is therefore more general than the
traditional index model+

1.2. Brief Summary of Results

Let us briefly summarize the results of the paper+ In Section 2 we give our
basic definitions and assumptions+We start with a double sequence of stochas-
tic variables$xit , i [ N, t [ Z% + We assume that$xit , t [ Z% is stationary for
any i and costationary with$xjt , t [ Z% for any j+ We do not assume an auto-
regressive moving average~ARMA ! structure for thex’s+ We only require the
existence of a spectral density matrixSn

x for the vector~x1t x2t {{{ xnt!
' +

In Section 3 we introduce idiosyncratic sequences+ To give a simple illus-
tration of the definition of idiosyncratic sequences adopted here, let us con-
sider a sequence$ yi , i [ N% of mutually orthogonal variables, such that
var~ yi ! 5 s2+ Taking a sequence of averagesYn 5 (i51

n ani yi , the variance
var~Yn! 5 s2 (i51

n ani
2 tends to zero if and only if(i51

n ani
2 tends to zero; this

occurs typically with the arithmetic mean, ani 5 10n+ Now, the property of a
vanishing variance for sequences of averages whose squared weights tend to
zero does not require that they’s be mutually orthogonal: for example, if yi

and yj are correlated with the correlation declining ase26 i2j 6 , then var~Yn!
vanishes asymptotically+ This vanishing variance of averages, not orthogonal-
ity, is precisely what we need in our construction+ Thus, in our definition, the
sequence of thex’s is idiosyncratic if convergence to zero occurs for any
weighted average, both cross section and over time,

(
i51

n

(
h52k

k

anih xit2h,

provided that the sum of the squared weights tends to zero+We prove~in Theo-
rem 1, which follows! thatxit is idiosyncratic if and only if the maximum eigen-
value of Sn

x is dominated by an essentially bounded function defined on
@2p, p# and independent ofn+

In Section 4 we introduce our generalized dynamic factor model, i+e+, a se-
quence$xit , i [ N, t [ Z% such that

xit 5 bi1~L!u1t 1 bi 2~L!u2t 1 {{{ 1 biq~L!uqt 1 jit ,

wherebij ~L! is a square-summable filter, ~u1t u2t {{{ uqt!
' is an orthonor-

mal vector white noise, andjit is idiosyncratic and orthogonal to theu’s at any
lead and lag, with the filtersbij ~L! fulfilling a condition ensuring that no rep-
resentation with a smaller number of “common factors” is possible+ We prove
in Theorem 2, which follows, that a sequence has a generalized dynamic factor
structure withq factors if and only if~i! the ~q 1 1!st eigenvalue ofSn

x , in

THE GENERALIZED DYNAMIC FACTOR MODEL 1115

https://doi.org/10.1017/S0266466601176048 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466601176048


decreasing order, is dominated for anyn by an essentially bounded function of
the frequencyu; ~ii ! as n tends to infinity, the qth eigenvalue diverges foru
almost everywhere in@2p, p# +

Thus the unobservable factor structure is completely characterized in terms
of properties of the observable matricesSn

x+ This result, besides its theoretical
interest, has a very important consequence for empirical analysis, as it pro-
vides the theoretical basis for heuristic criteria or formal tests in which the se-
quence of nested matricesSn

x is employed to determine whether the model has
a finite dynamic factor structure and what is the number of factors+ More pre-
cisely, evidence in favor of conditions~i! and ~ii !, with the eigenvalues com-
puted from estimated spectral density matrices, can be interpreted, given the
“if” part of Theorem 2, as evidence that, first, the variables follow a general-
ized dynamic factor model and, second, that the number of factors isq+ This is
the main contribution of the present paper with respect to the companion paper,
mentioned previously, in which a generalized dynamic factor model for thex’s
is assumed to concentrate on identification and estimation of common and id-
iosyncratic components and on criteria to detect the number of common factors+

Theorems 3 and 4, which follow, establish uniqueness of the idiosyncratic
componentjit and of the common componentxit 5 xit 2 jit + It must be pointed
out that this identifiability result holds for the whole infinite sequence of the
variablesxit , not for its finite subsets: otherwise stated, identifiability occurs in
the limit, when the size of the cross section tends to infinity+ Moreover, note
that identification ofxit does not imply identification of theu’s or of the filters
bij ~L!, which might be achieved only by imposing further, economically moti-
vated, restrictions+ Such an issue will not be discussed in this paper+ Finally, in
Theorem 5, which follows, we show that the common component ofxit can be
recovered as the limit of the projection ofxit on the dynamic principal compo-
nents+ This result provides a firm basis for estimation theory+ Moreover, it is
interesting from a theoretical point of view in that, by unveiling the intimate
relationship linking common factors to principal components, it provides a rec-
onciliation between two important chapters of statistical analysis+

The case in which thex’s are either difference or trend stationary is briefly
discussed in Section 5+

1.3. Related Research

Correlated idiosyncratic factors, along with infinite cross-sectional size, have
been introduced in a static model for asset markets by Chamberlain~1983! and
Chamberlain and Rothschild~1983!+ Our Theorem 2 is a generalization to sto-
chastic processes of results proved in the static case by Chamberlain and Roth-
schild+ Also, the link between principal component and factor analysis has been
observed by Chamberlain and Rothschild in the static case+ Related models can
also be found in Quah and Sargent~1993!, Forni and Reichlin~1996, 1998!,
Forni and Lippi~1997!, and Stock and Watson~1999!+
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2. NOTATION, BASIC DEFINITIONS, AND LEMMAS

2.1. Notation and Some Results

Given a complex matrixD, finite or infinite, we denote by FD the com-
plex conjugate of the transpose ofD+ Inner product and norm inCs are the
usual Euclidean entities~v,w! 5 (i51

s vi Uwi and 6v6 5 !(i51
s 6vi 62, respec-

tively+ Moreover, Q denotes the real interval@2p,p# +
Let P 5 ~V,F,P! be a probability space and letL2~P,C! be the linear space

of all complex-valued, zero-mean, square-integrable random variables defined
onV+We recall thatL2~P,C!, with the inner product defined as^x, y& 5 E~x Sy! 5
cov~x, y! and the norm as7x7 5 !E~6x62! 5 !var~x!, is a complex Hilbert
space+ If Q is a subset ofL2~P,C! we denote byspan~Q! the minimum closed
linear subspace ofL2~P,C! containingQ+ If V is a closed linear subspace of
L2~P,C! andx [ L2~P,C!, we denote by proj~x6V ! the orthogonal projection
of x on V+

The paper will deal with a double sequence

x 5 $xit , i [ N, t [ Z%,

wherexit [ L2~P,C!+ We adopt the following notation:

~a! X 5 span~x!+
~b! x t is the infinite column vector~x1t x2t {{{ xit {{{ !' +
~c! xnt is then-dimensional column vector~x1t x2t {{{ xnt!

' +
~d! Xn 5 span~$xst, s 5 1,2, + + + , n, t [ Z%!+ ObviouslyXn # X 5 øj X j +

Often, when no confusion can arise, we speak of the processzt , meaning the
process$zt , t [ Z% + Moreover, considering anm-dimensional vector process

y 5 $~ y1t y2t {{{ ymt!
', t [ Z%,

we say thaty belongs toW # L2~P,C! if yjt belongs toW for any j and t+ In
the same way, we usespan~y! to indicatespan~$ yjt , j 5 1,2, + + + ,m, t [ Z%!+

Assumption 1+ For anyn [ N:

~1! the processxnt is covariance stationary;
~2! the spectral measure ofxnt is absolutely continuous~with respect to the

Lebesgue measure onQ!, i+e+, xnt has a spectral density~see Rozanov, 1967,
pp+ 19–20!+

Assumption 1 will be the basis for all definitions and results that follow and
will be tacitly supposed to hold throughout the paper+We denote bySn

x the spec-
tral density matrix ofxnt and recall thatSn

x is Hermitian, nonnegative definite
for any u [ Q, integrable, and that E~xnt Ixnt2k! 5 ~102p!*2p

p eiku Sn
x~u! du+

Last, Sx denotes the infinite matrix whosen 3 n top-left submatrix isSn
x+
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Remark 1+ Note that our definition of the spectral density is equal to the
usual definition~see, e+g+, Brockwell and Davis, 1991, p+ 120; Rozanov, 1967,
pp+ 19–20! times the factor 2p+ This is a convenience, having the effect that all
the orthonormals-dimensional white-noise vectors appearing in Section 4 will
have spectral densityI s, instead ofI s02p+

If a denotes the infinite row vector~a1 a2 {{{ an an11 {{{ !, we de-
note bya@n# the infinite row vector~a1 a2 {{{ an 0 0 {{{ ! and by
a$n% the n-dimensional row vector~a1 a2 {{{ an!+

We denote byL2
`~Q,C,Sx! the complex linear space of all infinite row

vectors f 5 ~ f1 f2 {{{ fn {{{ !, such that~i! fi is a measurable com-
plex function defined onQ, ~ii ! *2p

p f ~u!Sx~u! Df ~u!du 5 limn *2p
p f $n% ~u! 3

Sn
x~u! Df $n% ~u!du , `+ The terms f and g are to be considered equivalent

if *2p
p ~f ~u! 2 g~u!!Sx~u!~ Df ~u! 2 Ig~u!!du 5 0+ Defining the inner product as

^f,g&Sx 5 ~102p!*2p
p f ~u!Sx~u! Ig~u!du, and the norm as7f7Sx 5 !^f, f &Sx, the

spaceL2
`~Q,C,Sx! is a Hilbert space+

The spaceL2
`~Q,C! is defined as previously withSx replaced by the infinite

identity matrix~i+e+, the matrix havingI n as then 3 n top-left submatrix!+ Inner
product and norm inL2

`~Q,C! are indicated bŷ f,g& and7f7, respectively+ We
will also refer to the Banach spaceL1~Q,C!, whose elements are functionsf
such that*2p

p 6 f ~u!6du , `, with norm 7 f 71 5 ~102p!*2p
p 6 f ~u!6du+ The def-

inition of the spacesL2
n~Q,C,Sn

x! andL2
n~Q,C! is obvious, with n-dimensional

in place of infinite-dimensional vector functions+
We denote byL the Lebesgue measure onR+ Let us recall that an extended

real functionf :Q r R is essentially boundedif there exist a realc and a subset
D of Q such thatL~D! 5 0 and6 f ~u!6 # c for u [ Q 2 D+ Moreover, for any
real functionf, ess sup~ f ! 5 inf $M :L~$ y : f ~ y! . M %! 5 0% ~Royden, 1988,
p+ 119!+ The functionf is essentially bounded if and only if ess sup~ f ! , `+
We denote byL`

n ~Q,C! the complex linear space of alln-dimensional row vec-
tors f 5 ~ f1 f2{{{ fn!, with fi measurable, such that6f 6 is essentially bounded+

Last, the spaceL2
m3s~Q,C,S!, whereS is an s 3 s spectral density matrix,

is the set of allm 3 s matricesA such thatAS DA is integrable+ If A [
L2

m3s~Q,C,S!, then each row ofA belongs toL2
s ~Q,C,S!+ Analogously for

L2
m3s~Q,C!+ By L`

m3s~Q,C! we denote the set of the matrix functions whose
entries are essentially bounded+

Strictly speaking, the elements ofL2
`~Q,C,Sx!, L2

`~Q,C!, and so forth, are
equivalence classes of functions, not functions~see Royden, 1988, footnote,
p+ 119!+ However, because no confusion can arise, we speak of functions, with
the understanding that different functions are equivalent if their distance is zero+
Thus statements such asL`

n ~Q,C! # L2
n~Q,C!, or L`

m3s~Q,C! # L2
m3s~Q,C! ù

L2
m3s~Q,C,S!, for any S, make sense and are obviously true+
The following lemma shows thatL2

`~Q,C,Sx! is the straightforward gener-
alization of the vector-function space occurring in the spectral representation
of finite-dimensional vector stochastic processes+
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LEMMA 1 + Let ZX 5 øs51
` Xs and ZL2

` 5 øs51
` ZL2

s , where ZL2
s 5 $f @s# : f [

L2
`~Q,C,Sx!%. Define ZV : ZX r ZL2

` as the linear extension of

ZV~xht ! 5 eit{~dh1 dh2 {{{ dhk {{{ !, (1)

where dhk 5 1 if h 5 k, dhk 5 0 if h Þ k. The map ZV can be extended in
a unique way into a mapV : X r L2

`~Q,C,Sx! . Moreover, V is an isomor-
phism, i+e+ , one-to-one, onto and norm-preserving+

Proof+ The restriction of ZV to Xs is an isomorphism betweenXs and ZL2
s ~see

Rozanov, 1967, p+ 32!+ This implies that ZV is an isomorphism betweenZX and
ZL2
`+ The conclusion follows from the fact thatX andL2

`~Q,C,Sx! are the clo-
sure of ZX and ZL2

`, respectively+ n

The following lemma ensures that all vector stochastic processes belonging
to X and costationary with thex’s have a spectral density+

LEMMA 2 + Assume that the s-dimensional vector processy 5 $yt , t [ Z%
belongs toX and is costationary with the x’s. Then

(1) there exists a sequence of integers kn and coefficients cjmkn, independent of t,
such that yjt 5 limn (m51

n (k52kn

kn cjmknxmt2k;
(2) y has a spectral density; i.e., there exists a Hermitian, nonnegative definite, in-

tegrable s3 s matrixSy such that E~yt Iyt2k! 5 ~102p!*2p
p eiku S y~u! du .

Proof+ Statement~1! is a trivial consequence of the definition ofX and the
costationarity assumption+ To prove~2!, let S y be the matrix whose~i, j ! entry
is V~ yit !Sx EV~ yjt !; call it S~ yit , yjt ;u!+ By the definition ofV, and by statement
~1!, S~ yit , yjt ;u! is independent oft+ Note thatS y is Hermitian, nonnegative
definite, and integrable+ By the definition ofV and Lemma 1,

E~ yit Syjt2k! 5 ^ yit , yjt2k& 5 ^V~ yit !,V~ yjt2k!&Sx 5
1

2p
E

2p

p

eikuS~ yit , yjt ;u!du

~S~ yit , yjt ;u! is usually referred to as the cross-spectrum betweenyit andyjt !+
n

DEFINITION 1+ As usual, we denote by L the lag operator, defined onX by
linear extension of Lxit 5 xit21. Givenf [ L2

`~Q,C,Sx!, we define sf ~L!x t by

sf ~L!x t 5 V21~feit{ !+ (2)

The spectral density of the process$ sf ~L!x t , t [ Z% is f Sx Df+ The expression
sf ~L! must be used carefully+ Suppose thatSn

x 5 I n ~xnt is an orthonormal
white noise!+ Then the Fourier expansionf ~u! 5 (k52`

` Fk
f e2iku, whereFk

f 5
~102p!*2p

p f ~u!eikudu, converges inL2
`~Q,C,Sx! ~which is equal in this case
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to L2
`~Q,C!!+ In this case we can definesf ~L! as the linear filter(k52`

` Fk
f Lk,

with

sf ~L!x t 5 lim
s

(
k52s

s

Fk
f x t2k (3)

being of finite variance and therefore making sense inX+ However, in general
sf ~L!x t , although the limit of finite linear combinations of the variablesxjt2k,
cannot be represented as the sum of a series as in~3!+ In other words, in gen-
eral sf ~L! does not admit a separate definition as a filter and makes sense only
within the expressionsf ~L!x t , defined in~2!+ Given f [ L2

n~Q,C,Sn
x!, sf ~L!xnt is

defined using the isomorphismVn betweenXn andL2
n~Q,C,Sn

x!, whereVn is
defined, mutatis mutandis, asV in equation~1! in Lemma 1+

If yt is ans-dimensional vector belonging toX and costationary with thex’s,
and A [ L2

m3s~Q,C,S y!, the m-dimensional vectoruA ~L!yt is defined apply-
ing Vy

21 to each row ofAeit{ , where Vy is defined asV in equation~1! in
Lemma 1+ If A is m 3 s and B is n 3 m, and BA belongs toL2

n3s~Q,C,S y!,
then we write uB~L! uA ~L!yt for uB uA ~L!yt + Last, in expressions such asEuC~L! or
EuC~L!yt it must be understood thatfirst C is transformed by E andsecond_ is

applied+

Remark 2+ Given y [ X, by definition, y 5 limn (m51
n (k52kn

kn amknL
kxm0,

for some coefficientsamkn+ Defining yt 5 limn (m51
n (k52kn

kn amknL
kxmt, the

process$ yt , t [ Z% belongs toX, is costationary with thex’s, and containsy+
With the preceding argument in mind, the generic element ofX will often be
referred to asyt , zt , etc+, rather thany, z, etc+, whereyt , zt , etc+, are costation-
ary and costationary with thex’s+ Analogous considerations hold if we con-
sider a vectory belonging toX+

2.2 Properties of the Spectral Density Matrices Sn
x

Now we give some definitions and results on eigenvalues and eigenvectors of
the spectral density matricesSn

x+

DEFINITION 2+ For i 5 1,2, + + + , n, let lni
x :Q r R be defined as the func-

tion associating withu [ Q the i th eigenvalue, in descending order, ofSn
x~u! .

The functionslni
x will be called the dynamic eigenvalues ofSn

x +

Remark 3+ We use “dynamic” for eigenvectors and eigenvalues ofSn
x to in-

sist on the difference between the dynamic analysis developed here and the
static approach, based on the eigenvalues of variance-covariance matrices+ On
eigenvalues and eigenvectors of spectral density matrices, and related filters,
see Brillinger~1981, Ch+ 9!+

The following lemma is an elementary consequence of well-known results+
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LEMMA 3 + The functionslni
x are Lebesgue-measurable and integrable inQ

for any n[ N and i # n.

Proof+ Measurability is a consequence of~a! continuity of the eigenvalues
with respect to the entries ofSn

x ~for continuity of the roots of a polynomial
see, e+g+, Ahlfors, 1987, pp+ 300–306!; ~b! measurability of the entries ofSn

x as
functions ofu ~recall thatSn

x is integrable!; ~c! measurability of a continuous
function of a measurable function~see, for the real case, Royden, 1988, Prob-
lem 25, p+ 71; extension to the complex case is immediate!+ For integrability,
note that for anyn, i # n andu, 0 # lni

x ~u! # (s51
n lns

x ~u! 5 trace~Sn
x~u!! and

that ~102p!*2p
p trace~Sn

x~u!! du 5 E~6xnt62! , `+ n

Let us recall some properties of the eigenvalues of Hermitian nonnegative
definite matrices+

FACT M+

(a) Let D and E be m3 m Hermitian nonnegative definite andF 5 D 1 E . Then

ls
F # ls

D 1 l1
E, ls

F # l1
D 1 ls

E, ls
F $ ls

D , ls
F $ ls

E (4)

for any s5 1,2, + + + ,m.
(b) Let D be as in (a) and letG be the top-left~m 2 1! 3 ~m 2 1! submatrix ofD .

Thenls
D $ ls

G for s 5 1,2, + + + ,m 2 1.

Proof+ Because~D 1 l1
E I m! 2 F 5 l1

E I m 2 E andF 2 D 5 E are Hermitian
nonnegative definite, the first and third inequalities in~4! follow from Lan-
caster and Tismenetsky~1985, Theorem 1, p+ 301!; analogously for the second
and fourth; statement~b! follows from Corollary 1, p+ 293 in the same book+

n

Because the spectral density matricesSn
x are nested as in Fact M, state-

ment ~b!, then we can state the following lemma+

LEMMA 4 + Given i, for n$ i , lni
x ~u! is nondecreasing as a function of n

for any u [ Q , i.e., lni
x ~u! # ln11i

x ~u! .

A consequence of Lemma 4 is that limn lni
x ~u! exists for anyi and u and

equals supn lni
x ~u!+

DEFINITION 3+ For any i we define the functionl i
x by l i

x~u! 5 supn lni
x ~u! .

It must be pointed out thatl i
x is an extended real function, i+e+, its value may

be infinite+ Note also thatl i
x is measurable~see Royden, 1988, Theorem 20,

p+ 68! and that$u : l i
x~u! 5 `% may be of null or positive measure and may

even coincide withQ+
Now consider the system of equations

p~u!@Sn
x~u! 2 ln1

x ~u!I n# 5 0, 6p~u!65 1+ (5)
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Because the functionslni
x are measurable by Lemma 3, the coefficients of~5!

are measurable+ Determining a solution to~5! that is continuous with respect to
the coefficients, and therefore measurable with respect tou, is a simple exer-
cise+ Call pn1

x such a solution+ Recursively, for i . 1, we can determinepni
x as a

measurable solution to

p~u!@Sn
x~u! 2 lni

x ~u!I n# 5 0, p~u! Ipnj
x ~u! 5 0, 1 # j , i, 6p~u!65 1+

Thus we have the following lemma+

LEMMA 5 + There exist n functionspni
x , i 5 1,2, + + + , n, belonging to

L`
n ~Q,C! , and therefore to L2

n~Q,C,Sx! ù L2
n~Q,C! , such that

(1) 6pni
x ~u!6 5 1, for anyu [ Q ;

(2) pni
x ~u! Ipnj

x ~u! 5 0, for i Þ j and anyu [ Q ;
(3) pni

x ~u!Sn
x~u! 5 lni

x ~u!pni
x ~u! for any u [ Q .

DEFINITION 4+ An n-tuple of functionspni
x fulfilling (1)–(3) of Lemma 5

will be called a set ofdynamic eigenvectorsassociated withxnt.

DEFINITION 5+ If the functionspnj
x , j 5 1,2, + + + , n, form a set of dynamic

eigenvectors, thennpnj
x ~L!xnt , j 5 1,2, + + + , n, is a set ofdynamic principal com-

ponentsassociated withxnt.

Remark 4+ Note that dynamic eigenvectors and dynamic principal compo-
nents associated withxnt are not unique+

3. DYNAMIC AVERAGING SEQUENCES, AGGREGATION SPACE,
IDIOSYNCRATIC VARIABLES

In the Introduction we have considered averages of thex’s in which the sum of
the squared weights tends to zero+ The function spaces introduced in Section 2
now permit a precise definition+

DEFINITION 6+ Let an [ L2
`~Q,C! ù L2

`~Q,C,Sx! for n [ N . The se-
quence$an, n [ N% is a dynamic averaging sequence, DAS henceforth, if
limn7an7 5 0, i.e., if an converges to zero in the norm of L2

`~Q,C! .

Example 1

Define ZL`n as $f @n# : f [ L2
`~Q,C!, f $n% [ L`

n ~Q,C!% + Note thatL2
`~Q,C! ù

L2
`~Q,C,Sx! $ ZL`n for any n and is therefore never trivial+ In particular, the

sequence

dn 5
1

n
~1 1 J 1
assssdssssg

n

0 0 J! [ ZL`n ,

producing arithmetic averages, is obviously a DAS+
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DEFINITION 7+ Let yt [ X . We say that yt is an aggregateif there exists a
DAS$an, n [ N% such thatlimn tan~L!x t 5 yt . The set of all the aggregates will
be denoted byG~x! and called theaggregation subspaceof X .

LEMMA 6 + The setG~x! is a closed subspace ofX .

Proof+ Assume thatzt 5 limm ymt, with ymt [ G~x!+ Let ymt 5 limn tamn~L!x t ,
where$amn, n [ N% is a DAS for anym+ Let mi be such that7zt 2 ymi t7 , 10i
andni such that7ami ni

7 , 10i and7ymi t 2 tami ni
~L!x t7 , 10i+ The sequence

$am1n1
am2n2

J %

is a DAS and

7zt 2 tami ni
~L!x t7 # 7zt 2 ymi t71 7ymi t 2 tami ni

~L!x t7 , 20i+ n

DEFINITION 8+ Consider the projection equation

xit 5 proj~xit 6G~x!! 1 dit + (6)

Decomposition (6) will be called thecanonical decompositionof x .

DEFINITION 9+ We say thatx is idiosyncraticif limn tan~L!x t 5 0 for any
DAS$an, n [ N% .

If x is idiosyncratic then obviouslyG~x! 5 $0% and the canonical decompo-
sition is trivial with dit 5 xit + However, as the next example shows, the con-
verse does not hold+

Example 2

Assume thatxit'xjt2k for any i Þ j and anyk [ Z, that xit is a white noise for
any i , and that7xit 72 5 i + Define

cn 5
1

!n
~ 0 0 J 0 1
assssssdssssssg

n

0 0 J!+

The sequence$cn, n [ N% is a DAS+ Moreover7cnx t72 5 1, so thatx is not
idiosyncratic+ Now let yt be an aggregate, so that

yt 5 lim
n
tan~L!x t 5 lim

n
(
j51

`

tanj ~L!xjt 5 lim
n

(
j51

`

(
k52`

`

anjk xjt2k,

where$an, n [ N% is a DAS+ Becauseyt [ X and thexit ’s are mutually orthog-
onal white noises, then

yt 5 (
j51

`

(
k52`

`

bjk xjt2k+ (7)

THE GENERALIZED DYNAMIC FACTOR MODEL 1123

https://doi.org/10.1017/S0266466601176048 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466601176048


Moreover, representation~7! is unique, and limn anjk 5 bjk for any j andk+ On
the other hand, because$an, n [ N% is a DAS, limn (j51

n (k52`
` 6anjk62 5 0, so

that bjk 5 0 for any j and k, i+e+, yt 5 0+ ThusG~x! 5 $0% althoughx is not
idiosyncratic+

If the vector xnt is a white noise for anyn, i+e+, if the matrix Sn
x and its

eigenvalues are constant as functions ofu, thenx is idiosyncratic if and only
if ln1

x is bounded as a function ofn ~see Chamberlain, 1983; Chamberlain
and Rothschild, 1983!+ Theorem 1 generalizes this result to anyx fulfilling
Assumption 1+

THEOREM 1+ The following three statements are equivalent:

(a) x is idiosyncratic.
(b) l1

x is essentially bounded.
(c) Consider the spaceC 5 L2

`~Q,C! ù L2
`~Q,C,Sx! , with the7{7 norm, and define

Y : C r L2
`~Q,C,Sx! as Y~f! 5 f . HereY is continuous.

Proof+ Let us recall that continuity at 0, continuity everywhere, and bound-
edness are equivalent for linear maps between normed vector spaces~Royden,
1988, Proposition 2, p+ 220!+ Because7 tan~L!x t7 5 7an7Sx 5 7Y~an!7Sx , Defi-
nition ~9! is equivalent to continuity ofY at 0+ Thus ~a! and ~c! are equiva-
lent+ Moreover, defining 7Y7 5 supf[C,7f7517Y~f!7Sx , boundedness ofY is
equivalent to7Y7 , ` ~Royden, 1988, p+ 220!+ Because we prove that7Y7 5

!ess sup~l1
x !, ~b! and ~c! are equivalent+

To show that7Y75!ess sup~l1
x !, let cn 5 supf[C,7f7517Y~f @n# !7Sx + Because

Sn
x~u! is Hermitian for anyu, then ~see Lancaster and Tismenetsky, 1985,

Theorem 4, p+ 285!

cn
2 5 sup

f[C, 7f751

1

2p
E

2p

p

f $n% ~u!Sn
x~u! Df $n% ~u!du

5 sup
h[Cn, 7h751

1

2p
E

2p

p

6h~u!62ln1
x ~u!du, (8)

whereCn 5 L2~Q,C! ù L2~Q,C,ln1
x !+ Applying a standard argument to the

last term of~8! ~see, e+g+, Conway, 1985, Theorem 1+5, p+ 28!, we havecn
2 5

ess sup~ln1
x !+ The result follows from7Y7 5 limn cn, and limn ess sup~ln1

x ! 5
ess sup~ limn ln1

x ! 5 ess sup~l1
x !+ n

COROLLARY+ If x is idiosyncratic then

sup
n
E

2p

p

ln1
x ~u!du 5 lim

n
E

2p

p

ln1
x ~u!du , `+
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Proof+ Becausel1
x is essentially bounded, we have *2p

p l1
x ~u!du , `+

Moreover, ln1
x converges monotonically a+e+ in Q to l1

x + Thus, by the monotone
convergence theorem~Royden, 1988, p+ 87!,

lim
n
E

2p

p

ln1
x ~u!du 5 E

2p

p

l1
x ~u!du , `+ n

The following example shows that the converse of the corollary is false+

Example 3

Assume thatxit is orthogonal toxjt2k for any k and anyi Þ j and suppose that
the spectral density of the stationary processxit is any nonnegative functionf,
independent ofi , with f [ L1~Q,R! 2 L`~Q,R!+ In this case the matrixSn

x is
diagonal, l1

x 5 f, which is not essentially bounded+ Thusx is not idiosyncratic,
even though supn *2p

p ln1
x ~u!du , `+

Adapting the argument used to obtain ~8! we have

!~2p!21*2p
p f ~u!Sx~u! Df ~u!du # !ess sup~l1

x !7f7 for any f [ L2
`~Q,C!+ Thus

if x is idiosyncraticL2
`~Q,C! # L2

`~Q,C,Sx!, and thereforeC 5 L2
`~Q,C!+

The inclusion can be strict, as the following example shows+

Example 4

Let Sn
x~u! 5 61 2 e2iu 62I n+ In this casex is idiosyncratic, so thatL2

`~Q,C! #

L2
`~Q,C,Sx!+ However, the opposite inclusion relation does not hold+ Con-

sider, e+g+, f ~u! 5 ~1 2 e2iu !21~1 0 0 J !+ Here f belongs to
L2
`~Q,C,Sx! but not toL2

`~Q,C!+

4. A FINITE NUMBER OF DYNAMIC COMMON FACTORS

4.1. The Generalized Dynamic Factor Model

Note that dynamic averaging ofx, according to Definition 6, is nothing but
averaging simultaneously both in the cross section and the time dimension+ It
is easy to show that the same aggregation space would result by taking finite
averages in one of the two dimensions or in both+ In particular, if y [ G~x!,
then there exist a sequence of integerssn and a sequence$an, n [ N,
an [ L2

sn~Q,C! ù L2
sn~Q,C,Ssn

x !% such that limn7an7 5 0 and limn tan~L!xsnt 5
yt + Thus an equivalent definition of a DAS, which will be used in the present
section, is that of a sequencean [ L2

sn~Q,C! ù L2
sn~Q,C,Ssn

x ! such that
limn7an7 5 0+

Let us now give a formal definition of the generalized dynamic factor model
and state our main results+
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DEFINITION 10+ Let q be a nonnegative integer. The double sequencex is
a q-dynamic factor sequence, q-DFS henceforth, if L2~P,C! contains an ortho-
normal q-dimensional white-noise vector process

u 5 $~u1t u2t J uqt !
', t [ Z% 5 $ut , t [ Z%,

and a double sequencej 5 $jit , i [ N, t [ Z% fulfilling Assumption 1, such
that

(i) For any i [ N ,

xit 5 xit 1 jit

xit 5 tbi1~L!u1t 1 tbi 2~L!u2t 1 {{{ 1 tbiq~L!uqt 5 tbi ~L!ut , (9)

wherebi [ L2
q~Q,C! .

(ii) For any i [ N , j 5 1,2, + + + ,q, and k[ Z , we havejit'ujt2k. As a consequence
jit'xst2k for any i [ N , s [ N , and k[ Z .

(iii) l1
j is essentially bounded, i.e.,j is idiosyncratic.

(iv) Putting x 5 $xit , i [ N, t [ Z% , lq
x~u! 5 ` a.e. inQ .

The double sequencesx andj are referred to as the common and the idiosyn-
cratic component of representation (9).

THEOREM 2+ The double sequencex is a q-DFS if and only if

(i) lq11
x is essentially bounded;

(ii) lq
x ~u! 5 ` a.e. inQ .

Remark 5+ Forni et al+ ~2000! propose a heuristic criterion to determine in
empirical cases the numberq such that~i! and~ii ! hold+ Because they only rely
on the “only if” part of Theorem 2, their criterion provides evidence on the
number of common factors, under the assumption of a generalized dynamic
factor model+ Once the “if” part is proved, evidence that for someq ~i! and~ii !
hold becomes evidence both that the series follow a generalized dynamic fac-
tor model and that the number of factors isq+

THEOREM 3+ If x is a q-DFS with representation (9) then

span~x! 5 span~u! 5 G~x!+

Moreover,

xit 5 proj~xit 6G~x!!+ (10)

An immediate but very important consequence of~10! is that if x is aq-DFS
then the componentsxit andjit are uniquely determined+ Precisely, we can state
the following theorem+
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THEOREM 4+ Suppose thatx is a q-DFS with representation (9). Suppose
further that there exists an s-dimensional orthonormal white-noise vector pro-
cessv , with vjt [ L2~P,C! , such that

xit 5 vit 1 zit ,

vit 5 sci ~L!vt ,

whereci [ L2
s ~Q,C! , and thatl1

z and ls
v fulfill , respectively, conditions~iii !

and ~iv! of Definition 10+ Then s5 q, vit 5 xit , andzit 5 jit .

Several observations are in order+

Remark 6+ Theorem 3 implies that bothxit andjit belong toX+ Theorem 4
implies that no representation fulfilling Definition 10 is possible with the com-
mon or the idiosyncratic component not belonging toX+

Remark 7+ It must be pointed out that the components are unique, not ut

or the filters tbi ~L!+ Precisely, if ~9! holds, all possible representations ofxit

are obtained by settingxit 5 tdi ~L!wt , wt 5 uC~L!ut , di 5 bi EC, whereC [

L2
q3q~Q,C! and ECC 5 I q+

Remark 8+ Becauseu is an orthonormal white noise the functiontbi ~L!ut [

L 2~P,C! if and only if bi [ L2
q~Q,C!+ As a consequencetbi ~L! has a represen-

tation as a filter~see Section 2+1!+ Note that Definition 10 does not exclude that
the filters tbij ~L! are two-sided+ If representation~9! must have a structural in-
terpretation then it is reasonable to assume that the filterstbij ~L! are one-sided+
However, one-sidedness of thetbij ~L! has no consequences on the eigenvalues
lnj

x or lnj
x , nor does fulfillment of conditions~i! and ~ii ! have implications on

the existence of one-sided representations of the common component+ In this
paper we deal only with the number of common shocks, i+e+, the dimension of
ut , which is uniquely determined~Theorems 2–4!, and with the reconstruction
of xit andjit ~see Theorem 5, which follows!+ Existence and identification of
one-sided representations of the common component are left to further study+

Remark 9+ The results5 q in Theorem 4 can be restated by saying that ifx
is a q-DFS, thenq is minimal, i+e+, no representation fulfilling Definition 10 is
possible with a smaller number of factors+ It is important to point out that this
is no longer true if condition~iv! in Definition 10 does not hold+ For example,
suppose that

xit 5 bi ut 1 jit ,

with j idiosyncratic and(6bi 62 , `+ In this casel1
x , `+ As a consequence,

bi ut 1 jit is idiosyncratic, so that a representation with zero factors is possible+

Remark 10+ Suppose thatxnt is a vector white noise for anyn, so that the
model is “isomorphic” to the static model in Chamberlain and Rothschild
~1983!+ Then the eigenvalueslnj

x are constant as functions ofu+ As a conse-
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quence, if ls
x , `, the model hasq factors, with q , s+ Unfortunately, in the

general dynamic case, there exist cases wherels
x is essentially bounded but

the sequence does not fulfill Definition 10 for anyq , s+ Consider

xit 5 tb~L!ut 1 jit ,

with j idiosyncratic and

b~u! 5 H1 if u [ @21,1#

0 otherwise+

Herel2
x ~u! is essentially bounded, but l1

x ~u! is infinite only for u [ @21,1# ,
finite elsewhere+ The analysis of such cases is left to further work+

The proofs of Theorems 2 and 3 will require several steps+ In Section 4+2 we
introduce an additional assumption onx and show that it does not imply any
loss of generality+ In Section 4+3 we prove that conditions~i! and~ii ! in Theo-
rem 2 are necessary for aq-DFS, which is very easy+ The converse is much
more complicated+ In Section 4+4 we prove thatG~x! contains aq-dimensional
orthonormal white-noise vector processz, so thatG~x! $ span~z!+ In Sec-
tion 4+5 we prove that actuallyG~x! 5 span~z!, so that the canonical decompo-
sition has the form

xit 5 proj~xit 6G~x!! 1 dit 5 sci ~L!zt 1 dit +

Last, in Section 4+6 we show thatd is idiosyncratic, thus completing the proof
of Theorem 2+ In Section 4+7 we prove Theorem 3+

4.2. An Additional Assumption on x

Theorems 2 and 3 will be proved supposing that the following assumption holds+

Assumption 2+ For anyn [ N, j # n andu [ Q, lnj
x ~u! $ 1+

To show that Assumption 2 does not imply any loss of generality, observe
that, possibly by embeddingP into a larger probability space, we can assume
thatL2~P,C! contains a stationary sequence$ Zjit , i [ N, t [ Z% such that Zjit'X
for any i andt, var~ Zjit ! 5 1 for anyi andt, and Zjit' Zjjt2k for any t, k andi Þ j+
Now definey 5 $xit 1 Zjit , i [ N, t [ Z% and suppose that Theorems 2 and 3
have been proved under Assumption 2+ We have

~a! Sn
y 5 Sn

x 1 I n, lnj
y 5 lnj

x 1 1+ Thus if conditions~i! and~ii ! in Theorem 2 hold for
x, then they hold fory also+ By Theorem 2y is aq-DFS with representationyit 5
Yxit 1 Xjit + By Theorem 3, Yxit 5 proj~ yit 6G~y!!+ But the definitions of Zj and y

imply that Yxit 5 proj~xit 6G~x!!+ Therefore

xit 5 proj~xit 6G~x!! 1 ~ Xjit 2 Zjit !+ (11)

1128 MARIO FORNI AND MARCO LIPPI

https://doi.org/10.1017/S0266466601176048 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466601176048


Because Zjit is orthogonal toX and Xj 2 Zj is idiosyncratic, then ~11! is a q-DFS
representation+ Thus if ~i! and~ii ! hold for x, thenx has aq-DFS representation+

~b! If x has theq-DFS representationxit 5 xit 1 jit , theny has theq-DFS represen-
tation yit 5 xit 1 ~jit 1 Zjit !+ Applying Theorem 2 toy, we obtain conditions~i!
and~ii ! for lq

y 5 lq
x 1 1 andlq11

y 5 lq11
x 1 1 and therefore forlq

x andlq11
x + In

conclusion, if Theorems 2 and 3 hold under Assumption 2, then Theorem 2 holds
in general+

~c! In the same way, applying Theorems 2 and 3, supposedly proved under Assump-
tion 2, to y, Theorem 3 can be proved in general+

4.3. The Necessity of Conditions (i) and (ii) for a q -DFS

Let us prove that ifx is a q-DFS then~i! and ~ii ! in Theorem 2 hold+ By
Definition 10, Sn

x~u! 5 Sn
x~u! 1 Sn

j~u!+ By Fact M, the third inequality in~4!,
lnq

x ~u! $ lnq
x ~u!, so that~ii ! is proved+ By the first inequality in~4!,

lnq11
x ~u! # lnq11

x ~u! 1 ln1
j ~u! 5 ln1

j ~u!, (12)

so that~i! is proved+ Moreover, ~12! implies the following interesting inequality:

lq11
x ~u! # l1

j ~u! (13)

~the opposite inequality is proved in Section 4+7!+

4.4. Construction of a q -Dimensional White-Noise Vector

Now we start assuming~i! and ~ii ! in Theorem 2+ First we prove thatG~x!
contains aq-dimensional white-noise vector+ The proof goes as follows+ We
start with aq-dimensional orthonormal white noise, call it ct , whose entries
are linear combinations of themth order principal componentsnpmj

x ~L!xmt, for
j 5 1,2, + + + ,q, t [ Z+ Then we projectct on the space spanned by thenth
order principal componentsnpnj

x ~L!xnt , j 5 1,2, + + + ,q, t [ Z, for n . m, call yt

the projection+ We show that whenm and n become large the distance be-
tweenct and yt becomes small+ This leads to the construction of a sequence
of q-dimensional white-noise vectors whose components are Cauchy sequences
and converge toG~x!+

The proofs would be considerably easier if we could assume thatlnq
x ~u! $

an a+e+ in Q, where limn an 5 `+ However, this condition is false in this one-
factor model:

xit 5 ~12 L!ut 1 jit , (14)

with Sn
j 5 I n, in which Sn

x is continuous andSn
x~0! 5 I n for any n+ Unfortu-

nately, to include cases such as~14! our proofs must be carried over piecewise
on Q+
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For q # n, we denote byPn the q 3 n matrix

~pn1
x ' pn2

x ' J pnq
x ' !',

i+e+, the matrix having the dynamic eigenvectorspnj
x , j 5 1,2, + + + ,q, on the rows,

and byQn the ~n 2 q! 3 n matrix

~pnq11
x ' pnq12

x ' J pnn
x ' !'+

Moreover, let us callLn the q 3 q diagonal matrix having on the diagonal the
eigenvalueslnj

x , j 5 1,2, + + + ,q, and denote byFn the ~n 2 q! 3 ~n 2 q! diagonal
matrix having on the diagonal the eigenvalueslnj

x , j 5 q 1 1, + + + , n+ The matri-
cesSn

x and I n can be rewritten in their spectral decomposition form~see Lan-
caster and Tismenetsky, 1985, Exercise 5, p+ 175!:

Sn
x 5 EPnLnPn 1 EQnFnQn,

I n 5 EPnPn 1 EQnQn+ (15)

BecauseLn
21 is bounded inQ by Assumption 2, Ln

21Pn [ L`
n3n~Q,C!, so that

the definition

ct
n 5 ~c1t

n c2t
n J cqt

n !' 5 uLn
2102~L! tPn~L!xnt

makes sense andct
n is an orthonormal white noise+ Note that the processescjt

n,
j 5 1,2, + + + ,q, are the dynamic principal components associated with the largest
q eigenvectors, rescaled so that the spectral density is equal toI n+

DEFINITION 11+ Let M # Q . We denote by KM the subset of L̀q3q~Q,C!
whose elementsC are such that

(i) C~u! 5 0q for u Ó M,
(ii) C~u! EC~u! 5 I q for u [ M.

In the sequel, so as not to complicate notation, we write matrix productsAB
in which the number of columns ofA is smaller than the number of rows ofB+
In this case we implicitly assume thatA has been augmented with columns of
zeros to match the number of rows ofB+ For example, we write tPm~L!xnt for
n . m, this meaning nothing other thantPm~L!xmt+ In the same way, we have
equations with a 13 m matrix on one side and a 13 n matrix on the other,
with m , n, this meaning that the 13 m matrix has been augmented with zeros+

Now let C [ KM , so that uC~L!ct
m makes sense as a vector belonging toX+

We want to determine the~element by element! orthogonal projection of the
vector uC~L!ct

m on the space

span~$cjt
n, j 5 1,2, + + + ,q, t [ Z%!
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for n . m+ From ~15! we get

xnt 5 EtPn~L! tPn~L!xnt 1 EoQn~L! oQn~L!xnt 5 EtPn~L! uLn
102~L!ct

n 1 EoQn~L! oQn~L!xnt

(16)

~note that integrability of the eigenvalues@see Lemma 3# implies that EPnLn
102 [

L2
n3q~Q,C!!+ BecauseQn~u!Sn

x~u! EPn~u! 5 Fn~u!Qn~u! EPn~u! 5 0 for anyu, the
two terms on the right-hand side of~16! are orthogonal at any lead and lag
element by element, so that the first is the projection ofxnt on span~$cjt

n, j 5
1,2, + + + ,q, t [ Z%! and the second is the residual vector+ The required projection
equation is then obtained by applying on both sidesuC~L! uLm

2102~L! tPm~L! and
noting that uLm

2102~L! tPm~L!xnt 5 uLm
2102~L! tPm~L!xmt 5 ct

m; that is,

uC~L!ct
m 5 uD~L!ct

n 1 vR~L!xnt ,

where

D 5 CLm
2102Pm EPnLn

102, R 5 CLm
2102Pm EQnQn+ (17)

Note that R belongs toL`
q3n~Q,C! and therefore toL2

q3n~Q,C,Sn
x!+ More-

over, becauseLn
102 [ L2

q3q~Q,C! and CLm
2102Pm EPn [ L`

q3q~Q,C!, then D [

L2
q3q~Q,C!+ Note too thatD, and alsoD, H, and F, which are defined sub-

sequently, depend onC, m, andn+ However, as no confusion can arise, we do
not make explicit this dependence for notational simplicity+ The following re-
sult holds+

LEMMA 7 + Suppose that (i) and (ii) hold in Theorem 2. Let n. m, M # Q ,
and C [ KM. Consider again the projection equation

uC~L!ct
m 5 uD~L!ct

n 1 vR~L!xnt , (18)

whereD and R are defined as in (17), and callm~u! the largest eigenvalue
of the spectral density matrix of the residualvR~L!xnt. Then m~u! #
lnq11

x ~u!0lmq
x ~u! .

Proof+ The matrix I n 2 EQnQn is nonnegative definite by~15! and
lnq11

x EQnQn 2 EQnFnQn is nonnegative definite by the definition ofFn, so that
lnq11

x I n 2 EQnFnQn is also nonnegative definite+ Premultiplying byCLm
2102Pm

and postmultiplying by EPmLm
2102 EC it is seen that

lnq11
x CLm

21 EC 2 RSn
x ER

is also nonnegative definite+ The desired inequality follows from Fact M, the
third and fourth inequalities in~4!+ n

Now let us begin the construction of our converging sequence+ Note that,
under assumptions~i! and~ii ! in Theorem 2, there exists a setP # Q and a real
W such thatQ 2 P has null measure and, for u [ P: ~1! lnq11

x ~u! # W for any
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n [ N and anyu [ P; ~2! lq
x ~u! 5 ` for u [ P+ Obviously, if a statement

holds a+e+ in P, then it holds a+e+ in Q and vice versa+
Let M be a positive measure subset ofP such thatlnq

x ~u! $ an for u [ M,
where$an, n [ N% is a real positive nondecreasing sequence satisfying limnan 5
`+ AssumeC [ KM and consider~18!+ Taking the spectral density of both
sides we get, for u [ M,

I q 5 D~u! FD~u! 1 R~u!Sn
x~u! ER~u!+ (19)

Applying Lemma 7 we obtainm~u! # lnq11
x ~u!0lmq

x ~u! # W0am for u [ M+
Hence by Fact M, calling Dj ~u!, j 5 1,2, + + + ,q, the eigenvalues ofD~u! FD~u! in
descending order, we have

1 $ Dq~u! $ 1 2 W0am (20)

for any u in M+ Thus, if m* is such that

W0am* , 1,

we have

Dq~u! $ 12 W0am* . 0 (21)

everywhere inM for any m $ m*+
Now assumem $ m*+ Denote byD the diagonal matrix havingDj in place

~ j, j ! and byH ~u! a matrix that is measurable inM and fulfills for anyu [ M
the following conditions: ~a! H ~u! FH ~u! 5 I q, ~b! H ~u!D~u! FH ~u! 5 D~u! FD~u!+
Inequality ~21! ensures that 1YY!Dj ~u! is bounded inM for j 5 1,2, + + + ,q, so
that the definition

F~u! 5 HH ~u!D~u!2102 FH ~u!D~u! if u [ M

0q if u Ó M
(22)

makes sense+ Note thatF belongs toKM +

LEMMA 8 + Suppose that (i) and (ii) in Theorem 2 hold. Let M be a positive
measure subset ofP and $an, n [ N% a real positive nondecreasing sequence
such thatlimn an 5 ` . Assume that

(a) C [ KM;
(b) lnq

x ~u! $ an for u [ M;

Then, givent , such that2 . t . 0, there exists an integer mt such that, first,
W0amt

, 1 and, second, for n. m$ mt, the largest eigenvalue of the spectral
density matrix of

uC~L!ct
m 2 tF~L!ct

n

is less thant for any u [ P , whereF is defined as in (22), withD defined as
in (17).
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Proof+ From ~18! we get

uC~L!ct
m 2 tF~L!ct

n 5 vR~L!xnt 1 ~ uD~L! 2 tF~L!!ct
n+

The terms on the right-hand side are orthogonal at any lead and lag, so that the
spectral density matrix of the sum is equal to the sum of the spectral density
matrices+ Hence, calling S the spectral density matrix on the left-hand side and
using~19!, we see that, for u [ M,

S 5 2I q 2 D DF 2 F FD 5 2I q 2 2HD102 FH 5 2H ~I q 2 D102! FH,

whose largest eigenvalue is 22 2!Dq~u!, which is less than or equal to
2@1 2 Dq~u!# # 2W0am by ~20!+ Thus, for F to make sense and the statement
of the lemma to hold we need 2W0amt

, min~2,t!+ Becauset , 2, mt must
fulfill

2W0amt
, t+ (23)

n
The following lemma will be repeatedly employed+ Its proof is a conse-

quence of the following statement+

FACT L+ Suppose that$ fn, n [ N% is a sequence of functions belonging to
Lk~Q,C! , with k equal to 1 or 2, which is convergent in the norm of Lk~Q,C! .
Then there exists an increasing sequence si such thatlim i fsi

~u! 5 f ~u! a.e. in
Q (see Apostol, 1974, p. 298).

LEMMA 9 + Suppose that A5 $Ant, t [ Z% and B5 $Bnt, t [ Z% belong to
X and are costationary with the x’s, and thatlimn Ant 5 At and limn Bnt 5 Bt.
Then, for a sequence of integers si ,

lim
i
S~Asi t ,Bsi t ;u! 5 S~At ,Bt ;u!

~S has been defined in the proof of Lemma 2) a.e. inQ .

Proof+ ^Ant,Bnt& 5 ~102p!*2p
p S~Ant ,Bnt ;u!du ~see the proof of Lemma

2!+ Continuity of the inner product implies that~102p!*2p
p 6S~Ant ,Bnt ;u! 2

S~At ,Bt ;u!6du r 0, i+e+, thatS~Ant,Bnt;u! converges toS~At ,Bt ;u! in L1~Q,C!+
The result follows from Fact L+ n

LEMMA 10+ Suppose that (i) and (ii) in Theorem 2 hold and let M and$an,
n [ N% be as in Lemma 8. There exists a q-dimensional vector processv such
that

(a) vjt is an aggregate for j5 1,2, + + + ,q;
(b) the spectral density matrix ofv equalsI q for u a.e. in M,0q for u Ó M.
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Proof+ Let F1 be any element ofKM + Sett 5 1022 ands1 5 mt, wheremt

satisfies~23!+ Then setG1 5 F1Ls1

2102Ps1
andvt

1 5 uG1~L!xnt+ It is easily seen
that the spectral density matrix ofvt

1 equalsI q for u [ M, 0q for u Ó M+
Now sett 5 1024 ands2 5 mt, wheremt satisfies~23! andmt $ s1+ Then

determineD as in~17!, with F1 in place ofC, s2 in place ofn, ands1 in place
of m, and determineF2 as in ~22!+ Finally set G2 5 F2Ls2

2102Ps2
and vt

2 5
uG2~L!xnt+ The spectral density matrix ofvt

2 equalsI q for u [ M, 0q for u Ó M+
Moreover, by the definition ofs1 and Lemma 8, calling A1 the largest eigen-
value of the spectral density matrix ofvt

1 2 vt
2, we haveA1~u! , 1022 for any

u [ P, so that7vjt1 2 vjt27 , 1
2
_ , for j 5 1,2, + + + ,q+

By recursion, sett 5 1022k andsk 5 mt, wheremt satisfies~23! andmt $
sk21+ Then determineD as in~17!, with Fk21 in place ofC, sk in place ofn and
sk21 in place ofm, and determineFk as in~22!+ Finally setGk 5 FkLsk

2102Psk
and

vt
k 5 uGk~L!xnt+ The spectral density matrix ofvt

k equalsI q for u [ M, 0q for
u Ó M+ Moreover, by the definition ofsk21 and Lemma 8, calling Ak21 the
largest eigenvalue of the spectral density matrix ofvt

k21 2 vt
k, we have

Ak21~u! , 1022~k21! for any u [ P, so that7vjtk21 2 vjtk7 , 102k21 for j 5
1,2, + + + ,q+

Because we have

7vjtk 2 vjtk1h7 # 7vjtk 2 vjtk1171 {{{ 1 7vjtk1h21 2 vjtk1h7 , 102k21,

then each component of$vt
k, k [ N% is a Cauchy sequence+ Call vt the vector

of the limits+ To prove~a!, we have to show that each row of$Gn, n [ N% is a
DAS+ We have

Gn~u! EGn~u! 5 Fn~u!Lsn

21~u! DFn~u!,

whose diagonal entries6gnj~u!62 cannot be larger than 10lsnq
x ~u! becauseFn [

KM + The latter ratio converges to zero a+e+ in Q and is less than 1 by Assump-
tion 2, so that its integral onQ converges to zero by the Lebesgue convergence
theorem~Royden, 1988, p+ 91!+

Finally, ~b! follows from Lemma 9 and the fact that the spectral density ma-
trix of vt

k equalsI q for u [ M, 0q for u Ó M+ n

LEMMA 11+ Suppose that (i) and (ii) in Theorem 2 hold. There exists a
q-dimensional orthonormal white-noise vector processz such that zjt is an ag-
gregate for j5 1,2, + + + ,q.

Proof+ DefineM0 5 P+ Then, by recursion, definena, a [ N, as the smallest
among the integersm such that

L~$u [ Ma21, lmq
x ~u! . a%! . p
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and

Ma 5 $u [ Ma21, lnaq
x ~u! . a%+

The measure of the set

N1 5 M1 ù M2 ù {{{ ù Ma ù {{{

is not less thanp+ Now defineN2 starting withP 2 N1 instead ofP, and using
L~P 2 N1!02 instead ofp, Nb, b . 2, starting withP 2 N1 2 N2 2 {{{ 2 Nb21

and usingL~P 2 N1 2 N2 2 {{{ 2 Nb21!02, etc+ SettingN 5 N1 ø N2 ø {{{,
we have

L~N! 5 L~N1! 1 L~N2! 1 {{{ 1 L~Nb! 1 {{{ 5 2p+

Lemma 10 can be applied to the subsetNb, with the sequencean defined as
an 5 a, where a is the only integer such thatna # n , na11+ We obtain a
q-dimensional vectorvt

b 5 ~v1t
b v2t

b J vqt
b !' such that~i! vjtb is an aggregate

for j 5 1,2, + + + ,q; ~ii ! its spectral density matrix isI q a+e+ in Nb, 0q for u Ó Nb+
Now setzt 5 (b51

` vt
b+ It is easily seen that the spectral density matrix ofzt is

I q a+e+ in Q, so thatz is a q-dimensional orthonormal white noise process+ n

4.5. The Space Spanned by z

We now prove that the space spanned byz is G~x!+ Let yt be an aggregate and
consider the projection

yt 5 proj~ yt 6span~z!! 1 rt +

We want to show thatrt is necessarily zero+ Consider the~q 1 1!-dimensional
vector process~zt rt !+ Its spectral density, call it W, is diagonal withI q in the
q 3 q upper-left submatrix, so that

detW~u! 5 S~rt , rt ;u!+

Becausezjt and rt belong toG~x!, there exist DAS’s$anj , n [ N% , for j 5
1,2, + + + ,q 1 1 such that

lim
n
tanj ~L!xsnt 5 zjt , for j 5 1,2, + + + ,q,

lim
n
tanq11~L!xsnt 5 rt +

Moreover: ~1! *2p
p 6anj ~u!62du converges to zero forj 5 1,2, + + + ,q 1 1, so that a

subsequence ofanj converges to zero a+e+ in Q ~Fact L!; ~2! callingZn the spec-
tral density matrix of the vector process

~ tan1~L!xsnt tan2~L!xsnt J tanq11~L!xsnt !,
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a subsequence ofZn converges toW a+e+ in Q ~Lemma 9!+ Thus, with no loss
of generality we can assume thatanj converges to zero andZn converges to
W a+e+ in Q+

Now, for j 5 1,2, + + + ,q 1 1, set fnj 5 anj EPsn
andgnj 5 anj 2 fnj Psn

, so that

anj 5 fnj Psn
1 gnj

and

6anj ~u!62 5 6fnj ~u!62 1 6gnj ~u!62+

Becauseanj converges to zero a+e+ in Q, thengnj converges to zero a+e+ in Q+
Moreover, the definition ofgnj and fnj implies that

tanj ~L!xsnt 5 sfnj ~L! tPsn
~L!xsnt 1 rgnj ~L!xsnt

is the orthogonal projection of the left-hand side on the space spanned by
npsnk

x ~L!xsnt , for k 5 1,2, + + + ,q andt [ Z+ As a consequence, the spectral density
matrix Zn is equal to the spectral density matrix of

~ sfn1~L! tPsn
~L!xsnt sfn2~L! tPsn

~L!xsnt J sfnq11~L! tPsn
~L!xsnt !,

call it Z n
1 , plus the spectral density matrix of

~ rgn1~L!xsnt rgn2~L!xsnt J rgnq11~L!xsnt !,

call it Z n
2: Zn 5 Z n

1 1 Z n
2 +

Now observe first thatZ n
1 is singular for anyu+ Second, becausegnj~u! is

orthogonal topsnk
x ~u!, for k 5 1,2, + + + ,q, then

gnj ~u!Ssn

x ~u! Ignj ~u! # lsnq11
x 6gnj ~u!62

~Lancaster and Tismenetsky, 1985, Exercise 1, p+ 287!+ Essential boundedness
of lq11

x along with convergence to zero a+e+ of gnj implies thatZ n
2 converges to

zero a+e+ in Q+ This implies that detZn converges to zero a+e+ in Q and there-
fore that detW~u! 5 S~rt , rt ;u! 5 0 a+e+ in Q, so thatrt 5 0+

4.6. Proof of Theorem 2

So far we have proved that if~i! and~ii ! in Theorem 2 hold then the canonical
decomposition is

xit 5 git 1 dit ,

git 5 proj~xit 6G~x!! 5 sci ~L!zt ,

wherez is a q-dimensional orthonormal white noise andci [ L2
q~Q,C!+ Sup-

pose thatd is idiosyncratic+ By Fact M~a!, lnq
g ~u! $ lnq

x ~u! 2 ln1
d ~u!, so that

lq
g~u! 5 ` a+e+ in Q+ Thus, to complete the proof of Theorem 2 we must only

show thatd is idiosyncratic+
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We need some additional preliminary results+ Suppose thatv 5 $vt , t [ Z%
and w 5 $wt , t [ Z% are orthonormalq-dimensional white-noise vectors be-
longing toX+ Moreover, suppose thatv andw are costationary with thex’s and
therefore with one another+ Let A be the matrix whose~h, k! entry is the cross
spectrumS~vht,wkt;u!+ Note that all the entries ofA have modulus bounded by
1 for u a+e+ in Q+ The orthogonal projection, element by element, of vt on the
processw is uA ~L!wt , whereas DuA ~L!vt is the orthogonal projection ofwt on the
processv+

DEFINITION 12+ Let vn 5 $vnt, t [ Z% , n [ N , be a q-dimensional ortho-
normal white-noise process belonging toX and costationary with the x’s, so
that vn and vm are costationary for any n and m. Consider the orthogonal
projection

vmt 5 uAmn~L!vnt 1 rt
mn (24)

and letDmn be the spectral density ofrt
mn+ The sequence$vn, n [ N% generates

a Cauchy sequence of spacesif, given e . 0, for u a.e. in Q there exists an
integer me~u! such that for n,m . me~u! , trace~Dmn~u!! , e .

Remark 11+ Note that, if vnt converges, it generates a Cauchy sequence of
spaces, because, denoting byEmn~u! the spectral density matrix ofvmt 2 vnt,
we have trace~Dmn~u!! # trace~Emn~u!!+ By contrast, the converse does not
necessarily hold+ As we show subsequently, the normalized principal compo-
nentsct

n generate a Cauchy sequence of spaces+ However, they do not con-
verge in general: for example, takeq 5 1 and assume thatct

n is a normalized
principal component converging toct ; then~21!nct

n is also a normalized prin-
cipal component that does not converge+

LEMMA 12+ Assume that

(1) the sequence$vn, n [ N% fulfills Definition 12;
(2) y 5 $ yt , t [ Z% belongs toX and is costationary with the x’s.

Let Ynt be the orthogonal projection of yt on the processvn, i.e., Ynt 5
proj~ yt 6span~vn!! . Then Ynt converges inX .

Proof+ We have

yt 5 Ynt 1 rnt 5 tbn~L!vnt 1 rnt ,

yt 5 Ymt 1 rmt 5 tbm~L!vmt 1 rmt,

wherebs [ L2
s ~Q,C!+ Hence

tbn~L!vnt 2 tbm~L!vmt 5 rmt 2 rnt +

The spectral density of the left-hand side is the cross spectrum between the
left- and the right-hand sides+ The latter, as a result of the definition ofrmt and
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rnt, is the sum of the cross spectrum betweenrnt and tbm~L!vmt, call it S1, and
the cross spectrum betweenrmt and tbn~L!vnt, call it S2+ Using ~24!, S1 is the
cross spectrum betweenrnt and tbm~L! uAmn~L!vnt 1 tbm~L!rt

mn, which reduces
to the cross spectrum betweenrnt and tbm~L!rt

mn, call it Cmn+ Now observe that
both the spectral density ofrnt and the squared entries ofbm are bounded in
modulus by the spectral density ofyt + Thus, because$vn, n [ N% generates a
Cauchy sequence of spaces, Cmn converges to zero a+e+ in Q asm, n r `+ The
same argument holds forS2, so that the spectral density ofYnt 2 Ymt converges
to zero a+e+ in Q asm, n r `+ Because both the spectral density ofYnt and the
spectral density ofYmt are dominated by the spectral density ofyt , by the Leb-
esgue convergence theorem~Royden, 1988, p+ 91!, the integral of the spectral
density ofYnt 2 Ymt also converges to zero asm, n r `, so thatYnt is a Cauchy
sequence+ n

LEMMA 13+ The sequence$cn, n [ N% generates a Cauchy sequence of
spaces.

Proof+ For n . m consider~18! for C 5 I q:

ct
m 5 uD~L!ct

n 1 rt
mn+ (25)

CallingDmn the spectral density ofrt
mn, convergence to zero of trace~Dmn~u!!

for u a+e+ in Q andn . m is a consequence of Lemma 7+ On the other hand,

ct
n 5 FuD~L!ct

m 1 rt
nm+ (26)

From ~25! and~26! we get

I q 5 D~u! FD~u! 1 Dmn~u! 5 FD~u!D~u! 1 Dnm~u!

a+e+ in Q+ By taking the trace on both sides and noting that the trace ofD~u! FD~u!
is equal to the trace ofFD~u!D~u! we get trace~Dmn~u!! 5 trace~Dnm~u!! a+e+
in Q+ Finally Dmm~u! 5 0+ Thus trace~Dmn~u!! converges to zero a+e+ in Q for
any divergingn andm+ n

Now let us go back to equation~16! and concentrate on a single line, i+e+, the
orthogonal decomposition obtained by projectingxit on the normalized princi-
pal componentscjt

n, j 5 1,2, + + + ,q+ Calling tpni~L! the i th ~q-dimensional! row
of EtPn~L! and rqni~L! the i th row of EoQn~L!, we get

xit 5 tpni ~L! uLn
102~L!ct

n 1 rqni ~L! oQn~L!xnt +

The following theorem, besides being useful to show thatd is idiosyncratic,
is important per se, because of its implications for the estimation of common
and idiosyncratic components~see Forni et al+, 1999!+
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THEOREM 5+ The sequence of projectionsgit
n 5 tpni ~L! uLn

102~L!ct
n 5

tpni~L! tPn~L!xnt, n [ N , converges in mean square togit 5 proj~xit 6G~x!! , for
any i.

Proof+ By Lemmas 12 and 13git
n converges in mean square to an elementgit

*

in X+ Therefore the sequence of the residualsdit
n 5 xit 2 git

n also converges to
an elementdit

* in X+ Moreover, git
* is an aggregate, becausepni Pn is a DAS+ To

see this, consider that the spectral density ofgit
n, i+e+, pni Ln Jpni , is not smaller

thanpni Jpni lnq
x and is bounded above by the spectral density ofxit , call it si ,

implying pni~u! Jpni~u! # si ~u!0lnq
x ~u!+ The latter ratio converges to zero a+e+

in Q and is bounded above bysi ~u! by Assumption 2, so that the Lebesgue
convergence theorem~Royden, 1988, p+ 91! applies+

Last, by construction, dit
n is orthogonal toct2k

n for any k [ Z+ Because
G~x! 5 span~z!, and because the processz has been obtained by taking limits
of linear combinations of thec’s ~Lemmas 7, 8, 10, 11!, continuity of the inner
product implies thatdit

*'G~x!+ The conclusion follows from uniqueness of the
orthogonal decomposition+ n

The following lemma concludes the proof of Theorem 2+

LEMMA 14+ d is idiosyncratic.

Proof+ Let us fix m and denote bySm
d the spectral density matrix of the vec-

tor processdmt 5 ~d1t d2t J dmt!
' + We want to show that the largest

eigenvalue of such matrix, i+e+, lm1
d ~u!, cannot be larger than supn lnq11

x ~u! 5
lq11

x ~u! for anyu [ Q+ Let Sm
dn

, n . m, be the spectral density matrix ofdmt
n 5

~d1t
n d2t

n J dmt
n !' andlm1

dn

be its largest eigenvalue+ By Theorem 5dit
n con-

verges todit in mean square fori 5 1,2, + + + ,m, so that, by Lemma 9, a sub-
sequence ofSm

dn

converges toSm
d a+e+ in Q+ Assuming that limn Sm

dn

5 Sm
d a+e+

in Q avoids further complication in notation and does not imply any loss of
generality+ Continuity of the eigenvalues as functions of the matrix entries~Ahl-
fors, 1987, pp+ 300–306! implies that

lim
n

lm1
dn

~u! 5 lm1
d ~u!, (27)

a+e+ in Q+ Moreover, note thatSm
dn

is them3 m upper-left submatrix ofSn
dn

, so
that, by Fact M~b!,

lm1
dn

~u! # ln1
dn

~u! 5 lnq11
x ~u!

for any n $ m and anyu in Q+ Hence by~27! lm1
d ~u! # lq11

x ~u!+ Because this
is true for anym,

l1
d ~u! # lq11

x ~u!, (28)

so thatl1
d is essentially bounded+ The statement follows from Theorem 1+ n
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4.7. Proof of Theorem 3

Now we prove Theorem 3+ Assume thatx fulfills Definition 10, so that

xit 5 xit 1 jit ,

xit 5 tbi ~L!ut ,

whereu is q-dimensional+ As we have proved in Section 4+5, x has also the
canonical representation

xit 5 git 1 dit ,

git 5 proj~xit 6G~x!! 5 sci ~L!zt ,

wherez is q-dimensional andspan~z! 5 G~x!+ Becausej is idiosyncratic then
G~x! # span~x!, and obviously span~x! # span~u!, so that span~z! #
span~u!+ Because bothu andz areq-dimensional white-noise processes, then
span~z! 5 span~u!, so that

G~x! 5 span~x! 5 span~u!+

This implies thatxit [ G~x! and jit'G~x!, so thatxit 5 proj~xit 6G~x!! and
jit 5 dit +

Remark 12+ Because we have proved thatdit 5 jit , ~13! and~28! imply that

lq11
x ~u! 5 l1

j ~u!

a+e+ in Q+

5. NONSTATIONARY VARIABLES

The case of trend stationary or difference stationary variables can be easily
accommodated in our model+ Assuming that the nature of nonstationarity is
correctly detected, then, in the first case, i+e+, xit 5 Tt 1 zit , where Tt is a
deterministic trend, our results should be applied to the stationary components
zit + In the second case, assume, for the sake of simplicity, that the variables
xit are I ~1!+ Consider the differencesyit 5 ~1 2 L!xit and suppose that~i! and
~ii ! in Theorem 2 hold forlq11

y and lq
y , respectively+ Then we have the

representation

~12 L!xit 5 xit 1 jit ,

xit 5 tbi ~L!ut ,

whereut is q-dimensional andj is idiosyncratic+ Now observe that the vectors
xnt and jnt are unique, and so are the spectral density matricesSn

x and Sn
j+

Therefore all the information necessary to determine whether thex ’s, or the
j ’s, are I ~1! or I ~0!, and whether cointegration relationships hold among the

1140 MARIO FORNI AND MARCO LIPPI

https://doi.org/10.1017/S0266466601176048 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466601176048


x ’s or thej ’s, can be recovered starting with the spectral density matrices of
the x’s+
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